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Improved representation of dynamical processes and long term statistics

» Preservation of leading order balance relations

P Geostrophic balance (horizontal), f2 x u = —Vh

P Hydrostatic balance (vertical), ng =—g

» Preservation of conservation laws

> Mass

P Vorticity

P Energy (balanced exchanges)

P Potential enstrophy (for exact integration only)

Structure preserving formulations

I

Solving PDEs (for geophysical flows)

I

Mimetic discretisations
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Mimetic discretisations, a topological perspective
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Mixed mimetic spectral elements (1D)

> The standard (nodal) spectral element basis is given as f0(¢) = a%/;(¢)

> Introduce a secondary edge basis [Gerritsma, 2011] as g'(¢) = b} e;(€)
P Integration of the edge functions between GLL nodes are orthogonal such that

§it1

/ (&) =6i;

&i

P Start from the premise that in 1D we wish to exactly satisfy the fundamental
theorem of calculus between nodes &; and &;41:

Siv1 dfO0 Eiv1
L = e - @) = - == [

Figure: Nodal (left) and edge (right) functions for a 4*™ order spectral element
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Mixed mimetic spectral elements (2D)

Via tensor product combinations of /;(§) and e;(£) we define the function spaces:

> af; (&) = 1i(§) ® [i(n) € VO CO continuous across elements

> g}’j(g) = {l;(&) ® ej(n), ei(€) ® I;(n)} € V; C° normal components
> 731(5) = ¢;(¢) ® €j(n) € V2 discontinuous across elements
And basis function expansions:
> 1/)?,1' = zZ]"JO‘?J
> uly = {00567 9167}
- o=l
In the strong form:
ul = Vg0 = u} = {({; ;-1 — "Bi,j)ﬁ,lfv (i j — i1 ,J)ﬁl’n} = BLELO0

p2 :v.ul :>p% = (ﬁ;,j—ﬁ;,17j+0;7j V,’J 1)"{[] 2E21 1
Weak form adjoint relations:
0 1 0 1 T
<a ,V><u1>Q:—<V a’,u > <01,, J> —(E <ﬁk7ﬁ/>

(81,v6) =—(v pl¢*) = <ﬁ,-,6,->9 o = _(Ek:;)T<'Yk7’YI >na¢’

a
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2D Hydrodynamics in H(div)

Strong form (pointwise) Weak form (Galerkin proj.)
VHE VO - Ve Ux, ()T Vi - VO
1 — 1,0 0 1 — _ 1.0 1
Wl = vig <a,V><u>Q— <Va,u>Q
1,0 ~0 __ 1,0
up = Ejvf <°‘?70‘?>Qa ;= (B )T<Bk’ﬁ’> B
V., B2l v w2 v, —(E>1)T: v2 — V!
o= v (B,ver) = —(v-plut)
P o= Erul (81.8)), it = ~EDT (), &
2,11,0 1,0yT (g2,1 —
V.Vt = 0EjE) =0 VxV =0 ;) (EN =0
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Structure preserving formulations and conservation laws

» Let H be an invariant of the PDE with dependent variables a
» Write the PDE as

at " da

where S is a skew-symmetric operator

1
Oa S”H

» H is conserved as
OH 6H Oa &H SJH_

= T =8 =0
ot da Ot da da
» Corresponds to the anti-symmetry of the Poisson bracket

(A,SB) ={A,B} = —{B,A} = {H,H} = —{H,H} =0
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Example: Rotating Shallow Water Equations (continuous form)

1
H:/fhu~u+gh2d§2
2 2

6—H:hu:F

du

H 1

T . h=ad
éh 2"I ute

4012 1

I R G|

Semi-discrete:

1 [urtt—w"] . [(w+f)/hx V] [F
At [P — A" T V- 0] @
- 1 1 1 1
F=Z-h"u" Zpn n+1 7hn+1 n 7hn+1 n+1
g g g
— 1 1 1
P = 6un.un<|kgun_un-%—14>6un+1_un-%—1+%hn%>%hn-f—l
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Example: Rotating Shallow Water Equations (discrete form)

Discrete variational derivatives may be computed as

by) — )
Hn(an + ebn) — Hn(an) _ <bh7 Hh> Wby € VO V1 V2

lim
e—0 € dap
Such that
OH .
<,3h» h> = (Bn, Bn)Fn = (B, hnup) VB, € V!
~ 1
<7h, = (Y, 1) ®Pn = (Vh, SUn " U + ghn) Yan € V2

We also define the potential vorticity, gp as:

(ahy hwan) = —(EXO) (B, up) + (an, fr)  Vay € VO

1 {mh,uz“ —uzq _ [<ﬁh, h X Bp) —(EZJ)Tm,m} [Eh]
At [ {va, h]T = AT (Yn, vh)EZ1 0 o
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Rotating Shallow Water Equations: Other Conservation Properties

» Conservation of mass, ihTirh: holds pointwise due to strong form divergence
1 E21F, = 0
» Conservation of vorticity, ihT (ap, ap)@p: holds in the weak form as

I (EM)T (B, gn x By)Fr =0
(EI,O)T(E2,1)T =0
(ch, aen)on = —(EM0) T (By, By) iy

> Conservation of potential enstrophy, §p{cp, hpap)gp: holds in the weak form for
exact integration only: The product rule

1
9xViq# Vg

holds only for exact integration
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Rotating Shallow Water Equations (results)

-0 110001400

Figure: Vorticity field for the Galewsky test case (day 7), inviscid solution with exact energy
conservation (left) and with viscosity (right).
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The 3D compressible Euler equations (continuous form)

O\ 1
571: = —(w+ fer) x u = V(50 + gz) — 6V
Jp
L v
B (pu)
00
— = =V - (pbu), O = pb
ot (pOu) p
R/cy
R
M=c ro , op=R+ac
Po
Energy is defined as
H= / 1,ou2 + pgz + < ondn
2 Cp
Setting
OH oH 1 oH
T —ju=U o D2 =, =N
ou =Y Tt 50
gives

5 |u f%(w + fe;)x -V —6V] [U
= |P| = -V 0 0 ¢
ot [@] [ —v.9) 0 0 } [ﬂ]
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The 3D compressible Euler equations (discrete form)

Discrete variational derivatives may be computed as

i Hn(an + ebp) = Hn(ap) _ <bh7 %> Wby € VO/V1/V2) V3
e—0 € dap
Such that
OH N
(Br ) = (B B4 On = (B ) %
OHp o 1
<'7h7 T> = (Yo, Y0)Ph = (Vs ZUp - Up + g25) Yy € V3
Ph 2
OHp R/ev R/cy 3
<'Yh: @> (Yh, vu) Py = Cp(po) (vh, (©R)™ ) Vyp €V
(an, pran) = —(E*1) T (Bp, up) + (an, i) Yoy € V!

The discrete Euler equations are then given as

o | (Bnun)
ET: (Ynspn) | =

(Vs ©n)

—(Bhs dn X By) E*) T vy vn) (Bis 081 (Bs Ba) " E*)  (vn vn)] [Un

—(’Ym"/h)E 0 0 &,
— (Y, Y0V E> (B Br) T B OnBh) 0 0 My
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Discrete form (cont.)

Multiplying both sides by [U,T,&,T, ﬁ;r]:
6u;, 8[) 8@;, 8Kh 6Ph 8/;, 7
(un Gy (Gomn G) + (g G (i ) = S T G =

where

1 R/ey /e
Ko=3Unwh  Po=(ongz b= nen) = ()" [(@»/~aa
c Po

Energetic exchanges given as

oK, - B
8th = U (E®)T (vh, g21) + (Un, 0881 (B, B) "H(E>?) T (v4, Mp)
P, ar

- = Ea U

5t (82h; Th) b

Oly _ 3,27 -1

rrie — (M, ¥ E™“Un{Bp: Bp) ™ (Bps 0nUn)
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Implementation details

» Cubed sphere discretisation

» Piola transform mappings from computational to physical space for fields in
VvOo/vi/vz/v3

> Spectral element in horizontal, lowest order (p = 1) mixed formulation in the
vertical

> Horizontally explicit/vertically implicit time integration [Ullrich and Jablonowski,
MWR, 2012]

P Stiffly stable RK3 in horizontal

P Strang carryover in the vertical

P Vertical solve breaks energy conservation!!!

P> TODO: fully implicit time integration to recover energy conservation

Dave Lee d Mimetic Spectral Elements for Atmospheric Simulation



Implicit vertical solve

Vertical resolution too small to explicitly resolve the sound waves

vy

Pressure gradient term must be solved implicitly

v

Natural logarithm of the equation of state gives:

In(N) = C—’t(ln(@) + m(p%)) +1n(cp)

v

Second order (in time) expansion:

rln+1 —_nr R en+1 _ en
A T ¢, AtOn

» Substituting in the temperature evolution equation [Gassmann, 2013]:
AtR
oM™ ~ """ — ——N"V - (pbhu)
Cy

» And then into the vertical momentum equation:

n+1\2 2
it B BER,D (g

oontl w"+1> onn gz
2 0z cy oz

= w'— At At
0z v t 0z t oz

> NOTE: this pressure gradient formulation is NOT energetically consistent!!!
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Test case setup

VVVYVyVyVYyVYVVYYVYY

v

Baroclinic instability (on z-levels) [Ullrich et. al. (2014) QJRMS]
24 x 24 elements (p = 3) on each face Ax ~ 128km

Second order (p = 1) in the vertical

30 vertical levels

At = 120s

w(z =0) = w(z = 30km) =0

0(z = 0) = 0°(\, ¢), O(z = 30km) = 6()\, ¢)

ON/0z| =0 = ON/0z|,=30km = 0

Biharmonic viscosity in horiztonal

Rayleigh damping in upper layer vertical momentum equation [Klemp et. al.,
MWR, 2008]

6 x 4% = 96 processors
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Results: baroclinic instability test case (days 8-10
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Results: baroclinic instability test case (cont.)
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Figure: Kinetic, potential and internal energy evolution (left and center) power exchanges (right).
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Results: non-hydrostatic gravity wave
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Figure: Potential temperature perturbation, 6’
minutes (right).

, at the equator at times 30 minutes (left) and 60

l

o w\H‘H\M“!‘Jh‘\
z WI u" ““):““L\‘H\“‘ H“ w”‘ |
0 )\ | “(I I
”"Mllj M””h

uumven) |

(7oK1 + (1o Kivert)

110 K (horiz,)

f .

s B
time hours)

Figure: Power exchan

Dave Lee

B

ges for the non-hydrostatic

B

gravity wave test.
Spectral Elements for Atmospheric Simulation




Thanks for listening!

TODO:
> Implicit energy conserving time integrator
> preconditioning issues (coupling vertical and horiztonal dynamics)

> Energetically balanced upwinding of temperature fluxes/pressure gradients?

D. Lee and A. Palha " A Mixed Mimetic Spectral Element Model of the 3D Compressible
Euler Equations on the Cubed Sphere” J. Comput. Phys., 401 (2020) 108993

D. Lee and A. Palha " A Mixed Mimetic Spectral Element Model of the Rotating Shallow
Water Equations on the Cubed Sphere” J. Comput. Phys., 375 (2018) 240-262

D. Lee, A. Palha and M. Gerritsma " Discrete conservation properties for shallow water
flows using mixed mimetic spectral elements” J. Comput. Phys., 357 (2018) 282-304
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Important references:

Energy and Enstrphy conserving finite differences
» Sadourny, J. Atmos. Sci., 1975
» Arakara and Lamb, Monthly Weather Review, 1981
Fintie difference Poisson brackets
» Salmon, J. Atmos. Sci, 2004, 2007
Unstructured finite volumes
» Thuburn, Ringler, Skamarock, Klemp. J. Comput. Phys. 2009
» Ringler, Thuburn, Klemp, Skamarock. J. Comput. Phys. 2010
Poisson brackets for finite volumes
> Gassmann. Q. J. Royal Meteorological Sociery, 2013
» Dubos, Dubey, Tort, Mittal, Meurdesoif, Hourdin. Geosci. Model Dev. 2015
Mixed mimetic spectral elements
> Kreeft, Gerritsma. J. Comput. Phys. 2013
» Palha, Rebelo, Hiemstra, Kreeft, Gerritsma. J. Comput. Phys. 2014
» Hiemstra, Toshniwal, Huijsmans, Gerritsma. J. Comput. Phys. 2014
Mixed compatible finite elements
> Cotter and Shipton. J. Comput. Phys. 2012
> McRae, Cotter. Q. J. Royal Meteorological Sociery, 2014
» Natale, Shipton, Cotter. Dynamics and Statistics of the Climate System, 2016
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