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|
Deterministic Landau-Lifshitz equation (LL)

@ Magnetic domain: D C ]Rd, d>1.
o Magnetisation: u: RT x D — R3.

Landau-Lifshitz equation:

du(t)
dt

= Mu(t) X Hesr — Aou(t) x (u(t) X Hesr)

where x is the cross product in R3, A1, A> > 0 and Hes is the effective
field such that

Heff = -V Etotal
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|
Deterministic Landau-Lifshitz equation (LL)

0%u
For Her = —V Egycnh = Au, where Au = 27:1 9
Xi
Landau-Lifshitz equation:
du(t)
dt

= Mu(t) x Au(t) — Xu(t) x (u(t) x Au(t)).
Initial conditions:
u(0, x) = ug(x),
|uo(x)|::1.
Property:
lu(t,x)|=1 VxeD,Vt>0.
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|
Stochastic Landau-Lifshitz equation (SLL)

@ (: white noise.
@ Her = Au+C.

@ Physical problems: A, is small.
Stochastic Landau-Lifshitz equation:

du(t)
dt

= Au(t) x (Au(t) + ) — dou(t) x (u(t) x (Au(t))).
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|
Stochastic Landau-Lifshitz equation (SLL)

o ¢ = W with W Wiener process.

Stochastic Landau-Lifshitz equation:
du(t) = (A1u(t) x Au(t) — Au(t) x (u(t) x Au(t))dt + Au(t) x odW/(t)

with -
W(t) =Y Wi(t)gi
i=1

where W; sequence of independent one dimensional Brownian motion
defined on a common probability space and g; : D — R3 are given
functions such that the sequence g; C H! and Y2 s %_,1 < 0.
Initial conditions:

u(0, x) = ug(x),

lug(x)] = 1.
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|
Stochastic Landau-Lifshitz equation (SLL)

(Q, F,P) a filtration probability space
u: QxR xD—R3

W: QxR =R

g:D—R3

Stochastic Landau-Lifshitz equation:
du(t) = (u(t) x Au(t) — Au(t) x (u(t) x Au(t)) + %((u(t) X g) x g))dt
+ (u(t) x g)dW(t)

Initial conditions:
u(0, x) = up(x),
lug(x)| = 1.
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Difference method

We work on SLL with D = R. Given h > 0, we consider {x;};cz where
x; = ih. We denote by Zp, := {x; }icz.
Letu’: Q xRt xZ, - R3and g: Z) — R3.

We define
h __.h
D+uh(x) _u (x+ h)—u (x),
hioy _ oh(v
D_uh(X) _ u (X) : (X h)7
Au'(x) := DT D u"(x) = D~ Dt u(x)
uh(x 4+ h) — 2uP(x) + u’(x — h)
— =) .
We define

1

2

Wl = sup (W), ulz = (1Y WG]
X€Ly XEZLp
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Discretized problem

We define
Eh:{v:Zh—>R3: Iv|E, <oo}

with M2h = \D*v\fi + |v\fio , and &), the space of Ep—valued processes v
endowed with the norm ]v|(2§h = SUp;<T E]v(t)\th :

We get
duli(t, x;) = (ufi(t, x;) x Aul(t,x;) — Muli(t, x) x (u'(t,x;) x Au'(t,x))
+3((u"(t, %) x g(x)) x g(x)))dt + (u"(t, x;) x g(xi))dW(t),
u(0, x;) = up(x;),
lug(x;)| = 1.

Result: This problem involves an SDE which has a unique strong global
solution u(t),t > 0 on &,.
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Energy estimates

Lemma

Assume that g € H*, T € (0,00) and |ug(x)| = 1. For all x; € Zy, and
every t € [0, T], we have

lu(t,x)| = 1. (0.1)
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Energy estimates

Lemma
Assume that g € H*, T € (0,00) and |ug(x)| = 1. For all x; € Zy, and
every t € [0, T], we have

luf(t,x)| = 1. (0.1)

Moreover, given 1 < p < oo, there exists a constant C which does not
depend on h but which may depend on g and T such that

E[ sup |D+uh(t)]2’2’] <, (0.2)
te[0,T] Ly

E[(/OT|Auh(t) iidt>p] <C. (0.3)

NG RIE Y Bl iES tochastic Landau-Lifshitz Equation on Real 13 February 2020 12 /22



Piecewise linear Interpolation

We define rj, the interpolation operator by
rmul(t,x) = u(t,x;), Vx € [xi; xiq1).
Then, we get

drpul(t,x) = (rpu(t, x) x r,Aul(t, x)
—Arpul(t, x) x (rul(t, x) x rpAuh(t, x))
+3((rau”(t, x) x rag(x)) x rag(x)))dt
+(rpul(t, x) x rpg(x))dW(t),

rpul(0, x) = ug(x),

uo(x)| = 1.
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-
Convergence

We define

— {u: ]R—>]R3|/| )2 om(x)dx < oo},

x|
where pm(x) =€~ m, m> 0, and for any n

t ~
= inf{t > 0] max<|th+uh(t)|Lz,/ |rhAuh(s)\%2ds) > n}
0
with
Th = lim Th a.s.

h—0

Lemma

For any n sufficiently large, we have

P(r, > 0) = 1.
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Convergence

Lemma

Assume g € HY. For any n sufficiently large, there exists

u” € L2(Q,L°°((0, T A %), L2(R))) such that as h — 0, the following

limits exist

IE[ sup  |ru” —u"%, | — 0. (0.4)
te[0, TAT] ]
IE{ sup  |mDtu" — VU2, | 0. (0.5)
te[0, TAZ] _
TAE R 2 ]
EU mAub — Au"2,| = 0. (0.6)
0 J
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Existence of local strong solution

Lemma

Assume ugp(x) € S? for all x € R, where S? is the unit sphere in R3,
Vug € L2(R) and g € HY(R). For T > 0, there exists a solution
u” € L2(Q, L>((0, T A ), L2,(R))) to SLL problem such that
o
u"(t,x)| =1,
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Existence of local strong solution

Lemma

Assume ugp(x) € S? for all x € R, where S? is the unit sphere in R3,
Vug € L2(R) and g € HY(R). For T > 0, there exists a solution
u” € L2(Q, L>((0, T A ), L2,(R))) to SLL problem such that

o

u"(t,x)| =1,

u" e C((0,7),L2), P—as.
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Existence of local strong solution

Lemma

Assume ugp(x) € S? for all x € R, where S? is the unit sphere in R3,
Vug € L2(R) and g € HY(R). For T > 0, there exists a solution
u” € L2(Q, L>((0, T A ), L2,(R))) to SLL problem such that
o
u"(t,x)| =1,

u" e C((0,7),L2), P—as.

© forevery p>0

E| sup [Vu'(t)|],| < o0,
te[0, TAZL]
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Existence of local strong solution

Lemma

Q foreveryp>0

IE[(/OTAT; \Au"(t)\{zdtﬂ < o0,
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Existence of local strong solution

Lemma

Q foreveryp>0

E[(ATAM‘AU()ﬁﬂ#)q < o0,

@ the following equation holds in L>((0, T A ), L2) P a.s., for all

te[0, TA%]:
u” —u0+/ ) X Au"(s)ds
—A/ n(s) x Au(s))ds
2/ ) X g) xgds+/ s) x gdW(s).

v
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Uniqueness of solution

Theorem

Let u; and uy be two solutions for SLL with the same initial values. Then,
we have that u; = uy a.s.
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Existence of global strong solution

Finally, we can take the limit when n — oo and deduce that we have the

following theorem
Theorem

Assume ug(x) € S? for all x € R, where S? is the unit sphere in R3,
Vug € L2(R) and g € HY(R). For T > 0, there exists a solution
u e L2(Q,L°°((0, T), L2,(R))) to SLL problem such that

o

|u(t,x)\ =1,
2]
ue C((0,T),L2), P—as.
© foreveryp >0

E| sup [Vu(t)[},]| < oo,
te[0,T]
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Existence of global strong solution

Theorem

Q foreveryp >0

EK/OT yAu(t)yizdtﬂ < o0,

@ the following equation holds in L°((0, T),L2) P a.s., for all
telo,T]:

u(t) = ug + /Otu(s) « Au(s)ds
- )\/tu(s) % (u(s) x Au(s))ds

2/ ) X g) xgds+/ ) x gdW(s).

INER IR IR Y Bl iE S tochastic Landau-Lifshitz Equation on Real 13 February 2020

20/22



Continuous dependence on initial conditions

Theorem

Let ug; : R — S? (i = 1,2) be such that ug; — ugz € L2(R). Let uy and up
be two solutions for SLL with initial values up; and ugy respectively. Then,
u; — up € L2(R) and

2 2
E| sup |u1—U2]L2 < C\U01—U02 12+
te[0,T]
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