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Orientation

Aim: Approximate posterior expectations of the state path and
static parameters associated to an S(P)DE which must be
finitely approximated.
Solution: Apply an approximate coupling strategy so that
multi-index Monte Carlo (MIMC) methods can be used within a
particle MCMC [B02, AR08, ADH10] and SMC2 [CJP13].

MLMC (d = 1) [H00, G08] and MIMC (d > 1) [HNT15]
methods reduce cost to mean-squared error= O(ε2);
Recently this methodology has been applied to inference,
mostly in cases where target can be evaluated up to a
normalizing constant [HSS13, DKST15, HTL16, BJLTZ17].
Here we can only simulate a non-negative unbiased
estimator (utanc); using PMCMC we are able to sample
consistently from an approximate coupling of successive
targets [JKLZ18.i, JKLZ18.ii], and this is extended to the
sequential context via SMC2 [JLX19].
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Example: expectation for SDE [G08]

Estimation of expectation of solution of intractable stochastic
differential equation (SDE).

dX = f (X )dt + σ(X )dW , X0 = x0 .

Aim: estimate E(g(XT )).
We need to
(1) Approximate, e.g. by Euler-Maruyama method with

resolution h:

Xn+1 = Xn + hf (Xn) +
√

hσ(Xn)ξn, ξn ∼ N(0,1).

(2) Sample {X (i)
NT
}Ni=1, NT = T/h.
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Multilevel Monte Carlo (MLMC)

Aim: Approximate η∞(g) := Eη∞(g) for g : E → R.

Single level estimator: 1
N
∑N

i=1 g(U(i)
L ), U(i)

L ∼ ηL i.i.d.
Cost to achieve MSE= O(ε2) is C =Cost(U(i)

L )× ε−2.

Multilevel estimator*:
∑L

l=0
1
Nl

∑Nl
i=1{g(U(i)

l )− g(U(i)
l−1)} ,

(Ul ,Ul−1)(i) ∼ η̄l i.i.d. such that
∫
η̄ldul−1,l = ηl,l−1 for

l = 0, . . . ,L. (*g(U(i)
−1) := 0)

Cost is CML =
∑L

l=0 ClNl , where Cl is the cost to obtain a
sample from η̄l .
Fix bias by choosing L. Minimize cost CML({Nl}Ll=0) for
fixed variance=

∑L
l=0 Vl/Nl ,⇒ Nl ∝

√
Vl/Cl .

Example: Milstein solution of SDE for MSE= O(ε2)

C = O(ε−3) vs. CML = O(ε−2).
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Illustration of pairwise coupling

Pairwise coupling of trajectories of an SDE:

X 1
n+1 = X 1

n +hf (X 1
n )+
√

hσ(X 1
n )ξn, ξn ∼ N(0,1), n = 0, . . . ,N1

X 0
n+1 = X 0

n +(2h)f (X 0
n )+
√

hσ(X 0
n )(ξ2n+ξ2n+1), n = 0, . . . ,N1/2.
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Bayesian inference is about approximating integrals

Suppose we know how to evaluate γ(x) for x ∈ X.

Let
η(dx) =

γ(x)dx∫
X γ(x)dx

,

and ϕ : X→ R, and suppose we want to estimate

η(ϕ) :=

∫
X
ϕ(x)η(dx) .

X may be quite high dimension, e.g. Rd with d = 100 easily, or
even 1000, 10000, etc...
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Monte Carlo

If we could obtain i.i.d. samples x i ∼ η, then we could use

η(ϕ) ≈ 1
N

N∑
i=1

ϕ(x i) .

Convergence rate (of MSE) is O(1/N), independently of d .

Unfortunately we cannot get i.i.d. samples.
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Importance sampling and ratio estimators

Suppose we can get i.i.d. samples x i ∼ ν where
0 < G(x) := γ(x)

ν(x) < C.

Then we can use the self-normalized importance sampling
estimator

η(ϕ) ≈
∑N

i=1 G(x i)ϕ(x i)∑N
i=1 G(x i)

.

The rate will still be O(1/N), but typically with a constant
O(ed ), depending on E(G(x)− EG(x))2.

We may as well use quadrature.
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Markov chain Monte Carlo

Suppose we can construct a Markov chain K , that is an
operator with the property K : B(X)→ B(X) and
K ∗ : P(X)→ P(X), where B(X) are bounded measurable
functions and P(X) are probability measures, and such that

(ηK )(dx) =

∫
X
η(dx ′)K (x ′,dx) = η(dx) ,

and for all A ⊂ X, x , x ′ ∈ X,∫
A

K (x ,dz) ≤
∫

A
K (x ′,dz) .
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Markov chain Monte Carlo

Then we can run the Markov chain to collect samples, x0 ∈ X
and x i ∼ K (x i−1, ·) = K i(x0, ·) and use these for Monte Carlo

η(ϕ) ≈ 1
N

Nb+N∑
i=Nb+1

ϕ(x i) .

Again Monte Carlo provides rate O(1/N), but now under quite
general conditions one may achieve polynomial constant O(d).
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Example: Metropolis-Hastings

Let Q denote a Markov kernel on X.

1 Let x0 ∈ X.
2 Sample x∗ ∼ Q(x i , ·) .
3 Set x i+1 = x∗ with probability:

min

{
1,
γ(x∗)Q(x∗, x i)

γ(x i)Q(x i , x∗)

}
,

otherwise x i+1 = x i .
4 Set i = i + 1 and return to the start of (2).
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Parameter inference

Estimate the posterior expectation of a function ϕ of the joint
path X1:T and parameters θ, of an intractable S(P)DE

dX = fθ(X )dt + σθ(X )dW , X0 ∼ µθ ,

given noisy partial observations

Yn ∼ gθ(Xn, ·) , n = 1, . . . ,T .

Aim: estimate E[ϕ(θ,X0:T )|y1:T ], where y1:T := {y1, . . . , yT}.

The hidden process {Xn} is a Markov chain.

Discretize with resolution h and denote the transition kernel
Fθ,h

(
xp−1, dxp

)
– this can be simulated from, but its density

cannot be evaluated.
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Return to ML (SDE, for simplicity)

The joint measure (suppressing fixed yp in notation) is

Πh(dθ, dx0:n) ∝ Π(dθ)µθ(dx0)
n∏

p=1

gθ(xp, yp)Fθ,h(xp−1, dxp) ,

For +∞ > h0 > · · · > hL > 0, we would like to compute

EΠhL
[ϕ(θ,X0:n)] =

L∑
l=0

{
EΠhl

[ϕ(θ,X0:n)]− EΠhl−1
[ϕ(θ,X0:n)]

}
where EΠh−1

[·] := 0.
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Approximate coupling

Consider a single pair EΠh [ϕ(θ,X0:n)]− EΠh′ [ϕ(θ,X0:n)], h < h′.

Let z = (x , x ′) and let Qθ,h,h′(z, dz̄) be a coupling of
(Fθ,h(x , dx̄),Fθ,h′(x ′, dx̄ ′)).

Let Gp,θ(z) = max{gθ(x , yp),gθ(x ′, yp)}.

We will sample from the joint coarse/fine filter

Πh,h′(dθ, dz0:n) ∝ Π(dθ)νθ(dz0)
n∏

p=1

Gp,θ(zp)Qθ,h,h′(zp−1, dzp),

where νθ is the initial coupling

νθ(d(x , x ′)) = µθ(dx)δx (dx ′).
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Change of measure

We have
EΠh [ϕ(θ,X0:n)]− EΠh′ [ϕ(θ,X ′0:n)] =

EΠh,h′ [ϕ(θ,X0:n)H1,θ(θ,Z0:n)]

EΠh,h′ [H1,θ(θ,Z0:n)]
−

EΠh,h′ [ϕ(θ,X ′0:n)H2,θ(θ,Z0:n)]

EΠh,h′ [H2,θ(θ,Z0:n)]

where

H1,θ(θ, z0:n) =
n∏

p=1

gθ(xp, yp)

Gp,θ(zp)

H2,θ(θ, z0:n) =
n∏

p=1

gθ(x ′p, yp)

Gp,θ(zp)
.
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Sequential Importance Resampling [DDG01]
12 Doucet, de Freitas, and Gordon 

i=I, .. . ,N=10 particles 
o 0 0 0 o 000 0 

. . . . 
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Figure 1.1. In this example( the bootstrap filter starts at time t - 1 with 
an unweighted measure N- 1 }, which provides an approximation of 
p(xt- lIYl:t-2) . For each particle we compute the importance weights using the 
information at time t - 1. This results in the weighted measure 
which yields an approximation p(Xt-lIYl:t-I) . Subsequently, the resampling step 
selects only the fittest particles to obtain the unweighted measure N- 1 }, 

which is still an approximation ofp(Xt-lIYl:t-l) . Finally, the sampling (predic-
tion) step introduces variety, resulting in the measure N- 1 } , which is an 
approximation of p(XtIYl:t-l). 

importance weights and indices (both being one-dimensional quantities). 
This enables one to easily carry out sequential inference for very complex 
models. 

An illustrative example 

For demonstration purposes, we apply the bootstrap algorithm to the 
following nonlinear, non-Gaussian model (Gordon et al. 1993, Kitagawa 
1996): 

1 Xt-l 
-Xt-l + 25 2 + 8 cos (1.2t) + Vt 
2 l+xt _ 1 

Yt 20 + Wt , 
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Particle filter, for fixed θ

Let M ≥ 1 and θ be fixed, and introduce a1:M
0:n−1 ∈ {1, . . . ,M}Mn.

The bootstrap particle filter [Del04] approximates

Πh,h′(dz0:n|θ) ∝ νθ(dz0)
n∏

p=1

Gp,θ(zp)Qθ,h,h′(zp−1, dzp)

by sampling from

P(a1:M
0:n−1, dz1:M

0:n |θ) =
( M∏

i=1

νθ(dz i
0)
) n∏

p=1

M∏
i=1

( Gp−1,θ(z
ai

p−1
p−1 )∑M

j=1 Gp−1,θ(z j
p−1)

Qθ,h,h′(z
ai

p−1
p−1 , dz i

p)
)
,

where G0,θ := 1,

i.e. z
ai

p−1
p−1 is resampled with the probability

Gp−1,θ(z
ai
p−1

p−1 )∑M
j=1 Gp−1,θ(z j

p−1)
.
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Particle marginal MH (PMMH) [ADH10]

Draw J with probability proportional to Gn,θ(z j
n) for j = 1, . . . ,M.

Let ẑn = z j
n, and trace its ancestral lineage

ẑn−1 = z
aj

n−1
n−1 , ẑn−2 = z

a
aj
n−1

n−2
n−2 , and so on .

Define pM
h,h′(y0:n|θ) =

∏n
p=1

(
1
M
∑M

j=1 Gp,θ(z j
p)
)

. Denote

U = (a1:M
0:n−1, z

1:M
0:n , θ).

Run a MH chain on the extended state space {U i} targeting
∝ P(a1:M

0:n−1, z
1:M
0:n |θ)pM

h,h′(y0:n|θ)Π(dθ). Draw J ∼ P(J|U i) and
construct ẑ i

0:n as above. The target has the property [ADH10]

P(U, J) = P((U, J)\(ẑ0:n, θ)|ẑ0:n, θ)Πh,h′(ẑ0:n, θ) .
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Particle marginal MH (PMMH) [ADH10]

1 Sample θ0 ∼ π(dθ) and (a1:M
0:n−1, z

1:M
0:n ) from particle filter

P(a1:M
0:n−1, dz1:M

0:n |θ0), and store pM
h,h′(y0:n|θ0).

2 Select a path ẑ0
0:n: draw z j

n with probability proportional to Gn,θ0 (z j
n), let

ẑ0
n = z j

n, and trace back its ancestral lineage

ẑ0
n−1 = z

aj
n−1

n−1 , ẑ0
n−2 = z

a
aj
n−1

n−2
n−2 , and so on ; Set i = 1 .

3 Sample θ∗|θi−1 according to R(dθ∗|θi−1) = r(θ∗|θi−1)dθ∗, then sample
from particle filter P(a1:M

0:n−1, dz1:M
0:n |θ∗). Select one path ẑ∗0:n as above.

4 Set θi = θ∗, ẑ i
0:n = ẑ∗0:n with probability:

min

{
1,

pM
h,h′(y0:n|θ∗)

pM
h,h′(y0:n|θi−1)

π(θ∗)r(θi−1|θ∗)
π(θi−1)r(θ∗|θi−1)

}

otherwise θi = θi−1, ẑ i
0:n = ẑ i−1

0:n .
5 Set i = i + 1 and return to the start of 3.
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PMMH increment estimator

1
N
∑N

i=1 ϕ(θi , x̂ i
0:n)H1,θ(θi , ẑ i

0:n)
1
N
∑N

i=1 H1,θ(θi , ẑ i
0:n)

−
1
N
∑N

i=1 ϕ(θi , x̂ ′i0:n)H2,θ(θi , ẑ i
0:n)

1
N
∑N

i=1 H2,θ(θi , ẑ i
0:n)

.

−→
N→∞

EΠh,h′ [ϕ(θ,X0:n)H1,θ(θ,Z0:n)]

EΠh,h′ [H1,θ(θ,Z0:n)]
−

EΠh,h′ [ϕ(θ,X ′0:n)H2,θ(θ,Z0:n)]

EΠh,h′ [H2,θ(θ,Z0:n)]

=

EΠh [ϕ(θ,X0:n)]− EΠh′ [ϕ(θ,X ′0:n)]
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Multilevel estimator

ENl
l (ϕ) =

1
Nl

∑Nl
i=1 ϕ(θi , , x̂ i

0:n)H1,θ(θi , ẑ i
0:n)

1
Nl

∑Nl
i=1 H1,θ(θi , ẑ i

0:n)
−

1
Nl

∑Nl
i=1 ϕ(θi , x̂ ′i0:n)H2,θ(θi , ẑ i

0:n)

1
Nl

∑Nl
i=1 H2,θ(θi , ẑ i

0:n)

is a consistent estimator of (E0 := EΠh0
[ϕ(θ,X0:n)])

El(ϕ) := EΠhl
[ϕ(θ,X0:n)]− EΠhl−1

[ϕ(θ,X0:n)] .

⇒
∑L

l=0 ENl
l (ϕ) is a consistent estimator of EΠhL

[ϕ(θ,X0:n)] .
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Multilevel estimator error analysis

Consider

L∑
l=0

ĒNl
l (ϕ) , ĒNl

l (ϕ) = ENl
l (ϕ)− El(ϕ) .

One must bound

E[(
L∑

l=0

ĒNl
l (ϕ))2] =

L∑
l=0

E[ĒNl
l (ϕ)2] + E[ĒNl

l (ϕ)]
L∑

q 6=l=0

E[ĒNq
q (ϕ)]

 .
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Assumptions

(A1) ∀ y ∈ T, ∃ C > 0 such that ∀ x ∈ S, θ ∈ Θ,

C ≤ gθ(x , y) ≤ C−1.

And ∀ y ∈ T, gθ(x , y) is globally Lipschitz on S×Θ.

(A2) ∀ 0 ≤ k ≤ n, ∃ β > 0 such that ∀
ϕ ∈ Bb(Θ× Sk+1) ∩ Lip(Θ× Sk+1) ∃ C > 0∫

Θ×S2k+2
|ϕ(θ, x0:k )−ϕ(θ, x ′0:k )|2Π(dθ)νθ(dz0)

k∏
p=1

Qθ,h,h′(zp−1, dzp) ≤ C(h′)β .

(A3) ∀ n > 0, ∃ ξ ∈ (0,1) and ν ∈ P(W) s.t. ∀ w ∈W,
ϕ ∈ Bb(W) ∩ Lip(W), h,h′, the PMMH kernel K satisfies:∫

W
ϕ(w ′)K (w ,dw ′) ≥ ξ

∫
W
ϕ(w ′)ν(dw ′).

K is η-reversible, where η is the joint on the extended space.
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Main result

Theorem (JKLZ18)
Assume (A1-3). Then ∀ n > 0, ∃ β > 0 such that ∀
ϕ ∈ Bb(Θ× Sn+1) ∩ Lip(Θ× Sn+1) ∃ C > 0 such that

E[ĒNl
l (ϕ)2] ≤

Chβl
Nl

, E[ĒNl
l (ϕ)] ≤

Chβ/2
l

Nl
,

and β is from (A2).
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(A4) ∃ γ, α,C > 0, such that the cost to simulate ENl
l is controlled by

C(ENl
l ) ≤ CNlh

−γ
l , and the bias is controlled by

|EΠhL
(ϕ(θ,X0:n))− EΠ0 (ϕ(θ,X0:n))| ≤ ChαL .

Corollary

Assume (A1-4). ∀ n > 0 and ϕ ∈ Bb(Θ× Sn+1) ∩ Lip(Θ× Sn+1) ∃
C > 0 such that ∀ ε > 0 one can choose (L, {Nl}L

l=0) so

E

[
|

L∑
l=0

ENl
l (ϕ)− EΠ0 (ϕ(θ,X0:n))|2

]
≤ Cε2 ,

with a total cost (per time step)

COST ≤ C


ε−2, if β > γ,

ε−2| log(ε)|2, if β = γ,

ε−(2+ γ−β
α ), if β < γ.
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SMC samplers
Let Un = [u0, . . . ,un] ∈ Un for n = 0,1,2, . . . . Consider
target distributions ηn ∝ κn on Un.
Interlace sequential importance resampling (selection)
along the sequence, and mutation by MCMC kernels.
This enables sampling sequentially with complexity O(n2)
per sample 1.

Initialize i.i.d. U i
0 ∼ η0, i = 1, . . . ,N, and ui

1 ∼ q(U i
0, ·). For

n = 1, . . .
Resample {Û i

n}N
i=1 according to the weights {w i

n}N
i=1,

w i
n = Gi

n/
∑N

j=1 Gj
n, G0 = 1, and

Gi
n = κn(U i

n)/[κn−1(U i
n−1)qn(U i

n−1,u
i
n)].

Draw U i
n+1 ∼ Mn+1(Û i

n, · ), where

Mn+1(Un,dU ′n+1) = Kn(Un,dU ′n)⊗ qn+1(U ′n,du′n+1)

is an MCMC kernel such that ηnKn = ηn.
1In principle, under suitable assumptions [BCJ14]
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Sequential Monte Carlo2 (SMC2)

Define Un = (θ,a1:M
0:n−1, z

1:M
0:n ), and recall the PMMH target

Pn(Un, J), which has the joint posterior as its marginal on
(θ, ẑ0:n), where ẑ0:n is the ancestral path of the particle with
index J ∼ {Gn,θ(z j

n)/
∑M

i=1 Gn,θ(z i
n)} at time n.

Consider the PMMH marginal Pn(Un), which has as its
marginal the posterior on θ.
SMC2: Run an SMC sampler with N samples {Uk

n }Nk=1
targeting Pn(Un), using PMMH marginal kernels (without
sampling J) as the mutations.
When we wish to estimate expectations EΠh,h′ (f (θ,Z0:n)),
we extend to Pn(Un, J) = Pn(J|Un)Pn(Un):
For each k = 1, . . . ,N:

Sample Jk ∼ {Gn,θk (z j,k
n )/

∑M
i=1 Gn,θk (z i,k

n )}.
Construct the ancestral lineage ẑk

0:n (as before).
Estimate 1

N

∑N
k=1 f (θk , ẑk

0:n).
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SMLMC2

For each l = 0, . . . ,L:
Run SMC2 on Pl,n(Ul,n), then at a given time n (additional l
index suppressed):
For each k = 1, . . . ,Nl :

Sample Jk ∼ {Gn,θk (z j,k
n )/

∑M
i=1 Gn,θk (z i,k

n )}.
Construct the ancestral lineage ẑk

0:n (as before).
Estimate

E
Nl
l (ϕ) =

1
Nl

∑Nl
i=1 ϕ(θi , , x̂ i

0:n)H1,θ(θi , ẑ i
0:n)

1
Nl

∑Nl
i=1 H1,θ(θi , ẑ i

0:n)
−

1
Nl

∑Nl
i=1 ϕ(θi , x̂′i0:n)H2,θ(θi , ẑ i

0:n)

1
Nl

∑Nl
i=1 H2,θ(θi , ẑ i

0:n)

Construct the resulting MLMC estimator
∑L

l=0 ENl
l (ϕ).

We obtained a theorem (for MIMC) under very strong
assumptions.
Numerical results indicate the method works under weaker
assumptions.
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Ornstein-Uhlenbeck process

dXt = θ(µ− Xt )dt + σdWt , X0 = x0 ,

Yk |Xδk ∼ N (Xδk , τ2) ,

θ ∼ G(1,1) ,

σ ∼ G(1,0.5) .

N (m, τ2) denotes the Normal with mean m and variance
τ2.
G(a,b) denotes the Gamma with shape a and scale b.
x0 = 0, µ = 0, δ = 0.5, and τ2 = 0.2.
100 observations simulated with θ = 1 and σ = 0.5.
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Langevin SDE

dXt =
1
2
∇ log π(Xt )dt + σdWt , X0 = x0

Yk |Xk ∼ N (0, τ2 exp Xk ) ,

θ ∼ G(1,1) ,

σ ∼ G(1,0.5) .

π(x) denotes the probability density function of a Student’s
t-distribution with θ degrees of freedom.
x0 = 0.
1,000 observations simulated with θ = 10, σ = 1, and
τ2 = 1.
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Langevin SDE Ornstein-Uhlenbech process
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Figure: Autocorrelation of a typical PMCMC chain.
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Lagenvin SDE
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Figure: Cost vs. MSE for the 2 parameters for each of the 2 SDEs.
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Model Parameter ML-PMCMC PMCMC
OU θ −1.022 −1.463

σ −1.065 −1.522
Langevin θ −1.060 −1.508

σ −1.023 −1.481

Table: Estimated rates of convergence of MSE with respect to cost for
various parameters, fitted to the curves.
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Multi-index Monte Carlo (MIMC) idea

If spatio-temporal approximation dimension d > 1, then
MIMC is preferable to MLMC [HNT15]. α ∈ Nd

∆iEα(ϕ(u)) = Eα(ϕα(u))− Eα−ei (ϕα−ei (u)),
∆ = ∆d · · ·∆1,

E(ϕ(u)) =
∑
α∈Nd

∆Eα(ϕα(u)) ≈
∑
α∈I

∆Eα(ϕα(u))
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MIMC estimator

Construct an empirical estimator of
∑

α∈I ∆Eα(ϕα(u)).
Key: for each α ∈ I, obtain Nα i.i.d. samples from a
suitably coupled target (Uα(kα),Uα(kα−1), . . . ,Uα(1))(i) ∼ η̄α
such that

∫
η̄αduα(1) · · · duα(l−1)duα(l+1) · · · duα(kα) = ηα(l)

for l = 0, . . . ,L, where kα ≤ 2d .
Similar to MLMC, one finds optimal Nα ∝

√
Vα/Cα .

Optimal index set2 I consists of superlevel sets of
Pα = Bα/

√
VαCα, where Bα is bias associated to

increment α.
Canonical complexity O(ε−2) can be obtained independent
of dimension d for optimal index sets.
For tensor product index sets an additional
(dimension-dependent) constraint on the rates is required
or else the cost is dominated by the single highest
resolution sample.

2In the sense that any set with smaller work has larger bias.
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Summary

New approximate coupling strategy can be used to apply
MLMC to PMCMC for static parameter estimation
[JKLZ18.i].
Same strategy can be employed for multi-index MCMC
[JKLZ18.ii].
Recently extended to MISMC2 [JLX19.s].
Exciting prospects of looking at

MIMC versions with appropriate index sets;
Other versions of MIMC ∩ SMC;
Links/comparisons with other methods, in cases where they
are applicable
other practical enhancements.

PhD and postdocs wanted – please inquire !
AIMS Foundations of Data Science now accepting
papers !
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Thank you
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