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Objective of the notes

These are hastily typed notes to support the lectures I deliver in the International
school on algebraic geometry and algebraic groups, which takes place in November
2022 in Hanoi, Vietnam. [ shall make modifications as I see fit, hoping to adapt the
content to the needs of students. So please, take note of the version which you’re
reading.

The course was structured as follows: Five lectures of one hour and 40 minutes.
In order to help the student absorb the material in due time, I've divided the notes
by lectures, representing roughly what was covered in .



Finally, I'd like to explain what my motivations are. The theory of abelian
varieties was responsible for the development of much mathematics and I used this
theme to introduce the student to what I believe is a next step in his education.

Prerequisites

One of the main tools for our study is the theory of complex manifolds. But the
reader having a solid understanding of the case of smooth manifolds, such as the
one presented in [Chl Ch. III|, will have absolutely no difficulty: the novelties being
the analytic continuation principle and the maximum principle which are usually
well-understood from course in complex analysis of one variable.

I assume as that the reader has met the fundamental group and the principle of
lifting of paths, homotopies, maps, etc. This is well explained in |[Gre, Chapters 5
and 6], for example.

I shall also require a certain acquaintance with the theory of sheaves. Although
a brief revision is made, I don’t think that it is enough to learn these by solely the
amount of knowledge I present. Some gymnastics necessary and the reader having
not met sheaves before is advised to do a supplementary effort by studying, say,
|GH, Chapter 0, Section 3|.

Finally, comes algebraic geometry. Here, I shall also require a certain contact
with the theory explained in [MRB, Ch. I|. I highly recommend [Sh, Ch. I] as well.
On the other hand, [Sh] makes little explicit use of the theory of sheaves.



Lecture 1
(07/11/2022).

1 First steps in the theory of Complex Lie groups

1.1 Preliminaries on complex manifolds

Let K stand for R or C. Let X be a K-analytic manifold. For each p € X, denote
by O, the ring of germ of analytic functions to K near p. Following |[Chl Ch. III,
§IV], we call a tangent vector at p, any K-linear map v : O, — K satisfying Leibniz’s
rule:

v(fg) = f(p)v(g) + g(p)v(f). (1.1)

Clearly, the set of tangent vectors is a KK-vector space, which is denoted by T, X.
Let z : U — K" be a local chart near p. For any open neigh. V C U of p and
any f € O(V), let us agree to call f, the analytic function z(V) — C defined by
f oz ! Then, defining
O0f,

9:(p) : f— 22, (z(p))

we obtain tangent vectors which form a basis of 7, X.
A tangent field on X is a function

viX — | |T,X

p

such that v(p) € T,X for all p. Hence, given a tangent field v on an open subset U
and a function f : U — K, we obtain a new function v(f), the directional derivative
of f, defined by p — v(p)(f).

A tangent field is analytic if for every open subset U and every f € O(U), the
directional derivative v(f) is analytic. The vector space of analytic vector fields on
U is denoted by Tx(U).

Example 1.1. Let 0; be the vector field on C" which to every f € Og¢n, associates

of
02’7;

n
the form Z a; 0;, with a; analytic functions.

=1

(p) € C. Show that a vector field is analytic if and only if it can be written in

Let ¢ : X — Y be an analytic map. Then, we define its derivative

ngo : TpX — Tsp(p)y

*This is the ring ligU O(U), where U ranges over the set of open neighbourhoods of p. The
direct limit in this formula is one of those concepts that usually never has the time to appear in a
lecture course. On the other hand, such a process is quite common in geometry and algebra, and
the reader is urged to go through [AM| Ch. 2, Exercise 14|, or [DE} Section 7.6, Exercise 8|, where
the notion is treated.



at a point p € X as follows. For v € T, X, let
Dyp-v:0, — C

send g € Oy to v(g o ).

1.2 Complex Lie groups and their vector fields

A complex (analytic) Lie group is a complex manifold G which is also a group, and
for which the operations of multiplication G’ x G — G and inversion (—)™': G — G
are analytic.

The theory of complex Lie groups is a vast edifice and at each stage, various very
particular properties appear. In these lectures, at first, we shall concentrate on the
case of compact complex Lie groups, or complex tori.

Let G be a complex Lie group; for each o € G, let

7,:G — G

be the analytic diffeomorphism defined by g +— 0g. We say that a vector field v on
G is left-invariant if

D,7,(v(g)) = v(og) Vo € G.
It is then clear that a left-invariant vector field v is determined simply by its value
at e € G since v(g) = D.7y4(v(e)). This being so, for any given v € T.G, we define
v¥(g) :=DeT, - v.
The reader should verify that v? is left-invariant.
Proposition 1.2. The vector field v° is analytic.

Proof. We show that v? is analytic near e. Let D C C" be an open polydisk about
0 and let z : U — D be a system of coordinates near e such that z(e) = 0. To
ease notation, let ¢ := z7'. Let v = >, A\p - 0;,(e) with A\, € C. Note v(f) =
e Ak - Ok(f2), where f, is the local expression of f.

Since multiplication is analytic, there exists V' 3 e such that V' -V C U and we
have

zi(gh) = M;(2(g) , z(h))
where M, is analytic on z(V) x z(V). Fix a € D. By definition,
V¥ (p(a)) @ 2j > v(2j 0 Tp(a)) -
C
€

The function z; 0 7,4 : V= Cis g — Mj(a,z(g)), so that its local expression is
b+— M;(a,b). Hence

k
V(20 Tp) = _ MM (a,0)
k

where M J(k) is the derivative of M; with respect to the (n + k)th coordinate. This
being an analytic function of a shows that v? is analytic. O]
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An important Corollary of this result is the following.

Corollary 1.3. Let G be of dimension n. Then, there exist invariant vector fields
V1, ..., U, € T(G) such that

T,G = Spang{vi(p), . .., va(p)}
for each p.

Once this result has been showed, we may extend it considerably to other objects
associated to tangent vectors: cotangent vectors and exterior differential forms. This
is just a matter of giving proper notations.

Let 7'G stand for the space of alternating linear forms T,G x - - x qu — C.

v~

We leave to the reader the task of giving a reasonable definition nZ)f an analytic
m-form on an open U C G (or consult [Chl p.147]).

Definition 1.4. An analytic m-form w on G is invariant if 7;w = w for all g € G.
We then have

Proposition 1.5. Let b = (:1) There exist invartant global m—forms wq, ..., wy on
G such that

Q)'G = spang{wi(p), ..., wu(p)}-

Using the language of sheaves of Og—modules, this can be translated in a rather
interesting way. Let

To(U) = {Og(U)-module of analytic vector fields}.

Corollary 1.6. Let vy,...,v, € T(G) be as in Cor. [1.3 For each open subset U,
let
p(U):0U)" — Ta(U)
be defined by
(f1s-- s fo) — frolo + - + favalu.

Then ¢ defines an isomorphism of Og-modules.

We move on on our theory of complex Lie groups. Examples such as GL,(C),
SL,(C), etc are easily spotted and we inquire if there exist compact complex Lie
groups. The most famous examples are complex (one dimensional) tori, or elliptic
curves.

Remark 1.7. Complex manifolds possessing global vector fields giving a basis of the
associated tangent spaces allover are called “parallelizable”. A classical Theorem of
[Wa| says that any parallelizable compact complex manifold is of the form G/T,
where G is a complex Lie group.

Remark 1.8. The analogues of the above stated results hold in the real analytic
case (the case of Lie groups) with exactly the same proofs. From Corollary it
then follows immediately from the famous “hairy ball theorem” [Mil| that no even
dimensional sphere can be a Lie group. Using your knowledge of quaternions, try
to say something about S3!



1.3 Dimension one: Elliptic curves

Definition 1.9. A lattice in C is an abelian subgroup of C of the form Zy, + Zy»,
where v; and v, are linearly independent over R.

Given a lattice I' = Zry; + Zs in C, let G = C/T" be the quotient group and
p: C — G the map which assigns to z € C its orbit under I"'. We now endow G with
a topology, namely, the quotient topology: V' C G is open if and only if p=*(V) is
open.

Exercise 1.10. Show that G is homeomorphic to S* x S*.

Now, we shall give G the structure of a complex manifold. Let
V= {tl"}/l + tay9 : 0 <ttty < 1}

Clearly, no two distinct points of V' belong to the same orbit of I'; so that p: V —
p(V) is bijective.

In the same vein, for each a € C, the set V, := a + V also has the property that
no two distinct points belong to the same orbit so that p|y, : V, — p(V},) is bijective.
Moreover,

P pVa)) = v+ Va

vyerl
= p(V,) is open and p|y, : V,, — p(V,) is a homeomorphism.

Lemma 1.11. The data {p: V, — p(V,) : a € C} defines on G a complex analytic
atlas.

Proof. Write U, := p(V,) and o, : U, — V, for the inverse of p|y,. For each
z € 0,(U, NUy), the element 0,0, !(2) lies in 2z + T'; let us write it as

b0, ' (2) = 2 + Yoa(2)-

Hence, op0, ' — id is a function which takes values in I and is continuous. Hence,
abaa_l —id is constant on each connected component of o,(U,NU,) and in particular,
holomorphic. (Note that ¢,(U, N U,) is an open subset of C and hence connected
components are also open.) ]

Complex manifolds such as G are called elliptic curves and it is not hard to
see that GG is a complex Lie group. The reason for the name elliptic curve may be
mysterious, but this follows from the theory of the Weierstrass p-function [Ahl eq.
(15), p. 276].

1.4 Complex analytic tori and complex manifolds obtained
from properly discontinuous actions

The example of an elliptic curve is easily generalized to higher dimensions.



Definition 1.12. A subgroup I' of C™" a lattice if, as a subgroup, it is generated by
elements {7;}?", which are R-linearly independent.

Working as before, we see that G = C"/I' is a complex Lie group, which is
homeomorphic to S* x --- x S'. A complex analytic group as such as G is a complex
~——

2n
analytic torus; their study occupies a large and central part of what I want to teach

you.

Now, the method of proof of Lemma [I.11] carried behind a very useful tech-
nique, which I wish to discuss right away, which is the method of looking at orbit
spaces. Let then I' be a group which acts (on the left of) a topological space Y by
homeomorphisms.

Definition 1.13. The action of I" on Y is properly discontinuous if for each y € Y,
there exists an open neighbourhood U > y such that v(U) N U # & implies v =
e. It is convenient to call the aforementioned open neighbourhood a distinguished
neighbourhood.

Let X be the quotient set, i.e. the set of all I'-orbits in Y. Let
p:Y — X

be the natural projection associating to y € Y its orbit Gy; obviously p is a surjec-
tion. We then give X the quotient topology: U C X is open if and only if p=*(U) is
open. It is not difficult so see that p is then an open map. We shall say that U C X
is distinguished if it is the image of a distinguished neighbourhood V. In this case,

pH(U) =] |v(V).

vyel

Now, we suppose that Y is a complex manifold. Let V; and V5 be distinguished
open subsets of Y and let U; = p(V;). Put o; = (p|ly,)~! : U; — V;. Let me write
U5 = U; NU; and adopt the notations introduced in the diagram

o O( | 1):5
01(1{12) R Uz(lfw)
Vi Va.

Note that p&(y) = p(y) and hence, for each y € o1(U2), there exists a certain y, € I'
such that £(y) =, - y.

I contend that y +— =, is a locally constant function no o1(Uis). Let ¢ € 01(Uia)
and let V 3 ¢ be such that v,(V) C 03(Uss). For y € V, we have v,(y) € Va2 (by
construction of V) and ~v,(y) = &(y) € V,. Therefore, v, = v, because V5 only
contains one point in each orbitm. Hence, 01(Us2) is a union of open sets where £ is

fThe argument here is much clearer if we introduce the notion of principal I'-bundle.



simply the restriction of a certain element of I'. Let us say this in other words: we
obtain a locally constant map

Yo1 - U12 — T

Using the structure of complex manifold on Y, it becomes a simple matter to
show that X carries a structure of complex manifold such that p is a local analytic
diffeomorphism.

Lemma 1.14. Suppose now that Uy NUs is connected. Then vo1 € I is the unique
element of I' such that
Y21 (V1) N Vo # 2.

Proof. Let 4 # ~ and suppose that J(y;) € Vo with y; € V4. Then p¥(y1) = p(11) €
Up. Also, py(y1) € p(Va) and z := p(y;) € UyNUs. But then y; € o1(U;NUs) because
y1 € Vi and p(y;) € Uy NUs. Then, 3(y1) € Vo and 721(y1) € Vo by construction of
v91. This is contradictory. O

Let me end this section by recalling a central result in the theory of manifolds.

Definition 1.15 (|[BT), p.43]). A covering {U,}ic; of X by open set is called good
(too bad...) if for each iy, ...,i, € I, the intersection U;, N---NUj, is either empty
or contractible.

Theorem 1.16 (Whitehead). Let {U;} be a covering of a manifold X. Then {U;}
has a refinement {V;};e; which is good.

The proof uses the notion of “convex” neighbourhoods in Riemannian geometry
and can be found in [DC], 3.4].



Lecture 2
(08 /11/2022).

2 First steps in the algebraic theory of group vari-
eties

We are now presented with the task of rendering algebraic what was discussed

previously. For that I shall rely on the theory of algebraic varieties as discussed by

a master [MRBJ. I am certainly convinced that reading the following sections is not

enough to get started in this beautiful subject; I just hope that the student here will
turn to [MRBI Ch. 1].

2.1 Irreducible algebraic sets over an algebraically closed field

Let k be an algebraically closed field and k[t] = k[t1,. .., t,] be the ring of polyno-
mials in n variables. For each ideal I C k[t], we define its vanishing locus as

V(I)={xze€k™: f(r)=0forall fel}.
On the other direction, for a given subset S C k", we define its associated ideal as
Z(S) :={f €k[t] : f(x) =0 for all z € k"}.
Clearly, V(Z(S)) = S. The relation between I and Z(V([)) is more intricate.
Theorem 2.1 (Hilbert’s Nullstellensatz, [MRB, p. 5] ). Z(V(I)) = V1. O

We now move on to topology. The Zariski topology on k™ is the topology whose
closed sets are algebraic sets. In this manner, each algebraic set S inherits a topology
from k™ closed sets of S are intersections of closed sets from k™. This topology is
quite weak. So, the following definition becomes quickly important.

Definition 2.2. A topological space X is irreducible if and only if whenever X =
C1UCy with € and C5 closed, one necessarily must have either C; = X or Cy = X.

Using the Nullstellensatz, it is a simple matter to show that an algebraic set S
is irreducible if and only if Z(S) is prime, cf [MRB], p. 7).
Let S C k™ be an irreducible algebraic set. It then follows that

k[t]/I(S) AN {f NS A f is the restriction }

of some F € k[t]

The ring on the right-hand-side is called the ring of S; let us denote it by O(S5).
As Z(9S) is prime, we can form the quotient field IC(S) of O(S). This is the field of
rational functions of S.

Definition 2.3. For each x € S, write

Og = {% e K(S) : h(z) # o}.

9



The reader should have no difficulty in showing that O, is a subring of K(X).
In addition, it is a local ring.

Definition 2.4 ([MRBI p.20]). If U C S is open, define

O(U) = () O..

xelU
This is the ring of regular functions on U (cf Remark [2.5).
The attentive reader may here pause to note that the symbol O(S) has two
definitions now! This is now a problem: see [MRB| Prp. 1, p. 20].

Remark 2.5. Elements of O(U) can be considered as genuine functions U — k:
if f € O(U) and = € U, then we can write f = g/h with h(z) # 0 and hence
f(z) := g(x)/h(x) is a perfectly honest element of k. Also, note that the natural
inclusions

oU) — O,, z€U
identify O, with lim O(U).

Usx

2.2 Sheaves

As the theory advanced, algebraic geometers recognized the importance of the theory
of sheaves, which is review briefly here.

Let X be a topological space. For each open subset U, let C°(U) stand for the
ring of continuous functions U — C. It is clear that for each V' C U, the restricting
functions produces a morphism of rings

resyy : CO(U) — CO(V).
Obviously:
PS1. If V = U, then resyy = id and
PS2. If W C V, then resyw = resyw o resyy.

Now, if for some reason we wish to consider functions on U which are C*, real,
holomorphic, etc, it is clear that PS1 and PS2 hold in the adapted context. Hence:

Definition 2.6. A pre-sheaf P on X is a function which to every open subset
U C X associates an abelian group P(U), and to each couple of open subset U D V,
a homomorphism resyy : P(U) — P (V) satisfying PS1 and PS2.

Remark 2.7. It is impossible to write consistently resyy for the maps defining a
pre-sheaf. One usually writes

resyy (s) = s|y

instead, leaving the open subset U implicit.
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Here we have defined pre-sheaves as sheaves of abelian groups, but one can
consider pre-sheaves of all kinds of algebraic objects: vector spaces, rings, fields,
etc.

Carrying on our example of C°, we note that if U = U,;U; is an open covering, then
a continuous function U — C is the same thing as a family of continuous functions
fi + Uy = € which coincide on overlaps. This is the property which distinguishes
presheaves from sheaves.

Definition 2.8. A presheaf F is a sheaf if for each open U and each covering
U = UU;, the map

FU) — {(fi) € H]:(Uz‘) : resy, vinu; (fi) = reSUj:UimUj<fj)}

fr— (vesuu,(f))

is a bijection.

Example 2.9. Let X = R. For each open U C X, define C°(U) as the ring of
continuous complex valued functions. This defines a sheaf. On the other hand, let
S(U) be the ring of constant complex valued functions on U. Then S defines a
pre-sheaf, but not a sheaf: for example, the element

(—1,41) € S(R<p) x S(R=0)

is not of the form (f|g.,, f|r.,) for a constant function f € S(R*). Were we to define
S(U) as the ring of locally constant functions, this problem would be removed.

Example 2.10. Let S C k™ be an irreducible algebraic set. For each open U, let
O(U) be its ring of regular functions as in Definition [2.4] For each open V C U, it
is clear that f € K(S) belongs to O(V) if it belongs to O(U) and hence O defines

a pre-sheaf. In addition, it is not hard to see that this pre-sheaf is a sheaf.

The reader will have no difficulty in defining what a morphism of pre-sheaves
should be [MRB| Def. 2, p.17]. Morphisms of sheaves are simply morphisms of
pre-sheaves.

Here is one of the most important ways of constructing new sheaves from old:
pushing forward. Given a continuous map f : Y — X between topological spaces
and a sheaf G on Y, let us agree to write

£.G(U) =G(f(U)).

Then f,G defines a sheaf on X, as a simple verification shows.

2.3 Varieties over an algebraically closed field

A ringed space is a couple of a topological space X and a sheaf of rings . Varieties
are a certain kind of ringed spaces.
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Example 2.11. In the notations of example , The couple (R,C) is a ringed
space.

Example 2.12. Let S C k" be an irreducible algebraic set. The couple (S, 0) is a
ringed space: S is naturally a topological space and O is a sheaf.

In order to compare distinct ringed spaces, we need the notion of morphism.

Definition 2.13. Let (X,.A) and (Y, B) be ringed spaces. A morphism (Y,B) —
(X, A) is a couple (f, f#) consisting of a continuous ma f : ¥ — X and a morphism
of sheaves of rings

ff:A— fB

usually called “the pull-back”. An isomorphism of ringed spaces is a morphism which
has a two sided inverse.

An affine variety (X, O) is a topological space X with a sheaf of k-algebras O
which is isomorphic to some (.S, O) as in Example [2.12]

A pre-variety (X, Q) is a connected topological space X with a sheaf of k-algebras
O which is locally, as a ringed space, isomorphic to an affine variety [MRB p.25].

Note that, in [MRB], Ch. 1], Mumford supposes that an algebraic variety over k
is immediately an irreducible topological space [MRB], p.25]. (It is possible to have
a reasonable theory where this condition is removed.) Maps between varieties are
simply maps of ringed spaces. Finally, a variety is a pre-variety which is, in addition,
separated [MRB, Ch. 1]. This is not strictly necessary and the reader may compare
such a requirement with the imposition that manifolds be Hausdorff spaces.

2.4 tangent vectors and differentials

I shall not assume knowledge of differential forms as in [MRB| — these are done
using Kéhler differentials —, instead I will do it as in [Sh].
If x is a point on the algebraic variety X, let

Qx (x) = my/my;

this is the cotangent space of X at x. For each f € O(X) and each x € X, there
exists one and only one f(z) € k s.t. f— f(z) € m, and we define

d,f = image of f — f(x) in m,/m2.

This is called the differential of f at x.
For any given x € X, define the tangenﬂ space at T as

Tx(z) = (Qx(x))".

(In [Sh|, one finds the notation ©,, for Tx(x). The reason for the somewhat pedantic
notation Tx(x) is that we wish to distinguished between fiber and stalk!) Given a
morphism of varieties

p:Y — X

¥This is also called the Zariski tangent space.
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we automatically obtain a morphism of tangent and cotangent spaces

Dyp: Ty(y) — Tx(p(y)) and ¢, : Qx(p(y)) — Qv (y),

whose specifications we leave to the reader.

Exercise 2.14. Let ¢ : Y — X be a morphism and let = = ¢(y). Prove that
@i(def) = dy(¢*(f)) (here ¢# is the morphism of rings ¢# : Oy, — Ox ).

Definition 2.15. A differential form on an open subset U is a function w which to
each © € U associates an element w(z) € Qx(x). The set of differential forms is
denoted by ®(U).

Clearly, for each U C X open, ®(U) is a O(U)-module.

Definition 2.16. We say that w € ®(U) is regular if each point has an open
neighbourhood V' such that w = fidgi + - - - + dgp, with f;, g, € O(V). The O(U)-
submodule of ®(U) consisting of regular forms is denoted by Qx (U).

Exercise 2.17. Let ¢ : Y — X be a morphism. Prove that ¢*(w) is regular if w is
regular.

2.5 Algebraic groups

Definition 2.18. A group-variety, or an algebraic groupﬁ], is an algebraic variety
X with a group structure such that multiplication and inversion are morphisms (of
varieties).

An abelian variety is an algebraic group which is, as a variety, complete [MRB],

ChI, §9).

Example 2.19. The most simple group varieties are G, = k with the addition,
and G,, = k*, with multiplication. Other celebrated examples are GL, = {A €
Mat, (k) : det A # 0}, SL,,, etc/f|

We define invariant vector fields as before and, in addition, go on to study in-
variant differential forms. A differential w of X is left invariant if for each g € G,
the pull-back

(79)n : Qgh) — Q(h)

maps w(gh) to w(h). The reader is invited to show that this amounts to

T,W = W, Vged.

$Warning: Sometimes people can refer to algebraic groups which are not varieties, but schemes.
Also, it is useful to extend the notion of variety to include non-irreducible ones, so that finite
groups appear as group-varieties, cf [Br]. But I've opted out of this path to stay close to [MRB].
TWith this definition we leave finite and non-trivial groups out. Too bad!
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In particular, an invariant differential form is determined by its value on e. Let us
check the analogue of Proposition[l.2] Hence, given n € Qx(e) and writing 7 instead
of 71, we define

() = (72)5(n)

= Image of 7 via Q(e)

(72)%

It is for the reader to verify that

Lemma 2.20. The differential form n° is reqular.

Proof. Let U C X be an affine open, let V' C U be affine open such that VV C U.
Multiplication V' x V' — U induces

OU) — OV x V) =0V)® OV).

mThiS has the following translation in terms of functions: If f € O(V), then
f(g/g//) _ Z f;(g/) . fj/‘,(g”)
J
for all ¢, g" € V, where f; and f}" are regular on V. Hence, if ¥ € V' we have

f(@g") = > 1@ - 51",

which means
2 =D i@ . (2.1)
J
Consider
(def)*: @ — 72(def).
By Exercise [2.14]

7‘5* : Qx(e) — Qx(JT)
sends d.f to d (77 (f)). Equation implies: =
(def)}(z) =75 (def)
= (77 (f))
=@ .

I'Here, I've gone fast: The fact that the product of affine varieties is an affine variety and that
its ring of functions is the tensor product is a beautiful fact from algebraic geometry, which is
explained in [MRBI Proposition 1, p. 34].
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This means
(def)F =) fjo (=)t dff
J
on VNV~ We conclude that if f is regular on some open neighbourhood of e,
then (d.f)" is regular on some open neighbourhood of e.
Now, write n = Y, ¢;d. f; with f; regular in some neighbourhood of e. Then 7" is
regular on some open neighbourhood of e. This implies that 7? is regular allover. [

2.6 Smoothness

Let X be a variety. Recall that a point x € X is regular if Ox, is a regular local

ring. Now, varieties are always regular on some non-empty subset. Hence, if X is a

group-variety, the fact that O, ~ O, (via 77 : O, — O,) then X is regular allover.
So regularity is something common to all group-varieties.

2.7 Basic structure of Abelian varieties
Imposing that a group-variety be complete puts a rather unexpected structure on
it.

Theorem 2.21 (Rigidity Lemma). Let X complete variety. Let f : X xT — Y
be morphism. Suppose flxxqtor s constant for some ty € T. Then there exists
f:T =Y such that f o pry = f; in particular, f|xxgy s constant for any t € T.

Proof. Let xq € X. Define f(t) = f(xo,t). We shall show that ¢y, has an open and
non-empty neighbourhood 7j such that

f(z,t) = f(xo,t) V(x,t) € X x Ty,

or that f = fo prp on X x Tj. Using Exercise , we shall be done. Another way
to proceed is to note that the closed subset {f = fopry} € X x T will also be
open.

Let Yj affine neighbourhood of yy := f(xo,tp). Let C =Y Y. Since X is
complete, pro(f~1(C)) is closed in T. In addition, if ¢t € pr(f~1(C)) =

fx,t)¢C,  VreX,

which means that
f(z,t) € Yo, Vo e X.

Obviously, to & pro(f~1(C)), so
Ty =T ~pro(f71(0))
is open and non-empty. Then, if ¢t € Tj, we have
F(X x {t}) CYp.
As X is complete and Yj affine, f(X x {t}) = f(xo,1). O
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Remark 2.22. Show that the above proof goes through if we remplace “variety”,
respectively complete, by “complex manifold”, respectively “compact.”

Corollary 2.23. Abelian varieties are abelian groups.

Proof. Consider the commutator

c: X xX =X, (z,y)— ayzty L.
Obviously, ¢(X x {e}) = {e} and hence ¢(X x {y}) is always a point by the Rigidity
Lemma. It is easy to see that this point is e. O]

Using the rigidity Lemma, we can also show:

Corollary 2.24. Let X and Y be abelian varieties and f : X — 'Y a morphism of
varieties. Then, there exists yo € Y and a homomorphism h : X — Y such that
f(x) = h(z) +yo for all x.

Proof. 1t’s enough to suppose f(e) = e and prove that f is a homomorphism. Con-
sider p(z,y) = f(x +y) — f(z) — f(y) and note that (X x 0) = 0 and hence
o(x,y) = p(o,y) for all z,2/,y € X. Since (0 x X) = 0, we also conclude that

o(x,y) = p(x,y) for all z,y,y’ € X and hence p(2/,y') = p(z,y') = p(z,y). O

The next important result in the theory concerns divisors, or line bundles. Recall
that for an elliptic curve E, Abel’s theorem says that for any = € E, the map

divisors of degree 0

¢:E — =: Pic’(E)

principal divisors
z— [z] = [O]

is a morphism of groups allowing us to identify E with Pic”(E). See [Si, Proposition
3.4, p.66|.

Now, in greater dimension, it is not so simple to produce divisors on X starting
from points of X. The very important result which we are then looking for is the
construction of a group morphism

¢: X — Div(X).

The algebraic way requires delicate analysis of cohomology; although it is master-
fully explained in [MAV], it certainly deviates us from the theory of abelian varieties
by increasing considerably the algebraic geometric technology and the maturity nec-
essary to structure this material. Our strategy will then be to work with complex
compact Lie groups following [MAV] and [BL]. The first step is to recognise that
these are complex tori.
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Lecture 3
(09/11/22).

3 Structure of complex compact groups

Let G be a complex analytic group. A I-parameter subgroup, of G'is a morphism of
analytic groups 6 : C — G. Then, 0'(0) € T.G.

Theorem 3.1. For each v € T.G, there exits a unique I1-parameter subgroup 6 :
C — G such that 6'(0) = v.

Proof. Let v' be the left-invariant analytic vector field obtained from v. For each
r >0 and x € G, consider the problem on the disk D,(0):

f: D, (0) = G is holomorphic
F1(t) = v (f (1)) (#r2)
f(0) = .

The theorem of existence of differential equations shows that there exists an
e > 0 s.t. *.. has a solution 6.

On the other hand, uniqueness assures the following. If ¢ and 1 are solutions to
(%,.2), then ¢ = 1. See [Al p.8| for details.

Now, let us show that 6 extends to C. Fix |s| < /2 and let y = 0(s). Consider
o(t) = yO(t) and ¥ (t) = (s + t). Then

because v? is left-invariant. Also,

Hence, ¢ and v are solutions to (*./2,). Then ¥ = ¢ on D, /5(0) =
6(s)0(t) = 0(s +t), if max(|s],|t]) <e/2. (1)

We now extend 6 to C. Given t € C, there let k € N be s.t. t/k € D./»(0) and
define B
O(t) = 0(t/k)".

This is independent of k because of (). It is then simple to show that 0 is a
homomorphism and that it is holomorphic. O

Let v € T.G and let 6, the 1-parameter-subgroup passing by v. Define
exp(v) := 6,(1).
A basic fact concerning the exponential is:

Theorem 3.2. The map exp : T.G — G is analytic.

17



Let us now shift attention to a compact complex Lie group X. Let
p:V — X

be the universal covering of X and let 0 € p~!(e). Then, V inherits from X, via p,
the structure of a complex manifold so that p is locally a biholomorphism. Because
m(V xV) =0,

pxp:VxV — XxX

is the universal covering of X x X so that multiplication X x X — X lifts:

ol !

X x X

See [Ch, Proposition 1, Ch.II, §VIII| or |Gre, Theorem 6.1|. Using an element of
71 (X, e), which acts on p~!(e) transitively, we can in addition assume that m(0,0) =
0. Moreover, the uniqueness part concerning liftings allows us to say:

Proposition 3.3. The complex manifold V inherits the structure of a complex group
with multiplication m. The analytic map p is a morphism of complex groups. This
group structure is abelian. O

Remark 3.4. Let G be a Lie group and p : U — G its universal covering. It is then
the case that U has a structure of Lie group, that p is a morphism of Lie groups and
Ker(p) is contained in the centre of U. See [Chl, Ch. I, Sect. VII, Prp. 2.

Since V is abelian, it is a simple matter to show that exp is a homomorphism [A]
2.19]. Tt turns out to be a covering, and hence an analytic diffecomorphism. Hence:

Theorem 3.5. The complex analytic group V' is isomorphic (as a complex group)
to the vector space T,G. O]

Let now I' = Ker(p): This is a subgroup of V. In addition, since p is a covering,
' is discrete.

Exercise 3.6. Let G C R™ be a discrete subgroup. Show that G = Zg, + - - - + Zg,
with ¢g1,..., g, linearly independent over R. Show, in addition, that if R™/G is
compact, then r = m.

Solution. We proceed by induction on dim V. Hence, it is enough to suppose that
G is not contained in a hyperplane. Let then ¢1,...,9,, € G be a basis. If
W =spang(g1,---,9n_1), then WNG = Zhy+...+Zh,, with hq, ... h, linearly in-
dependent over R.Clearly, r < m — 1 and since {g1,...,9m_1} C spang(hq,...,h.),
we have m — 1 = r. Replacing, can suppose Zg, + -+ + Z.gm-1 =GN W.

Consider the finite set

T:{thgjeG : Ogtl,,tm1<1,0§tm§1}

j=1

18



If {¢;} is a dual basis to {g;}, let ¥ = > . 2;9; b e an element of T such that
om(x) = min{p(y) : y € T\ W}. (Note that g, € T.) Then {¢1,...,gn1,2} is
a linearly independent set. We claim G = Zg, + - -+ + Zg,—1 + Zx. Indeed, write
G =Zg+ -+ 72gn1+ Zz and let y € G. Then

m—1
y = Zngj +cr mod G’
j=1

with 0 <y; <1 and 0 <c < 1. Hence,

m—1

y’zZngj+cxeT

j=1

But 0 < v, (v) = ¢z, < xp,. Hence, ¢ = 0. We conclude that ¥’ € W NG and hence
that v € Zg1 + -+ + Z.gp_1 C G'. O

4 Generalities on line bundles over complex mani-
folds

4.1 Cech cohomology: Fixing notations.

Let X be a topological space and F a pre-sheaf of abelian groups on X. Let U =
{U; : i € I} be an open covering of X, indexed by a totally ordered set I, and
abbreviate U;, N ---NU;, to Uy,..;,. Define

CUF)= ] FlWUip-in):

10<...<in
Define also
d":C"(U,F) — C""YU, F)
by
(dnf)i()~"in+1 — fi1~~in+1 - fioi2~~-in+1 +---F (_1)n+1 fZO’Ln .
restrict restrict restrict
Then

{Cm<ga 'F)7 dn}nzo
is a complex and

H"(U, F)

is its nth cohomology group. If V. = {V;} is a refinement [GH, p.39] of U, we then
obtain a morphism of groups H"(U, F) — H"(V, F) which allows us to pass to the
limit:

H™(X, F) = lim H"(U, F).
U

The process of taking limits renders computation almost impossible, hence the the-
ory is redeemed by
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Theorem 4.1 (Leray’s Theorem). If U is a covering such that H>°(Us,..;,, F) = 0,
then H"(X,F) = H"(U,F). O

Another fundamental feature of Cech cohomology is the notion of long exact
sequence associated to a short exact sequence. Indeed, Cech cohomology comes as
a way to understand when a surjective morphism of sheaves fails to be a surjection
on global section.

Definition 4.2 (Surjective maps of sheaves). Let a : F — G be a morphism of
sheaves. We say that « is injective if a(U) : F(U) — G(U) is injective for all U.
On the other hand, we say that « is surjective if for each g € G(U), there exists a
covering U = UU; and sections f; € F(U;) such that

U, — fz

The reader encountering this definition for the first time may be puzzled by the
a priori strange definition of surjectivity. Why not require the arrows a(U) to be
surjective? But this is precisely the interest: we encounter very many situations
where above definition occurs. Let me give an example.

9

Example 4.3. Let X = C\ {0}. As one learns in complex analysis, if D C X is a
disk, then it is possible to define a branch of the logarithm on D [ALl Ch. 4, §4.4,
Cor. 2|, that is, there exists £ : D — C holomorphic such that ¢“*) = z for all z € D.
Let O be the sheaf of holomorphic functions on X and O* the sheaf of invertible
holomorphic functions. We then have a morphism of sheaves exp : O — O* which,
by the considerations above is surjective. Now, one also learns in a course of complex
analysis that there is no holomorphic function L : X — C such that e***) = z for all
z e X.

Now, what is the obstruction to finding a globally defined logarithm? Let us
cover X by disks, X = U;D;, and let ¢; be a branch of the logarithm defined on D;.
Let now Zx be the sheaf of locally constant integer valued functions on X. Then,
8i; :={; — l; € 2miZx(D; N D;) and (d;;) becomes an element of Z' (X, 27iZx).

Now, with this notion of surjective morphism, we can define short exact sequences
of sheaves in the usual sense. Furthermore, if

0—&-5F26—0

is a short exact sequence of sheaves on X, then we obtain a long exact sequence

0——E(X) —— F(X) —=G(X) -2~

e H(E) — H'(F) — H'(G)
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The maps
6n: H(G) — H™Y(E)

are defined in parallel to the situation in Example[4.3] On starts with g € Z™(U, G);
when restricted to a finer unspecified covering, we can suppose that g = 5(f) with
f € C™"(F). Now d"f € C""}(F) is such that S(d"f) = d"B(f) = 0 and hence,
passing to a finer unspecified covering, we have d"f = a(e), and the element e €
C"1(E) “is” §f. (Details are often omitted in the literature and for complete proofs
one needs to go to [Se, Ch. I, §3].)

Finally, to end this brief review of Cech cohomology, we state one of the two
main foundational results of this theory. These are labelled according to the orignal
problems giving rise to the techniques of Cech cohomology.

Theorem 4.4 (“Mittag-Leffler’s Problem”). H™(C", O) =0 for m > 1.

Proof. See |GH| pages 46-7|. ]
Theorem 4.5 (“Cousin’s Problem”). H™(C", O*) =0 for m > 1.

Proof. See |GH, pages 46-7|. O

4.2 Line bundles in the complex case

We begin with generalities. See [GH| 0.5, pp. 66-69] for further references. Let X
be a complex manifold. Recall:

Definition 4.6. A line bundle is a complex manifold L and an analytic morphism
7 : L — X such that the following hold. (For expedience, we write L|g := 7(5).)

(1) There exists a covering {U;} of X and isomorphisms o; : U; x C — L|y, such
that 7o 0;(u, ¢) = u.

(2) The arrow o; 'o; : Ujj x C — U;; x C is of the form (u,c) — (u, gi;(u) - ¢) with
gij c Ox(Ul])*

For the sake of discussion, we shall call the data of the covering {U;} and the
isomorphisms o; : U; x C — L|y, a trivializing atlas for L and (g;;) the cocycle
associated to L (and the atals). Because of Definition [4.6}(2), each L|, := 7~ !(z) is
a complex vector space of dimension one: just express ¢ € L|, as o;(x, c) and define,
for each A € C, the element A\ := o,(z, Ac).

Remark 4.7 (Mnemonic for g;;’s). In the notations of Definition [.6] let s;(z) :=
oi(z,1); clearly ms;(z) = x. Then

Sj(f) = gij(x)&:(x),

which means that g;;(z) is the “coordinate” of s;(x) with respect to the “vector”

si(z).
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Obviously, the functions {g;;} satisfy 1 = g gi_k1 gi; and g;;9;; = 1, so that
(gij) € Z' (4, O%). This is called the cocycle associated to L.

A very important invariant associated to a line bundle is its Chern class, whose
definition relies on Exercise Consider now the exponential exact sequence of
sheaves on X:

e2mi(—)

1 — 7 — Ox

Oy — L

(Here Z is the sheaf of locally constant integer valued functions.) The long exact
cohomology sequence then gives us

§: HY(X,0%) — H*X,7),

and if L — X is a line bundle with isomorphism class [L] € H'(X, O%), we define
its Chern class ¢;(L) as 0[L].
Let us make this explicit. If {g;;} is a cocycle for the covering U = {U;}, where
each Uj; is simply connected, let \;; : U;; — C be a “logarithm”, that is,
gzj — 627I'i)\¢j'
Then
()\jk — i + )\w) S ZQ(L[, Z)

represents ¢;(L).

Finally, I ended with one technical construction : pull-backs of line bundles.
(More details are in [FG, IV, p. 180]) Now, given a map of complex manifolds f :
Y — X and a line bundle 7 : L — X, we obtain a new line bundle f*(x) : f'L - Y

as follows. As a space, f~'L is the fibre product
Vxx L=A(y.0) eY x L :x(l) = f(y)}, (4.1)

which has the topology given by the inclusion L x Y. Define f*(7) as being the
restriction of pry 1 Y x L = Y.

4.3 Pic’(X) and the Neron-Severi group.

To study Pic(X), we shall break it up using the Chern classes. (In what follows, we
shall denote the sheaves of locally constant integer valued, real valued, etc, functions

by Z, R, etc.)

Definition 4.8. We define Pic’(X) C Pic(X) as being Ker ¢; and NS(X) € H*(X,Z),
the Neron-Severi group, as being Im c;.

One usually thinks as Pic’(X) as being the “continuous” part of Pic(X), and
NS(X) as being its “connected components”. A very important piece I wish to
explain to you is the structure of Pic’(X), which will be identified with Hom(T", S*).
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5 Line bundles on a complex torus

We give ourselves a compact analytic and connected group X. It then follows that
its universal covering space V' is a just a vector space and hence that X ~ V/T" for
a certain lattice I'.

Theorem will enable us to express line bundles on X in terms of group-
theoretical information because

Vxx L=V xC.

To go on, we need:

5.1 Interlude on group cohomology

I shall give some explanations concerning the cohomology of groups. I follow [AW]
and [GS|; the latter is rather concrete.
Let G be an arbitrary group and M an abelian group. A map

GxM — M, (g,m)—>g-m

gives M the structure of G-module if p is an action by automorphisms of abelian
groups. Thatis, g- (m+m')=g-m+g-m/;and g- (¢ - m) = (g¢9) - m.

Clearly, G-modules are simply left ZG-modules, where ZG is the group ring. As
such, we have cohomological theories associated to these, as we have to any category
of modules over a ring.

Definition 5.1. In the category of ZG-modules, the ZG-module Z has the following
resolution by free ZG—modules, called the standard resolution, or unnormalized bar
resolutions. For each n € N, let B, be the ZG-module ZG"!; said differently,

9-(90,--->9n) = (990, -, 9gn). Let
O, : B, — B,_1
be defined by
On(90s -+ 9n) = (15, 9n) = (90: 92, -+ -1 gn) + -+ + (=1)" (g0, - -, Gn1)-
Exercise 5.2. Show that
B, : v — B, — B, 1 — -+ — By
is exact and Hy(B,) ~ Z. (Details are on p. 72 of |GS].)
Let M be a G-module. Write
0" := Homg (0, M)

and consider the complex
-+ — > Homg (Bps1, M) -2~ Homg (B, M) — Homg (By_1, M) — - - -
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By definition, the quotient groups

Ker(0")
Im(on—1)

are the cohomology groups of M and are denoted by
H"(G, M).

Note that Homg (B, M) is the group of all maps ¢ : G"™' — M satisfying
(990, -+, 9n) = 9¥ (90, - - -, gn) and we then obtain an isomorphism of Z-modules

Homyzc (B, M) Cn Map(G", M)

Y (91,5 Gn) = (e, g1, Gn)
For the sake of tradition, let
C"(G, M) = Map(G", M);
under the bijection (,, we see that
o C"(G, M) — C™HG, M)
is determined by

an¢(gla s 7g’n+l) =401~ ¢(927 cee 7gn+1) - f(91927937 s 7gn+1) + -
+ (_1>n¢(91’ gz ... ugngn—l—l)
+ (1) (g1, -5 gnra)-

As usual, it is worth writing these formulas down in case n is small:

O (g1) = g1 - ¥(e) — f(e)
(g1, 92) = 91 - ¥(g2) — ¥(9192) + ¥ (g2)
321?(91,92793) =0 '¢(92,93) - ¢(9192793) + @0(91,9293) - ¢(91792)-

Due to the explicitness of these formulae, we usually introduce “the” group of 1-
cocyles as being

ZNG M) ={g:G— M :9(g192) = g1-¥(g2) — ¥(9192) + ¥(g2)},

“the” 1-coboundaries

BYG. M) ={¢:G — M : ¥(g) = g-d(e) — ¥(e)}

“the” 2-cocyles
ZHG, M) ={¢: G* = M : ¥(g192)},

and so on. Due to their prominence, elements of Z1(G, M) are usually called crossed
homomorphisms.
Hence, we can re-define:
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Definition 5.3. For each G-module M, we define

Z"(G, M)

H"(G,M) = G

A fundamental fact of homological algebra (see [AW], §1] or for a longer discussion
IGS, 3.1]) is that if {P,},>0 are free ZG-modules and

d d d
Ly p iy p oy

is a diagram such that Ker(d,) = Im(d,,+1) for n > 0 and

then, letting d" := Homg (d", M), there exists a canonical isomorphism

H™(G, M) =5 —Iiigjnl)).

Finally, we need some results concerning the connecting homomorphisms.
Lemma 5.4 (Explicit descriptions). Let
0O— M — M — M —0
be exact sequence of G-modules. Let
§Y: HY(G,M") — HY(G,M")

and
ol Hl(G,M”) — Hz(G,M’)

be the connecting homomorohsns.
1. Let m" € (M")¢ = H°(G, M") be given and let m € M be above it. Define
Y :gr— gm—m.
Then (g) € M’ and ¢ : G — M’ is an element of Z'(G, M') such that
[¥] = [0°m"].

2. Let m" : G — M" € Z'(G,M") be given and let m : G — M be above it.
Define
¥(g, h) — g - (m(h)) —m(gh) + m(h).
Then ¢ € Z*(G, M) and
[v] = [0"m"].

Proof. Can be directly seen from Example 3.2.3, on p. 73 of of [GS]. ]
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5.2  Pic(X) as cohomology of I'

We return to the geometric situation in the beginning of Section [5

Give O(V) its natural structure of I'-module by sf : z — f(z+ s). This induces
on the abelian group O(V')* a natural action of I" by group morphisms: O(V)* is a
[-module.

Theorem 5.5. There is an isomorphism of groups
Pic(X) = HY(,O(V)).

This result is a particular case of “Cousin’s Theorem”, Theorem applied to
Theorem below. But for the sake of concreteness, we shall explain it in more
detail.

Let then

X:VxC — LxxV

be an isomorphism of line bundles. In particular, pryx = pry. Let 75 : V. — V be
the translation by s € I'. We have an automorphism of

idLXTSILXXV—>L><XV

Note that pry, o (idy X 75) = 75 o pry, so that id; X 7, is not an automorphism of
lines bundles over V! Define ¢, by rendering

V xC L V xC

L Xx \% (idps) L X x 1%

commutative. Then
308(27 C) = (Z + S, ws(za C))
It is not hard to see that ¥s(z, ¢) = ci)s(z,1) and so, abbreviating, we write
ws(z,0) = (2 + s,15(2) - ¢).
In addition, observe that ¢, € O(V)*. Since
¢t<§03(27 C)) = <P8+t<zv C)?

we see that
Vst = (s¢1) - s (5.1)
Said differently in the terminology of p. 24}

Corollary 5.6. ¢ : I' — O(V)* is a crossed homomorphism, or an element of
ZYT,0(V)*). O]

Definition 5.7. The 1—crossed homomorphism (t;)scr is said to be a multiplier or
automorphy factor for L.
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Lecture 4
(10/11/22).

It should be noted by that the construction of (1,) € ZY(T', O(V)*) depends on
the trivialization y : V x C — L xx C. Now, if x’ is another such trivialization,
then x'x/(2,¢) = (z,u(2)c) with u € O(V)*. Hence, if ¢/, and ¢ are defined as ¢,
and 1, were, but by using x’, we conclude that

S-u
Yo =1ty —.
U

Therefore, (¢)ser and (1) ser differ by an element of B(T', O(V)*).

Definition 5.8. The cohomology class [¢)] € H'(I',O(V)*) is independent of the
trivialization y : Z x C — Z xx L.

Let us now show how to construct from a given ¢ € Z*(T', O(V)*) a line bundle
Ly — X. Let I'act on V' x C via

(z,¢) @5 = (24 s,794(2)c).

The fact that ©s:(2) = (2 + ) - 1s(2) for all z € V and s,t € I" assures that this
Is an action:

[(z,c)@s| @t = (z+s,195(2)-c)ot
=(z+s+t,s(z+8) (2)e)
= (z,c) o (s+1).

Note, in addition, that if D C V is a distinguished open subset for the action of I,
then D x C is also a distinguished open for the action of I' in V' x C. Consequently,

L,:=(VxQ)/
is a complex manifold and the first projection induces an analytic map
Ly — X.
Proposition 5.9. L, — X is a line bundle.

These constructions show Thm. .5

5.3 The first Chern class of a line bundle
We now know that line bundles on X are defined by elements in H'(T', O(V)*). Let

Ve ZHT,0V))

correspond to L € Pic(X).

27



Since the sequence 0 — Z — O(V) — O(V)* — 1 is exact, we obtain from
Theorem [9.3] that

HYT,0(V)*) —2 H2(T,7)
HY(X,0%) - H%(X,7)

is commutative. Hence, §(1)) corresponds to ¢;(L). In order to make the link between
Chern classes in geometry and the Chern class 01, let us agree to write

c1 (V) = 1.

We give a more explicit description of ¢; ().
Write
e = A e O(V).

Hence, from eq. (|5.1)
>\S+t = S)\t + /\5 mOd Z (52)

The above equation holds for all and we can define
cy : I'x ' — Z,

(s,t) —> SAt + As — Aspt
Due to Lemma , we have ¢, € Z*(T',Z) and in fact

[6¢)] = [cy] in H*(T, Z).

We now need to have a good hold of H*(T',Z). Since our working definition of
this group is by means of inhomogeneous cochains, we shall need:

Lemma 5.10. Let f € Z*(T',Z) and define

Af(s,t) = f(s,t) = f(t,s).
Then:
i) Af belongs to Alt*(I",Z) = Homg (AT, Z).
ii) The function A : Z*(T,Z) — Alt*(T', Z) is surjective and
iii) defines an isomorphism of groups

H*(T',Z) = AIt*(T, Z).

Proof. (i) Clearly Af(s,t) = —Af(t,s). We now need to show

Af(s+t,u) = Af(s,u) + Af(t,u).
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Unravelling, we need to prove that

f(3+tvu) _f<u78+t)+f(uas) —f(s,u)—i—f(u,t) _f(t’u) (53)
is zero. From f € Z*(T',Z), we know that

d?f(s,t,u) = f(t,u) — f(s+t,u) + f(s,t +u) — f(s,t) = 0

A fu,s,t) = f(s,t) — f(u+s,t)+ f(u,s +t) — f(u,s) = 0 (5.5)

d?f(s,u,t) = f(u,t) — f(s +u,t) + f(s,u+1t) — f(s,u) = 0

Then (5.4 —|— . equals the negative of (5.3) and vanishes.

(ii) Let l, E’ € Homgy (I, Z). Define an element e ZY T, Z) by 0 (v,7) —
L)l (). (Recall that I' acts trivially on Z.)
Under the canonical identification

A*Homy, (I', Z) — Homy, (A’T', Z) = Alt;,(T, Z),

A(e) € Alt*(T', Z) corresponds to AL, Now {(AL : ,¢ € Homg (T',Z)} generated
Alt*(T",Z), and we are done.
(iii) We show that BY(T',Z) C Ker A. By definition, for f € CY(T, Z), we have
df (s,t) = f(t) — f(s+t) + f(s) and hence
A(df)(s,t) = f(t) = f(s+1) + f(s) = f(t) + f(t+s) = f(t) = 0.

So A factors through H?(T', Z) and we obtain a surjective morphism A : H*(T', Z) —

AIt*(T, 7).
We know that H?(T,7Z) is isomorphic to Alt*(I',Z) and a surjective endomor-
phism of free Z-modules of equal rank is always an isomorphism. O

Let us revise what has been done so far. Starting from a line bundle L — X,
we obtained its multipliers: a 1-cocyle ¢ € ZY(T', O(V)*). From it, we derived an
element

Cy € ZZ(F, Z)

We now pass to the alternating form
Cy = Aley),

which, is explicitly defined by

Cy(s,t) = Ay — A + sA\ — ), € Alto (T, Z). (5.7)

Up until now, we have made no use of L, just of ¢. A key feature of Cy,
Theorem below, requires geometry. Since Cy, : I' x I' — 7 is alternating, it can
be extended to

Cy:VxV — R

Theorem 5.11. For each z,w € V', we have

Cy(iz,iw) = Cy(z,w).
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In order to prove this result, we embark on a deeper study cohomology. In any
case, we already identified a fundamental object, the space of Riemann forms:

E is integral on I' and
R() =< E € Altg(V,R) :  E(iv,i,w) = E(v,w) : (5.8)
forall v,w eV

where C), is to live. Note that R(I') can also be defined as

R(T) = {E € Al3(T, Z) : The extension of E to V' admits } .

i:V — V as automorphism

6 Deeper study of the cohomology of a complex an-
alytic torus
To begin, I'd like to explain a bit about de Rham cohomology of compact Lie groups.

Formally it shall not give us what we need to prove Theorem [5.11} but it gives us
the idea behind the theory and not simply a proof.

6.1 Cohomology of compact Lie groups

Let us consider a compact Lie group G of dimension n. Define AT (G) as the C-space

mv

of complex-valued invariant differentiable m-forms on G. Write

A (G) = D ARG

0<m<n

Now, it is not difficult to deduce from Corollary [1.3] or at least its C'*® version, that

m
Ainv

( ) - m8<G)

Theorem 6.1. Define on A2G the differential

Dy, i A"G — A™HG

given b
Dpw(vi, .o Upyr) = Z(—l)iﬂw([vi, Vi, 01,00 oy Ui ey Ui e, Upy)
1<J omit omit
Then:

a) For each w € A (G), we have

dw(e) = Dy, (w(e)).

**Here I suppose that the reader is at ease with the notion of Lie bracket on T,G. This is
obtained by using the Lie bracket of vector fields on G and then bringing it back via invariance.
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b) The inclusion

[ ]
Ainv

(G) — A%(G)
together with the isomorphism A%, (G) ~ A?G define an isomorphism

mv

Ker D,,

—— ~ (G C).
Im Dm—l dR<G7 (D)

c) If G is abelian, then
H*(G;C) ~ AG.

Sketch of proof. Details are well explained in [Bre, V.12|. The main actors are the
Haar integral and the process of taking average.

Invariant integral. Let ¢y, ... ¥, € AL _(G). Let

U= A Aipy, € AL (G).

Dividing ¥ by a constant, we assume that | oV = 1. We then get a linear functional

c>(@G,C) -5 C

fn—>/Gf\IJ.

Let L, : C*(G,C) — C>(G,C) and R, : C°(G,C) — C>(G,C) be “left” and
“right” translations. Then I(f) = I(L,f) = I(R,f). Invariance “on the left” is
simple because W is left invariant; right invariance comes with compactness.

Taking the mean. Let w € A™(G). Given vy, ..., v, € T,G, construct a function
Fon,om 2 9 ¥ [Tyl (0)(v1, - -+ )
We define Mw(p) € A;”(G) by
(U1, s Um) > T(Flpn.om)

A simple calculation shows that Mw € Al (G). Working a bit further, we have

mv

M(w) —w
t
which shows that losed £ i A (C)
m closed forms in A7
Hx(G/C) ~ :

dAL ()
Conclusion. We recall that

ANG = A (G),

mv

and take for granted that the differential d : A™(G) — A™(G) satisfies dA™, (G) C

A"(@), and is given by the desired expression once transported back to ATG. [

mv
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Lecture 5
(11/11/22).

6.2 Linear algebra and forms

Let E be a real vector space of dimension 2n. Let

A™ = A™(E) = {Alternating forms w : EX™ — C} .
Note: A™(E) is a complex subspace of Homg (E®", C) of dimension (2"
A complex structure on E is an endomorphism J € Endg(F) s.t. J? = —id;
multiplication by i is then defined by J.

Lemma 6.2. Let J be a complex structure on E. Then
AV(E) = AY(E) ® A% (E),

where A0 = {p € ANFE) : ¢J =ip} and A»! ={p € AY(E) : pJ = —ip}. O
Still supposing E to have a complex structure J, let

C-space spanned

1,0 o .. 1,0 _A 7,0
by the image of AT x A= AT

AT,O (E) —

C-space spanned A
0,5 _ 01 o . 0,1 0,5
AX(E) by the image of AT X x AT = A,

and finally

C-space spanned

r,0 0,s A r+s
by the image of AT AT = ATHE),

A (E) =
This is the space of alternating forms of type (r,s). A simple characterization of
these is as follows.
Let ¢1,...,¢, : E — C form a basis (over C) of the space A'"°(F). Then
Pyy-.., P, is a basis of A% E. Then, a basis for A™* is

Ji < <Jr

90]'1/\"'/\Sojr/\¢k1/\”'/\¢ks7 ki< - <k,

If should be noted that on A™(FE) have the R-linear involution defined by a — @
and that Ars = A5",
Further ahead, we shall require the following Lemma.

Lemma 6.3. A real-valued 2-form w € A?*(E) belongs to AM(E) if and only if
w(Je, Je') = w(e,€) for all e,e’ € E. O

Once these observations have been made, we move to geometry.
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6.3 Forms of mixed type on complex manifolds

Let M be a real analytic manifold of dimension 2n. Write, for a point p € M,
AFM = AX(T,M).
If x : U — R?" is a local chart, then
{dpmil/\"'/\dpxik 1< < < §2TL}

is a C-basis of A’;M . A function which associates to each p € U an element w(p) €
AJ'M is said to be differentiable if it can be written as

Z fireei, dagy A - Aday,.

1< < <1, <2n >

These are called complex-valued differentiable m-forms on U. With little effort, the
reader can give the correct definition of differentiable m-forms on arbitrary open
subsets.

If M happens to be a compler manifold, the real vector space T, M inherits a
structure of complex vector space. Indeed, if z : U — C™ is a local chart about p,
let us write z; = x; + iy; we define

i0,, == 0,, and 1i9,, = -0,

=
We decompose
AM =AM & A)'M

where Ay°M, resp. AY'M, is the subspace of 1-forms which are complex linear,
resp. anti-linear. Similarly,

k T,8
AEM = P ArM
r+s=k

Clearly,

{dpzj == dpz; + idp?/j};‘l:l
is a basis for AOM and

{dpij = dpxj — idpyj };L:l

Finally, we define A}, C A}}° as the sheaf of all complex and smooth differential

forms of type (r,s).

6.4 Dolbeault cohomology

In the case of complex analytic manifolds, along with de Rham cohomology, we have
Dolbeault cohomology, which are cohomology groups obtained from forms of mixed

type.
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We can decompose exterior differentiations as follows:
A?]"\j[rl,s
/ \
Ayt - Ay e A

r,s+1
Al

There is a 0-Poincaré Lemma saying that the map
0: A (M) — AT (M)

is surjective if M is a ball [GH, p25|. Hence, on the level of sheaves we have a long
exact sequence
r o r1 o r2 0
0 — Yy — Ay — Ay — -+ (6.1)
Definition 6.4. Define the Dolbeault cohomology (space) as
 Ker Avs(M) -5 Ans+(M)

HSSI(M) 5.,47”78—1 (M) )

Once these groups have been defined, comes the main observation. The proof is
not difficult once all the ingredients are in place. Indeed, all one needs is to break
up the Dolbeault exact sequence (6.1) and use:

Proposition 6.5 (|[GH, p.42]). H™(A}}) = H™(M, A%,) =0 for m > 1.
Then
Theorem 6.6 (|[GH, p.45]). There are isomorphisms

H> () =~ Hp (M),

6.5 Invariance in cohomology Dolbeault cohomology
In the same direction as with Theorem we have

Theorem 6.7. Suppose that X is a complex torus. The inclusion

AP X — A%(X)

mv

induces an isomorphism
AP (X) = Hpy(X)
Consequently, we have isomorhisms

APS(X) ~ H¥(O).

A complete proof of this can be found in [MAV] pp 4-7].
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7 Return to the theory of line bundles on a torus

Proof of Theorem [5.11. From the long exact sequence c;(L) lies in the kernel of the
natural map

a: H*(X,7) — H*(X,0x).
Use the factorization of a:
H?*(X,7) —~ H*(X,C) 2= H*(X,Ox).

Then, we move on to the identifications which are expressed in the commutative
diagram
H*(X,7) —“~ H*(X,C) —2= H*(X, Ox)

Alto (D, Z) —— A%(V) A%2(V).

proj

Using the decomposition
AQ(V) — A2’0 D Al’l @AO’Q

let us write u(ci (L)) = 2+ >0 ¢l It then follows that 2 = 0. Since 20 = 02,

we conclude that u(c;(L)) € Ab!. From Lemma[6.3] u(ci(L)) € AL O

In order to take full advantage of the Riemann form Cy, we require some gym-
nastics in hermitian forms. We present the necessary facts as Exercise [10.13
We can then rephrase the definition of R(I") in eq. (5.8)):

Hermitian forms H on V } ‘ (7.1)

s.t. H integral on I’

R(T) := {

Definition 7.1. Let H € R(I') have imaginary part E.

1) A map x: T — S!is a semi-character for H if

X(s+1t) T (5.0)
x(s)x(t)

2) The set of couples (H,x), where H € R(I') and x is a semi-character for H is
the abstract Picard set P(I'). Endowing P(I") with multiplication

(H,x) - (H',X") = (H+ H',xx')
we obtain on P(I") a group structure; P(I") is the abstract Picard group.
Define the “Chern class”.

C:PT) — R, (Hx)+— H.
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Definition 7.2. For (H,x) € P(I'), define the canonical factor of automorphy as

K(H,)u(2) = x(s) exp {mH (2,8) + 2 H(s.5) }

Proposition 7.3. The following assertions are true.
1) k(H,x) € 2T, 0(V)").
2) The map k : P(T) — HYT,O(V)*) is a morphism of groups.

3) The abstract Chern class Cyr,y is H. In particular, any H € R(I') is an abstract
Chern class.

Proof. (1) and (2) are left to the reader.
(3)We abbreviate k(H, x) to k and SH to E. Write x(s) = ¢>(*). Then

ks(z) = exp2mi | £(s) — %H(z, s) — iH(s,s)

Y
.

~~

As(2)
and hence, according to eq. (5.7)), we have
E(s,t) = As(2) — M(2) + sA(2) — tAs(2)

B M PRI

+ %H(z +t,5) + iH(S’ s) + %H(z,t) + iH(H)
_ %(H(s,t) _H(t,s))
= E(s,t).

Put
PUT) = Ker P(I') - R(I).

Theorem 7.4. The restriction of
k:P(') — Pic(X)
to P°(T") defines an isomorphism
PY(T) — Pic’(X).
Proof. We proceed in two steps working on the side of Galois cohomology.
Injectivity. If x,x' € Z'(T', S') = Hom(T', S') induce isomorphic line bundles, then
Xo(2) = xs(2)A(z + s)A(2) "
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where A € O(V)* = |A(2)| = |A(z+ s)| for all s € T' = A is bounded = it is
constant by the maximum principle.

Surjectivity. We work on the side of Galois cohomology. Let
Y € Ker H'(T,O(V)*) — H*(T,7Z).
From the exponential exact sequences we have the following commutative diagram

e2mi(—)

HYX,Z)—— HY(X,0) Pic’(X)

H'(T,Z) — H'(T, O(V)) — == Ker (H\(I, O(V)*) = H*(T, Z)).

827“

It then follows that [¢)] = [e2™], with A € ZY(T, O(V)).

Now, we use the diagram (which depends on Theorem [9.3))

H'(X,C) H'(X,0)
H\(T,C) HY(T,0(V))

to conclude that the the inclusion C C O(V) gives a surjection
HYT,C) — HYT,0(V)).

Hence, we may suppose that
b= 2
for a certain A\ € Z*(T", C) = Hom(T', C).
We now show how to find A € O(V) such that modifying A € Z'(T', O(V)) by
the 1-coboundary
s+ Az +s) — A(2)

gives us a new l-cocyle p with values on R = 1 can be taken to belong to
Hom(T", S1).

As SX € Hom(I',R) = extend to SA € Homg(V,R). There is a unique A €
Homg (V, C) with

JA = -3
(If f:V — R is R-linear and h = g + if is C linear, then —f(v) + ig(v) =
g(iv) + i/ (iv) = g(v) = f(iv).) Now,

real
(z) = r>\s A — Y.
ps(2) +A(z+ i)r A(z)
const. A(s)
In conclusion,
[v] = [e*™]

with p real-valued so that k : H'(T', S') — Pic’(X) is surjective.
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Theorem 7.5 (The Appell-Humbert Theorem). We have a commutative diagram
of isomorphisms

0——=PY() ——P(I) —=R(I) ——=0

N

0 — Pic’(X) — Pic(X) —— NS(X) —0.

Proof. We already know that P°(I") — Pic’X is an isomorphism. From the com-
mutative diagram

HY(T,0(V)") — H*(T,7Z) == Alt;,(I", 7))
we conclude that
Image H'(T,O(V)*) - H*(T, Z)
is R(I"). The snake Lemma finishes the proof. O
The following is true and can be proved with Theorem
Lemma 7.6. For each every v € X and each (H,X), define

PR — X(S) . eQwiE(:c,s)’

where E = SH. Then 75(L(H,x)) ~ L(H, x.).

Corollary 7.7 (The theorem of the square). For each L € Pic(X), the map
¢ rv— (L)@ L7*

1s a homomorphism of groups.

Proof. Let L € Pic(X) have canonical factor (H, x). Write as usual E = SH. Then
¢r(z) has canonical factor (0,e*¥@=)) and the result follows from the additivity
E(.%’—Fy?—):E(.’ﬂ,—)—FE(y,—). u

8 Duality

@ We have encountered Pic’(X) = Hom(T, S') as an abstract group. We shall now
give it a natural structure of complex torus. At the start, the fact that this structure
is natural will not be evident.

Let A(V) = Homg (V,C) and decompose it as AM* @& A%, Note that A%! and
A0 are both n dimensional complex vector spaces.

11 was unable to cover this in the lectures
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In addition, given f € A%'(V), it is not difficult to see that
Sf(v) =Rf(ilv) and Rf(v) = —-Sf(iv).

Hence,
QI L v NS

is an isomorphism of real vector spaces. Consequently, the pairing
() A VY xV — R
(0, v) — Sp(v)

is non-degenerate. We now write

Vi=A" and T={peV: (p)CZ}|

Since (-,-) is non-degenerate, I is a lattice.

Lemma 8.1. The canonical map

V' — Hom (F, Sl)
defined by sending p to e>™9 =) = 2™S¢ induces an isomorphism V /T ~ Hom (T, S*).

Proof. Any x € Hom(T", S') is of the form e*™* with A\ € Hom(I', R). Now, any
element of Hom(I', R) gives rise to a certain A € V* = Hom(V,R) and in turn to a
certain p € A% s.t. S = A O

Definition 8.2. The dual complex torus associated to X is X = V//T".

In order for the above isomorphism of groups to be natural, we require something
more. This is the notion of Poincaré bundle.

Definition 8.3. A line bundle P — X x X is a Poincaré bundle if for each z € X,
we have P|xy; €  and P|,, x ~ X x C.

To define a Poincaré bundle on X x X, it is required to find a canonical factor
on V xV xV x V. It is not hard to see that on this complex vector space there is
a canonical Hermitian form defined by

H(z, z,w,w) = 2(w) +w(z).

Theorem 8.4. Define on V x V x V x V the Hermitian form

H(z, z,w,w) = z2(w) + w(z).
Then
1) x(s,3) = ™% s a semi-character for T x I,

2) The line bundle associated to (H,Xx), call it P, is a Poincaré bundle.
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Proof. 1) Simple.
2) The canonical factor of (H,x) is

kos(z,2) = ™) LexprH (2, 3, 8,5) + gI—I(s, 3,8,35).

Consider the commutative diagram

|4 VxV
X x {%} X x X

and apply Theorem : The 1-cocycle associated to P|x .z} is

ks,O(Z) = GXpT{'H(Z, 20, S, 0) + gH(S7 07 S, 0)

_ ewéo(s) )

Now, according to Lemma , the point %, € Pic’(X) = V/T corresponds to the
1-cocyle

s
ws _ 627r1 SZo(s)

_ 6#20(5) . e—wéo(s)

— eﬂ‘i’o(s) . 67ﬂ20(z+3)6ﬂ-20(z)

~
eBl

hence showing that the automorphic factor k, gives produces the line bundle z,. [J

9 The cohomology of a quotient
&

Let Y be a topological space on which a group I' acts by homeomorphisms.

In addition, let us suppose that the action is properly discontinuous: For each y €
Y, there exists an open neighbourhood V' 3 y such that v(V) NV # & implies v =
e. It is convenient to call the aforementioned open neighbourhood a distinguished
neighbourhood.

Let X be the quotient set, the set of all I'-orbits in Y, for the action. Let
p:Y — X be the natural projection associating to y € Y its orbit ['y; obviously p
is a surjection. We then give Y the quotient topology: U C X is open if and only if
p~1(U) is open.

Finally, note that p: Y — X is a topological covering: each x € X has an open
neighbourhood U such that

P U) =] Vi

H1 was unable to cover this in the lectures
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where ply; : V; = U is a homeomorphism. Any such neighbourhood shall be called
evenly covered.

We are now interested in studying the cohomology of X by means of the coho-
mology of Y and group cohomology.

Let F be a sheaf of abelian groups on X. Then, if V' C Y is an open subset, we
have an abelian group F(p(V')), which gives us a pre-sheaf p°F on Y.

Definition 9.1. We define p*F as the sheaf associated to the pre-sheaf p°F.

Remark 9.2. We warn the reader that p*F is, among algebraic geometers, usually
denoted by p~LF.

It should be noted that p°F is not a “bad” presheaf since it is at least “separated”.
For any open covering V' = U,Vj;, the restriction obvious homomorphism of groups
F(V) =1L F(V;) is injective.

Hence, any section s € p* F(Y) must be given by {V;, s;}, where {V;} is an open
covring of Y, s; € F(p(V;)) and the restrictions coincide. Hence, on p*F we have
an obvious action of I': to {V;, s;}, we associate {yV}, s;}.

Theorem 9.3. For every sheaf F on X, there exists a homomorphism of abelian
groups
w’  H (T, H(Y, p* F)) — H™(X,F)

enjoying the following properties.

(Funct) If f: F — G is a map of sheaves, then

HY(L, p*F(Y)) —= H™(', p*G(Y))
commutes.
(Iso) If p*F is acyclic, then each u is an isomorphism.

(Long) Let 0 — & — F — G — 0 be an exact sequence of sheaves on X for which
00— p&(Y) — pFY) — p'GY) — 0
15 exact. Then the diagram

= H"(T, pG(Y)) ——= H"(T', p€(Y)) —= H"'(T', p*F(Y))

lU/n LU'H, luf_,'_l

—>_Hn<X7g) 0 Hn—i—l(X’g) Hn—i-l(X,JT")

18 commutative.
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(Funct.2) Let T be a group acting properly on Y with quotient p: Y — X. Let Y
' = T be a homomorphism, B :' Y — Y be a continuous map such that
9(79) = ©(7)g(g). Let a: X — X be the induced map on quotient spaces.

Y Y
p jp
X X

Let F be a sheaf on X. Let F = f*F. Then

H(T, p* F(Y)) H"(T, jF)

| 3
H"(X,F) H"(X,F)

pull-back
commutes.

Sketch. The details are in the Appendix to §2 in [MAV]| Ch.1]. Those willing to see
the bigger picture behind this result, should consult [GT, Ch. V.

Let X = UU; be an open covering of X by distinguished open subsets. Refine
this covering to a good covering (Theorem , which is denoted likewise. For each
i, pick V; C p~ () s.t.

p:Vi — U

is homeomorphism. Denote its inverse by
o, U —> V.
If U;NU; # 2, let v;; € I" be the unique element such that
(V) NV # 2.
See section [I.4] for the existence of ;.
Definition 9.4. For each n-cochain
oI — (Y,
we define

Element of F(U,,..;,) corresponding to
ul (Figoin = figiz s -+ %n—lin)’aio(Ui under the isomorphism

~~~~~ Zn)

H%(0i,(Uig-iy) > p*(F)) = F(Uig.oi,)

With all these indices, the above definition can be quite complicated. But one
can simplify matters by looking at the case of n = 1. Hence, we have a 1-cocyle
f:T' — p*F(Y). For every i # j, we consider the open o;(U;;) = ~,;;(V;) NV;. Then

u(f)iy = f(%'j)|ai(U¢j)'
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10 Some exercises

Exercise 10.1. Let GL,(C) have the obvious coordinate functions z : GL,(C) —
C". Tt then follows that all analytic vector fields on GL,(C) are of the form
Z(i,j) Aij&j with &j = and Aij analytic. Writing &-j(e)h = Zk,f Aimkgakg, find

an expression for A;; .

0
8Zij
Exercise 10.2. Let X be a compact Riemann surface of genus g > 2. Show that
X does not have a structure of analytic group.

Exercise 10.3. Let G be a complex analytic group. Let vy,...,v, € T(G) be in-
variant vector fields as in Corollary [1.3] For each g € G, define {wi(g),...,wn(g9)} C
T;G as being the dual basis of {v1(g),...,v.(g9)}. Show that each w; is invariant.

Exercise 10.4. Let G be a complex analytic group. Let f : P! — G be a map of
complex manifolds.

1) Recall that Qg is the sheaf of analytic 1-forms on G. Show that for each w €
Q(G), the form f*w vanishes.

2) Using Proposition show that D, f = 0 for each x € P*.
3) Conclude that f is constant.
4) Let F': P" — G be an analytic map. Show that F' is constant.

Exercise 10.5. Let X be an algebraic variety. Let v € Tx(z) be given. For each
f € O,, define

v(f) == v(dzf).
Show that v satisfies the analogue of equation (1.1)). Show that any k-linear map
satisfying the analogue of eq. (1.1 is of the above form.

Exercise 10.6. Let X be a compact and connected analytic group. Let
c: X xX — X, (z,y) — [z,9]
be the commutator.

i) Let U C e be a coordinate neighbourhood. Show that for each x € X, there
exist an open neighbourhood V. of x and an open neighbourhood W, of e such

that c¢(V, x W,) C U.

ii) Using the maximum principle [FGl 1.4.11], show that there exists a neighbour-
hood W of e such that ¢(X x W) = {e}.

Solution. Let V,, U---UV, cover X. Consider W =W, N---NW,, . Then,

if w e W, know that ¢(V,, x {w}) CU = (X x{w}) CU = (X x {w}) =
cle,w) = e = c|xxw agrees with e on X x W. O
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iii) Deduce that ¢ = e allover. (You can apply here the identity principle [FG,
4.10].) Deduce that X is abelian.

iv) Give an example of a compact, connected and real analytic group which is not
abelian? Where does the above proof break down?

Exercise 10.7. Let X and Y be varieties, and f, g : X — Y morphisms. Show that
if f = ¢ on an open and non-empty subset U C X, then f = g.

Exercise 10.8. Using Corollary [2.24] give another proof of Corollary

Exercise 10.9. Let P" be the set of all lines passing by the origin in C**! and
endow it with the quotient topology coming from the surjection

E C”H\{O} — P
z+— Cxz.

1) Let H; = {(z0,...,2,) € C"™' : z; = 0} be the “coordinate hyperplanes”. For
each j € {0,...,n}, define

A;:=={f € P" : ¢ not contained in H;}.

Show that A; is open and using the intersections A; N Ay, give P™ the structure
of a complex manifold.

Solution. Note that p~'(A;) = C"*'\ H;, which is open and hence A; is open.
Let T be the hyperplane z; = 1. We define

(Cop I ,_Tj — Aj, Qﬁj(t) = Ct.
This is a bijection T; — A;, with inverse
gpj_l LN T].

This inverse can be described analytically as

2 Z

-1 . 0 n

o; i l— ==,
Zj Zi

where (20,...,2,) € £\ {0}. Now, let i # j and let £ € A, N A;. Let z =
(20,...,2n) € Tj, so that z; = 1. Suppose ¢;(z) € A; also, which means that

z; # 0. Then
@z:@(@,...,z—")
Zi Zi
(22)
=@l —-r /|-
Zi Zi
Hence, ¢; '@, : Ty \ H; — T; \ H; is
— 20 Zn
0t oi (20,5 20) = (—,...,—).

Zi Zi

This is analytic. O]
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2) Define O(—1) as the set of couples (¢,v), where ¢ € P" and v € (. Let 7 :
O(—1) — P" be the map n({,v) = (. Using the sets L|4;, give O(—1) the
structure of analytic line bundle over P". This is known as the “tautological line
bundle”. Describe the class [O(—1)] € H'(P", O*).

Solution. We’ll use previous notations. Let ¢ # j. On A;, we have the analytic
“coordinate” functions (;; : ¢ — z;/z;, where (zo,...,2,) is an arbitrary element

of £\ {0}.
Construct

g; . A,L xC — O<—1)
by

(£,0) — (L, 971 (0)).
Then

O',L-_lajiAinC — AUXC

is

(¢, c) — (f,cgij(é)*l).
Indeed, if z € £\ {0}, then ;' (¢) = (20/2, ..., 2./2) and (;;(£) = 2;/2;, which

gives

ai(0, G (0)71) = (€, G (O 9771 (0))
= (0, (zi/z5)c (20) 2y - -y 20/ %))
= (€, e (1))

3) Is it possible to find an analytic section s : P* — O(—1) to 7 : O(—1) — P"?

Solution. No! This is because we have a morphism of complex manifolds
f:0(~1) — P" x ¢!

defined by the fact that O(—1) is a subset of P" x C". Hence, a section f would
produce a holomorphic function f : P* — C"*!. As such, it would be constant.
Now, the only v € C" belonging to each ¢ € P™ is 0. Hence, [0] : P" — O(—1)
defined by ¢+ (¢,0) is the only section. O

Exercise 10.10. Let Pic(X) be the group of isomorphism classes of line bundles
over X. If U = {U;,r;} is a trivializing atlas with cocycle (g;;), let v(L) be the
image of (¢;;) in H'(X, O%).

1. Show that if V = {V}, 0;} is another trivializing atlas, the v, (L) = y (L).
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2. Show that v : Pic(X) — H'(X,0O%) is bijective. Hint: Given {g;;} €
Z'({U;}, O%), we consider on the set

L:HUZXC

the following equivalence relation: (u,A) ~ (v, u) < u belongs to a certain
U;, v belongs to a certain U, and p = g¢;j(u)X. Let L be the quotient space
endowed with the quotient topology (open in L if and only if its inverse image
is open in L). Show that L is a vector bundle, and that {g;;} is a cocyle for L.

3. For aline bundle L — X, denote by [L] its isomorphism classes in Pic. Endow-
ing Pic with the multiplication [L] - [L'], describe the multiplication induced
on H'(X,O%) via the bijection ~.

Exercise 10.11 (Test your knowledge 7). Let X be a simply connected complex
manifold and f : X — C a nowhere vanishing holomorphic function. Use your
knowledge of covering spaces an homotopies to show that f has a logarithm, that
is, there exists A : X — C holomorphic such that ¢>™V=1* = f. Does this still hold
if we omit the simply connectedness assumption? Use cohomology theory to show
that the hypothesis “simply connected” can be replaced by H*(X,Z) = 0.

Exercise 10.12. Let X be compact. Show from the exponential sequence that
H'(X,7Z) has no torsion.

Exercise 10.13. Let E be a real vector space of dimension 2n. The reader should
recall that the structure of a complex vector space on E (compatible with its struc-
ture of real space) amounts to an isomorphism J : £ — E s.t. J? = —id.

1) Let w € Alt}(E,R). Let J be a complex structure such that .J is “orthogonal”
with respect to w, that is, w(Je, Je') = w(e,€’). Show that S(e,e’) = w(Je,€')
is real and symmetric, and that J is orthogonal with respect to S. In addition,
prove that H = S+ iw is Hermitian with respect to the complex structure (F, J).

2) Let us again endow E with a complex structure J. Let H. be an hermitian form
on E. Show that w = S H is real, alternating and J is “orthogonal” with respect
to w. Show that S = RH is real, symmetric and J is “orthogonal” with respect
to S.

Exercise 10.14. Let X be a complex manifold and 7 : L — X be a holomorphic
line bundle over it. Let {U;}ier be a trivializing atlas for L (see Definition [4.6).
Denote the associated 1-cocyle is {g;;}.

Let f:Y — X be an analytic map from another complex manifold Y. For each
y €Y, leti(y) € I besuchthat f(y) € Uyy). Let Vi) 3 y be an open neighbourhood
of y such that f(Vy) C U..

Using the covering of Y hence obtained, show that L xx ¥ — Y (see eq. (£.1))
is a line bundle and prove that if a 1-cocyle associated to it is (g, o f).
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Exercise 10.15. 1) Let G be a cyclic group of order n generated by g. In the ring
Z.G, consider the element [ =1+ ¢+ --- 4 g" L.
a) Show that ZI = (ZG)C.
b) Let ¢ = g — 1 € ZG. Using that ¢/ = 0, prove that

7 <76 & 76 & 76 &

is a free resolution of Z. Deduce:

7, qg=20
HY(G,Z)=4 0 q is odd.
Z/n, otherwise.

2) Let G be a free abelian group with generators 1, ..., x, so that
7G = Zlxy, 27t . o, )

As this is a commutative ring, the computation of H*(G, Z) relies on homological
theory of commutative algebra.

Define ¢; = z; — 1 in ZG. Note that giving Z the trivial structucture of ZG
module amounts to saying that for each k& € Z, we have ¢; - k = 0, so Z =
2ZG/(q1,-..,qn), as ZG-modules.

For each 1 < p < n, let
Kp = @ ZG eil.__ip;

11 < <ip
this is a free ZG-module of rank (;) Define Ky = ZG. Let, for p > 1,
dp : Kp — Kp—l
be defined by
€iy iy M iy Cigeriyy — GinCiyigiy, T 0

and d; by e; — ¢;. The complex

K, : Ky «— K; +—---
~—~ ~—~
/el (ZG)"

is called the Koszul complex and is a free resolution of ZG/(q1,-..,qn). (The
proof is not difficult, but needs a clever point of view, see [Matl, §16].) Using K,,
show that H”(G, Z) is isomorphic to Homy (A*G, Z).

Exercise 10.16. 1) Show that if V' C Y is open, then p(V') is equally open.

2) Let U C X be evenly covered and let V' C p~1(U) be such that ply : V — U is
a homeomorphism. Show that p=' (V) = U,ery(V).
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3) Show that any open subset U C X is of the form p(V'), where V' C Y is open
and stable under the action of I'.

4) Show that the action is free: given y € Y, the stabilizer subgroup St(y) = {y €
I':yy =y} is {e}.

Exercise 10.17. Is p°F a sheaf?

Exercise 10.18. Let p : C — C* be the covering z — 2™V~1%. Describe p*(Oc¢).

References

[Ah] L. V. Ahlfors, Complex Analysis. Third Edition, 1979.
[A] J. F. Adams, Lecture on Lie Groups.

[AW] M. Atiyah and C. T. Wall, Cohomology of groups. Algebraic Number Theory
(Proc. Instructional Conf., Brighton, 1965), 94-115, Thompson, Washington,
D.C., 1967.

[AM| M. Atiyah and I. G. MacDonald, Commutative Algebra.
[BL| C. Birkenhake and H Lange, Complex Abelian Varieties. Springer.

[BT| R. Bott and L. Tu, Differential forms in Algebriac Topology. Graduate Texts
in Mathematics. Springer.

[Bre] G. E. Bredon, Algebraic topology. Springer.

[Br] M. Brion, Algebraic groups. This school.

[DC] M. P. do Carmo, Riemannian Geometry.

[Ch| C. Chevalley, Theory of Lie Groups. Landmarks in Mathematics. Princeton.
[Ja] Tuan Ngo Dac, Lectures on Jacobians, this school.

[DF| D. Dummit and R. Foote, Abstract Algebra. Third Edition, 2004.

|[FG| K. Fritzsche and H. Grauert, From Holomorphic Functions to Complex Man-
ifolds. Graduate Texts in Mathematics 213. Springer, 2002.

|GS| P. Gille and T Szamuely, Central simple algebras and Galois cohomology. Sec-
ond edition. Cambridge Studies in Advanced Mathematics, 165. Cambridge
University Press, Cambridge, 2017.

|Gre] M. Greenberg and J. Harper, Algebraic Topology, a First Course. 1981.
|GH| P. Griffiths and J. Harris, Principles of Algebraic Geometry.

48



[GT| A. Grothendieck, Sur quelques points d’algébre homologique. Tohoku Math. J.
Vol. 9, Issue 2, pp. 119-221 and Issue 3, pp 119-221.

[Mat| H. Matsumura, Commutative Ring Theory. Advanced Studies in Mathemat-
ics. Cambridge. 1989.

[Mil] J. Milnor, Analytic proofs of the “Hairy Ball theorem” and the Brouwer fized
point theorem. Amer. Math Montly 85(7), 521-524.

[MAV]| D. Mumford, Abelian varieties Tata Institute of Fundamental Research Stud-
ies in Mathematics, No. 5, Bombay; Oxford University Press, London 1970.

IMRB| D Mumford, The Red Book of Varieties and Schemes. Second, expanded
edition. Includes the Michigan lectures (1974) on curves and their Jacobians.
With contributions by Enrico Arbarello. Lecture Notes in Mathematics, 1358.
Springer-Verlag, Berlin, 1999.

[Se| J.-P. Serre, Faisceaux algébriques cohérents. Ann. Math. 61, no. 2, 197-278,
1955.

[Sh] I. Shafarevich, Basic Algebraic Geometry. Third edition. Translated from the
2007 third Russian edition. Springer, Heidelberg, 2013.

[Si] J Silverman, Arithmetic of elliptic curves.

[Wa|] H.-C. Wang, Complex Parallelisable manifolds, Proc. Amer. Math. Soc. 5
(1954), 771-776.

49



	First steps in the theory of Complex Lie groups
	Preliminaries on complex manifolds
	Complex Lie groups and their vector fields
	Dimension one: Elliptic curves
	Complex analytic tori and complex manifolds obtained from properly discontinuous actions

	First steps in the algebraic theory of group varieties
	Irreducible algebraic sets over an algebraically closed field
	Sheaves 
	Varieties over an algebraically closed field
	tangent vectors and differentials
	Algebraic groups
	Smoothness
	Basic structure of Abelian varieties

	Structure of complex compact groups
	Generalities on line bundles over complex manifolds
	Cech cohomology: Fixing notations.
	Line bundles in the complex case
	Pic0(X) and the Neron-Severi group.

	Line bundles on a complex torus
	Interlude on group cohomology
	 Pic(X) as cohomology of 
	The first Chern class of a line bundle

	Deeper study of the cohomology of a complex analytic torus
	Cohomology of compact Lie groups
	Linear algebra and forms 
	Forms of mixed type on complex manifolds
	 Dolbeault cohomology
	Invariance in cohomology Dolbeault cohomology

	Return to the theory of line bundles on a torus
	Duality
	The cohomology of a quotient
	Some exercises

