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FOLIATIONS WITH SMALL SINGULAR SET IN ARBITRARY
CHARACTERISTIC

THIAGO FASSARELLA, WODSON MENDSON, JOAO PEDRO DOS SANTOS,
AND FREDERIC TOUZET

ABSTRACT. This paper investigates the geometry of foliations on smooth algebraic varieties
over an algebraically closed field of arbitrary characteristic p > 0. We address several
specific features of foliations in positive characteristic, aiming to highlight both similarities
and differences with the characteristic zero case. First, we provide a complete classification
of regular foliations on minimal rational and del Pezzo surfaces, establishing that in positive
characteristic, such foliations are p-closed. However, there are regular foliations on weak
del Pezzo surfaces, in characteristic 2, which are not p-closed. We extend the Camacho-
Sad index and its associated sum formula to arbitrary characteristic, using it to study the
behavior of foliations and distributions with small singular set. For foliations on projective
spaces, we prove that the existence of an invariant hypersurface with a sufficiently small
singular set forces the foliation to be p-closed and imposes strict divisibility conditions on
the degree of its normal bundle. Finally, we establish versions of the Bott vanishing theorem
in both Hodge cohomology and the Chow ring for p-closed foliations, providing a positive
characteristic analogue to classical vanishing results in complex geometry.
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1. INTRODUCTION

1.1. Main results and structure of the paper. This paper studies foliations on smooth
algebraic varieties over an algebraically closed field k of arbitrary characteristic p. When
p =0, it has been conjectured in [15] that any regular foliation F on a rationally connected
projective variety X, is algebraically integrable, meaning that all its leaves are algebraic
subvarieties of X. This conjecture holds at least for surfaces, as it follows from the classifica-
tion of regular foliations on surfaces by [8]. The result has also been extended for threefolds
under certain hypotheses, see [20, Theorem 1.4].

If the aforementioned conjecture holds in characteristic zero, it is natural to expect that
a regular foliation on a rationally connected variety, over a field of positive characteristic
p is p-closed (see Section 1.2 for the precise definition of p-closed). However, we produce
regular foliations on weak del Pezzo surfaces of degree 4, over a base field of characteristic 2,
which are not 2-closed, see Theorem 2.32 and Example 2.34. Despite this counterexample, p-
closedness remains the expected behavior for most regular foliations on rationally connected
varieties. This expectation can be verified at least in three cases: for projective spaces [P},
for minimal rational surfaces and for del Pezzo surfaces. In the first case, it follows from [13,
Theorem 1.5] that a regular foliation of codimension ¢ on P} occurs only if ¢ = 1, p = 2, and
F is given by the kernel of a differential 1-form dF', where F' is a homogeneous polynomial
of degree two. In particular F is 2-closed, see Theorem 3.1 below. In the second case, for
minimal rational surfaces, one obtains the following characterization:

Theorem 1.1. Let F be a regular foliation on a minimal rational surface X. Then X is a
Hirzebruch surface F., e # 1, and either

(1) p >0, and F is the PL-fibration of F. over PL; or
(2) p> 0, p divides e and F is a Riccati foliation on F,.

Theorem 1.1 is a consequence of Theorem 2.15 in the main text. There, the reader will
find a precise description of the regular Riccati foliation on F.. It follows that, when p > 0,
any regular foliation on a minimal rational surface is p-closed, this is our Corollary 2.16.
Item (2) of Theorem 1.1 stands in sharp contrast with the characteristic zero case, since
any regular foliation on Hirzebruch surfaces over C is a Pj-fibration. Finally, the third case
mentioned above, namely del Pezzo surfaces, is addressed in Theorem 2.21:
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Theorem 1.2. Let X be a smooth projective del Pezzo surface and let F be a reqular foliation
on it. Then X is either PL x PL or Fy, and F leaves one of the standard PL-fibrations
invariant. More precisely, if X = P x PL then one of the two rulings is invariant, while for
[y the conclusion holds for the standard fibration Fy — PL.

Beyond these three classes (projective spaces, minimal rational surfaces, and del Pezzo
surfaces) we show that any regular foliation on a weak del Pezzo surface of degree 6 or 8
is p-closed, see Corollary 2.29. Furthermore, by Theorem 2.20, weak del Pezzo surfaces of
odd degree admit no regular foliations. All the above cases involve rational varieties; in
Proposition 2.19 we present a regular foliation on a non-rational surface, in characteristic
p > 2, which is not in general p-closed.

We also investigate the conditions under which a foliation is p-closed, even in the presence
of singularities. This leads us to consider invariant subvarieties. A distinctive phenomenon
in positive characteristic is that a singular curve may be invariant under a regular foliation.
A typical example is given by the curve given by f = y? — 2P and the foliation defined by
dy. A preliminary analysis might suggest that this occurs only if the degree of the curve
is multiple of p or at least greater than p. However, this is not the case. We construct
examples where a curve C, singular at the origin of the affine plane A, is invariant under a
regular foliation at the origin, but its degree deg(C') is relatively small compared to p. See
Propositions 3.4 and 3.6. On the other hand, deg(C') cannot be too small, this is the content
of the following result, which is Theorem 3.10 in the main text.

Theorem 1.3. Let C C A? be a reduced curve which is invariant by a foliation F on A2
and assume that

deg(C)(deg(C) — 1) <p.
Then Sing(C) C Sing(F).

For foliations on projective spaces, the existence of a smooth hypersurface that does not
intersect the singular set of F implies that p > 0 and that F is p-closed, see Corollary 3.16.
We extend this result for distributions, where the integrability condition on F is no longer
required. In this more general setting, we assume only the weaker hypothesis that the inter-
section of the singular set of F with the invariant hypersurface is small (see Theorem 3.18):

Theorem 1.4. Let D be a codimension one distribution on PY. Let Y = Z(F) be a reduced
hypersurface invariant by D. If Y N Sing(D) has codimension at least 3, then p > 0, deg F'
1s a multiple of p and D s given by the kernel of dF. In particular, D s integrable and
p-closed.

An ingredient in the proof of Theorem 1.4 is the Camacho-Sad formula. The formula says
that the sum of Camacho-Sad indices along an invariant curve C inside a surface, coin-
cides with the self-intersection C2. The Camacho-Sad formula, in arbitrary characteristic, is
proved in Theorem 2.8. It should be noted that the first assertion of this theorem (deg F' is
a multiple of p) was established in a more general form in [19, Corollary 4.5|.

Theorem 1.4 yields interesting consequences for distributions on projective spaces having
small singular set. The first one is the following (see Corollary 3.19).

Theorem 1.5. Let D be a codimension one non integrable distribution on P} such that
Sing(D) has codimension at least 3, then D has no invariant hypersurface.
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In the integrable case, we get the following result (see Corollary 3.21).

Theorem 1.6. Let F be a codimension one foliation on P} of degree d and assume that
Sing(F) has codimension at least 3. Then p > 0, d + 2 is a multiple of p and F is given by
the kernel of a closed projective 1-form € on A", Moreover, the following conditions are
equivalent:

(1) F admits a reduced invariant hypersurface;
(2) Q is exact, i.e there exists a homogeneous polynomial G of degree d + 2 such that

Q2 =dG.

In Example 3.22, Theorem 1.6 is applied to show that, for all prime p > 0 and n > 3, there
exist codimension one foliations on [P} with finite singular set and no invariant hypersurface,
in contrast with the regular case Theorem 3.1.

The degree d of a codimension one foliation F on P} is determined by the degree of the
normal bundle Nz of F, that is, Ny = Opn(d+2). Then Theorem 1.6 implies that p divides
the degree of Nz. This phenomenon can be viewed as a reflection of Bott vanishing theorem,
which assures the vanishing of suitable powers of Chern classes of the normal bundle in Hodge
cohomology; see Theorem 4.1 and Theorem 4.3 in the main text.

We proceed with a version of the Bott vanishing theorem, in the Chow ring of X, assuming
that F is p-closed (see Corollary 5.9):

Theorem 1.7. Let F be a regular p-closed foliation on a smooth projective variety X . Let
Chern*(Ngz) be the graded subring of the Chow ring CH*(X), generated by the Chern classes
of Nr. Then

Chern’(Nz) C p'~9- CHY(X)

for each ¢ > q.

Bott vanishing theorem is an important tool in the theory of foliations. Indeed, it has
been applied in deep results such as the classification of regular foliations on surfaces [8] over
the complex numbers. Notice that, in positive characteristic there exist regular foliations
with N% # 0 in Z (see Remark 2.26), also there exist examples of codimension one regular
foliations on P, n odd, with Nz = Opy(2) (see Theorem 3.1).

1.2. Basic definitions and notations. Let X be a smooth algebraic variety over an
algebraically closed field k and let Ox be its sheaf of regular functions. Let QY and
Tx = Homp, (Q%, Ox) be the cotangent and tangent sheaves of X, respectively.

We can see Tx as a sheaf of derivations. First, recall that a derivation is a k-linear
transformation w of Ox satisfying w(ab) = aw(b) + bw(a) for any a,b € Ox. Let d : Ox —
QL be the exterior derivative, defined by d(a) = 1®a—a®1 € In/IZ = Y, where I, is the
ideal sheaf of the diagonal A C X x X. Then, a section v of Ty can be seen as a derivation
v:Ox — Ox by v(a) :=v(d(a)), for all a € Ox.

Let us endow Ty with a Lie bracket, given by [v1,vs] = v1v9 — vouy, for any derivations
vy, v9 of T'x. A subsheaf E C T is said to be saturated if Ty /E is torsion free. A foliation
F on X is determined by a saturated coherent subsheaf T C Tx which is involutive, i.e.
closed under the Lie bracket: [T, Tx] C T'r. We call T the tangent sheaf of 7. Dropping
the involutivity condition, we obtain the definition of a distribution. The dimension
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of F is the generic rank of T, which is constant on a nonempty open subset of X. The
difference dim X — dim T’r is the codimension of F. The double dual Nz := (Tx/Tx)* is
called the normal sheaf of 7. By a regular foliation we mean a foliation whose tangent
sheaf is a subbundle, that is, T and T'x /T are locally free. For regular foliations, we have
Nz ~ Tx/Tr. The dual sheaf QL := T is called the cotangent sheaf of F. The locus of
points where T'x /T is not locally free is called the singular locus of F, denoted here by
Sing(F). The complement in X of the singular locus of F is called the smooth or regular
locus of F. Finally, let f : Y — X be a birational morphism from another smooth variety
Y. Let V C Y and U C X be open subsets such that f : V — U is an isomorphism. We
then define f*F as the foliation on Y defined by the unique saturated submodule 7'« of
Ty which agrees with (f|v)*(T#|y) on V.

If the characteristic of k is p > 0, then w? is still a derivation for any derivation w € Tx.
A foliation F is said to be p-closed if v? € T'r for each v € T’r.

Given a codimension one distribution F on X, the inclusion N3 — Q% gives a 1-form

w € H(X, Q% ® Nx)

whose singular set coincides with Sing(F) (recall that the singular set of a form is its zero
locus). The section w is unique up to multiplication of elements of H’(X, O%). If in addition
F is a foliation, then w is integrable: w A dw = 0. A reduced hypersurface Y is invariant
by F if the wedge product w A % is a regular 2-form for any local equation f that defines Y.

In projective spaces, codimension one distributions and foliations admit an explicit de-
scription. We let P and A} denote the n dimensional projective space and affine space over
k, respectively. Let n,d € Z withn > 1, d > 0. A codimension one distribution F of degree
d on the projective space P} is given by a non-zero element w € H° (P}, QI%,,Q (d+2)), unique up
to multiplication by an element of k*, such that codim Sing(w) > 2. It follows from Euler’s
sequence that HO(PP, Qllpﬁ(d + 2)) can be identified with the vector space of homogeneous

polynomial 1-forms in A}*!
W= Z A;dx;,  A; € K[z, ..., x,] homogeneous of degree d + 1,
i=0

which are annihilated by the radial vector field R = )" x;0,,.
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French Network in Mathematics, CAPES-COFECUB 932/19 and 1017/24. We would also
like to thank Jorge Vitorio Pereira for inspiring discussions, and Mauricio Corréa for bringing
a useful reference to our attention.

2. FOLIATIONS ON SURFACES

2.1. Preliminary. Before presenting results concerning indices of singularities of foliations
on surfaces, we first establish the following result, which parallels [41, V, Lemma 2.4].
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Proposition 2.1. Let X be a smooth variety over the algebraically closed field k. Let F
be a distribution of codimension one on X admitting a reduced invariant hypersurface Y .
Let x € X be a point, U C X an affine and open neighborhood of x where Nx|y = Opw
and Ox(=Y)|y = Oy f. Then there exist an open and affine neighborhood V' of x, functions
g,h € Ox(V) and o € Q% (V) such that

gw = hdf + fo (2.1)
where f s relatively prime to g and h. Furthermore:

o IfY is smooth at x, we can take g = 1;
o [f F is smooth at x, we can take h = 1.

Proof. We can find an open neighborhood V' of x in U and functions sy,...,s, € Ox(V)
such that

Q§(|V = Ovdsl DD Ovdsn and Tx‘v = Ovasl DD Ovasn.

Also, shrinking again V' if needed and using that Oy, is a unique factorization domain, we
can assume that f = fi--- f,,, with fi,..., f,, € O(V) such that Ox.fi,...,Ox.fm are
pairwise distinct prime ideals. In particular, for each affine and open neighbourhood W C V'
of x, the ideals O(W) f,, remain prime.

Claim: We can choose the derivation J;, such that 0s,(f) and f are relatively prime in
Oy,. For each b = (by,...,b,) € k", let Op : O(V) — O(V) be the derivation Y b;0s,.
For each p € {1,...,m}, let B, C k™ be the subset of all b such that d,(f,) =0 mod f,;
clearly B, is a subspace. Since the field k is perfect and the scheme {f, = 0} is integral,
its smooth locus is dense, see Proposition 16 in Chapter 2 of [5]. By the Jacobi criterion,
[5, Ch. 2, Proposition 7|, we have B, # k". Let b € k"\B; U---U B,,. This means that
for each € {1,...,m}, we have Oy(f,) Z0 mod f, and hence 9y(f) #0 mod f, because
On(f) = (f/fu)0b(f,) mod f,. Completing {b} to a basis and renaming the functions
S1,...,8n, we obtain that O, (f) #0 mod f, for p € {1,...,m}. Said differently,

Os, (f) and f are relatively prime in Oy . (2.2)

This proves the claim above.
Let us write w = 37 | A;ds; so that

df Nw =" (0s,(f)A; — 0, (f)A:)ds; A ds;.

i<j
Since Y is invariant by F, there exist, for 1 <i < j < n, elements ¢;; € O(V) such that
fi = 0u(f)A; — By, (f)A; fori < j. (2.3)
Consequently, if ¢ € O(V) divides f, then
0s,(f)A; = 0,,(f)A; mod ¢ for any couple i, j. (2.4)
A straightforward computation shows that, for each i € {1,...,n}, we have
Ou(f) - w=A;-df + f (— > Gidsi+ Y asz-jdsj) : (2.5)
j<i j>i

N J/
-~

(o4
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By (2.2), f and 0, (f) are relatively prime. If v € O(V) is a prime element dividing f and
A; then, by (2.4), we have ¢ divides A; for j > 1, so ¢ is a common divisor of A;,..., A4,,
which is excluded. Hence f and A; are relatively prime. We have achieved decomposition
(2.1) with g = 05,(f) and h = A;.

If Y is smooth at z then, for a certain i, we know that Js,(f) € O(V)*, again shrinking
V' if needed. We then arrive at

w =05, (f) " As - df + [ - 05, ()"0,

Let ¢ be an irreducible common divisor of f and 9,(f)~"'A;. A fortiori ¢ divides A;. From
(2.4), we have 0;,(f)A; =0 mod 1; again an impossibility.

Assume now that F is regular at x. Shrinking V' if needed, we can assume that 4; € O(V)*
for a certain . We then arrive at

05 (HAT - w=df + f- A os.

Let ¢ be an irreducible common divisor of f and 9s,(f)A;'. Then ¢ divides both f and
O, (f), which is excluded if i = 1. If ¢ > 1, then 1) divides the sum

FouAT + 04, (f)AAT = 85, (f)
which is again excluded by (2.2). We achieve the decomposition (2.1) with g = 9,,(f)A4;"

(]

and h = 1. O

It is worth mentioning that in positive characteristic, it can happen that a singular point x
of an F-invariant hypersurface Y might be contained in the regular locus of F. This scenario
will be considered in Section 3.2. On the other hand, this phenomenon does not occur as
soon as Y is normal crossing at x:

Lemma 2.2. Notations and hypotheses as in Proposition 2.1. Assume there exists a choice
of local coordinates si,...,s, at x such that Y is locally defined by f = s1ss...8;, for some
1 <t <n. Then z belongs to Sing(F).

Proof. Write gw = hdf + fo as in the conclusion of Proposition 2.1 and let A; € Ox, such
that w = Y | Aids;. As g and s; are relatively prime for 1 < j < ¢, one can easily infer
each A; is divisible by s;, for j # ¢. In particular, F is singular at x. O

2.2. Intersection formulae. Let X be a smooth projective surface over an algebraically
closed field k of characteristic p > 0. Let F be a codimension one foliation on X and let
C C X be a reduced invariant curve. Given a point x € (', consider a local decomposition
gw = hdf + fo, given by Proposition 2.1. Following 9], we define the index

h
Z(F,C,x) := vanishing order of —|¢ at x.
g
Note that if C' is smooth, then Z(F,C,z) > 0. We set

Z(F,C) =Y Z(F,C,x).

zeC
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Proposition 2.3. Let X be a smooth projective surface over k. Let F be a foliation on X
and let C' C X be a reduced invariant curve of arithmetic genus p,. Then

Np-C=C"+2(F,C) and Kr-C=2p, =2+ Z(F,C).

Proof. The proof follows the same lines of |9, Chap. 2, Prop. 3|. We do the details for
sake of completeness. From Proposition 2.1, there is an open covering {U;} of X and a
decomposition
giw; = hidf; + fio;
in each U;. Where the collection {f;} defines C, and the {w;} are regular 1-forms on U;
defining F. The cocycle {f;;}, fi; = fifj_l, represents Oy (C') and {g;;}, with w; = g;;w;,
represents Nz.
It follows from the relations above that
w; 71ﬂ

fi T ’

and

h; .
w; = g—de in U,NU;NC.

Since df; = fi;df; in U; N U; N C, we conclude that

h; B h;
;|C = (9ifi;)le - o

? J

¢} defines a rational section of [Nr ® Ox(—C)]|c. On the one hand,
the total sum of zeros and poles of this section coincides with Z(F, ). On the other hand
it is given by N - C — C?, proving the first formula.

The second formula follows from the first and the adjunction formula (cf. {24, Chap. V,
Ex. 1.3])

which means that {Z—

2pa—2:C'(C+Kx>.
This concludes the proof of the proposition. O

Let C' C X be a reduced curve, which is not invariant by F. We define tang(F,C), the
tangency order between F and C at z € (' as follows. Let v € T be a local derivation, with
isolated zeros, defining F at x, then

OX T
tang(F,C) = dimy, ———.
(f,v(f))

We present below well-known intersection formulas for non-invariant curves. As in the
previous case, the proof in characteristic zero carries over to arbitrary characteristic. We
omit the details here and refer the reader to [9, Chap. 2 Prop. 2|.

Proposition 2.4. Let X be a smooth projective surface over k. Let F be a foliation on X
and let C' C X be a reduced curve of arithmetic genus p,, which is not invariant by F. Then

Nr-C=2-2p, +tang(F,C) and Kz-C=-C*+tang(F,C).
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2.3. Blowing-up. Let X be a smooth projective surface over an algebraically closed field
k of characteristic p > 0. Let F be a codimension one foliation on X and let C' C X be a
reduced invariant curve. Given a point x € X, let m be the blow-up at . Consider a local
generator w = Adu + Bdv. Following [9], one consider the following nonnegative integers:

e The vanishing order a(x) of w at x:
a(r) = Max{n € N: (A, B) C mk ,};
e The vanishing order /(z) of m*w along the exceptional divisor F = 7~ !(x).

Denote by F = m*F the strict transform of F by 7. The interplay between these objects,
as described in [9, Chapter 2|, remains unchanged in our setting. This is explicitly stated
for further use:

Ng=7"Nr —I(z)E. (2.6)
(1) If E is invariant, then
I(z) =a(z) and Z(F,E)=1+a(x). (2.7)
In particular, z is a regular point of F if and only if

Z(F,E)=1. (2.8)

(2) If E is not invariant, then
l(z) = a(z)+1, (2.9)
tang(F,E) = a(z)—1=1(z) -2, (2.10)
Nz-E = 2+tang(F,E). (2.11)

Now, let C' be a smooth rational F-invariant curve on X. Recall that
Nz -C = Z(F,C)+ C?

Assume also that = € C and let C' be its strict transform (hence F-invariant). We propose
to compute Z(F,C) assuming that Z(F,C) is known. To this end, we observe that

T(Np)-7°(C) = (Nz+1(@)E)(C + E)
= Z(F,C)+C?*—1+2+tang(F,E).
Finally, using Nz - C' = 7*(N#) - 7*(C) and Nx - C = Z(F,C) + C?, we get
Z(F,C) = Z(F,C) + 1 + tang(F, E). (2.12)

2.4. The Camacho-Sad formula. We now define the Camacho-Sad index. Let C' = U]_,C;
be the decomposition of C' in irreducible components into the formal power series ring of X
at . Let ¢; : (Ci,q;)) — (Cj, x) be a normalization map. The Camacho-Sad index at x is

defined as
CS(F,C,z) = — Zf{esql{gpZ ( )} ck

where ¢ and h are given by (2.1). If = is smooth point of C, we note that
CS(F,C,x) = —Res, {%|C} .
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We refer to [24, Chap. III Section 7] and [38, Chap. II| for an introduction on residues of
differential forms on curves. In view of Proposition 2.1, if x is a smooth point of F, we can
take h = 1, then

CS(F,C,z) = 0.

The Camacho-Sad formula relates the self-intersection C? of C' with the total sum of
indices at C'. For a smooth curve, this follows from the Residue Theorem, which is the basis
of the next result. We define:

CS(F.C) =) _CS(F,C,x).
zeC

Proposition 2.5. Let X be a smooth projective surface over k. Let F be a foliation on X
and let C' C X be a smooth invariant curve. Then

C*=CS(F,C) in k.
Proof. As before, using Proposition 2.1, we obtain an open cover {U;} of X and a decompo-
sition
giwi = hidf; + fioi

in each U;. The cocycle {fi;}, fi; = fifj_l, represents Ox(C) and {g;;}, with w; = gi;w;,
represents Nz.
From these relations, we get

dw; = (dlog (E) — 2) ANw; in UnNnC.
Gi h

hi )
o fou2) -2

(dloggij—i-ﬁj—ﬁi)Awi:O in UiﬂUjﬂC.

Therefore, we can write

If we set

we see that

ﬁz’ - Bj + dloggij + QW5 in Uz N Uj NncC.

for suitable rational functions ay;. Let {t;}, t; = (gij|c) - t;, be a rational resolution of Nz|c.
Since C' is invariant by F, w; vanishes identically as 1-form on C, then from the previous
identity we obtain a global rational 1-form n on C

ni= BZ — legtZ = Bj — legt]

The total sum of residues of {3;} coincides with Z(F,C) + CS(F,C), while the residues of
{dlogt;} add to Nx - C. From the Residue Theorem we obtain

Z(F,C)+ CS(F,C)— Nr-C =0.

(See [42, Corollary, p.155] or [38, Chap. II] for a proof of the Residue Theorem in this
context.) Then the result follows from Proposition 2.3. U
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We refer to [36, Section 3| for an extension of the above result to codimension one foliations
over C in higher dimensions.

Now, we compare the index at a possible singular point x of C' with the indices arising
during a resolution process. Let m: X — X be a resolution of the point z € C, and let

E=n""(x)

denote the exceptional divisor. Let C' be the strict transform of C' and let E = Ui, E; be
the decomposition of the exceptional divisor in irreducible components. Then we can write,
as a divisor, the total transform as

™(C) = C + D,

where D, = Zj‘:1 m;E;. Let C = U;_,C; be the decomposition of C' in irreducible compo-
nents into the formal power series ring of X at z. For each C}, let C, its normalization, and

let ¢; be the point of C; infinitely near z, i.e., 7(¢;) = x. The next result will be useful for
an inductive argument in the sequel.

Lemma 2.6. Let m; : X3 — X be the blow-up at x and let Fy = 7} (F) be the foliation
induced by F on Xy. Let yi, ...,y be the singular points of Fy along the exceptional divisor
EW . Then
l
CS(F,C,x) =Y  CS(F,CW,y;) + CO - (mEWY)

j=1
where CY is the strict transform of C' and m is the algebraic multiplicity of C at x.

Proof. For each j € {1,...,1}, let Z; denote the set of indices ¢ € {1,...,r} such that ¢; is
infinitely near to y;.

Let f be a local equation for C' and consider the decomposition gw = hdf + fo, given
by Proposition 2.1. Let f; be a local equation for CM), hence 7*(f) = s™f, where s is an
equation for EM. A direct computation shows that, near each point y;j, there is a local
function g; such that

giwr = w1y (h)s™dfy + fi - (msm_lﬁ(h)ds + Smﬂ(a))

where w; is a 1-form that defines the foliation F;. Hence, we see that
. ds L (O
CS(F, C(l),yj) - _ ZResqi {gpu (m? + 7 <E>)}

where ¢ ; : C; — CZ-(l) denotes a normalization map for a branch of C") passing through Yj.
Consequently, the Camacho-Sad index at each y; writes

CS(F, 0D, y,) = — Z {Resqi {QOL- <m%)} + Res,, {W? (%) }1

1€ZL;
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because ¢; = T 0@y ¢ C’z — (;. From this, we get

i CS(F,CW,y;) = —CY - (mED) + Z Res,, { ! (%) }

j=1 Jj=1
= —CW.(mEW)+CS(F,C, )

concluding the proof of the lemma.

Proposition 2.7. With above notation, we have

CS(F,C,z) Z(Jsﬁé +C-D,.

yGCﬁE

Proof. We proceed by induction on the minimal number of blow-ups necessary to resolve C'
at . Let m : X; — X be the first blow-up, let EY) = 7;'(z) and let C") be the strict
transform. We denote by F; the foliation 75 (F) induced by F on Xj.
As before, let 7 : X — X be a resolution of C' at 2z and C' be the strict total transform.
In particular, 7 can be written as m = m o ¢y, where vy : X — X, resolves the curve C'M)
It follows from Lemma 2.6 that

S(F,C,x) ch Fi,CY ) + W - (mEW) (2.13)
where y1, ...,y are singular points of F; along E(.
Now, by applying the induction hypothesis on C!); for each y; one obtains
CS(F1,CW,y;) => CS(F,C.q)+C- D, (2.14)
1€ZL;

where Z; denote the set of indices ¢ € {1,...,r} such that g; is infinitely near to y;.
We note that

l
T(C)=C+>_ Dy, +5(mEWY)
j=1

and then
!

D. =YD, + vi(mED),

j=1
From (2.13) and (2.14) we get
l
S(F,C,x) ZOS (F.C,q -(Y_D,,) +CV - (mEW). (2.15)
7j=1
By projection formula, we have C(1) . =C- Y(EM), and consequently

l
(>_D,)+CY - (mEYV)=C-D,.
=1
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This formula, together with (2.15) give the desired result. O

The next result extends the well known Camacho-Sad formula in characteristic zero, for
algebraically closed fields of arbitrary characteristic.

Theorem 2.8. (Camacho-Sad formula) Let X be a smooth projective surface over an alge-
braically closed field k of characteristic p > 0. Let F be a foliation on X and let C C X be
a reduced tnvariant curve. Then

C*=CS(F,C) in k.
Proof. Let  : X — X be an embedded resolution of the singularities [12, Theorem 3.15] of
C and let C denote its strict transform. Then, as a divisor, we can write
™(C)=C + D.
It follows from Proposition 2.7 that
CS(F,C)=CS(F,C)+C-D
and then Proposition 2.5 gives
CS(F,0)=C*+C-D. (2.16)
Since D is supported on the exceptional divisor, then
0=7*(C)-D=C-D+ D>
Hence, we have B B
C?=m*(0)?*=C*+C-D
and the conclusion of the proof follows from (2.16).

O

Example 2.9. Let char(k) = 3. Consider the affine cubic curve C' = Z(f) on A? given by
f =19?—23. Tt is invariant by the foliation F defined by w = dy. Since F is regular, then
CS(F,C,0)=0
where 0 = (0,0). )
_Let m: A} — A be the blow-up at 0, E = 7~'(0) and let 0 = C'N E. The strict transform
C has equation f = t? — z, in local coordinates 7(x,t) = (z,tx). The pullback foliation F is
given the w = tdr 4+ xdt and we have the local decomposition
(2t) -0 =x-df + f(—dz).

This gives the Camacho-Sad index C’S(./%, C, 0) = 2, because

n —dx dt

Al Y S
and t is a local parameter for C at 0. In particular, we see that

CS(F,C,0)=CS(F,C,0)+4 in k

which agrees with Proposition 2.7.
We note also that the corresponding projective cubic curve on P? has self-intersection
C? = 9, while C? = 8. We can extend F to a projective foliation that has a single singularity
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at (1:0:0). Since the cubic does not pass through the singular point of the foliation, then
CS(F,C) =0. For C, we get C'S(F,C) = 2. Both computations agree with Theorem 2.8.

|

2.5. Riccati foliations on Hirzebruch surfaces. In this section, we characterize regular
Riccati foliations on Hirzebruch surfaces

Fe == P(OPII( D Opll((e)), (& Z 0.

We say that F is a Riccati foliation with respect to a PL-fibration 7 : X — C over a smooth
curve C, if the generic fiber of 7 is transverse to F. This means that tang(F, F') = 0, where
F represents the generic fiber. Using Proposition 2.4, we see that F is a Riccati foliation if
and only if Kr - F = 0.

In characteristic zero, there exists only one regular Riccati foliation F with respect to the
projection F, — P}, which occurs when e = 0. In this case, Fy is the product Pi x Pj, and
F corresponds to the second Pl-fibration. See, for instance, |9, Theorem 3.7]. We will see
below that, in positive characteristic, new examples arise.

Proposition 2.10. Let F be a reqular Riccati foliation on a Hirzebruch surface F., with
respect to the PL-fibration 7 : F, — PL. Then:

(1) e =0, char(k) > 0, and F is the second Py-fibration over P.; or
(2) e >0, char(k) =p > 0, p divides e and F is a Riccali foliation given by

w=dz+"
where z intends as coordinate of the fiber and v € H°(PL, QL (e)).
k

Proof. Let F be a regular Riccati foliation on a Hirzebruch surface F, = PE, where E =
Op: © Opi(e). Let {U;} be a covering of E' where Ely, is trivial with transition functions

1 0
Gij—<0 gij)

where {g;;} represents the line bundle Op: (e). Let us denote by
wi = dz; — Biz} + iz + i

the family of 1-forms defining F on each local trivialization, where ;,0;,v; € Q}] and z;
denotes a local coordinate for the fiber over U;. We can write z; = g;;2;, then

dz; = gi;2; + gi;dz;

and using that the kernel of w; and w; coincide, we obtain w; = g;;w;. From this, we conclude
that the following conditions hold on U; N Uj:

Bi=95;'Bss i =gy and 0 = 0, + dgi;g;;"
Hence, we have

0 ={6;} is a regular connection on (’)Pll((e)

B ={B;} defines a global section of Qiﬂ (—e)
k

¥ ={v} defines a global section of €, (e).
k
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If e =0, then 8 =~ =6 =0 and F is the second Pi-fibration of Pi x Pi. If e > 0, then

£ =0, and p divides e, otherwise Opll( (e) has no regular connection. Since g;; is a p-power, we

1
PL’

k
defining F and concludes the proof of the proposition. ([l

conclude that 6 is a global section of €2, , so # = 0. This gives the desired 1-form w = dz 4+

2.6. Regular foliations on minimal rational surfaces. In this section, we study regular
foliations on projective minimal rational surfaces, over an algebraically closed field. Before
this, we need the following result, whose proof is directly adapted from [9, Chapter 2]

Proposition 2.11. Let F be a foliation on a smooth projective surface X. If F is reqular,
then

N]: : K]: = —CQ(T)() (217)

Proof. The regular foliation F is given by a nonzero section v € H(X, Tx ® Kx), without
zeros. In particular,

co(Tx ® Kr) = 0.
On the other hand, we have
co(Tx @ Kz) = co(Tx) + 1 (Tx)Kr + K>
and using the formula ¢;(Tx) = N — Kz, we get the desired result
co(Tx)+ Ng- Kr=0.
This finishes the proof of the Proposition. 0
The following observation has already been made in [8, p.575].

Corollary 2.12. Let X be a smooth projective surface over an algebraically closed field of
arbitrary characteristic. Suppose that X admits a reqular foliation F. Then co(Tx) is even.

Proof. For any line bundle L on X, the Riemann—Roch theorem gives
X(L) = x(Ox) + 5L (L — Kx),
from which the result follows by considering L = N5, N3 — Kx = —Kz and (2.17). O

Remark 2.13. Using the same argument of Proposition 2.11, a general formula including
singular foliations is in fact established. See also |9, Chapter 2]. It takes the form

Nf'Kf+CQ(Tx) :m(]:)

where the right-hand side is nonzero (and then > 0) if and only if the singular locus of the
foliation is nonempty. It follows that the equality (2.17) provides a necessary and sufficient
criterion for the regularity of F. J

We now obtain a characterization of regular foliations on Hirzebruch surfaces.

Lemma 2.14. Let F be a reqular foliation on a Hirzebruch surface F., e > 0, then either
(1) char(k) > 0, and F is the PL-fibration of F. over PL; or
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(2) char(k) =p > 0, p divides e and F is a Riccati foliation on F. given by
w=dz+v
where z intends as coordinate of the fiber and v € H°(PL, QL. (e)).
k
Proof. Let X = F.. We let F denote a fiber of the projection 7: X — PL and let M be a

section such that M? = —e, M - F' = 1. Then, any line bundle is numerically equivalent to
aF + bM for some a,b € Z. The canonical bundle of X can be written as

Kx =(—e—2)F —2M.
Let us write the canonical bundle of F as
K]: = le + d2M

We assume that F is not the Pl-fibration over P.. Since F? = 0, it follows from Proposi-
tion 2.4 that
dy = tang(F, F) > 0.

We claim that M is invariant by F. Indeed, if it is not invariant, then
di —edy = Ky - M = tang(F, M) + e.
Hence, we get
dy =71y +e(l+dy) >0 (2.18)
where 7y, := tang(F, M). By adjunction formula Ny = Kz — Ky, we have
Nr=(di+e+2)F+ (dy+2)M
and since ¢ (TF,) = 4 we get
—4 =Kz Nz = (dy+2)(dy — eds) + dids + do(e + 2). (2.19)
Now, using (2.18) we obtain
—4 = (dy+2)(Tar +€) +da(dy + e+ 2)

which gives a contradiction, because the right hand side is non-negative. This shows that
M is invariant by F.
When M is invariant, from Proposition 2.3, one obtains

d1—6d2:K]:'M:—2.
and from (2.19) we get
—4 = (dy+2)(—2) + da(dy + e+ 2).

Consequently, ds(e + dy) = 0, and this gives dy = 0 and d; = —2. Therefore, F is a regular
Riccati foliation on F.. The conclusion of the lemma follows from Proposition 2.10. U

The next result provides a characterization of regular foliations on minimal rational sur-
faces, namely the projective plane P2 or a Hirzebruch surface F., e > 0, e # 1. See [40]. In
particular, we will see that P2 does not admit any regular foliation. Regular foliations on
arbitrary projective spaces will be addressed in Section 3.

Theorem 2.15. Let F be a reqular foliation on a minimal rational smooth surface X. Then
X is a Hirzebruch surface F., e # 1, and either
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(1) char(k) > 0, and F is the Pi-fibration of F. over PL; or
(2) char(k) =p > 0, p divides e and F is a Riccati foliation on F. given by

w=dz+"
where z intends as coordinate of the fiber and v € H°(PL, QL. (e)).
k

Proof. We know that X is the projective plane or a Hirzebruch F. for some e € N, e # 1,
see [40]. Tt follows from Corollary 2.12 that P? does not admit regular foliation.

Now, if X is a Hirzebruch surface X = F. for some e > 0, e # 1, then the result follows
from Lemma 2.14. 0

Corollary 2.16. Any regular foliation on a minimal rational smooth surface over an alge-
braically closed field of positive characteristic p is p-closed.

Proof. Let F be a regular foliation on a rational minimal surface X. By Theorem 2.15, we
may assume X = F.. Since the P.-fibration is clearly p-closed, it is sufficient to consider the
case where p divides e and F is a Riccati foliation on F,., locally given by w = dz 4+ v with
7€ H'(BL QL (0)).

Since the vector space H(PP}, Q%"i (e)) has dimension e — 1, we can write

v =7(z)dr, (r)=ao+ax+ -+ ae x>
where x denotes a coordinate for PL and aq,...,a._» € k. Then F is locally given by the
vector field

v =0, —v(x)0,.

This implies that v® = —y®)(2)0,, where 7) means the differential of order p with respect
to . Therefore, v is identically vanishing, because the differential of order p of a monomial
a;x?, j > p,is j(j—1) - (j—p+1)a;z? P, and there exists at least one multiple of p between
these p consecutive numbers. This shows that F is p-closed, concluding the proof of the
corollary. 0

In [18], the authors construct notable examples of regular foliations on non-rational sur-
faces defined over a number field, whose reductions mod p are not p-closed for infinitely many
primes p, yet are p-closed for a set of primes of positive density. Those foliations have no
compact leaves, despite being p-closed mod p for infinitely many p.

In what follows, we will provide, for every prime p > 2, an example of a regular Riccati
foliation on C' x P}, where C' C P} is an elliptic curve cut out by

flw,z,y) = y*w — z(z — w)(z — M), A ¢ {0,1}, (2.20)

which is not, in general, p-closed.
To this goal, we recall the definition of supersingular elliptic curves, referring to [34, §15
and §22] for further details.

Definition 2.17. Let C' be an elliptic curve over k. Then C' s said to be supersingular if
its p-rank vanishes. An elliptic curve is ordinary if it is not supersingular.
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It is useful to know that an elliptic curve is supersinguar if and only if the natural map
on vector fields,

H(C, Te) — HY(C,Ty), v +— 0P,

vanishes. Another important and well-known feature concerning the p-rank follows [34, §22|.

Proposition 2.18. Let C' be an elliptic curve given by Equation (2.20). Then, C' is super-
singular if and only if X is a root of

% p=1\ 2
@(t):;( > ) t.
Proposition 2.19. Let k be an algebraically closed field of characteristic p > 3. Let C' C P2
be the smooth elliptic curve given by Equation (2.20). Let p € k™. Toke w, = ,u;i—?; €

H°(C, QL) and consider the regular foliation F, on C' x Py given by the 1-form
o=dz— zw,

where z represents a coordinate of PL. Then,

(1) FEither C is supersingular and then F, is never p-closed.

(2) Either C is ordinary and F, is p-closed if and only if y?~1 = £®(N\), + depending
on whether p =1 mod 4 or p =3 mod 4.

(3) In the case where F, is not p-closed, the sections {z = 0} and {z = oo} are the only
mvariant curves.

Proof. Write v; € H°(C,T¢), wi(v)) = 1 for the vector field dual to w;. The foliation Fus
p # 0 is thus defined by the regular and nowhere vanishing vector field Y, = 20, + u v
and is then p-closed iff

UZI) - /’Lp_lvlu

thus proving the first item. Moreover, if we assume that F, is not p-closed, one observes
that Y,” A'Y), does not vanish outside {z = 0} U {z = oo}, which establishes the third item.

It remains to justify the second point of the statement. For this, set P, = (0,0) € C,
Y e k(C) and remark that, Resp,gw; = 1 and also, [34, loc.cit] that Resp, gPw; =
x
p—1
2

g =
(—1) : ®(A). On the other hand, in some formal coordinate u at P, one can write

p—2
W = (Z a;ut + hot) du,
i=0

a; € k, ag # 0. After performing the change of variable ¢t = Zf:_g Squ', one gets wy =

(1 + atP~! + hot)dt, a € k so that Resp,g?w; = a. As v; = (1 — atP™! + hot)d;, an easy
calculation yields v} = (a+ hot)9; = awv;. The proof of the Proposition is now complete. [J

i+1

2.7. Regular foliations on weak del Pezzo surfaces.
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2.7.1. The Mori cone of weak del Pezzo surfaces. The following material is classical. See for
instance Dolgachev’s book [14, Chapter 8|. Let X be a weak del Pezzo surface, i.e. a
smooth projective surface such that

—Kx is nef and big.

One defines the degree of X as the positive integer K%. A weak del Pezzo surface is
isomorphic to Fy, Fy or to the blow-up of a bubble cycle on P? formed by r < 8 points, and
K% =9-r.

Let us consider the finite dimensional R-vector space Ni(X)g formed by 1-cycles on X,
modulo numerical equivalence. Let NE(X) be the Mori cone of X, i.e. the cone spanned by
classes of effective curves.

Recall that for weak del Pezzo surface of degree < 7, NE(X) is generated by the classes
of (smooth rational) curves of self-intersection —1 or —2:

NE(X)= Y RuoCl+ > RyC]
(—=1)-curves C (—2)-curves C
The sum is finite, the curves intersect each other at most transversely, there are at most
r curves of self-intersection —2, moreover:

e (—1)-curves generate the Kx-negative extremal rays,
e (—2)-curves lie in the hyperplane Kx.

The lattice
Ky C Pic(X)
is negative definite and carries a root system of type:

A, Dy, E,.
Moreover, the (—2)-curves correspond to effective roots.
The nef cone is given by
Nef(X) ={D € NY(X)g | D-C >0 for all (—1) and (—2)-curves}.
The following cases are of particular interest:

o If —Kx is ample, X is a del Pezzo surface, there are no (—2)-curves, and NE(X)
is generated by (—1)-curves only.

e A weak del Pezzo surface is said to be strict and we will abbreviate by SWDP if
—Kx is not ample. In this situation (—2)-curves appear and correspond to ADE
configurations.

2.7.2. Regular foliations on weak del Pezzo. We start by noting that a weak del Pezzo surface
carrying a regular foliation, has even degree.

Theorem 2.20. Let X be a smooth weak del Pezzo surface over an algebraically closed field
k of arbitrary characteristic. Let F be a reqular foliation on X. Then X has even degree.

Proof. 1t suffices to notice that the degree of X has the same parity as co(7x) and then
conclude by Corollary 2.12. d

The next result provides a characterization of regular foliations on del Pezzo surfaces.
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Theorem 2.21. Let X be a smooth projective del Pezzo surface, over an algebraically closed
field k of arbitrary characteristic. Let F be a reqular foliation on X. Then X is either PL x P
or IFy, in which case one recovers the description of F as given by Lemma 2.1/ and Theorem
2.15: F leaves one of the standard PL-fibrations invariant. More precisely, if X = PL x P}
then one of the two rulings is invariant, while for Fy the conclusion holds for the standard
fibration Ty — PL.

Proof. We first claim that for any smooth rational curve C' C X, we have Nz-C' > 0. Indeed,
it follows from Propositions 2.3 and 2.4, and Camacho-Sad formula (cf. Theorem 2.8), that
Nz-C > 2 when C is not invariant by F, and p = char(k) divides Nz-C = C?, otherwise. In
the last identity we used that Z(F, C;) = 0, which follows from the fact that C' is a smooth
curve and F is regular. By adjunction formula, we obtain C? > —2, therefore Nz - C' > 0.
We show first that the case where X is obtained by blowing-up P? at n points with
2 < n <8, ie X has degree < 7, cannot happen. In this case, each extremal ray C' is a
(—1)-curve, then not invariant under F. This gives Kz - C > 1. In particular, Ny and Kz
are both nef and then Nz- Kz > 0. On the other hand, it follows from Proposition 2.11 that

Nr-Kr= —CQ(T)() <0

giving a contradiction.
Then the conclusion of the theorem follows from Lemma 2.14 and from the fact that P2
does not admit any regular foliation. O

Corollary 2.22. Any regular foliation on a smooth del Pezzo surface over an algebraically
closed field of positive characteristic p is p-closed.

It follows from [16] that any regular foliation on a weak Fano complex variety X is given
by the fibers of a smooth morphism X — Y onto a projective manifold. It has been
conjectured that the same conclusion holds more generally for rationally connected smooth
complex varieties. The following question points in this direction, although it remains open
even for surfaces in positive characteristic.

Question 2.23. Let X be a smooth projective rationally connected variety over a field k of
positive characteristic p, and let F be a reqular foliation on X. Under what conditions is the
foliation p-closed?

Regarding the above question, we show that additional hypotheses are required to ensure
p-closedness, at least for p = 2. The example is a regular foliation on a weak del Pezzo
surface of degree 4 that is not 2-closed. This justifies our subsequent investigation into the
structure of regular foliations on weak del Pezzo surfaces.

Theorem 2.24. Let X a weak del Pezzo surface of degree 6 over an algebraically closed field
k. Let F be a regular foliation on X. Then X is a SWDP and char(k) = 2

Proof. The case of del Pezzo surface is ruled out by Theorem 2.21. We argue as in the proof
of Theorem 2.21, using now that if char(k) # 2, none of the (—1) or (—2)-curves whose classes
generate the Mori cone can be F-invariant. As before, this gives N - C > 2, K- C > 1,
which implies in turn the nefness of Nr and K, contradicting again

N]:'K]:: —CQ(TX) < 0.
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O

Remark 2.25. The description of regular foliations on Fy (the unique SW DP surface of
degree 8) is covered by Theorem 1.1. There is only one foliation given by the standard ruling,
except in characteristic 2 where we also have the exceptional family described in Item (2) of
the Theorem 1.1. Every foliation in this family is 2-closed.

The remaining del Pezzo surfaces of degree 8, namely PL x P! and F; are covered by
Theorem 2.21 and all the regular foliations are p-closed. J

Remark 2.26. It is easy to exhibit, in characteristic 2, regular foliations on weak del Pezzo
surface in every even degree < 6. Indeed, start with a smooth projective surface X over a
field of characteristic 2 carrying a 2-closed foliation F. Consider the blow-up at a point p
not contained in Sing(F). As F is 2-closed, it is defined at p by dx = 0 where z is a suitable
formal coordinate. The strict transform of the foliation carries exactly one singularity along
the exceptional divisor given formally by xdy + ydr = 0 and that can be resolved by an
additional blow-up, giving rise to an exceptional divisor E transverse to the strict transform
F of F by the composition 7 of these two blow-ups. Note that F is still a regular foliation
in the neighborhood of 7~!(p) in the resulting surface X. In particular, if one takes F,
equipped with its canonical P!-fibration, one obtains a regular foliation F, on a weak del
Pezzo degree 8 — 2r by performing 2r successive blow-ups in a suitable way.

Moreover, a simple calculation yields Nz = 7* Nz — 2E. Consequently, N3 = Nz — 4. As
shown in the proof of Lemma 2.14, Nz, = 2M + eF’ where M denotes the section of self
intersection —e, thus implying the vanishing of N ]2:0 and then proving that NJQE = —4r #0
for r > 0. Compare with Proposition 4.2. ' a

Theorem 2.27. Let X be a weak del Pezzo surface of degree 6 over an algebraically closed
field of characteristic 2, and let F be a reqular foliation on X. Then F is obtained from the
standard ruling on Fy by a succession of two blow-ups according to the process described in
Remark 2.26.

We prove Theorem 2.27 below, before this, we offer some consequences.

Corollary 2.28. Assume the characteristic is 2. Fvery reqular foliation F on a weak del
Pezzo surface of degree 6 or 8 is birationally equivalent to the foliation defined by the standard
ruling on Fy. In particular, F is 2-closed.

Proof. Any regular foliation on a weak del Pezzo surface of degree 8 is 2-closed, see Re-
mark 2.25. Then performing two blow-ups as in Remark 2.26 we obtain a regular foliation
on a weak del Pezzo surface of degree 6. Therefore, the conclusion follows from Theo-
rem 2.27. 0

Corollary 2.29. Assume the characteristic is p > 0. Any regular foliation on a weak del
Pezzo surface of degree 6 or 8 is p-closed.

Proof. The case of degree 8 is discussed in Remark 2.25, while the case of degree 6 is addressed
by Theorem 2.24 and Theorem 2.27. O

Before proving Theorem 2.27, let us introduce some notation. Let X be a weak del Pezzo
surface of degree < 7 over an algebraically closed field of characteristic p = 2. Assume that
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X carries a regular foliation F. Denote the finite collection of (—2)-curves by (C;);e; and
the finite collection of (—1)-curves by (L;);es. According to the terminology in [14], the L;’s
will be called lines. In the subsequent analysis, we shall repeatedly employ the following
tangency formulae:

e Nr-(C; > =2, Kr-C; > —2 whenever (} is invariant;
e Nr-C; >2, Kr-C; >2if C; is not invariant;
e Nyp-L;>2,Kr-L;>1forevery j (L; is never F-invariant).
Note also that, by virtue of Lemma 2.2, one has necessarily C; - C, = 0 whenever C; and C},

are distinct invariant (—2)-curves. Recall that there exists at least one invariant (—2)-curve,
otherwise we would have Nz and K nef, contradicting the inequality

Nr - Kr = —CQ(T)(> < 0.
The next result will be useful in the proof of Theorem 2.27.
Lemma 2.30. Assume the characteristic is 2. Let X be a weak del Pezzo surface of degree 9—

r,r >3 and F a reqular foliation on X (in particular r is an odd number, see Theorem 2.20).
Let Cy,...,C, be pairwise distinct (—2) invariant curves and assume n < 7"'2"—1 Then either

N}'—ZCZ or K}—_ZCZ

15 not nef.

Proof. By invariance of the C;’s and regularity of the foliation, one has
K]:'N]:: —CQ(X) =—-3-r

and
Nr-C; =Kz -C; =—=2 for every i.
On the other hand, it follows from Lemma 2.2 that C; - C; = 0 whenever ¢ # j. This
implies

(NF=> C)- (Krp=) Ci)=-3-r+2n<-2<0.
O

2.7.3. Proof of Theorem 2.27. Following the table given in [14], we review all possible cases
for X assuming a priori that X admits a regular foliation F. Recall that C;-C; = 0 whenever
C; and C; are distinct invariant (—2)-curves. Also, there exists at least one invariant (—2)-
curve.

The configuration of the (—1) and (—2) curves will be represented by their incidence graph,
see Figures 1 to 5.

First case: singularity of type A; with 3 lines. In this case, C' is the only (—2)-curve,
hence invariant. Set Ly = N — C. Then Ly -L; > 1, Ly - C = 0.

Set L = K —C. Then Ly - L; > 0, Ly - C' = 0. Hence Ly and Ly are nef, but this
contradicts Lemma, 2.30.
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FIGURE 1. A; with three lines

FIGURE 2. 2A; with two lines

FIGURE 3. A; with four lines

Second case: singularity of type 2A4;. If C; is invariant but not C; ({7, 7} = {1,2}), set
Ly = N — C;, Ly = Kr — C;. As before, this implies that Ly and Ly are nef, and we
obtain the same contradiction as before.

Thus we are led to consider the only possible situation where both C; and C are invariant.
First assume that tang(F, Ly) > 1. Then Ly = Nz — (C; + Cy) and Ly = Kz — (Cy + Cy)
are nef, again a contradiction with Lemma 2.30.

Hence F is completely transverse to Lo. It follows that F is the pull-back of a singular
foliation F defined on the surface X obtained by contracting L, via 7 : X — X. Let
D; := 7,(C;) for i = 1,2. By Formula (2.12), Z(F,D;) = 1. Let m; : X — X; be the
contraction of the (—1)-curve D;. From Formula (2.8), one can derive that F is the pull-
back of a regular foliation F; on X;. Indeed, when D; is contracted, JF; is the horizontal (or
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()

()——)

(1)

FIGURE 4. A, with two lines

FIGURE 5. A; + A, with one line

vertical) foliation on X; = P! x P!, whereas contracting D, yields the vertical foliation on
Xy = Fy, with the (—1)-section corresponding to L;.

A posteriori, we conclude that L; was also transverse to F. By contracting successively
L, and (', we obtain X3 = F, and for the same reasons, the induced foliation on X3 is one
of the foliations transverse to the vertical fibration on Fy. Conversely, any regular foliation
on [Fy transverse to the vertical fibration gives rise, via two suitable blow-ups, to a regular
foliation on a weak Fano surface having a configuration of type 2A;.

Third case: singularity of type A; with 4 lines. In this case there is a single (-2)-curve
C, which is invariant. Then Ly = Nz — C and Ly = K — C are nef: contradiction.

Fourth case: singularity of type A, with 2 lines. Either C; or (5 is invariant, but
not both simultaneously, because their intersection is nonempty. If C; is invariant, then
Ly = Nr — C;, Ly = Kz — C; are nef: contradiction.

Fifth case: singularity of type A; + A, with one line. At least one of the curves C;
is invariant, but C; and Cs are not simultaneously invariant. If C is invariant and Cj is
not, then Ly = Nr — C; and Ly = Kz — (' are nef. If both ', and (5 are invariant, then
Ly =Nr—C;—C3and Ly = Ky — Cy — C5 are nef. If (5 is the only invariant curve, then
Ly = Ny —Cj3and Ly = Kx — C5 are nef. If C5 and Cy are invariant and tang(F, L) > 1,
then Ly = Ny — Cy — C3 and Ly = Ky — Cy — (5 are nef. In all these cases, we reach a
contradiction.
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FIGURE 6. 4A; with four lines

The only remaining case is when Cy and Cj are invariant and tang(F, L;) = 0. As in
the second case, F is then the pull-back of a regular foliation F on the degree 6 del Pezzo
surface X obtained by contracting successively L; and then Cy or Cs (more precisely, their
image under the first contraction). Contracting C5 yields the vertical foliation on Fy, whereas
contracting C5 yields the vertical foliation on Fs.

Summary. Combining the second and fifth cases, we see that all regular foliations on del
Pezzo surfaces of degree 6 are obtained from the vertical foliation on [F; by two blow-ups, as
wanted. This concludes the proof of Theorem 2.27.

2.7.4. Regular foliations on weak del Pezzo surfaces of degree 4. We study the configura-
tion defined by the incidence graph of Figure 6. Let X be the corresponding surface (the
characteristic of the ground field is 2). We will describe all regular foliations on X.

Theorem 2.31. Assume the characteristic is 2. Let X be a weak del Pezzo surface of degree
4 having the incidence graph of Figure 6 and let F be a reqular foliation on X. Then F
leaves all the C; tnvariant.

Proof. We discuss according to the number n of possible invariant (—2)-curves.

First case: n = 1. We may assume that (' is invariant. Then the linebundles
LN:N]:—Cl and LT:K]:—Cl

are nef, contradicting Lemma 2.30.
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Second case: n = 2. By symmetry, we may assume either the pair (C},Cy) or the pair
(C4,C3) is invariant. Suppose Csy is invariant. If tang(F, L1) > 1, then the following lineb-
undles are nef
LN:N]:—Cl—CQ and LT:K}'—Cl—CQ
again contradiction with Lemma 2.30. Hence F is transverse to L, and contracting L; and
C leads to the degree 6 surface of type 2A4;, where the corresponding foliation is regular
(for the reasons given in the study of previous cases, using Formula (2.8) to conclude that
the transformed foliation is regular). This is the second case in the proof of Theorem 2.27,
then the foliation leaves two (—2)-curves invariant, namely those corresponding to C3 and
Cy, yielding a contradiction.
If C; and C5 are invariant, we directly obtain that

LN:N]:—Cl—Cg and LT:K]:—Cl—C:;
are nef, again we get a contradiction.

Third case: n = 3. By symmetry, assume Cy, Cy, Cy are invariant. If tang(F, L) > 1 and
tang(F, Ly) > 1, then

LN:N]:—Ol—CQ—Og and LT:K}'—Ol—CQ—Og

are nef, giving a contradiction. Hence, we may assume tang(F, L) = 0, which leads to the
same contradiction as in the case n = 2.

Based on the preceding analysis, we conclude that the only viable case is one where F
leaves all the C; invariant. [

In the next result, we construct a 5-parameter family of regular foliations on the rational
surface X that are not 2-closed.

Theorem 2.32. Assume the characteristic is 2. Let X be a weak del Pezzo surface of degree
4 having the incidence graph of Figure 6. Then X carries a b-parameter family of reqular
foliations such that each member of the family is not 2-closed.

Proof. We are looking for regular foliations on X which are not 2-closed. By Theorem 2.31,
we can assume that all the C;’s are invariant. Moreover, we claim that we may assume
tang(F, L;) = 1. First, suppose one of the L;, say L, is transverse to F. Contracting L,
and then C or Cy yields the degree 6 model of type 2A4;, whose corresponding foliation is
in particular 2-closed. Now suppose that for all 7, tang(F, L;) > 1. One checks that

LN:N]:—Cl—CQ—C3—C4 and LT:K]:—Cl—CQ—Cg—04
are nef and Ly - L+ = 0. Moreover, for all 7, we have
Ly - L; =tang(F,L;) >0 and Lp-L; =tang(F,L;) — 1.

Also, Ly = Lt — Kx has nonzero self-intersection. By Hodge index theorem, we conclude
that Ly = 0, hence tang(F, L;) = 1. This proves the claim above. B
By contracting simultaneously the four (—1)-curves L;, we obtain X = P! x P'. The
curves C; are mapped to four F-invariant lines £;, namely, in suitable projective coordinates
(z,y):
L =P x {0}, Lo—{oo} xP!, Ly=P'x{oc}, L;={0}xP,
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where F is the (singular) foliation induced by F on X. )
The cycle C = U;L; contains exactly four singular points of F, located at the intersections
of adjacent lines. In cyclic order: p; = L1 N Lo, ..., py = L4 N L4, and for all ¢,
Z(]:—7 Li,pi) = Z(-ﬁ Lit1,pi) =2
as a byproduct of (2.12). We then obtain
Z(F,Li)=4=Nz-L;.
This implies that Nz = 4(Ly + L3). Also, by (2.10), each singularity has vanishing order:
alp) =2 Vi=1,... 4. (2.21)
In the coordinates (%), the foliation F is defined by a polynomial 1-form
w=U(z,y)dx + V(x,y)dy,
where U and V' are coprime and the polar divisor is
(W) = 4(L2+ L3). (2.22)

Combining (2.21) and (2.22) with the invariance of each £;, one can verify (by a tedious but
easy calculation) that w has the form

w = (zyP(y) + My + pr’y?)dz + (zyQ(x) + ax® + Bry?)dy,

where P, @ are polynomials of degree <2 and «, 5, A, 1 € k™.
Moreover, the strict transform of F obtained by the four blow-ups at p;, + = 1,...,4, is
regular if and only if

P(y) = a+ay+pBy*, Qx) = A+ b + pa®,

with @ # b € k. Indeed, by Remark 2.13, it suffices to observe that this strict transform
has no singularities on the octagonal cycle defined by the (—1) and (—2) curves on X to
conclude that it has no singularities at all. Note that the parameters 5 and p reappear in
P(y) and Q(x), respectively, precisely to eliminate any potential singularities outside the set
{p1,- -, pa}.

The parameters involved are «, 3, a, b, A, i1, and since the foliation is defined by the 1-form
w up to a scalar multiple, this yields a five parameters family of foliations.

We now verify that the corresponding family of regular foliations on X satisfies the con-
clusion of the theorem. By a change of coordinates (x,y) — (sz,ty) with

us’t’ = Bs*t® =1, (2.23)

one can normalize § = p = 1. To see that there exist s,t satisfying (2.23), consider the
curves ps*t? —u® = 0 and Bs*t® — u® = 0, in homogeneous coordinates (s : ¢ : u). These
curves intersect each other along the line u = 0 at exactly two points, each with intersection
multiplicity 10. Since the product of their degree is 25, Bézout’s theorem implies the existence
of further intersection points in the affine chart v = 1, then satisfying (2.23). With this
normalization, we have

w = (zyP(y) + \y* + 2%y?)dx + (zyQ(x) + az® + 2%y*)dy,
with
Ply)=a+ay+vy®, Q@)=A+br+2* a#beck.
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By considering the rational vector field defining F
v = (2yQ(2) + az’® + 2°y*)d, — (zyP(y) + Ay + 2%y*)0),
one can readily check that v A v % 0. This concludes the proof. U
The following result is implicit in the proof of Theorem 2.32.

Theorem 2.33. Assume the characteristic is 2. Let X be a weak del Pezzo surface of degree
4 having the incidence graph of Figure 6 and let F be a regular foliation on X. Then:

o cither F is 2-closed and can be obtained from a regular foliation on a weak del Pezzo
surface of degree 6 after two blow-ups; or

o F is not 2-closed and lies in the 5-parameters family of foliations of Theorem 2.32.
Furthermore, F can be obtained from a (singular) foliation on P* x P after 4 blow-
ups.

We finish this section with an example that lies in the above 5-parameter family.

Example 2.34. The following provides an explicit example of a regular foliation on the
degree 4 weak del Pezzo X as above, that is not 2-closed. We begin with a foliation on
P! x P! given in affine coordinates (z,y) by the 1-form

w= (zy(l+y*) +y* + 2%y )dz + (zy(1 + 2 + 2°) + 2* + 2%y*) dy

L y) and (z,y) — (7, 1).

Next, blow-up the four points (0, 0), (0, 00), (00, 0), (00, 00). The resulting surface X is a weak
del Pezzo surface of degree 4. The induced foliation on X, is a regular foliation that leaves
the (—2)-curves C; of the configuration of Figure 6 invariant and has tangency of order 1
along each (—1)-curve L;. N

(note that this foliation is invariant under the involutions (x,y) — (

3. FOLIATIONS ON PROJECTIVE SPACES

We assume n > 1. Let F be a codimension ¢, 0 < ¢ < n, foliation on P}. The ¢-
th wedge product given by the inclusion Nz — Qﬁpﬁ gives rise to a nonzero global section

w € HO(Py, Q]ffpﬁ ®@det(Nx)). The degree of F is defined as the integer d such that det(Nx) =

Opg(q + d+ 1). In this section, we examine some conditions under which a foliation on P}
is p-closed.

3.1. Regular foliations on projective spaces. The characterization of regular foliations
on projective spaces is a consequence of [13, Theorem 1.5|:

Theorem 3.1. Let F be a foliation on P} of codimension q, 0 < g <n, and degree d. If F
is reqular, then ¢ = 1, char(k) =2, d =0 and n is odd. Furthermore, F is given by a global
exact 1-form Q = dF, where F' is a homogeneous polynomial of degree 2. In particular, F is
2-closed.

Proof. Following the terminology of [13], the subbundle T C Tpy defines a nesting map
f: P — G(g,n), x — T, F, where G(gq,n) denotes the Grassmannian of ¢ dimensional linear
subspaces of P'. According to [13, Theorem 1.5]: ¢ = 1 and n is odd. Furthermore, there is
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a non-degenerate alternating bilinear form on k"™ such that f is given by f(¢) = ¢*. Where
q* is the orthogonal complement with respect to the bilinear form.

We may assume, up to change of coordinates, that the non-degenerate alternating bilinear

_01 é along the main diagonal and zero
elsewhere. This means that F is defined, in homogeneous coordinates by the standard
contact form

form is given by a matrix consisting of blocks

Q = xodry — x1d2g + To2dXs — T3dTy + - + TYp_1dT,, — THpd Ty 1. (3.1)
The integrability implies that p = 2 and we get
Q=d(zory + - + Tp_12p).
OJ

Remark 3.2. During the proof of Theorem 3.1, we established that for 0 < ¢ < n, a
codimension ¢ distribution on P} is regular only if ¢ = 1 and n is odd. Moreover, up
to change of coordinates it can be defined by the contact form (3.1). This aligns with
Proposition 2.1 in page 85 of [25]. 4

The next result is an immediate consequence of Theorem 3.1; however we present an
alternative proof.

Proposition 3.3. Let F be a codimension one foliation on P} of degree d. If F is regular,
then char(k) = 2, d = 0 and n is odd. Furthermore, F is given by Q@ = dF, where F is a
homogeneous polynomial of degree 2. In particular, F is 2-closed.

Proof. The normal bundle of F can be written as Nz = Opp(d + 2). Considering the exact
sequence of vector bundles

0—=Tr—Tpp - Nr—0

and taking the total Chern class we get the identity
c(Tpn) = c(TF) - c(Nr) € CH*(P})
in the Chow ring of P}}. Then
(1+h)" —h" = P(h) - (14 (d + 2)h)

where h = ¢,(O(1)) and P(h) is a polynomial of degree n — 1 representing ¢(7). Therefore,
—(d+2)7'is aroot of (1 + h)"™ — A" and consequently
(d+1)"" = { 1—1 iff?ziiffz(jfin

Hence, since d > 0, one obtains that d = 0 and n is odd.

Since F is regular and w A dw = 0, the de Rham-Saito’s division lemma ensures the
existence of a polynomial 1-form 7 such that dw = n A w. Comparing the degrees of w and
dw we get dw = 0. Then, Euler’s relation gives

0=igdw=(d+2)w
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which implies that p is positive and divides d + 2. Hence, p = 2 and F is given by a
closed projective 1-form w having homogeneous polynomials of degree one as coefficients. In
particular, there is a Cartier decomposition |7, Theorem 1.3.4]

w=dF + Z w; T;dx;
i=0
and the contraction with the radial vector field R =", xia%i implies that u; = 0 for every

1. This concludes the proof of the proposition.
O

3.2. Invariant curves and singular points. Let C be a reduced affine plane curve which
is invariant by a foliation F on AZ. Let us assume that there exists ¢ € Sing(C') such that
q ¢ Sing(F). This can only occur if the characteristic of the ground field k is positive.
Actually, in characteristic zero, it is always possible to rectify (formally) a non vanishing
vector field at ¢ and this prevents for this pathological phenomena, using that the kernel of
the derivation 0, in k[z,y] is precisely k[y].

In positive characteristic p, a typical example that illustrates this phenomenon is provided
by f = y* — 2P, which is invariant by the foliation F defined by dy. At first glance, it is
reasonable to think that this kind of phenomenon can only occur if deg(C') = 0 mod p, or
at least deg(C') > p. This turns out to be false:

Proposition 3.4. Assume char(k) =p > 5. Let s = [£] and r = p— 5. Consider the affine
plane curve C' = Z(f) C AZ, of degree 2s < p, defined by

flz,y) = y* +2(a" + ")y + 2™
Then the polynomial 1-form

w=2Udly+z°*+2") — (y+2°+2")dU (3.2)
where U = 2 + 2*"P, leaves C invariant and w(0) # 0.
Proof. The curve given by g(x,y) = y? — 2P is invariant by the foliation defined by dy. Now,
since f can be written as
flay) = (y+a" + %) = 22" — ¥
we see that
fla,y) =U-g(o(z,y))

where U = 2+ 227 and o(z,y) = (z,U"2 - (y + 2° + ")) is a local transformation. Note
that the condition on s ensures that 2r > p. The curve C' is invariant by the polynomial
1-form

w = U?"(dy)
which is nonsingular at the origin. A straightforward computation reveals that w coincides,
up to a constant, with the one defined by (3.2). O

Remark 3.5. It is easy to see that this phenomenon does not occur in characteristic p = 2, 3.
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Building on the same idea, one can refine the argument of Proposition 3.4. Set p > 5.
By descending induction on the degree, it is easy to construct polynomials P,Q € k[x],
P(0) =0, deg(P) = |5] — 1, deg(Q) < [5] such that

(P(x) + z!3) + :ng])2 = Q(x) + 2P + 2P,

1,2

For instance, for p = 5, one can take P(z) = —3, so that Q(z) = T x3. Now, set
fla,y) = y* +2(P(2) + 213 + 25y + Qo).

It is a degree [5] 4 1 polynomial which can be also rewritten as

P P72
fla,y) = (y+ Pla) +al3) 42317 — 2P (2 + ). (3.3)
In particular, it is contact equivalent at the origin to y? — 2”. We do the details below.

Proposition 3.6. Assume char(k) = p > 5. Then there exists a polynomial 1-form w in
A%, with w(0) # 0, that leaves invariant a reduced affine curve C' = Z(f) C A2, of degree

(2] + 1, and that is singular at the origin. Furthermore, C is defined by a polynomial as
(3.3).

Proof. Let s = [2] and r = [£]. As explained above, it remains to construct polynomials
P,Q € k[z], P(0) =0, deg(P) = s — 1, deg(Q) < r such that

(P(z) +2° + 2")° = Q(x) + 2aP + 2P+,

Note that s =r — 1, r + s = p and 2s = p — 1. The identity above is equivalent to

P(z)? +2P(x)x® + 2P(z)z*™ + 2% = Q(x). (3.4)

Let us write
P(z) = as_125 " + a9 ? + -+ arz + ag

with coefficients a; € k, i = 0,...,s — 1. The coefficients must be chosen in such way that
deg(Q) < r. If p =5, then P(x) = —3x + ao works for any ap € k. If p > 7 (then s > 3)
grouping the coefficients of terms of the same degree on the left-hand side of (3.4), we see

that must have

/

__1
as—1 = —35

1
As—2 = 5
204 9+ 2a4_3 + ag_l =0

¢ 2a,_ 4 + 2a5_1-1) + Z a;a; =0

i+j=2s—t

2@1 + 2(10 + Z a;a; = 0

\ i+j=s+1

Hence, for p > 7, the system above has a unique solution aq,...,as_1; and therefore there
exists a unique polynomial P(x) satisfying the constraints.
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Similar to the proof of Proposition 3.4, by taking U =2 + z and
or,9) = (@U™5 - (y+ Pla) +o" +a*))

we see that f = U - g(p(z,y)) and w = U2¢*(dy) leaves f = 0 invariant. This concludes the
proof of the proposition. O

We end up these section by proving that the singular locus of an invariant reduced curve
C' is necessarily contained in the singular locus of F provided that de = degC' is “small"
with respect to p. That is, d¢ is asymptotically “controlled” by ,/p, see Theorem 3.10 below.
It is very likely that this bound is not sharp. However, observe that it cannot exceed [5]+1
according to Proposition 3.6.

We need to introduce some notation. Let k[z,y] be the ring of formal series in two
indeterminates. For f, g € k[z,y], we denote by

i(f,9) = dime k2, y]/(f,9) € NU {oo}

the intersection multiplicity between f and g. The Kappa invariant of f € k[z,y] is
defined as

K(f) =i(f, afs + Bfy)

for general (o : 8) € PL. Here and hereafter, f, and f, stand for the partial derivative with
respect to  and y. It can be readily seen that, if f is irreducible, then

k(f) = min(i(f, fa),i(f, fy))
The following properties are well known:

Proposition 3.7. The intersection multiplicity and the kappa invariant are invariant under
contact equivalence, that is, for any formal change of variables p(x,y) and every units u,v €

k[z,y], then

(1) i(f,g) = i(uf o p,vg0p),
(2) Kk(f) = K(uf o).

Corollary 3.8. Let C C P2 be a reduced algebraic curve of degree d. Let q be a singular
point of C' and let f be a local equation for C at q. Then

k€)= K(f) < d(d— 1),
We will need the following result.

Proposition 3.9. Let f € k[z,y] — {0}, f(0) =0 and let f = f1fo.... [, be its decomposition
into irreducible factors. Then

T

K(f) = Z (K (fr) + Zi(fk, )

k=1 j#k
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Assuming that f € k[x,y] is irreducible, it always admits a parametrization generalising
the Puiseux expansion in characteristic 0, called Hamburger-Noether expansion (see [10]),
which is a pair (x(t),y(t)), with z(¢), y(¢) in tk[t], satisfying

f@(t),y(t) =0
and possessing the following properties:
(1) For every pair (u(t),v(t)), with u(t),v(t) € tk[t] and f(u(t),v(t)) = 0, there exists a
unique ¢(t) € tk[t] such that
u(t) = z(p(t)) and  o(t) = y(e(t)).

(2) For every g € k[z,y], we have
g(z(t),y(t)) =0 =g € (f) (3:5)

and
i(f,g) = ord(g(z(t),y(t)). (3.6)
Now, we can prove the main result of this section.

Theorem 3.10. Let C' C A2 be a reduced curve which is invariant by a foliation F on A2
and assume that

deg(C')(deg(C) —1) <p.
Then Sing(C) C Sing(F).
Proof. We proceed by contradiction by assuming that there exists ¢ € Sing(C) and ¢ ¢
Sing(F). According to [32], in suitable formal coordinates centered at ¢ the foliation is
defined by a vector field having the form
v =0, +a"g(a",y)9,, g € klx,y],

or equivalently by the form

w=2""g(zP, y)dx — dy.
This implies that h := g(z?, y) is an equation of the p-divisor of F in the formal neighborhood
of p (we do not exclude that g is identically zero, corresponding to F being p-closed).
Let f(z,y) = 0 be a local equation of C' and f = f;--- f, its (local) decomposition into
irreducible factors. Let o;(t) = (x;(t), yi(t)) be a parametrization of f;. From the vanishing
of pfw and from ord,(C) < deg(C) < p, we can infer that

w(t) = t"U(t) and  yi(t) = cu(t”),

where 1 < n; < p and o; € tk[[t] and U is a unit in k[[¢]. Indeed, since f; is invariant and h
is an equation for the p-divisor, then f; divides h and we get

yi(t) = 2l h((t)))(t) = 0.

1
By performing the change of variables ¢t — tU " (t) (which makes sense as n; < p), one can
actually suppose that
x(t) =t™ and y(t) = oq(t). (3.7)
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This allows us to describe f; (up to multiplication by a formal unit ;) by using fractional
power series like in the classical Puiseux parametrization: f; = w;g; with

ny

ar = H(y - Oéz(fﬁl,ﬁ"%))

=1

where the &, ;’s are the (pairwise distinct) n;th roots of unity in k. Actually, one can
justify this equality by observing that g; is well defined as a power series (after expansion),
gi(pi(t)) = 0 and ord(g;) = ord(f;) = ny, and the conclusion follows by (3.5). Note that the
power series expansion of g; takes the form

ny
gz, y) =y" + Z as (a)y" ", ari(x) € wk[a] (3.8)

i=1
Now, since ¢ is a singular point of C', two possible (not mutually exclusive) cases arise:

(1) C admits two local smooth branches; or
(2) C admits a singular branch.

Up to renumbering, one can suppose that in the first occurrence (resp. the second one) this
corresponds to ¢g; and gy (resp. to g1). In the first case, ny = ny = 1 and

i(f1, f2) = i(g1,92) =0 mod p
(and of course positive) thanks to (3.6), (3.7) and (3.8). In the second case, n; > 1, one can

conclude similarly that
K(f1) = K(g1) = i(g1, (91),) =0 mod p.
But, the combination of Corollary 3.8, Proposition 3.9 and our hypotheses give

i(f1, f2) < K(f) < deg(C)(deg(C) —1) <p
in the first case and
£(f1) < K(f) < deg(C)(deg(C) — 1) <p
in the second one, yielding to a contradiction.

O

Remark 3.11. It would be interesting to determine the sharp bound ensuring that any
singular point of a reduced invariant curve is necessarily a singular point of the foliation.
Let Cy C A? be a reduced singular curve of degree d invariant under a foliation F. Below,
we write (F,Cy) to denote such a pair. In view of Lemma 2.2, we may assume d > 3. Let
us fix a prime number p > 5 and set

[(p) :=max{m € N : if d <m, then Sing(C,) C Sing(F) for any pair (F,Cy)}. (3.9)
Proposition 3.6 and Theorem 3.10 yield

V3 <I(p) < @ g
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Remark 3.12. The bound deg(C)(deg(C) — 1) < p already appears in the paper [35]. One
also refers to the results presented in the introductory section, where it is shown to provide
a sufficient condition for the nonexistence of the so-called wild vanishing cycles. J

3.3. Codimension one foliations and invariant hypersurfaces I. In this section, we
address the case where a codimension one foliation F on P} admits a smooth invariant
hypersurface that does not intersect the singular set of F. This is a typical phenomenon
that occurs exclusively in positive characteristic.

When the degree of a homogeneous polynomial F' is a multiple of the characteristic p,
Euler’s identity implies that igdF' = 0, where R is the radial vector field. Consequently, the
differential dF’ induces a foliation on PP}'. The following example illustrates this phenomenon.

Example 3.13. For each prime number p > 2 consider the polynomial in F,[z, ..., z,]
given by
F=xox? ' +aab ™+ 4z, 2Pt 4 2f
and let Y = Z(F) C P be the corresponding hypersurface. The 1-form Q = dF' defines a
p
codimension one foliation in P% having a single singular point ¢ = (1:0:---:0). We note
P
that Q) leaves the smooth hypersurface Y invariant, and the singular point ¢ of F does not
lie in Y. In Corollary 3.16 below, we will see that this example represents, to some extent,
the general case. N

In the next result, Proposition 2.1 is applied to obtain a global decomposition of the
homogeneous 1-form that defines the foliation on affine coordinates of P}.

Proposition 3.14. Let F be a codimension one foliation on P} given by a projective 1-form
Q=>" Aidx;. LetY = Z(F) C P} be a smooth hypersurface invariant by F. Then there
exist a homogeneous polynomial H € k[xo, ..., x,] and a homogeneous 1-form 1 in A} such
that
Q= HdF + Fn.
Proof. The argument is similar to |11, Proposition 1|. Consider the open set
U= AP0, 0},

We will use the following facts (see [30, Theorem 1.14)):

(1) HY(U, Oy) = 0; and

(2) the restriction map O(A}™!) — O(U) is surjective.

Denote by f the local equation of Y in U and w the 1-form defining F in U via restriction,
that is, w = Q|y. Since, Y is smooth, by Proposition 2.1, we know that there exists an open
covering {U;} of U, elements h; € Ox(U;) and o; € Q% (U;) such that

CL)|UZ. = hldf + fO'i.
If U;; = U; N U; is nonempty, we have h;df + fo; = h;df + fo;, which gives (h; — h;)df =
f(oj—0;), and then h; —h; = fg;; for certain g;; € O(U;;). Note that g;x = g;;+ g, for every
i,7,k and since H' (U, Oy) = 0 we have g;; = g; — g; for some g; € O(U;) and g; € O(U;).
Therefore
hi+ fgi=h;+ fg; in Uy
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and then we can take H € Opn+1(U) by
H

v, = hi + fg;.
Since the restriction map O(A™"!) — O(U) is surjective, one can assume that
H € K[xg, ...,z
In order to define the 1-form 7 of the statement, we note that
o — gidf =0 —g;df in U;.

Using the same extension principle above, there exists 1 € Q}MH (AQH) such that
k

nlv, = oi — gidf.
Hence, we have the identity
Q)= HdF + Fn.

Finally, using that F' and €2 are homogeneous, we can assume that H and 7 are homogeneous.
This finishes the proof.
O

As a first and easy application of Proposition 3.14, we provide a bound for the degree of
a smooth invariant hypersurface in terms of the degree of the foliation. We refer to [19] for
a more complete treatment of the problem of bonding the degree of invariant subvarieties.

Corollary 3.15. Let F be a codimension one foliation on P}, n > 2, and Y = Z(F') be a
smooth hypersurface invariant by F. Then

deg(Y) < deg(F) + 2.

Proof. Tt follows from Proposition 3.14 that there is a global decomposition: Q = HdF +
Fn, where €0 is a 1-form defining F in homogeneous coordinates and H is a homogeneous
polynomial. In particular, we have

deg(F)+ 1 =deg(H) + deg(Y) — 1

and the result follows.

O

Now, we deal with a smooth invariant hypersurface that does not intersect the singular

locus of F.

Corollary 3.16. Let F be a codimension one foliation on P}, n > 2, and let Y = Z(F)
be a smooth hypersurface invariant by F. If Y does not intersect Sing(F), then k has
characteristic p > 0, deg F' is a multiple of p and F is given by the kernel of the global exact
1-form Q = dF. In particular, F is p-closed.

Proof. Let us consider the decomposition given by Proposition 3.14:

Q= HdF + Fo.
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We will show that ¢ = 0. Aiming to a contradiction, let us assume that ¢ # 0. In this
case, H has degree > 1, because F'o has coefficients of degree at least deg F' and dF has
degree deg I’ — 1. Hence, the algebraic set Z(H, F') is nonempty:

dimZ(H,F)>n—-22>0.

See [24, Chap. I Theorem 7.2]. Since Z(H,F) lies in the singular set of F, we get a
contradiction, because this implies that Sing(F) NY is nonempty.

Therefore, o = 0, H € k* (since codim Sing(F) > 2), and F is defined by dF'. In addition,
the characteristic of k is p > 0, with p|deg F' and deg F' = deg(F) + 2. O

3.4. Codimension one foliations and invariant hypersurfaces 1I. In this section, we
extend Corollary 3.16 to distributions on P}, while also relaxing the condition that the
hypersurface does not intersect the singular locus of the distribution.

We need the following result.

Lemma 3.17. Let F be a foliation on P2 and let C = Z(F) be an invariant curve, possibly
singular, that does not intersect Sing(F). Then the characteristic p of k is positive and
degC' =0 mod p.

Proof. This is an immediate consequence of Theorem 2.8.

Now we can prove the main result of this section.

Theorem 3.18. Let D be a codimension one distribution on Py, n > 2. Let Y = Z(F) be
a reduced hypersurface invariant by D. If Y N Sing(D) has codimension at least 3, then k
has characteristic p > 0, deg F' is a multiple of p and D 1is given by the kernel of dF'. In
particular, D is integrable and p-closed.

Proof. Let us first assume that n = 2. In this situation, D = F is automatically integrable
and Y = C' is a (maybe singular) curve which does not contain any singular point of F.

By Lemma 3.17 we may assume d¢ := degC' = 0 mod p, and thus p > 0. By assumption,
we have that

QAdF = Fn (3.10)

where  is a section of Qg,(l) defining F. We see F and dF as sections of Opz(d¢) and
QL. (dc), respectively. Then 7 € H°(P?, Q2,(1)).

For every g € P2, there exists a neighborhood of ¢ and a one form &, such that n = QAE,.
Indeed, when ¢ € C, this is a consequence of 2(¢) # 0 and otherwise, one can take ¢, = %.
In particular, one can find an open cover U = {U;} of P? together with a collection of one
forms & € H(U;, Q) such that

n=QNE. (3.11)
It follows that the & —&; define a cocycle in Z' (U, N3) where N5 ~ Opz(—I) is the conormal
sheaf of the foliation. By the triviality of degree one cohomology and up to refining U, this
implies that there exists a collection of one forms «a; € HO(UZ-, N7 ) such that the & — o, glue
together to a global one form, which is then necessarily trivial. Consequently, n = 0, as
wanted.
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Now, we take n > 2 arbitrary. Let Q2 € HO(PL‘,Q%};(Z)) defining D. We consider the
restriction D|Pﬁ of D to a general plane section P? C P that avoids the singular set of D,

and let C =Y NP
We will show that degC' = 0 mod p, and therefore degY = 0 mod p. We cannot guar-
antee that C' does not intersect the singular locus of D|Pﬁ . Indeed, there may have tangencies

between P? and D lying in C. However, one can show that the Camacho-Sad indices are
vanishing along C'. For this, given ¢ € C, there exists a neighborhood of ¢ in P} where the
decomposition ¢€2 = df + fo holds, because g ¢ Sing(D). Here, f is a local equation for Y,
see Proposition 2.1. Therefore, there is a similar decomposition for the restriction Q = Q|Pi:

g =df + fs. (3.12)
where the symbol ~ means restriction to PZ. This implies that
CS(Dlsz, C, ) = 0.

It follows from Theorem 2.8 that degC' =0 mod p.
Since Y is invariant by D, we can write

QANdF = Fn.
Let us show that the restriction 7 of 1 to P? is identically vanishing, and so is 7. First note
that even C' may intersect the singular locus of Dlpz, there is still a covering {U;} of PZ and
a family of 1-forms &; satisfying

=QANE. (3.13)
Indeed, from (3.12), near a point ¢ of C', we obtain

QAdf = fo nQ
e df . . .

and therefore 7 =& A Q. If ¢ ¢ C we can take £ = 7 Finally, using the family of 1-forms

& that satisfy (3.13) and following the same procedure as in the case n = 2, we conclude
that 7 = 0. So n =0 and then 2 A dF' = 0. This finishes the proof of the theorem.
O

We observe that Theorem 3.18 is consistent with [19, Corollary 4.5]. Indeed, under the
hypothesis of Theorem 3.18, we could apply [19, Corollary 4.5] to conclude that p divides

deg(Y).
The next result is an immediate consequence of Theorem 3.18.

Corollary 3.19. Let D be a codimension one non integrable distribution on P} such that
Sing(D) has codimension at least 3, then D has no invariant hypersurface.

Remark 3.20. Theorem 3.18 and Corollary 3.19 are basically illustrated by the standard
contact distribution D, given on P} in homogeneous coordinates by the form

Q= l’odﬂ?l — ZL‘ldl'O + ZEQdIL‘g — Igdl’g.

The singular locus of D is empty. Furthermore, D is never integrable and does not admit
any invariant hypersurface, except when p = 2, in which case 2 = d(z125 + x324). J
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In strong contrast with the non integrable case, the degree of the normal bundle Nz
of a codimension one foliation on P}, whose singular locus has codimension at least 3, is
necessarily a multiple of p = char(k), in particular p > 0. This is the content of the next
result.

Corollary 3.21. Let F be a codimension one foliation on P} of degree d and assume that
Sing(F) has codimension at least 3. Then p = char(k) is positive, d+2 is a multiple of p and
F is given by the kernel of a closed projective 1-form Q on AP*'. Moreover, the following
conditions are equivalent:

(1) F admits a reduced invariant hypersurface;
(2) Q is exact, i.e there exists a homogeneous polynomial G of degree d + 2 such that
Q =dG.

Proof. Let Q = >"" A;dx; be a projective 1-form defining F, with Sing(£2) of codimension
> 2 and whose coefficients are homogeneous polynomials of degree d + 1. If Sing(2) has
codimension > 3, since € satisfies Q A dQ2 = 0, we can apply de Rham-Saito’s lemma (see
[37]) to guarantee the existence of a polynomial 1-form 7 such that dQ2 = n A Q. Comparing
the degrees in both sides of the last identity, it follows that n as well as df2 must be zero.
Hence, € is closed. However, Euler’s relation gives

0= irdQ = (d +2)Q

then p is positive and divides d + 2.
The last assertion of the statement will follow from Theorem 3.18. According to |7,
Theorem 1.3.4], one can write

Q=dG+) a2l dr;
=0

and Q is exact iff the terms in the summand are trivial. It is clear that (2) implies (1).
Suppose from now on that F admits an invariant hypersurface. From Theorem 3.18, there
exists a homogeneous polynomial F' such that deg(F) = 0 mod p and such that F is given
by the kernel of dF'. Let us choose F' of minimal degree with these properties. Then, there
exists a polynomial H such that dFF = HQ). Moreover dH A €2 = 0 by closedness. On the
other hand, deg(H) < deg(F"), thus implying that dH = 0, i.e, H = h” is a p—power. From
the exactness of dF = HQ = d(HG) + Y1 (ha;) 2" dz;, one concludes that Q = dG. O

Note that if a codimension one foliation F on P} has degree d, and p = char(k) does not
divide d + 2, then Sing(F) has an irreducible component of codimension two. This follows
from Corollary 3.21.

Example 3.22. For all prime p > 0 and n > 3 there exist codimension one foliations on Py}
with finite singular set and no invariant hypersurface. Consider the projective 1-form

n—1
— 2p—1 p—1 D -1
w=d( E vt ) +abahdr, oy — ol 2h dw,.
1=0
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Note that w defines a codimension one foliation on P} of degree 2p — 2 with finite singular
set: Sing(F) = {(1:0: --- :0)}. Also note that F has no algebraic invariant hypersur-
faces. Indeed, on the contrary, Corollary 3.21 would imply that w is exact. In particular,
2P ah dx,_y — 2¥_ 2P~ 'dx, should be also exact, but this contradicts |7, Theorem 1.3.4].

4. BOTT VANISHING IN HODGE COHOMOLOGY

We assume X is a smooth variety over an algebraically closed field k.

4.1. The Bott-connection. Let F be a regular foliation on X and consider the map
VB Tr — Endy(Nx)
which sends a derivation v of Tx to VB € End(Nz), given by
V3 (w) := [v,w)]

for each w € Nr = Tx/Tr. Tt follows from the fact that Tr is involutive that VE is well
defined, i.e., [v, w] is independent of the choice of a lift in T'x representing the class w in Ng.
We note that VP satisfies

o VB =0a-VB foralla € Oy and v € T;

o VB(a-w)=ua -VB(w)+v(a) w, for all a € Ox, v € Tr and w € Ng.
From this, one obtains a F-connection on Nz, i.e., a k-linear map

VB : N]: — N]: ® Q_l}-
satisfying Leibniz’ rule:
VB(aw) = aVB(w) + dr(a) -w, Vae Ox,we€ N

where dr : Ox — QL is defined by dz(a)(v) = v(a), for all v € T We call VB : Ny —
Nz ® Q% the Bott connection associated to F.

4.2. The F-Atiyah class. Let F be a regular foliation on X. Let us endow the sheaf
€ = Nz @ (N ® Q%) with a structure of Ox-module: given a € Ox and (w,0) € £ we
define:

a-(w,0)=(aw,dz(a) - w+ ao).

Consider the exact sequence of Ox-modules

0 —— NreQL Ly E T3 N —— 0

where i: 0+ (0,0) and 7: (s,0) — s. The exact sequence splits if there is an O y-morphism
: Ny — & such that m oy = idy,. On the one hand, the sequence above splits if and
only if Nz admits a F-connection. The connection is given by the second factor of 1. On
the other hand, the sequence above determines an element atx(Nz) in the group

Ext(Nr, QL @ Nx) = Ext(Ox, 0 ® Nr @ N3) =2 H (X, Endo, (Nr) @ QF).

Since a regular foliation admits the Bott-connection then the sequence splits and the F-
Atiyah class of N is vanishing, i.e.
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4.3. Bott vanishing theorem. In this section, we study the vanishing of powers of Chern
classes in H*(X, Q%), a phenomenon often referred to as Bott’s vanishing theorem. Before
proceeding, we recall a fundamental result: Chern classes can be expressed in terms of the
Atiyah class.

Let E be a vector bundle over a smooth variety X, let ¢;(E) € H*(X, Q%) be its sth Chern
class and let

(BE)=14+c(E)t+- - +c(E)° +---

be its total Chern class; see [23, p. 143]. These classes satisfy, and are characterized, by the
following properties

o If f: X — Y is a morphism between smooth varieties over k, and F' is a vector
bundle over Y, then

cs(f*(F)) = [ (es(F)).
e If0 > E'— F — E” — 0 is an exact sequence of vector bundles over X, then
c(E)=c(E")-c(E").
e If E is a line bundle over X, then ¢, (E) is the image in H' (X, Q%) of the class of E in
H'(X, 0%), via the homomorphism 0% — Q% which sends f to %. Also, ¢s(FE) =0
for all s > 1.
See [23, Théoréme 1].
Using polarizations of the invariant polynomials together with the Atiyah class, we can

construct additional classes in Hodge cohomology. For this purpose, let o5 be the sth invari-
ant polynomial in the space of n x n matrices, defined by the relation

det(A+t-1) ZJ”S

We can write
O'S(A) = ZdetAJJ

= trace(/\ A)

where J C {1,...,n} and A, denotes the (J, J)th minor (a;;); jc; of A. To polarize o,
for a s-tuple of matrices (A',..., A®), 7 a permutation of {1,...,n}, and J C {1,...,n} of

cardinality s, let A7 be the s X s matrix whose ith column is the 7th column of AG((Z‘]), then

we set
Go(A, AT =) det(A7) (4.2)

T #J=s

where 7 runs over the set of all the permutations {1,...,n} — {1,...,n}; see |22, p. 403|.
The polarization satisfies

ds(A, ..., A) = slos(A).
Now, using the Atiyah class at(F) € H' (X, Endp, £ ® Q%), we can consider the class

G,(at(E),. .. at(E)) € H(X, Q%)
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It turns out that these classes coincide with the Chern classes, up to a constant:
dgs(at(E),...,at(FE)) = sles(E). (4.3)

See [2, Theorem 6] and [28].
For example, when s = 2, we have

sz(Al’ AQ) = O'Q(Al —|— Az) — O'Q(Al) — UQ(AQ)
and if at(E) = {A;;}i; € H'(X, Endo, (F) ® Q%), then
2¢2(E) = {G2(Aij, Aje) Yige € HA(X, Q%)
The following is a classical result, proved in [3, Section 3| for the complex case.

Theorem 4.1. (Bott vanishing) Let X be a smooth algebraic variety over an algebraically
closed field k of characteristic p. Let F be a regular foliation on X, of codimension q.
Assume that either p = 0 or p > q. Then, for every sequence of nmonnegative integers
Q1y..oyQpy S, ..., 8 such that | :== a8y + -+ 4+ .8, > q we have

Co,(NE)* ey (N£)* =0 in  HY(X,0Q4).
Proof. Let us consider the exact sequence
0— Ny — Qy — QL — 0.
The Atiyah class at(Nz) lies in H'(X, Endop, (N7) ® Q%). Twisting the sequence above by
Endo, (Nz) we get
0— End@X(N;) & N;_— — EIldOX(N]:) & Q,l)( — End@X(N;) & Q.l;— — 0
and by taking the exact long sequence in cohomology we see that at(Nz) is sent to the
F-Atiyah class atz(Nx). Since atz(Nx) is vanishing, see (4.1), the long exact sequence
yields to
at(Nz) € H'(X,Endo, (Nr) ® N3).
This gives
1
cs(Ng) = ;a}(at(]\f;), ...,at(Ng)) € H* (X, A°N7)
for any 0 < s < ¢g. Then the result follows from the fact that Nz has rank q. ([l

For the first Chern class, the result holds over any ground field, regardless of its charac-
teristic:

Proposition 4.2. Let X be a smooth algebraic variety over an algebraically closed field
k of characteristic p > 0. Let F be a reqular foliation on X of codimension q. Then
c1(Nx) € HY(X, N%). In particular, we have

a(Np )™ =0 in HT™YX, QL.
Proof. The same argument in the proof of Theorem 4.1 shows that
at(Nz) € H'(X,Endo, (Nr) ® N3).

Therefore, we get
c1(Nx) = trace(at(Nz)) € H' (X, N¥)
and the result follows. 0J
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Now, we consider the case where codim(Sing(F)) > ¢ + 2:

Theorem 4.3. Let X be a smooth algebraic variety of dimension n > 1, over an algebraically
closed field k of characteristic p > 0. If F is a codimension q foliation on X with singular
set of codimension at least q + 2, then

a(Np)™ =0 in HTH(X, QL.

Proof. Let U := X \ Sing(F). By Proposition 4.2, ¢;(Nz|y) lies in H'(U, N%|y) and
¢ (Nx|p)®™ = 0 in H™H(U, Q). Then the conclusion follows from the fact that the
natural map

Hq—&-l()(7 Qg;rl) N Hq—H(U, Qg]+1>
is injective. See [17, Lemma 3.5] and |1, Lemma 6.4]. O

For surfaces, it follows from Bott vanishing theorem that N% = 0 in k. However, it may
happen N% # 0 in Z, see Remark 2.26. Note also that there are examples of codimension
one regular foliations on P, n odd, with Nz = Opr(2), see Theorem 3.1.

5. BOTT “VANISHING” IN THE CHOW RING

We now want to profit from the particularities of Geometry in positive characteristic and
in this section we assume that p > 0.

Let X be a smooth variety over k. We then let X’ be its Frobenius twist, i.e. as a scheme
X’ is just X, but its structure of k-scheme is obtained by means of the the composition

X — Spec k — Spec k,

where the rightmost map is induced by the inverse of the Frobenius. With these conventions,
the identity map id : |X| — |X’|, between underlying topological spaces, together with the
Frobenius morphism of rings (—)? : Ox: — Ox give rise to the geometric Frobenius morphism
F: X — X', This is k-linear. In what follows, we shall identify Oy, with a subring of Ox.
For an open subset U, we have Ox/(U) = Ox (U)*.

5.1. Basic material on p-closed foliations. Let F be a regular foliation on X and write
m = rank T'», and ¢ = rank Nx. Let us in addition suppose that F is p-closed.
For each open subset U C X, we define the Ox/(U)-module

for all V' C U and all
D € Tx(V), we have D(aly) =0 [~

It is a simple matter to note that B is a sheaf of rings containing Ox. Let
Y = (|X],B)

and let ¢ : X — Y be the morphism of ringed spaces naturally obtained from the inclusion
B C Ox. The proof of the following can easily be extracted from [39, §3].

B(U) := {a € Ox(U) :

Proposition 5.1.

(1) The ringed space Y is a scheme and ¢ is a morphism of schemes.
(2) The morphism ¢ : X — Y 1is finite and flat of rank p™. In particular, ¢ has degree

m

p.
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(8) Each P € X possesses an affine and open neighbourhood U on which there is a p-basis
{z1,..., 2} of Ox(U) over Oy (U), i.e.

Ox(U)= P Ov(U)-aft---air.
0<1 5 eyim <P

(4) The Ox-module Qﬁ(/y, on U, is free and generated by dx1,...,dx,,.

Elements of the proof. Let us assume that X = Spec A, that T is free on vy,...,v,,, Tx
is free on {0/0z;}"_,, where z; € A, and Tx/Tr is also free. Then B := B(X) is simply
{a € A : vi(a) = 0,Vi}. Write v; = > a;;0/0x;. We can assume that the minor
l|lai;ll1<ij<m is invertible and hence we can find a basis {D;}", of T such that D;(z;) = §;;
fori,5 € {1,...,m}. Let % := 2% ... 2% for each 4 = (i1,...,4,,). Then, arguing as in [39,

Lemma 3|, we have
A= GB Bx?,
ieNm
where N, = {0,...,p—1}. O
Basic Commutative Algebra (cf. Theorem 23.7 and Theorem 28.8 in [31]) now implies:
Corollary 5.2. The scheme Y 1is reqular and hence k-smooth. 0
Another pleasant way of presenting the situation at hand is thorough the

Corollary 5.3 (The Frobenius theorem). Let P € X be given. There exists an open neigh-
bourhood U of P and functions x1,...,z, € Ox(U), 11,...,y, € Oy(U) such that

dzy, ..., dem, ¢ (dy1), ..., ¢"(dy,)
is a basis of Qk|u. In addition, *(dy1),...,¢*(dy,) is a basis of Nx|y over U. If we
interpret yi, . ..,y, as elements in Ox(U) and use these to define the basis

{0/02;,0/0y; : 1 <i<m,1<j<gq}
of Tr|u, then the vector fields {0/0x;}, form a basis of Tx|y.
Proof. We employ the notations specified in the natural exact sequence
o 0k 2 Ly — 0,

Let @ = ¢(P). The following are easily verified.

(x) The space QY (P) is spanned by elements of the form df(P), where f is defined in a
neighbourhood of P and vanishing on it. (The same claim is true if one replaces X
and P by Y and Q. )

Using (%) and that Q% sy s locally free of rank m, we can find an open neighbourhood U
of Pand zy,...,2, € Ox(U) such that

{p(dz1)(P), ..., p(dv,)(P)}

is a basis of Q} sy (P). (In particular {dz;(P)} are linearly independent.) By the same
argument, we can find an open neighbourhood V' of @ and y,...,y, € Oy (V) such that

{90*(dy1)(P)7 s >(10*(dyq)(P>}
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is a basis for Im QL (Q) ® k(P) — Q% (P). Since Nx(P) is a k(P)-subspace of Q% (P) of
dimension ¢ and contains each do* (y;) = ©*(dy;), we conclude that

{90*(dy1)(P)7 s >90*(dyq)(P>}

is a basis of Nx(P). Consequently, N5 is free on {¢*(dy;)}{_, near P. O
We insert ¢ into a commutative diagram
X ">y (5.1)
X l¢
X'

Since F' and ¢ are faithfully flat we have by [31, p. 46]:
Corollary 5.4. The morphism v is also faithfully flat and finite, and has degree p?.

Let us end this section by reviewing some further local properties ¢ : X — Y in order to
draw an important parallel between foliations and “local” actions of the additive groups.
Let U = Spec A be an affine open subset of X where we can find

xla"'axmaylw'queA

such that:
o If B=B(U), then A is a free B-module on z'' - - - 2m, where (i1,. .., i,,) ranges over
{0,...,p— 1},

e The Opy-module Tx|y is free on {9/0x; }™ ;
e The Opy-module Ty is free on {9/dz;}™, U{9/0y: }i_;.
To proceed, we require some notations. The set {0,...,p — 1} is denoted by N, the
derivations 0/0z; are abbreviated to ;. Given @ = (iy,...,i,) € N', we put

A lel . xlm’ o' = 8;1 ce a;;n and 3[1] = _|az
7!

m

where 2 = 4!+ -4,

Let A" := A®p A be considered as an A-algebra via the unnamed morphism a — a ® 1.
As we learn from Grothendieck’s theory of differential operators, it is important to consider
also the morphism

7:A— A, a—1®a,

and to interpret it as a “Taylor series”. This is done by writing
and by noting that the binomial formula gives, for j € N,

J
r(xl) =0 ().
=0

Hence, if we agree to abbreviate ¢ = §%* - .- 6 we obtain

T(@?) = 0(ad)- o,

LeN:
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which extends, by B-linearity, to

7(a) =) 0a) - 6" (5.2)

ieNm

5.2. A Bott “vanishing theorem” for p-closed foliations. Let us maintain the notations
and conventions used in diagram (5.1). Also, let us follow [21] and write Z*(—) for the
group of cycles of codimension ¢, [—] for the cycle associated to a subscheme, and ¢* :
ZHY) — Z(X) for the flat pull-back. See |21, Ch. 1]. It should be noted that, since ¢ is a
homeomorphism, then for each integral subscheme W C Y, we have

P W] =Wllp - [~ (W)redl,

where ||[W]|,, is the multiplicity of the irreducible closed subscheme ¢~ !(W), i.e. the length of
the local ring of the generic point. This in particular says that the map [W] — [~ (W )ed]
defines a bijection Z¢(Y) — Z¢(X).

Proposition 5.5. Let ¢ > q be an integer. Then
O ZY) C pIZ4(X).

Proof. Recall that X' is (|X], O%) with its structure morphism to Spec k modified and
F : X — X' is the identity on the underlying topological spaces while F# : Ox — Ox
is the Frobenius morphism. It follows that [V'] — [F~!(V").q] defines an isomorphism
Z4X'") — ZY(X). In addition, F* : Z4(X') — Z*(X), is given by

V= IVlle - [F7H (V) seal,

where we agree to denote by [|[V’||F the multiplicity of the irreducible closed subscheme
F~1(V'). These observations and accompanying notations are employed below.
The following facts shall lead to a proof of the proposition.
I ' ) F =P, 1e. T=p"-
(1) If V' € X' is a subvariety of codimension ¢, then ||V’|| Pl ie. F*[V] = pt
[F_I(V,)red]'
2) If W C Y is a subvariety of codimension /¢, then |||, is a power of p.
%)
(3) Assume that ¢ > ¢. Then, ||W||, is divisible by p‘~?.

Let us prove (1). This is a consequence of a remark of Kunz and although well-known, is
almost never patiently explained. Let V := F~}(V’) and denote its generic point by € so that
[V'|| 7 is, by definition, just lengthy,  (Ove). If 7' C Ox is the ideal of V', then W C Oy
is the ideal of V. Let £ be the generic point of the space [V'| = |V so that I" := I} C O is
the maximal ideal of this ¢ dimensional regular local ring. Since we have

length, /i (Og/I'") = lengthe, (O /T'),

we now only need to employ Kunz’s observation: for a regular local ring R with maximal
ideal m, the equality
length(R/mll) = ptmF#
holds [29].
The statement (2) is a direct consequence of (1) and |21, Lemma 1.7.1].
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In order to prove (3), we observe that for any V' C X', we have ¢, *[V'] = p? - [V/]
according to |21, 1.7.4]. (The proof of this employs [21, A.1.3].) As a consequence, ||V’||, <
p?.
Let [V'] € Z%(X') be a prime cycle and let W = 1~ 1(V"),cq so that ¢*[V'] = pt - [W] with
t < q. If we write *[W] = p* - [p"H(W )yea], then p**[V'] = p*™ - [0~ (W )sea]. On the other
hand, p**[V'] = F*[V'] = p* - [F71(V")zea]. Then s =0 —t > ( —q. O

The previous proposition motivates the following definition.

Definition 5.6. Let M be a quasi-coherent Ox-module. An F-quotient of M is a pair
(N, o) consisting of a quasi-coherent Oy-module N and an isomorphism

o:oN — M.
An Ox-module having an F-quotient will be said to descend to Y.

Below, we let CH*(X) denote the Chow ring of X and write Chern®(M) for the graded
subring of CH*(X) generated by the Chern classes of M.

Corollary 5.7 (Bott vanishing modulo p). Let M be a coherent Ox-module on X having
an F-quotient. Then, for each ¢ > q we have

Chern‘(M) C p* 1CH*(X).

The prime example of a module having an F-quotient is the normal bundle of a regular
p-closed foliation:

Example 5.8 (The Bott F-quotient). We contend that N3 (the annihilator of Tx) descends
to Y. In particular, its dual Nz, descends also.

Let U be an open subset of X and let {y;};_; and {x;}", be as in Corollary 5.3: Nx|y is
free on {dy;}{_, and Ty is free on {9/0x;}",. Let now U’ be an open subset overlapping U
where we have a similar situation with N[ being free on {dy;}7 , and T|y on {9/0x}}1,.
We now write over U N U":

m 8y’~ q ay/.
dyf; = Z 33;]. da; + Z ayj. dy;
i=1 v i=1 ¢
q ay/‘
J
= dys;
By 7

i=1 v

consequently, the GL,(O(U NU"))-cocycle giving rise to N is

8y7’ 17i7j7<q .
But, for every h =1,...,m, we have

0% _ 00y _
Oxp, 0y; B Oy; Oxy, B
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This means that a 1-cocycle for N3 can be found with coefficients in Oy, and this implies
yi
dy;

that N descends to Y. Similarly, a cocycle for N is < > ; we obtain a locally free
1i,5<q

B-module £ by

q
Ly = P Blve!
=1

and an isomorphism ¢*L ~ Nz defined by eV — 9/0y;. J

It follows from Example 5.8 that N has an F-quotient, this yields to the following result,
which is Theorem 1.7 of the introduction. It should be compared with |6, Theorem (x)”,
p.35].

Corollary 5.9 (Bott vanishing). Let F be a regular p-closed foliation on a smooth variety
X. If Chern*(Ng) stands for the graded subring of CH*(X) generated by the Chern classes
of Nz, it follows that

Chern’(Nx) C p*~¢- CHY(X)
for each € > q.

In view of Theorem 4.1, which applies for foliations that are not necessarily p-closed, the
following question arises naturally.

Question 5.10. Does Corollary 5.9 also hold for foliations that are not p-closed?

The reader acquainted with the theory of Cartier descent [26, Theorem 5.1] must have re-
marked that the notion of F-quotient needs to be related to the notion of “partial” connection
which appeared in a particular setting in Section 4.1.

Definition 5.11. Let M be a quasi-coherent Ox-module. A partial integrable F-connection
is an Ox-linear morphism of sheaves
V : Ty — Endy(M), v+—V,
such that
(1) for all sections v of Tx, a of Ox and s of M, over an open subset, we have

V(as) =v(a) - s+ aV,(s),
(2) for sections v and w of T'r, we have Vi, ) = [V, V).

If, in addition, V,» = (V,)? for all sections v of T over some open subset, then we say that
V is p-closed.

Note that if V is an integrable F-partial connection on M, then V actually takes values
in Endp, (M). As with usual connections, a partial connection can also be defined by means
of a k-linear morphism of sheaves V : M — M ® Tz which satisfies Leibniz’ rule.

Define

for all V' C U and all
Y o )
ME(U) = {8 e M(U) : v € Tx(V), we have V,(s|y) =0 } ’

In this way, we obtain an Oy-module MY it is clear that MY can also be expressed as the
kernel of V.: M — M ® Tx.
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Proposition 5.12 (“Partial Cartier descent”). Let F be a regular p-closed foliation on a
smooth algebraic variety X and let ¢ : X — 'Y be the F-quotient map.

(1) Let N be a quasi-coherent Oy -module. Then o*N = Ox ®o, N carries an integrable
p-closed partial F-connection V" defined by letting each v € Tx act as

v®id: Ox ®OYN—> Ox ®OYN
(2) The preceding construction gives rise to a functor

N quasi-coherent partial integrable p-closed
T2 ~ B : )
Oy -modules JF-connections

which is an equivalence. Associating to each integrable p-closed partial F-connection
(M, V) the quasi-coherent Oy-module MY gives rise to an inverse equivalence.

(3) If VB is the Bott connection on Nx constructed in Section 4.1, then it coincides with
the canonical connection on Nz obtained through the construction in (1) applied to
the descended module of Example 5.8.

Proof. Ttem (1) is quite simple. The proof of (2) is a direct consequence of faithfully flat
descent for modules |27, Theorem I1.6.4, p.51]. For the convenience of the reader, we render
explicit some details.

Let (M, V) be a partial F-connection. Let U = Spec A be an open and affine subset of
X where we can find

Ty s Ty Yty -, Yg € OU)

such that:
e If B=B(U), then A is a free B-module on ' - - - zim where (i1, ..., i,,) ranges over
{0,...,p— 1},

e The Op-module Tx|y is free on {0/0x; };;
e The Opy-module Ty is free on {9/0x;}™, U{0/y;}_;.

That we can set up such a situation is a consequence of Proposition 5.1 and Corollary 5.3.
Let M = M(U). We want to show that M descends to a B-module, i.e., that M ~ A®g N
for a certain B-module N; that N = MY (U) will then follow from the general theory [27,
I1, Theorem 3.2, p.36].

Following [27] (see also 33, Remark 2.21]), we need to produce a descent data for the
A-module M. For this, let us now adopt the notations employed at the discussion made
after Corollary 5.4 and add a few more. Put D; = V,,; these are commuting B-linear

endomorphisms of M. For @ = (iy,...,i,) € NJ', write
Di = D% ... Dim, D[z]:‘_'pz’ and ((4,7) = (ZlJ_rh)...(Z .—H )
1. (51 m,

This last element is taken to be in k. Given s € M, let

O(s)=» DUl(s)®d € May A

ieNg
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Because of eq. (5.2), we have 7(a)®(s) = ®(as), so that we obtain an A’-linear map
AR AM—Mx,4 A, d@s+— Z DU(s) @ a'st.
ieN

If we for a moment regard A as an A’-algebra via the multiplication morphism @’ ® b’ +— a'b’,
then ldA X ar P = ldM
Let now A” = A®p A ®p A, so that we have morphisms of rings

dig: AA— A" dV+—dol 1,

dog 1 A\ — A" d@bVr—10del
and

diz : A — A" JdVr—do1xV.
Let di : A — A’ be the map a — a ® 1. Then diody = di3dy, diaT = dozd; and di37 = dasT.
Let us also adopt the convention that 7*M, dj M, etc, denote the tensor products M ®, 4 A',

M ®g4, 4 A, ete. The cocycle condition for the descent is now equivalent to the commutativity
of the following hexagon of maps of A”-modules

d5sm* M (5.3)
/ %
dism M dssdy M
d;sq»'l
disdi M di, T M
\ dr, @'
di,di M.

Now, di3(6;) = 1 ® 6; + §; ® 1, and writing

(1ei+se)=JJ0aeds+ae 1),

i=1
commutativity of (5.3) amounts to showing that
Y (1®s+i1)" e (D[h](s) ® 1) => (0®1Y (10 ® (D[ﬂDW(s) ® 1> (5.4)
hen di2 d1 id di2 dy
for each s € M. The binomial formula assures that for h € NJ*, we have

I@s+s@l) =Y (150110
it+j=h
From the fact that D! = 0 for h > p, we have
DUl plil — ((Lj))D[iJrj]’
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which proves that eq. (5.4) holds true and hence diagram (5.3) commutes. It is therefore
possible to apply [27, II, Theorem 3.2|: Let

N={seM: d(s)=s®1}
:m{sEM : Di(s) = 0};

then N ® 3 A — M is an isomorphism. This concludes the proof of (2) of the statement.
The proof of (3) is straightforward. O

Remark 5.13. A result along the lines of Proposition 5.12 appeared in [4]. J
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