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Abstract. This paper investigates the geometry of foliations on smooth algebraic varieties
over an algebraically closed field of arbitrary characteristic p ≥ 0. We address several
specific features of foliations in positive characteristic, aiming to highlight both similarities
and differences with the characteristic zero case. First, we provide a complete classification
of regular foliations on minimal rational and del Pezzo surfaces, establishing that in positive
characteristic, such foliations are p-closed. However, there are regular foliations on weak
del Pezzo surfaces, in characteristic 2, which are not p-closed. We extend the Camacho-
Sad index and its associated sum formula to arbitrary characteristic, using it to study the
behavior of foliations and distributions with small singular set. For foliations on projective
spaces, we prove that the existence of an invariant hypersurface with a sufficiently small
singular set forces the foliation to be p-closed and imposes strict divisibility conditions on
the degree of its normal bundle. Finally, we establish versions of the Bott vanishing theorem
in both Hodge cohomology and the Chow ring for p-closed foliations, providing a positive
characteristic analogue to classical vanishing results in complex geometry.
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1. Introduction

1.1. Main results and structure of the paper. This paper studies foliations on smooth
algebraic varieties over an algebraically closed field k of arbitrary characteristic p. When
p = 0, it has been conjectured in [15] that any regular foliation F on a rationally connected
projective variety X, is algebraically integrable, meaning that all its leaves are algebraic
subvarieties of X. This conjecture holds at least for surfaces, as it follows from the classifica-
tion of regular foliations on surfaces by [8]. The result has also been extended for threefolds
under certain hypotheses, see [20, Theorem 1.4].

If the aforementioned conjecture holds in characteristic zero, it is natural to expect that
a regular foliation on a rationally connected variety, over a field of positive characteristic
p is p-closed (see Section 1.2 for the precise definition of p-closed). However, we produce
regular foliations on weak del Pezzo surfaces of degree 4, over a base field of characteristic 2,
which are not 2-closed, see Theorem 2.32 and Example 2.34. Despite this counterexample, p-
closedness remains the expected behavior for most regular foliations on rationally connected
varieties. This expectation can be verified at least in three cases: for projective spaces Pn

k,
for minimal rational surfaces and for del Pezzo surfaces. In the first case, it follows from [13,
Theorem 1.5] that a regular foliation of codimension q on Pn

k occurs only if q = 1, p = 2, and
F is given by the kernel of a differential 1-form dF , where F is a homogeneous polynomial
of degree two. In particular F is 2-closed, see Theorem 3.1 below. In the second case, for
minimal rational surfaces, one obtains the following characterization:

Theorem 1.1. Let F be a regular foliation on a minimal rational surface X. Then X is a
Hirzebruch surface Fe, e ̸= 1, and either

(1) p ≥ 0, and F is the P1
k-fibration of Fe over P1

k; or
(2) p > 0, p divides e and F is a Riccati foliation on Fe.

Theorem 1.1 is a consequence of Theorem 2.15 in the main text. There, the reader will
find a precise description of the regular Riccati foliation on Fe. It follows that, when p > 0,
any regular foliation on a minimal rational surface is p-closed, this is our Corollary 2.16.
Item (2) of Theorem 1.1 stands in sharp contrast with the characteristic zero case, since
any regular foliation on Hirzebruch surfaces over C is a P1

k-fibration. Finally, the third case
mentioned above, namely del Pezzo surfaces, is addressed in Theorem 2.21:
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Theorem 1.2. Let X be a smooth projective del Pezzo surface and let F be a regular foliation
on it. Then X is either P1

k × P1
k or F1, and F leaves one of the standard P1

k-fibrations
invariant. More precisely, if X = P1

k × P1
k then one of the two rulings is invariant, while for

F1 the conclusion holds for the standard fibration F1 → P1
k.

Beyond these three classes (projective spaces, minimal rational surfaces, and del Pezzo
surfaces) we show that any regular foliation on a weak del Pezzo surface of degree 6 or 8
is p-closed, see Corollary 2.29. Furthermore, by Theorem 2.20, weak del Pezzo surfaces of
odd degree admit no regular foliations. All the above cases involve rational varieties; in
Proposition 2.19 we present a regular foliation on a non-rational surface, in characteristic
p > 2, which is not in general p-closed.

We also investigate the conditions under which a foliation is p-closed, even in the presence
of singularities. This leads us to consider invariant subvarieties. A distinctive phenomenon
in positive characteristic is that a singular curve may be invariant under a regular foliation.
A typical example is given by the curve given by f = y2 − xp and the foliation defined by
dy. A preliminary analysis might suggest that this occurs only if the degree of the curve
is multiple of p or at least greater than p. However, this is not the case. We construct
examples where a curve C, singular at the origin of the affine plane A2

k, is invariant under a
regular foliation at the origin, but its degree deg(C) is relatively small compared to p. See
Propositions 3.4 and 3.6. On the other hand, deg(C) cannot be too small, this is the content
of the following result, which is Theorem 3.10 in the main text.

Theorem 1.3. Let C ⊂ A2
k be a reduced curve which is invariant by a foliation F on A2

k

and assume that
deg(C)(deg(C)− 1) < p.

Then Sing(C) ⊂ Sing(F).

For foliations on projective spaces, the existence of a smooth hypersurface that does not
intersect the singular set of F implies that p > 0 and that F is p-closed, see Corollary 3.16.
We extend this result for distributions, where the integrability condition on F is no longer
required. In this more general setting, we assume only the weaker hypothesis that the inter-
section of the singular set of F with the invariant hypersurface is small (see Theorem 3.18):

Theorem 1.4. Let D be a codimension one distribution on Pn
k. Let Y = Z(F ) be a reduced

hypersurface invariant by D. If Y ∩ Sing(D) has codimension at least 3, then p > 0, degF
is a multiple of p and D is given by the kernel of dF . In particular, D is integrable and
p-closed.

An ingredient in the proof of Theorem 1.4 is the Camacho-Sad formula. The formula says
that the sum of Camacho-Sad indices along an invariant curve C, inside a surface, coin-
cides with the self-intersection C2. The Camacho-Sad formula, in arbitrary characteristic, is
proved in Theorem 2.8. It should be noted that the first assertion of this theorem (degF is
a multiple of p) was established in a more general form in [19, Corollary 4.5].

Theorem 1.4 yields interesting consequences for distributions on projective spaces having
small singular set. The first one is the following (see Corollary 3.19).

Theorem 1.5. Let D be a codimension one non integrable distribution on Pnk such that
Sing(D) has codimension at least 3, then D has no invariant hypersurface.
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In the integrable case, we get the following result (see Corollary 3.21).

Theorem 1.6. Let F be a codimension one foliation on Pnk of degree d and assume that
Sing(F) has codimension at least 3. Then p > 0, d+ 2 is a multiple of p and F is given by
the kernel of a closed projective 1-form Ω on An+1

k . Moreover, the following conditions are
equivalent:

(1) F admits a reduced invariant hypersurface;
(2) Ω is exact, i.e there exists a homogeneous polynomial G of degree d + 2 such that

Ω = dG.

In Example 3.22, Theorem 1.6 is applied to show that, for all prime p > 0 and n ≥ 3, there
exist codimension one foliations on Pnk with finite singular set and no invariant hypersurface,
in contrast with the regular case Theorem 3.1.

The degree d of a codimension one foliation F on Pn
k is determined by the degree of the

normal bundle NF of F , that is, NF = OPn
k
(d+2). Then Theorem 1.6 implies that p divides

the degree of NF . This phenomenon can be viewed as a reflection of Bott vanishing theorem,
which assures the vanishing of suitable powers of Chern classes of the normal bundle in Hodge
cohomology; see Theorem 4.1 and Theorem 4.3 in the main text.

We proceed with a version of the Bott vanishing theorem, in the Chow ring of X, assuming
that F is p-closed (see Corollary 5.9):

Theorem 1.7. Let F be a regular p-closed foliation on a smooth projective variety X. Let
Chern∗(NF) be the graded subring of the Chow ring CH∗(X), generated by the Chern classes
of NF . Then

Chernℓ(NF) ⊂ pℓ−q · CHℓ(X)

for each ℓ > q.

Bott vanishing theorem is an important tool in the theory of foliations. Indeed, it has
been applied in deep results such as the classification of regular foliations on surfaces [8] over
the complex numbers. Notice that, in positive characteristic there exist regular foliations
with N2

F ̸= 0 in Z (see Remark 2.26), also there exist examples of codimension one regular
foliations on Pnk , n odd, with NF = OPn

k
(2) (see Theorem 3.1).

1.2. Basic definitions and notations. Let X be a smooth algebraic variety over an
algebraically closed field k and let OX be its sheaf of regular functions. Let Ω1

X and
TX = HomOX

(Ω1
X ,OX) be the cotangent and tangent sheaves of X, respectively.

We can see TX as a sheaf of derivations. First, recall that a derivation is a k-linear
transformation w of OX satisfying w(ab) = aw(b) + bw(a) for any a, b ∈ OX . Let d : OX →
Ω1
X be the exterior derivative, defined by d(a) = 1⊗a−a⊗1 ∈ I∆/I

2
∆ = Ω1

X , where I∆ is the
ideal sheaf of the diagonal ∆ ⊂ X ×X. Then, a section v of TX can be seen as a derivation
v : OX → OX by v(a) := v(d(a)), for all a ∈ OX .

Let us endow TX with a Lie bracket, given by [v1, v2] = v1v2 − v2v1, for any derivations
v1, v2 of TX . A subsheaf E ⊂ TX is said to be saturated if TX/E is torsion free. A foliation
F on X is determined by a saturated coherent subsheaf TF ⊂ TX which is involutive, i.e.
closed under the Lie bracket: [TF , TF ] ⊂ TF . We call TF the tangent sheaf of F . Dropping
the involutivity condition, we obtain the definition of a distribution. The dimension
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of F is the generic rank of TF , which is constant on a nonempty open subset of X. The
difference dimX − dimTF is the codimension of F . The double dual NF := (TX/TF)

∗∗ is
called the normal sheaf of F . By a regular foliation we mean a foliation whose tangent
sheaf is a subbundle, that is, TF and TX/TF are locally free. For regular foliations, we have
NF ≃ TX/TF . The dual sheaf Ω1

F := T ∗
F is called the cotangent sheaf of F . The locus of

points where TX/TF is not locally free is called the singular locus of F , denoted here by
Sing(F). The complement in X of the singular locus of F is called the smooth or regular
locus of F . Finally, let f : Y → X be a birational morphism from another smooth variety
Y . Let V ⊂ Y and U ⊂ X be open subsets such that f : V → U is an isomorphism. We
then define f ∗F as the foliation on Y defined by the unique saturated submodule Tf∗F of
TY which agrees with (f |V )∗(TF |U) on V .

If the characteristic of k is p > 0, then wp is still a derivation for any derivation w ∈ TX .
A foliation F is said to be p-closed if vp ∈ TF for each v ∈ TF .

Given a codimension one distribution F on X, the inclusion N∗
F → Ω1

X gives a 1-form

ω ∈ H0(X,Ω1
X ⊗NF)

whose singular set coincides with Sing(F) (recall that the singular set of a form is its zero
locus). The section ω is unique up to multiplication of elements of H0(X,O∗

X). If in addition
F is a foliation, then ω is integrable: ω ∧ dω = 0. A reduced hypersurface Y is invariant
by F if the wedge product ω∧ df

f
is a regular 2-form for any local equation f that defines Y .

In projective spaces, codimension one distributions and foliations admit an explicit de-
scription. We let Pn

k and An
k denote the n dimensional projective space and affine space over

k, respectively. Let n, d ∈ Z with n > 1, d ≥ 0. A codimension one distribution F of degree
d on the projective space Pnk is given by a non-zero element ω ∈ H0(Pnk ,Ω1

Pn
k
(d+2)), unique up

to multiplication by an element of k∗, such that codim Sing(ω) ≥ 2. It follows from Euler’s
sequence that H0(Pnk ,Ω1

Pn
k
(d + 2)) can be identified with the vector space of homogeneous

polynomial 1-forms in An+1
k

ω =
n∑
i=0

Ai dxi, Ai ∈ k[x0, . . . , xn] homogeneous of degree d+ 1,

which are annihilated by the radial vector field R =
∑n

i=0 xi∂xi .

Acknowledgments. Fassarella acknowledges the support from CNPq Universal 10/2023.
Mendson acknowledges the support from Capes (Grant number 88887.145997/2025-00) and
CNPq - Programa Conhecimento Brasil (Grant number 315040/2025-4). Touzet would like
to thank the Henri Lebesgue Center for constant support. The authors thank Brazilian-
French Network in Mathematics, CAPES-COFECUB 932/19 and 1017/24. We would also
like to thank Jorge Vitório Pereira for inspiring discussions, and Maurício Corrêa for bringing
a useful reference to our attention.

2. Foliations on surfaces

2.1. Preliminary. Before presenting results concerning indices of singularities of foliations
on surfaces, we first establish the following result, which parallels [41, V, Lemma 2.4].
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Proposition 2.1. Let X be a smooth variety over the algebraically closed field k. Let F
be a distribution of codimension one on X admitting a reduced invariant hypersurface Y .
Let x ∈ X be a point, U ⊂ X an affine and open neighborhood of x where N∗

F |U = OUω
and OX(−Y )|U = OUf . Then there exist an open and affine neighborhood V of x, functions
g, h ∈ OX(V ) and σ ∈ Ω1

X(V ) such that

gω = hdf + fσ (2.1)

where f is relatively prime to g and h. Furthermore:
• If Y is smooth at x, we can take g = 1;
• If F is smooth at x, we can take h = 1.

Proof. We can find an open neighborhood V of x in U and functions s1, . . . , sn ∈ OX(V )
such that

Ω1
X |V = OV ds1 ⊕ · · · ⊕ OV dsn and TX |V = OV ∂s1 ⊕ · · · ⊕ OV ∂sn .

Also, shrinking again V if needed and using that OV,x is a unique factorization domain, we
can assume that f = f1 · · · fm, with f1, . . . , fm ∈ O(V ) such that OX,xf1, . . . ,OX,xfm are
pairwise distinct prime ideals. In particular, for each affine and open neighbourhood W ⊂ V
of x, the ideals O(W )fµ remain prime.

Claim: We can choose the derivation ∂s1 such that ∂s1(f) and f are relatively prime in
OV,x. For each b = (b1, . . . , bn) ∈ kn, let ∂b : O(V ) → O(V ) be the derivation

∑n
i=1 bi∂si .

For each µ ∈ {1, . . . ,m}, let Bµ ⊂ kn be the subset of all b such that ∂b(fµ) ≡ 0 mod fµ;
clearly Bµ is a subspace. Since the field k is perfect and the scheme {fµ = 0} is integral,
its smooth locus is dense, see Proposition 16 in Chapter 2 of [5]. By the Jacobi criterion,
[5, Ch. 2, Proposition 7], we have Bµ ̸= kn. Let b ∈ kn \B1 ∪ · · · ∪ Bm. This means that
for each µ ∈ {1, . . . ,m}, we have ∂b(fµ) ̸≡ 0 mod fµ and hence ∂b(f) ̸≡ 0 mod fµ because
∂b(f) ≡ (f/fµ)∂b(fµ) mod fµ. Completing {b} to a basis and renaming the functions
s1, . . . , sn, we obtain that ∂s1(f) ̸≡ 0 mod fµ for µ ∈ {1, . . . ,m}. Said differently,

∂s1(f) and f are relatively prime in OV,x. (2.2)

This proves the claim above.
Let us write ω =

∑n
j=1Ajdsj so that

df ∧ ω =
∑
i<j

(
∂si(f)Aj − ∂sj(f)Ai

)
dsi ∧ dsj.

Since Y is invariant by F , there exist, for 1 ≤ i < j ≤ n, elements ϕij ∈ O(V ) such that

fϕij = ∂si(f)Aj − ∂sj(f)Ai for i < j. (2.3)

Consequently, if ψ ∈ O(V ) divides f , then

∂si(f)Aj ≡ ∂sj(f)Ai mod ψ for any couple i, j. (2.4)

A straightforward computation shows that, for each i ∈ {1, . . . , n}, we have

∂si(f) · ω = Ai · df + f

(
−
∑
j<i

ϕjidsj +
∑
j>i

ϕijdsj

)
︸ ︷︷ ︸

σi

. (2.5)
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By (2.2), f and ∂s1(f) are relatively prime. If ψ ∈ O(V ) is a prime element dividing f and
A1 then, by (2.4), we have ψ divides Aj for j > 1, so ψ is a common divisor of A1, . . . , An,
which is excluded. Hence f and A1 are relatively prime. We have achieved decomposition
(2.1) with g = ∂s1(f) and h = A1.

If Y is smooth at x then, for a certain i, we know that ∂si(f) ∈ O(V )×, again shrinking
V if needed. We then arrive at

ω = ∂si(f)
−1Ai · df + f · ∂si(f)−1σi.

Let ψ be an irreducible common divisor of f and ∂si(f)−1Ai. A fortiori ψ divides Ai. From
(2.4), we have ∂si(f)Aj ≡ 0 mod ψ; again an impossibility.

Assume now that F is regular at x. Shrinking V if needed, we can assume that Ai ∈ O(V )×

for a certain i. We then arrive at

∂si(f)A
−1
i · ω = df + f · A−1

i σi.

Let ψ be an irreducible common divisor of f and ∂si(f)A
−1
i . Then ψ divides both f and

∂si(f), which is excluded if i = 1. If i > 1, then ψ divides the sum

fϕ1iA
−1
i + ∂si(f)A1A

−1
i = ∂s1(f)

which is again excluded by (2.2). We achieve the decomposition (2.1) with g = ∂si(f)A
−1
i

and h = 1. □

It is worth mentioning that in positive characteristic, it can happen that a singular point x
of an F -invariant hypersurface Y might be contained in the regular locus of F . This scenario
will be considered in Section 3.2. On the other hand, this phenomenon does not occur as
soon as Y is normal crossing at x:

Lemma 2.2. Notations and hypotheses as in Proposition 2.1. Assume there exists a choice
of local coordinates s1, ..., sn at x such that Y is locally defined by f = s1s2...st, for some
1 < t ≤ n. Then x belongs to Sing(F).

Proof. Write gω = hdf + fσ as in the conclusion of Proposition 2.1 and let Ai ∈ OX,x such
that ω =

∑n
i=1Aidsi. As g and sj are relatively prime for 1 ≤ j ≤ t, one can easily infer

each Ai is divisible by sj, for j ̸= i. In particular, F is singular at x. □

2.2. Intersection formulae. Let X be a smooth projective surface over an algebraically
closed field k of characteristic p ≥ 0. Let F be a codimension one foliation on X and let
C ⊂ X be a reduced invariant curve. Given a point x ∈ C, consider a local decomposition
gω = hdf + fσ, given by Proposition 2.1. Following [9], we define the index

Z(F , C, x) := vanishing order of
h

g
|C at x.

Note that if C is smooth, then Z(F , C, x) ≥ 0. We set

Z(F , C) :=
∑
x∈C

Z(F , C, x).
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Proposition 2.3. Let X be a smooth projective surface over k. Let F be a foliation on X
and let C ⊂ X be a reduced invariant curve of arithmetic genus pa. Then

NF · C = C2 + Z(F , C) and KF · C = 2pa − 2 + Z(F , C).

Proof. The proof follows the same lines of [9, Chap. 2, Prop. 3]. We do the details for
sake of completeness. From Proposition 2.1, there is an open covering {Ui} of X and a
decomposition

giωi = hidfi + fiσi

in each Ui. Where the collection {fi} defines C, and the {ωi} are regular 1-forms on Ui
defining F . The cocycle {fij}, fij = fif

−1
j , represents OX(C) and {gij}, with ωi = gijωj,

represents NF .
It follows from the relations above that

ωi
fi

= gijf
−1
ij

ωj
fj

in Ui ∩ Uj.

and

ωi =
hi
gi
dfi in Ui ∩ Uj ∩ C.

Since dfi = fijdfj in Ui ∩ Uj ∩ C, we conclude that

hi
gi
|C = (gijf

−1
ij )|C · hj

gj
|C

which means that {hi
gi
|C} defines a rational section of [NF ⊗OX(−C)]|C . On the one hand,

the total sum of zeros and poles of this section coincides with Z(F , C). On the other hand
it is given by NF · C − C2, proving the first formula.

The second formula follows from the first and the adjunction formula (cf. [24, Chap. V,
Ex. 1.3])

2pa − 2 = C · (C +KX).

This concludes the proof of the proposition. □

Let C ⊂ X be a reduced curve, which is not invariant by F . We define tang(F , C), the
tangency order between F and C at x ∈ C as follows. Let v ∈ TF be a local derivation, with
isolated zeros, defining F at x, then

tang(F , C) = dimk
OX,x(
f, v(f)

) .
We present below well-known intersection formulas for non-invariant curves. As in the

previous case, the proof in characteristic zero carries over to arbitrary characteristic. We
omit the details here and refer the reader to [9, Chap. 2 Prop. 2].

Proposition 2.4. Let X be a smooth projective surface over k. Let F be a foliation on X
and let C ⊂ X be a reduced curve of arithmetic genus pa, which is not invariant by F . Then

NF · C = 2− 2pa + tang(F , C) and KF · C = −C2 + tang(F , C).
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2.3. Blowing-up. Let X be a smooth projective surface over an algebraically closed field
k of characteristic p ≥ 0. Let F be a codimension one foliation on X and let C ⊂ X be a
reduced invariant curve. Given a point x ∈ X, let π be the blow-up at x. Consider a local
generator ω = Adu+Bdv. Following [9], one consider the following nonnegative integers:

• The vanishing order a(x) of ω at x:

a(x) = Max{n ∈ N : (A,B) ⊂ mn
X,x} ;

• The vanishing order l(x) of π∗ω along the exceptional divisor E = π−1(x).
Denote by F̃ = π∗F the strict transform of F by π. The interplay between these objects,

as described in [9, Chapter 2], remains unchanged in our setting. This is explicitly stated
for further use:

NF̃ = π∗NF − l(x)E. (2.6)

(1) If E is invariant, then

l(x) = a(x) and Z(F̃ , E) = 1 + a(x). (2.7)

In particular, x is a regular point of F if and only if

Z(F̃ , E) = 1. (2.8)

(2) If E is not invariant, then

l(x) = a(x) + 1, (2.9)
tang(F̃ , E) = a(x)− 1 = l(x)− 2, (2.10)

NF̃ · E = 2 + tang(F̃ , E). (2.11)

Now, let C be a smooth rational F -invariant curve on X. Recall that

NF · C = Z(F , C) + C2.

Assume also that x ∈ C and let C̃ be its strict transform (hence F̃ -invariant). We propose
to compute Z(F , C) assuming that Z(F̃ , C̃) is known. To this end, we observe that

π∗(NF) · π∗(C) = (NF̃ + l(x)E)(C̃ + E)

= Z(F̃ , C̃) + C2 − 1 + 2 + tang(F̃ , E).
Finally, using NF · C = π∗(NF) · π∗(C) and NF · C = Z(F , C) + C2, we get

Z(F , C) = Z(F̃ , C̃) + 1 + tang(F̃ , E). (2.12)

2.4. The Camacho-Sad formula. We now define the Camacho-Sad index. Let C = ∪ri=1Ci
be the decomposition of C in irreducible components into the formal power series ring of X
at x. Let φi : (C̃i, qi) → (Ci, x) be a normalization map. The Camacho-Sad index at x is
defined as

CS(F , C, x) := −
r∑
i=1

Resqi
{
φ∗
i

(σ
h

)}
∈ k

where σ and h are given by (2.1). If x is smooth point of C, we note that

CS(F , C, x) = −Resx
{σ
h
|C
}
.
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We refer to [24, Chap. III Section 7] and [38, Chap. II] for an introduction on residues of
differential forms on curves. In view of Proposition 2.1, if x is a smooth point of F , we can
take h = 1, then

CS(F , C, x) = 0.

The Camacho-Sad formula relates the self-intersection C2 of C with the total sum of
indices at C. For a smooth curve, this follows from the Residue Theorem, which is the basis
of the next result. We define:

CS(F , C) =
∑
x∈C

CS(F , C, x).

Proposition 2.5. Let X be a smooth projective surface over k. Let F be a foliation on X
and let C ⊂ X be a smooth invariant curve. Then

C2 = CS(F , C) in k .

Proof. As before, using Proposition 2.1, we obtain an open cover {Ui} of X and a decompo-
sition

giωi = hidfi + fiσi

in each Ui. The cocycle {fij}, fij = fif
−1
j , represents OX(C) and {gij}, with ωi = gijωj,

represents NF .
From these relations, we get

dωi =

(
dlog

(
hi
gi

)
− σi
hi

)
∧ ωi in Ui ∩ C.

If we set

βi :=

[
dlog

(
hi
gi

)
− σi
hi

]
|C

we see that
(dloggij + βj − βi) ∧ ωi = 0 in Ui ∩ Uj ∩ C.

Therefore, we can write

βi = βj + dloggij + αijωi in Ui ∩ Uj ∩ C.

for suitable rational functions αij. Let {ti}, ti = (gij|C) · tj, be a rational resolution of NF |C .
Since C is invariant by F , ωi vanishes identically as 1-form on C, then from the previous
identity we obtain a global rational 1-form η on C

η := βi − dlogti = βj − dlogtj.

The total sum of residues of {βi} coincides with Z(F , C) + CS(F , C), while the residues of
{d log ti} add to NF · C. From the Residue Theorem we obtain

Z(F , C) + CS(F , C)−NF · C = 0.

(See [42, Corollary, p.155] or [38, Chap. II] for a proof of the Residue Theorem in this
context.) Then the result follows from Proposition 2.3. □
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We refer to [36, Section 3] for an extension of the above result to codimension one foliations
over C in higher dimensions.

Now, we compare the index at a possible singular point x of C with the indices arising
during a resolution process. Let π : X̃ → X be a resolution of the point x ∈ C, and let

E = π−1(x)

denote the exceptional divisor. Let C̃ be the strict transform of C and let E = ∪sj=1Ej be
the decomposition of the exceptional divisor in irreducible components. Then we can write,
as a divisor, the total transform as

π∗(C) = C̃ +Dx

where Dx =
∑s

j=1mjEj. Let C = ∪ri=1Ci be the decomposition of C in irreducible compo-
nents into the formal power series ring of X at x. For each Ci, let C̃i its normalization, and
let qi be the point of C̃i infinitely near x, i.e., π(qi) = x. The next result will be useful for
an inductive argument in the sequel.

Lemma 2.6. Let π1 : X1 → X be the blow-up at x and let F1 = π∗
1(F) be the foliation

induced by F on X1. Let y1, . . . , yl be the singular points of F1 along the exceptional divisor
E(1). Then

CS(F , C, x) =
l∑

j=1

CS(F1, C
(1), yj) + C(1) · (mE(1))

where C(1) is the strict transform of C and m is the algebraic multiplicity of C at x.

Proof. For each j ∈ {1, . . . , l}, let Ij denote the set of indices i ∈ {1, . . . , r} such that qi is
infinitely near to yj.

Let f be a local equation for C and consider the decomposition gω = hdf + fσ, given
by Proposition 2.1. Let f1 be a local equation for C(1), hence π∗

1(f) = smf1 where s is an
equation for E(1). A direct computation shows that, near each point yj, there is a local
function g1 such that

g1ω1 = π∗
1(h)s

mdf1 + f1 ·
(
msm−1π∗

1(h)ds+ smπ∗
1(σ)

)
where ω1 is a 1-form that defines the foliation F1. Hence, we see that

CS(F1, C
(1), yj) = −

∑
i∈Ij

Resqi

{
φ∗
1,i

(
m
ds

s
+ π∗

1

(σ
h

))}

where φ1,i : C̃i → C
(1)
i denotes a normalization map for a branch of C(1) passing through yj.

Consequently, the Camacho-Sad index at each yj writes

CS(F1, C
(1), yj) = −

∑
i∈Ij

[
Resqi

{
φ∗
1,i

(
m
ds

s

)}
+ Resqi

{
φ∗
i

(σ
h

)}]
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because φi = π1 ◦ φ1,i : C̃i → Ci. From this, we get
r∑
j=1

CS(F1, C
(1), yj) = −C(1) · (mE(1)) +

r∑
j=1

Resqi
{
φ∗
i

(σ
h

)}
= −C(1) · (mE(1)) + CS(F , C, x)

concluding the proof of the lemma.
□

Proposition 2.7. With above notation, we have

CS(F , C, x) =
∑

y∈C̃∩E

CS(F̃ , C̃, y) + C̃ ·Dx.

Proof. We proceed by induction on the minimal number of blow-ups necessary to resolve C
at x. Let π1 : X1 → X be the first blow-up, let E(1) = π−1

1 (x) and let C(1) be the strict
transform. We denote by F1 the foliation π∗

1(F) induced by F on X1.
As before, let π : X̃ → X be a resolution of C at x and C̃ be the strict total transform.

In particular, π can be written as π = π1 ◦ ψ1, where ψ1 : X̃ → X1 resolves the curve C(1).
It follows from Lemma 2.6 that

CS(F , C, x) =
l∑

j=1

CS(F1, C
(1), yj) + C(1) · (mE(1)) (2.13)

where y1, . . . , yl are singular points of F1 along E(1).
Now, by applying the induction hypothesis on C(1), for each yj one obtains

CS(F1, C
(1), yj) =

∑
i∈Ij

CS(F̃ , C̃, qi) + C̃ ·Dyj (2.14)

where Ij denote the set of indices i ∈ {1, . . . , r} such that qi is infinitely near to yj.
We note that

π∗(C) = C̃ +
l∑

j=1

Dyj + ψ∗
1(mE

(1))

and then

Dx =
l∑

j=1

Dyj + ψ∗
1(mE

(1)).

From (2.13) and (2.14) we get

CS(F , C, x) =
r∑
i=1

CS(F̃ , C̃, qi) + C̃ ·
( l∑
j=1

Dyj

)
+ C(1) · (mE(1)). (2.15)

By projection formula, we have C(1) · E(1) = C̃ · ψ∗
1(E

(1)), and consequently

C̃ ·
( l∑
j=1

Dyj

)
+ C(1) · (mE(1)) = C̃ ·Dx.
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This formula, together with (2.15) give the desired result. □

The next result extends the well known Camacho-Sad formula in characteristic zero, for
algebraically closed fields of arbitrary characteristic.

Theorem 2.8. (Camacho-Sad formula) Let X be a smooth projective surface over an alge-
braically closed field k of characteristic p ≥ 0. Let F be a foliation on X and let C ⊂ X be
a reduced invariant curve. Then

C2 = CS(F , C) in k .

Proof. Let π : X̃ → X be an embedded resolution of the singularities [12, Theorem 3.15] of
C and let C̃ denote its strict transform. Then, as a divisor, we can write

π∗(C) = C̃ +D.

It follows from Proposition 2.7 that

CS(F , C) = CS(F̃ , C̃) + C̃ ·D
and then Proposition 2.5 gives

CS(F , C) = C̃2 + C̃ ·D. (2.16)
Since D is supported on the exceptional divisor, then

0 = π∗(C) ·D = C̃ ·D +D2.

Hence, we have
C2 = π∗(C)2 = C̃2 + C̃ ·D

and the conclusion of the proof follows from (2.16).
□

Example 2.9. Let char(k) = 3. Consider the affine cubic curve C = Z(f) on A2
k given by

f = y2 − x3. It is invariant by the foliation F defined by ω = dy. Since F is regular, then
CS(F , C,0) = 0

where 0 = (0, 0).
Let π : Ã2

k → A2
k be the blow-up at 0, E = π−1(0) and let 0̃ = C̃∩E. The strict transform

C̃ has equation f̃ = t2 − x, in local coordinates π(x, t) = (x, tx). The pullback foliation F̃ is
given the ω̃ = tdx+ xdt and we have the local decomposition

(2t) · ω̃ = x · df̃ + f̃(−dx).
This gives the Camacho-Sad index CS(F̃ , C̃, 0̃) = 2, because

η

h
|C̃ =

−dx
x

|C̃ = −2
dt

t

and t is a local parameter for C̃ at 0̃. In particular, we see that

CS(F , C,0) = CS(F̃ , C̃, 0̃) + 4 in k

which agrees with Proposition 2.7.
We note also that the corresponding projective cubic curve on P2

k has self-intersection
C2 = 9, while C̃2 = 8. We can extend F to a projective foliation that has a single singularity
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at (1 : 0 : 0). Since the cubic does not pass through the singular point of the foliation, then
CS(F , C) = 0. For C̃, we get CS(F̃ , C̃) = 2. Both computations agree with Theorem 2.8.

⌟

2.5. Riccati foliations on Hirzebruch surfaces. In this section, we characterize regular
Riccati foliations on Hirzebruch surfaces

Fe = P(OP1
k
⊕OP1

k
(e)), e ≥ 0.

We say that F is a Riccati foliation with respect to a P1
k-fibration π : X → C over a smooth

curve C, if the generic fiber of π is transverse to F . This means that tang(F , F ) = 0, where
F represents the generic fiber. Using Proposition 2.4, we see that F is a Riccati foliation if
and only if KF · F = 0.

In characteristic zero, there exists only one regular Riccati foliation F with respect to the
projection Fe → P1

k, which occurs when e = 0. In this case, F0 is the product P1
k × P1

k, and
F corresponds to the second P1

k-fibration. See, for instance, [9, Theorem 3.7]. We will see
below that, in positive characteristic, new examples arise.

Proposition 2.10. Let F be a regular Riccati foliation on a Hirzebruch surface Fe, with
respect to the P1

k-fibration π : Fe → P1
k. Then:

(1) e = 0, char(k) ≥ 0, and F is the second P1
k-fibration over P1

k; or
(2) e > 0, char(k) = p > 0, p divides e and F is a Riccati foliation given by

ω = dz + γ

where z intends as coordinate of the fiber and γ ∈ H0(P1
k,Ω

1
P1
k
(e)).

Proof. Let F be a regular Riccati foliation on a Hirzebruch surface Fe = PE, where E =
OP1

k
⊕OP1

k
(e). Let {Ui} be a covering of E where E|Ui

is trivial with transition functions

Gij =

(
1 0
0 gij

)
where {gij} represents the line bundle OP1

k
(e). Let us denote by

ωi = dzi − βiz
2
i + θizi + γi

the family of 1-forms defining F on each local trivialization, where βi, θi, γi ∈ Ω1
Ui

and zi
denotes a local coordinate for the fiber over Ui. We can write zi = gijzj, then

dzi = g′ijzj + gijdzj

and using that the kernel of ωi and ωj coincide, we obtain ωi = gijωj. From this, we conclude
that the following conditions hold on Ui ∩ Uj:

βi = g−1
ij βj, γi = gijγj and θj = θi + dgijg

−1
ij .

Hence, we have 
θ = {θi} is a regular connection on OP1

k
(e)

β = {βi} defines a global section of Ω1
P1
k
(−e)

γ = {γi} defines a global section of Ω1
P1
k
(e).
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If e = 0, then β = γ = θ = 0 and F is the second P1
k-fibration of P1

k × P1
k. If e > 0, then

β = 0, and p divides e, otherwise OP1
k
(e) has no regular connection. Since gij is a p-power, we

conclude that θ is a global section of Ω1
P1
k
, so θ = 0. This gives the desired 1-form ω = dz+γ

defining F and concludes the proof of the proposition. □

2.6. Regular foliations on minimal rational surfaces. In this section, we study regular
foliations on projective minimal rational surfaces, over an algebraically closed field. Before
this, we need the following result, whose proof is directly adapted from [9, Chapter 2]

Proposition 2.11. Let F be a foliation on a smooth projective surface X. If F is regular,
then

NF ·KF = −c2(TX) (2.17)

Proof. The regular foliation F is given by a nonzero section v ∈ H0(X,TX ⊗KF), without
zeros. In particular,

c2(TX ⊗KF) = 0.

On the other hand, we have

c2(TX ⊗KF) = c2(TX) + c1(TX)KF +K2
F

and using the formula c1(TX) = NF −KF , we get the desired result

c2(TX) +NF ·KF = 0.

This finishes the proof of the Proposition. □

The following observation has already been made in [8, p.575].

Corollary 2.12. Let X be a smooth projective surface over an algebraically closed field of
arbitrary characteristic. Suppose that X admits a regular foliation F . Then c2(TX) is even.

Proof. For any line bundle L on X, the Riemann–Roch theorem gives

χ(L) = χ(OX) +
1
2
L · (L−KX),

from which the result follows by considering L = N∗
F , N∗

F −KX = −KF and (2.17). □

Remark 2.13. Using the same argument of Proposition 2.11, a general formula including
singular foliations is in fact established. See also [9, Chapter 2]. It takes the form

NF ·KF + c2(TX) = m(F)

where the right-hand side is nonzero (and then > 0) if and only if the singular locus of the
foliation is nonempty. It follows that the equality (2.17) provides a necessary and sufficient
criterion for the regularity of F . ⌟

We now obtain a characterization of regular foliations on Hirzebruch surfaces.

Lemma 2.14. Let F be a regular foliation on a Hirzebruch surface Fe, e ≥ 0, then either
(1) char(k) ≥ 0, and F is the P1

k-fibration of Fe over P1
k; or
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(2) char(k) = p > 0, p divides e and F is a Riccati foliation on Fe given by

ω = dz + γ

where z intends as coordinate of the fiber and γ ∈ H0(P1
k,Ω

1
P1
k
(e)).

Proof. Let X = Fe. We let F denote a fiber of the projection π : X −→ P1
k and let M be a

section such that M2 = −e, M · F = 1. Then, any line bundle is numerically equivalent to
aF + bM for some a, b ∈ Z. The canonical bundle of X can be written as

KX ≡ (−e− 2)F − 2M.

Let us write the canonical bundle of F as

KF ≡ d1F + d2M.

We assume that F is not the P1
k-fibration over P1

k. Since F 2 = 0, it follows from Proposi-
tion 2.4 that

d2 = tang(F , F ) ≥ 0.

We claim that M is invariant by F . Indeed, if it is not invariant, then

d1 − ed2 = KF ·M = tang(F ,M) + e.

Hence, we get

d1 = τM + e(1 + d2) ≥ 0 (2.18)

where τM := tang(F ,M). By adjunction formula NF = KF −KX , we have

NF ≡ (d1 + e+ 2)F + (d2 + 2)M

and since c2(TFe) = 4 we get

−4 = KF ·NF = (d2 + 2)(d1 − ed2) + d1d2 + d2(e+ 2). (2.19)

Now, using (2.18) we obtain

−4 = (d2 + 2)(τM + e) + d2(d1 + e+ 2)

which gives a contradiction, because the right hand side is non-negative. This shows that
M is invariant by F .

When M is invariant, from Proposition 2.3, one obtains

d1 − ed2 = KF ·M = −2.

and from (2.19) we get
−4 = (d2 + 2)(−2) + d2(d1 + e+ 2).

Consequently, d2(e + d1) = 0, and this gives d2 = 0 and d1 = −2. Therefore, F is a regular
Riccati foliation on Fe. The conclusion of the lemma follows from Proposition 2.10. □

The next result provides a characterization of regular foliations on minimal rational sur-
faces, namely the projective plane P2

k or a Hirzebruch surface Fe, e ≥ 0, e ̸= 1. See [40]. In
particular, we will see that P2

k does not admit any regular foliation. Regular foliations on
arbitrary projective spaces will be addressed in Section 3.

Theorem 2.15. Let F be a regular foliation on a minimal rational smooth surface X. Then
X is a Hirzebruch surface Fe, e ̸= 1, and either
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(1) char(k) ≥ 0, and F is the P1
k-fibration of Fe over P1

k; or
(2) char(k) = p > 0, p divides e and F is a Riccati foliation on Fe given by

ω = dz + γ

where z intends as coordinate of the fiber and γ ∈ H0(P1
k,Ω

1
P1
k
(e)).

Proof. We know that X is the projective plane or a Hirzebruch Fe for some e ∈ N, e ̸= 1,
see [40]. It follows from Corollary 2.12 that P2

k does not admit regular foliation.
Now, if X is a Hirzebruch surface X = Fe for some e ≥ 0, e ̸= 1, then the result follows

from Lemma 2.14. □

Corollary 2.16. Any regular foliation on a minimal rational smooth surface over an alge-
braically closed field of positive characteristic p is p-closed.

Proof. Let F be a regular foliation on a rational minimal surface X. By Theorem 2.15, we
may assume X = Fe. Since the P1

k-fibration is clearly p-closed, it is sufficient to consider the
case where p divides e and F is a Riccati foliation on Fe, locally given by ω = dz + γ with
γ ∈ H0(P1

k,Ω
1
P1
k
(e)).

Since the vector space H0(P1
k,Ω

1
P1
k
(e)) has dimension e− 1, we can write

γ = γ(x)dx, γ(x) = a0 + a1x+ · · ·+ ae−2x
e−2

where x denotes a coordinate for P1
k and a0, . . . , ae−2 ∈ k. Then F is locally given by the

vector field
v = ∂x − γ(x)∂z.

This implies that v(p) = −γ(p)(x)∂z, where γ(p) means the differential of order p with respect
to x. Therefore, v(p) is identically vanishing, because the differential of order p of a monomial
ajx

j, j ≥ p, is j(j−1) · · · (j−p+1)ajx
j−p, and there exists at least one multiple of p between

these p consecutive numbers. This shows that F is p-closed, concluding the proof of the
corollary. □

In [18], the authors construct notable examples of regular foliations on non-rational sur-
faces defined over a number field, whose reductions mod p are not p-closed for infinitely many
primes p, yet are p-closed for a set of primes of positive density. Those foliations have no
compact leaves, despite being p-closed mod p for infinitely many p.

In what follows, we will provide, for every prime p > 2, an example of a regular Riccati
foliation on C × P1

k, where C ⊂ P2
k is an elliptic curve cut out by

f(w, x, y) = y2w − x(x− w)(x− λw), λ ̸∈ {0, 1}, (2.20)

which is not, in general, p-closed.
To this goal, we recall the definition of supersingular elliptic curves, referring to [34, §15

and §22] for further details.

Definition 2.17. Let C be an elliptic curve over k. Then C is said to be supersingular if
its p-rank vanishes. An elliptic curve is ordinary if it is not supersingular.
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It is useful to know that an elliptic curve is supersinguar if and only if the natural map
on vector fields,

H0(C, TC) −→ H0(C, TC), v 7−→ vp,

vanishes. Another important and well-known feature concerning the p-rank follows [34, §22].

Proposition 2.18. Let C be an elliptic curve given by Equation (2.20). Then, C is super-
singular if and only if λ is a root of

Φ(t) =

p−1
2∑

ν=0

(p−1
2

ν

)2

tν .

Proposition 2.19. Let k be an algebraically closed field of characteristic p ≥ 3. Let C ⊂ P2
k

be the smooth elliptic curve given by Equation (2.20). Let µ ∈ k∗. Take ωµ = µ
dx

2y
∈

H0(C,Ω1
C) and consider the regular foliation Fµ on C × P1

k given by the 1-form

σ = dz − zωµ

where z represents a coordinate of P1
k. Then,

(1) Either C is supersingular and then Fµ is never p-closed.
(2) Either C is ordinary and Fµ is p-closed if and only if µp−1 = ±Φ(λ), ± depending

on whether p ≡ 1 mod 4 or p ≡ 3 mod 4.
(3) In the case where Fµ is not p-closed, the sections {z = 0} and {z = ∞} are the only

invariant curves.

Proof. Write v1 ∈ H0(C, TC), ω1(v1) = 1 for the vector field dual to ω1. The foliation Fµ,
µ ̸= 0 is thus defined by the regular and nowhere vanishing vector field Yµ = z∂z + µ−1v1
and is then p-closed iff

vp1 = µp−1v1,

thus proving the first item. Moreover, if we assume that Fµ is not p-closed, one observes
that Yµp ∧ Yµ does not vanish outside {z = 0} ∪ {z = ∞}, which establishes the third item.

It remains to justify the second point of the statement. For this, set P1 = (0, 0) ∈ C,
g =

y

x
∈ k(C) and remark that, ResP1gω1 = 1 and also, [34, loc.cit ] that ResP1g

pω1 =

(−1)
p−1
2 Φ(λ). On the other hand, in some formal coordinate u at P1, one can write

ω1 =
( p−2∑
i=0

aiu
i + hot

)
du,

ai ∈ k, a0 ̸= 0. After performing the change of variable t =
∑p−2

i=0
ai
i+1
ui+1, one gets ω1 =

(1 + αtp−1 + hot)dt, α ∈ k so that ResP1g
pω1 = α. As v1 = (1 − αtp−1 + hot)∂t, an easy

calculation yields vp1 = (α+hot)∂t = αv1. The proof of the Proposition is now complete. □

2.7. Regular foliations on weak del Pezzo surfaces.
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2.7.1. The Mori cone of weak del Pezzo surfaces. The following material is classical. See for
instance Dolgachev’s book [14, Chapter 8]. Let X be a weak del Pezzo surface, i.e. a
smooth projective surface such that

−KX is nef and big.

One defines the degree of X as the positive integer K2
X . A weak del Pezzo surface is

isomorphic to F0, F2 or to the blow-up of a bubble cycle on P2
k formed by r ≤ 8 points, and

K2
X = 9− r.
Let us consider the finite dimensional R-vector space N1(X)R formed by 1-cycles on X,

modulo numerical equivalence. Let NE(X) be the Mori cone of X, i.e. the cone spanned by
classes of effective curves.

Recall that for weak del Pezzo surface of degree ≤ 7, NE(X) is generated by the classes
of (smooth rational) curves of self-intersection −1 or −2:

NE(X) =
∑

(−1)-curves C

R≥0[C] +
∑

(−2)-curves C

R≥0[C].

The sum is finite, the curves intersect each other at most transversely, there are at most
r curves of self-intersection −2, moreover:

• (−1)-curves generate the KX-negative extremal rays,
• (−2)-curves lie in the hyperplane K⊥

X .
The lattice

K⊥
X ⊂ Pic(X)

is negative definite and carries a root system of type:

An, Dn, En.

Moreover, the (−2)-curves correspond to effective roots.
The nef cone is given by

Nef(X) = {D ∈ N1(X)R | D · C ≥ 0 for all (−1) and (−2)-curves}.
The following cases are of particular interest:

• If −KX is ample, X is a del Pezzo surface, there are no (−2)-curves, and NE(X)
is generated by (−1)-curves only.

• A weak del Pezzo surface is said to be strict and we will abbreviate by SWDP if
−KX is not ample. In this situation (−2)-curves appear and correspond to ADE
configurations.

2.7.2. Regular foliations on weak del Pezzo. We start by noting that a weak del Pezzo surface
carrying a regular foliation, has even degree.

Theorem 2.20. Let X be a smooth weak del Pezzo surface over an algebraically closed field
k of arbitrary characteristic. Let F be a regular foliation on X. Then X has even degree.

Proof. It suffices to notice that the degree of X has the same parity as c2(TX) and then
conclude by Corollary 2.12. □

The next result provides a characterization of regular foliations on del Pezzo surfaces.
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Theorem 2.21. Let X be a smooth projective del Pezzo surface, over an algebraically closed
field k of arbitrary characteristic. Let F be a regular foliation on X. Then X is either P1

k×P1
k

or F1, in which case one recovers the description of F as given by Lemma 2.14 and Theorem
2.15: F leaves one of the standard P1

k-fibrations invariant. More precisely, if X = P1
k × P1

k

then one of the two rulings is invariant, while for F1 the conclusion holds for the standard
fibration F1 → P1

k.

Proof. We first claim that for any smooth rational curve C ⊂ X, we have NF ·C ≥ 0. Indeed,
it follows from Propositions 2.3 and 2.4, and Camacho-Sad formula (cf. Theorem 2.8), that
NF ·C ≥ 2 when C is not invariant by F , and p = char(k) divides NF ·C = C2, otherwise. In
the last identity we used that Z(F , Ci) = 0, which follows from the fact that C is a smooth
curve and F is regular. By adjunction formula, we obtain C2 > −2, therefore NF · C ≥ 0.

We show first that the case where X is obtained by blowing-up P2
k at n points with

2 ≤ n ≤ 8, i.e X has degree ≤ 7, cannot happen. In this case, each extremal ray C is a
(−1)-curve, then not invariant under F . This gives KF · C ≥ 1. In particular, NF and KF
are both nef and then NF ·KF ≥ 0. On the other hand, it follows from Proposition 2.11 that

NF ·KF = −c2(TX) < 0

giving a contradiction.
Then the conclusion of the theorem follows from Lemma 2.14 and from the fact that P2

k

does not admit any regular foliation. □

Corollary 2.22. Any regular foliation on a smooth del Pezzo surface over an algebraically
closed field of positive characteristic p is p-closed.

It follows from [16] that any regular foliation on a weak Fano complex variety X is given
by the fibers of a smooth morphism X → Y onto a projective manifold. It has been
conjectured that the same conclusion holds more generally for rationally connected smooth
complex varieties. The following question points in this direction, although it remains open
even for surfaces in positive characteristic.

Question 2.23. Let X be a smooth projective rationally connected variety over a field k of
positive characteristic p, and let F be a regular foliation on X. Under what conditions is the
foliation p-closed?

Regarding the above question, we show that additional hypotheses are required to ensure
p-closedness, at least for p = 2. The example is a regular foliation on a weak del Pezzo
surface of degree 4 that is not 2-closed. This justifies our subsequent investigation into the
structure of regular foliations on weak del Pezzo surfaces.

Theorem 2.24. Let X a weak del Pezzo surface of degree 6 over an algebraically closed field
k. Let F be a regular foliation on X. Then X is a SWDP and char(k) = 2

Proof. The case of del Pezzo surface is ruled out by Theorem 2.21. We argue as in the proof
of Theorem 2.21, using now that if char(k) ̸= 2, none of the (−1) or (−2)-curves whose classes
generate the Mori cone can be F -invariant. As before, this gives NF · C ≥ 2, KF · C ≥ 1,
which implies in turn the nefness of NF and KF , contradicting again

NF ·KF = −c2(TX) < 0.
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□

Remark 2.25. The description of regular foliations on F2 (the unique SWDP surface of
degree 8) is covered by Theorem 1.1. There is only one foliation given by the standard ruling,
except in characteristic 2 where we also have the exceptional family described in Item (2) of
the Theorem 1.1. Every foliation in this family is 2-closed.

The remaining del Pezzo surfaces of degree 8, namely P1
k × P1

k and F1 are covered by
Theorem 2.21 and all the regular foliations are p-closed. ⌟

Remark 2.26. It is easy to exhibit, in characteristic 2, regular foliations on weak del Pezzo
surface in every even degree ≤ 6. Indeed, start with a smooth projective surface X over a
field of characteristic 2 carrying a 2-closed foliation F . Consider the blow-up at a point p
not contained in Sing(F). As F is 2-closed, it is defined at p by dx = 0 where x is a suitable
formal coordinate. The strict transform of the foliation carries exactly one singularity along
the exceptional divisor given formally by xdy + ydx = 0 and that can be resolved by an
additional blow-up, giving rise to an exceptional divisor E transverse to the strict transform
F̃ of F by the composition π of these two blow-ups. Note that F̃ is still a regular foliation
in the neighborhood of π−1(p) in the resulting surface X̃. In particular, if one takes F1

equipped with its canonical P1-fibration, one obtains a regular foliation Fr on a weak del
Pezzo degree 8− 2r by performing 2r successive blow-ups in a suitable way.

Moreover, a simple calculation yields NF̃ = π∗NF − 2E. Consequently, N2
F̃ = N2

F − 4. As
shown in the proof of Lemma 2.14, NF0 ≡ 2M + eF where M denotes the section of self
intersection −e, thus implying the vanishing of N2

F0
and then proving that N2

F̃r
= −4r ̸= 0

for r > 0. Compare with Proposition 4.2. ⌟

Theorem 2.27. Let X be a weak del Pezzo surface of degree 6 over an algebraically closed
field of characteristic 2, and let F be a regular foliation on X. Then F is obtained from the
standard ruling on F1 by a succession of two blow-ups according to the process described in
Remark 2.26.

We prove Theorem 2.27 below, before this, we offer some consequences.

Corollary 2.28. Assume the characteristic is 2. Every regular foliation F on a weak del
Pezzo surface of degree 6 or 8 is birationally equivalent to the foliation defined by the standard
ruling on F1. In particular, F is 2-closed.

Proof. Any regular foliation on a weak del Pezzo surface of degree 8 is 2-closed, see Re-
mark 2.25. Then performing two blow-ups as in Remark 2.26 we obtain a regular foliation
on a weak del Pezzo surface of degree 6. Therefore, the conclusion follows from Theo-
rem 2.27. □

Corollary 2.29. Assume the characteristic is p > 0. Any regular foliation on a weak del
Pezzo surface of degree 6 or 8 is p-closed.

Proof. The case of degree 8 is discussed in Remark 2.25, while the case of degree 6 is addressed
by Theorem 2.24 and Theorem 2.27. □

Before proving Theorem 2.27, let us introduce some notation. Let X be a weak del Pezzo
surface of degree ≤ 7 over an algebraically closed field of characteristic p = 2. Assume that
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X carries a regular foliation F . Denote the finite collection of (−2)-curves by (Ci)i∈I and
the finite collection of (−1)-curves by (Lj)j∈J . According to the terminology in [14], the Lj’s
will be called lines. In the subsequent analysis, we shall repeatedly employ the following
tangency formulae:

• NF · Ci ≥ −2 , KF · Ci ≥ −2 whenever Ci is invariant;
• NF · Ci ≥ 2 , KF · Ci ≥ 2 if Ci is not invariant;
• NF · Lj ≥ 2 , KF · Lj ≥ 1 for every j (Lj is never F -invariant).

Note also that, by virtue of Lemma 2.2, one has necessarily Ci ·Ck = 0 whenever Ci and Ck
are distinct invariant (−2)-curves. Recall that there exists at least one invariant (−2)-curve,
otherwise we would have NF and KF nef, contradicting the inequality

NF ·KF = −c2(TX) < 0.

The next result will be useful in the proof of Theorem 2.27.

Lemma 2.30. Assume the characteristic is 2. Let X be a weak del Pezzo surface of degree 9−
r, r ≥ 3 and F a regular foliation on X (in particular r is an odd number, see Theorem 2.20).
Let C1, . . . , Cn be pairwise distinct (−2) invariant curves and assume n ≤ r+1

2
. Then either

NF −
∑
i

Ci or KF −
∑
i

Ci

is not nef.

Proof. By invariance of the Ci’s and regularity of the foliation, one has

KF ·NF = −c2(X) = −3− r

and
NF · Ci = KF · Ci = −2 for every i.

On the other hand, it follows from Lemma 2.2 that Ci · Cj = 0 whenever i ̸= j. This
implies (

NF −
∑
i

Ci
)
·
(
KF −

∑
i

Ci
)
= −3− r + 2n ≤ −2 < 0.

□

2.7.3. Proof of Theorem 2.27. Following the table given in [14], we review all possible cases
for X assuming a priori that X admits a regular foliation F . Recall that Ci ·Cj = 0 whenever
Ci and Cj are distinct invariant (−2)-curves. Also, there exists at least one invariant (−2)-
curve.

The configuration of the (−1) and (−2) curves will be represented by their incidence graph,
see Figures 1 to 5.

First case: singularity of type A1 with 3 lines. In this case, C is the only (−2)-curve,
hence invariant. Set LN = NF − C. Then LN · Li ≥ 1, LN · C = 0.

Set LT = KF − C. Then LT · Li ≥ 0, LT · C = 0. Hence LT and LN are nef, but this
contradicts Lemma 2.30.
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L1 C L2

L3

Figure 1. A1 with three lines

L1

C1 L2

C2

Figure 2. 2A1 with two lines

L1 CL2 L3 L4

Figure 3. A1 with four lines

Second case: singularity of type 2A1. If Ci is invariant but not Cj ({i, j} = {1, 2}), set
LN = NF − Ci, LT = KF − Ci. As before, this implies that LN and LT are nef, and we
obtain the same contradiction as before.

Thus we are led to consider the only possible situation where both C1 and C2 are invariant.
First assume that tang(F , L2) ≥ 1. Then LN = NF − (C1 + C2) and LT = KF − (C1 + C2)
are nef, again a contradiction with Lemma 2.30.

Hence F is completely transverse to L2. It follows that F is the pull-back of a singular
foliation F defined on the surface X obtained by contracting L2 via π : X → X. Let
Di := π∗(Ci) for i = 1, 2. By Formula (2.12), Z(F , Di) = 1. Let πi : X → Xi be the
contraction of the (−1)-curve Di. From Formula (2.8), one can derive that F is the pull-
back of a regular foliation Fi on Xi. Indeed, when D1 is contracted, F1 is the horizontal (or
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L1

C1

L2

C2

Figure 4. A2 with two lines

L1C1 C3C2

Figure 5. A1 + A2 with one line

vertical) foliation on X1 = P1 × P1, whereas contracting D2 yields the vertical foliation on
X2 = F1, with the (−1)-section corresponding to L1.

A posteriori, we conclude that L1 was also transverse to F . By contracting successively
L1 and C1, we obtain X3 = F2 and for the same reasons, the induced foliation on X3 is one
of the foliations transverse to the vertical fibration on F2. Conversely, any regular foliation
on F2 transverse to the vertical fibration gives rise, via two suitable blow-ups, to a regular
foliation on a weak Fano surface having a configuration of type 2A1.

Third case: singularity of type A1 with 4 lines. In this case there is a single (-2)-curve
C, which is invariant. Then LN = NF − C and LT = KF − C are nef: contradiction.

Fourth case: singularity of type A2 with 2 lines. Either C1 or C2 is invariant, but
not both simultaneously, because their intersection is nonempty. If Ci is invariant, then
LN = NF − Ci, LT = KF − Ci are nef: contradiction.

Fifth case: singularity of type A1 + A2 with one line. At least one of the curves Ci
is invariant, but C1 and C2 are not simultaneously invariant. If C1 is invariant and C3 is
not, then LN = NF − C1 and LT = KF − C1 are nef. If both C1 and C3 are invariant, then
LN = NF −C1 −C3 and LT = KF −C1 −C3 are nef. If C3 is the only invariant curve, then
LN = NF −C3 and LT = KF −C3 are nef. If C3 and C2 are invariant and tang(F , L1) ≥ 1,
then LN = NF − C2 − C3 and LT = KF − C2 − C3 are nef. In all these cases, we reach a
contradiction.
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L1L2

L3 L4

C1

C2

C3

C4

Figure 6. 4A1 with four lines

The only remaining case is when C2 and C3 are invariant and tang(F , L1) = 0. As in
the second case, F is then the pull-back of a regular foliation F on the degree 6 del Pezzo
surface X obtained by contracting successively L1 and then C2 or C3 (more precisely, their
image under the first contraction). Contracting C2 yields the vertical foliation on F1, whereas
contracting C3 yields the vertical foliation on F2.

Summary. Combining the second and fifth cases, we see that all regular foliations on del
Pezzo surfaces of degree 6 are obtained from the vertical foliation on F1 by two blow-ups, as
wanted. This concludes the proof of Theorem 2.27.

2.7.4. Regular foliations on weak del Pezzo surfaces of degree 4. We study the configura-
tion defined by the incidence graph of Figure 6. Let X be the corresponding surface (the
characteristic of the ground field is 2). We will describe all regular foliations on X.

Theorem 2.31. Assume the characteristic is 2. Let X be a weak del Pezzo surface of degree
4 having the incidence graph of Figure 6 and let F be a regular foliation on X. Then F
leaves all the Ci invariant.

Proof. We discuss according to the number n of possible invariant (−2)-curves.

First case: n = 1. We may assume that C1 is invariant. Then the linebundles

LN = NF − C1 and LT = KF − C1

are nef, contradicting Lemma 2.30.
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Second case: n = 2. By symmetry, we may assume either the pair (C1, C2) or the pair
(C1, C3) is invariant. Suppose C2 is invariant. If tang(F , L1) ≥ 1, then the following lineb-
undles are nef

LN = NF − C1 − C2 and LT = KF − C1 − C2

again contradiction with Lemma 2.30. Hence F is transverse to L1, and contracting L1 and
C1 leads to the degree 6 surface of type 2A1, where the corresponding foliation is regular
(for the reasons given in the study of previous cases, using Formula (2.8) to conclude that
the transformed foliation is regular). This is the second case in the proof of Theorem 2.27,
then the foliation leaves two (−2)-curves invariant, namely those corresponding to C3 and
C4, yielding a contradiction.

If C1 and C3 are invariant, we directly obtain that

LN = NF − C1 − C3 and LT = KF − C1 − C3

are nef, again we get a contradiction.

Third case: n = 3. By symmetry, assume C1, C2, C3 are invariant. If tang(F , L1) ≥ 1 and
tang(F , L2) ≥ 1, then

LN = NF − C1 − C2 − C3 and LT = KF − C1 − C2 − C3

are nef, giving a contradiction. Hence, we may assume tang(F , L1) = 0, which leads to the
same contradiction as in the case n = 2.

Based on the preceding analysis, we conclude that the only viable case is one where F
leaves all the Ci invariant. □

In the next result, we construct a 5-parameter family of regular foliations on the rational
surface X that are not 2-closed.

Theorem 2.32. Assume the characteristic is 2. Let X be a weak del Pezzo surface of degree
4 having the incidence graph of Figure 6. Then X carries a 5-parameter family of regular
foliations such that each member of the family is not 2-closed.

Proof. We are looking for regular foliations on X which are not 2-closed. By Theorem 2.31,
we can assume that all the Ci’s are invariant. Moreover, we claim that we may assume
tang(F , Li) = 1. First, suppose one of the Li, say L1, is transverse to F . Contracting L1

and then C1 or C2 yields the degree 6 model of type 2A1, whose corresponding foliation is
in particular 2-closed. Now suppose that for all i, tang(F , Li) ≥ 1. One checks that

LN = NF − C1 − C2 − C3 − C4 and LT = KF − C1 − C2 − C3 − C4

are nef and LN · LT = 0. Moreover, for all i, we have

LN · Li = tang(F , Li) > 0 and LT · Li = tang(F , Li)− 1.

Also, LN = LT −KX has nonzero self-intersection. By Hodge index theorem, we conclude
that LT ≡ 0, hence tang(F , Li) = 1. This proves the claim above.

By contracting simultaneously the four (−1)-curves Li, we obtain X̄ = P1 × P1. The
curves Ci are mapped to four F̄ -invariant lines Li, namely, in suitable projective coordinates
(x, y):

L1 = P1 × {0}, L2 = {∞} × P1, L3 = P1 × {∞}, L4 = {0} × P1,
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where F̄ is the (singular) foliation induced by F on X̄.
The cycle C = ∪iLi contains exactly four singular points of F̄ , located at the intersections

of adjacent lines. In cyclic order: p1 = L1 ∩ L2, . . . , p4 = L4 ∩ L1, and for all i,

Z(F̄ ,Li, pi) = Z(F̄ ,Li+1, pi) = 2

as a byproduct of (2.12). We then obtain

Z(F̄ ,Li) = 4 = NF̄ · Li.
This implies that NF̄ ≡ 4(L2 + L3). Also, by (2.10), each singularity has vanishing order:

a(pi) = 2 ∀ i = 1, . . . , 4. (2.21)

In the coordinates (x, y), the foliation F̄ is defined by a polynomial 1-form

ω = U(x, y)dx+ V (x, y)dy,

where U and V are coprime and the polar divisor is

(ω)∞ = 4(L2 + L3). (2.22)

Combining (2.21) and (2.22) with the invariance of each Li, one can verify (by a tedious but
easy calculation) that ω has the form

ω = (xyP (y) + λy2 + µx2y2)dx+ (xyQ(x) + αx2 + βx2y2)dy,

where P,Q are polynomials of degree ≤ 2 and α, β, λ, µ ∈ k×.
Moreover, the strict transform of F̄ obtained by the four blow-ups at pi, i = 1, ..., 4, is

regular if and only if

P (y) = α + ay + βy2, Q(x) = λ+ bx+ µx2,

with a ̸= b ∈ k. Indeed, by Remark 2.13, it suffices to observe that this strict transform
has no singularities on the octagonal cycle defined by the (−1) and (−2) curves on X to
conclude that it has no singularities at all. Note that the parameters β and µ reappear in
P (y) and Q(x), respectively, precisely to eliminate any potential singularities outside the set
{p1, . . . , p4}.

The parameters involved are α, β, a, b, λ, µ, and since the foliation is defined by the 1-form
ω up to a scalar multiple, this yields a five parameters family of foliations.

We now verify that the corresponding family of regular foliations on X satisfies the con-
clusion of the theorem. By a change of coordinates (x, y) 7→ (sx, ty) with

µs3t2 = βs2t3 = 1, (2.23)

one can normalize β = µ = 1. To see that there exist s, t satisfying (2.23), consider the
curves µs3t2 − u5 = 0 and βs2t3 − u5 = 0, in homogeneous coordinates (s : t : u). These
curves intersect each other along the line u = 0 at exactly two points, each with intersection
multiplicity 10. Since the product of their degree is 25, Bézout’s theorem implies the existence
of further intersection points in the affine chart u = 1, then satisfying (2.23). With this
normalization, we have

ω = (xyP (y) + λy2 + x2y2)dx+ (xyQ(x) + αx2 + x2y2)dy,

with
P (y) = α + ay + y2, Q(x) = λ+ bx+ x2, a ̸= b ∈ k .
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By considering the rational vector field defining F̄

v = (xyQ(x) + αx2 + x2y2)∂x − (xyP (y) + λy2 + x2y2)∂y

one can readily check that v ∧ v(2) ̸= 0. This concludes the proof. □

The following result is implicit in the proof of Theorem 2.32.

Theorem 2.33. Assume the characteristic is 2. Let X be a weak del Pezzo surface of degree
4 having the incidence graph of Figure 6 and let F be a regular foliation on X. Then:

• either F is 2-closed and can be obtained from a regular foliation on a weak del Pezzo
surface of degree 6 after two blow-ups; or

• F is not 2-closed and lies in the 5-parameters family of foliations of Theorem 2.32.
Furthermore, F can be obtained from a (singular) foliation on P1 × P1 after 4 blow-
ups.

We finish this section with an example that lies in the above 5-parameter family.

Example 2.34. The following provides an explicit example of a regular foliation on the
degree 4 weak del Pezzo X as above, that is not 2-closed. We begin with a foliation on
P1 × P1 given in affine coordinates (x, y) by the 1-form

ω =
(
xy(1 + y2) + y2 + x2y2

)
dx+

(
xy(1 + x+ x2) + x2 + x2y2

)
dy

(note that this foliation is invariant under the involutions (x, y) 7→ ( 1
x
, y) and (x, y) 7→ (x, 1

y
)).

Next, blow-up the four points (0, 0), (0,∞), (∞, 0), (∞,∞). The resulting surfaceX is a weak
del Pezzo surface of degree 4. The induced foliation on X, is a regular foliation that leaves
the (−2)-curves Ci of the configuration of Figure 6 invariant and has tangency of order 1
along each (−1)-curve Li. ⌟

3. Foliations on projective spaces

We assume n > 1. Let F be a codimension q, 0 < q < n, foliation on Pnk . The q-
th wedge product given by the inclusion N∗

F → Ω1
Pn
k

gives rise to a nonzero global section
ω ∈ H0(Pnk ,Ω

q
Pn
k
⊗det(NF)). The degree of F is defined as the integer d such that det(NF) =

OPn
k
(q + d + 1). In this section, we examine some conditions under which a foliation on Pnk

is p-closed.

3.1. Regular foliations on projective spaces. The characterization of regular foliations
on projective spaces is a consequence of [13, Theorem 1.5]:

Theorem 3.1. Let F be a foliation on Pnk of codimension q, 0 < q < n, and degree d. If F
is regular, then q = 1, char(k) = 2, d = 0 and n is odd. Furthermore, F is given by a global
exact 1-form Ω = dF , where F is a homogeneous polynomial of degree 2. In particular, F is
2-closed.

Proof. Following the terminology of [13], the subbundle TF ⊂ TPn
k

defines a nesting map
f : Pnk → G(q, n), x 7→ TxF , where G(q, n) denotes the Grassmannian of q dimensional linear
subspaces of Pnk . According to [13, Theorem 1.5]: q = 1 and n is odd. Furthermore, there is
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a non-degenerate alternating bilinear form on kn+1 such that f is given by f(q) = q⊥. Where
q⊥ is the orthogonal complement with respect to the bilinear form.

We may assume, up to change of coordinates, that the non-degenerate alternating bilinear

form is given by a matrix consisting of blocks
(

0 1
−1 0

)
along the main diagonal and zero

elsewhere. This means that F is defined, in homogeneous coordinates by the standard
contact form

Ω = x0dx1 − x1dx0 + x2dx3 − x3dx2 + · · ·+ xn−1dxn − xndxn−1. (3.1)

The integrability implies that p = 2 and we get

Ω = d(x0x1 + · · ·+ xn−1xn).

□

Remark 3.2. During the proof of Theorem 3.1, we established that for 0 < q < n, a
codimension q distribution on Pnk is regular only if q = 1 and n is odd. Moreover, up
to change of coordinates it can be defined by the contact form (3.1). This aligns with
Proposition 2.1 in page 85 of [25]. ⌟

The next result is an immediate consequence of Theorem 3.1; however we present an
alternative proof.

Proposition 3.3. Let F be a codimension one foliation on Pnk of degree d. If F is regular,
then char(k) = 2, d = 0 and n is odd. Furthermore, F is given by Ω = dF , where F is a
homogeneous polynomial of degree 2. In particular, F is 2-closed.

Proof. The normal bundle of F can be written as NF = OPn
k
(d + 2). Considering the exact

sequence of vector bundles
0 → TF → TPn

k
→ NF → 0

and taking the total Chern class we get the identity

c(TPn
k
) = c(TF) · c(NF) ∈ CH∗(Pnk)

in the Chow ring of Pnk . Then

(1 + h)n+1 − hn+1 = P (h) · (1 + (d+ 2)h)

where h = c1(O(1)) and P (h) is a polynomial of degree n− 1 representing c(TF). Therefore,
−(d+ 2)−1 is a root of (1 + h)n+1 − hn+1 and consequently

(d+ 1)n+1 =

{
1 if n if odd
−1 if n if even

Hence, since d ≥ 0, one obtains that d = 0 and n is odd.
Since F is regular and ω ∧ dω = 0, the de Rham-Saito’s division lemma ensures the

existence of a polynomial 1-form η such that dω = η ∧ ω. Comparing the degrees of ω and
dω we get dω = 0. Then, Euler’s relation gives

0 = iRdω = (d+ 2)ω
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which implies that p is positive and divides d + 2. Hence, p = 2 and F is given by a
closed projective 1-form ω having homogeneous polynomials of degree one as coefficients. In
particular, there is a Cartier decomposition [7, Theorem 1.3.4]

ω = dF +
n∑
i=0

uixidxi

and the contraction with the radial vector field R =
∑n

i=0 xi
∂
∂xi

implies that ui = 0 for every
i. This concludes the proof of the proposition.

□

3.2. Invariant curves and singular points. Let C be a reduced affine plane curve which
is invariant by a foliation F on A2

k. Let us assume that there exists q ∈ Sing(C) such that
q /∈ Sing(F). This can only occur if the characteristic of the ground field k is positive.
Actually, in characteristic zero, it is always possible to rectify (formally) a non vanishing
vector field at q and this prevents for this pathological phenomena, using that the kernel of
the derivation ∂x in kJx, yK is precisely kJyK.

In positive characteristic p, a typical example that illustrates this phenomenon is provided
by f = y2 − xp, which is invariant by the foliation F defined by dy. At first glance, it is
reasonable to think that this kind of phenomenon can only occur if deg(C) ≡ 0 mod p, or
at least deg(C) ≥ p. This turns out to be false:

Proposition 3.4. Assume char(k) = p ≥ 5. Let s = ⌈p
3
⌉ and r = p− s. Consider the affine

plane curve C = Z(f) ⊂ A2
k, of degree 2s < p, defined by

f(x, y) = y2 + 2(xs + xr)y + x2s.

Then the polynomial 1-form

ω = 2Ud(y + xs + xr)− (y + xs + xr)dU (3.2)

where U = 2 + x2r−p, leaves C invariant and ω(0) ̸= 0.

Proof. The curve given by g(x, y) = y2−xp is invariant by the foliation defined by dy. Now,
since f can be written as

f(x, y) = (y + xr + xs)2 − 2xp − x2r

we see that
f(x, y) = U · g(φ(x, y))

where U = 2 + x2r−p and φ(x, y) = (x, U− 1
2 · (y + xs + xr)) is a local transformation. Note

that the condition on s ensures that 2r > p. The curve C is invariant by the polynomial
1-form

ω = U
3
2φ∗(dy)

which is nonsingular at the origin. A straightforward computation reveals that ω coincides,
up to a constant, with the one defined by (3.2). □

Remark 3.5. It is easy to see that this phenomenon does not occur in characteristic p = 2, 3.
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Building on the same idea, one can refine the argument of Proposition 3.4. Set p ≥ 5.
By descending induction on the degree, it is easy to construct polynomials P,Q ∈ k[x],
P (0) = 0, deg(P ) = ⌊p

2
⌋ − 1, deg(Q) ≤ ⌈p

2
⌉ such that

(P (x) + x⌊
p
2
⌋ + x⌈

p
2
⌉)

2
= Q(x) + 2xp + xp+1.

For instance, for p = 5, one can take P (x) = −x
2
, so that Q(x) =

x2

4
− x3. Now, set

f(x, y) = y2 + 2(P (x) + x⌊
p
2
⌋ + x⌈

p
2
⌉)y +Q(x).

It is a degree ⌈p
2
⌉+ 1 polynomial which can be also rewritten as

f(x, y) = (y + P (x) + x⌊
p
2
⌋ + x⌈

p
2
⌉)

2 − xp(2 + x). (3.3)

In particular, it is contact equivalent at the origin to y2 − xp. We do the details below.

Proposition 3.6. Assume char(k) = p ≥ 5. Then there exists a polynomial 1-form ω in
A2

k, with ω(0) ̸= 0, that leaves invariant a reduced affine curve C = Z(f) ⊂ A2
k, of degree

⌈p
2
⌉ + 1, and that is singular at the origin. Furthermore, C is defined by a polynomial as

(3.3).

Proof. Let s = ⌊p
2
⌋ and r = ⌈p

2
⌉. As explained above, it remains to construct polynomials

P,Q ∈ k[x], P (0) = 0, deg(P ) = s− 1, deg(Q) ≤ r such that

(P (x) + xs + xr)2 = Q(x) + 2xp + xp+1.

Note that s = r − 1, r + s = p and 2s = p− 1. The identity above is equivalent to

P (x)2 + 2P (x)xs + 2P (x)xs+1 + x2s = Q(x). (3.4)

Let us write
P (x) = as−1x

s−1 + as−2x
s−2 + · · ·+ a1x+ a0

with coefficients ai ∈ k, i = 0, . . . , s − 1. The coefficients must be chosen in such way that
deg(Q) ≤ r. If p = 5, then P (x) = −1

2
x + a0 works for any a0 ∈ k. If p ≥ 7 (then s ≥ 3)

grouping the coefficients of terms of the same degree on the left-hand side of (3.4), we see
that must have 

as−1 = −1
2

as−2 =
1
2

2as−2 + 2as−3 + a2s−1 = 0
...
2as−t + 2as−(t−1) +

∑
i+j=2s−t

aiaj = 0

...
2a1 + 2a0 +

∑
i+j=s+1

aiaj = 0

Hence, for p ≥ 7, the system above has a unique solution a0, . . . , as−1 and therefore there
exists a unique polynomial P (x) satisfying the constraints.
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Similar to the proof of Proposition 3.4, by taking U = 2 + x and

φ(x, y) = (x, U− 1
2 · (y + P (x) + xs + xs+1))

we see that f = U · g(φ(x, y)) and ω = U
3
2φ∗(dy) leaves f = 0 invariant. This concludes the

proof of the proposition. □

We end up these section by proving that the singular locus of an invariant reduced curve
C is necessarily contained in the singular locus of F provided that dC = degC is “small"
with respect to p. That is, dC is asymptotically “controlled” by √

p, see Theorem 3.10 below.
It is very likely that this bound is not sharp. However, observe that it cannot exceed ⌈p

2
⌉+1

according to Proposition 3.6.
We need to introduce some notation. Let kJx, yK be the ring of formal series in two

indeterminates. For f, g ∈ kJx, yK, we denote by

i(f, g) = dimk kJx, yK/(f, g) ∈ N ∪ {∞}

the intersection multiplicity between f and g. The Kappa invariant of f ∈ kJx, yK is
defined as

κ(f) = i(f, αfx + βfy)

for general (α : β) ∈ P1
k. Here and hereafter, fx and fy stand for the partial derivative with

respect to x and y. It can be readily seen that, if f is irreducible, then

κ(f) = min(i(f, fx), i(f, fy))

The following properties are well known:

Proposition 3.7. The intersection multiplicity and the kappa invariant are invariant under
contact equivalence, that is, for any formal change of variables φ(x, y) and every units u, v ∈
kJx, yK, then

(1) i(f, g) = i(uf ◦ φ, vg ◦ φ),
(2) κ(f) = κ(uf ◦ φ).

Corollary 3.8. Let C ⊂ P2
k be a reduced algebraic curve of degree d. Let q be a singular

point of C and let f be a local equation for C at q. Then

κq(C) := κ(f) ≤ d(d− 1).

We will need the following result.

Proposition 3.9. Let f ∈ kJx, yK−{0}, f(0) = 0 and let f = f1f2....fr be its decomposition
into irreducible factors. Then

κ(f) =
r∑

k=1

(
κ(fk) +

∑
j ̸=k

i(fk, fj)
)
.



FOLIATIONS WITH SMALL SINGULAR SET IN ARBITRARY CHARACTERISTIC 33

Assuming that f ∈ kJx, yK is irreducible, it always admits a parametrization generalising
the Puiseux expansion in characteristic 0, called Hamburger-Noether expansion (see [10]),
which is a pair (x(t), y(t)), with x(t), y(t) in t kJtK, satisfying

f(x(t), y(t)) = 0

and possessing the following properties:
(1) For every pair (u(t), v(t)), with u(t), v(t) ∈ t kJtK and f(u(t), v(t)) = 0, there exists a

unique φ(t) ∈ t kJtK such that

u(t) = x(φ(t)) and v(t) = y(φ(t)).

(2) For every g ∈ kJx, yK, we have

g(x(t), y(t)) = 0 ⇐⇒ g ∈ (f) (3.5)

and

i(f, g) = ord(g(x(t), y(t)). (3.6)

Now, we can prove the main result of this section.

Theorem 3.10. Let C ⊂ A2
k be a reduced curve which is invariant by a foliation F on A2

k

and assume that
deg(C)(deg(C)− 1) < p.

Then Sing(C) ⊂ Sing(F).

Proof. We proceed by contradiction by assuming that there exists q ∈ Sing(C) and q /∈
Sing(F). According to [32], in suitable formal coordinates centered at q the foliation is
defined by a vector field having the form

v = ∂x + xp−1g(xp, y)∂y, g ∈ kJx, yK,

or equivalently by the form

ω = xp−1g(xp, y)dx− dy.

This implies that h := g(xp, y) is an equation of the p-divisor of F in the formal neighborhood
of p (we do not exclude that g is identically zero, corresponding to F being p-closed).

Let f(x, y) = 0 be a local equation of C and f = f1 · · · fr its (local) decomposition into
irreducible factors. Let φl(t) = (xl(t), yl(t)) be a parametrization of fl. From the vanishing
of φ∗

l ω and from ordq(C) ≤ deg(C) < p, we can infer that

xl(t) = tnlU(t) and yl(t) = αl(t
p),

where 1 ≤ nl < p and αl ∈ t kJtK and U is a unit in kJtK. Indeed, since fl is invariant and h
is an equation for the p-divisor, then fl divides h and we get

y′l(t) = xp−1
l h(φl(t))x

′
l(t) = 0.

By performing the change of variables t → tU
1
nl (t) (which makes sense as nl < p), one can

actually suppose that
xl(t) = tnl and y(t) = αl(t

p). (3.7)
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This allows us to describe fl (up to multiplication by a formal unit ul) by using fractional
power series like in the classical Puiseux parametrization: fl = ulgl with

gl =

nl∏
i=1

(y − αl(ξ
p
nl,i
x

p
nl ))

where the ξnl,i’s are the (pairwise distinct) nlth roots of unity in k. Actually, one can
justify this equality by observing that gl is well defined as a power series (after expansion),
gl(φl(t)) = 0 and ord(gl) = ord(fl) = nl, and the conclusion follows by (3.5). Note that the
power series expansion of gl takes the form

gl(x, y) = ynl +

nl∑
i=1

al,i(x
p)ynl−i, al,i(x) ∈ x kJxK (3.8)

Now, since q is a singular point of C, two possible (not mutually exclusive) cases arise:
(1) C admits two local smooth branches; or
(2) C admits a singular branch.

Up to renumbering, one can suppose that in the first occurrence (resp. the second one) this
corresponds to g1 and g2 (resp. to g1). In the first case, n1 = n2 = 1 and

i(f1, f2) = i(g1, g2) = 0 mod p

(and of course positive) thanks to (3.6), (3.7) and (3.8). In the second case, n1 > 1, one can
conclude similarly that

κ(f1) = κ(g1) = i(g1, (g1)y) = 0 mod p.

But, the combination of Corollary 3.8, Proposition 3.9 and our hypotheses give

i(f1, f2) ≤ κ(f) ≤ deg(C)(deg(C)− 1) < p

in the first case and
κ(f1) ≤ κ(f) ≤ deg(C)(deg(C)− 1) < p

in the second one, yielding to a contradiction.
□

Remark 3.11. It would be interesting to determine the sharp bound ensuring that any
singular point of a reduced invariant curve is necessarily a singular point of the foliation.
Let Cd ⊂ A2

k be a reduced singular curve of degree d invariant under a foliation F . Below,
we write (F , Cd) to denote such a pair. In view of Lemma 2.2, we may assume d ≥ 3. Let
us fix a prime number p ≥ 5 and set

l(p) := max{m ∈ N : if d < m, then Sing(Cd) ⊂ Sing(F) for any pair (F , Cd)}. (3.9)

Proposition 3.6 and Theorem 3.10 yield√
p+ 3 ≤ l(p) ≤

⌈p
2

⌉
+ 1.

⌟
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Remark 3.12. The bound deg(C)(deg(C)− 1) < p already appears in the paper [35]. One
also refers to the results presented in the introductory section, where it is shown to provide
a sufficient condition for the nonexistence of the so-called wild vanishing cycles. ⌟

3.3. Codimension one foliations and invariant hypersurfaces I. In this section, we
address the case where a codimension one foliation F on Pnk admits a smooth invariant
hypersurface that does not intersect the singular set of F . This is a typical phenomenon
that occurs exclusively in positive characteristic.

When the degree of a homogeneous polynomial F is a multiple of the characteristic p,
Euler’s identity implies that iRdF = 0, where R is the radial vector field. Consequently, the
differential dF induces a foliation on Pnk . The following example illustrates this phenomenon.

Example 3.13. For each prime number p > 2 consider the polynomial in Fp[x0, . . . , xn]
given by

F = x0x
p−1
1 + x1x

p−1
2 + · · ·+ xn−1x

p−1
n + xp0

and let Y = Z(F ) ⊂ PnFp
be the corresponding hypersurface. The 1-form Ω = dF defines a

codimension one foliation in PnFp
having a single singular point q = (1 : 0 : · · · : 0). We note

that Ω leaves the smooth hypersurface Y invariant, and the singular point q of F does not
lie in Y . In Corollary 3.16 below, we will see that this example represents, to some extent,
the general case. ⌟

In the next result, Proposition 2.1 is applied to obtain a global decomposition of the
homogeneous 1-form that defines the foliation on affine coordinates of Pnk .

Proposition 3.14. Let F be a codimension one foliation on Pnk given by a projective 1-form
Ω =

∑n
i=0Aidxi. Let Y = Z(F ) ⊂ Pnk be a smooth hypersurface invariant by F . Then there

exist a homogeneous polynomial H ∈ k[x0, . . . , xn] and a homogeneous 1-form η in An+1
k such

that
Ω = HdF + Fη.

Proof. The argument is similar to [11, Proposition 1]. Consider the open set

U = An+1
k \ {(0, . . . , 0)}.

We will use the following facts (see [30, Theorem 1.14]):
(1) H1(U,OU) = 0; and
(2) the restriction map O(An+1

k ) → O(U) is surjective.
Denote by f the local equation of Y in U and ω the 1-form defining F in U via restriction,

that is, ω = Ω|U . Since, Y is smooth, by Proposition 2.1, we know that there exists an open
covering {Ui} of U , elements hi ∈ OX(Ui) and σi ∈ Ω1

X(Ui) such that

ω|Ui
= hidf + fσi.

If Uij = Ui ∩ Uj is nonempty, we have hidf + fσi = hjdf + fσj, which gives (hi − hj)df =
f(σj−σi), and then hi−hj = fgij for certain gij ∈ O(Uij). Note that gik = gij+gjk for every
i, j, k and since H1(U,OU) = 0 we have gij = gj − gi for some gi ∈ O(Ui) and gj ∈ O(Uj).
Therefore

hi + fgi = hj + fgj in Uij
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and then we can take H ∈ OAn+1(U) by

H|Ui
:= hi + fgi.

Since the restriction map O(An+1) → O(U) is surjective, one can assume that

H ∈ k[x0, . . . , xn].

In order to define the 1-form η of the statement, we note that

σi − gidf = σj − gjdf in Uij.

Using the same extension principle above, there exists η ∈ Ω1
An+1
k

(An+1
k ) such that

η|Ui
= σi − gidf.

Hence, we have the identity
Ω = HdF + Fη.

Finally, using that F and Ω are homogeneous, we can assume that H and η are homogeneous.
This finishes the proof.

□

As a first and easy application of Proposition 3.14, we provide a bound for the degree of
a smooth invariant hypersurface in terms of the degree of the foliation. We refer to [19] for
a more complete treatment of the problem of bonding the degree of invariant subvarieties.

Corollary 3.15. Let F be a codimension one foliation on Pnk , n ≥ 2, and Y = Z(F ) be a
smooth hypersurface invariant by F . Then

deg(Y ) ≤ deg(F) + 2.

Proof. It follows from Proposition 3.14 that there is a global decomposition: Ω = HdF +
Fη, where Ω is a 1-form defining F in homogeneous coordinates and H is a homogeneous
polynomial. In particular, we have

deg(F) + 1 = deg(H) + deg(Y )− 1

and the result follows.
□

Now, we deal with a smooth invariant hypersurface that does not intersect the singular
locus of F .

Corollary 3.16. Let F be a codimension one foliation on Pnk , n ≥ 2, and let Y = Z(F )
be a smooth hypersurface invariant by F . If Y does not intersect Sing(F), then k has
characteristic p > 0, degF is a multiple of p and F is given by the kernel of the global exact
1-form Ω = dF . In particular, F is p-closed.

Proof. Let us consider the decomposition given by Proposition 3.14:

Ω = HdF + Fσ.
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We will show that σ = 0. Aiming to a contradiction, let us assume that σ ̸= 0. In this
case, H has degree ≥ 1, because Fσ has coefficients of degree at least degF and dF has
degree degF − 1. Hence, the algebraic set Z(H,F ) is nonempty:

dimZ(H,F ) ≥ n− 2 ≥ 0.

See [24, Chap. I Theorem 7.2]. Since Z(H,F ) lies in the singular set of F , we get a
contradiction, because this implies that Sing(F) ∩ Y is nonempty.

Therefore, σ = 0, H ∈ k∗ (since codim Sing(F) ≥ 2), and F is defined by dF . In addition,
the characteristic of k is p > 0, with p| degF and degF = deg(F) + 2. □

3.4. Codimension one foliations and invariant hypersurfaces II. In this section, we
extend Corollary 3.16 to distributions on Pnk , while also relaxing the condition that the
hypersurface does not intersect the singular locus of the distribution.

We need the following result.

Lemma 3.17. Let F be a foliation on P2
k and let C = Z(F ) be an invariant curve, possibly

singular, that does not intersect Sing(F). Then the characteristic p of k is positive and
degC = 0 mod p.

Proof. This is an immediate consequence of Theorem 2.8.
□

Now we can prove the main result of this section.

Theorem 3.18. Let D be a codimension one distribution on Pnk , n ≥ 2. Let Y = Z(F ) be
a reduced hypersurface invariant by D. If Y ∩ Sing(D) has codimension at least 3, then k
has characteristic p > 0, degF is a multiple of p and D is given by the kernel of dF . In
particular, D is integrable and p-closed.

Proof. Let us first assume that n = 2. In this situation, D = F is automatically integrable
and Y = C is a (maybe singular) curve which does not contain any singular point of F .

By Lemma 3.17 we may assume dC := degC = 0 mod p, and thus p > 0. By assumption,
we have that

Ω ∧ dF = Fη (3.10)
where Ω is a section of Ω1

P2(l) defining F . We see F and dF as sections of OP2(dC) and
Ω1

P2(dC), respectively. Then η ∈ H0(P2,Ω2
P2(l)).

For every q ∈ P2, there exists a neighborhood of q and a one form ξq such that η = Ω∧ ξq.
Indeed, when q ∈ C, this is a consequence of Ω(q) ̸= 0 and otherwise, one can take ξq = dF

F
.

In particular, one can find an open cover U = {Ui} of P2 together with a collection of one
forms ξi ∈ H0(Ui,Ω

1
Ui
) such that

η = Ω ∧ ξi. (3.11)
It follows that the ξi−ξj define a cocycle in Z1(U , N∗

F) where N∗
F ≃ OP2(−l) is the conormal

sheaf of the foliation. By the triviality of degree one cohomology and up to refining U , this
implies that there exists a collection of one forms αi ∈ H0(Ui, N

∗
F) such that the ξi−αi glue

together to a global one form, which is then necessarily trivial. Consequently, η = 0, as
wanted.
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Now, we take n ≥ 2 arbitrary. Let Ω ∈ H0(Pnk ,Ω1
Pn
k
(l)) defining D. We consider the

restriction D|P2
k

of D to a general plane section P2
k ⊂ Pnk that avoids the singular set of D,

and let C = Y ∩ P2
k.

We will show that degC = 0 mod p, and therefore deg Y = 0 mod p. We cannot guar-
antee that C does not intersect the singular locus of D|P2

k
. Indeed, there may have tangencies

between P2
k and D lying in C. However, one can show that the Camacho-Sad indices are

vanishing along C. For this, given q ∈ C, there exists a neighborhood of q in Pnk where the
decomposition gΩ = df + fσ holds, because q /∈ Sing(D). Here, f is a local equation for Y ,
see Proposition 2.1. Therefore, there is a similar decomposition for the restriction Ω̃ = Ω|P2

k
:

g̃Ω̃ = df̃ + f̃ σ̃. (3.12)

where the symbol ∼ means restriction to P2
k. This implies that

CS(D|P2
k
, C, q) = 0.

It follows from Theorem 2.8 that degC = 0 mod p.
Since Y is invariant by D, we can write

Ω ∧ dF = Fη.

Let us show that the restriction η̃ of η to P2
k is identically vanishing, and so is η. First note

that even C may intersect the singular locus of D|P2
k
, there is still a covering {Ui} of P2

k and
a family of 1-forms ξi satisfying

η̃ = Ω̃ ∧ ξi. (3.13)

Indeed, from (3.12), near a point q of C, we obtain

Ω̃ ∧ df̃ = f̃ σ̃ ∧ Ω̃

and therefore η̃ = σ̃ ∧ Ω̃. If q /∈ C we can take ξ =
df̃

f̃
. Finally, using the family of 1-forms

ξi that satisfy (3.13) and following the same procedure as in the case n = 2, we conclude
that η̃ = 0. So η = 0 and then Ω ∧ dF = 0. This finishes the proof of the theorem.

□

We observe that Theorem 3.18 is consistent with [19, Corollary 4.5]. Indeed, under the
hypothesis of Theorem 3.18, we could apply [19, Corollary 4.5] to conclude that p divides
deg(Y ).

The next result is an immediate consequence of Theorem 3.18.

Corollary 3.19. Let D be a codimension one non integrable distribution on Pnk such that
Sing(D) has codimension at least 3, then D has no invariant hypersurface.

Remark 3.20. Theorem 3.18 and Corollary 3.19 are basically illustrated by the standard
contact distribution D, given on P3

k in homogeneous coordinates by the form

Ω = x0dx1 − x1dx0 + x2dx3 − x3dx2.

The singular locus of D is empty. Furthermore, D is never integrable and does not admit
any invariant hypersurface, except when p = 2, in which case Ω = d(x1x2 + x3x4). ⌟
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In strong contrast with the non integrable case, the degree of the normal bundle NF
of a codimension one foliation on Pnk , whose singular locus has codimension at least 3, is
necessarily a multiple of p = char(k), in particular p > 0. This is the content of the next
result.

Corollary 3.21. Let F be a codimension one foliation on Pnk of degree d and assume that
Sing(F) has codimension at least 3. Then p = char(k) is positive, d+2 is a multiple of p and
F is given by the kernel of a closed projective 1-form Ω on An+1

k . Moreover, the following
conditions are equivalent:

(1) F admits a reduced invariant hypersurface;
(2) Ω is exact, i.e there exists a homogeneous polynomial G of degree d + 2 such that

Ω = dG.

Proof. Let Ω =
∑n

i=0Aidxi be a projective 1-form defining F , with Sing(Ω) of codimension
≥ 2 and whose coefficients are homogeneous polynomials of degree d + 1. If Sing(Ω) has
codimension ≥ 3, since Ω satisfies Ω ∧ dΩ = 0, we can apply de Rham-Saito’s lemma (see
[37]) to guarantee the existence of a polynomial 1-form η such that dΩ = η ∧Ω. Comparing
the degrees in both sides of the last identity, it follows that η as well as dΩ must be zero.
Hence, Ω is closed. However, Euler’s relation gives

0 = iRdΩ = (d+ 2)Ω

then p is positive and divides d+ 2.
The last assertion of the statement will follow from Theorem 3.18. According to [7,

Theorem I.3.4], one can write

Ω = dG+
n∑
i=0

apix
p−1
i dxi

and Ω is exact iff the terms in the summand are trivial. It is clear that (2) implies (1).
Suppose from now on that F admits an invariant hypersurface. From Theorem 3.18, there
exists a homogeneous polynomial F such that deg(F ) = 0 mod p and such that F is given
by the kernel of dF . Let us choose F of minimal degree with these properties. Then, there
exists a polynomial H such that dF = HΩ. Moreover dH ∧ Ω = 0 by closedness. On the
other hand, deg(H) < deg(F ), thus implying that dH = 0, i.e, H = hp is a p−power. From
the exactness of dF = HΩ = d(HG) +

∑n
i=0 (hai)

pxp−1
i dxi, one concludes that Ω = dG. □

Note that if a codimension one foliation F on Pnk has degree d, and p = char(k) does not
divide d + 2, then Sing(F) has an irreducible component of codimension two. This follows
from Corollary 3.21.

Example 3.22. For all prime p > 0 and n ≥ 3 there exist codimension one foliations on Pnk
with finite singular set and no invariant hypersurface. Consider the projective 1-form

ω = d
( n−1∑
i=0

xix
2p−1
i+1

)
+ xpnx

p−1
n−1dxn−1 − xpn−1x

p−1
n dxn.



40 T. FASSARELLA, W. MENDSON, J.P. SANTOS, AND F. TOUZET

Note that ω defines a codimension one foliation on Pnk of degree 2p − 2 with finite singular
set: Sing(F) = {(1 : 0 : · · · : 0)}. Also note that F has no algebraic invariant hypersur-
faces. Indeed, on the contrary, Corollary 3.21 would imply that ω is exact. In particular,
xpnx

p−1
2 dxn−1 − xpn−1x

p−1
n dxn should be also exact, but this contradicts [7, Theorem I.3.4]. ⌟

4. Bott vanishing in Hodge cohomology

We assume X is a smooth variety over an algebraically closed field k.

4.1. The Bott-connection. Let F be a regular foliation on X and consider the map

∇B : TF −→ Endk(NF)

which sends a derivation v of TF to ∇B
v ∈ Endk(NF), given by

∇B
v (w) := [v, w]

for each w ∈ NF = TX/TF . It follows from the fact that TF is involutive that ∇B
v is well

defined, i.e., [v, w] is independent of the choice of a lift in TX representing the class w in NF .
We note that ∇B satisfies

• ∇B
a·v = a · ∇B

v , for all a ∈ OX and v ∈ TF ;
• ∇B

v (a · w) = a · ∇B
v (w) + v(a) · w, for all a ∈ OX , v ∈ TF and w ∈ NF .

From this, one obtains a F-connection on NF , i.e., a k-linear map

∇B : NF −→ NF ⊗ Ω1
F

satisfying Leibniz’ rule:

∇B(aw) = a∇B(w) + dF(a) · w, ∀ a ∈ OX , w ∈ NF

where dF : OX → Ω1
F is defined by dF(a)(v) = v(a), for all v ∈ TF . We call ∇B : NF →

NF ⊗ Ω1
F the Bott connection associated to F .

4.2. The F-Atiyah class. Let F be a regular foliation on X. Let us endow the sheaf
E := NF ⊕ (NF ⊗ Ω1

F) with a structure of OX-module: given a ∈ OX and (w, σ) ∈ E we
define:

a · (w, σ) = (aw, dF(a) · w + aσ).

Consider the exact sequence of OX-modules

0 NF ⊗ Ω1
F E NF 0i π

where i : σ 7→ (0, σ) and π : (s, σ) 7→ s. The exact sequence splits if there is an OX-morphism
ψ : NF −→ E such that π ◦ ψ = idNF . On the one hand, the sequence above splits if and
only if NF admits a F -connection. The connection is given by the second factor of ψ. On
the other hand, the sequence above determines an element atF(NF) in the group

Ext(NF ,Ω
1
F ⊗NF) ∼= Ext(OX ,Ω

1
F ⊗NF ⊗N∗

F)
∼= H1(X,EndOX

(NF)⊗ Ω1
F).

Since a regular foliation admits the Bott-connection then the sequence splits and the F -
Atiyah class of NF is vanishing, i.e.

atF(NF) = 0. (4.1)
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4.3. Bott vanishing theorem. In this section, we study the vanishing of powers of Chern
classes in H∗(X,Ω∗

X), a phenomenon often referred to as Bott’s vanishing theorem. Before
proceeding, we recall a fundamental result: Chern classes can be expressed in terms of the
Atiyah class.

Let E be a vector bundle over a smooth variety X, let cs(E) ∈ Hs(X,Ωs
X) be its sth Chern

class and let
c(E) = 1 + c1(E)t+ · · ·+ cs(E)t

s + · · ·
be its total Chern class; see [23, p. 143]. These classes satisfy, and are characterized, by the
following properties

• If f : X → Y is a morphism between smooth varieties over k, and F is a vector
bundle over Y , then

cs(f
∗(F )) = f ∗(cs(F )).

• If 0 → E ′ → E → E ′′ → 0 is an exact sequence of vector bundles over X, then

c(E) = c(E ′) · c(E ′′).

• If E is a line bundle over X, then c1(E) is the image in H1(X,Ω1
X) of the class of E in

H1(X,O∗
X), via the homomorphism O∗

X → Ω1
X which sends f to df

f
. Also, cs(E) = 0

for all s > 1.
See [23, Théorème 1].

Using polarizations of the invariant polynomials together with the Atiyah class, we can
construct additional classes in Hodge cohomology. For this purpose, let σs be the sth invari-
ant polynomial in the space of n× n matrices, defined by the relation

det(A+ t · I) =
n∑
s=0

σn−s(A) · ts.

We can write

σs(A) =
∑
#J=s

detAJ,J

= trace(
s∧
A)

where J ⊂ {1, . . . , n} and AJ,J denotes the (J, J)th minor (ai,j)i,j∈J of A. To polarize σs,
for a s-tuple of matrices (A1, . . . , As), τ a permutation of {1, . . . , n}, and J ⊂ {1, . . . , n} of
cardinality s, let AτJ be the s × s matrix whose ith column is the ith column of Aτ(i)J,J , then
we set

σ̃s(A
1, . . . , As) =

∑
τ

∑
#J=s

det(AτJ) (4.2)

where τ runs over the set of all the permutations {1, . . . , n} → {1, . . . , n}; see [22, p. 403].
The polarization satisfies

σ̃s(A, . . . , A) = s!σs(A).

Now, using the Atiyah class at(E) ∈ H1(X,EndOX
E ⊗ Ω1

X), we can consider the class

σ̃s(at(E), . . . , at(E)) ∈ Hs(X,Ωs
X).
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It turns out that these classes coincide with the Chern classes, up to a constant:
σ̃s(at(E), . . . , at(E)) = s!cs(E). (4.3)

See [2, Theorem 6] and [28].
For example, when s = 2, we have

σ̃2(A
1, A2) = σ2(A

1 + A2)− σ2(A
1)− σ2(A

2)

and if at(E) = {Aij}ij ∈ H1(X,EndOX
(E)⊗ Ω1

X), then

2c2(E) = {σ̃2(Aij, Ajk)}i,j,k ∈ H2(X,Ω2
X).

The following is a classical result, proved in [3, Section 3] for the complex case.

Theorem 4.1. (Bott vanishing) Let X be a smooth algebraic variety over an algebraically
closed field k of characteristic p. Let F be a regular foliation on X, of codimension q.
Assume that either p = 0 or p > q. Then, for every sequence of nonnegative integers
α1, . . . , αr, s1, . . . , sr such that l := α1s1 + · · ·+ αrsr > q we have

cs1(NF)
α1 · · · csr(NF)

αr = 0 in Hl(X,Ωl
X).

Proof. Let us consider the exact sequence
0 −→ N∗

F −→ Ω1
X −→ Ω1

F −→ 0.

The Atiyah class at(NF) lies in H1(X,EndOX
(NF)⊗ Ω1

X). Twisting the sequence above by
EndOX

(NF) we get

0 −→ EndOX
(NF)⊗N∗

F −→ EndOX
(NF)⊗ Ω1

X −→ EndOX
(NF)⊗ Ω1

F −→ 0

and by taking the exact long sequence in cohomology we see that at(NF) is sent to the
F -Atiyah class atF(NF). Since atF(NF) is vanishing, see (4.1), the long exact sequence
yields to

at(NF) ∈ H1(X,EndOX
(NF)⊗N∗

F).

This gives

cs(NF) =
1

s!
σ̃s(at(NF), . . . , at(NF)) ∈ Hs(X,∧sN∗

F)

for any 0 < s ≤ q. Then the result follows from the fact that NF has rank q. □

For the first Chern class, the result holds over any ground field, regardless of its charac-
teristic:

Proposition 4.2. Let X be a smooth algebraic variety over an algebraically closed field
k of characteristic p ≥ 0. Let F be a regular foliation on X of codimension q. Then
c1(NF) ∈ H1(X,N∗

F). In particular, we have

c1(NF)
q+1 = 0 in Hq+1(X,Ωq+1

X ).

Proof. The same argument in the proof of Theorem 4.1 shows that
at(NF) ∈ H1(X,EndOX

(NF)⊗N∗
F).

Therefore, we get
c1(NF) = trace(at(NF)) ∈ H1(X,N∗

F)

and the result follows. □
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Now, we consider the case where codim(Sing(F)) ≥ q + 2:

Theorem 4.3. Let X be a smooth algebraic variety of dimension n > 1, over an algebraically
closed field k of characteristic p ≥ 0. If F is a codimension q foliation on X with singular
set of codimension at least q + 2, then

c1(NF)
q+1 = 0 in Hq+1(X,Ωq+1

X ).

Proof. Let U := X \ Sing(F). By Proposition 4.2, c1(NF |U) lies in H1(U,N∗
F |U) and

c1(NF |U)q+1 = 0 in Hq+1(U,Ωq+1
U ). Then the conclusion follows from the fact that the

natural map
Hq+1(X,Ωq+1

X ) → Hq+1(U,Ωq+1
U )

is injective. See [17, Lemma 3.5] and [1, Lemma 6.4]. □

For surfaces, it follows from Bott vanishing theorem that N2
F = 0 in k. However, it may

happen N2
F ̸= 0 in Z, see Remark 2.26. Note also that there are examples of codimension

one regular foliations on Pnk , n odd, with NF = OPn
k
(2), see Theorem 3.1.

5. Bott “vanishing” in the Chow ring

We now want to profit from the particularities of Geometry in positive characteristic and
in this section we assume that p > 0.

Let X be a smooth variety over k. We then let X ′ be its Frobenius twist, i.e. as a scheme
X ′ is just X, but its structure of k-scheme is obtained by means of the the composition

X → Spec k → Spec k,

where the rightmost map is induced by the inverse of the Frobenius. With these conventions,
the identity map id : |X| → |X ′|, between underlying topological spaces, together with the
Frobenius morphism of rings (−)p : OX′ → OX give rise to the geometric Frobenius morphism
F : X → X ′. This is k-linear. In what follows, we shall identify OX′ with a subring of OX .
For an open subset U , we have OX′(U) = OX(U)

p.

5.1. Basic material on p-closed foliations. Let F be a regular foliation on X and write
m = rankTF , and q = rankNF . Let us in addition suppose that F is p-closed.

For each open subset U ⊂ X, we define the OX′(U)-module

B(U) :=
{
a ∈ OX(U) :

for all V ⊂ U and all
D ∈ TF(V ), we have D(a|V ) = 0

}
.

It is a simple matter to note that B is a sheaf of rings containing OX′ . Let

Y = (|X|,B)
and let φ : X → Y be the morphism of ringed spaces naturally obtained from the inclusion
B ⊂ OX . The proof of the following can easily be extracted from [39, §3].

Proposition 5.1.
(1) The ringed space Y is a scheme and φ is a morphism of schemes.
(2) The morphism φ : X → Y is finite and flat of rank pm. In particular, φ has degree

pm.
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(3) Each P ∈ X possesses an affine and open neighbourhood U on which there is a p-basis
{x1, . . . , xm} of OX(U) over OY (U), i.e.

OX(U) =
⊕

0≤i1,...,im<p

OY (U) · xi11 · · · ximm .

(4) The OX-module Ω1
X/Y , on U , is free and generated by dx1, . . . , dxm.

Elements of the proof. Let us assume that X = SpecA, that TF is free on v1, . . . , vm, TX
is free on {∂/∂xi}ni=1, where xi ∈ A, and TX/TF is also free. Then B := B(X) is simply
{a ∈ A : vi(a) = 0, ∀i}. Write vj =

∑n
i=1 aij∂/∂xi. We can assume that the minor

∥aij∥1≤i,j≤m is invertible and hence we can find a basis {Di}mi=1 of TF such that Di(xj) = δij
for i, j ∈ {1, . . . ,m}. Let xi := xi11 · · · ximm for each i = (i1, . . . , im). Then, arguing as in [39,
Lemma 3], we have

A =
⊕
i∈Nm

p

Bxi,

where Np = {0, . . . , p− 1}. □

Basic Commutative Algebra (cf. Theorem 23.7 and Theorem 28.8 in [31]) now implies:

Corollary 5.2. The scheme Y is regular and hence k-smooth. □

Another pleasant way of presenting the situation at hand is thorough the

Corollary 5.3 (The Frobenius theorem). Let P ∈ X be given. There exists an open neigh-
bourhood U of P and functions x1, . . . , xm ∈ OX(U), y1, . . . , yq ∈ OY (U) such that

dx1, . . . , dxm, φ
∗(dy1), . . . , φ

∗(dyq)

is a basis of Ω1
X |U . In addition, φ∗(dy1), . . . , φ

∗(dyq) is a basis of N∗
F |U over U . If we

interpret y1, . . . , yq as elements in OX(U) and use these to define the basis

{∂/∂xi, ∂/∂yj : 1 ≤ i ≤ m, 1 ≤ j ≤ q}
of TF |U , then the vector fields {∂/∂xi}mi=1 form a basis of TF |U .

Proof. We employ the notations specified in the natural exact sequence

φ∗Ω1
Y

φ∗
−→ Ω1

X

ρ−→ Ω1
X/Y −→ 0.

Let Q = φ(P ). The following are easily verified.
(⋆) The space Ω1

X(P ) is spanned by elements of the form df(P ), where f is defined in a
neighbourhood of P and vanishing on it. (The same claim is true if one replaces X
and P by Y and Q. )

Using (⋆) and that Ω1
X/Y is locally free of rank m, we can find an open neighbourhood U

of P and x1, . . . , xm ∈ OX(U) such that

{ρ(dx1)(P ), . . . , ρ(dxm)(P )}
is a basis of Ω1

X/Y (P ). (In particular {dxi(P )} are linearly independent.) By the same
argument, we can find an open neighbourhood V of Q and y1, . . . , yq ∈ OY (V ) such that

{φ∗(dy1)(P ), . . . , φ
∗(dyq)(P )}
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is a basis for Im Ω1
Y (Q) ⊗ k(P ) → Ω1

X(P ). Since N∗
F(P ) is a k(P )-subspace of Ω1

X(P ) of
dimension q and contains each dφ#(yi) = φ∗(dyi), we conclude that

{φ∗(dy1)(P ), . . . , φ
∗(dyq)(P )}

is a basis of N∗
F(P ). Consequently, N∗

F is free on {φ∗(dyi)}qi=1 near P . □

We insert φ into a commutative diagram

X
φ //

F !!

Y

ψ
��

X ′.

(5.1)

Since F and φ are faithfully flat we have by [31, p. 46]:

Corollary 5.4. The morphism ψ is also faithfully flat and finite, and has degree pq.

Let us end this section by reviewing some further local properties φ : X → Y in order to
draw an important parallel between foliations and “local” actions of the additive groups.

Let U = SpecA be an affine open subset of X where we can find
x1, . . . , xm, y1, . . . , yq ∈ A

such that:
• If B = B(U), then A is a free B-module on xi11 · · · ximm , where (i1, . . . , im) ranges over
{0, . . . , p− 1}m;

• The OU -module TF |U is free on {∂/∂xi}mi=1;
• The OU -module TU is free on {∂/∂xi}mi=1 ∪ {∂/∂yi}qi=1.

To proceed, we require some notations. The set {0, . . . , p − 1} is denoted by Np, the
derivations ∂/∂xi are abbreviated to ∂i. Given i = (i1, . . . , im) ∈ Nm

p , we put

xi = xi11 · · · ximm , ∂i = ∂i11 · · · ∂imm and ∂[i] =
1

i!
∂i

where i = i1! · · · im!.
Let A′ := A ⊗B A be considered as an A-algebra via the unnamed morphism a 7→ a ⊗ 1.

As we learn from Grothendieck’s theory of differential operators, it is important to consider
also the morphism

τ : A −→ A′, a 7−→ 1⊗ a,

and to interpret it as a “Taylor series”. This is done by writing
δi = τ(xi)− xi = 1⊗ xi − xi ⊗ 1

and by noting that the binomial formula gives, for j ∈ Np,

τ(xji ) =

j∑
ℓ=0

∂
[ℓ]
i (xji )δ

ℓ
i .

Hence, if we agree to abbreviate δℓ = δℓ11 · · · δℓmm , we obtain

τ(xj) =
∑
ℓ∈Nm

p

∂[ℓ](xj) · δℓ,
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which extends, by B-linearity, to

τ(a) =
∑
i∈Nm

p

∂[i](a) · δi. (5.2)

5.2. A Bott “vanishing theorem” for p-closed foliations. Let us maintain the notations
and conventions used in diagram (5.1). Also, let us follow [21] and write Zℓ(−) for the
group of cycles of codimension ℓ, [−] for the cycle associated to a subscheme, and φ∗ :
Zℓ(Y ) → Zℓ(X) for the flat pull-back. See [21, Ch. 1]. It should be noted that, since φ is a
homeomorphism, then for each integral subscheme W ⊂ Y , we have

φ∗[W ] = ∥W∥φ · [φ−1(W )red],

where ∥W∥φ is the multiplicity of the irreducible closed subscheme φ−1(W ), i.e. the length of
the local ring of the generic point. This in particular says that the map [W ] 7→ [φ−1(W )red]
defines a bijection Zℓ(Y ) → Zℓ(X).

Proposition 5.5. Let ℓ > q be an integer. Then

φ∗Zℓ(Y ) ⊂ pℓ−qZℓ(X).

Proof. Recall that X ′ is (|X|,Op
X) with its structure morphism to Spec k modified and

F : X → X ′ is the identity on the underlying topological spaces while F# : OX → OX

is the Frobenius morphism. It follows that [V ′] 7→ [F−1(V ′)red] defines an isomorphism
Zℓ(X ′) → Zℓ(X). In addition, F ∗ : Zℓ(X ′) → Zℓ(X), is given by

[V ′] 7−→ ∥V ′∥F · [F−1(V ′)red],

where we agree to denote by ∥V ′∥F the multiplicity of the irreducible closed subscheme
F−1(V ′). These observations and accompanying notations are employed below.

The following facts shall lead to a proof of the proposition.
(1) If V ′ ⊂ X ′ is a subvariety of codimension ℓ, then ∥V ′∥F = pℓ, i.e. F ∗[V ′] = pℓ ·

[F−1(V ′)red].
(2) If W ⊂ Y is a subvariety of codimension ℓ, then ∥W∥φ is a power of p.
(3) Assume that ℓ > q. Then, ∥W∥φ is divisible by pℓ−q.

Let us prove (1). This is a consequence of a remark of Kunz and although well-known, is
almost never patiently explained. Let V := F−1(V ′) and denote its generic point by ξ so that
∥V ′∥F is, by definition, just lengthOV,ξ

(OV,ξ). If I ′ ⊂ OX is the ideal of V ′, then I ′[p] ⊂ OX

is the ideal of V . Let ξ be the generic point of the space |V ′| = |V | so that I ′ := I ′
ξ ⊂ Oξ is

the maximal ideal of this ℓ dimensional regular local ring. Since we have

lengthOξ/I′[p]
(Oξ/I

′[p]) = lengthOξ
(Oξ/I

′[p]),

we now only need to employ Kunz’s observation: for a regular local ring R with maximal
ideal m, the equality

lengthR(R/m
[p]) = pdimR

holds [29].
The statement (2) is a direct consequence of (1) and [21, Lemma 1.7.1].
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In order to prove (3), we observe that for any V ′ ⊂ X ′, we have ψ∗ψ
∗[V ′] = pq · [V ′]

according to [21, 1.7.4]. (The proof of this employs [21, A.1.3].) As a consequence, ∥V ′∥ψ ≤
pq.

Let [V ′] ∈ Zℓ(X ′) be a prime cycle and let W = ψ−1(V ′)red so that ψ∗[V ′] = pt · [W ] with
t ≤ q. If we write φ∗[W ] = ps · [φ−1(W )red], then φ∗ψ∗[V ′] = ps+t · [φ−1(W )red]. On the other
hand, φ∗ψ∗[V ′] = F ∗[V ′] = pℓ · [F−1(V ′)red]. Then s = ℓ− t ≥ ℓ− q. □

The previous proposition motivates the following definition.

Definition 5.6. Let M be a quasi-coherent OX-module. An F -quotient of M is a pair
(N , σ) consisting of a quasi-coherent OY -module N and an isomorphism

σ : φ∗N ∼−→ M.

An OX-module having an F -quotient will be said to descend to Y .

Below, we let CH∗(X) denote the Chow ring of X and write Chern∗(M) for the graded
subring of CH∗(X) generated by the Chern classes of M.

Corollary 5.7 (Bott vanishing modulo p). Let M be a coherent OX-module on X having
an F-quotient. Then, for each ℓ > q we have

Chernℓ(M) ⊂ pℓ−qCHℓ(X).

The prime example of a module having an F -quotient is the normal bundle of a regular
p-closed foliation:

Example 5.8 (The Bott F -quotient). We contend that N∗
F (the annihilator of TF) descends

to Y . In particular, its dual NF , descends also.
Let U be an open subset of X and let {yi}qi=1 and {xi}mi=1 be as in Corollary 5.3: N∗

F |U is
free on {dyi}qi=1 and TF |U is free on {∂/∂xi}mi=1. Let now U ′ be an open subset overlapping U
where we have a similar situation with N∗

F |U ′ being free on {dy′i}
q
i=1 and TF |U ′ on {∂/∂x′i}mi=1.

We now write over U ∩ U ′:

dy′j =
m∑
i=1

∂y′j
∂xi

dxi +

q∑
i=1

∂y′j
∂yi

dyi

=

q∑
i=1

∂y′j
∂yi

dyi;

consequently, the GLq(O(U ∩ U ′))-cocycle giving rise to N∗
F is(

∂y′j
∂yi

)
1,i,j≤q

.

But, for every h = 1, . . . ,m, we have

∂

∂xh

∂y′j
∂yi

=
∂

∂yi

∂y′j
∂xh

= 0.



48 T. FASSARELLA, W. MENDSON, J.P. SANTOS, AND F. TOUZET

This means that a 1-cocycle for N∗
F can be found with coefficients in OY , and this implies

that N∗
F descends to Y . Similarly, a cocycle for NF is

(
∂yi
∂y′j

)
1,i,j≤q

; we obtain a locally free

B-module L by

L|U =

q⊕
i=1

B|UeUi

and an isomorphism φ∗L ≃ NF defined by eUi 7→ ∂/∂yi. ⌟

It follows from Example 5.8 that NF has an F -quotient, this yields to the following result,
which is Theorem 1.7 of the introduction. It should be compared with [6, Theorem (∗)′′,
p.35].

Corollary 5.9 (Bott vanishing). Let F be a regular p-closed foliation on a smooth variety
X. If Chern∗(NF) stands for the graded subring of CH∗(X) generated by the Chern classes
of NF , it follows that

Chernℓ(NF) ⊂ pℓ−q · CHℓ(X)

for each ℓ > q.

In view of Theorem 4.1, which applies for foliations that are not necessarily p-closed, the
following question arises naturally.

Question 5.10. Does Corollary 5.9 also hold for foliations that are not p-closed?

The reader acquainted with the theory of Cartier descent [26, Theorem 5.1] must have re-
marked that the notion of F -quotient needs to be related to the notion of “partial” connection
which appeared in a particular setting in Section 4.1.

Definition 5.11. Let M be a quasi-coherent OX-module. A partial integrable F -connection
is an OX-linear morphism of sheaves

∇ : TF −→ Endk(M), v 7−→ ∇v

such that
(1) for all sections v of TF , a of OX and s of M, over an open subset, we have

∇v(as) = v(a) · s+ a∇v(s),

(2) for sections v and w of TF , we have ∇[v,w] = [∇v,∇w].
If, in addition, ∇vp = (∇v)

p for all sections v of TF over some open subset, then we say that
∇ is p-closed.

Note that if ∇ is an integrable F -partial connection on M, then ∇ actually takes values
in EndOY

(M). As with usual connections, a partial connection can also be defined by means
of a k-linear morphism of sheaves ∇ : M → M⊗ T ∗

F which satisfies Leibniz’ rule.
Define

M∇(U) :=

{
s ∈ M(U) :

for all V ⊂ U and all
v ∈ TF(V ), we have ∇v(s|V ) = 0

}
.

In this way, we obtain an OY -module M∇; it is clear that M∇ can also be expressed as the
kernel of ∇ : M → M⊗ T ∗

F .
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Proposition 5.12 (“Partial Cartier descent”). Let F be a regular p-closed foliation on a
smooth algebraic variety X and let φ : X → Y be the F-quotient map.

(1) Let N be a quasi-coherent OY -module. Then φ∗N = OX⊗OY
N carries an integrable

p-closed partial F-connection ∇can defined by letting each v ∈ TF act as

v ⊗ id : OX ⊗OY
N −→ OX ⊗OY

N

(2) The preceding construction gives rise to a functor

φ∗ :

{
quasi-coherent
OY -modules

}
−→

{
partial integrable p-closed

F-connections

}
,

which is an equivalence. Associating to each integrable p-closed partial F-connection
(M,∇) the quasi-coherent OY -module M∇ gives rise to an inverse equivalence.

(3) If ∇B is the Bott connection on NF constructed in Section 4.1, then it coincides with
the canonical connection on NF obtained through the construction in (1) applied to
the descended module of Example 5.8.

Proof. Item (1) is quite simple. The proof of (2) is a direct consequence of faithfully flat
descent for modules [27, Theorem II.6.4, p.51]. For the convenience of the reader, we render
explicit some details.

Let (M,∇) be a partial F -connection. Let U = SpecA be an open and affine subset of
X where we can find

x1, . . . , xm, y1, . . . , yq ∈ O(U)

such that:
• If B = B(U), then A is a free B-module on xi11 · · · ximm , where (i1, . . . , im) ranges over
{0, . . . , p− 1}m;

• The OU -module TF |U is free on {∂/∂xi}mi=1;
• The OU -module TU is free on {∂/∂xi}mi=1 ∪ {∂/∂yi}qi=1.

That we can set up such a situation is a consequence of Proposition 5.1 and Corollary 5.3.
Let M = M(U). We want to show that M descends to a B-module, i.e., that M ≃ A⊗B N
for a certain B-module N ; that N = M∇(U) will then follow from the general theory [27,
II, Theorem 3.2, p.36].

Following [27] (see also [33, Remark 2.21]), we need to produce a descent data for the
A-module M . For this, let us now adopt the notations employed at the discussion made
after Corollary 5.4 and add a few more. Put Di = ∇∂i ; these are commuting B-linear
endomorphisms of M . For i = (i1, . . . , im) ∈ Nm

p , write

Di = Di1
1 · · ·Dim

m , D[i] =
1

i!
Di, and ((i, j)) =

(
i1 + j1
i1

)
· · ·
(
im + jm
im

)
.

This last element is taken to be in k. Given s ∈M , let

Φ(s) =
∑
i∈Nm

p

D[i](s)⊗ δi ∈M ⊗A A
′.
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Because of eq. (5.2), we have τ(a)Φ(s) = Φ(as), so that we obtain an A′-linear map

Φ′ : A′ ⊗τ,AM −→M ⊗A A
′, a′ ⊗ s 7−→

∑
i∈Nm

p

D[i](s)⊗ a′δi.

If we for a moment regard A as an A′-algebra via the multiplication morphism a′⊗ b′ 7→ a′b′,
then idA ⊗A′ Φ′ = idM .

Let now A′′ = A⊗B A⊗B A, so that we have morphisms of rings

d12 : A
′ −→ A′′, a′ ⊗ b′ 7−→ a′ ⊗ b′ ⊗ 1,

d23 : A
′ −→ A′′, a′ ⊗ b′ 7−→ 1⊗ a′ ⊗ b′

and
d13 : A

′ −→ A′′, a′ ⊗ b′ 7−→ a′ ⊗ 1⊗ b′.

Let d1 : A → A′ be the map a 7→ a⊗ 1. Then d12d1 = d13d1, d12τ = d23d1 and d13τ = d23τ .
Let us also adopt the convention that τ ∗M , d∗1M , etc, denote the tensor products M ⊗τ,AA

′,
M⊗d1,AA

′, etc. The cocycle condition for the descent is now equivalent to the commutativity
of the following hexagon of maps of A′′-modules

d∗23τ
∗M

d∗23Φ
′

%%
d∗13τ

∗M

d∗13Φ
′

��

d∗23d
∗
1M

d∗13d
∗
1M d∗12τ

∗M

d∗12Φ
′

yy
d∗12d

∗
1M.

(5.3)

Now, d13(δi) = 1⊗ δi + δi ⊗ 1, and writing

(1⊗ δ + δ ⊗ 1)h =
m∏
i=1

(1⊗ δi + δi ⊗ 1)hi ,

commutativity of (5.3) amounts to showing that∑
h∈Nm

p

(1⊗ δ + δ ⊗ 1)h ⊗
d12

(
D[h](s)⊗

d1
1

)
=
∑
i,j

(δ ⊗ 1)j · (1⊗ δ)i ⊗
d12

(
D[j]D[i](s)⊗

d1
1

)
(5.4)

for each s ∈M . The binomial formula assures that for h ∈ Nm
p , we have

(1⊗ δ + δ ⊗ 1)h =
∑

i+j=h

((i, j))(δ ⊗ 1)j(1⊗ δ)i.

From the fact that Dh
i = 0 for h ≥ p, we have

D[j]D[i] = ((i, j))D[i+j],



FOLIATIONS WITH SMALL SINGULAR SET IN ARBITRARY CHARACTERISTIC 51

which proves that eq. (5.4) holds true and hence diagram (5.3) commutes. It is therefore
possible to apply [27, II, Theorem 3.2]: Let

N = {s ∈M : Φ(s) = s⊗ 1}

=
⋂
i

{s ∈M : Di(s) = 0};

then N ⊗B A→M is an isomorphism. This concludes the proof of (2) of the statement.
The proof of (3) is straightforward. □

Remark 5.13. A result along the lines of Proposition 5.12 appeared in [4]. ⌟
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