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Fluid-Structure Interaction

Fluid-structure interaction

QCcR? d=2,3
x Eulerian variable in Q

B;: deformable structure domain ]
B:CR™ m=d,d—-1
s Lagrangian variable in B X
X(-, t) : B — B; position of the solid

X
F = — deformation gradient

Os
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Fluid-Structure Interaction

Fluid-structure interaction

QCcR? d=2,3
x Eulerian variable in Q

B;: deformable structure domain ]
B:CR™ m=d,d—-1
s Lagrangian variable in B X
X(-, t) : B — B; position of the solid

X
F = — deformation gradient

Os

u(x, t) material velocity

u(x, t) = %(s7 t) where x=X(s,t)
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Fluid-Structure Interaction

Numerical approaches to FSI

Boundary fitted approaches The fluid problem is solved on a mesh that
deforms around a Lagrangian structure mesh, using arbitary
Lagrangian—Eulerian (ALE) coordinate system.

In case of large deformation the boundary fitted fluid mesh can become
severely distorted.

Non boundary fitted approaches A separate structural discretization is
superimposed onto a background fluid mesh

>

>
>
>

v

fictitious domain < Glowinski-Pan-Périaux '94, Yu '05>
level set method <Chang-Hou-Merriman-Osher '96>
immersed boundary method (IBM) <Peskin '02>
Nitsche-XFEM method <Burman-Ferndndez '14,

Alauzet-Fabreges-Ferndndez-Landajuela '16>

immersogeometric FSI (thin structures)
<Kamensky-Hsu-Schillinger-Evans-Aggarwal-Bazilevs-Sacks-Hughes '15>
divergence conforming B-splines

< Casquero-Zhang-Bona-Casas-Dalcin-Gomez '18>
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Fluid-Structure Interaction

Numerical approaches to FSI

Boundary fitted approaches The fluid problem is solved on a mesh that
deforms around a Lagrangian structure mesh, using arbitary
Lagrangian—Eulerian (ALE) coordinate system.

In case of large deformation the boundary fitted fluid mesh can become
severely distorted.

Non boundary fitted approaches A separate structural discretization is
superimposed onto a background fluid mesh

>
>
>
>
>

>

fictitious domain < Glowinski-Pan-Périaux '94, Yu '05>
level set method <Chang-Hou-Merriman-Osher '96>
immersed boundary method (IBM) <Peskin '02>
Nitsche-XFEM method <Burman-Ferndndez '14,

Alauzet-Fabreges-Ferndndez-Landajuela '16>

immersogeometric FSI (thin structures)
<Kamensky-Hsu-Schillinger-Evans-Aggarwal-Bazilevs-Sacks-Hughes '15>
divergence conforming B-splines

< Casquero-Zhang-Bona-Casas-Dalcin-Gomez '18>

Our approach originates from the immersed boundary method IBM and
moved towards a fictitious domain method FDM.
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Fluid-Structure Interaction

FSI problem (thick incompressible solid)

0
? pf(%-i-urVuf):divaf inQ\Bt
! divuy =0 in Q\ B,
0?X . B )
T divs(|FlofF~ T +P(F)) inB
B, divs Uus — 0 in B
oX
ur = r on 0B;
oms = —(of + |F|7PF " )n, on 9B;
ofr = —Pf]I'i‘Vstmef 0'2 = _P5H+stsymu5 us; = %

P(F) Piola—Kirchhoff stress tensor such that P = |F|o¢F~T and

P(F) = ¢

where W is the potential energy density

+ initial and boundary conditions
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FSI with Lagrange multiplier

Fictitious domain approach

<Boffi—-Cavallini-G. '15>

» Fluid velocity and pressure are extended into the solid domain

[ ur inQ\B; | pr InQ\B:
u= u, in B; p= ps in B;
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FSI with Lagrange multiplier

Fictitious domain approach

<Boffi—-Cavallini-G. '15>

» Fluid velocity and pressure are extended into the solid domain

[ ur inQ\B; | pr InQ\B:
u= u, in B; p= ps in B;

X
» Body motion u(x,t) = ?3‘_1“(5’ t) for x = X(s, t)
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FSI with Lagrange multiplier

Fictitious domain approach

<Boffi—-Cavallini-G. '15>

» Fluid velocity and pressure are extended into the solid domain

[ ur inQ\B; | pr InQ\B:
u= u, in B; p= ps in B;

X
» Body motion u(x,t) = ?3‘_t(5’ t) for x = X(s, t)

» We introduce two functional spaces A and Z and a bilinear form
c: A x Z — R such that

c(pn,z2)=0 VpeAN = z=0

page 4



FSI with Lagrange multiplier

Notation:

vr
a(u,v) = (¥ Vgmu,Vgnv) with v = {

Vs

b(u,v,w) = %((wVv,w) — (u-Vw,v))

(u,v):/uvdx, (X,z)B:/des
Q B

6p:ps*pf

in Q\Bt
in Bt

page 5



FSI with Lagrange multiplier

Variational form with Lagrange multiplier

For t € [0, T], find u(t) € H3(Q)9, p(t) € L3(Q), X(t) € Wh>(B)9,
and A(t) € A such that

p%(u(t), v) + a(u(t),v) + b(u(t),u(t),v)
— (divv, p(t)) + c(A(t),v(X(-, 1)) =0  Wve H}(Q)H

(divu(t),q) =0 Vg € L3(Q)

5 @—:z((t),z)s + (P(F(t)), Vs2)5 — c(A(£).2) =0 Vz € H'(B)*

c (u,u(X(-, £), t) ag(;)) —0 Ve A




FSI with Lagrange multiplier

The fact that X € W1>°(B)9 implies v(X(-)) € H(B)?

Case 1
Z = HY(B)9, A dual space of H}(B)?, (-,-)5 duality pairing

c(Az)= (N2 AeA=(HY(B)?, zec H(B)

Case 2
Z = Hl(B)d, A= Hl(B)d

c(A,z):/(VS)\-Vsz+/\-z)dS A€, ze HY(B)?
B
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FSI with Lagrange multiplier

Energy estimate

Stability estimate

If ps > pr, then the following bound holds true

X ||?

1+l V u(®)| + T EX() + 35, HE -

> dtIIU(

where E (X(t)) = /B W(F(s, t)) ds

Remark Similar bound holds true if the condition ps > pr is not satisfied.
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FSI with Lagrange multiplier

Time advancing scheme - Backward Euler BE

Given up € H3(Q)¢ and Xg € Wh>°(B)?, for n=1,..., N, find
(u", p™) € HY(Q)? x L3(Q), X" € WL>(B)9, and A" € A, such that

un+1 —u”
pf (A—t’v> + a(un+17v) + b(un-&-l’un—b—l’v)

— (divv, p"+1) + c()\”“,v(X"“(-))) =0 We H&(Q)d

(divu™ q) =0 Vg € L3(Q)
xn+1 _ X" + anl il
59 ( At2 ,Z>B + (P(F * ), Vs2z)s
—c(A\"2) =0 Vze HYB)
Xn+1 _ X"
c <“7un+1(xn+l(.)) — T) =0 Yp e N

page 9



FSI with Lagrange multiplier

Time advancing scheme - Mofified backward Euler MBE

Given up € H3(Q)¢ and Xg € Wh>°(B)?, for n=1,..., N, find
(u", p™) € HY(Q)? x L3(Q), X" € WL>(B)9, and A" € A, such that

un+1 —u”
o (A—t ) + a(u”,v) + b(u”,u" )

— (divv, p" ) + (AT v(X7() =0 W e H}(Q)*

(divu™ q) =0 Vg € L3(Q)
xn+1 — XN 4 anl il
5y ( AP ,z)B + (P(F"),Vs2z)p
—c(A\"2) =0 Vze HYB)
Xn+1 —_ X"
c (u,u"“(X"(-)) - T) =0 Ve A
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FSI with Lagrange multiplier

Energy estimate for the time discrete problem

Proposition (Unconditional stability)

Assume that W is convex and 6, = ps — pr > 0
For both BE and MBE schemes, the following estimate holds true for all

n=1,...,N
pr 12 02 v u"t12
_(H“ 16— llu ||o)+’/|| u" g
2
0,B>

2At

xn+1 b &
ane (| a

(BT E(X7) <0

X" — xn—l
At

0,B

where E(X) is the elastic potential energy given by

X) = /B W(F(s, )) ds
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FSI with Lagrange multiplier

Operator matrix form of time advancing schemes

BE
Ar(u™)y Bf0 CI(xmh) ut? f
Br 0 0 0 prttl | o
0 0o A -C Xl g
CG(X™YY 0 -G 0 AT d
MBE
Ar(u") Bf 0 CI(X") ut! f
Br 0 o 0 prttl o
0 0o A -C Xt Tl g
d

CG(X") 0 -G 0 AT

page 12



FSI with Lagrange multiplier

Analysis of the saddle point problem (MBE)

For simplicity, we take P(F) = xF = k V¢ X.

Problem

Let X € W1>°(B)? be invertible with Lipschitz inverse and U € L>(Q).
Given f € L2(Q)9, g € L2(B)9, and d € L%(B)4, find u € H}(Q)“,
p € L3(Q), X € HY(B)?, and A € A such that

ar(u,v) — (divv, p) + c(A, v(X)) = (f,v) Vv e Hy(Q)?

(divu,q) =0 Vg € L3(Q)
as(X,z) —c(A\,z) = (g,2)s vz € HY(B)¢
c(p,u(X) — X) = c(u,d) Y e N

where
ar(u,v) = a(u,v) + a(u,v) + b(u,u,v) Yu,v e H3(Q)?
as(X,2) = B(X,2)5 + (Vs X, Vs2)s VX, z € H(B)?
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FSI with Lagrange multiplier

Finite element discretization

We consider

» Background grid 7, for the domain Q (meshsize h,)
> (Vh, Qn) C HA(Q)9 x L3(R) stable pair for the Stokes equations
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FSI with Lagrange multiplier

Finite element discretization

We consider

» Background grid 7, for the domain Q (meshsize h,)
> (Vh, Qn) C HA(Q)9 x L3(R) stable pair for the Stokes equations
» Grid Sy, for B (meshsize hy)

> S, C HY(B)? continuous Lagrange elements

Sh={YeC’B;Q):YecP}
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FSI with Lagrange multiplier

Finite element discretization

We consider

» Background grid 7, for the domain Q (meshsize h,)

> (Vh, Qn) C HA(Q)9 x L3(R) stable pair for the Stokes equations
» Grid Sy, for B (meshsize hy)
>

Sy C HY(B)9 continuous Lagrange elements

Sh={YeC’B;Q):YecP}
» A, C A continuous Lagrange elements. We consider Ay, = Sy,
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FSI with Lagrange multiplier

Finite element discretization

We consider

> Background grid T}, for the domain Q (meshsize h,)
> (Vh, Qn) C H}(Q)? x L3(Q) stable pair for the Stokes equations
» Grid S for B (meshsize hy)
> S, C HY(B)? continuous Lagrange elements
Sh={Y e C%B;Q):YeP}
> Aj, C A continuous Lagrange elements. \We consider Ay, = Sy,
Remark

» If c is a duality pairing, we represent it by the scalar product in
L2(B).

> Stabilized P1 — P1 elements for Stokes could also be used
<Annese, Phd Thesis '17>
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FSI with Lagrange multiplier

Discrete saddle point problem

Find up, € Vi, pp € Qn, Xp € Sy and Ay € Ay, such that

ar(up,v) — (divv, pr) + c(An, v(X(-))) = (f,v) W eV,

(divup,q)=0 Yq € Qp
as(Xp,z) — c(Ap, 2) = (8, 2)8 Vz € Sy
c(p, un(X(-)) = Xp) = c(ps, d) Y € Ap.
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FSI with Lagrange multiplier
Alternative (equivalent) matrix form

Ar B 0 | ¢ u f
B 0 0 0 p 0
0 0 A |-CT||X| |8
G 0 —C, 0 A d
or
As 0 G| B u f
0 A -C'|o X g
G -G 0 | o AT | d
B 0 o o0 ||p]| |o
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FSI with Lagrange multiplier

Alternative (equivalent) matrix form

A B 0 | ¢ u f
B 0 0 0 p 0
0 0 A |-Cf X|7|s
G 0 —C, 0 A d
or
Ar 0 ¢ | B u f
0 A -CI| o X g
G -C. 0 | o0 Al | d
B 0 0 o0 ||p] |0
Theoretical results <B.—Gastaldi '17>

This problem has been rigorously analyzed both at continuous and

discrete level (existence, uniqueness, stability, and convergence)
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FSI with Lagrange multiplier

Abstract saddle point formulation

Set: V= Hg(Q)? x HY(B)! x N and V = (v,z,\) € V
A(U,V) = ar(u,v) + as(X,z) + c(, v(X) — z) — c(p, u(X) — X)
B(V, q) = (divv, q)

Problem (continuous)

Find (U, p) € V x L3(Q) such that
A(U,V) +B(V,p) = (f,v) + (8,2)5 + c(n,d) YV eV
B(U,q) =0 Vq € L3(Q).

Set: Vi = Vi, x Sp x Ay,

Problem (discrete)

Find (Up, An) € Vi, X Ny such that
A(Uha V) + ]B(Va Ph) = (fa V) + (g7 Z)B + c(”’? d) YV eV,
B(Us,q) =0 Vq € Qs




FSI with Lagrange multiplier

Main steps of the proof

Discrete case

Discrete inf-sup condition for B

Since V}, x Qy is stable for the Stokes equation, there exists a positive
constant By;, such that for all g, € Qp

B(Vh, gn div vy, gn a
sup % = sup g > Baivllanllo
viev, IValllv  vievi  llvalla
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FSI with Lagrange multiplier

Main steps of the proof

Discrete case

Discrete inf-sup condition for B

Since Vi, X @ is stable for the Stokes equation, there exists a positive
constant By;, such that for all g, € Qp

B(Vh, qn) (divvp, gn)

sup o = sup = > By [gallo
vieVy [IValllv veve  lIvala w

The main issue is to show the invertibility of the operator matrix

Ar 0 1 ¢
0 A -G
G -G 0

on the discrete kernel of B:

KIB%,h = {V eVy: B(V, q) =0 Vq S Qh}
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FSI with Lagrange multiplier

Main steps of the proof (cont’ed)

Discrete inf-sup for A

There exists ko > 0, independent of h, and hs, such that

inf sup —2UV)
ueks vers, , || U[[V[IV][lv =

There exists ai; > 0 independent of hy and hs such that

RQ.

ar(up, up) + as(Xn, Xp) > ox([|unlli + [1Xnll3 5)  V(un, Xs) € Ky
where

Ky = {(vh,zh) (S VO,h X Sp: c(,uh,vh(i) — Zh) =0 V[Lh S Ah}
VO,h = {Vh S Vh : (diVVh, qh) =0 th S Qh}

page 19



FSI with Lagrange multiplier

Proposition

There exists a constant 3, > 0 independent of h, and hs such that for all
py, € Ny it holds true

C(uh,vh(X) )
sup > Bullpala-
wnzn)eVonxs (IValll + llzallF )12

The proof depends on the choice of c.

Case 1 ¢(p,2) = (p,2) for p e Np z € Sy,

The above inf-sup condition holds true if the L-projection onto Sy, is

bounded in H*(B)“.

This can be proved by assuming that the mesh in B is quasi-uniform or

satisfies weaker assumptions as in <Bramble—Pasciak—Steinbach '02>
<Crouzeix—Thomée '87>

Case 2 c(p,z) = [4(VsuVsz+ pz)dsfor pe Ny ze Sy

The result follows directly from the continuous inf-sup conditition.
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FSI with Lagrange multiplier

Error estimates

(Theorem

The following error estimates hold true

Ju = unl[g ) + 1P = Palliz) + [1X = Xplr(sys + [IA = Anlla
<C

inf (u—v +||p—
Y L I I + 1P — alliz @

+ 1X = 2]y + 1A = paln)
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FSI with Lagrange multiplier

FSI problem (thin solid)

0 .
ar pf<%+uf‘Vuf>:divaf n Q\Bt
diVUfZO in Q\Bt
Ou . .
ps—— = divs(P(F)) + fes in B
5 ot
ur = Us on B;
O':-_n+ +on = —fks) on B;
or=—pl+vfVynur  us=2%

+ initial and boundary conditions
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FSI with Lagrange multiplier

Variational form with Lagrange multiplier (thin solid)

> integrate by parts
P use frg as Lagrange multiplier

> set Z = HY2(B)?, A dual space of HY/?(B), (-,-)5 duality pairing

c(\z)= (A2 AeA=(HY*B), ze HY*(B)?

» obtain the same variational form as before.
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FSI with Lagrange multiplier

Variational form

Given ug € H}(Q)? and Xo € WL>(B)9, for t € [0, T], find
u(t) € H}(Q), p(t) € L3(Q), X(t) € WH>*(B)?, and A(t) € A such

that
p%(U(t% v) + a(u(t),v) + b(u(t), u(t),v)
— (divv, p(t)) + (A, v(X(-, t))) =0 Y € H3(Q)?
(divu(t),q) =0 Vg € L3(Q)
X
—,2 ,Vsz)p—c ,Z) = z L(B)4
5, (Gooz) +(PRW). Tz M) =0 ve€ H(E)
c(p,u(X(~,t),t)—a);—(tt)) =0 Y e N

u(0) =up inQ, X(0)=Xo inB.

The analysis can be performed as in the thick solid case, but the inf-sup
for c requires a different approach
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FSI with Lagrange multiplier

Inf-sup condition for c

There exists a constant Sy > 0 such that for all g € A it holds true

c(p,v(X) - 2)
sup > Bollella
wayevox iy (IVIE + [IzI13 5)*/2

where V} is the space of free divergence velocities.
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FSI with Lagrange multiplier

Inf-sup condition for c

There exists a constant By > 0 such that for all g € A it holds true

c(p,v(X) - 2)
sup > Bollella
wayevox iy (IVIE + [IzI13 5)*/2

where V} is the space of free divergence velocities.

Proof By definition

lplla = sup Amz) sup _clwz)
zeH/2(B)d ||Z||H1/2(B) zeH/2(B)d ||Z||H1/2(B)

We construct a maximizing sequence z, € H'/2(8)? and functions
vy € Vo such v (X(+)) = z, with [|vall1 < cl[z,][p1/2()e- Then

c(uvX)-2) _ _ c(nv(X)

sup >
(v,2)€ Vo x HY(B)¢ VIl vevo vl
c(mvn(X)) o1 _c(pz,) 1
> = > —|lpla
[[vallx cllzallpomye — 2¢
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FSI with Lagrange multiplier

Discrete inf-sup condition for c

We assume that the domain Q is convex. If hy/hs is sufficiently small
and the mesh Sy, is quasi-uniform, then there exists a constant 3; > 0
independent of hy and hs such that for all p, € Ay it holds true

(s vn(X) — Z)hl)/2 > B1lialla-

sup
(nzn)eVonxs, (IVall3 + l1zall3 5

v

Proof Let it € V; be the element where the supremum of the continuous
inf-sup condition is attained and @i, € V; 5 be the approximation of a.
Then

c(pp; Un(X)) = €(pp, W(X)) + gy, Wn(X) — 6(X)).
By trace theorem and inverse inequality ||i,(X) — @(X)|lo.5 < Ch}/2||ﬁ||1

and [|z4llo,s < Chs /2|y la. Hence

c(kp, B5(X)) = —IIMIIAllﬁlll — Cllyllo,shy/? a2

>l (52 - € (:>/)
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FSI with Lagrange multiplier

Error estimate for the monolithic scheme

For simplicity
> we take P=kF =k Vs X

» we consider small displacements from the reference/initial
configuration, hence the current configuration is identified with the
reference configuration B = Qf and v|z = v(X(s, 0)) for all
v e HY Q).

Regularity assumptions
u(t) € H(Q), p(t) € H'(Q),
X(t) € HY™(B), A(t) € H~Y*(B)

» Thick solid Depending of the elastic response of the solid material,
we can have a continuous pressure. Hence 0 < / < 1/2 and
0<m<1.

» Thin solid The pressure is discontinuous across the structure, hence
we assume that 0 < /< 1/2and 0 < m<1
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FSI with Lagrange multiplier

Space-time error estimates for negligible displacements

<Annese PhD Thesis '17>

In the case of thick solid, we assume that ps > ps.

pf n n 1 n n
= —uy 3,9 + S IX(t") — h”%,B
" () — i +
5, 10X X7 — X1 2
O ey S < O+ )

> At | Vem(u(t) —up)llf o < C(hE' + K™ + hY' + At?)

> ALY M) = AR < C(hF + h2m+ b2+ AP
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FSI with Lagrange multiplier

Ellipse immersed in a static fluid

P =kF c scalar product in L?
Fluid initially at rest: ug, =0

[ 0.2cos(27s) + 0.45
Xols) = ( 0.1sin(2ns) + 0.45 ) s €01

hy=1/32, hy=1/32, At=10"2, p=1,K=5

0. 0.9
0.85 : 0.85]
0.8 0.8
0.75 0.75
= 07 = 07

0.65 0.65]
0.6 : 0.6|
0.55 0.55
0'%.5 0.6 0i7 0.8 0.9 0'8.

Standard IBM with PW

update of the immersed IBM with DLM

boundary

page 29



FSI with Lagrange multiplier

Error analysis

Codimension 1

hy [P — pnll12 [%-rate llu — up|| 2 [%-rate
1/4 2.9606 - 0.0223 -
1/8 2.1027 0.49 0.0102 1.12
1/16 1.4349 0.55 0.0039 1.38
1/24 1.1572 0.53 0.0021 1.52
1/32 0.9750 0.60 0.0013 1.60

1/40 0.8874 0.42 0.0010 1.22
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Computational aspects

Computational aspects

Recall that we have to solve at each time step the linear system

Ar Bf 0 G(XDT utt f
B 0 0 0 prtt 0
o o0 A —C X7 T | s
CG(XD) 0 -G 0 Aptt d

The matrix Cr(X]) takes into account the relation between fluid and
solid mesh.
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Computational aspects

Computational aspects

Recall that we have to solve at each time step the linear system

Ar Bf 0 G(XDT utt f
B 0 0 0 prtt 0
o o0 A —C X7 T | s
CG(XD) 0 -G 0 Aptt d

The matrix Cr(X]) takes into account the relation between fluid and
solid mesh.
Let ; and x; be basis functions for V;, and Ay, respectively, then

Cr(XR)i = e(xis vi(Xp)) = /BX:'(S)%'(XZ(S))dS
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Computational aspects

Cr(X]); = /B Xi()i(X2(s))ds

We construct the matrix element by element in the solid mesh.
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Computational aspects

Cr(X]); = /B Xi()i(X2(s))ds

We construct the matrix element by element in the solid mesh.

In order to evaluate ¢;(XJ](s)) we need to find the intersection of the
fluid mesh with the mapping of the solid mesh and to triangulate it.
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Computational aspects

A simpler example

Interface problem

—div(81Vu) = f in Q
—div(BVuw) = h in Q
n =0 on I\ T
u =20 on W\ T
U= U onl
B1Vur-n= V- -n onl

with interface I = 921 N 99,
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Computational aspects

Equivalent formulation with Lagrange multiplier

> Q=0Q,UQ
> f € L%(Q) such that f|g, = f
> 3 Wh(Q) such that 8|, = /1

Equivalent formulation (DLM): look for u € H}(R), u» € H*(Q,), and
A € A= [HY(Q2)]’ such that

/5vUdex+<A,v|Qz>=/ fv dx Vv € HY(Q)
Q Q

/ (B2 — B)VuVvadx — (A, va) = / (h— flvadx Vv € HY{(Q)
Q0 Q

<:u’7 U|Q2 - l.l2> =0 VM en
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Computational aspects

Dependence on the alignment of the meshes

Q=1[0,6%, Q=[e—01,14+7] x [2+5,4+5]
b1=1,06=10, A=hH=1

N =24 N,=10

shift s = —0.125 : 0.025 : 0.125

exact DLM solution
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error

Computational aspects

10° 1020
_—
o ]
107 gmm q
ull 1V ully g
u,llg =1V Ul " 1
= \/—
-0.15 -0.1 -0.05 0 0.05 0.1 0.15 107815 -0.1 -0.05 0 0.05 0.1 0.15
shift shift
Errors for the DLM solution Condition numbers
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Computational aspects

S
e}
(03]
—
e
=
o0
=
Q]
4+
O
(]
| -
o
(D]
£
O
-
(0]
—
)
w

Enhanced Bercovier-Pironneau element: PjisoP, \ P + P

Solid element: P
Viscosity vr

hy

=100

0.01, structure elastic constant s
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Parallel computing

<Boffi—G.—Scacchi work in progress>
Fluid element: @, \ Py, Solid element: @, Time step: 0.01
Linear elastic solid Nonlinear elastic solid
P=kF k=10 W = Zexp(btr(FTF) — 2)
vPi=vs =01, pr=ps =1 vF=vs =02, pr=ps=1




Linear solid

procs= 32, T = 20

Computati

model

onal aspects

dofs vol. loss (%) its Tsoi(5) Tass(s) Teoup(s)
47190 | 0.16 9 [ 1281071 | 1.181072 | 1.2410° !
83398 | 0.13 9 | 2.01107! | 3.981072 | 9.48107!
129846 | 0.12 9 | 2.54107! | 3111072 | 9.6110¢
186534 | 9.92102 9 | 49010~! | 4451072 | 3.12
dofs= 83398, T = 10
procs | its Tool(5) Tass(s) Teoup(s)
4 | 9 | 3841071 | 1.4310~ T | 10.05
8 | 9 | 24010~! | 9.0010~2 | 2.96
16 | 9 | 1.38107! | 3.751072 | 7.7110"}
32 | 9 | 1.00107! | 268102 | 3.2510"%
64 | 9 | 1.1110~! | 1.6010~2 | 1.3410"1
Nonlinear solid model
procs= 32, =20
dofs vol. loss (%) its Tsol(S) Tass(s) Teoup(s)
47190 0.63 2(147) | 4.35(1.69) | 1.1310 2 | 8.5810 2
83398 0.39 2(145) 7.44(2.73) 1901072 | 1.941071
129846 0.35 2(225) | 20.84(7.07) | 2.961072 | 4.10107!
186534 0.30 2(179) | 22.87(6.82) | 4.2310~2 | 8.3310"!
dofs= 83308, T = 2
procs its (lits) Tsoi(5) Tass(s) Teoup(s)
4 | 3(331) | 48.70(12.60) | 1.4910~ ! | 1.07
8 | 3(323) | 40.64(11.93) | 9.0010~2 | 7.18107 !
16 | 3(319) 28.34(8.69) | 4.601072 | 3.83107!
32 | 3(312) 12.55(3.73) | 2.551072 | 3.16107!
64 | 3(310) 15.13(4.78) | 9.05103 | 1.48107!
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Second order time schemes

<Boffi-G.-Wolf '19>
We consider three second order schemes:

> Backward Differentiation Formula BDF2

» Crank-Nicolson using either midpoint CNm or trapezoidal CNt rule
for the integration of nonlinear terms

We set:
3yn+1 _ 4yn +yn—1
amy”“ = yn+1 _ }%At
At

for BDF2

for Crank-Nicolson

page 39
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BDF2 scheme

Problem

Given ugp € V}, and Xop € Sp, for n=0,...,N — 1 find
(up, py) € Vi x Qn, X € Sp, and A} € Ay, such that

pf (amug“, v;,)Q +b (uZ“, uftvy) +a (uf ™t vp)

— (div vp, p,’,’“q)&.2 +c (AP vp(Xpt)) =0 Vv, €V,
(divuy™, gp), =0 Van € Qn
(X7, wp)s = (OaeXp™ wh) Ywy € §
o9 (0acXy ™, zh)B + (BFT™), Vozn) s —c (\7™,24) =0 Vzp € Sy
¢ (pm, up THXETY) — OacXtY) =0 Vin € Ny

0 0
u, = Uopp, Xh = XOh-

The other two schemes have the same structure with due modifications.
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Stability estimates

We can show that BDF2 and CNm are stable.

Stability estimate for Crank-Nicolson CNm scheme

Let 6p > 0 and assume that the energy density W € C! is convex. Then
the following estimate holds true:

pr v
oAt (HUZH”%Z - ||UZ||%2) + Z”Vsymuz+1 + VsymuZ”%z

o [ XaT - 2 xp—xrP?
IN: At |, At |,
0T B _

At -

The stability analysis for CNt is not straigtforward (not even for
Navier-Stokes equations).
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The fully discrete problem requires at each time step the solution of a big
linear system

Aup*) -BT 0 0 Ce(Xp)T\ [up' g
-B 0 0 0 0 pptt 0

0 0 M —aaMs 0 Xptf = | e

0 0 &M, s -cf xg+11 8
Ce(Xp) 0 0 —5-C, 0 PV 84

where X}, represents an extrapolated value for XZH.
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Deformed annulus

Material properties: P(F) = sF with kK =10, v = 0.1, pr = ps = 1.
The BDF2 method was used with At = 0.05, T = 1.
The snapshots were taken at t =0, t =0.1, t =05 and t = 1.

1
u(x,0) = 0, X(s,0) = (11:23 .

Vol Magnituce
-——
val Mogr

0000 002400

page 43



Time marching schemes

Numerical results

Eulerian mesh Lagrangian mesh

Meshes for the fluid and the structure

Material coefficients: pr = ps =1, v =1, kK = 10.

The time interval considered is [0,0.2].

DOFs u, | DOFs p, | DOFs X, | DOFs Ap,
coarse mesh (M = 8) 578 209 306 306
fine mesh (M = 16) 2178 801 1122 1122
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Convergence results for the fully implicit scheme

Velocity
BDF1 BDF2 CNm CNt
At 12 error rate L2 error rate 12 error rate 12 error rate
0.05 9.05- 102 3.62-102 2.28-10" ! 2.26-10" ¢
0.025 4.87-1072  0.80 | 5.05-1073 2.84 | 6.23-1072 1.87 | 6.04-1072  1.01

0.0125 254.1072 094 | 1.20-1073 2,07 | 2.28-1072 1.45 | 2.07-1072 1.54
0.00625 | 1.29-1072 0.98 | 3.53-10~% 1.77 | 5.27.-1073 2.11 | 4.03-1073 236

Displacement

BDF1 BDF2 CNm CNt
At L2 error rate L2 error rate L2 error rate L2 error rate
0.05 1.98 1073 5.19-10 % 1.65- 1073 4.04 107
0.025 1.05-1073 092 | 9.79-107° 241 | 9.27-107* 0.84 | 8.48-107° 2.25

0.0125 531-107% 0.99 | 3.13-107° 1.64 | 4.90-10~% 0.92 | 2.47-107° 1.78
0.00625 | 2.70-10"% 0.98 | 1.35-10"> 1.22 | 2.50-10"% 0.97 | 3.47-107% 283

Number of iterates of the nonlinear solver

At BDF1 BDF2 CNm CNt
0.05 10 5 6 6
0.025 6 5 5 4
0.0125 6 4 4 4
0.00625 4 4 3 3
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Convergence results for the semi-implicit scheme

Velocity
BDF1 BDF2 CNm CNt
At L2 error rate L2 error rate L2 error rate L? error rate
0.05 9.18 - 10~ 3.89 - 102 2.36- 107! 2.39-107 1
0.025 5.05-1072  0.86 | 8.59-107° 2.18 | 7.54-1072  1.64 | 7.06-1072  1.76

0.0125 263-1072 0094 | 3.32.107% 137 | 424-1072 0.83 | 2221072  1.67
0.00625 | 1.33-1072 0.98 | 1.40-1073 1.24 | 2.19-1072 0.96 | 4.19-10~3  2.40

Displacement

BDF1 BDF2 CNm CNt
At 12 error rate L2 error rate 12 error rate L2 error rate
0.05 2.03-107° 7.86- 10— % 1.81-10°3 6.51-10 %
0.025 1.06-1073 093 | 3.28-107* 1.26 | 9.75-10~* 0.89 | 1.31-10~% 2.31

0.0125 5.34-10~% 1.00 | 1.44-107*% 1.18 | 5.10-10~% 0.93 | 4.82-107° 1.44
0.00625 | 2.69-10"* 099 | 631-107° 1.19 | 2.55.10* 1.00 | 1.29-10°  1.90
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Volume conservation of the floating disk

A circular disk is placed in a lid-driven cavity.

> Q= (0,1)?, disk with diameter of 0.2 initially placed at (0.6,0.5)
> pr=ps =1, v=0.01 and P(F) = sF with k = 0.1.

» 18818 DOFs for u, 7009 DOFs for p, 4402 DoFs for X and A

» hf =0.029, hs = 0.012, At = 0.01.

Volume preservation for the disk example (DLM) Volume preservation for the disk example (Deal.ll
0. 0.
\\WM
01 ~—1 ] os

-02

volume change (%)
s %
=
— —
L~
| LS
olume change (%)

-15
-05

e -2,
—0.6 — BDF2 \

o

..... -25
-07 ™

00 05 10 15 20 25 30 35 40 00 05 10 15 20 25 30 35 40

time (s) time (s)
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Splitting schemes

Thin solid

<Annese-Fernandez-G. In preparation>
In this section, we use the stabilized P1 — P1 elements for the Stokes
equations by adding the Brezzi-Pitkaranta stability term

s(p,q) =7 Y hx(Vp,Va).
KeT,

d is the displacement, so that X = Xq +d, d= 0X/ot

We separate the contribution of the inertial forces, due to the acceleration
of the solid mass, and elastic forces, due to the solid deformation.

The explicit coupling of the fluid equations with the solid elastic forces, is
realized by introducing an extrapolation of the displacement, as follows

0 ifr=20
Z* = dZ_l . |f r = 1
dz_l + sz_l if r=2.
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Partitioned scheme

"
Step 1: find uj € Vi, pp € Qn, d, 2 € Sn, A} € Ay such that

up —up ! n—1 n n
P\ =y oV + b(u, ", up,v) + a(up, v)

— (divv, pp) + c( A, v(X7 ) =0 Vv € Vy
(div uh, q) + sn(ph, q) =0 Vg € Qn
wn—1 n— n nx
BT —dy ), 2)s - e(A2) = —as(df2)  vze S,
in_ 1
c(p,up(Xp™) —d, 2) =0 Vi € Ay

Step 2: find d} € Sy, df € Sp, such that

. ipl .
%(dﬂ—dh 2 2)s+as(d] —dl*,2) =0 VzeS,
dz_d'/;_l _4an

At =di

Step 3: update the structure position X}
Xp = Xo,n + dj

page 49



Time marching schemes

Energy estimates

» Scheme with r =1, dj* = d"_1
pelluplld o + pslldall3 5 + 17113 5 < prlluo.lls o + psllduallf s

+ [ldo sl 5 + AR [dusll s + g”'—hdo,hﬂg,s:
S

> Scheme with r =2, d?* =d} ' + Atd} ' let At and h be such
that there exist a > 0 such that
4ch
A0C
(ps)> s

then for n >1
pelluplld .o + pslldallg 5 + 13113 5

2yt
<o (2 ) (rlonslia + ool alfs + ool o)
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Space time error estimates for negligible displacements

Regularity assumptions

u(t) € H(Q), p(t) € H'(Q),
X(t) € H™(B), A(t) € HY*(B)
Then

Pf n n 1 n n S |l n qn 2
P lu(en) — uplig o + 5 IX(7) = X7E 5+ 2 |a(e") — d

< C(h + 2™+ h + AE?)

0,8
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Convergence results for the partitioned schemes

Partitioned algorithm - r = 1 - Space convergence for At = 0.01

Fluid velocity Solid velocity Displacement
hs = hs L? error rate | L? error rate | L? error rate
1/8 7611073 - | 517107* 2.9910°

1/16 59110 0.37 | 415107* 0.32 | 1.57107% 0.93
1/32 2.28107° 1.38 | 2.1910* 0.92 | 8.28107% 0.93
1/64 85310°* 1.42 | 1.0510°* 1.05 | 46910% 0.82
1/128 | 29110°* 1.55| 59110°° 0.83 | 2.8210°% 0.73

Partitioned algorithm - r = 2 - Space convergence for At = 0.01

Fluid velocity Solid velocity Displacement
hf = hs | L2 error rate | L2 error rate | L? error rate
1/8 7.6010°° - | 515107 - 12991072 -

1/16 591107 0.36 | 41610™* 0.31 | 1.57107% 0.93
1/32 228107 1.38 | 2.19107* 0.93 | 8.28107% 0.93
1/64 8.53107* 1.42 | 1.06107* 1.05 | 4.69107% 0.82
1/128 | 2.9310™* 1.54 | 5.89107° 0.84 | 2.8210~* 0.73

page 52



Time marching schemes

Convergence results for the partitioned schemes (cont'd)

Partitioned algorithm - r = 1 - Time convergence for hr = hs = 1/64

Fluid velocity Solid velocity Displacement
hs = hs L? error rate | L? error rate | L? error rate
1/16 2401077 -] 1.60107" -] 1811073 -
1/32 0.90107° 1.28 | 43610°° 1.87 | 1.08107° 0.75
1/64 3.08107° 1.69 | 1.29107> 1.75 | 437107* 1.30
1/128 | 6.8610°° 2.17 | 3.6310°° 1.84 | 1.0510°*  2.06
1/256 | 1.57107% 212 | 1.11107° 1.71 | 3.33107° 1.65

Partitioned algorithm - r =2

- Time convergence for hr = hs = 1/64

Fluid velocity Solid velocity Displacement
hf = hs | L2 error rate | L2 error rate | L? error rate
1/16 221107* - | 832107° - | 1201073 -
1/32 6.34107> 1.81 | 6.0610°°> 0.46 | 6.0310°*  0.98
1/64 4.64107° 377 | 6.04107° 3.33 | 1.26107*  2.25
1/128 | 6391077 2.86 | 1.40107° 2.11 | 5.50107° 1.20
1/256 | 3.171077 1.01 | 6.831077 1.03 | 2.73107° 1.01
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Partitioned versus monolithic scheme

Time step =0.01s time step =0.01s

081 0675
—  X_monolithic
080 + + X_partitioned_ 0670
~ - X_partitioned_r=:
079 0,665
% @
Si078 £, 0660
= IS
1 ¥
= 077 210655
ol >
076 0,650
— Y_monolithic
075 0645 + =+ Y_partitioned
-~ Y_partitioned_t
074 0,640
0.0 05 1.0 15 20 25 3.0 35 0.0 05 10 15 20 25 3.0 35
Time Time
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Conclusions

» The use of the fictitious domain method with Lagrange multiplier
can be successfully extended to FSI problems

» The semi-implicit scheme is unconditionally stable in time
» Analysis of stationary problem provides optimal error estimates

Error estimates in space and time are provided for a simplified
situation

» Unconditional stability of high order time advancing schemes and of
time splitting schemes has been proved

» Extensions to compressible solids are also available
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