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Brief overview of Differential Galois Theory:

Given A € Mat,(C(x)) or A € Mat,(C((x))), consider:
dy

Picard (Lie already...) ~- construct a “Galois theory” for the
solutions of (&).

Definition
> Put R = C(x)[yj, 1/ det] and extend < to R by
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Brief overview of Differential Galois Theory:

Given A € Mat,(C(x)) or A € Mat,(C((x))), consider:
dy

Picard (Lie already...) ~- construct a “Galois theory” for the
solutions of (&).

Definition
> Put R = C(x)[yj, 1/ det] and extend < to R by

Ynj Ynj

> “Splitting field" or the Picard-Vessiot extension:
C(x, €) := Frac(R/(some ideal)).
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> Galois group: Galg = Aut(C(x, €)/C(x)) preserving &. [
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» Galois group: Galg = Aut(C(x, £)/C(x)) preserving %- O
Let ¥ = [y;] € GLn(C(x,€)) ~ 92X = AY.
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> Galois group: Galg = Aut(C(x, €)/C(x)) preserving <.

Let Y = [yl_/] € GLn(C(X’ 8)) ~ % = AY.
Vo e Gal,

0(Y)=YC,, G, €GL(C)]
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> Galois group: Galg = Aut(C(x, €)/C(x)) preserving <.

Let Y = [yl_/] € GLn(C(X’ 8)) ~ % = AY.
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By means of o — C,, obtain Gal < GL,(C).
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> Galois group: Galg = Aut(C(x, €)/C(x)) preserving <.
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By means of o — C,, obtain Gal < GL,(C).
In addition, Gal is Zariski closed. O

Two different ways to reinterpret the theory.
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> Galois group: Galg = Aut(C(x, €)/C(x)) preserving <.

Let ¥ = [y;] € GLn(C(x,€)) ~ 94X = AY.
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» Galois group: Galg = Aut(C(x, £)/C(x)) preserving %- O
Let ¥ = [y;] € GLn(C(x,€)) ~ 92X = AY.

Vo € Gal,
0(Y)=YC,, G, €GL(C)]
Lemma
By means of o — C,, obtain Gal < GL,(C).
In addition, Gal is Zariski closed. O

Two different ways to reinterpret the theory.
(v) Fundamental group and monodromy representations.

(1) Tannakian categories.
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M) Mo my

P> xg not a pole of A.
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P> xg not a pole of A.

> Yy € GL,(Oy,) fundamental matrix.
> ~ loop about xg.

» Y, analytic continuation along

—
Y,=Y- C
~~
€GL,(C)
Definition

Mon = (C, : v € 1), monodromy group.
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P> xg not a pole of A.

> Yy € GL,(Oy,) fundamental matrix.
> ~ loop about xg.

» Y, analytic continuation along

—
Y,=Y- C
~~
€GL,(C)
Definition

Mon = (C, : v € 1), monodromy group.

Question
What is the relation between Mon and Gal?
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P> xg not a pole of A.

> Yy € GL,(Oy,) fundamental matrix.
> ~ loop about xg.

» Y, analytic continuation along

—
Y,=Y- C
~~
€GL,(C)
Definition

Mon = (C, : v € 1), monodromy group.

Question
What is the relation between Mon and Gal?

Example
Take (&) to be y' = y. Then Gal = G, but Mon = 1.
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Schlesinger’s theorem

Problem comes from the inexistence of meromorphic solutions
(Riemann, Fuchs, ...).
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Schlesinger’s theorem

Problem comes from the inexistence of meromorphic solutions
(Riemann, Fuchs, ...).

Definition (Regular-singularities)

(€) has regular singularities < V p € Pole(A), exists

. dz H _
T € GLs(M,) s.t. if y = Tz, then il pz with H € Op.

Theorem (Schlesinger)
If (€) only has regular-singular points, then

Gal = Zariski closure of Mon
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(T) Tannakian categories

> k field.
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There exists group scheme /k

Jodo Pedro dos Santos Groups from ODEs over a DVR



(T) Tannakian categories

> k field.
> T a k-linear abelian category,
® T x T — T bilinear,
w T — k-vect embedding.
Leaving some other hypothesis aside we have:

Theorem (Saavedra)
There exists group scheme M/k and

T = Rep, (M)

Jodo Pedro dos Santos Groups from ODEs over a DVR



(T) Tannakian categories

> k field.
> T a k-linear abelian category,
® T x T — T bilinear,
w T — k-vect embedding.
Leaving some other hypothesis aside we have:
Theorem (Saavedra)

There exists group scheme M/k and

T = Rep, (M)

Definition ( “Galois-Tannaka” groups)
EcT.
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(T) Tannakian categories

> k field.
> T a k-linear abelian category,
® T x T — T bilinear,
w T — k-vect embedding.
Leaving some other hypothesis aside we have:
Theorem (Saavedra)

There exists group scheme M/k and

T = Rep, (M)

Definition ( “Galois-Tannaka” groups)
E € T. Define

(E)g = {E’/E” L E'cE cPE® E®bf} .
i



Apply Theorem:
(E)e ~ Rep(MEg).
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Apply Theorem:
<E>® ~ Repk(nE).

~~ Galois(-Tannaka) group.
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Apply Theorem:
<E>® ~ Repk(nE).
~~ Galois(-Tannaka) group.

Lemma
If og : (T) — GL(wE) associated to E
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Apply Theorem:
<E>® ~ Repk(nE).
~~ Galois(-Tannaka) group.

Lemma
If o : (T) — GL(wE) associated to E ~» Mg = Im(pg).
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Apply Theorem:
<E>® ~ Repk(nE).
~~ Galois(-Tannaka) group.

Lemma
If o : (T) — GL(wE) associated to E ~» Mg = Im(gg). In
particular N g is linear algebraic group.
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Some examples: Abstract groups

Definition
[" abstract group.

Jodo Pedro dos Santos Groups from ODEs over a DVR
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Definition
I" abstract group. T = Rep,(I).
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Definition
I" abstract group. T = Rep, (). The group MN(7T) is called the
“algebraic hull” |, T#8 of I
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Some examples: Abstract groups

Definition
I" abstract group. T = Rep, (). The group MN(7T) is called the
“algebraic hull” |, T#8 of I

Example
Over C: Z*e = G, x T, where T is a pro-torus.
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Definition
I" abstract group. T = Rep, (). The group MN(7T) is called the
“algebraic hull” |, T#8 of I

Example
Over C: Z*e = G, x T, where T is a pro-torus.

Proposition ( “Abstract Schlesinger")
For o : T — GL(E)
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Some examples: Abstract groups

Definition
I" abstract group. T = Rep, (). The group MN(7T) is called the
“algebraic hull” |, T#8 of I

Example
Over C: Z*e = G, x T, where T is a pro-torus.

Proposition ( “Abstract Schlesinger")

Foro:T — GL(E) = N, ~ Im(p). O
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Some examples: “Geometric” differential equations

Definition
S={s1,...,s,00} C PL
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Some examples: “Geometric” differential equations

Definition
S={s1,...,s,00} CPL X =P\S, O=C[X]. Introduce

DE = {O[d/dx]-mod, O-finite}
= {(&,V) : € 5 €& V(fe) = fle + fVe}
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w: DE — C-vect, E > &l = E/my,E.
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Some examples: “Geometric” differential equations

Definition
S={s1,...,s,00} CPL X =P\S, O=C[X]. Introduce

DE = {O[d/dx]-mod, O-finite}
= {(&,V) : € 5 €& V(fe) = fle + fVe}

Let xg € X(C) and define
w: DE — C-vect, E > &l = E/my,E.
Get MN(DE) and MN(€&).

Proposition
Galg >~ ng. L]
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Delgine’s theorem: Uniting the examples

X — 5;

Let Qi (log S) “generated by near s;.
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Delgine’s theorem: Uniting the examples

near s;.
X — 5;

Let Qi (log S) “generated by

Definition (Logarithmic and regular-singular connections)

DBy = {(E,V) : € € coh(P) } '

&% &®Q(logS)

DE.s = {(E, V) € DE lies in image of DEjeg} .
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Delgine’s theorem: Uniting the examples

Let Qi (log S) “generated by near s;.
X — 5;

Definition (Logarithmic and regular-singular connections)

N & € coh(P)
e =V &V e e aogs) [

DE.s = {(E, V) € DE lies in image of DEjeg} .

Under this setting: “(™) D ()"
Theorem (Deligne)
Mon : DE,;s — Repg(m1(X?1)).
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Delgine’s theorem: Uniting the examples

near s;.
X — 5;

Definition (Logarithmic and regular-singular connections)

Let Qi (log S) “generated by

€ € coh(P)
eSS e®ogS) [

DEjg = {(E,V) :

DE.s = {(E, V) € DE lies in image of DEjeg} .

Under this setting: “(™) D ()"
Theorem (Deligne)
Mon : DE,;s — Repg(m1(X?1)).

Corollary (Schlesinger)

Im(Mong)

Mpg(8) ————MpE..(¢)
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Example: Formal differential equations

Sometimes difficult to see T inside k-vect.
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Example: Formal differential equations

Sometimes difficult to see T inside k-vect.
Definition
char.(k) = 0.

Dpformal _ {( £ E finite k((x))-vs. }

EY% E, V(fe) = xf'e + fVe
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Example: Formal differential equations

Sometimes difficult to see T inside k-vect.

Definition
char.(k) = 0.
DEformal _ (E7 V) : o E finite k((X))-VS_ -
E — E, V(fe) zxfle+ fve

there is & C E , V-invariant }

formal __ for .
DE; = {(E,V) € DE™ : finite k[x]-module
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Example: Formal differential equations

Sometimes difficult to see T inside k-vect.

Definition
char.(k) = 0.
pEemal (£,v) - , E finite k((x))-vs. -
E = E, V(fe) = xf'e+ fVe
formal __ tor . thereis &€ C E , V-invariant
DI = {(E,V) € DET finite k[x]-module

Eformal

k = k ~ there exists w : D — k-vect (Deligne).
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Definition
char.(k) = 0.
DEformal _ (E7 V) : o E finite k((X))-VS_ -
E Y E V(fe) = xfle + fVe
there is & C E , V-invariant }

formal __ for .
DE; = {(E,V) € DE™ : finite k[x]-module

Eformal

k = k ~ there exists w : D < k-vect (Deligne). In case of

DEDP™mal can just “classify” .
Theorem (Manin)

There exists an equivalence of categories

DEPrmal =y Rep, (Z).
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Example: Formal differential equations

Sometimes difficult to see T inside k-vect.

Definition
char.(k) = 0.
DEformal _ (E7 V) : o E finite k((X))-VS_ -
E Y E V(fe) = xfle + fVe
there is & C E , V-invariant }

formal __ for .
DE; = {(E,V) € DE™ : finite k[x]-module

Eformal

k = k ~ there exists w : D < k-vect (Deligne). In case of

DEDP™mal can just “classify” .
Theorem (Manin)
There exists an equivalence of categories

DEPrmal =y Rep, (Z).

: formaly ~_ rpalg
In particular, N(DE™®) ~ Z*¢.



Theory over DVR: Differential equations

(R, t, k, K) complete DVR.
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Theory over DVR: Differential equations

(R, t, k, K) complete DVR.

Definition (Categories of interest)
X /R smooth connected fibers.

v
char = 0. DE = (&, V) 1 &€ = €@ QxR _
integrable, & € coh

char > 0. DE = {€ € Dx-mod : & € coh}
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Theory over DVR: Differential equations

(R, t, k, K) complete DVR.
Definition (Categories of interest)
X /R smooth connected fibers.
char = 0. DE = { (8,.V) ESeE ® QxR }
integrable, & € coh
char > 0. DE = {€ € Dx-mod : & € coh}

& finite over R((x))
char = 0. DEP™al(R) = { (£,V) : eNe
V(fe) = xf'e + fVe
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Affine group schemes over R

Two ways of producing them.
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1. Gk < GL,,’K ~ G7K < GL,,’R.
2. Tannaka.

Theorem (Saavedra)

T = R-linear abelian.
® : T x T — T bilinear, etc.
w : T — R-mod exact, etc.
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Affine group schemes over R

Two ways of producing them.
1. Gk < GL,,’K ~ G7K < GL,,’R.
2. Tannaka.

Theorem (Saavedra)

T = R-linear abelian.
® : T x T — T bilinear, etc.
w : T — R-mod exact, etc.

for all E € T, exists F with dual and F — E. (S)
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Affine group schemes over R

Two ways of producing them.
1. Gk < GL,,’K ~ G7K < GL,,,R.
2. Tannaka.

Theorem (Saavedra)

T = R-linear abelian.
® : T x T — T bilinear, etc.
w : T — R-mod exact, etc.

for all E € T, exists F with dual and F — E. (S)

= Exists N(7) flat group scheme such that T = Repg(M). O
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Differential Galois groups

Definition
X € X(R)
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Differential Galois groups

Definition
x0 € X(R). & € DE is R-flat.
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x0 € X(R). & € DE is R-flat.

(&)g = {8//8” el el o @8&?; ®é®bi}
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Differential Galois groups

Definition
x0 € X(R). & € DE is R-flat.

(&)g = {8//8” el el o @8&?; ®é®bi}

Gal' =M((&)g) and Gal = Gal(& ® K).
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Definition
x0 € X(R). & € DE is R-flat.

(&)g = {8//8” el el o @8&?; ®é®bi}

Gal' =M((&)g) and Gal = Gal(& ® K).

Theorem
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Definition
x0 € X(R). & € DE is R-flat.

(&)g = {8//8” el el o @8&?; ®é®bi}

Gal' =M((&)g) and Gal = Gal(& ® K).

Theorem

> Rep(Gal') W DE.
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Differential Galois groups

Definition
x0 € X(R). & € DE is R-flat.

(&)g = {8//8” el el o @8&?; ®é®bi}

Gal' =M((&)g) and Gal = Gal(& ® K).

Theorem
> Rep(Gal') W DE.
> Gal' — GL(&|x,) usually not closed!

» Rep(Gal) — DE usually not full!
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Differential Galois groups

Definition
x0 € X(R). & € DE is R-flat.

(&)g = {8//8” el el o @8&?; ®é®bi}

Gal' =M((&)g) and Gal = Gal(& ® K).

Theorem
full

» Rep(Gal’) = DE.
> Gal' — GL(&|x,) usually not closed!

» Rep(Gal) — DE usually not full!

closed

> Gal “ GL(E|,).
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Differential Galois groups

Definition
x0 € X(R). & € DE is R-flat.

(&)g = {8//8” el el o @8&?; ®é®bi}

Gal' =M((&)g) and Gal = Gal(& ® K).

Theorem

> Rep(Gal') W DE.

Gal' — GL(€|x,) usually not closed!
Rep(Gal) — DE wsually not full!

closed

>

>

> Gal “O5¢ QL(el).

» Gal' — Gal generically iso.
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Example
R = C[t].
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Example
R = C[t]. & defined by y' = ty.
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Example
R = C[t]. & defined by y’ = ty. Gal = Gy,
Gal' ® K = G,.
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Example
R = C[t]. € defined by y' = ty. Gal = G .
Gal'’ ® K = G,,. Gal' is a Lasso:

c
m, K

Sloeo (R/
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Example
R = C[t]. € defined by y' = ty. Gal = G .
Gal'’ ® K = G,,. Gal' is a Lasso:

=9

Sloeo (R/

Said differently: Gal’ = Spec R Uspec k Gm k-
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Example
R = C[t]. € defined by y' = ty. Gal = G .
Gal'’ ® K = G,,. Gal' is a Lasso:

c
m, K

Sloeo (R/

Said differently: Gal’ = Spec R Uspec k Gm k. (Hint: €@ (R/t") is
trivial for each n since e™ is a polynomial mod t".)
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Example
R = C[t]. € defined by y' = ty. Gal = G .
Gal'’ ® K = G,,. Gal' is a Lasso:

c
m, K

Sloeo (R/

Said differently: Gal’ = Spec R Uspec k Gm k. (Hint: €@ (R/t") is
trivial for each n since e™ is a polynomial mod t".)

Question
Rather odd group. How common are they?
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Example
R = C[t]. € defined by y' = ty. Gal = G .
Gal'’ ® K = G,,. Gal' is a Lasso:

c
m, K

Sloeo (R/

Said differently: Gal’ = Spec R Uspec k Gm k. (Hint: €@ (R/t") is
trivial for each n since e™ is a polynomial mod t".)

Question
Rather odd group. How common are they?

Theorem (Hai-dS 2020)
X projective = O(Gal') free R-module.

Jodo Pedro dos Santos Groups from ODEs over a DVR



Example
R = C[t]. € defined by y' = ty. Gal = G .
Gal'’ ® K = G,,. Gal' is a Lasso:

c
m, K

Sloeo (R/

Said differently: Gal’ = Spec R Uspec k Gm k. (Hint: €@ (R/t") is
trivial for each n since e™ is a polynomial mod t".)

Question
Rather odd group. How common are they?

Theorem (Hai-dS 2020)
X projective = O(Gal’) free R-module. In particular, no Lasso.
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.
> Hyo < G®k cut by /.
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.

» Hy < G ® k cut by /. Neron blowup :
N, G = Spec O[t1y,]. (Neron, Waterhouse-Weisfeiler.)
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.

» Hy < G ® k cut by /. Neron blowup :
N, G = Spec O[t1y,]. (Neron, Waterhouse-Weisfeiler.)

> H<G. Let ], C O cut H®(R/t"1) < G.
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.

» Hy < G ® k cut by /. Neron blowup :
N, G = Spec O[t1y,]. (Neron, Waterhouse-Weisfeiler.)

> H<G. Let I, C O cut H® (R/t"1) < G. Formal blowup:
NR°G = Spec lim (O[tHo] — O[t ] = ---) .

(Duong-Hai-dS)
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.

» Hy < G ® k cut by /. Neron blowup :
N, G = Spec O[t1y,]. (Neron, Waterhouse-Weisfeiler.)

> H<G. Let I, C O cut H® (R/t"1) < G. Formal blowup:
NR°G = Spec lim (O[tHo] — O[t ] = ---) .
(Duong-Hai-dS)

Some facts about Neron blowups (Waterhouse-Weisfeiler).
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.

» Hy < G ® k cut by /. Neron blowup :
N, G = Spec O[t1y,]. (Neron, Waterhouse-Weisfeiler.)

> H<G. Let I, C O cut H® (R/t"1) < G. Formal blowup:
NR°G = Spec lim (O[tHo] — O[t ] = ---) .
(Duong-Hai-dS)

Some facts about Neron blowups (Waterhouse-Weisfeiler).
> Ny G) @K S G K.
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.

» Hy < G ® k cut by /. Neron blowup :
N, G = Spec O[t1y,]. (Neron, Waterhouse-Weisfeiler.)

> H<G. Let I, C O cut H® (R/t"1) < G. Formal blowup:
NR°G = Spec lim (O[tHo] — O[t ] = ---) .
(Duong-Hai-dS)

Some facts about Neron blowups (Waterhouse-Weisfeiler).
> Ny G) @K S G K.
» (Ny,G)® k — G ® k falls into Hp.
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.

» Hy < G ® k cut by /. Neron blowup :
N, G = Spec O[t1y,]. (Neron, Waterhouse-Weisfeiler.)

> H<G. Let I, C O cut H® (R/t"1) < G. Formal blowup:
NR°G = Spec lim (O[tHo] — O[t ] = ---) .
(Duong-Hai-dS)

Some facts about Neron blowups (Waterhouse-Weisfeiler).
> Ny G) @K S G K.
» (Ny,G)® k — G ® k falls into Hp.
» “Universal” for G’ — G such that G’ ® k — Hj.
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From Gal to Gal”: Neron blowups & Formal blowups

Definition
G = Spec O flat finite type.

» Hy < G ® k cut by /. Neron blowup :
N, G = Spec O[t1y,]. (Neron, Waterhouse-Weisfeiler.)

> H<G. Let I, C O cut H® (R/t"1) < G. Formal blowup:
NR°G = Spec lim (O[tHo] — O[t ] = ---) .
(Duong-Hai-dS)
Some facts about Neron blowups (Waterhouse-Weisfeiler).
> Ny G) @K S G K.
» (Ny,G)® k — G ® k falls into Hp.

» “Universal” for G’ — G such that G’ ® k — Hj.
» Ker (Ny,G) ® k — G ® k is abelian.
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
> NFG)®K = GoK.
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
> NFG)®K = GoK.
> (NFG)N = 9.
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
> NFG)®K = GoK.
> (NFG)N = 9.
> Universal for G’ — G with G' — §.
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
> NFG)®K = GoK.
> (NFG)N = 9.
> Universal for G’ — G with G' — §.

Example
R = C[t]. Blow {e} < G,
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
> NFG)®K = GoK.
> (NFG)N = 9.
> Universal for G’ — G with G' — §.

Example
R = CJt]. Blow {e} < G,y ~ Lasso = Spec R Uspeck Gm k-
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
> NFG)®K = GoK.
> (NFG)N = 9.
> Universal for G’ — G with G' — §.

Example
R = CJt]. Blow {e} < G,y ~ Lasso = Spec R Uspeck Gm k-

Example
Let < (G, x G,)" graph of et) G, = G,
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
> NFG)®K = GoK.
> (NFG)N = 9.
> Universal for G’ — G with G' — §.

Example
R = CJt]. Blow {e} < G,y ~ Lasso = Spec R Uspeck Gm k-

Example
Let $ < (G, x G,)" graph of ef(-) ; G, — Gp. $ not algebraic!
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From Gal to Gal”: Neron blowups & Formal blowups

Some facts about Formal blowups (Duong-Hai-dS).
» Usually not of finite type.
> NFG)®K = GoK.
> (NFG)N = 9.
> Universal for G’ — G with G' — §.

Example
R = CJt]. Blow {e} < G,y ~ Lasso = Spec R Uspeck Gm k-

Example
Let $ < (G, x G,)" graph of ef(-) ; G, — Gp. $ not algebraic!
O(Ng°) is a free R-module.
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Pertinence of blowups
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Pertinence of blowups

Theorem
Given § — G generic iso, G finite type.
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Pertinence of blowups

Theorem
Given § — G generic iso, G finite type.

1. Is composition of Neron blowups. (Waterhouse-Weisfeiler)
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Pertinence of blowups

Theorem
Given § — G generic iso, G finite type.

1. Is composition of Neron blowups. (Waterhouse-Weisfeiler)
2. Ifchark =0
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Pertinence of blowups

Theorem
Given § — G generic iso, G finite type.

1. Is composition of Neron blowups. (Waterhouse-Weisfeiler)
2. Ifchark =0 =
(a) There exists G' — G finite number of blups.
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Pertinence of blowups

Theorem

Given § — G generic iso, G finite type.
1. Is composition of Neron blowups. (Waterhouse-Weisfeiler)
2. Ifchark =0 =

(a) There exists G' — G finite number of blups.
(b) §=~NZ(G'). (Hai-dS 2020)

Jodo Pedro dos Santos Groups from ODEs over a DVR



Monodromy and calculations

[ abstract group.
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Monodromy and calculations

I abstract group. o : I — GL,(R) a rep.

Jodo Pedro dos Santos Groups from ODEs over a DVR



Monodromy and calculations

I abstract group. o : I — GL,(R) a rep.

Proposition
Suppose
G(R)
e -7 f
r-— GL(R)
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Monodromy and calculations

I abstract group. o : I — GL,(R) a rep.

Proposition
Suppose
G(R)
e -7 f
r-— GL(R)

o

with Im(ok) < G(K) and Im(gx) < G(k) dense
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Monodromy and calculations

I abstract group. o : I — GL,(R) a rep.

Proposition
Suppose
G(R)
e -7 f
r-— GL(R)

o

with Im(ox) < G(K) and Im(pk) < G(k) dense = M({0)g) ~ G.
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Monodromy and calculations

Even for simple I we get interesting outcomes!
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Monodromy and calculations

Even for simple I we get interesting outcomes!

Example
R = k[t]. Take $ < (G, x Gp)" graph of et(-) : G, — G,
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Monodromy and calculations

Even for simple I we get interesting outcomes!

Example
R = k[t]. Take < (G, x Gm)" graph of e : G, — G
Define

0:7 — Ng°(R), 1—(1,€Y).
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Monodromy and calculations

Even for simple I we get interesting outcomes!

Example
R = k[t]. Take < (G, x Gm)" graph of e : G, — G
Define

0:7 — Ng°(R), 1—(1,€Y).

Then M({0)e) ~ Ng°.
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Deligne's theorem over C[t] and calculations
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X/R smooth proper.
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings.
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.

dxy dx,

Introduce Qx/r(log Y) as “generated by —, ..., —" whenever

X1 Xr
Y ={x--x =0}
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.

dxy dx,

Introduce Qx/r(log Y') as “generated by T whenever
1

Y ={x--x =0} '

Definition

DEiog = {(£,V) : € % €@ Qx r(log Y), € € coh(X)}.
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.

d d
Introduce Qx/r(log Y') as “generated by %, ey % whenever
1
Y ={x1---x =0} '
Definition

DEiog = {(£,V) : € % €@ Qx r(log Y), € € coh(X)}.

DE,s = Image of DEj,g in DE(X").
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.

dxy dx,

Introduce Qx/r(log Y') as “generated by T whenever
1

Y ={x--x =0} '

Definition

DEiog = {(£,V) : € % €@ Qx r(log Y), € € coh(X)}.

DE,s = Image of DEj,g in DE(X").

Given (&€,V) € DE(X*)
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.

dxy dx,

Introduce Qx/r(log Y') as “generated by T whenever
1

Y ={x--x =0} '

Definition

DEiog = {(£,V) : € % €@ Qx r(log Y), € € coh(X)}.

DE,s = Image of DEj,g in DE(X").

Given (€, V) € DE(X*) ~ (&n, V)2 € DE(X;™)
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.

dxy dx,

Introduce Qx/r(log Y') as “generated by T whenever
1

Y ={x--x =0} '

Definition

DEiog = {(£,V) : € % €@ Qx r(log Y), € € coh(X)}.

DE,s = Image of DEj,g in DE(X").

Given (&, V) € DE(X*) ~ (En, V)™ € DE(XF™)
~+ representation of w1(X3) on R,-module
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.

dxy dx,

Introduce Qx/r(log Y') as “generated by T whenever
1

Y ={x--x =0} '

Definition

DEiog = {(£,V) : € % €@ Qx r(log Y), € € coh(X)}.

DE,s = Image of DEj,g in DE(X").

Given (&,V) € DE(X*) ~ (En, V)™ € DE(X™)
~+ representation of 7w1(Xg) on R,-module ~+ rep of 71(Xg) on
R-module.
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Deligne's theorem over C[t] and calculations

Let R = C[t]. Write (%), = () ® R/t"+1.
Let X /R smooth proper. Y C X divisor with relative normal
crossings. X* = X\ Y.

dxy dx,

Introduce Qx/r(log Y') as “generated by T whenever
1

Y ={x--x =0} '

Definition

DEiog = {(£,V) : € % €@ Qx r(log Y), € € coh(X)}.

DE,s = Image of DEj,g in DE(X").

Given (&,V) € DE(X*) ~ (En, V)™ € DE(X™)
~+ representation of 7w1(Xg) on R,-module ~+ rep of 71(Xg) on
R-module. This is Mong.
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Monodromy and calculations
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Monodromy and calculations

Theorem (Hai-dS 2020)

Mon : DE(X*/R) —=> Repg(m1(Xg))
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Monodromy and calculations

Theorem (Hai-dS 2020)
Mon : DE;s(X*/R) —— Repg(m1(X3))

In the formal setting:

Theorem (Hai-dS-Tam 217)
R = k[t].
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Monodromy and calculations

Theorem (Hai-dS 2020)
Mon : DE;s(X*/R) —— Repg(m1(X3))

In the formal setting:

Theorem (Hai-dS-Tam 217)
R = k[t]. There is equivalence

DEDPmal(R) =y Repg(Z).
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Monodromy and calculations

Theorem (Hai-dS 2020)
Mon : DE;s(X*/R) —— Repg(m1(X3))

In the formal setting:

Theorem (Hai-dS-Tam 217)
R = k[t]. There is equivalence

DEDPmal(R) =y Repg(Z).

Example
t 0
Y = o <1 t> -y ~ Gal' = Ng(G; x Gpp).
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|dea of proof (formal case)
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|dea of proof (formal case)

In a k-linear category C, let C(g,) be the R,-modules.
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|dea of proof (formal case)

In a k-linear category C, let C(g,) be the R,-modules. Manin
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|dea of proof (formal case)

In a k-linear category C, let C(g,) be the R,-modules. Manin

(DEformal)(Rn) AN Repk(Z)(Rn)

s
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|dea of proof (formal case)

In a k-linear category C, let C(g,) be the R,-modules. Manin

(DER™) (r,) — Repy(Z)(r,)

> Have LiLnRepk(Z)(Rn) = Repg(Z).

Jodo Pedro dos Santos Groups from ODEs over a DVR



|dea of proof (formal case)

In a k-linear category C, let C(g,) be the R,-modules. Manin

(DER™) (r,) — Repy(Z)(r,)
» Have LiLnRepk(Z)(Rn) = Repg(Z).

» R((x)) not t-adically complete ~~ not immediate to pass to
the limit.
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|dea of proof (formal case)

Manin

In a k-linear category C, let C(g,) be the R,-modules. =
(DER™) (r,) — Repy(Z)(r,)

» Have LiLnRepk(Z)(Rn) = Repgr(Z).
» R((x)) not t-adically complete ~~ not immediate to pass to
the limit.

» What can go wrong?
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|dea of proof (formal case)

Manin

In a k-linear category C, let C(g,) be the R,-modules. =
(DER™) (r,) — Repy(Z)(r,)

» Have LiLnRepk(Z)(Rn) = Repgr(Z).

» R((x)) not t-adically complete ~~ not immediate to pass to
the limit.

» What can go wrong? E = Ré€, Ve = (t/x)e.
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|dea of proof (formal case)

Manin

In a k-linear category C, let C(g,) be the R,-modules. =
(DER™) (r,) — Repy(Z)(r,)

> Have LiLnRepk(Z)(Rn) = Repgr(Z).
» R((x)) not t-adically complete ~~ not immediate to pass to
the limit.
» What can go wrong? E = Re, V& = (t/x)€. Let
txt t"x"

fo=14 "+t —
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|dea of proof (formal case)

Manin

In a k-linear category C, let C(g,) be the R,-modules. =
(DER™) (r,) — Repy(Z)(r,)

> Have LiLnRepk(Z)(Rn) = Repgr(Z).

» R((x)) not t-adically complete ~~ not immediate to pass to
the limit.

» What can go wrong? E = Re, V& = (t/x)€. Let

t —1 tx—n
o1 B
1! n!
Then
RA((x)) — E,, 1— f,€.
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|dea of proof (formal case)

In a k-linear category C, let C(g,) be the R,-modules. Manin

(DER™) (r,) — Repy(Z)(r,)

> Have LiLnRepk(Z)(Rn) = Repgr(Z).

» R((x)) not t-adically complete ~~ not immediate to pass to
the limit.

» What can go wrong? E = Re, V& = (t/x)€. Let

t —1 tx—n
o1 B
1! n!
Then
RA((x)) — E,, 1— f,€.

» To prove our result: Use theory of exponents to bound order
of poles in the logarithmic models.
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