FINITE TORSORS ON PROJECTIVE SCHEMES DEFINED OVER A
DISCRETE VALUATION RING

PHUNG HO HAI AND JOAO PEDRO DOS SANTOS

ABSTRACT. Given a Henselian and Japanese discrete valuation ring A and a flat and
projective A-scheme X, we follow the approach of [BASII] to introduce a full subcategory
of coherent modules on X which is then shown to be Tannakian. We then prove that,
under normality of the generic fibre, the associated affine and flat group is pro-finite in a
strong sense (so that its ring of functions is a Mittag-Leffler A-module) and that it classi-
fies finite torsors Q — X. This establishes an analogy to Nori’s theory of the essentially
finite fundamental group. In addition, we compare our theory with the ones recently
developed by Mehta-Subramanian and Antei-Emsalem-Gasbarri. Using the comparison
with the former, we show that any quasi-finite torsor Q — X has a reduction of structure
group to a finite one.

1. INTRODUCTION

Let A be a discrete valuation ring and X a projective flat A-scheme carrying an A-point
xo. There has been some interest in constructing an affine and flat group scheme I1( X, z¢)
over A with the property that morphisms to finite and flat group schemes II(X, xg) — G
should canonically correspond to pointed G-torsors over X. See |Ga03|, [AEG20] and
[MS13]. This is an analogue Nori’s theory [Nor76] (who deals with a base field) and hence
can be developed through

(SS) a Tannakian category of semi-stable vector bundles [Nor76, p. 37|, through

(F) the construction of fibre products of torsors [Nor82l II.1, Definition 2], or through

(T) a Tannakian category of vector bundles trivialized by proper and surjective mor-

phisms [BdS11].

The papers [Ga03| and [AEG20] follow (F), and [MS13| a variant of (SS). That is to say,
[Ga03] and [AEG20] construct II(X, zo) by producing a universal II(X, zo)-torsor X — X,
and this is achieved by filtering the category of torsors under finite group schemes [AEG20),
Theorem 4.2|. On the other hand, [MS13] looks at locally free &x-modules on X which
lie in the categories considered by Nori when pulled-back to the fibres of X [MS13l top of
p.346]. In the present work we focus on (T) to construct the affine and flat group scheme
II(X, xg). It is therefore useful to recall briefly the overall picture behind ('T) in its original
context. Given a smooth and projective variety V over a field, we look at those coherent
sheaves which become trivial after being pulled-back along a projective and surjective
morphism W — V. Then, this category ends up coinciding with that of essentially finite
vector bundles (used in (SS)) if V' is at least normal, see [BAS1I], [AM11], [TZ20].

Once the approach (T) is successfully implemented for X (details are to be reviewed
further below) the category Rep,(II(X, zg)) is realised as a full abelian subcategory of
coh(X) so that, not only we can construct the affine group scheme parametrising torsors,
but we can naturally regard its category of representations in geometric terms. This facet
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is missing in [AEG20] (since it is not understood what coherent modules are obtained by
twisting representations via the fundamental torsor) as well as in [MS13| (since the authors
there focus on representations on free A-modules).

Let us review the remaining sections of the paper in order to give the reader an idea of
our most relevant results. Section [2] serves to gather some facts from algebraic geometry
(Lemmas and [2.3)), to fix notation for a class of morphisms which is used allover
in the paper (see Definition and to put forward criteria allowing to decide when a
morphism of group schemes is faithfully flat (Lemma and Lemma .

It is in Section [3| where our theory starts to take form. In it, we introduce the central no-
tion of modules which are relatively trivial (Definition and the category €, of modules
which are relatively trivialized by a proper and surjective morphism ¢. See Definition [3.4]
The first useful properties of the category of such modules are also developed in Section
we show how to find more convenient trivializations (see Lemma Definition and
Lemma and how to make the first steps towards controlling kernels and cokernels of
morphisms between relatively trivial modules (Proposition .

In Section [4 the work initiated in Section [3]is taken further ahead and we show that—
under mild assumptions on the base scheme X—the category of modules which become
relatively trivial after being pulled back along a suitable morphism ¢ : ¥ — X, call it T, is
in fact abelian, see Theorem @ In addition, concentrating on the objects in €, which can
be “dominated” by locally free ones and using the fibre at an A-point xy of X, we construct
a neutral Tannakian category (terminology is that of [DuHal8, Definition 1.2.5]) over A.
This category is called ‘pran in Definition (iii). We consequently obtain an affine and
flat group scheme II(X, ¢, z¢) (see [DuHal8, Theorem 1.2.6] or [Saa72l, 11.4.1.1]), whose
category of representations is naturally a full subcategory of coh(X). This is the first main
result.

If K stands for the field of fractions of A and X ® 4 K is normal, Section [5] explains how
to obtain information about II(X, ¢, z¢) ® 4 K from the category of essentially finite vector
bundles (as defined in [Nor76l, Definition on pp 37-8]) on X ® 4 K. See Theorem and
Corollary [5.4]

Section [f] studies T, (Definition by means of an idea introduced in [HdS21|. In this
work, we found a property of representations of a flat and affine group scheme G over a
complete A, called prudence, which allows us to verify when the A-module of functions
A[G] is free. This is useful here since prudence is roughly Grothendieck’s algebraization in
geometry. This fact leads to our second main result, which is that the full Galois groups
constructed from ¥, are in many cases finite group schemes, see Corollary The findings
here also serve to substantiate a claim made in Lemma 3.1 and Theorem 4.1 of [MS13].
(See also our summary of Section |11| below.)

Section [7] recalls the reduced fibre theorem and adapts it for future application, see
Theorem This theorem comes with the (mild) hypothesis that a certain generic fibre
should be geometrically reduced; since we wish to profit from this result even in the absence
of such an assumption, we benefit from this accessory section to explain how to get rid
of schemes which fail to be geometrically reduced, see Lemma [7.2] It is perhaps worth
pointing out that it is at this point that additional properties of A—that it be Henselian
and Japanese—start being required.

Recall that in Sectionand Sectionwe associated to a morphism ¢ : Y — X (satisfying
certain technical assumptions) a tensor category ¥, which, once polished, becomes neutral
Tannakian. The task of putting the T, together for varying ¢ comes to the front. In
Section [§] we address this issue. Our third main result, Theorem [8.1] provides the technical
conditions for putting the T, together, while Corollary @ expresses the consequence that
the “system” of the T, is “filtered”. We are then able to construct a neutral Tannakian
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category Tx which is a full subcategory of coh(X), see Definition The group scheme
associated to Tx via the fibre functor e|,, : Tx — A-mod, call it II(X,z¢), has the
distinctive property that its category of representations Rep 4(II(X, z)) is equivalent, by
construction, to the full subcategory Tx of coh(X). Under the assumption of normality of
X, we are then able to show that II(X, ) is pro-quasi-finite (in the sense of Definition [3.7)),
see Theorem 8.8 If A is in addition complete, the results of Section [6|apply directly and we
obtain that II(X, xg) is strictly pro-finite, see Definition and Theorem Finally, an
indirect argument allows us to deduce from this our fourth main result: TI(X, o) is strictly
pro-finite even if A is simply Henselian and Japanese, see Theorem [8.10] As a consequence,
the ring of functions of II(X, z) is a Mittag-Leffler A-module (Corollary [3.11)).

In Section [9 we make a brief digression to give examples and applications of the previous
theory to invertible sheaves, see Proposition[9.1] These examples served as inspiration and
may be useful to the reader, although they are not used anywhere else in the paper.

Section [10] gives conditions for a finite group scheme—appearing as the structure group
of a torsor over X—to be a quotient of II(X, x), see Proposition and Corollary .

In Sectionwe review parts of [MS13|]. Let us explain the reason for this revision before
summarising the contents of Section [IT} If X, stands for the special fibre of X, one of the
main points of [MS13] is to use a technique in [DW05|, see pages 574 to 576 there, to show,
speaking colloquially, how to trivialise a vector bundle £ € VB(Xj) on the special fibre
of a flat A-scheme Y endowed with a finite morphism to X, see the proof of Lemma 3.1
in [MS13]. In our opinion, [MS13] only offers a sketch of how to implement this beautiful
idea: in the proof of [MS13, Lemma 3.1] the necessary “base-change” to an extension of A
is not mentioned, neither is [DW05, Theorem 17]. In addition, as far as we can see, the
proof of Theorem 4.1 in [MS13]—which should extend Lemma 3.1 of op. cit.—offers solely
a construction of a smooth curve inside a projective and smooth A-scheme. Given all these
considerations, we set out to put the method of Deninger and Werner in a more robust
form. In doing so we are able to avoid Liu’s theorem on the existence of semi-stable models
of relative curves (a crucial point in [DW05] and hence in [MSI3| Lemma 3.1]) by means of
the reduced fibre theorem (Theorem . The advantage is that the latter result holds for
more general schemes than just curves. This allows us to show Theorem [11.1| saying that
an F-trivial vector bundle E (see the introduction of Section [11] for the definition) on X
becomes relatively trivial (Deﬁnition after pull back by a finite morphism Y — X from
a flat A-scheme. In the same vein, we offer Theorem explaining how to trivialize any
vector bundle & € VB(X) with essentially finite fibres by a finite morphism ¥ — X from
a flat A-scheme. (It should be noted that the proof of this result is technically intricate,
but the main idea comes straight from Theorem [11.1]) The section then ends with a direct
comparison between the category Tx and the one studied by [MS13]|, see Corollary ,
where it is shown that vector bundles on Tx agree with those introduced in op. cit. This
is our fifth main finding.

Section [12] gives further applications to the theory of torsors and shows our sizth main
result, Theorem [12.1} it proves that torsors under quasi-finite group schemes actually come
from finite ones. Another noteworthy point developed in this section is the comparison to
the theory of [AEG20] and to the “classification” problem mentioned at the start of this
introduction. By demonstrating that II(X, zg) “classifies” pointed quasi-finite torsors over
X, which is our seventh most relevant result and Theorem we show that II(X, xg)
agrees with the pro-quasi-finite fundamental group, denoted 71 (X, z0)%, in op.cit., see

Theorem [2.4]

NOTATIONS AND CONVENTIONS

On the base ring.
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(1) We let A be a discrete valuation ring with uniformizer m, field of fractions K and
residual field k. The quotient ring A/(7"*!) is denoted by A,,.

(2) Given an object W over A (a scheme, a module, etc) and an A-algebra B, we find
useful to write Wp instead of W ® 4 B. If context prevents any misunderstanding, we
also employ W, instead of Wj,,.

(3) The characteristic of a discrete valuation ring is the couple (r,p), where r is the char-
acteristic of the field of fractions and p that of the residue field.

On general algebraic geometry.

(1) A vector bundle over a scheme is a locally free sheaf of finite rank. A vector bundle is
said to be trivial if it is isomorphic to a direct sum of a copies of the structure sheaf
(in particular the rank is constant).

(2) Let R be a noetherian ring and Y a proper R-scheme. We shall say that Y is H°-flat
over R if it is flat and cohomologically flat [BLRI0, p.206] in degree zero over Spec R.
In this work we shall employ constantly that if Y is R-flat, then (a) H%-flatness amounts
to exactness of M — H%(Oy ®r M) [Har77, 111.12.5 and I11.12.6] and (b) if the fibres
of Y are geometrically reduced [EGA 1Vy, 4.6.2, p.68], then Y is H'-flat over R [EGA
I11,, 7.8.6, p.206].

(3) If R, respectively T, is an IF,-algebra, respectively IF)-scheme, we write Fr : R — R,
respectively Fp : T — T, to denote the Frobenius morphism. If T is in addition
a scheme over a perfect field, we adopt the notations of [J87, Part I, 9.1] with the
exception that we write Fr® : T®) — T+t while Jantzen uses Flo T® — T(tts)

(4) If R is a discrete valuation ring and y : Spec R — Y is an R-point of a scheme Y, we
shall write ygen for the image of the generic point of Spec R in Y.

(5) Let X — S be a morphisms of schemes possessing in addition a section z : S — X.
Given morphisms ¢ : X’ — X and f: S’ — S, any morphism of S-schemes 2’ : ' —
X' such that pa’ = xf shall be called an S’-point of X" above x. (That is, for the sake
of economy we choose not to make base-changes to S’.)

On group schemes.

(1) To avoid repetitions, “group scheme” is a synonym for “affine group scheme.” If G
is a group scheme over a ring R, and R’ is an R-algebra, we write R'[G] instead of
O(R ®grG).

(2) The category of flat group schemes over a ring R is denoted by (FGSch/R).

(3) Let G be a flat group scheme over the noetherian ring R. When dealing with repre-
sentations of G we follow the conventions of [J87, Part I, Ch. 2| with the exception
that the word “representation” is reserved for G-modules which are of finite type over
R. The category of representations is denoted by Repp(G). The full subcategory of
representations which underlie locally free R-modules is denoted by Repx(G).

(4) The right-reqular, respectively left-reqular, G-module [J87, 2.7] shall be denoted by
R[Gsight, respectively R[Glief-

(5) If f: G — H is an arrow of (FGSch/R), we let f# : Repgp(H) — Repg(G) be the

restriction functor.

On torsors.

(1) Let R be a ring, X an R-scheme, G and H group schemes over R, P — X a G-
torsor and Q — X an H-torsor. A generalized morphism from P to Q) is a couple
(f,p) consisting of an arrow of X-schemes f : P — @ and a morphism of group
schemes p : G — H such that, for points with value on arbitrary R-algebras, we
have f(yg) = f(y)p(g). In this case, we say that the generalized morphism covers
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the morphism p. If G = H, then a morphism of torsors from P to @ is simply a G-
equivariant morphism of X-schemes or a generalized morphism covering the identity.

(2) If Ris aring, p: G — H is an arrow of (FGSch/R) and P — X is a G-torsor, we let
P x% H or P x? H be the associated H-torsor (see [DG70, 111.4.3.2, p.368] or [J87,
Part I, 5.14]).

(3) If G is a flat group scheme over aring R, P — X is a G-torsor and M is a representation
of G, then we let Op(M) stand for the coherent sheaf constructed by twisting P by M,
see [J87, Part 1, 5.8-9], where it is denoted by Zp/q(M).

Miscellaneous.

(1) All tensor categories and functors are to be taken in the sense of [DM82) §1]. Let
(€, ®) be a rigid tensor category [DM82, Definition 1.7]. If € is additive, then, for
a = (a1,...,ay) and b = (by,...,by) in N, and E € €, we write T**E to denote
the object @, E®% @ E®b. If € is in addition abelian, we let (F; €)g stand for the
full subcategory of ¢ whose objects are subquotients of some T%*FE.

(2) If X is a proper and reduced scheme over a field, we let EF(X) denote the category
of essentially finite vector bundles on X. See [Nor76l, Definition, p.37-8|.
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2. SUBSIDIARY MATERIAL
We collect here some simple facts which are useful in developing our arguments.

Lemma 2.1. Let Y be a proper, reduced and connected scheme over the field K. If Y has
a K-point then K = H°(Oy).

Proof. We know that H°(0y) = Ry X -+ X R,,, where each R; is a local Artin algebra.
Since Y is connected, we must have m = 1. So HY(0y) is a local Artin algebra. Since Y’
is reduced, H%(0y) is reduced, so H%(Oy) is a finite field extension of K. The existence

of a K-rational point determines a morphism of K-algebras H%(0y) — K, and this forces
H°(0y) to be K. a

Lemma 2.2. Let Y be a flat and proper A-scheme. If H*(Oyg k) = K, then H*(Oy) =
A. In particular, if Y @ 4 K is reduced and connected, and has a K-point, then H(Oy) = A.

Proof. We know that H°(Oy) is a finite A-algebra and that H°(0y)® K = K by flat base-
change [Har77, 111.9.3, p. 255| together with the assumption. Then, A C H'(0y) C K.
Since A is normal, we must have A = H%(0y). The verification of the last claim follows
immediately from Lemma O

Lemma 2.3. Let Y be a proper and H°-flat A-scheme. Let F be a vector bundle on'Y
whose base-changes Fx and ¥y are trivial. Then F is trivial.
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Proof. It is not difficult to see that the function y — rank .%, has to be constant and equal
to n, say. From the equalities

dimy H(Yy, F,) = dimy, HO(Yy, Oy, )®"
= dimy H(Yi, Oy, )"
= dimg H°(Yk, Fk),
and Corollary 2 of [Mu70, §5|, we conclude that the canonical morphism
H(Y,F) — H° Yy, F)

is surjective. Pick sections si,...,s, € H(Y,.Z) such that {s;]y, }", is a basis of .Z.
Then, for each point y of the closed fibre, Nakayama’s Lemma shows that {s;,}I; is a
basis of the free €y-module .#, so that Supp(.# /) Oys;) is a closed subset of ¥ disjoint
from the special fibre. Such a property is only possible if .7 = > Oy s;. The proof is then
complete once we note that, for a y € Y, the n generators {s;,}7; of #, ~ O™ do not
admit any non-trivial relation. [l

In organising our findings, we shall make repeated use of a certain class of morphisms
of proper schemes. In order to avoid repetitions and to serve as a reference for the reader,
we put forward:

Definition 2.4. Let X be a connected, proper and flat A-scheme carrying an A-point
xo. Let &(X, zg) (or simply & if context prevents any misunderstanding) be the set of all
X-schemes ¢ : Y — X such that:

G1. ¢ is proper and surjective.

G2. Y is H-flat over A.

&3. The canonical arrow Y — Spec H(0y') admits a section g such that pyg extends

xo. (There exists an H°(Oy )-point in Y above xg.)

We shall denote by & (X, ) (or simply &) the subset of morphisms ¢ : Y — X in &
which, in addition, satisfy

&4. The canonical morphism Y — Spec H?(0y) is flat.
Remark 2.5. Let ¢ : Y — X belong to &(X, z¢) as in Definition it turns out that in
this case, connectedness of X is automatic because of G3. Indeed, let yg be the alluded
H°(0y)-point of Y above z¢. Suppose that e € H°(0x) is idempotent and that :1:0# (e) =0.
Then, ¢* (e) € H°(Oy) is such that y#(ga#(e)) = 0 and this implies that ¢# (¢) = 0. Since
¢ is surjective, we conclude that e = 0 (since e has to vanish on each local ring of X).
Hence, the only connected component of X must be the one containing the image of x.

We should now gather material on affine group schemes.

Definition 2.6. Let G € (FGSch/A). We say that G is pseudo-finite if both its fibres
are finite group schemes over the respective residue fields.

Remark 2.7. We have no examples of pseudo-finite group schemes which are not quasi-finite
to offer.

As Lemma[2.§ below recalls, one advantage of finite group schemes over a field is that the
standard criterion for verifying when a morphism is faithfully flat in terms of representation
categories [DMB82, Proposition 2.21, p.139| admits a considerable simplification. This is
then transmitted to pseudo-finite group schemes as argued by Lemma [2.9]

Lemma 2.8 (|[Nor82, pp. 87-8|). Let u: H — G be a morphism of group schemes over a
field and let

H-ST1- %56
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be its factorisation into a faithfully flat morphism q and a closed immersion i. Assuming
that I is finite (which is the case if either G or H is finite) then a necessary and sufficient
condition for u to be faithfully flat is that dim 0(G)" = 1.

Proof. We leave the proof of necessity in the statement to the reader and from now on
assume that dim ¢(G) = 1. Clearly, the equality I = G is equivalent to faithful flatness
of u. Since O(G)H = 0(G)!, the assumptions translate into dim &(G)! = 1. Now, we
know that ¢(G) is a projective &(G)!-module whose rank equals dim &' (I) (see [Mu70,
§11, Theorem 1(B), p.111] or 111.2.4 of [DG70]). Then, since dim €(G)! = 1, we conclude
that dim () = dim 0(G), which means that [ = G. O

Lemma 2.9. Let uw : H — G be an arrow in (FGSch/A) and assume that G is pseudo-
finite. Then the following conditions are equivalent.

(1) Both equalities
A1 = (AlGlag)™  and k-1 = (K[Glrignt)”

are true.
(2) The morphism u is faithfully flat.
(3) Let
5(Q) = { V C A[Glyignt is G-invariant, is finitely generated }
as an A-module and contains the constants

and

5()(G)

{ M C k[Glyignt is G-invariant, is finitely generated }

as a k-space and contains the constants
Then, for each V € s(G) and M € so(G) we have
A-1=VH and k-1=M"
Proof. (1) = (2). The assumptions show that
(K[Glrignt)™ = K and  (k[Gluigne)™ = k.

By Lemma [2.8] we conclude that ug : Hx — Gg and wug : Hp — Gy are faithfully flat.
Because of [DuHal8, Theorem 4.1.1], w is faithfully flat.

(2)=-(3). This is trivial.

(3)=(1). Any a € A[Glyignt, respectively b € k[G]iignt, belongs to a certain V' € s(G),
respectively M € s9(G) because of “local finiteness” [Se68| 1.5, Corollary, p.40]. The
conclusion then follows. g

3. MODULES TRIVIALIZED BY A PROPER AND HU-FLAT SCHEME

In this section we introduce the category of coherent sheaves on which all further devel-
opments hinge: the category of sheaves which became “trivial” after a pull-back by a proper
morphisms. Since we wish to work with schemes over a d.v.r., the notion of triviality of a
coherent module becomes more subtle than the one over a field, and we need to account
for modules coming from the base-ring. This is a source of difficulty specially because the
“base” of the scheme effectuating the trivialisation might grow.

Definition 3.1. Let Y be any A-scheme. We say that .# € coh(Y) is trivial relatively to
A if there exists a coherent sheaf (a finite A-module) F' such that % = 0y @4 F.

Remark 3.2. Note that, if A is a field, then a coherent sheaf on Y is trivial relatively to A
if and only if it is trivial in according to our conventions in Section [I}
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In the above definition, it is to be expected that several different choices concerning the
“descended” module are possible. The next lemma, which we state here for future use,
explains how to be more canonical.

Lemma 3.3. Let Y be proper and H°-flat over A. Write B = H°(Oy) and let F be a
finite A-module. Then the canonical morphism

Oy 2 HYOy @4 F) — Oy @4 F
1S an isomorphism.
Proof. By definition of H-flatness, the canonical arrow
U:B®AF—>H0(ﬁy®AF)

is bijective. We then consider the commutative diagram

ﬁY%HO(ﬁY®AF) Oy @4 F

NTid@o—/

ﬁy%(B ®a F)

where the horizontal arrow is the one of the statement. |

Here is the central definition of this section.

Definition 3.4. If ¢ : ¥ — X is a morphism of A-schemes, we let T, stand for the
full subcategory of coh(X) consisting of those coherent sheaves & such that the coherent
Oy-module ¢*(&) is trivial relatively to A.

Let X be a connected, proper and flat A-scheme, and xy be an A-point of X. Let
¢:Y — X an object of &(X, ) (see Definition 2.4). If B = H(0y), we let yo stand for
the B-point of Y above xy. We note that the A-module B is finite and torsion-free, hence
free. The following will be useful further ahead.

Lemma 3.5. In the above notation, a coherent module .# € coh(X) belongs to T, if and
only if ¢*(F) is trivial relatively to B.

Proof. We only show the “if” clause. In this case, ¢*(.%) ~ Oy ®p F and using the point
Yo, we conclude that F' ~ ¢*(%)|,,. Now, since gy is taken to the A-point x, we have
that ©*(F)|y, ~ B ®4a (F|s,) so that o*(F) ~ Oy @4 (Fay)- O

We now give ourselves an object & of T,: this means that ¢*(&) is isomorphic to the
pull-back of a certain A-module to Y. We shall notice that &, is a possible choice.

Lemma 3.6. Let E := &|y,. Then there exists an isomorphism o : Oy @4 E 5 (&),
In addition, if E is an A-module such that ¢*(&) ~ Oy ®4 E, then E must in fact be
isomorphic to E.

Proof. Write ¢*(&) ~ Oy ®4 E for some other A-module E. Using yo, we conclude that
B®4sFE ~ BRE. Now this shows that Oy ® 4 F ~ Oy ® 4 E because Oy @ (B®4(—)) =
Oy @4 (—). To handle the final statement, the isomorphism B®a E ~ B®4 F is sufficient.
Here are the details. Agreeing to write A(£) = A/(n"), we have

E~A"®A6)® - ®Aly,) and E~A" QA0 @ - O A(0m);
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here m is either a positive integer, in which case §; > --- > §,, are also positive integers,
or m = 0 and the factors A(d;) are to be dropped, and analogous considerations are in
force for E. As B is free over A, of rank s > 1 say, we have, as A-modules,

BRAE~A"DAG) D - DAGL)® - D AOm) & - B A(dm)

S S

and

BRAE~A"GAG) @D @A) DD A(dm) & - ® A(0m),

S S

so that the isomorphism B ®4 E ~ B ®4 E implies that »r =7, m = m and §; = 6;. U

We observe that the latter part of the above Lemma shall not be employed in the rest of
this text. Now, we note that while an A-module such that ¢*(&) ~ Oy ®4 E is uniquely
determined, one can find many isomorphisms Oy ® 4 E ~ ¢*(&) and we now single out a
special class of such so to achieve a proof of Proposition [3.10| below. This Proposition is a
key step in endowing the category T, with kernels and cokernels (see Section .

From now on we write

E =&y and F = @"(&)]y,-

Using yo and the fact that it “extends” xz(, we arrive at canonical isomorphisms
(1) L:F%B@AE and I:ﬁy@BF;)ﬁy(@AE.

Definition 3.7. An isomorphism (3 : Oy ®p F — ¢*(&) is called adapted to yo if the
composition

I canonical

B o«
(ﬁy ®B F)‘yo — ¢ (éa)|y0
is the identity.

We shall show that adapted isomorphisms exist. For that and future applications, we
need:

Lemma 3.8. Let & be another object of T, and write F for the B-module ©*(&)|y,. Then
the pull-back morphism

d® (—) : Homp (F,F) — Homﬁy (ﬁy Rp F, Oy ®p F)
1s byective with inverse
(—)|yo : Homg,, (Oy ®p F, 0y @p F) — Homp (F, F).

IfB: 0y @ F = o*(&) and B : Oy @p F = ¢*(&) are adapted, then the composition

. cmy B ()8 -
Homﬁy ((p (éa),ép (éa)) Homﬁy (ﬁy XpB F, ﬁy XpB F) v

Homp (F,F)

is (_)’yO'
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Proof. Let71: F 5 B®4 F and I : Oy @ F = Oy @4 E be the isomorphisms analogous
to those in . It follows easily that

Homﬁy (ﬁy Rp F,0yv ®p F) L>H0m3 (F, Ho(ﬁy XpB F)) %HOIHB (F, Ho(ﬁy ®AE))

via [
Ho-ﬂatnessTN
Homp (F,B R A E)

via LTN

Hom (F, F)

id®(-)

commutes; this is enough to justify all claims of the first statement. Those of the second
are very simple. O

Lemma 3.9. Isomorphisms adapted to yo always exist.

Proof. We choose any isomorphism 3 : Oy @ F = ¢*(&) and let b be the composition

ical Bl "
F%(ﬁy ®B F)’yo i>90 (g)’yO'

Let v : Oy ®p F 5 Oy ®@p F induce b~! via (=), (which exists due to Lemma .
Then S~ is adapted to yo. (I

Granted these preparations, we can now have a better control on kernels and cokernels
in ..
©

Proposition 3.10. Let & be another object of Toandu: & — & a morphism of Ox-
modules. Write F for ¢*(&)|y,. Let B: Oy @p F = ¢*(&) and B : Oy @ F = ¢*(&) be
adapted to yo. The following claims hold true.

(1) If vo := @*(u)ly, : F — F, then

¢ (u) = Bo(id@p o) oS

Put differently, ¢*(u) “descends” to B.

(2) Write E for the A-module &|y,. Lett1: F = BRAFE and I : Oy @p F = Oy @4 E be
the isomorphisms analogous to those in . Define oo = BI~! and @ = W_l. Then,
the morphism of A-modules ug = uly, : E — E renders

*

©*& — ©*&
QT Ta
Oy @4 F Ao Oy ®AF
A

commutative. Put differently, ©*(u) “descends” to A.
(8) The coherent sheaves Ker(¢*u) and Coker(p*u) are trivial relatively to A.

Proof. Claim (1) is a direct consequence of Lemma 3.8 Claim (2) is a simple consequence
of (1). Claim (3) follows from (2) together with the fact that Y is flat over A. O
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4. FURTHER PROPERTIES OF THE CATEGORY OF COHERENT MODULES TRIVIALIZED BY
A PROPER MORPHISM

In this section, we let X be a proper and flat A-scheme with reduced fibres, and xg an
A-point of X. Let ¢ : Y — X an object of §(X,xp). (Recall that in such a situation X is
connected, see Remark ) If B = H°(0y), we let yy stand for the B-point of Y above
xo. Let us gather some simple properties concerning the category T, of Definition

Lemma 4.1. Let u: & — F be arrow of T,. Then € = Coker(u) belongs to T,.

Proof. As Coker(p*u) ~ ¢*(Coker(u)) this is a straightforward consequence of Proposition
3.101(3). 0

Lemma 4.2. If & € T, is A-flat, then & is a vector bundle.

Proof. By assumption, X and X are reduced schemes. It follows from [BdS11, Remarks
(a), p.226] that &, and &x are vector bundles. (We note that the context in op.cit. pre-
supposes the ground field to be algebraically closed, but this is not necessary for the proof
to work.) Using the “fibre-by-fibre” flatness criterion [EGA IVs, 11.3.10, p.138|, we are
done. ]

We are now ready to state the main structure theorem concerning <.

Theorem 4.3. The category T, is abelian, and the inclusion functor T, — Coh(X) is
exact.

The main point of the proof of Theorem given Lemma4.1] is to show that the kernel
of an arrow of T, is also in T, and, by Proposition all we need to do is to relate
¢*(Ker(u)) and Ker(¢*(u)) for an arrow u. The argument takes up the ensuing lines.

First, recall that an @x-module . is sait to be ¢*-acyclic if the left derived functors
L;p*(A) vanish for i > 0. (These functors are obtained by means of resolutions by flat
O-modules, see [Har66, 99ff] . In addition, note that from [Har66, Proposition 4.4, p.99],
if .4 is coherent, then L;p*(.#) is also coherent.)

Proposition 4.4. Any & in T, is ¢*-acyclic.

Proof. Let us first assume that 7& = 0 so that & is by assumption an O, -module which
becomes trivial after being pulled-back to Yi. Then, we know that & is locally isomorphic to
0%, IBAS1I, Remarks (a), p.226]. Hence, there exists a faithfully flat morphism « : X=X
(given by a disjoint union of open subsets of X) such that o*(&) ~ ﬁ%k.

Employing the notations introduced in the following cartesian diagram

?LY

5 o s
X—X
(0%
we now prove that ﬁ%k is p*-acyclic. The exact sequence
(2) 0—>ﬁ%i>ﬁ%—>ﬁ%k—>0,
gives rise to an exact sequence
0— Lip"(0% ) — 7" (0%) — 7'(0%) — ¥ (0%,) — O,
and this proves that L1¢*(ﬁ%k) =0 as @*(6"%) >~ 0 is A-flat. From sequence (12), we
have, for any 7 > 1, another exact sequence
0= Lz—}—l@*(ﬁ%) — LZ-‘rl@*(ﬁ%k) — LZG*(ﬁTY) = 0;
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this allows us to conclude that ﬁ% is p*-acyclic. As o* and 8* are exact, we know that
k
B* o Lip* ~ L;p" o a*, and therefore we can say that, for each ¢ > 0,

B% o Lip*(&) = Lip* 0 (&)
~ L@*(ﬁ%k)
= 0.
But L;p*(&) is coherent and f is faithfully flat, so f*(L;¢*(&)) = 0 implies L;p* (&) =0

and we have finished the verification that & is p*-acyclic.
For any .# € Coh(X), let us agree to write

Tors(A') = U Kern™ : M — M
m>1
for the sheaf of sections annihilated by some power of 7 and define
t(A) :=min{m € N : 7™ - Tors(.#) = 0}.

We shall show by induction on ¢(&") that & is p*-acyclic. If t(.#) = 0, then Tors(.#) = 0,
so that, due to Lemma & is a vector bundle and a fortiori p*-acyclic.

Now, suppose that (&) > 1 and that for all .# € T, with t(.#) < t(&), the Ox-module
F is p*-acyclic.

Write & := w&. Then, if ¢/ € Tors(&”)(U) over some affine U, it follows that ¢’ = e
where e € Tors(&)(U). This being so, we conclude that 7'(¥)=1¢/ = 0 and hence that
t(&") < t(&). Next, we consider the exact sequence

(3) 0—& L e- 58" —0,
where & = & /mwé&. Since,
&" = Coker & — &,

it follows that &” € T, (there is no need to apply Lemma here). Note that, 78" = 0
and hence &” is p*-acyclic by the first step in the proof. Consequently, we have the exact
sequence

00— ¢(6) — ¢"(6) T (¢ — o,
which says that ¢*(&”) = Ker(¢*(c)). But both & and &” are in T, so that [3.10}(3)

guarantees that & lies in T,. As t(&”) < t(&), we can say that & is ¢*-acyclic and hence,
using the exact sequence above, it follows that & is equally ¢*-acyclic. O

We can now present our

Proof of Theorem[{.3 Let u : & — .F be an arrow of T,. If # = Ker(u), ¢ = Coker(u)
and .# = Im(u), then we have exact sequences

0— 4 —6—9—0 and 0 — 9 —.F —%¥ —0.

Note that ¢ € ¥, by Lemma [£.1] so that Proposition tells us that € is ¢*-acyclic.
This implies that the sequence

0—¢"(J) — ¢ (F) — ¢ (¢) —0

is exact and Proposition assures that ¢* (%) is trivial relatively to A. Otherwise said,
- belongs to T,. Proposition then proves that .# is p*-acyclic. Applying the same
reasoning, we conclude that 2" € T,,. O

Corollary 4.5. The functor e|y, : T, — A-mod is ezact and faithful.
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Proof. We know that e|,, is right exact, so that we only need to show that |, preserves
monomorphisms. Let u : & — & be such a monomorphism in T, and denote &y,
respectively &|.,, by E, respectively E. Let a: Oy @4 E = ¢*(&) and @ : Oy @4 E —
©*(&) be adapted to yo (see Definition and Lemma [3.9). Using Proposition we
see that @ 1p*(u)a = idg, ®4 ug for some ug : E — E. Because ¢*u is a monomorphism
(due to Lemma and Proposition , we conclude that ug has to be a monomorphism:
otherwise the pull-back functor A-mod — Coh(Y) would fail to be exact and faithful.
This implies that ©*(u)|y, @ ©*(€)|y, — ©*(&)|y, is a monomorphism, which shows that
B ®4 ulg, is a monomorphism. Since B is a faithfully flat A-algebra, we conclude that
Uz, is also a monomorphism.

We now verify that e|;, is faithful by showing that if & € ¥, is such that &|,, = 0,
then & = 0. Under this assumption, we see that ¢*(&)|y, = 0 which, together with an
isomorphism Oy ®4 E ~ ¢*(&), proves the equality ¢*(&) = 0. Now, given any point
¢ € X, one easily sees using the surjectivity of ¢ that &(£) = 0. Because of [Har77, II,
Exercise 5.8(c), p.125] and the fact that X is reduced [Mat89, Corollary 23.9, p.184] we
conclude that & = 0. O

In possession of Theorem [4.3] and Corollary [.5] we can now apply the theory of Tan-
nakian categories over A to define certain fundamental group schemes.

Definition 4.6 (The fundamental and Galois groups). i) We shall let T¢, denote the full
subcategory of T, whose objects are vector bundles.

ii) Given & € T, we denote by (&; T,)e the full subcategory of T, having as objects
subquotients of T%%& for varying multi-indexes a, b.

iii) Following [HdS21], by ‘pran we mean the full subcategory of T, whose objects are

{7 €%, : ¥ is a quotient of some & € T} = U Ob (&, T,)e-
£€Ty,

iv) Given & € T7, we let Gal'(&,%,,x0), or simply Gal'(&) if context prevents any
misunderstanding, stand for the group scheme obtained from (&; T,)g via Tan-
nakian duality (see [DuHal8 Theorem 1.2.6] or [Saa72, 11.4.1.1]) by the functor
ol 1 (& Ty)e — A-mod.

v) We let TI(X, ¢, z9) be the flat group scheme obtained from T" via Tannakian duality
by the functor e[, : TX" — A-mod

To end, we raise a point which was naturally suggested in the elaboration of the argu-
ments in this section. (It should be compared to Exercise of [Har77, Exercise 5.8, p.125].)

Question 4.7. Let Z be a flat, reduced and noetherian A-scheme. Call a dvr-point of Z
any morphism z : Spec R — Z of A-schemes where R is a dvr. Now, for .# € coh(Z) and
z : Spec R — Z a dvr-point of Z, define its “type” as the invariants of .7 |,. Assume now
that the type of .% is the same for all z. Is it true that .# trivial relatively to A?

5. THE GENERIC FIBRE OF THE GROUP SCHEME II

In this section, we let X be a proper and flat A-scheme with reduced fibres, and xg an
A-point of X. Let ¢ : Y — X an object of &(X, zo).
Let T, stand for the full subcategory of coh(Xg) whose set of objects is
{ E € coh(Xg) : ¢} FE is trivial }.

We note that T, is a Tannakian category over K which is neutralized by the functor
ook T — K-mod. (The reader is right to object that we have not proved this last
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claim since in Section 4] we work with a discrete valuation ring, but the translation is
evident and in fact much simpler.)

Theorem 5.1. Suppose that Xy is normal and let E € T,,.. Then, E is essentially
finite and (E; Ty )0 = (E; EF(Xk))g. In particular, the K-group scheme associated to
(E; Ty )e via the fibre functor |y, is finite.

Proof. Let € be the full subcategory of all vector bundles over X which become trivial
after being pulled back via some proper and surjective morphism. Then [AMI1] Theorem
1] or [TZ20, Theorem I| guarantee that ¢ = EF(Xg) and in particular T, is a full
subcategory of EF(Xg). Following [BdS11l, Corollary 2.3], let us show that (E; €)g =
(E; Ty )e- Clearly, each object in (E'; T, )g is also an object of (E'; €)g. Let then T be
some tensor power of E and ¢ : T'— @ be a quotient morphism with @ € €. Then, 7 (q)
is a quotient morphism from ¢} (7") ~ ﬁg}: to ¢% Q. From Lemma we see that ¢7-Q
is trivial, which means that Q € T,,.. Using duality of vector bundles, we then conclude
that (B: €)p = (B; Tpy)e. 0

The following result was employed in the proof of Theorem

Lemma 5.2. Let V be a proper scheme over a field and ﬁ‘@r — 2 a quotient morphism
to a vector bundle 2 of rank d. Suppose that for a certain surjective and proper morphism

[V =V, the pull-back f*(det 2) is trivial. Then 2 is trivial.

Proof. We let Grass(r,d) be the Grassmann scheme as described in [Ni05), 5.1.5(2), 110ff]|
and denote by % the universal quotient of ﬁg:ass(r, a0 By construction of Grass(r, d), there
exists a morphism 7 : V' — Grass(r, d) such that 2 = v*(% ). Consequently, f*v*(det %)
is trivial. Let & : Grass(r,d) — P™ (n = (}}) — 1) be the determinant (Pliicker) immersion
so that det(%) = ¢*€(1) |[Ni05, p. 114]. We then conclude that f*y*0*&'(1) is trivial.
Using Chow’s lemma [EGA II, 5.6.1, p.106], there is no loss of generality in supposing V'
to be projective. Now, Exercise 8.1.7(a) on p. 331 of [Liu02] says that the closed schematic
image of §vf in P™ is finite over the ground field. Hence, the image of «y is a closed subset
with finitely many points so that v*(% ), which is 2, is trivial. O

For £ € %, let us denote the group scheme over K associated to (E; Ty, ) via the
functor e|,, by Gal(E, %, zo k).
Theorem 5.3. Suppose that Xk is normal and let & € 2. If E stands for &y, then
Gal'(&, %, 20) ® K ~ Gal(E, Ty, Tok ). In particular, Gal'(&,%,, x0) ® K is finite.

Proof. Let 0 : (& Ty)e — (E; Ty )@ be the base change functor, G be the group scheme
Gal'(&, %y, 20) and H be Gal(E, Ty, ,zok). Let 6 : Repy(G) — (& Ty)e be an inverse
to |z, 1 (€5 %,)e — Repy(G) and denote by 7 : Rep(G) — Repy (H) the composition

olegx

0 o
Repy(G) —= (&6 Tp)o — (E; Tpx)o — = Repg (H).
If V. C A[Glight contains the constants, the fact that 6 is fully faithful assures that
H(X,0(V)) ~ A. Hence, H*(Xg,00(V)) ~ K, by flat base-change. Consequently,
(V) ~ K.

Let i : Rep4(G) — Repg (G ) be the extension of scalars. It is not difficult to see that
there exists a morphism £ : H — G of group schemes such that

Rep, (G) ——= Repg (H)

|

RepK (GK) )



FINITE TORSORS 15

is commutative (up to natural isomorphism of tensor functors).
If V. C K|[Glyight, there exists VP C A[Glyignt containing the constants and an injection
V — i(V?). Then,
gV cr(v)t
~ K.

This implies that K ~ K [G}f{ht, and we conclude, with the help of Lemma and the
fact that H is finite (Theorem, that ¢ is faithfully flat. On the other hand, since E|,,
is a faithful representation of H, the standard criterion [DM82] 2.21, p.139| immediately
shows that £ is a closed immersion: it follows that £ is an isomorphism. (I

As a simple consequence we have
Corollary 5.4. Suppose that X is normal. Then II(X, ¢, x0) ® K is pro-finite. O

Remark 5.5. We are unable to show that Theorem [£.3] holds without the finiteness as-
sumption on Gal(E, %y, ,xo). This is because, once this assumption is removed, Lemma
2.8 cannot be applied so that, in its place, we need the standard criterion guaranteeing
faithful flatness [DMS82), 2.21, p.139].

6. PRUDENCE IN THE CATEGORY ¥,

We shall assume that A is complete. In [HdS21] Section 6] we introduced the notion of
prudence of an affine flat group scheme over A. As shown in op. cit. this concept turns out
to be equivalent to the Mittag-Leffler property (or freeness) of the A-module of functions
of the group. In this section we show that the A-module of functions of a Galois group
(see Definition is free by using prudence.

Let us briefly recall the concept of prudent affine group schemes over a complete d.v.r.
Our reference is [HdS21l Section 6.2]. Let G be a flat affine group scheme over A and V'
be an object of Rep,(G), with the coaction p : V. — V ® A[G]. An element v € V is
said to be semi-invariant if p(v) = v ® 0 for some 0 € A[G]. Assume furthermore that V'
is A-free. We say that V is prudent if an element v whose reductions modulo 7"V are
semi-invariant for all n must necessarily be semi-invariant. We say that G is prudent if
each V € Rep%(G) is prudent.

Let us now fix the hypothesis on the ambient space in this section. Let X be a proper
and flat A-scheme having reduced fibres. We give ourselves an A-point zy and an arrow
0:Y — X in 67(X,z0) (see Definition . If B= HY(0Oy), we let yo be the B-point of
Y above xq assured by the definition of &*.

Theorem 6.1. Let & € T7,. Then Gal'(&,%,,20), as introduced in Definition 18

prudent. In particular, its A-module of functions is free.
Before starting the proof, let us obtain the
Corollary 6.2. Suppose that X is normal. Then Gal' (&, %, z0) is finite.

Proof. We abbreviate G := Gal'(&,%,, ). By Theorem G ® K is finite over K. On
the other hand, Theorem [6.1| ensures that the A-module A[G] is free. Consequently it has
to be finite. O

Proof of Theorem[6.1} Recall that by assumption Y is H-flat over A and flat over B =
H°(0y). We wish to show that Gal'(&) is prudent [HdS21, Section 6], and for that we
introduce the following setting.

Let ¥ € (&; T,)g be a vector bundle and let

Up L — W
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be a compatible family of monomorphisms of &x-modules (as customary, ¥, = 4, ®4 7,
B, = A, ®a B, etc.) such that for each n € IN, the Ox-module .7, belongs to T,. By
Grothendieck’s existence theorem [II06, Theorem 8.4.2|, there exists an arrow of coherent
Ox-modules v : .Z — ¥ such that v, is none other than v ®4 A,,.

Write # := ¢*(£); our assumption on %, tells us that %, = ¢*(%,) is trivial
relatively to A. Then, since we assume that Y is H’-flat over A, Lemma tells us that

the canonical arrow

On
My,

ﬁy %) HO(/%n)

is an somorphism. We now require the

Lemma 6.3. Under the above notations and assumption, the canonical morphism of Oy -
modules
T ﬁy@HO(./f) — M
B

s an isomorphism. In particular, .# is trivial relatively to B.

Proof. Consider the commutative diagram

7rn+1 dn
M1 Myt M, 0
Ont1 On+1 On
Oy @ H° Oy @ H° Oy @ H°
v & (A1) —— v & (AMnt1) a8 (AMn) —= 0,

where ¢, is the canonical arrow. By assumption, the vertical arrows are isomorphisms
while the upper row is tautologically an exact sequence of Oy -modules. We conclude that
the bottom row is exact and faithful flatness of Y over B (faithfulness is guaranteed by
[EGA 1114, 4.3.1, p.130]) shows that the sequence

71.n«b»l

HO n
HO(My1) = HO (M 41) —

HO( ) —0
is equally exact. Hence, if

IJO(Qn)

m:=@<'-‘HHO<xfzﬂ+l> HO(///n)Hm),

it follows that 90 is a finitely generated B-module and that the projection
m — HO(A,)

induces an isomorphism

B, @M — HO(,,).
(This follows from the the fact that B is m-adically complete and [EGA 0r, 7.2.9].) More
importantly, letting u,, : # — .#, stand for the natural epimorphism, a direct application
of the theorem of formal functions (see [I106, 8.2.4, p. 188] or [Har77, II1.11.1, p.277])
guarantees that the obvious arrow

o, ()

HO() m

is a bijection. Consequently, for any given n € IN, the arrow H®(u,) : H*(.#) — H°(A,,)
induces an isomorphism

Up: B, @ H (M)~ H(M,).
B



FINITE TORSORS 17

To show that 7 : Oy @ g HO(.#) — .# is an isomorphism, by Grothendieck’s algebraization
theorem [I106, Theorem 8.2.9, p.192|, we only need to show that for each n,

B, & (0y @5 H'(A)) e . B, QM
is an isomorphism. Now, we have the commutative diagram
B (0y ©5 H(A)) 49T B, QM —Z—— M,
NTcanonic On |~
ﬁy%(Bn ®p HO(A)) o ﬁy%HO(///n),
where w,, is associated to u,, and the conclusion follows. O

By virtue of the above Lemma, .# is trivial relatively to B; using Lemma|3.5|we conclude
that ./ is trivial relatively to A. This shows that .2 € T . As it is not difficult to show
that v is a monomorphism by looking at the arrow Z|,, — ¥|s,, we see that £ does
indeed belong to (&, Ty,)e.

We have then showed that the group scheme Gal'(&, T,,) is prudent, and hence that its
ring of functions is free as an A-module [HdS21, Section 6.

O

7. DIGRESSION ON THE REDUCED FIBRE THEOREM

For future applications, we shall state a version of the reduced fibre theorem (see [BLR95,
Theorem 2.1'] and [Tem10]) suitable for us.

Theorem 7.1 (The reduced fibre theorem). Let A be Henselian and'Y be a flat A-scheme
of finite type whose fibre Yk is geometrically reduced. Then, there exists a finite extension
of discrete valuation rings B O A and a commutative diagram

VA

|

Y Yp

| o]

Spec A <—— Spec B

where:

RFT1) The B-scheme Z is flat and has geometrically reduced fibres.
RFT2) The morphism ¢ is finite and surjective.
RFT3) If L = Frac(B), then

eEQL:ZQL —Yp®L
B B B

s an isomorphism.
In particular, the composition Z — Yp — Y s finite and surjective.

Proof. We show how to arrive at the conclusion starting from [Tem10, Theorem 3.5.5]. By
this theorem (see also the notation on p. 619 of op. cit.), we obtain the existence of an
integral scheme S and a separable alteration (proper, dominant and inducing a finite and
separable extension of function fields)

S — Spec A,
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and a commutative diagram with cartesian square

Y

ls

Y Y

| =]
SpecA<—— 38,

such that:

e The S-scheme Y is flat and has geometrically reduced fibres.
e The morphism § is finite.

e The base-change

5>S<SK

Y

Sk Ys >§ Sk

X
S
is an isomorphism.

As Yg — S is an open morphism [EGA IVg, 2.4.6] and Sk is dense in S, we can say that

Ys xg Sk is dense in Yg; consequently,

e The morphism § is surjective.
If L is the function field of S and B is the integral closure of A in L (necessarily a d.v.r. and
a finite A-module [Mat80, 31.B, p.232]), properness of S gives the existence of a morphism
of A-schemes Spec B — S extending Spec L — S. We then arrive at a commutative
diagram with cartesian squares

Y Z
o )
Y Yy Yp

| o] o |
SpecA<——S<—SpecB

where

e The B-scheme Z is flat and has geometrically reduced fibres (for the last condition,
see [EGA IVq, 4.6.1, p.68]).

e The morphism ¢ is finite and surjective (for surjectivity, see [EGA I, 3.5.2, p.115]).

e The base-change morphism

eQL:ZQL—Yp®L
B B B

is an isomorphism.

The proof of the last claim is quite simple and we omit it. O

The ensuing result will prove useful in order to apply Theorem[7.1] In it, we employ the
notion of Japanese discrete valuation ring [EGA Oy, 23.1.1, p.213]. (The reader should
recall that all complete d.v.r.’s are Japanese, as are those whose field of fractions has
characteristic zero. See [EGA Ory, 23.1.5] and [EGA Oy, 23.1.2].)

Lemma 7.2. Let A be Japanese and S a flat A-scheme of finite type. There exists a
finite purely inseparable extension K of K such that the following property holds. If A is
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the integral closure of A in K, then the A-scheme S := (S ®4 A)req has a geometrically
reduced generic fibre and is flat .

Proof. Let K /K be a finite and purely inseparable extension such that (S ®4 K red 18
geometncally reduced over K [EGA IVag, 4.6.6, p.69]. Now, in the notation of the state-
ment, S[l/w] = (S ®a K)red, and we are done. To prove that S is flat over A, let # be a
uniformizer of A. Let f be a function on some unspecified affine open subset of S ®4 A
such that 7f is nilpotent, say @™ f™ = 0. Then, the fact that S @4 A is A-flat says that
f is nilpotent, and this shows that (S ®4 A)eq is A-flat. O

8. THE FUNDAMENTAL GROUP SCHEME

Let X be an irreducible, proper and flat A-scheme with geometrically reduced fibres,
and xo an A-point of X. We now wish to assemble the categories T, (see Definition
and Theorem for varying ¢ in a single one, and for that we need the following:

Theorem 8.1. We suppose that A is Henselian and Japanese. Let ¢ : Y — X be a proper
and surjective morphism. Then, there exists a commutative diagram of schemes

Z—Y

DN

X
enjoying the following properties.
(1) The morphism 1 is surjective and proper.
(2) The ring C := H(Oy) is a discrete valuation ring and is a finite extension of A.
(8) The canonical morphism Z — SpecC' is flat and has geometrically reduced fibres.
(4) The C-scheme Z has a C-point above x.
In particular, v : Z — X belongs to the category &1 (X, zo) introduced in Definition .

Proof. The construction requires several steps.

Step 1. Because X is irreducible, there exists an irreducible component Y’ of Y such that
¢ :Y" — X is surjective.

Step 2. Let j : Y” — Y be reduced closed subscheme underlying Y’. Note that Y is
integral and that ¢” := poj:Y” — X is proper and surjective.

Step 8. Let now v : YT — Y” be the normalization [EGA II, p.119]. Since A is universally
Japanese [EGA IVy, 7.7.2, p.212], we conclude that v is finite, and hence ¢! := ¢” o v
is proper and surjective. In addition, H%(&y+) is a normal integral domain (see [Liu02,
2.4.17, p.65] and [Liu02, 4.1.5, p.116]). The morphism Y — Spec A4 is surjective and hence
flat [Liu02 4.3.10,p.137|; it then follows that HY(Oy+) is a finite and flat A-module. As
such, it must in addition be a local ring, since A is Henselian. Consequently, H°(&y+)
is a discrete valuation ring. In hindsight, the canonical morphism YT — Spec HO(0y+) is
surjective and flat [Liu02, 4.3.10,p.137].

Step 4. Let Bt := H%(Oy+) and write Lt for its field of fractions. Let L be a purely
inseparable extension of LT such that, denoting by B the integral closure of BT in L, the
generic fibre of

(Y ®pi B)rea — Spec B
is geometrically reduced (we employ Lemma . Writing ¥ := (YT ®pt B)red, We note
that the composition

Y/ — YT KBt B ﬂ) }/Jr
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induces a homeomorphism between the underlying topological spaces. From this, it follows
that Y is integral and that the obvious morphism ¢ : Y = X is surjective. Since Bisa
finite Bf-module—recall that A is Japanese —, we conclude that ¢ is proper. Since Bisa
Dedekind domain, the fact that ¥ — Spec B is surjective (note that YT @54 B — Spec B
is surjective by [EGA I, 3.5.2, p.115]) shows that it is in addition flat.

For future usage, we also remark that

H(0y) = H (ﬁw(@m B)red (see [LIn02, 2.4.2(c),p.60])
= (Ho(ﬁyt) ®pt B) . (flat base-change [Liu02, 3.1.24. p.85])
= (BT @pt B) i (definition of BT)
= B.

Step 5. By the reduced fibre theorem (Theorem , there exists a finite extension B > B
of discrete valuation rings and a commutative diagram

)

E

Y Y @ B
L B

Spec B <—— Spec B!

such that

e The Bi-scheme Y is flat, proper and has geometrically reduced fibres.
e The morphism ¢ is finite and surjective.
e If LF = Frac(B?), then

e LY @ Lf — (YoiBY) e L
Bt Bb Bb

is an isomorphism.

Furthermore,
H° <ﬁyh 0 Lh) ~ Ho(ﬁf,(% ) (via € @y LF)
B
~ H°(05) %) LF (by flat base-change)
~ Lf (by Step 4).

Let ¢ : Y% — X be the composition

Y“—>Y®B“—>Y’—>X

as @ is surjective and proper, it is clear that ¢! is surjective and proper.
Step 6. Let now C' O B! be a finite extension of d.v.r.’s such that Y has a C-point above
the A-point 2 (here we apply the valuative criterion of properness for the A-scheme Y|,

to obtain a finite extension A C C). We then define Z = Y! ®p: C and note that the
following claims hold true:
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The composition Z 2 ys ﬂ X is surjective and proper.

The C-scheme Z is flat, proper and has geometrically reduced fibres.

Let M = Frac(C). Then, H(Ozg.nm) = M (because of Ho(ﬁyhgoBth) = L% and
flat base-change).

The ring of global functions of Z is C' (because of the previous claims and Lemma

p2))

e There is a C-point in Z above the A-point xg.

This proves all conclusions in the statement. O

Corollary 8.2. We suppose that A is Henselian and Japanese. Let ¢ :' Y — X and
¢ Y — X be surjective and proper morphisms. Then there exists v : Z — X in
&1 (X, z0) and a commutative diagram

VA

SN

Y P Y’

Ny

X.
In addition, it is possible to find Z such that the extra conditions hold:

(1) The ring H%(Oz) is a d.v.r. which is a finite extension of A, and
(2) the canonical morphism Z — Spec H*(0z) is flat with geometrically reduced fibres.

]
Definition 8.3. We let Tx, stand for the full subcategory of coh(X) whose objects are
J obzi
LPEG(X,Z‘U)

In addition, T5% is the full subcategory of Ty having objects which are in addition vector
bundles.

In the terminology of the definition we can say:

Corollary 8.4. If A is Henselian and Japanese, then the category Tx is a full abelian sub-
category of coh(X) which is in addition stable under tensor products. With this structure
and with the functor e|;, : Tx — A-mod, Tx becomes a neutral Tannakian category over
A in the sense of [DuHalS, Definition 1.2.5, p.1109].

Proof. Let ¢ : Y — X and ¢’ : Y/ — X belong to &(X,z9) and ¢ : Z — X be as in
Corollary . Then, ‘Ifoan and Tfpa}n are full subcategories of %an and all the claims made
in the statement follow from Theorem and Corollary O

Definition 8.5. The fundamental group scheme of X at the point zg is the affine and
flat group scheme obtained from Tx and the functor e|,, : ¥x — A-mod via Tannakian
duality [Saa72, Theorem II1.4.1.1]. It shall be denoted by II(X, x¢).

If & € T%, welet Gal'(&, Tx, zo) be the flat group scheme over A defined by the category
(&) and the functor e|,,.

The next result clarifies the relation between Tx and its constituents T,.

Proposition 8.6. Let ¢ : Y — X be an arrow of &(X,z0) and & € T, Then, the
natural morphism v : TI(X,z0) — II(X, @, x0) is faithfully flat, while Gal'(&,Tx,x9) —
Gal'(&, %y, x0) is an isomorphism.
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Proof. Let us write G := II(X, z0) and G¥ := II(X, ¢, x0). In addition, given any A-linear
category €, we denote by € the full subcategory of € whose objects are “annihilated by
7, meaning that multiplication by 7 coincides with 0. We shall prove that
i) For any V € Rep%(G¥) and any quotient morphism ¢ : v#(V) — Q with Q €
Rep? (G), there exists Q¥ € Rep%(G¥) such that v#(Q%) = Q.
ii) For any M € Rep4(G¥)) and any quotient morphism ¢ : v (M) — Q with Q €
Rep 4 (G) (1), there exists Q¥ € Rep 4(G¥) such that v#(Q%?) = Q.

If these two conditions are verified, then the evident morphisms A[G¥] — A[G] and
k[G¥] — E[G] are injective (as follows from the “dual statements” in [DuHal8, 3.2.1]
and [DM82] 2.21, p.139]) and Theorem 4.1.1 in [DuHal8| proves that v is faithfully flat.

To verify (i), we give ourselves a morphism ¢ : Z — X in &(X,x0), an object 2 from
Efw an object ¥ of T2, and an epimorphism ¢ : ¥ — 2, and aim at showing that 2 lies in
To. By Lemma we only need to show that ¢*(2)ly, and ¢*(2)|y, are both trivial.
But this is a direct consequence of Lemma [5.2

To verify (ii) we give ourselves an object .# of (‘Igj‘n)(k), a morphism ¢ : Z — X in
S(X, zp), an object 2 of (%an)(k) and an epimorphism q : # — 2. Since .# and 2 are
locally free Ox,-modules [BAS11, Remarks (a), p.226], the exact same argument as before
proves that 2 lies in T, (). Being a quotient of .#, which belongs to (‘pra“)(k), 2 must
be in (TE") ().

The natural arrow Gal'(&,%,z9) — Gal'(&,%,,z0) is induced by the obvious fully
faithful functor (6'; Ty)g — (65 T)e. Now, any ¥ in (&; T)g is of the form ¥'/7",
where #" C ¥ C T%*&. Since v is faithfully flat, Theorem 4.1.2 of [DuHal8| shows that
7" and 7" belong to T¢,; consequently ¥ is an object of (§'; Ty)g and the fully faithful
functor (&; Ty)g — (£; T)g is an equivalence. O

In order to make some properties of II(X,zg) conspicuous, let us make the following
definitions.

Definition 8.7. Let G € FGSch/A be given. Let P be one of the adjectives “finite”,
“quasi-finite” or “pseudo-finite”. We say that G is pro-P (respectively strictly pro-P) if
there exists a directed set I and a diagram {v;; : G; = G; : i < j € I} in FGSch/A
where each G; is P (respectively each G; is P and each v;; is faithfully flat) such that
G ~ gnz G;. (For the definition of quasi-finite, the reader is directed to [EGA II, 6.2.3,
p.115].)

Theorem 8.8. We suppose that A is Henselian and Japanese, and moreover assume that
Xx 18 normal.
(1) The group scheme II(X,xg) is pro-quasi-finite.
(1°) The group scheme II(X, xo) is strictly pro-pseudo-finite.
(2) If in addition A is complete, then, for each & € %, the group scheme Gal' (&, T x, z)
is finite and T1(X, xq) is strictly pro-finite.

We note that this result shall be improved below—see Theorem by a careful
application of (2) and Lemma , but not to make the argument overly involved, we opt
for less generality now.

Proof. We consider the set of isomorphism classes I of objects in T% and order it by
decreeing that & < .Z if and only if & € (F)g. Putting G := Gal'(&, Tx, z¢), we obtain
a system of group schemes {vgz : Gz — Gg} whose limit is II( X, z9).

(1) and (1’). We know that for each & € T the group G¢ ® K is finite (by Proposition
and Theorem [5.3]). Hence, the proof follows from the
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Lemma 8.9. Let G € FGSch/A be such that G ® K is a pro-finite group scheme. Then
G is (a) strictly pro-pseudo-finite, and (b) is pro-quasi-finite.

Proof. Following [DHAS18, Theorem 2.17,p. 989|, we write G = @a G, where each G,
lies in (FGSch/A), the transition morphisms are faithfully flat and each G, ® K is of finite
type over K. Since G® K is pro-finite, G, ® K is in fact finite. But for a flat A-module M,
the inequality dimg M ® K < oo entails dimg M ® k < 0o, as we see by lifting a linearly
independent set in M ® k to M. We conclude that G, is pseudo-finite. In addition, by
the same Theorem in [DHASIS|, we know that G, is a projective limit 'mi Ga,i where
Ga, is flat and of finite type over A, and the transition morphisms Gy ; — G4, induce
isomorphisms on the generic fibres. In particular, G ; ® K ~ G, ® K, and hence G, ; ® K
is again finite. By the same argument as before G, is, being of finite type, quasi-finite.

O

(2) In view of Corollary and Proposition only the final statement needs proof.
Due to [DuHal8| Theorem 4.1.2] each arrow vggz : G — Gg is faithfully flat, which is
enough argument. Il

We now preset the amplification of Theorem [8.8| already mentioned before.

Theorem 8.10. We suppose that A is Henselian and Japanese, and moreover assume
that Xg is normal. Then II(X, xg) is strictly pro-finite. In particular, if & € T%, then
Gal'(&,%, o) is finite.

Proof. Theorem tells us that II(X, x) is strictly pro-pseudo-finite. To show that it is
strictly pro-finite, we let
H(X R :Bo) — G

be a faithfully flat morphism to a pseudo-finite flat group scheme over A, and show that
G is indeed finite over A.

Define

0 :Repy(G) — Tx

as the composition of the natural functor Rep 4 (G) — Rep 4 (II(X, zo)) with a tensor inverse
to e|z, : Tx — Rep(II(X, x0)). (That such an inverse exists is proved in [Saa72l 1.4.4.2,
p.69].) Since II(X,z¢) — G is faithfully flat, we conclude Rep4(G) — Rep4(II(X, o)) is
fully faithful (see [DuHal8 Proposition 3.2.1(ii)|, for example) and hence that 6 is fully
faithful. R R R

Let A be the completion of A and write X for the base-change X ® 4 A; note that X is a
flat and proper A-scheme with geometrically reduced fibres and that , 2 induces an A- point
Zo on it. In addition, since A is assumed Japanese, we can say that K the field of fractlons
of A, is a separable extension of K [EGA IVy, 7.6.6, p.211]. Consequently, X®; i ~K is also
a normal scheme [EGA IVa, 6.7.4, p.146] and it is then a simple matter to deduce that
X is also irreducible so that all properties imposed on the morphism X — Spec A in the
beginning of this section are valid for X - Spec A.

Using the base-change functor o : Tx — T ¢ and the equivalence

olz, : T5 — Rep 7(II(X, 7)),
we derive a tensor functor
7 : Repy(G) — Repg(H(X',ﬁ;\o))

preserving forgetful functors (up to tensor natural isomorphism). Now, if i : Rep,4(G) —
Rep K(G 7) stands for the base-extension functor, then 7 can be prolonged to a tensor
functor

£ :Rep3(G 3) — Rep;(I1 (X,i/L‘\o))
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rendering
Rep4(G) Rep 5(I1(X, %))
Repg(Gg)

commutative up to natural isomorphism of tensor functors. In addition, £ preserves the for-
getful functors. We contend that the morphism of group schemes induced by ¢ is faithfully
flat, and for that we rely on Lemma whose notations are from now on in force.

Let V' € s(G). Since 6 is full, we conclude that H°(X,0(V)) ~ A. Hence, flat base-
change gives H°(X,06(V)) ~ A. This implies that
F(V)IE50) o 4
Likewise, if M € s¢(G), we conclude that
(MK ) ~
Now, as we learn from 1.4 and Proposition 2 of 1.5 in [Se68], for any V' € 5(G 3), respectively

M € s50(G 3), there exists V'’ € 5(@), respectively M” € s(G), and an injection V — i(V?),
respectively an injection M — i(M?). Then,

g(V)H()?,Eo) c T<VI7)H(X,900)

and

g(M)H(X,Eo) c T<Mb)1‘[()?,£0)
~ k.
Consequently, Lemma [2.9] guarantees that the morphism
(X, %) — G5

deduced from ¢ is faithfully flat. Now, since H()A( ,Zo) is strictly pro-finite (Theorem
it is not hard to see that G 3 is actually finite, so that G must then be finite [BAC] 1.3.6,
Proposition 11, p.52]. O

Using [SP, Tag 0AS7|, we have:

Corollary 8.11. Let us adopt the hypothesis of Theorem[8.10, Then, the ring of functions
of II(X, zg) is a Mittag-Leffler A-module. O

9. AN APPLICATION TO THE THEORY OF TORSION POINTS ON THE PICARD SCHEME

We assume that A is Henselian and Japanese. Let X be an irreducible, proper and flat
A-scheme with geometrically reduced fibres, and xg an A-point of X. Assume in addition
that Xk is normal. The following result connects Theorem with the theory of torsion
points on abelian schemes.

Proposition 9.1. Suppose that A has characteristic (0,p) and absolute ramification index
e. We give ourselves a positive integer v and an invertible sheaf £ on X.
(1) If £ € Pic(X) has order p" and is taken upon reduction to the identity of Pic(Xy),
then p" —p"~1 <e.
(2) IfY is an abelian scheme over A andy € Y (A) is a point of order p" which reduces
to the identity in Y (k), then p" —p"~! <ee.
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The proof requires:

Lemma 9.2. Let A have characteristic (0,p) and absolute ramification index e. Let r be
a positive integer. Then, the Neron blowup [WWS80, Section 1| fi,r of pyr at the origin in
the special fibre is finite if and only if

" < er+ min {p' — ei}.
= +0§i<r{p }

Proof. Let us write y,r = Spec O, where 0 = A[t]/(#*" — 1). Putting t = 1 + s, we have
O = Als]/(¢), where ¢(s) = s +ZZT;11 (f:)s”. According to [Liu02, 8.1.2(e), p. 318| the

ring of the Neron blowup & is the quotient of the polynomial ring & [5] by the ideal

{P <€ O[3 : m@P € (5 — s) for some d > 0}.
Therefore, if we agree to write ¢(5) = ¢(7s), then

5 A18/()
(elements annihilated by some power of 7)

_ Al3]

~{P : 7?P e () for some d > 0}
Let v : A[5] = INU {oo} be the “Gauss valuation”; it extends the normalized valuation of
A and satisfies v(5) = 0. Write ¢ = 7¥(?)3g, where v(Bo) = 0. We note that the natural

surjection A[3]/(po) — € is an isomorphism.
If ord, : Z \ {0} — IN denotes the p-adic valuation, then Legendre’s formula shows that

ord, (p ) =r —ordy(n),
n

so that

p"—1

@ _ 7_[_p’“gpr + Z 7Tn+er—e~ordp(n)un§n
n=1
p'—1
= Z My, 5,

n=1
with u, € A and a(n) :=n+er—e-ordy(n). Now, if ord,(n) = i, then a(n) = n+er —et,
so that a(p’) < a(n) in this case. It follows that,

L35, 0 = 22, o)

. . i
=er+ Orgilgr{p ei}.
Hence, v(¢) is the minimum between er 4+ ming<;<,{p’ — ei} and p". The Lemma is now
proved once we note that & is finite if and only if @y above has an invertible leading
coefficient. O

Proof of Proposition[9.1. Let us deal first with the case » = 1. Using the fact that &
becomes trivial on the pp-torsor associated to it and Theorem we see that . € Tx.
Let G = Gal'(%) and let A : G — G, be the associated representation. Then, X\ factors
through p, C G, and A® K induces an isomorphism G® K — p, ® K. Since )y, is trivial,
the morphism A factors through an arrow A:G > fip, Where f[i,, is the Neron blowup
of u, at the identity of the special fibre. Now, because G' — [i, induces an isomorphism
between generic fibres and a fortiori an injection among rings of functions, finiteness of G
(by Theorem implies that of fi, and Lemma finishes the proof.
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Let us now assume that r > 2 and that the claim is true for all ¢ < r. Since .Z @' has
order p*, we conclude that

(4) pr<e+p!

for i € {1,...,7 — 1}. Using the fact that . becomes trivial on the f,--torsor associated
to it and Theorem [8.1} we see that £ € Tx. Let G = Gal'(.Z) and let A : G — G, be the
associated representation. Just as for the particular case, we conclude that the blowup of
ppr at the identity of the special fibre is finite. Hence, by Lemma @,

T < in {p’ — ei}.
p _er+0r£ilgr{p ei}
But using , we see that
1>p—e>p>—2e>--->pt—(r—1)-e.

Consequently, min {p’ —ei} =p ' — (r — 1) - ¢, so that
0<i<r

p’”ger—kpr*l—(r—l)-e,

and this is what we wanted.
(2) One takes X to be an abelian scheme such that Y is its dual and applies part (1). O

Remark 9.3. Corollary [9.1)2) can be deduced from “Cassels’ Theorem” on formal groups.
The one dimensional case is classical [Sil86, IV.6.1, p.123], while the higher dimensional
can be found in [Grl3| p.966.

10. APPLICATION TO THE THEORY OF TORSORS

We suppose that A is Henselian and Japanese. Let X be an irreducible, proper and flat
A-scheme with geometrically reduced fibres, and xp an A-point of X.

Proposition 10.1. Let G € (FGSch/A) be finite and ¢ : Q — X be a G-torsor. Then,
there exists a v : Z — X in &1 (X, o) such that 0 : Rep 4(G) — coh(X) takes values in
Stan.

(]

Proof. According to Theorem there exists ¢ : Z — X in 61 (X, zp) and a commutative
diagram
Z—=Q

L

X.

Hence, for each M € Rep4(G) we conclude that ¢*(6g(M)) is trivial relatively to A since
©*0o(M) ~ Og ®a M is trivial relatively to A. Finally, since each M € Repy(G) is a
quotient of some object in Rep$(G) [Se68 Proposition 3, p.41], it follows that 6 takes
values in T, O

In [Nor82, 87ff], Nori defines the notion of “reduced torsor” in order to understand
which group schemes do come as quotients of his fundamental group. We follow the same
idea here, but instead of starting off with Nori’s definition, we prefer to use an equivalent
characterization [Nor82, Proposition 3, p.87].

Before reading the definition to come, the reader might profit to recall that, for any G €
(FGSch/A) and any G-torsor ¢ : Q — X above X, the functor 6g : Rep4(G) — coh(X)
is exact and faithful since ¢*6g is naturally isomorphic to M +— Og®a M (see for example
the proof of (a) in [J87, Part 1, Proposition 5.9]).
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Definition 10.2. Let G € (FGSch/A) be finite and @ — X be a G-torsor having an
A-point gy above zy. We say that the data (Q,G,qp) defines a Nori-reduced torsor if
00 : Repy(G) — coh(X) is a fully faithful functor.

Proposition 10.3 (compare to [MS13, Theorem 7.1]). Let G € (FGSch/A) be finite and
Q — X be a G-torsor having an A-point qy above xy. Then, the following conditions are
equivalent:

(i) The triple (Q,G,qo) is Nori-reduced.

(ii) The ring of global functions of Qy is k.
(ii') The triple (Qk, Gk, qok) is reduced in the sense of [Nor82l Definition 3, p.87].
(iii) The A-scheme Q is H-flat and A = HY(Q, 0g).

Proof. The proof relies on the fact that A[GJies, is an algebra in the category Rep4(G),
and that the corresponding @x-algebra 0g(A[Gliet;) is simply 0.

(i) = (4i). Because the functor g is fully faithful and Og(k[Gierr) ~ Og ® k, we
conclude that k = HY(X, 0g ® k). But H'(X,0g ® k) = H*(Q, Og ® k), and hence the
only regular functions on the k-scheme () are the constants.

(i7) < (i’). This is [Nor82l II, Proposition 3].

(13) = (i4i). Recall that @ is flat over X and a fortiori over A. Now, because k =
HY(Q, 09 ®4 k), we can employ Proposition 12.10 of Chapter I1I in [Har77] to conclude
that @ is cohomologically flat of degree zero over A. Since H O(ﬁQ) is a finite and flat
A-module, the isomorphism k ~ k ®4 H%(0g) proves that A ~ HY(0g).

(731) = (7). Let ¢ denote the structural morphism () — X; by assumption it belongs to
& (X, x0). If we agree to write H := II(X, ¢, 70) (see Definition [4.6)), the existence of the
point gp gives an isomorphism between (e|;,) o 6o and the forgetful functor Rep,(G) —
A-mod and hence a morphism of group schemes

p:H—G

together with a commutative diagram

(5) Rep,(G)

Now,

According to Lemma [2.8] this is only possible when pp : Hp — Gy is faithfully flat.
Analogously, we have that (A[G]ies)? ~ A. This implies that (K[GJief;)’% ~ K, and
hence pg is faithfully flat according to Lemma [2.8] In conclusion, pj and pg are faithfully
flat, and hence p must be faithfully flat [DuHal8| 4.1.1, p. 1124]. Together with [DuHal§8),
3.2.1(ii), p. 1121], we conclude that p* is fully faithful, so that diagram secures fully
faithfulness of 0. O
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We shall now keep the notation and assumptions of Proposition [10.3] and offer other
properties equivalent to the ones in its statement. This will allow us, in passing, to ren-
der the connection with [MSI3l Theorem 7.1 and to [Nor82, Definition 3, p.87| more
transparent. First we develop some preliminaries.

Let us abbreviate IT = II( X, z¢). Similarly to [Nor76|] (see §2 and the argument on p.39),
there exists a II-torsor

X —X
with an A-point Ty above xg such that 6 zo(e|;,) =~ id and (e|4,)of ¢ =~ id as tensor functors.
The quasi-coherent O'x-algebra of X is a direct limits of coherent modules belonging to
T x and corresponds, in Ind Rep 4 (IT), to A[II]jef, see [Nor76l Definition, p. 32]. The torsor
X is called the universal pointed torsor.

Let p: G' — G be an arrow of (FGSch/A). We say that @ has a reduction of structure
group to p, or to G', if there exists a G'-torsor ' — X together with an isomorphism
Q' x? G — Q. In addition, if Q" can be picked to come with an A-point ¢j such that
(qf,e) corresponds to gp under the aforementioned isomorphism, then the reduction is
called pointed. Note that, we do not assume p to be a closed embedding.

Corollary 10.4. The equivalent properties appearing in Proposition|10.5 are also equiva-
lent to each one of the following conditions:

(a) If Q has a pointed reduction to p : G' — G, then p is faithfully flat.
(b) There exists a faithfully flat morphism p : I — G and an isomorphism of pointed
G-torsors X xP G = Q. (That is, X defines a pointed reduction of Q.)

Proof. Proposition (i) = (a). Let p : G" = G define a pointed reduction Q' — X;
it then follows that ¢ o p? is isomorphic to . Since 0 is faithful, we conclude that
p” : Rep,(G) — Rep4(G') is full and faithful. By Lemma p is faithfully flat.

(a) = (b). According to Proposition ¢ takes values in Ty; the existence of the
point gy allows us to say that e|,, o fg is isomorphic to the forgetful functor Rep 4(G) —
A-mod which gives us an arrow p : Il — G such that p# ~ e|,, 0 g (as tensor functors).
Hence, 05 o pt o~ ¢, and we conclude, as in [Nor76, Proposition 2.9(c)|, that @ has a
pointed reduction to p. But (a) forces p to be faithfully flat.

(b) = Proposition(i). We know that 6 ~ 65 0p¥ in this case; but, by construction,
5 is fully faithful as is p? (by [DuHal8, 3.2.1(ii), p.1121], say). Therefore, ¢ is fully
faithful. O

Remark 10.5. Let @ — X be as in the statement of Proposition [I0.3] The condition that
0 : Rep(G) — T be full is not enough to assure that G is a faithfully flat quotient of
IT (so that this is missing in [MS13, Theorem 7.1]).

11. ESSENTIALLY FINITE VECTOR BUNDLES ON THE FIBRES: REVIEWING A THEORY
OF MEHTA AND SUBRAMANIAN

Let X be an irreducible, projective and flat A-scheme with geometrically reduced fibres,
and xp an A-point of X. (Recall that over a perfect field, an algebraic scheme is geomet-
rically reduced if and only if it is reduced [EGA IV, 4.6.1, p.68]. Note also that X must
be reduced.)

The following result, which is one of the main points in [MS13]|, is essentially a conse-
quence of the method employed by Deninger and Werner in proving [DW05, Theorem 17,
p.573| plus Section Before putting forth its statement, let us recall the notion of an
F-trivial vector bundle.
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If M is a proper scheme over an unspecified perfect field of positive characteristic, a
vector bundle E on M is called F-trivial [MS02, Section 2,p. 144] if for a certain s € N,
the pull-back of E by a geometric Frobenius morphism Fr® : M(—%) — M is trivial.

Theorem 11.1. Suppose that A is Henselian and Japanese, and that k is perfect of char-
acteristic p > 0. Let E be an F-trivial vector bundle on Xj. Then, there exists a proper
and surjective morphism i : Z — X such that:

(1) The ring B := H°(Oy) is a discrete valuation ring and is a finite extension of A.
(2) The canonical morphism Z — Spec B is flat and has geometrically reduced fibres.
(8) The B-scheme Z has a B-point above x.

(4) Write ¢ for the residue field of B and denote by

Yo L1 — Xy,
B
the morphism of k-schemes naturally induced by . Then ¢§(E) is trivial.

Proof. The case of characteristic (0,p). We assume that E is trivialized by Fr® : X Ig—s) —
Xp. Let X — P} be a closed immersion. Write ® : Py — P’} for the evident A-morphism
lifting the k-linear Frobenius morphisms Fr® : IP? — P}, and consider the cartesian diagram
Y _¥ . X
)

n n

We note that ® is a finite, flat and surjective morphism, so that ¢ : ¥ — X is likewise; in
particular this implies that Y is A-flat.
Base-changing by means of A — k we get the cartesian diagram

Y —5 Xy

Lo
P} —— P}

ks Lk

so that, since X ,E,_S) is reduced, there exists a closed embedding

VED (a1
which identifies X ,g_s) with Y} 1ea and, in addition, produces a factorisation of Fr® :
X,i_s) — X, like so

(—s) Fr®
X’
\
%)
Yy ——= X
!

See Lemma 19 in [DWO05|. Consequently, if V' is any reduced scheme and a: V — Y} is a
Z-morphism, we conclude that o*p; E is trivial since « factors as

vV —x{Y Ly



30 P. H. HAI AND J. P. DOS SANTOS

A direct application of Theorem now gives us a commutative diagram

J ——=Y

RN

X
such that
(i) the morphism % is surjective and proper.
(ii) The ring B := H O(ﬁ 7) is a discrete valuation rings and is a finite extension of A.

(iii) The canonical morphism Z — Spec B is flat and has geometrically reduced fibres.
(iv) The B-scheme Z has a B-point above zg.

In this situation, the proof is concluded by the observation preceding it. Indeed, if £ is
the residue field of B and g : Z ®p £ — X}, is the arrow induced by v, we conclude that
YPg(E) is trivial because Z ®p ¢ is reduced so that ¢y factors through Z ®p ¢ — Y.

Proof in the case of characteristic (p,p). The idea behind the proof is much simpler, but
notation and technicalities hinder its handling.

Suppose that E € VB(X}) becomes trivial after being pulled back by Fy o0 Xy — X
Employing the commutative diagram of IF),-schemes

Spec A —— Spec A,
3

we see that the morphism (F%)o : X — X}, induced on special fibres is none other than
F%, . Hence, if F'§ is a finite morphism, the choice Z = X and ¥ = F% is sufficient to
fulfill all but condition (3) of the statement. But finiteness of F4 is not always assured,
and we choose to argue as in [EGA 1V3, §8|.

Let
A { B is a d.v.r. dominated by A and dominating AP, }

and such that Frac B is a finite extension of K?°
and endow it with the partial order defined by domination of d.v.r.’s. As A is Japanese,
for any B € A, the AP’-module B is finite, and any element in A belongs to some B € A
(see Theorem 10.2 and Exercise 11.2 in [Mat89]). Consequently, the limit @BeA Spec B
in the category of A-schemes is simply F'j : Spec A — Spec A. Employing [EGA IV3,
8.8.2-ii, p.28|, there exists 0 € A and a o-scheme of finite type Y fitting into a cartesian
commutative diagram

(6) X—" vy

Lo

Spec A —— Speco.

In addition, if up : X — Y ®, B stands for the canonical morphism, an application of
[EGA IV3, 8.2.5,p.9] shows that

(ug) : X — m Y®B
B>o 0
is in fact an isomorphism of o-schemes. Also by loc.cit., the canonical morphism

X ® A—>I'£1X ® B
A,FS Boe  AFS
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is also an isomorphism. The relative Frobenius morphism

f:X—X © A
AF3

now gives rise, via [EGA 1V3, 8.8.2-1,p.28|, to a B > 0 and a morphism of B-schemes
f:Y®B—X ® B,
0 Fs

A

such that f ®p A corresponds to f. Hence, if ¢ stands for the composition of f with the
projection X ®4,p5 B — X, we arrive at a commutative diagram

(7) YoB— Y X
0 l
Spec B —— Spec A.

In addition,
Youp = Fy.

Let us agree to write Z =Y ®, B. Then, paralleling diagram @, we have

(8) X—2 -7
| =]
Spec A —— Spec B.

Claim. The following statements are true.

(i) The morphism % is finite and surjective.

(ii) As a B-scheme, Z is flat and proper.

(iii) The geometric fibres of Z over B are reduced.

(iv) The ring of global functions of Z is B.

(v) Write v for the morphism induced from 1) between special fibres. Then ¢gj(E) is
trivial.

Proof. (i) Surjectivity follows from F§ = 1 o up. Because f is finite and the inclusion
B — A is faithfully flat, we conclude that f is finite [EGA 1Vy, 2.7.1, p.29|. Hence, 1) is
finite as F'} : A — B is finite.

(ii) We note that the morphism Spec A — Spec B in diagram is faithfully flat.
Consequently, the claim is proved by employing [EGA 1V3, 2.5.1, p. 22|, [EGA IV3, 2.7.1,
p.29| and the fact that X is flat and proper over A.

(iii) This is a direct consequence of diagram and the fact that being geometrically
reduced is independent of the field extension [EGA Vg, 4.6.10, p.70].

(iv) This is a direct consequence of flat base-change applied to diagram and A =
H°(0) (which follows from Lemma say).

(v) Let now ¢ be the residue field of B; it is clear that B — A in fact induces an
isomorphism ¢ = k. Since X = Z®p A, it follows that (up)o: X ®ak — Z®@p/{ is also an
isomorphism. Hence, 9§(E) is trivial because yup = F%5 so that (up){(¥§(E)) is trivial.
The claim is proved.

To finish the proof, we note that ¢ : Z — X satisfies all the conditions in the statement
of the Theorem except for the existence of a B-point above zy. Now, the inverse image
1~ 1(zg) comes with a finite and surjective morphism to Spec A (for surjectivity, see [EGA
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I, 3.5.2,p.115]). Hence, it is possible to find a finite extension of d.v.r.’s B D A and a
point Spec B’ — W~!(z() which then gives a commutative diagram

>
Spec B' —— Spec B

such that z{ is a B’-point of X above x and the induced arrow B — B’ is a finite extension.

Consequently, letting Z’ be Z ® B’ and ¢ : Z’' — X the composition 2’ 2 Z LA X, we
see that ¢’ : Z' — X now satisfies all properties in the statement of the theorem. O

As a consequence of Theorem [I1.1] we can give a simple alternative description of the
vector bundles in T and, in doing so, connect our theory to that of [MS13]. See Corollary

IT4

Theorem 11.2 (Compare to [MS13| Lemma 3.1|). Suppose that A is Henselian and Japan-
ese, that k is perfect, and that X is in addition normal. Let & € VB(X) be such that &k
and & are essentially finite. Then, there exists a proper and surjective morphism

(: X' — X
such that
(1) The ring A’ := H°(Ox/) is a discrete valuation ring and a finite extension of A.
(2) The canonical morphism X' — Spec A’ is flat and has geometrically reduced fibres.

(8) The A’'-scheme X' has an A’-point above xy.
(4) The vector bundle (*(&) is trivial.

Proof. As the vector bundle &% is essentially finite, it is possible to find a torsor under an
etale group scheme f :Y — Xj, and a fortiori an etale covering, such that f*(&%) is F-
trivial see [Nor76, §3]. In addition, ¥ can be chosen to possess a k-rational point yo above
zok (cf. loc.cit) and to satisfy k = H(Y, Oy) [Nor&2, II, Proposition 3, p. 87]. Now, as
A is Henselian, Theorem 3.1 on p.30 of [AG9] (the remarkable equivalence, Grothendieck’s
existence theorem and Artin approximation) allows us to find an etale covering f: Y 5 X
lifting ¥ — Xj,. Looking at the finite and etale A-scheme f~!(xo), applying one of the
main properties of a Henselian local ring [Ray70, VII.3, Proposition 3, p.76], and making
use of the k-point yg : Speck — f_l(xo), we can find an A-point gy in Y above zy. Note
that Y inherits the following properties from X: it is flat, proper, and has geometrically
reduced fibres over A, and it is normal. In addition, Y is connected and its normality then
assures irreducibility. (Irreducibility might fail without normality.) Therefore, Y satisfies
all hypothesis imposed on X in the beginning of the section and in the statement of the
theorem. Note that, by construction, the restriction of f*& to Y} is F-trivial.

Because of the previous paragraph, we suppose, so to lighten notation, that &} is F-
trivial already on Xj. Let us apply Theorem to the vector bundle £ = &%. Then,
keeping with the notations of this theorem, we conclude that

V(& )\de
is trivial. Let L = Frac(B). Since ¥*(&)|zg L is an essentially finite vector bundle, [Nor76),
§3| assures that we can find a torsor with finite structural group
AN:iQ°—ZQL
B
such that
A7 (&) zosL)
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is trivial. In addition, Q° might be chosen to come with two extra properties, which are:
e Letting zp : Spec B — Z be the point above zp mentioned in Theorem Q°
has an L-rational point ¢§ above zg 1. (This is not used in what follows.)
e The ring of global functions of Q° is L, see Proposition 3 of Chapter II, p.87, in
[Nor82]. In particular Q° is connected.
Let Q" — Q° be the associated reduced scheme and write

AN —ZeL
B
for the induced morphism. Clearly Q" is connected, A7 is surjective, finite and
AT (W56 zesL)

is trivial.
Let p: Z ®p L — Z be the natural immersion and write

AN Q—Z

for the integral closure of the quasi-coherent @z-algebra (uA™).(Ogo), see [EGA 1I, 6.3,
116ff] or [SPL Tag 035H|. This means, according to [EGA 11, 6.3.4, p.117|, that for each
affine open subset V' C Z, the ring 0g(A~'V) is the integral closure of &z(V) inside
Ogo ((upA")~H(V)). In particular, @ is flat as a B-scheme and

QL =Q".
B

Since A is universally Japanese [EGA IVy, 7.7.2, p. 212], for each affine and open subset
V of Z, the ring 0z (V') is universally Japanese and noetherian, and hence is a Nagata ring
[SPL, Tag 032R]. As a consequence of [SP, Tag 03GH] and the fact that Q" is reduced, we see
that X is a finite morphism. Because A\(Q) contains Z®pg L (recall that A" is surjective), we
conclude that A is surjective. Finally, both (¥ A)*(&)|ggze and (YX)*(&)|ge 1 are trivial.

Theorem can be applied to YA : Q — X, and this allows us to find a commutative
diagram of schemes

R——Q

RN

X7

such that:

e The morphism @ is proper and surjective.

e The ring C := H°(0R) is a discrete valuation ring and a finite extension of A.

e The canonical morphism R — Spec C' is flat and has geometrically reduced fibres.

e The C-scheme R has a C-point above zg.
As the natural arrow Spec C' — Spec B sends the generic, respectively special, point to the
generic, respectively special, point, triviality of (¢ A)*(&)|og e and (YA)*(&)|gw 1 allows
us to conclude that the restrictions of 8*& to the generic and special fibres of R over C

are trivial. Because R is H’-flat over C (it has reduced fibres), we conclude by employing
Lemma 2.3] that 6*& is trivial. O

For the sake of discussion, let us make the following:

Definition 11.3. The Mehta-Subramanian category of X, denote it MS(X), is the full
subcategory of VB(X) whose objects are
{& € VB(X) : & and &k are essentially finite}.

An immediate consequence of [AM11, Theorem 1] (or [TZ20, Theorem I|) and Theorem
M1.2is then:
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Corollary 11.4. Suppose that A is Henselian and Japanese, that k is perfect, and that in
addition to the hypothesis in the beginning of the section, X and X are normal. Then
TG = MS(X).

Proof. Let & € MS(X). Since X is flat over A, normality of X} and X g implies normality
of X [EGA IVq, 6.5.4, p.143] and Theorem may be applied. Consequently, & belongs
to T% as ¢ in Theorem lies in &1(X,zp). Conversely, let & be a vector bundle in
Tx. Since Xy and X are normal, we know that & and & are essentially finite (due to
[AMII, Theorem 1] or [TZ20, Theorem I]). O

Remark 11.5. Since a point x € X above the generic fibre specializes to a point on the
special fibre, normality of X is equivalent to normality of X on the points of X;. Of course,
X} can easily fail to be normal even when X is regular.

12. FURTHER APPLICATIONS TO THE THEORY OF TORSORS

We assume that A is Henselian, Japanese and has a perfect residue field. Let X be
an irreducible, projective and flat A-scheme with geometrically reduced fibres, and xg an
A-point of X.

Theorem 12.1 (compare to [MS13| Corollary 3.2|). Let us add to the assumptions made
at the start of this section that X is normal. Let G € (FGSch/A) be quasi-finite over A,

Q—X

be a G-torsor, and qy an A-point of Q@ above xg.

(1) There exists ¢ : X' — X in &T(X,z0) (see Deﬁnition and & € T¢ such that
00 : Rep4(G) — coh(X) takes values in (& ; T¢)e (and a fortiori in Tx ).

(2) There exists a finite H € (FGSch/A), a morphism p : H — G, an H-torsor R — X
and an A-point ro : Spec A — R together with an isomorphism of torsors

RxT G = Q
sending the A-point (ro,e) of R x" G to qo. In addition, it is possible to choose p to

be a closed immersion. Put differently, Q has a reduction of structure group to a finite

group scheme.
(3) If HY(Q, Og) ~ A, then G is in fact finite.

Proof. As is well-known (by adapting the proofs in [Wa79l 3.3]) the facts that G is of finite
type and A is a d.v.r. allow us to find £ € Rep%(G) such that the resulting morphism
G — GL(FE) is a closed immersion, or, in the terminology of [DHASIS| §3|, E is a faithful
representation. We then write & = 0g(FE) and note that since Q; — Xj and Qx — Xk
are finite principal bundles, the vector bundles &, = 6, (E)) and éx = 0q, (Fk) are in
fact essentially finite [Nor76, Proposition 3.8, p.38]. Let ¢ : X’ — X, A’, and z{, be as in
Theoremwhen applied to &. Note that ¢ : X’ — X is in 67 (X, z¢) and that & € T.

(1). We write @ for the G-torsor X’ xx Q. We know that for each M € Rep,4(G), the
coherent Oy/-module (*g (M) is isomorphic to O (M). Because each 0o (T**E) belongs
to (€5 T¢)e, we conclude that each O (T*PE) is trivial.

Let T' € Rep%(G) be such that 6o(T") belongs to (&; T¢)e. If V€ Repi(G) is the
target of an epimorphism 7" — V/, exactness of 6/ produces an epimorphism

Since g (V)®@ak and 0 (V') ® 4 K become trivial when pulled back via Q' ®@ak — X' ®ak
and Q' ®4 K — X' ®4 K, we may apply Lemma to conclude that 6o/(V) ® k and
0o (V) ® K are trivial. Because X’ is H’-flat over A, Lemma says that 6g/ (V) is
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equally trivial and hence that 6o(V) € (€'; T¢)g. By the same argument, now applied to
T, we conclude that g (W) belongs to (& ; T¢)g once W — T is a special subobject (we
employ [dS09 Definition 10]).

Now we know that for every U € Rep%(G), there exists a special monomorphism V' —
T%*E and an epimorphism V — U [dS09, Proposition 12|. From what was proved above,
0o (U) belongs to (&; T¢)e.

To end the proof, let M € Rep4(G) be arbitrary. Using [Se68, Corollary 2.2, p.41]|, we
find an equivariant presentation

0—U —Uy— M —0

with Uy and U; in Rep%(G). An application of Lemma (and the exactness of the
functor ) assures that (M) belongs to T, and hence to (6; T¢)w.

(2). We pick ¢ and & as in item (1) and define H = Gal'(&;Tx,z0) so that e|,, :
(€; Tx)e — Rep,(H) is an equivalence of tensor categories. Because of Theorem [8.10}
H is a finite group scheme over A. Using the A-point gy of @) above zg, the functor
(®|z0) 00¢g : Repy(G) — A-mod is naturally isomorphic to the forgetful functor and hence
we derive a morphism of group schemes

p:H—G
such that (e|;,) o g ~ p?. Now, similarly to [Nor76] (see §2 and the argument on p.39),
there exists a H-torsor R — X with an A-point ro above zg such that g o (e|;,) ~ id

and (e|z,) o Or ~ id as tensor functors. (The quasi-coherent x- algebra of the torsor R
corresponds, in the category Repy(H), to A[H |jeft, see [Nor76l Definition, p. 32].) Now

0q ~ Or o (e]z) © Oq
~ Op o p”

which shows, just as in [Nor76, Proposition 2.9(c), p. 34], that Q ~ R x" G.

To verify the last statement, we note p can be decomposed into H — H' 5 G, where o
is a closed immersion and H' is finite. This being so, we have Q ~ (R xH H') x' G.
(3). Let H € (FGSch/A) be finite, Q — X be an H-torsor, H — G be a closed immersion,
and R x G ~ @ be an isomorphism as in (2). Now, employing the arrow

Rx G — G, (T,g)»—>g_1

we obtain an injection Mor(G, A') — Mor(R x G, A') and hence an injection
{H-equivariant G — Al} — {H-equivariant RxG— Al} .

Since the right-hand-side above is simply the ring of functions of R x G ~ @, the hy-
pothesis then forces A = A[G]. But A[G] is a finite and locally free A[G]-module whose
rank equals that of A[H| (see 111.2.4 of [DGT0]). It is then easy to see that the closed
immersion H — G is an isomorphism. U

We shall now gather some consequences of Theorem and in doing so connect it to
[Nor82, Chapter 1] and [AEG20]. Notations are as in the statement of Theorem [12.1]

Let us abbreviate II = II(X, zg). As already explained in Section [L0| (see the discussion
preceding Corollary , there exists a Il-torsor

X —X
with an A-point o above xq such that 03 o (e|;,) ~ id and (e|;,) o 5 ~ id as tensor

functors. Recall that for each homomorphism p : II — G, the fpqc sheaf of the contracted
product X x? G (see [DGT0l II1.4.3.2, p.368| or [J87, Part I, 5.14]) has the following
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description: it is the quotient of X xG by the right action of II defined, on the level of
points, by

9) (&,9) v = (@7, p(7)""9)-
Let us write B _
Xp: X xG— X xPCG
for the canonical quotient morphism. Then, the arrow
(pr)?,xp) X xG— X X x ()Nf xP Q)

is an isomorphism of G-torsors over X (see [DGTO, 111.4.3.1] or [J87, Part 1, 5.14(3)]). In
addition, if we let II act on (the right of) X x G as implied by (9) and on X xx (X xP @)
by the action solely on X , then (prg, x,) is II-equivariant, as a simple verification shows.

Now we note that A = H%(0';) because A[Il]ieg, which corresponds to the quasi-coherent
O x-module O'¢, has only constant invariants and because of [Har77, Exercise I1.1.11, p.67].
Since G is affine, any morphism of schemes X — G must factor through the structural
morphism X — Spec A [EGA I, 2.2.4,p.99]; we conclude that any arrow 3 : XxG— XxG
between G-torsors must be of the form (Z, g) — (&, cg), where ¢ € G(A). This being so, if
B in addition fixes the A-point (Zg, e), we see that 8 = id. This has the following pleasing
consequence (implicit in [Nor76, Proposition 3.11]):

Lemma 12.2. Let G € FGSch/A and let p : 11 — G and o : I — G be arrows of group

schemes over A. Let a: X xP G — X x° G be a morphism of G-torsors sending X ,(Zo, e)
to xo(Zo,€). Then p =0 and o = id.

Proof. We consider the following commutative diagram

X xG @ X xG
(pr,xp)lN Ni(pr,xa)
X xx (X x# Q) ——— X xx (X x7 G).

Since a takes x,(Zo,e) to Xo(Zo,€), we conclude that a(Zg,e) = (Zo,e) and hence, by
the above discussion, « is the identity. Because (pr,x,) is II-equivariant (for the actions
explained above), we conclude that a = id is II-equivariant, and this is only possible when
p = o. Since id x a = id, fpqc descent [EGA IVy, 2.7.1,p.29] assures that a = id.

O

Let G € (FGSch/A) be quasi-finite and consider the category Tors,(G) whose

objects are couples (@, qo) consisting of a G-torsor over X and an A-point gy of Q) above
xg, and
arrows are isomorphisms of G-torsors which preserve the A-rational point.

Theorem 12.3. We maintain the above notations.
(1) Write |Tors,(G)| for the set of isomorphism classes in Tors,(G) and X|p] for the
class of the couple (X x? G, x,(Zo,€)). Then the map

Hom (I, G) —» |Tors, (@),  p+— X|p]
18 bijective.
(1°) The category Tors,(G) is discrete [Mac98, p.11].

(2) For each (Q,qo) in Tors.(G), there exists a unique generalized morphism of torsors
X : X = Q taking Tg to qp.
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Proof. (1) We first establish surjectivity: the argument is identical to the one in [Nor76),
Proposition 3.11]. From Theorem m-(l), the functor 6 takes values in TE". Using
the A-point gg of @ above xg, we see that (e|,) o 0g : Repy(G) — A-mod is naturally
isomorphic to the forgetful functor and, since |, : T%" = Rep 4 (II), we derive a morphism
of group schemes

p: Il — G
such that (e|,) 0 fg ~ p7. Now

g ~ 05 o (e]y) 0 bg
~ 0o o7

which shows, just as in [Nor76l Proposition 2.9(c), p. 34|, that Q ~ X xP G. Injectivity is
a direct consequence of Lemma [12.2

(1) This is a direct consequence of (1) and Lemma [12.2]

(2 ) This is standard, but we run the argument for the convenience of the reader. Let

C X — Q and 7’ C X — (@ be morphisms as in the statement covering morphisms
p: 1l — G and p' 11 — G respectively. We therefore deduce arrows 7 : X xP G — @ and
7.X xP G @ in Tors,(G) such that

XU Fea X X xraQ

and
(id,e)

PGl Ve AL SN e Ny
are respectively 7 and 7/. This produces an arrow o : X x? G — X x” G in Tors, (G).
According to Lemma[12.2] p = p’ and o = id so that 7 = 7. O

This allows us to compare II to the fundamental group scheme introduced in [AEG20].
Recall that these authors show the existence of a pro-quasi-finite (see Definition flat
group scheme IT*, a IT*-torsor X* — X and an A-point zj above z( enjoying the following
universal property. If G is flat and quasi-finite, Q — X is a G-torsor with a point gg above
xo, then there exists a unique generalized morphism of torsors X* — @ taking zf) to qo.
(See the paragraph after the proof of Theorem 5.2 in [AEG20].) From Theorem we
have:

Corollary 12.4. Under the assumptions of Theorem there exists a unique generalized
isomorphism of torsors X — X* taking To to x§. In particular, IT ~ IT*. (Il

In particular, Theorem [8.10] says that IT* is in fact pro-finite.
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