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Abstract. In this paper, we prove, following [1], existence and unique-
ness of the solutions of convection-diffusion equations on an open sub-
set of RV, with a measure as data and different boundary condi-
tions: mixed, Neumann or Fourier. The first part is devoted to the
proof of regularity results for solutions of convection-diffusion equa-
tions with these boundary conditions and data in (W19(2))’, when
q < N/(N —1). The second part transforms, thanks to a duality trick,
these regularity results into existence and uniqueness results when the
data are measures.

1. Introduction and notations. In all the sequel, 2 is a bounded
domain in RY (N > 2), with a Lipschitz continuous boundary. n is the unit
normal to 92 outward to 2. We denote by x -y the usual Euclidean product
of two vectors (z,y) € RY x RY; the associated Euclidean norm is written
|.|. The Lebesgue measure of a measurable subset E in RY is denoted by
|E|; o is the Lebesgue measure on 0X2 (i.e., the (N—1)-dimensional Hausdorff
measure).

For ¢ € [1,+0o0], ¢’ denotes the conjugate exponent of ¢ (i.e., 1/q +
1/¢ = 1). WH4(Q) is the usual Sobolev space, endowed with the norm
llullwra) = [lullpa@) + |1 VUl || L) W4(Q) denotes the space of func-
tions of W14()) which have a null mean value on . When I is a mea-
surable subset of 012, WI}’Q(Q) is the space of functions of W14(Q) which
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1
have a null trace on I'. Wl_E’q((?Q) denotes the Banach space of the traces
on 9N of functions of W4(£2), endowed with the norm fllwr-1/a.000) =

inf {Hu”wl,q(g) tujpo = f} (the trace of u € W(€2) on 99 is also denoted

by u). When I' is a measurable subset of 02, Wllfl/ 9(0Q) denotes the
space of functions of W1=/%4(9Q) which are null o-a.e. on I' (it is endowed
with the same norm as W!~1/%4(9Q)).

In the following, we make the hypotheses

A: Q — Mpy(R) is a measurable function which satisfies:
Ja > 0 such that A(x)¢- € > alé]? for ae. z € Q, VE € RV, 11
3M > 0 such that [|A(z)]| :=sup {|A(z)¢], € RN, [¢] =1} <M (1.1)
for a.e. z € Q

(where My (R) is the space of N x N real valued matrices), and
v : Q — R is a Lipschitz continuous function. (1.2)

We take a4 a coercitivity constant for A, A4 an essential upper bound of
[|A(.)|] on © and Ay an upper bound of |v(.)| on €.

Hypothesis (1.2) on v may seem too strong since we have accepted a
discontinuous diffusion matrix. Indeed, in the pure Dirichlet case, one can
take far less regular convection terms (see Remarks 2.8 and 2.9). But, since
we intend to handle different boundary conditions (mixed, Neumann and
Fourier), we need such an hypothesis on v (it is necessary for the many
integrations by parts we will have to do).

In the first part, we prove some regularity results on the solutions of

—div(AVu) + div(uv) + bu = L (1.3)

when L € (J,. ~(WEP(Q)) and when we consider mixed (but “well dis-
tributed”), Neumann or Fourier conditions on the boundary of €; these
conditions do not need to be homogeneous, but must be more regular than
what is strictly necessary to apply the Lax-Milgram Theorem to the varia-
tional formulation of Problem (1.3). We obtain, in each of the three cases
(mixed, Neumann or Fourier — in fact four cases, since the Fourier bound-
ary conditions gather two different cases), a k €]0,1 — N/p| such that the
solution is x-Holder continuous on 2.

In [1], G. Stampacchia proved this result for the homogeneous Dirichlet
boundary conditions; however, the way he handles the boundary problems
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(i.e., proving the Holder continuity of the solution near the boundary of )
does not seem so clear, so we will give here an alternate proof, which is easily
adaptable to many different boundary conditions. We will, in fact, use a
result of [1] to show that the solutions to our problems are Holder continuous
on any compact subset of €2, and we will see how, by some reflection tricks,
the regularity near the boundary of 2 can be proved using the regularity
result on the compact subsets of 2. This Hélder continuity near 02 could
also be proved, in the Neumann and Fourier cases, by using the same tools
that prove the regularity on the compact subsets of €2, see [12] (this is due
to the fact that, in the Neumann and Fourier cases, there is no condition on
the values on 0 of admissible test functions).

The fact that kK < 1— N/p is foreseeable: thanks to [9] we know that, if Q
has a regular boundary (C?), if A is Lipschitz continuous and (for example)
v = 0, b = 0, the solution to the homogeneous Dirichlet problem with
L e (WY (Q)) is in W, ?(Q) which is, when p > N, composed of (1—N/p)-
Holder continuous functions. Moreover, with the regularity we have chosen
on A and Q, if v=0and b = 0, it is proved in [8] (in the homogeneous
Dirichlet case), in [10] (in the homogeneous Neumann case) and in [11] (in
the homogeneous mixed case) that this result is still true, provided that
p is greater than but close enough to 2; thus, when N = 2, [8], [10] and
[11] entails the results of the present paper in the homogeneous Dirichlet,
Neumann and mixed cases.

In the second part of the paper, we show how the regularity results of
the first part can be used, thanks to a duality method, to show existence
and uniqueness of solutions to linear elliptic problems with less regular data,
namely measures on 2. Solving such problems, and even non-linear ones,
has already been done in [2]; however, the tool used in [2] (approximating
the problem by more regular problems) does not give the uniqueness of the
solution. We will indeed see, thanks to a counter-example introduced in [6]
and modified in [7], that the solution we find here by a duality method is
strictly stronger than the solution in [2], except in the case N = 2; this last
case is indeed particular since the results of [8], [10] and [11] show that the
solution of [2] is, when N = 2, unique.

We will also show how the precise dependence of the constants (with
respect to the data) we obtain in the first part of the paper can be used
to obtain a stability result on the solutions to these dual elliptic problems
and, thanks to the Leray-Schauder topological degree (see [4]), to solve some
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semi-linear elliptic problems with measures as data.

The results in the first part of this paper are new in the treatment of the
boundary conditions. The L bound in the Neumann case demands more
computations than in the Dirichlet case, but the main new idea with respect
to [1] is to use a trick of transport and reflection, which allows us to handle
many different boundary conditions and not only the Dirichlet one.

The main idea of the second part, that is to say using a duality method to
transform regularity results into existence and uniqueness results for weaker
data, is also contained in [1]; but getting the strong integral formulation of
the equation from the duality formulation is not as straightforward in the
Fourier or mixed case as in the Dirichlet case. The comparison between the
solutions obtained by duality and those obtained by approximation (in [2])
had already been made in [7] in the Dirichlet case; we have adapted the
methods used in this last paper to show that the same comparison can be
made in the mixed or Fourier case. In this part, the main new results come
from the application of the duality method to the boundary conditions (see
section 3.2), not only to the right hand side of the equation.

The results of the last part of this paper, i.e., the stability result for the
linear dual equation and the existence result for a non-linear dual problem,
seem quite new. In particular, it does not seem possible to handle the kind of
non-linearity of the right-hand side of (4.24) with an approximation method.

2. The regularity results.

2.1. Presentation of the problems. We describe here the three prob-
lems for which a regularity result is proved.

2.1.1. Mixed boundary conditions. The mixed problem is

—div(AVu) +div(uv) +bu=L in €,
u=gq on Ty, (2.1)
AVu-n+iu=g, on I,

We make the following hypotheses on the data:
ryul, =09, o(ynly,) =0, o('y) >0, (2.2)

be L"(Q) withr =5 if N>2andr > 1if N =2,

Ldiv(v)(z) +b(x) > 0 for ae. €, (2.3)
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e LIT,) withg=N—1if N>2and ¢>1if N =2, (2.4
%v'n+>\200—a.e. on Iy, '
Le (H'(Q) , gac HV209), go € HV2(00) = (H2(00)) . (25)

Introducing uy € H(Q), a function with trace gg on 99, we can write the
variational formulation of (2.1) as

w:u—uoeHlld(Q),
/AVw~Vg0+/ /\wgpda—/wv~Vg0+/ wpv - ndo
Q Fn Q n

+/ bwep = (L, ¢>(H1(Q))/yH1(Q) + {9n, 90>(H1/2(8Q))’,H1/2(5Q) (2.6)

Q
—/AVuO-ch—/ Auogoda+/uov-V<p
Q n Q

—/ uppv -ndo — [ bugyp, V@EH%CZ(Q).
T, Q

It is well known that, under Hypotheses (1.1), (1.2) and (2.2)—(2.5), Prob-
lem (2.6) has a unique solution.

Remark 2.1. Let us consider the simple case A = Iy (the identity matrix)
on Q, v=0b=0 g3 =0 A=0and g, = 0. When v and L are
regular (for example, C*°), the solution of (2.6) is exactly the solution of
(2.1). But, when the data are less regular, we must be careful with the
meaning of (2.1); for example, if F' € (C*°(Q))" and L € (H*(Q))' is defined
by (L, ) (w1 @)y, m21(Q) = Jo F - Vo (notice that L ¢ C*, unless F'-n =0 on
09Q), the solution of the corresponding weak formulation

u E H%‘d (Q)7

2.7
A Vu- Vo = (L, o) mq)y.me, Ve € Ht, (), 2.7)

is in fact the solution u € H%d(Q) of

—Au=—div(F) in D(Q),
u=0 on Ty, (2.8)
Vu-n=F-n on I,
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and not the solution of —Au = L in (H'(Q))" (this expression, anyway, has
no defined sense since there is an infinity of extensions of Au as an element
of (H(Q))).

The same kind of consideration can arise in the sequel, whenever there is
a Neumann or Fourier condition on some part of 0€2, but this will not cause
us troubles, since we will only use the weak (i.e., variational) formulations
of the problems.

By strenghtening Hypotheses (2.3)—(2.5) and adding an assumption on
I'y and T, more regularity on the solution of (2.6) can be proved.

Let us introduce two kinds of mappings, that will describe the way I'y
and I',, are distributed on 0f).

O is an open subset of R,
h:0 — B:={x € RN | |z| < 1} is a Lipschitz continuous
homeomorphism with a Lipschitz continuous inverse mapping, (2.9)
h(ONQ) =By :={xeB|xy >0},
h(ONON) =BV~ :={x cdB, | zy =0}

It is well known that, since {2 has a Lipschitz continuous boundary, there
exists a finite number of (O, h;)ic[1,m], such that, for all i € [1,m], (O;, h;)
satisfy (2.9) and 0Q2 C U™, O;.

But, to handle the mixed boundary conditions, we will need another kind
of mapping, which tells that I'y and I';, are “well separated”:

O is an open subset of RV,

h : O — B is a Lipschitz continuous homeomorphism
with Lipschitz continuous inverse mapping,
h(ONQ)=Biy:={xeB|zy >0, zn_1 > 0},
h(O ﬁFn) = Fl = {$ S 8B++ ‘ IN-1 = 0},

h(O ﬂFd) =19 := {$ S 8B++ | TN = 0}

(2.10)

The additional assumption we make on I'y and T';, is the following:

There exists a finite number of (O, h;)ic[1,m) such that 0Q C UL, O;
and, for all i € [1,m], (O;, h;) is of one of the following types:
(D)  0;N0N=0;NTyand (O, h;) satisfies (2.9)
(F) 0; NI =0, NT, and (O0;, h;) satisfies (2.9)
(DF) (O, h;) satisfies (2.10).
(2.11)



SOLVING CONVECTION-DIFFUSION EQUATIONS 7

Theorem 2.1. Let p > N. Under Hypotheses (1.1), (1.2), (2.2), (2.11) and

be LNL&(Q) 7 %div(v)(l’) +b(z) >0 for a.e. z €Q, (2.12)
Ae LVDR(T,), v -n+A>00-ae onT,,
Le WY Q). g W' o7(09), g (W77 (00),  (213)

there exists k €]0,1 — N/p| only depending on (2, aa,Aa,p) such that the
solution u of (2.6) is k-Hélder continuous on Q. Moreover, if A is such that

01l g o+ I e

HI Ll wrwr (@) + [9all P <A, (2.14)

W1_%,p(ag) + ”gnH(Wlpl”p/(aQ))
there exists C > 0 only depending on (2,Tq,aa, Aa,p, Ay, A) such that

[ullcor (o) < C. (2.15)

Remark 2.2. Notice that (2.12) implies (2.3), (2.4) and that (2.13) im-
plies (2.5); in fact, since p' < N' < 2, HY(Q) is continuously and densely
imbedded in W' (Q) and H'/?(9Q) is continuously and densely imbedded in
Wl_ﬁ’p,(aﬁ), so that (WHP' (Q)) is continuously imbedded in (H*(Q)) and
(Wl_i’p/(aﬁ))’ is continuously imbedded in H~'/?(0)); moreover, since
p>2, WRP(00Q) ¢ HY/2(09).

Remark 2.3. An ezample of an element of (W17 (9Q)) is any element

of L(N_l)%(BQ), since Wl_ﬁ’p/(aﬁ) is continuously and densely imbedded
in LN=DP/IN=2)(9Q) (see [5]), and (N = 1)p'/(N —p)) = (N = 1)p/N.

Remark 2.4. Recall that C%*(Q) is the space of all k-Hélder continuous
functions endowed with the norm

f@) ~ )l

[ fllcom ) = [l Lo () + sup
() () by lz —yr
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Remark 2.5. This result has already been proved by G. Stampacchia in [1]
in the case of the Dirichlet homogeneous equation (that is to say T'y = 0
and up = 0); in fact, we will use the results of [1] to prove, under the good
hypotheses, the regularity of the solutions of (2.6), (2.19) and (2.28) within
the domain Q). Then, by a transport and reflection trick, we will prove that
the reqularity of these solutions near the boundary of ) is also a consequence
of the inner reqularity of the solution of a Dirichlet problem.

2.1.2. Neumann boundary conditions. The Neumann problem is

—div(AVu) +div(uv) =L in £, (2.16)
AVu-n=g on Of. ’
The hypotheses on the data are:
div(v)(z) =0 for a.e. € Q, v-n =0 g-a.e. on 05, (2.17)
1 / —1/2

<L, 1>(H1(Q))’,H1(Q) + <g, 1>(H1/2(8Q))’,H1/2(8Q) =0.
Under Hypotheses (1.1), (1.2), (2.17) and (2.18), there exists a unique
solution to (2.16) in the sense

u € Hy(Q),

o AVu - V(p - /qu . V(p = (L, (p>(H1(Q))’,H1(Q) (2.19)

+(9, ) (mr200)y,1H1/200) » VP € Q).
As for the mixed case, we will prove that, with stronger hypotheses on g
and L, more regularity on the solution of (2.19) can be proved.
Theorem 2.2. Let p > N. Under Hypotheses (1.1), (1.2), (2.17) and
/ 1 /
Le W' @y, ge (W o9)

(2.20)
<L, 1>(W1,P’(Q))/7W17P'(Q) + <97 1>(W171/p’,p’(aQ))/,Wlfl/p’,p’(aQ) =0,

there exists k €]0,1 — N/p] only depending on (2, aa, Aa,p) such that the
solution w to (2.19) is k-Hélder continuous on Q. Moreover, if A is such
that

HLH(WLP/(Q))’ + HQH(Wlfl/p’,p’(aQ))/ <A, (2.21)
then there exists C > 0 only depending on (2, aa, Aa,p, Av,\) such that u
satisfies (2.15).
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2.1.3. Fourier boundary conditions. The last problem we will study
is the Fourier problem, obtained by taking I'; = () in (2.1), that is to say:

—div(AVu) +div(uv) +bu =L in Q, (2.22)
AVu-n+Aiu=g on 09, '
with the hypotheses
be L"(Q) withr =5 if N>2andr > 1if N =2, (2.23)
$div(v)(z) + b(z) > 0 for a.e. z € €, '
A€ L10N) withg=N—-1if N>2and ¢g>1if N =2, (2.24)

3v-n+ A >0 o-ae. on O

and, to get the coercitivity of the bilinear form in the variational formulation,
either one of the two following:

by > 0, IE C Q such that |E| > 0 and 3div(v) +b> by on E, (2.25)

Ao >0, 35 C 99 such that ¢(S) >0 and v-n+A>Xgon S. (2.26)
Finally, the hypotheses on L and g are

Le (HYQ), ge HY2(00). (2.27)

The variational formulation of (2.22), which has a unique solution under
Hypotheses (1.1), (1.2), (2.23), (2.24), (2.27) and either (2.25) or (2.26), is

u e HY(Q),
/AVU-V@—}— Augpda—/uv-V<p+/ ugpv-nda—i—/bwp:
Q oN Q onN Q

(L, )@y, @) + (9 9) (i), mi2ea) » Ve € H'(Q).
(2.28)
The regularity result we will prove for this equation is the following.

Theorem 2.3. Let p > N. Under Hypotheses (1.1), (1.2),
be LV (), Ldiv(v)(@) + b(z) > 0 for a.e. x € Q,
Ae LV-DR(90Q), tv-n+ A >0 0-ae ondQ, (2.29)
, /
Le(WW(Q)Y, ge (Wl‘i’p (09))
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and either (2.25) or (2.26), there exists k €]0,1 — N/p| only depending on
(Q, e, Aa,p) such that the solution u to (2.28) is k-Holder continuous on
Q. Moreover, if A is such that

HbHLNNTZ(Q) + ||)\||L(Nfl)%(aﬂ) + ||L||(W1,p’(Q))/ + HQH(Wl—l/p’,p’(ag))/ <A,

(2.30)
then there exists C' > 0 only depending on

(Q, E, by, an,Aa,p, Ay, A) in the case where (2.25) is satisfied
(Q, 5, Ao, va, Aa,p, Ay, A) in the case where (2.26) is satisfied

such that u satisfies (2.15).

2.2. Estimate in L°°. Here, we take the first step forward the proof
of Theorems 2.1, 2.2 and 2.3, by proving that, under Hypotheses of these
theorems, their solutions are bounded on ().

Proposition 2.1. Let p > N. Under Hypotheses (1.1), (1.2), (2.2), (2.12)
and (2.13), the solution u of (2.6) is in L>=(Q2) and, if A satisfies the in-
equality (2.14), there exists C > 0 only depending on (Q,Tq, aa, Aa,p, Ay, A)
such that

||ul| Lo (o) < C- (2.31)

Remark 2.6. Notice that this result is true without Hypothesis (2.11).

Remark 2.7. We will see, in the course of the proof of this proposition,
that when g4 = 0 and g, = 0, we just need A to be an upper bound of
||LH(W1,@’(Q))/ to have this estimate.

Remark 2.8. It is well known that, in the Dirichlet case (that is to say
Ty = 9Q), thanks to the Sobolev injection of H'(Q) (in L*N/(N=2)(Q) when
N > 2, or L"(2) for all r < oo when N = 2), one just needs, instead of
(1.2), v.e (LN(Q)N if N > 2 or v € (LY(Q))N with some arbitrary q > 2 if
N =2 to have existence and uniqueness of a solution to (2.6). We will see,
i Remark 2.9, that the result of Proposition 2.1 si still true in the Dirichlet
case when v € (LP(Q))N, in which case the condition “3div(v)+b > 07 is
to be understood in the sense of the distributions on ).
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In fact, when b =0, this last condition “div(v) > 07 is not necessary to
obtain the existence of a solution to the Dirichlet problem

{ —div(AVu) + div(vu) = f € L>=(9),

u =0 on 0N. (2:32)

Though the corresponding bilinear form is not coercitive, an approzimation
method can be used to prove the existence of a solution u € H}(Q) N L>®(€2)
to (2.32) (L. Boccardo, private communication).

Proposition 2.2. Let p > N. Under Hypotheses (1.1), (1.2), (2.17) and
(2.20), the solution u of (2.19) is in L*° () and, if A satisfies the inequality
(2.21), there exists C > 0 only depending on (2, aa, p, A) such that u satisfies
(2.51).

Proposition 2.3. Let p > N. Under Hypotheses (1.1), (1.2), (2.29) and
either (2.25) or (2.26), the solution u of (2.28) is in L>=°(Q2) and, if A satisfies
the inequality (2.21), there exists C > 0 only depending on

(Q, E, by, va,p, Ay, A) in the case where (2.25) is satisfied

(Q, 8, Mo, aa,p, Ay, A) in the case where (2.26) is satisfied

such that u satisfies (2.531).
Let us begin with a technical lemma.

Lemma 2.1. Let, for k > 0, pr : R — R be the function pp(s) = min(s +
k,(s—k)T) (where f* denotes the non-negative part of a function f, that is to
say fT = max(f,0)). Under Hypotheses (1.2) and (2.2)—(2.4) or (2.23)—
(2.24), if U € H%d(Q) (with Tq = (0 in the case of Hypotheses (2.23)—
(2.24)), then

/ Nl (W) da—/uv V(en ()

/ V-nda+/b1/l<,0k(u)
Q
> [ (G ) e+ | n (3v-0+) (0 do

) 9 ) ey (2.33)
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Proof of Lemma 2.1.

We know that ¢k (U) € Hlld (Q2) and that V(¢ (U)) = X{ju >k VU (Where
X4 denotes the characteristic function of a measurable set A). Moreover,
lor()] € HE () and

V([ee)]) = (Xqerw)>0r — Xforen<oy) V(exU)) = (Xqusky — Xqu<ky) VU,
(2.34)

so that

Uv -VierUt)) = (Xusky + Xqu<ep)Uv - VU
= (U~ k)X{M>k} + (U + k)X{u<k})V -vu
(kX sk — FXqu<iy)v - VU
= @eU)v-VU+ kv -V(|lerU)])

2
= v-V (ng))) + kv - V(er))). (2.35)

With an integration by parts, we get
- [ uv - Via)
1 1.
= [ gventeen?+ [ Saveoiaf -k [ v Sieo).
Since Upr(U) — (opU))? = k|erU)|, we find

/ (et do - /Q U -V (pn(U))
+ /F Upp()y mdo /Q W (U)
_ /Q<;div(v)+b> (wk(m)u/n <;v-n—|—>\> (on())? do +
k[ ool +k [ om0l vk [ Neoldo

—k /Q v V(loe@)]). (2.36)

But 1div(v) +b>0ae. on Qand v-n+\ >0 o-ae. on Iy, so that

/Q blen0] + [ vl do

n
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+/Fn)\|<pk(u)|da—/g;V'V(’S%(U)D

— %div(v)—kb lop )| + %v~n+A lon(U)| do
Ll

and (2.36) give then
/Fn Augak(umo——/guv-w@k(m)+/Fnu¢,€(mv-nda+/gbugpk(u>
> /Q@div(va) (gok(?/l))z—}-/n <;v~n+)\) (ou(U))? do
-5 [ v Ve
With (2.34), we see that
[ v+ 90D < AT 00 Nz

and (2.33) is thus proved. B

Remark 2.9. IfT; = 09, v € (LP(Q))N (instead of (1.2)) and 3div(v)+b >
0 in the sense of the distributions on Q, then (2.35) gives

—/SZUV-V(cpk(U))—i-/QbUSOk(U)
= [ (-3v V@r) + e’
w [ (5w Vo) +slael) - 5 [ v-Iiaaa)

k
> =SVl V(@@ o)

This inequality, used instead of (2.33) in the following proof, allows us to
prove what we have claimed in Remark 2.8, that is to say that the result of
Proposition 2.1 is still true in the Dirichlet case when v is only in (LP(Q))N.
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Proof of Proposition 2.1

Since gq € Wl_%’p(ﬁQ) (Hypothesis (2.13)), we can choose ug € WP (€2)
such that ug|pn = g4 and, thanks to the definition of the norm on the space
W1=1/Pp(9Q), such that [|uo|ly1.0(q) < 2||gallwr-1/p0(00) < 2A.

By the Sobolev injection, since p > N, ug € L*°(2) and there exists Cy
only depending on (£, p) such that [[uo||r~) < Cilluollwir@) < 2C1A;
thus, proving the result of Proposition 2.1 for w = v — ug will give us the
same conclusion for the solution u of (2.6).

Let us introduce another useful notation: with this ug, we denote by
Ly € (WY (Q))’ the linear form of the right hand side of (2.6), that is to
say

(L1, ) ww' @)y w7 (@)

= <L7 @>(W1,p’(g))/,wl,p’(g) + <9na QO>(W1—1/P'7P’(BQ))/’Wl—l/P’,p’(85’2)
—/AVUO-V¢—/ /\u0<pda+/u0v~Vg0—/ uppv - ndo
Q n Q n

—/ bugp.
Q

It is easy to show, thanks to Hypotheses (2.12), (2.13) and (2.14), that
there exists Cy only depending on (2, p, A4, Ay, A) such that

HElH(WLP'(Q))/ < Ch. (2.37)

Notice that, when g, = 0 and g4 = 0 (in which case we take ug = 0),
L; = L and thus, with A being any upper bound of ]|L||(W1,p/(m)/, Co=A
is correct.

Let £ > 0.

Lemma 2.1 applied to & = w and Hypotheses (2.3)—(2.4) give us

/ i) do - [ v Viertw))

kA
2

+ / wer(w)v - ndo + /Q bk (1) > — || 1V (o1 ()] |1

Thus, using ¢x(w) as a test function in (2.6), we see that

/Q AV (1 (w)) - V(on(w))
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— [ AVu-Vipw)
Q

- Ay
< (Lo k(W) s @y wre' @) + 7k7” IV (er(w)l |21

~ 1 1
(Il + A28 ) il

IA

which gives, thanks to the coercitivity of A, to (2.37) and to the Poincaré
inequality in ert’ip (Q),

11V (er (@) [Z2(0) < C3(1+ BV (e ()]0 () (2.38)

where C3 only depends on (2, Ty, aa, Aa, Co, Ay).
Defining Ay = {z € Q | |w(z)| > k}, we see that V(pr(w)) = 0 a.e.
outside Ay, so that, thanks to Holder inequality,

1

1
TV (or () o ) < 1ARI2 2 IV (0r(w)] 1 L2(0)-

Using this in (2.38), we find

1V (@)l @) < C3(1+ k)| Axl" 7. (2.39)

/ Np’
The Sobolev injection W1# (Q) — LN (Q) (p' < N) and the Poincaré
inequality give us Cy depending on (€2, Ty, p) such that

Np/

Np,/ N;p’
([l )™ < cillwoutwl

2
< CuCs(1+ k)| Ak 77,

But |pk(u)| > (h— k) on Ay, for all h > k, so that, with C5; = C4Cs,

_Np' _Np'_ Lpl(l_z)
(h—k)N=r|Ap| < (Cs5(1 4 k))N—p"|Ag|N-2" " » for all h > k>0,

that is to say, with 8 = ]\][pr, and v = ]\],Vf’p,(l — %) = ]\]f\;p:]\%]jp > 1,
CP(1 4+ k)P
A < GUEET v frallh s k> 0. (2.40)

(h — k)P
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Lemma 2.2 following this proof allows us to see that, if

y—1
Cs5Q2] 8
H =exp Z % < +o00,
%)
then |[Ay| =0, ie., |lw| < H a.e. on Q. B

Lemma 2.2. Let F : RT — R™ be a non-increasing function. If there exist
6>0,v>1 and C >0 such that

B(1 B
Vh> k>0, F(h) < WF(W
and if
CF(0)F
B
H =exp Z g 7 | < +oo,
n>0 (2 B )
then F(H) = 0.

This is a variant of the Lemma 4.1, i) in [1], which states the same result
without the term (1 + k). In this paper, G. Stampacchia proves the result
of Proposition 2.1 (in the homogeneous Dirichlet case, and with slightly
different hypotheses on the convection term) with another method, involving
a reasoning by induction. But we found it more readable to state this simple
variant, which is the key to the proof of Propositions 2.1, 2.2 and 2.3.

Proof of Lemma 2.2.

If F(0) =0, the lemma is trivial; we suppose thus that F(0) > 0.

Let hg = 0 and define, by induction,

~y—1

crO)T |, | CFOT
) )

It is easy to see, by induction, that F'(h,) < F(0)/2" for all n > 0;

indeed, it is true for n = 0 and, if F'(h,) < F(0)/2", one sees that

hn+1 =11+

CP(1 + hy)P

F(hy, < X

E(hn)
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- CP(1+ hy)P F(0)"

= OB(1+hy,)PF(0)y—1/20-Dn 29
F(0)

S on

Moreover, if [, = h,, + 1, one sees that, for all n > 0,

so that, for all n > 1,

_ CF(0) 7
zn_k];[O 1+ (2%1)k

Taking the logarithm of this, we have

n(l,) = » In 1+%

IN

which means that, for all n > 0, h,, <1, < H. Since F' is non-negative and
non-increasing, we get 0 < F(H) < F(h,) < F(0)/2" for all n > 0, which
implies, as n — oo, F(H) =0. R

Proof of Proposition 2.2

With the same ¢y, as in Lemma (2.1), since

[ov vt == [ v v+ [ v (B85 <o,

using @ (u) as a test function in (2.19) allows us to see that

A
1V (kD ey < = ller(llwar o (2.41)
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In order to continue this proof as the preceding one, we need a Poincaré
inequality on ¢y (u).

Np/

The Sobolev injection W#' (Q) < L~¥-# gives us C; depending on (£, p)
such that

N—p,

_Np' Np’
( / rsok<u>rw) < Cullor ()l + Cill 9k ()t gy (242)

Moreover, thanks to Holder inequality, we have

1
@)l gy < 1AV lop@ll s
LN-P" (Q)

where Ay = {x € Q| |u(z)| > k}, so that

1 1
lor()l oy < ColA ¥ lu ()] gy + CL LA IV (20 ] -
(2.43)
But the Tchebycheff inequality gives us
1 Co
[Ag| < QHUHQLQ(Q) S 12
with C only depending on (€2, a4, A) (because u is the solution of (2.19)).
Thus, if & > ko = 1/(2C1)NCy, we have C’llAk]% < % which gives, in
(2.43),

IN

1
20 Ak 119 (or () ]
1
201 |1V (o1 (@)l -

H‘Pk(U)HLp’(Q)

IN

that is to say
lew (@)l @y < Coll [9(oR (] g (2.44)

with C3 = 2C’1|Q]% + 1, i.e., the Poincaré inequality which we wanted to
conclude the proof of this proposition.
Indeed, using (2.44) in (2.41), we get, forall k& > ko,

ACs

1V G ey < SV Gkl ey
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and, with the Holder inequality,

_2
11V (o) (@ < Cal A7,

where Cy only depends on (£, aq,p, A).
Moreover, (2.44) used in (2.42) gives, for all k > ko,

/

Nipll ]\j\’;ﬁe 1—2
([ 1o ) ™ < crcall Fon)l o) < CrrCilad

Then, using |¢x(u)| > h — k on Ap, when h > k > ko, we find

oP

[Ap| < m’AkW

(with the same [ and 7 as in the proof of Proposition 2.1), with C5 only
depending on (2, 4, p, A).

We can thus use Lemma 4.1 of [1], or Lemma 2.2, to conclude (here, the
term (1 + k) we found in the course of the demonstration of Proposition 2.1
does not appear, so that the classical Stampacchia Lemma applies).

For example, by noticing that

c’ CP(1+ k)P
Ap| < —5 ALY < S0 AR forallh >k >k
| h|_(h—]{7)'3| k?| = (h-k’)ﬁ | k| or a > K 2 Ko
and defining
ﬂ
C5|Q| B

H = ko + exp Z — T
% (7)

which only depends on (€, a4, p, A), Lemma 2.2 applied to F'(k) = | Agy+k]
gives us |[Ag| =0. B

Proof of Proposition 2.3

Thanks to Lemma 2.1 applied to U = u, to the coercitivity of A and to
Hypothesis (2.25) or (2.26), we find, using ¢ (u) as a test function in (2.28),
C4 only depending on (€2, a4, A) and

< 400,

(E, by) if (2.25) is satisfied
(S, Xo) if (2.26) is satisfied
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such that
2 Ak
(i) = Ciller(llyrr ) + Cr—= IV (er(w)l Lo
AV\QWP
< Ciller@llwra @) + —5 —klIHV(er(@)H] 1 o)
< Co(t+ M)y g, (2.45)

where Cy only depends on (C1,Q, p, Ay).
Thanks to Holder inequality (and since @i (u) = |V (pr(u))| = 0 outside
Ay), we have

1_1
leor(@)lly gy < A5 lor (@)l ),

which gives
_2
k(@i ) < Ca(l + k)| Ag|' 7.

/ Np'
With the Sobolev injection WP (Q) — Ly (€2), we find thus C3 only
depending on (2, p) such that, for all £ > 0,

/

_Np’ AJTV;PZ; 1-2
([ 1oe@™) ™ < Callon(@llyay < CaCalt + B4

and the conclusion is similar to that of the proof of Proposition 2.1. Il

2.3. Continuity within the domain 2. In [1], the author proves the
following result. The precise dependence of the “constants” C' and x can be
found in [12].

Theorem 2.4. Let Qy be an open subset of RN and Ay : Qo — My(R)
be a measurable bounded uniformly elliptic matriz valued function; we de-
note by aa, a coercitivity constant for Ag and A4, an essential upper bound
of Aol on Qo. Ifp > N and Ly € W=LP(Q) := (W (Q))', then
there exists k €]0,1— N/p| only depending on (N, aa,, Aa,,p) such that any
solution u of

u € HY(Q),

2.46
AoVu - Vo = (Lo, 0) (3 (0)) 13 (02) » 7% € Ho (D) (2.46)

Qo
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is k-Holder continuous on any compact subset of g. Moreover, for all com-
pact subset K of Qo, if AL, is an upper bound of ||Lol|lw-1.r(q) and Ay is
an upper bound for ||ul|r2(q), there exists C' only depending on

(Q(]v aAoaAA())p) ALovAUa K)

such that
lulleor(xy < C. (2.47)

Remark 2.10. We have chosen, on Wol’p/(Qo), the norm ngHW&p,(QO) =

Vel q)- The norm on W=LP(Qy) is the associated dual norm.

All the following regularity results come from this one, as we shall see.

In fact, since we already know that the solutions of (2.6), (2.19) and
(2.28) are bounded, we can eliminate the terms involving v, b and A from
the equations satisfied by these solutions.

Lemma 2.3. Let p > N. Suppose Hypotheses (1.1), (1.2), (2.2), (2.12),
(2.18) and (2.14). Let ug € WP(Q) such that ug|an = ga and |[uo|wr.sq) <
2||gallwr-1/p.0(q)- Then there exists L e (WY(Q)) such that the solution u
of (2.6) is solution of

w=u—1uy € H%d(Q),

. 2.48
/QAVZU Vo = (L, @) )y,m @), Ve € Ht, () (2.48)

and such that HEH(WLP’(Q))/ < C, where C only depends on

(Q7 Fda aA,D, AA7 Ava A)

Proof of Lemma 2.3
We have already seen that w = u — ug satisfies

w:u—uoéHlld(Q)a
/QAVw'V(P:<L1’¢>(H1(Q))/’H1(Q)_/F )\wSOdO‘ (2.49)

+/wv-Vgp—/ wgov-nda—/bwgo, V(pEH%d(Q)
Q Tn Q
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with L, € (WH'(Q)) satisfying (2.37).

But we know that w € H'(Q) N L>(Q), and that the norm of w in this
space is bounded by C; only depending on (2, Iy, aa, Aa, p, Ay, A); one can
show that this implies w € L*°(0€2), with |[w|[ze@aq) < C1-

Thus, Aw € LN-D%(T,), wv € (LP(Q)N, wv -n € LP(OQ), bw €
LV (), and all these functions have their norms in these respective spaces
bounded by Cjy only depending on (,Ty, aa, Aa,p, Ay, A); for all ¢ €
Wl’p/(Q), we have then, using Holder inequalities,

—/ )\w<pda+/wv-V<p—/ wgov-nda—/bwgo
n Q n Q

< Hw/\|’LW*”%(FH)HQOHL%:Q?' o Hllwvllze@)llellwir o)

+||lwv - n / + [|bw /
e [ N

< (CoC3+ Co + CoCs + C2C5) ||l [y

with C3, C4 and C5 only depending on (€2, p) (Cy is the norm of the trace
operator W' (Q) — L (99) and C3, Cs are the norms of the Sobolev

Dy’ /

i (N~ / Np
injections W1=V/P'"P (9Q) < L N= (9Q) and WP (Q) — L7 (), see
[5]). The result of the lemma is proved. H
Lemma 2.4. Let p > N. Under Hypotheses (1.1), (1.2), (2.17), (2.20)
and (2.21), there exists L € (W' (Q)) such that the solution u of (2.19) is
solution of

u€ HH(Q),

/QAVU Vo = (L, @) ()y.m@), Yo € H(Q)

(2.50)

and such that HZH(WLP’(Q))/ < C, where C only depends on (2, aa, p, Ay, A).

Lemma 2.5. Let p > N. Under Hypotheses (1.1), (1.2), (2.29), (2.30) and
either (2.25) or (2.26), there exists L € (W' (Q))’ such that the solution u
of (2.28) is solution of

u € HY(Q),

~ 2.51
/QAVU Vo = (L, o))y, m@), Ve € H(Q) (2:51)
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and such that |]E||(W17p/(m), < C, where C only depends on

(Q, E, by, va,p, Ay, A) in the case where (2.25) is satisfied,
(2,5, Mo, aa,p, Ay, A) in the case where (2.26) is satisfied.

The demonstrations of these lemmas are of the same kind as the proof
of Lemma 2.3, and we omit them.

Corollary 2.1. Under the hypotheses of Lemma 2.3, 2.4 or 2.5, there exists
k €]0,1 — N/p] only depending on (N, aa,Aa,p) such that the solution u of
the corresponding problem (i.e., the mized, Neumann or Fourier problem)
is k-Holder continuous on any compact subset of Q. Moreover, if K is a
compact subset of 1, there exists C' only depending on

(QTq,a4,A4,p,Av, A, K) in the case of the mized problem,

(Q, aa,Aa,p, Ay, A, K) in the case of the Neumann problem,

(Q, E,by,aa,Aa,p, Av, A\, K) in the case of the Fourier problem
with Hypothesis (2.25),

(Q, 5, Ao, va, Aa,p, Av, A, K) in the case of the Fourier problem
with Hypothesis (2.26),

such that u satisfies (2.47).

Proof of Corollary 2.1
The fact that the solutions of these problems are in C%*(K) for a x €
10,1 — N/p] is clear from Lemmas 2.3, 2.4, 2.5 and Theorem 2.4.

The upper bound on ||u|co.x () is a consequence of the following remark:
if 1 € (W' (Q)) then
w10 0)
= s { LD i @y € Wo (@), 111V6l |y < 1}
< (14 diam<Q)l/p/)H”‘(WLP’(Q))/;
which is clear once we recall the Poincaré inequality:

Ve € Wo ' (@) Il gy < (1 + diam(@)7)[| Vo] || g
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2.4. Continuity near the boundary of the domain. We will now
prove that the solutions of the mixed, Neumann and Fourier problems are, in
fact, Holder continuous on 2 (which implies that they are Holder continuous
on ). Since we already know that they are Hélder continuous on any
compact subset of €2, it is sufficient to prove the Holder continuity near
the boundary of Q and this is where the boundary conditions (especially
Hypothesis (2.11), which we have not used up to now) come into play.

Proposition 2.4. Let p > N. Under Hypotheses (1.1), (1.2), (2.2), (2.11),
(2.12), (2.13) and (2.14), for all i € [1,m], there exists k only depending
on (N, a4, Aa,p, h;) such that the solution u of (2.6) is k-Holder continuous
on any compact subset of O; N Q. Moreover, for all such compact subset K,
there exists C only depending on (2,Tq,aa, Aa,p, Ay, A, hi, K) such that

[[ullcon () < C. (2.52)

Proof of Proposition 2.4

Let ug € WhP(Q) ¢ C%'=N/P(Q) as in Lemma 2.3; it is sufficient to prove
the result for w = u — ug, which satisfies (2.48).

Thanks to Hypothesis (2.11), we see that

H'(0;) — HYB)
o — <pohi_1

and

Hy,(QNO0;) — Hy o (Bs)
v — gpohi_1

are isomorphisms. It is also well known that we can compute the derivatives
of poh; ! (or oh;, when v» € H'(B) or ¢p € H'(B.)) by using the classical
chain rule.

The case when (O;, h;) is of type (F) is the easier; we thus begin by this
one. Then, we will handle the more difficult case when (O;, h;) is of type
(D), and we will quickly see how we can deduce the case (DF) from the two
preceding ones.

Step 1: The mapping (O;, h;) is of type (F).

Taking ¢ € C°(B), we notice that ¢ = ¢oh; : O;N — Risin H(0;NNQ)
and has a compact support in O;; thus, the extension of ¢, still denoted by
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©, to Q by zero outside O; N is in H%d(ﬂ) (since 'y N O; = 0). We have,
thanks a change of variable (Jh; denotes the Jacobian determinant of h;),
and by denoting w,, = w o hi_l,

(L, o) (@)y.m1(Q) = /QAVU/'VSO
:/ AV (w0 hy) - V(o )
0;NQ

= [ HAGYT(Vw) o (Te) o
0;NQ

WA )
= L L (¢] h’L VU} r’ ng),
/B+ ( | Jhil '

with L € Wl”’/(Q) given by Lemma 2.3; we denote by C the upper bound
on ||E||(W1,p/(m), given by this lemma (i.e., Cy only depends on Q, 'y, a4,
p, Aa, Ay and A).

We notice that A, = ((h}A(R])T)/|Jhi|) o h; ' has the same properties
as A, with a coercitivity constant a4, only depending on (a4, h;) and an
upper bound A 4,, only depending on (A4, h;). If T'g = {x € 0By | xn > 0},
we also notice that

¢ — (L, 9o hi)m )y, m©

(where ¢ o h; has been naturally extented to © by 0 outside O;) defines a
continuous linear form for the norm of W' (B,) and can thus be extented

to W, Op (B4) in a continuous linear form, denoted by L.., whose norm is
bounded by C3 only depending on (€2, h;, Ty, a4, p, Aa, Ay, A).
We thus have proven that w,, satisfies

Wer € Hl(BJr)a
AV, -V = (L Vo e HL (By) (299
tr V Wiy Qb - < try ¢>(H%‘O(B+))/7HI1‘O(B+) ’ ¢ € Fo( +)

By

and, since w,, = w o h;l (with h;l Lipschitz continuous), it is sufficient, to
conclude this step, to prove that w,, is k-Hélder continuous on any compact
subset of BN By.



26 JEROME DRONIOU

To see this point, we will show that w,, is the restriction to B4 of a
function W € H'(B) which satisfies an equation of the kind (2.46).

Let us define the reflection 7 : RN — RY, 7(2/, 2x) = (2/, —zn) (where
' = (x1,...,xN-1)); we will make no difference between 7 and the matrix
which represent 7 in the canonical base of RY. We also define

A:B—)MN(]R) by

A(z) = Aw(x) if © € By, A(x) = 7Au(7(2))7 if 2 € T(By) (2.54)
and
L€ W=LP(B) by, V¢ € Wolfl(B),
) i o) = e OB Dt oyt 5y (255)

+(Lu, po T|B+>(W1167’/(B+))’,W136p/(3+)'

It is clear (no matter the definition of A on BN~!) that A satisfies the
same hypotheses as A,,, with the same constants (since 7 is a symmetric
isometry), and that £ such defined is in W~1P(B) = (Wol’p/ (B))', with a
norm in this space bounded by Cs only depending of Q, I'y, aa, p, Aa, Ay,
A, and hl

We then define W € H'(B), and show that it satisfies Problem (2.46)
with Qo= B, Ag=Aand Ly = L.

{ W(z) = w, () if x € By,
W(z) =w,or(z)if x € 7(By) := B_

(it is a classical result that W, such defined, is in H'(B)).
Let ¢ € H}(B): since (Pp.,doTB,) € H%O(BJF), we have

/B AVW . V¢ = Atrthr : V(ZS = <Etr7 ¢>(H11‘0(B+))’,H1£0 (B+) (256)
+

By

and

AVW - V¢
B_

/ TALT(TVWw,,) - (TV(doT))
By

= Atrthr : v(gb o T)
By

(L 0B i gy’ sy (257
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(using the fact that 7 is symmetric and involutive).

The sum of (2.56) and (2.57) shows us that W satisfies (2.46) with Qy =
B, Ag = A and Ly = L; we deduce from Theorem 2.4 that there exists k €
10, 1—N/p] only depending on (N, ava,,, Aa,,,p), i-e., on (h;, s, Aa,p) [notice
that a dependence on h;, as well as a dependence on (2, takes into account
a dependence on NJ, such that W is k-Hoélder continuous on any compact
subset K of B, with a norm in C®*(K) bounded by C4 only depending on
(hiyaa,Aa,p,C3, K), ie., on (Q,Tg, hi,aa,Aa,p, Ay, A, K), and the result
of the proposition is proved in this case.

Step 2: The mapping (O;, h;) is of type (D).

With the same A,, and the same L,, € (er(;p/(BJr))’ as in step 1 (recall
that Tg = OB \BY1), using ¢ € C(B;) and ¢ = ¢poh; € H%d(Q)
(extented by 0 outside O;), we notice that w,, (where wy, = w o hi_l, as in
step 1) satisfies

wtr S HéN—l(B-‘r)?

~ 2.58
Atrthr . v¢ = <Ltr7 ¢>(H%O(B+))I7H%‘O(B+) } v¢ € H(%(B‘f') ( )

B+

We will also prove that w,, is the restriction of a W € H'(B) satisfying
a problem of the type (2.46)... but this is here somehow more difficult than
in the case (F), because of the necessity to choose test functions in (2.58)
which satisfy ¢ pyv-1 = 0.

We define W, whose restriction to By is wy,, by

W(z) = w,(z) if z € By,
W(z)=—-w,or(z)ifx € B_,

Aby (2.54) and £ € WLP(B) by: V¢ € Wi (B),
<£7 ¢> (Wol’p/(B))’7W01’p/(B) = <Ltr) QS‘B"'>(W1}6PI(B+))’,W136PI(B+)
~(Lons @ T w5y Wk (5
(this time, we make an odd reflection of w,, and Etr), and we prove that

W satisfies (2.46) for Qo = B, A9 = A and Ly = £, which will allow us to

conclude as in step 1.
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For § € C°(B), define w,, g = Ow,,: w,, ¢ satisfies
wm,g - H& (B+),
AV (W) - Ve = (L, 6¢>(H%O(B+))/’H%O(B+)

— / HANVw,, - VO + / w, ALV -V, Vo € H)(By).
By By
(2.59)

By

Define L, ¢ € (Hp (B)) by

(Liwos @) (H3 (B1))HE, (By)

= (L 08}y (. 1ty (5 ~ / GAN W, - VO + / w, A, V0 - Vo
0 0 B+ B

+

notice that EM is not, in general, in Wi (Q)y , because of the term
) 1—‘O
I B, oA, Vuw,, - VO, this is why we have not multiplied w by 6 before trans-

porting the problem into B, ) and Ly € H!(B) by
(Lo, D) (1 (B)y,HL(B)
= (Luos ¢|B+>(H1£O(B+))’,HI¥O(B+) —(Lup, ¢ 0 T\B+>(H}O)’,Hl¥0

= (L£,00) 1 (B)y,mi(B) — PA,Vw, - VO + / w, A, VO -V
B, B,
+/ ¢oTAVw,, - VO — / W, A, VO -V (o).
B, B,

Let Vp be the unique solution to
Vo € Hy(B),

2.60
| AV V0 = o)y - Vo€ 3B O

We want to show, using the uniqueness of the solution of (2.59), that

Vo = w9 on By,

Vo = —w,, 90T on B_. (2.61)

Let us first verify that Vj satisfies the equation of (2.59): for all ¢ €
Hg(By4), by denoting also ¢ € H}(B) the extension of ¢ by 0 to B_, we
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have
/ ATV - Vo
By

= / AVVy - Vo
B
= (Lo, ) (w1 (B)y,Hi(B)
= (Luwo 1By )t By (B ~ Lo @O TR (3, 1Y,
= (Luos OB ) (1L (Bo)) HE, (B
since ¢ o7, = 0.

To have Vy = w, ¢ on B, it remains to show that Voipv—1 = 0. In
fact, we will show that Vp = —Vj o7 on B, which will immediately give us
Vo pv—1 =0, so that Vp = wy, g on By (uniqueness of the solution to (2.59))
and, using Vp = —Vp o 7 once again, Vp = —w,, 9o 7 on B_.

Let V = —Vyor1 € H}(B): proving that V satisfy (2.60) is enough,
thanks to the uniqueness of the solution to this problem, to have V = V.

Let ¢ € H}(B): by noticing that A(x) = 7A(7(z))7 for a.e. x € B, we can
compute

/ AVYV -Vo

B
— —/BT.A(T(:L'))T(T(V%)OT(l'))-(T(V(¢OT))Q7—(:L»))CZ$
=~ [ A @)V (@) - (Vpo ) ) da

_ _/ AVVy - V(goT)
B
= —(Lo, 90 T)(m1(m)y,mi(B)
= _<Ltr,97 ¢) ] T|B+>(HI£0(B+)),7H11‘0 (B+) + <Ltr,€7 ¢|B+>(H%O (B+))I7Hll‘0 (B+)
= (Lo, )1 (B)y,H1(B)>

which is exactly what we wanted.
We can now conclude this step, by proving that W € H!(B) satisfies
(2.46) with Qo = B, Ag = A, and Ly = L.
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Let ¢ € C2°(B) and choose 6 € C2°(B) such that § = 1 on a neighbour-
hood of the support of ¢ and 6 is invariant by 7 (that is to say, 6 o 7 = 0);
we have then Vyp = 6W (cf. the definition of W and property (2.61) of Vj).
By (2.60), we have

/BAV(GW) Vo = (Lo, ) (1 (m)y,mi(B) (2.62)

Since § = 1 on a neighbourhood of supp(¢) U supp(¢ o 7),

/ AV (W) - Vo = / AV -V (2.63)
B B
and, with the definition of Ly,

(Lo, D) 1By i By = (£ D) (a1 (B)y H1(B)- (2.64)

(2.62), (2.63) and (2.64) give us

/B AVW -N¢ = (L, 0) 1By, (B)

i.e., exactly what we wanted to prove, which concludes this step.

Step 3: The mapping (O;, h;) is of the type (DF).

This case, as we said before, can be handled thanks to the tools we have
introduced in the two preceding steps.

Let A, = ((h,AR)T)/|Thi|) o bt Biy — Mn(R).

The linear form

C*B) — R
¢ — Ldoh) @ywir @)
(with ¢ o h; extented by 0 outside O; N ) is continuous for the norm of
WP (B,,4) and can thus be extented in a continuous linear form L, on

Wi (Byy), where To » =TgNOByy = {z € dBy1 | oy >0, ay-1 > 0},
whose norm is bounded by a constant only depending on 2, h;, Iy, aa, A4,
p, Ay, and A.

If p € CX(By), poh; € Hlldmoi(oi N Q) and has a compact support in

O;, so that its extension to €2 by zero outside O; is in Hlld(Q), and the same
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kind of calculus as in steps 1 or 2 allows us to see that w, is a solution to
Wy, € H%2(B++)v
AVw, - V¢ = (L, P)(HL, (B1s)) HE, (Bay) > VO € Hy, (Byy),
(2.65)

Byt

where I's = Iy UT'g 4 (cf (2.10) for the definition of I'y).
If 71 : RV — RY is the reflection with respect to I'y, i.e.,
Tl(iL‘,/,.CIL‘N_l,.TUN) = (x”, —xN_l,xN) (With .CL‘// = (xl, PN ,xN_Q)),

we define then W € Hpy_,(By) by
W(z) = wy(z) on By,
W(z) = wy o 1i(x) on 71 (Byy)

and we see, as in step 1, that W is a solution to

W e Hpy  (By),

2.66
JAYW V6 =Lt yio o, o€ HYBL),
with A=A on B4y, A=T7(A,o7)m on 1(Byy) and L € (Wll(’]p/(B+))'
defined by

(£, ¢><W§§’(B+>>',W;*;”(B+> - <L"’¢|B++><W§;f’+(3++>>',w;gj+

/

(By+)

/

L / :
L O TR Dt (5 )y Wi (Byy)

0,+

Since W satisfies (2.66), a problem of the same form as (2.58), the step
2 allows us to see that W is k-Holder continuous on any compact subset of
BNB_, and since WB,, = w, this concludes this step and the demonstration
of this proposition. H

Proposition 2.5. Let p > N. Under Hypotheses (1.1), (1.2), (2.17), (2.20)
and (2.21), if (Oi, hi)icp,m) are mappings of the boundary of Q (i.e., such
that (O;)ic(1,m] s a covering of OS2 by open subsets of RN and, for all i €
[1,m], (O;, h;) satisfies (2.9)), then for alli € [1,m], there exists k > 0 only
depending on (N, aa, Aa,p, hi) such that the solution u of (2.19) is k-Hélder
continuous on any compact subset of O; N Q. Moreover, for such a compact
subset K, there exists C' only depending on (Q, hi, s, Aa,p, Av, A, K) such
that u satisfies (2.52).
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Proposition 2.6. Letp > N. Under Hypotheses (1.1), (1.2), (2.29), (2.30)
and either (2.25) or (2.26), if (Oi, hi)ic[1,m) are mappings of the boundary of
Q, then for alli € [1,m], there exists k only depending on (N, s, Aa,p,h;)
such that the solution u of (2.28) is k-Holder continuous on any compact
subset of O; N Q. Moreover, for such a compact subset K, there exists C
only depending on (Q, hi,aa,Aa,p, Ay, A, K) and

(E,bo) if (2.25) is verified,
(S, o) if (2.26) is verified

such that u satisfies (2.52).

The proofs of these propositions are of the same kind as that of Proposi-
tion 2.4, except that they are far easier, since the only case that appears is
the case studied in step 1 (this is due to the fact that there is no condition
on the values on 0N of the test functions). We omit them.

Theorems 2.1, 2.2 and 2.3 are now easy consequences of Corollary 2.1
and Propositions 2.4, 2.5 and 2.6; for example, the x of Theorem 2.1 can be
chosen as the infimum between the x of Corollary 2.1 (for the mixed case)
and the r’s corresponding to each mapping (O;, h;) in Proposition 2.4.

We omit the details of these proofs, which consist in putting together the
preceding results, but the reader can find them in [12].

3. The dual problem. We study the dual problem only in the mixed
and Fourier cases, and we refer the reader to [12] for the study in the case
of Neumann boundary conditions.

In the following, we suppose either one of the two series of hypotheses:

In the mixed case: Hypotheses (1.1), (1.2), (2.2), (2.3), (2.4) and (2.11),
(3.1)
In the Fourier case: I'y = 0, T, = 9Q and (3.2)

Hypotheses (1.1), (1.2), (2.23), (2.24) and either (2.25) or (2.26).
We also take p €] N, +o00[ and suppose (2.12).

3.1. Solving the problem with a measure as data. For each [ €
(Hp,(92)), there exists an extension L € (H'(Q2))'. We can thus solve, in
the mixed case, Problem (2.6) for this L, with g4 = 0 and g,, = 0, or, in the
Fourier case, Problem (2.28) for this L, with ¢ = 0; it is easy to see that
the solution u of this problem only depends on the values of L on H%d(ﬂ),
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i.e., on [. This allows us to define the continuous (because the norm of L in
(H'(Q))' can be chosen equal to the norm of [ in (Hlld(Q))’) linear operator

ml (@) — #©). 33)
I — w such defined.

When [ € (Wllfl(Q))', since there exists an extension L of [ to W' (Q)
whose norm in (W' (Q))" is the norm of [ in (WI}f,(Q))’, Theorem 2.1 (in

the mixed case) or 2.3 (in the Fourier case) allows us to see that 7;(l) € C(Q);

we define thus
1,p"
Tl,p{ U)

and estimate (2.15) gives us, since 77 is linear, the continuity of 77 .
We denote by M(€) the space of bounded measures on €2, which is,

thanks to the Riesz representation theorem, identified to the dual of C().
The adjoint operator of T1,, 71, : M(Q) — ((Wlll’ip,(ﬂ))’)’ = Wll;lpl(Q)
(since p’ €]1, N/(N —1)], Wllt’ip/((l) is a reflexive space), is such that, for all
w € M(Q), f=T,(1n) is the unique solution to

!/

c(Q)

’ 3.4
Ti(l), .

—
I —

Fewi (9,
vie (WI};p (Q))/7 <l7f>(Wll’ ,(Q))’,Wllt’ip,(Q) - <u,7-1(l)>(c(§))/7c(§). (

P
d

3.5)

Remark 3.1. If we take stronger hypotheses on b and X\, namely b € L>(Q)
and A € L>®(Ty,), we can solve (3.5) for each p €|N,+oo|; since the spaces
Wll(’ip/(Q) are imbedded one into another, and since the solution to each (3.5)
is unique, we have in fact a unique solution to

Vg < 5, Vie (WrdQ), (3.6)

—
~
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—
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We will say that f is the solution to the equation

—div(ATVf) — div(fv) + (div(v) +b)f =p in Q,
f=0 on Ty (3.7)
ATVf - n+(A+v-n)f=0 on T,

The following subsections will give us evidences that the solution to (3.5)
can be considered, in a certain way, as a solution to (3.7).

Remark 3.2. By denoting

~ (A, v, b A) = (A,9,0,0) = (AT, —v,div(v) + b,A+ v - n)

(~ is an involution), we notice that the data (A, v,b, \) satisfy (3.1) in the
mized_case (respectively (3.2) in the Fourier case) if and only if the data
(A,¥,b,\) satisfy (3.1) in the mized case (respectively (3.2) in the Fourier
case). Thus, ~ defines a bijection between “well-posed” problems of the form

—div(AVf) + div(f¥) +bf = p  in  Q,
f=0 on Ty (3.8)
AVf-n+Af=0 on Iy,

and “well-posed” problems of the form (3.7).

3.1.1. Link with the variational formulation. When u € (H!(Q))/,
there exists a unique solution to (3.7) in the variational sense

fe H%d(Q)7
/ ATV vy +/ (A+v-n)fipdo — / Vv - vf+/ bfy  (3.9)
Q I'n Q Q
= (1, 0) (v @)y 11 (@) » VY € Hi ().
We will see that the solution f to (3.5) is, when p € (HY(Q)) " M(Q),
the solution f to (3.9) (which is the first reason toward the fact that f is

the solution of (3.7)).
Indeed, since the solution f to (3.5) is unique, it is sufficient to prove that

f satisfies (3.5); but f € HE () € W' (Q) and, for all I € (WY (Q))', by
definition of 71(I) € Hy, () NC(Q),

(T D) ey e = BT @)y m @)
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~

= [ATVFVTma)+ [ v do
Q n

- [ mwv-vi+ [ vFmo

~

<l7 f>(W1};ip/(Q))/’W11;1p,(Q).

Thus, f satisfies (3.5) and f = f in this case.

3.1.2. Strong integral formulation of (3.5). It is maybe easier to
see why f can be considered as the solution of (3.7) once we have put (3.5)
in an equivalent formulation which involves (as the variational formulations
of classical elliptic problems) integrals.

However, to do that, we need some preliminaries.

Since p €]N, +oo], one can see that the application

00 1p' !

{ Cc (Q) — (Wl"d (Q)) (3'10)
o — (¥ — Joev)

is an dense imbedding (the density comes from the classical characterisation

of elements of (Wllf (©))" as sums of elements of LP(2) and of “divergences”

— in a certain sense — of elements of (LP(2))N).
We define, for g €]1, +o0], the continuous linear function

@q{ W) — (W)
Y — 6q(‘P>

such that, for all ¥ € W7 (Q),

<@q(§0)7 1/}>(W1}(’iQ/(Q))/’Wllgiq/(Q) = /QAVQO ) Vl/’ + / )‘901/} do

I

_/Q(pv.var/Fn(pzpv-ndaJr/QbW

and we notice two properties of this function ©,, which will be useful to put
(3.5) under an integral formulation:

i) for all p € Wéf(Q), O4(#)p(e) = —div(AVy) + div(ev) + by in the
sense of D'(Q),
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ii) ©20T1 = Id () and, forall ¢ > 2, 71 00y = Idy 1.0
4 d

Remark 3.3. In the Dirichlet case, that is to say I'qy = 0Q and T, = 0,
(Wol’q/ (Q)) € D'(Q) (because D(Q) is densely imbedded in Wol’q/ (Q)), that is
to say that any element of (Wol’q,(Q))’ is fully known by its values on D(Q).
We have thus, for all ¢ € Wol’q(Q), O4(p) = —div(AVy) + div(ev) + by in
Wy ().

This is not, in general, the case (but this is true if O4(p) € C°(82), see
below).

Proof of property i): By definition, we have, for all v € D(Q) C
We (),

<@q(@)\D(Q)a ¢>(D(Q))’,D(Q) = <9q(‘10)» w>(W%;q/(Q))/7W1}:/(Q)

- /QAVw-Vw—/Q@V'WWF/QbV’w

(since ¢ = 0 on T';, when ¢ € D(£2)), which exactly means O,(¢)p) =
—div(AVe) + div(ev) + by in D'(Q). B

Proof of property ii): For all [ € (H%d (Q))’, we have, by definition of
T1, for all ¢ € Hlld(Q),

() @y (@)
_ /Avm(n)-w+/ m(zmda—/ﬂu)v-w
Q Q

n

+/ Ti(D)yv -ndo + / bT1 (1)
T'n Q
= (©2(Ti(1)) V) at (@)y.m (@
which gives ©2(71(1)) =1 in (Hlld(Q))’, Le., ©y0 T =Idp (q)y-
d
If ¢ € Wi?(Q) with ¢ > 2, we have, by definition of

(p e H%d(Q)7

/Ach'V'tp#—/ Agowda—/gov'vw#—/ gowv-nda—l—/bgow
Q T Q Ty , Q
= <@q(90)a¢>(H1£d(Q))’,Hlld(Q) LW € HE (Q) C WET(Q).
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But the unique solution to this problem is 71 (©4(¢p)), so that T1(04(¢)) = ¢
in Hlld(Q), which gives 71 00, = Id |
We can now give the strong integral formulation of (3.5).

Since C2°(£?) is densely imbedded by (3.10) in (Wll;p/(Q))/’ (3.5) is equiv-
alent to

W ()

fewpr(Q),

vl e CCOO(Q)v <l7f>(W1};lP/(Q))/7WI}:iP’(Q) = /Qlf = <M771(l)>(C(§))’,C(§)
(3.11)
By the preliminaries up above, there is a bijection

C(Q) — {p € HE,(Q), ©2(p) € ()}

which, to any [ € C2°(2), associates ¢ = T1(l) and, to any ¢ € Hlld(ﬂ) such
that ©2(p) € C°(Q2) associates | = O2(yp). We also notice that, if O2(p) €
C2(Q2) C (Wp (Q)), since Ti(O2(9)) = Tip(O2(¢)) = ¢ in HE (), one

has ¢ € C(12).
Thus, (3.11) is equivalent to

fe Wil (@),
Vo € Hp, such that ©2(yp) € C°(9),

<®2(80)7 f> (er‘:ip/(g))/7wl};p’(9) = /Q@Z((p)f = <:U’? @) (C(Q)),c(Q)
(3.12)
But, when ©2(¢) € C°(2), we see that O2(¢p), as an element of the dual

space of Wll;p (Q) through (3.10), is fully known by its values on D(2), i.e., by
O2()p(q) (this is the fondamental lemma of the distributions, which states
that we can consider L} () as a subspace of D’(2)). Thus, when O2(p) €
C2°(€2), one has, thanks to property i), O2(¢p) = —div(AVe) + div(pv) + by
in D'(Q), i.e., on  since these are functions.

Thus, we have proven the following theorem:

Theorem 3.1. Let p > N. Under Hypotheses (3.1) and (2.12) in the mized
case or (3.2) and (2.12) in the Fourier case, there exists a unique solution
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f to (3.7) in the sense

fews (@),
Vo € Hp (Q) such that ©2(p) € C°(), (3.13)

/ f(=div(AVy) + div(pv) + bp) = /(pd,u.
Q Q

Remark 3.4. In the Dirichlet case, thanks to Remark 3.3, the condition
“Oa(p) € C°(N)7 is equivalent to “—div(AVp) + div(pv) + b € C(Q)7,
where the derivatives are taken in the sense of the distributions on €.
Remark 3.5. If b € L>®(Q) and X\ € L>(T',), the same reasoning shows
that (3.6) is equivalent to
17
S

Yo € H%d(Q) such that O2(p) € C° (), (3.14)
/Qf(—div(AVw) + div(pv) + by) = /ngd,u.

3.1.3. Weak integral formulation of (3.5). In fact, what we will
see here is not really a formulation of (3.5), since it is not equivalent to this
problem, but it is the third and last reason which allows us to say that f
solves (3.7).

Let ¢ € WEP(Q) € C(Q); since L = O,(p) € (WP () and Ty o
O,(p) = ¢ (p > 2), we see that f satisfies

<@p(90)7 f> (Wl’p’(ﬂ))/,WFl;lp/(Q) </J,, cp) (C(ﬁ))’,C(ﬁ) .

Taq

Since f € W%;p/(Q), we have fp € Wllj(Q), and some integrations by parts
allows us to see that

O Dris ey = | AV T+ [ dofdo

/Qw.vf+/rn¢fv.nda+/ﬂbfso
= /QATVf-chJr/an)\SOdU

+/va-Vg0+/Q(diV(V)+b)f80-
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Thus, the solution f to (3.5) is also a solution to
feWrl (@),
/ ATvf. Vgo—i—/ /\fgoda—i-/ fv- V<p+/(div(v) +b)fp (3.15)
Q I'n Q Q ’

= /sodu, Vo € Wp(Q),
Q

Remark 3.6. This is a “natural” integral formulation of (3.7), i.e., one
obtained by multiplying the equation of (3.7) by ¢ null on Ty and integrat-
ing formally by parts. However, (3.15) and (3.7) are not equivalent since,
in general, the solution to (3.15) is not unique (see Remark 3.7 and the
following section).

Remark 3.7. If we suppose b € L®(Q) and A € L>®(0R), we can see the
same way that the solution f to (3.6) is also a solution to

(fe N W),
<7
/QATVf-Vgo—i-/Fn f/\goda—l—/QfV-VLp—i—/Q(div(v)—i—b)f(p (3.16)

1,
Z/Qsodu, Vee | WP
p>N

which is, in fact, the solution L. Boccardo and T. Gallouét found in [2],
using approximation methods. But, even for this equation (which is stronger
than (8.15), because of the space to which the solution belongs), there is not
uniqueness, in general, of the solution as soon as N > 2 (see the following
section).

3.1.4. Non-uniqueness of the solution of (3.16). In the case N =
2, a result by A. Monier ([11], from the work of N.G. Meyers in [8]) shows
that the solution of (3.15) is unique, which implies that (3.5) and (3.15) are
equivalent (since the solution to (3.5) is the solution to (3.15)).

In the case N > 2 (and v = 0, b = 0, 'y = 99, i.e., the Dirichlet ho-
mogeneous case), a result by J. Serrin [6] modified by A. Prignet [7] shows
that the solution to (3.15) is not unique, and so that (3.5) and (3.15) are not
equivalent. Indeed, if we would have wanted to show that a solution of (3.15)

is also a solution of (3.5), we would have taken, for any [ € (W%;p/ (Q))’, the
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test function ¢ = T1(l)... and we would have not been able to go further,
since (except in the case where the theorem by Agmon, Douglis and Nirem-
berg applies — i.e., with A and §2 more regular, cf [9] — or in the case where
the theorem by Meyers applies — i.e., with N = 2, see [11]) 71({) is not an
element of erf ().

We show here how the counter-example by J. Serrin can be adapted to
prove, in the mixed and Fourier cases with v =0, b =1 and A = 0, that the
solution of (3.16) in the case N > 3 is not unique (since a solution to (3.16)
is also a solution of (3.15) for any p €]N, +oo], this proves that the solution
to any Problem (3.15) is not unique). Since (3.16) is a linear problem, it is
sufficient to find a domain © of RY with a Lispchitz continuous boundary,
a A satisfying (1.1) and a f % 0 solution of (3.16) when p = 0.

We take Q = B := {x € RY | |z| < 1}, with N > 3. We notice (that will
be useful in the following) that, when a function F' : B — R only depends on
the first two coordinates (that is to say F'(z) = F(x1,3)), F is integrable
on B if and only if F' is integrable on D := {(x1,79) € R? | % + 23 < 1}.

Let € €]0,1[ and define A : B — My(R) by

FE-DE @-pEE 00
(7_1) 1 1+(€i2—1)j,i§ 0 0

Alz) = 0 0 1o ]
: : .0
0 0 o001

where z = (z1,...,2y5)" and r = /23 + 23; A satisfies (1.1) (with a4 = 1).
Notice also that AT = A.

Define f : B — R by
T

flz) = e
fisC>® on B\{r =0} and f € LY(B) for all ¢ < 2/(1 + ¢) (in fact for all
q < 2/e). Moreover, on B\{r = 0},

of 1 (1+¢)a?

87]:1 - rlte r3te
of  —(1+e)rizo
of

— =0 if 7 >3
(%cj =9
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and, using the fact that these functions are regular on B\{r = 0} and
bounded by M /r'*¢ on the neighbourhood of r = 0, we see that (3.17) also
gives the derivatives of f in the sense of the distributions on B (see [7]). We
see thus that f € W4(B) for all ¢ < 2/(1 +¢), and that f is not in H'(B)

(to see this last point, compute [, |Daf[?* by using the polar coordinates).

Let us study AVf-n: 9B — R: it is a regular function except at the
points (0,0, x3,...,zy) € B, i.e., 0-a.e. on dB: AV f-n is thus measurable
on 9€; the only componants of AV f which are not null being the first two
components, we have AV f-n = (AVf)1z1 + (AV f)axo, so that AVf -n is
bounded by M /r€ on OB and is thus a function of L?(dB) (the boundary of
B is of dimension N — 1 > 2).

Moreover, a rather long computation (see [7] or [12]) allows us to see
that div(AVf) = 0 on B\{r = 0} (this function is regular on this set) and,
using once again the estimates on AV f - n near r = 0, one can see that, for
all ¢ € C®(B),

/ AVf -V = AV f - nep.
B oB

By density, this expression is also true when ¢ € Up>(2/(1+€)), WiP(B).
Since AVf-n € L?(0B), we deduce from the preceding inequality that

¢€0WBy—iéAVﬁV¢

can be extented to H!(B) in a continuous linear form L € (H(B))'.

One can prove (see [7]) that, when ¢ < 1/(N — 1), f € H/?(dB) (but
without f € HY(B)).

Since f € L?(B) (f € L4() for all ¢ < 2/¢), we can solve the following
mixed (if o(T'y) > 0) or Fourier (if I'y = ) variational problem

—div(AVf) + f =L+ f in B,
f=7FonTy, (3.18)
AVf-n=0onT,

that is to say, using f, € H'(B), a function with trace f,
w=f-Ff € H} (B)
AV D - V 0 == L, ’
/B w- Ve + /B W = ( <P>(H1(B)) JH1(B) (3.19)
+ [ Fo- [ A9Fy- Ve [ Top, v e HE(B)
B B B
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Choosing e < 1/(N —1) small enough so that 2/(1+¢) > N/(N —1), we
define f=f—fe Na<2/( 1+8)W Y(B) C Ng<n/(N=1) VV1 (B); f is not null
(since f € HY(B), f & H'(B)) and f satisfies, for all ¢ € |J 1 P(B) C
Hy, (B) NUps o) (140)y WHP(B),

p>N

/BAVf-V<p+/Bf90:O.

We have thus find a non null solution of (3.16) when p = 0, which is what
we wanted.

3.2. Getting the traces of the solution of (3.5).

3.2.1. The trace of f. Under Hypothesis (3.1) or (3.2), by the same
tricks as in the preceding section, we can define

1/2 !
1 (#o0) — #5©
gn — wu solution of (2.6) with this g,, L =0, gq = 0.

If we suppose (2.12) with p €] N, +o0], then, for all g,, € (Wé;l/p/’pl(ﬁ))’,
we see as before that T3(g,) € C(Q) and that

1—L ! _
P
ol (77 em) = c@.
g — T2(gn)
is linear continuous. -
Thus, we can also study the adjoint operator of T3y, i.e., T3, : M(Q2) —

Wlld a4 (092) (VV1 a4 (09) is reflexive, since p’ €]1, +00[), such that, for
all p € M(Q), fa = T, (1) is the unique solution to

1—%,])/
faewy, "7 (09),
-1 !
Vg, € <WF - (89)) )

<9mfa>(W1 VP (o)) Wi 1/p’p’(89) <Ma7-2(9n)>(c(§))/,c(§)~

(3.20)
In fact, we will show that fy is the trace, on 02, of the solution f to
(3.5).
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1_1 /7 / — 17 /
For g, € (Wr, PP (Q)Y, define g, € (W7 (Q)) by

<gn7 30> (Wl}ZiP'(Q))/’Wllilpl(Q) = <gna 90>(Wr‘l;l/p/m’(aﬂ))/’Wégl/I”,P’(89)5

and notice that 72(gn) = T1(gn) (it is immediate on (2.6)). We have thus,
for all g, € (W;;l/p Q)Y

<gn’ f8>(WI}d—1/Plapl (89))/’W11;1/P/7P’ D)

gna f (Wllgl/p/’pl(aﬂ))/,Wlld_l/pl’pl(89)’

that is to say f = fy on 01.

3.2.2. The trace of ATV f . n. Under Hypothesis (3.1) or (3.2), we
define

T HY2(0Q) — HY(Q),
3 g4 — wu solution of (2.6) with this g4, L =0 and g,, = 0,

and we notice that

T Wr00) — C(Q),
v g0 — Ts(ga)

is, thanks to Theorem 2.1, well defined, linear and continuous. Moreover, it

is easy to see that the kernel of 73, is Wé;l/p’p(aﬂ) (the solution u of (2.6)
only depends of the values of g4 on I'y); thus, if

E = W'"Yrr(oq)) / (w7 00),

we can define

7(9a) T3(94)
(where 7(g4) denotes the class of gg € WI=1/PP(9Q) in E).

—f( E Q
757[){ = (),
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The adjoint operator of T3, is E* : M(Q) — E', such that, for all
1€ M), fy.o = Tzp (1) is the unique solution to

{ fv,a € Ela

3.21
v7(g94) € E, (fv.0,7(9a))(By,E = (1t: T3(94)) )y c@)- (3:21)

But it is a classical result that E’ is isomorphic to (Wlld_l/ PP(9Q))°, the

space of linear forms on W'~/PP(9Q) which are null on WI}d_l/ PP o), by
the following isomorphism:
1-1/p, ° _ 1-1/p, !
(wr, PP 00)) — (Wieea)/(wy, PP (09))
I — lom.

Thus, fv s is the unique solution to

oo € (WhVPPo))° ¢ (W-1rr(o)),
Vgq € W=1/PP(9Q)

<fV,8a 9d>(Wlf1/p,p(ag))/7wlfl/p,p(ag) = <M» E(gd»(c(ﬁ))w@)-
(3.22)
We will see that fy g is, in fact, the trace on 02 of —ATVfn—(A+vn)f,
with a coherent definition of this expression.
Let us first define {ATVf-n+v-nf} € (Wi=1/Pr(9Q)) . Since f sat-
isfies (3.15), we have

—div(ATV ) —div(fv)+(div(v)+b)f = u in the sense of D'(R2). (3.23)

Define {ATVf -n+v -nf} as an element of (W!=Y/PP(9Q)) by: Vgq €
Wi=1/pp(9Q),

<{Ava ‘n+v: nf} 7gd>(Wlfl/p,p(aQ))/,Wlfl/p,p(aQ)
= ((div(v) +b)f — p, U0>(c(§))/7c(§) + /QAva Vg + /Q fv-Vug

= /Q(div(v)—i—b)fuo—/uodu—f—/QATVf-Vuo

Q

—i—/ﬂfv - Vo, (3.24)

where ug is any function of W1P(Q) (recall that p > N, so that WP (Q) <
C(Q)) with trace on 0 equal to gg (this definition only depends on g4
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because, when uy € D(Q2), thanks to (3.23), the right hand side of this
expression is null and, by density of D(Q2) in I/VO1 P(Q), is still null when
ug € Wol’p(Q)); with the norm we have put on W'=1/PP(9Q), it is clear that
(3.24) defines a continuous linear form on W'~1/22(9Q). Notice that we
can not define separately ATV f-n or v - nf, since div(ATV f) or div(fv)
are not, in general, measures on ; we must thus always use the whole
expression {ATV fn+v-nf } and the + of this expression is not a sum
in (W1=V/PP(9Q)) (that is why we put this expression into brackets).

Remark 3.8. Of course, we have denoted the linear form of (3.24) by this

way because, when the data (A,v,b,\, ) are reqular (say of class C*(Q2))

and f is a classical C*° () solution of (3.7), we have
<{ATVf ‘n+v- n}a gd>(Wlfl/p,p(39))/,W171/p,p(ag)

- / (div(ATV f) + div(fv))uo + / ATV f - Vg + / v+ Vo,
Q Q Q

and some integrations by parts allow us to see that this linear form is ATV f-
n + v -nf, when this expression is understood in the classical sense.

Since \ € L(N_l)%(aﬁ) and f e W=7 (9Q), we have, by a Sobolev
injection (see [5]), f € LN=VP/(N=N=p)(5Q), which gives \f € L'(9Q) —
(W1=1/Pr(90)) (because W=1/PP(9Q) is densely imbedded in C(d9)).

We have thus defined {ATVf -n+v-nf}+\f € (W=V/PP(0Q)).

Let us now show that fy s = — {ATVf ‘n+v- nf} — Af. For all g4 €
W=1/pP(90Q), with ug € WP(Q), a function with trace gq, we have

<{ATVf ‘n+v: nf} +Af, gd>(Wl—l/p,p(ag))/,Wl—l/p,p(aQ)

=~ uo)c@yc@ * /Q (div(v) +b) fuo + /Q ATV f - Vg
—i—/ fV'VU()-i-/ Afug do.
Q 1%
Since f € Wllf /(Q) and ug € W1P(€), an integration by parts gives

/Q(diV(V)+b)fu()+/QATVf~Vu0+/QfV-Vuo+/ Mug do

n

= / uofv-nda—/uov-Vf+/buof+/AVuo-Vf
n Q Q Q
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+/ )\Uof do.

This last term is a linear continuous form [, in f € Wllf ,(Q), so that, by
(3.5),

<lu07 f>(W11;lp’(Q))/’W1£;lp/(Q) = /QAVUO -Vf+ /pn Aug f do — /QUOV -Vf

+ fuov-nda+/bu0f
Iy Q
(1> Ti(luo)) @)y e

and we finally have

<{ATVf ‘n+v- nf} +Af, gd>(Wlf1/p,p(aQ))/7W171/p,p(aQ)
= (1 Tilluo) = wo) e @y c@):

But, by definition of 71, 73 and ly,,, T3(ga4) —uo € Hlld(Q) and 71 (—ly,) €
H%d(Q) are both solutions of (2.6) when L = 0, g, = 0; thus, T3(gq) — wo =
—T1(ly,) and we have, for all g; € W'=1/PP(90),

<{Ava "n+v- nf} +Af, gd>(Wl—l/p,p(ag))/,wl—1/p,p(aQ)
= —<Ma75(gd)>(c(§))/,c(§)

= _<fv,8a9d>(Wlfl/p,p(aQ))/,WIfl/p,p(aQ),

ie., exactly fvp = — {ATVf ‘n+v- nf} — \f in (WVPP(9Q)); notice
that the condition fy g € (Wlld_l/p’p(aﬁ))o is the equivalent of ATV f - n +
(A+v-n)f =0on T, (cf (3.7)).

4. Applications. As before, we study the mixed and Fourier problems,
thus supposing Hypotheses (3.1) or Hypotheses (3.2). We also take p €
| N, +00[ and we suppose Hypothesis (2.12).

In the preceding section, we have only used Theorems 2.1 and 2.3 to say
that the solutions of (2.1) and (2.22) are (when the data are more regular
than usual) continuous on Q; but these theorems state much more than this:
indeed, the solutions of (2.1) and (2.22) are Hélder continuous, and we have
an estimate on the Hoélder spaces to which these solutions belong, as well
as a bound on their norms in these spaces. We will show here how these
estimates can be used to obtain a stability result on the solution of (3.5) and
to solve non-linear elliptic problems with measures as data.
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4.1. A stability result. We prove here a stability result on the solution
of (3.5).
We make the following hypotheses:

Vm >1, A, — My(R) is a measurable function,
Jay > 0 such that A,,(2)€ - € > aalé)? for all m > 1,
for a.e. z € Q and for all £ € RY,
JA 4 > 0 such that ||Ay,(z)|| < A for all m > 1 and for a.e. z € Q,
A, — A a.e. on Q as m — 00,
(4.1)

Vm > 1, v, : Q — RY is a Lipschitz continuous function,
(Vin)m>1 is bounded in CO(Q; RY), (4.2)
V;n — v uniformly on €,

Vm > 1, by, eLN+p( )

(4.3)
by, — b weakly in v ?(Q),
vm21,AmeLNl%<rn), (4.4)

Am — A weakly in LV-DX(T,), '
Vm > 1, py, € M(Q), (4.5)

fim — i in M(Q) weak-x.
We take A > 0 such that, for all m > 1,
[Vinllcoa@mrmy + HbmHLNN—i;(Q) Al v g ) T llHml vy < A

13

We also suppose that our problems are “well-posed”, that is to say

Ym > 1, %div(vm) + by, > 0 a.e. on €, %vm ‘n+ A\, >0oc-ae onl,,
(4.6)
and

i) in the mixed case:

Hypotheses (2.2), (2.11), (4.7)
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ii) in the Fourier case, one of the following:

by > 0, IE C Q such that |E| > 0 and,
for all m > 1, %div(vm) + by, > by on E,
or (4.8)
dXg > 0, 35 C 09 such that o(S) > 0 and,
for all m > 1, %Vm-n—i—)\m > by on S.

Theorem 4.1. Under Hypotheses (4.1)—(4.6) and (4.7) in the mized case
or (4.8) in the Fourier case, by denoting fy, the solution to (3.5) for the data
(A Vi, by A,y o) and f the solution to (3.5) for the data (A,v,b, A, 1),
we have

fin ™25 F strongly in er;q(Q) for all ¢ < p', and weakly in er;p/(Q).
(4.9)

Remark 4.1. We also have a stability result for the solution of (3.6): under
the hypotheses of Theorem 4.1, if by, — b in L>°(Q) for the weak-x topology
and if Ay, — X in L°(T'y,) for the weak-+ topology, then the solution fp,
to (3.6) for (Am, Vi, bm,Am, tim) converges to the solution f to (3.6) for
(A,v,b,\, u) strongly in Wll;lq(ﬂ) for all ¢ < N/(N — 1) (this is an easy
consequence of Theorem 4.1).

We need, to make the proof of Theorem 4.1 more readable, some technical
lemmas.

Lemma 4.1. Under the notations and hypotheses of Theorem 4.1, fr, — f
weakly in Wllf (Q) and strongly in LV (Q).

Let us define, for all k¥ € R*, the function T : R — R by Tk(s) =
min(k, max(—F, s)). We notice that T}, is a continuous piecewise C! function,
with a derivative T} (s) = xj_gx((s) in L2(R).

Lemma 4.2. Let A satisfy (1.1), v : Q@ — R a Lipschitz continuous function,

be LNNT{L(Q), Ae LO-DN(T,) and € M(Q). We suppose that these data
satisfy Hypotheses (2.3) and (2.4); we also suppose that they satisfy (2.2) and
(2.11) in the mized case or either (2.25) or (2.26) in the Fourier case. If f is
the solution to (3.5) for (A,v,b, A, p), then, for allk € R, Ty (f) € H%d(?l).
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Lemma 4.3. Under Hypothesis (4.1), if (am)m>1 € H(Q) and a;, — a
weakly in H(SY), then

m—ro0

/ ATVa - Va < liminf / ALV a,, - Van,.
Q Q

Lemma 4.4. Under the notations of Lemma 4.2, if a is a coercitivity con-
stant for A, A is an essential bound for {||A(z)||, x € Q}, and if Ay is such
that

vllcos @y + 111 a8l oy ) il aagy < Ao

then there exists C > 0 only depending on (Q,T'q, Ao, a, A, p) in the mized
case, (2, Ao, a, A, p) and (bo, E) or (X, S) in the Fourier case such that, for
all § €]0,1[, k € RT and ¢ € H} (),

| ATV @) VT Tea () - T < €5 (@10

Proof of Lemma 4.1.

Denote by 7'1(m) (respectively by 7T;1) the application defined by (3.3) for
(Ams Vin, by Am) (respectively for (A, v, b, \)).

Let us first notice that, for all [ € (erfl(Q))’, T (1) = T1(1) in C(Q):
to see this, we notice that, thanks to Hypotheses (4.1)—(4.3) (which imply
that (Vin)m>1, (bm)m>1 and (Ap,)m>1 are bounded in their respective spaces)
and to Theorem 2.1 or 2.3, there exists £ > 0 such that (7; ™) (1))m>1 is
bounded in C%*(£2), and thus relatively compact in C(£2); we thus just have
to prove that, if a subsequence of (’7'1(m) (1))m>1 converges in C(£), the limit
must be 71(l); but it is a classical result that Tl(m)(l) — Ti(l) in Hlld(Q),
and the convergence in C(Q) is thus proved.

We can now see that f,, — f weakly in Wllt’ip/(Q): for all [ € (Wlll’ip/((l))’,
we have

<l7 fm - f>(WF1;ip/(Q))’,W11;lp,(Q)

= (tm, ﬂ(m)(l»(c(ﬁ))qc(ﬁ) - <M771(l)>(c(§))/,c(§) — 0 asm — oo,
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since pm — p in M(Q) weak-* and Tl(m)(l) — Ti(1) strongly in C(€2).

The end of the proof is a classical argument: by the Rellich theorem,
and since the only limit of the subsequences of (fm)m>1 in LP (Q) is f, we
deduce that f,, — f in L' (Q). B

Proof of Lemma 4.2. Let p; € L*(Q) such that p; — g in M(Q)

weak-x. Let i(j) be the solution of (3.5) for (A,v,b, A, 11;): we know that
f () is, in fact, the solution of the variational problem (3.9) for theses data.

Thus, T (f WDy e H %d (©2) and, using this function in the problem satisfied
by fU), we find

| ATV@G) IO + [ om0 OT D) do

n

—/Tk(f(j))v0~Vf(j)+/bf(j)Tk(f(j)):/uka(f(j)). (4.11)
Q Q Q

But we have

- _/V.V(f(J)Tk (f9)) /f(])v \V4 Tk(f(J)
Q

= _/ f(j)Tk(f(J))v.ndo-+/div(v)fJ)Tk(fJ)
Iy

so that

/ (v-n+ VDT do Tk(f(j))v-Vf(j)—i—/bf(j)Tk(f(j))
n Q

Q

= [ (Gremer) @ [ (Gave ) @)
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+ [ AT - (D)) do
+ [ @iv) +DEOTED) - D)), (4.12)
We also have
| 9T = @l 9))aivw)
_ /rn(f(j)Tk(f(j)) —(T(f9))y - ndo
_ —/Qv-V(f(j)Tk(f(j))—(Tk(fU)))?)

¥ @IV EPTD) = (T(f D)) 1) (4.13)

By denoting T}, : R — R the function Ty(s) = k(|s| — k)T, whose deriva-
tive is T}(s) = kxg\[—k,k (), we have

v

JOT(D) = (Tu(f9))? = kT(fV) 2 0, (4.14)
so that, using %div(g) +b>0a.e. on ) and %y- n+A>0o0-ae onl,, we
obtain

/AmeM4mMWW-

n

+/mwwwﬁ%ﬂ%4mNW>
9]

_ /‘(an+A)U@nU“U0uﬂ%Y>

N
fe}

1

‘2ﬂ:””“%0“5—wfufm»%v-ndg

> el 97 (100 1000
k oo
(1< [T}

> 5 VIVl (4.15)
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(4.11), (4.12) and (4.15) give thus

At v + [ (Grensa) @)

n

+/Q (;div(v)—kb) (Th(F9))?

Ell v]|[r @ :
< =2V ED Nl + Flll s o,

Thanks to the hypotheses on the data (i.e., the coercitivity of the bilinear
form on the left hand side of this expression), we obtain C' such that, for all
J=1,

T g o0 < CUS ) + ). (216)

Lemma 4.1 (in fact a simplier version of this lemma, since (A4,v,b, \) are
fixed here) allows us to see that f ) f weakly in erdl(Q) and strongly
in L1(€2). We see thus that (i(j))jzl is bounded in Wlldl(ﬂ) and, since
(pj)j>1 is bounded in M(2) (it converges weakly-* in this space), we find,

thanks to (4.16), that (Tj(f9));>1 is bounded in H} () (recall that, when
pj € LY, 1wl = il va)-
Up to a subsequence, we can suppose that (Tj(f Y ))) j>1 weakly converges

in Hlld(Q) and a.e. on ). Since, up to a subsequence, i(j) — f ae. on
(because of the convergence in L'(£2)), so that T,(f%)) — T)(f) a.e. on Q,

we have proven that, for all k € RY, Tj(f) is in Hlld(Q), as the weak limit
in this space of (Tkz(i(j)))jZL |

Proof of Lemma 4.3.
Let B,, be the symetric bilinear form defined on H(Q) by (AL + A,,)/2,
that is to say

AL + A,

5 Vw - Vw

Y(w. @) € H'(Q), Bua3) = [
Q
Hypothesis (4.1) allows us to see that, for all w € H(£2),

By, (w,w) = / AL Vw - Vw > 0.
Q
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Thus, B,, being a non-negative symetric bilinear form, we can apply the
Cauchy-Schwartz inegality to find, for all m > 1,

Bu(a,am)* < Bi(am, am)Bm(a, a). (4.17)
Since A,, — A a.e. on  and (A;;)m>1 is bounded in L>*(Q; My (R)),
we have 3(AL + A,,)Va — 2(AT + A)Va in (L*(2))"; we obtain thus
1 1
/ ~(AT + A,)Va-Va — / ~(AT + A)Va-Va = / ATVa -Va
0?2 0?2 Q
and, using the fact that a,, — a weakly in H'(Q),

/1(A%+Am)Va'Vam%/ 1(AT+A)Va-Va:/ATVa-Va.
0?2 Q2 Q

Taking the liminf as m — oo in (4.17), we get

2
(/ ATva - Va> < (lim inf/ A%Vam . Vam) / ATVa - Va,

which concludes the proof of this lemma. Il
Proof of Lemma 4.4.
Let pj € L*(2) which converges to p in M(Q) weak-+ and such that

il < ||H||M(§) < Ag. Let i(j) as in the proof of Lemma 4.2; up
to a subsequence, we can suppose that i(j) — f ae. on § and, since

(T5(Ti1 (£ =Ti()))j>1 is bounded in HE () ((Thr1(fY)));21 is bounded
in this space, thanks to the proof of Lemma 4.2), we can suppose that

T5(Ter (fY) = To(¥)) = Ts(Tiaa (f) — T(¥)) weakly in HY (2).
Using T5(Tk+1(i(j)) —Tr(v)) € Hlld(Q) as a test function in the varia-
tional problem satisfied by f @), we find

/QATVf(j) (TS (Tera (f9) = Ti(x)))
= /Q (15 — bf D + v - VNS Ty (f9) — The())

_ / A+ v ) fOT (T (f9) = To()) do. (4.18)

n
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If we denote by @ the application defined by (3.4) for (A4, v, b, A), then
Theorem 2.1 or 2.3 gives us C only depending on (€2, s, Aa,p, Ag) and

I'; in the mixed case,
(bo, E) or (Ao, S) in the Fourier case,

such that

71,7l = 1Tl < (.

LME),WLY () (WEP (@) .c@) =

Since f » (1), we notice that (f( )51 is bounded in W (Q) by
CiAy, and thus in WFIdI(Q) by C1A|QY/P.

/

/ N
By denoting C the norm of the Sobolev injection Wll’dp (Q) — L7 (Q)

/

’ (N-1)
and C3 the norm of the Sobolev injection WI}f (Q) — L N (Ty) (Co
and C3 only depend on (£2,p)), we thus obtain that (f @) j>1 is bounded in

Np' N—1)p'
Lrpp’(Q) by C1C2A¢ and in L N (D (') by C1C3A¢ (and thus in LY(T,)
(N=1)p’
by C1C5Ago(Ty,) N(P/‘Zl)) ). ‘
Using the hypotheses on b and A, we see that (b f (9))j21 is bounded in
LY(Q) by C1C2A% and that (A fU));51 is bounded in L'(I',) by C1C3A3.

Since HT[;(T;CH(i(j)) — Tk ()l| (@) < 0, we deduce that

/Q(Mj —bfY) 4 v VIOV (Thr (f9) — Ty (1))
—/ A+ v n) fOT5(Ty 1 (f9) = T (v)) do

n

< (HN’]HLI + CLCAG + [ 1] || e () C1 0|27

(N=L)p_
+C1C3AG + ||v - nHLw(rn)ClczaAoU(Fn)N(P’1)> 5
< Cyd, (4.19)
where C}y only depends on (2, a4, A4, p, Ag) and

I'y in the mixed case,
(bo, E') or (Ao, S) in the Fourier case.



SOLVING CONVECTION-DIFFUSION EQUATIONS 55

We have, for all ¢ € H} (Q),
Vo V(T5(e — Te(¥)) = V(Tis1(0)) - V(Ts(e — Ti(¥)) (4.20)

(recall that & €]0,1[) and
V(T5(o=Tk () V(Ts(¢—Ti(¥)) = V(e—Tk(¥))-V(Ts(p—Ti(¥)

)-
Thus, applying (4.20) with ¢ = i and (4.21) with ¢ = Tk+1(i ) we
find

(4.21)

/ ATV O N (T5(Tiya (D) — T (1)) =
| ATV@ (D) = T - VT (£9) = Telo)
+ /Q ATV (L)) - V(T3 (T (f9) — Ti(w) =
/Q ATV(T5(Tar(F9)) = Te())) - V(T3(Tios (F9) — T(w))
n /Q ATV (Ty(®) - V(T5(Terr (f9) — Tulw).  (4.22)
(4.18), (4.19) and (4.22) give thus

ATV (T5(Tia (f9) = Te())) - V(T5(Tira (F9)) — Ti(1))

S—

< - /Q ATV (T4 () - V(T5(Thia (F9) — T(w)).

By taking the lim inf of this as j — oo, using the fact that Tg(TkH(i(j)) —
T() = T5(Try1(f) — Tr(v)) in Hy, (Q) weak-+ and Lemma 4.3, we find

/Q ATV (Ty(Tis1 (f) — Tol())) - V(T3(Tir (F) — Te(1))
< Cu- /Q ATV (Ti(0)) - V(T5 (Toa () — Th($)))

which gives, since ATV(Tg(TkH(f) T(1))) - V(T5(Tr1(f) — Ti(¥))) =
:TV(TkH(f) —Tx(¥)) - V(T5(Try1(f) — Ti(v))), the result of Lemma 4.4.
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Proof of Theorem 4.1. )
We already know that f,,, — f weakly in Wll;lp (Q) on strongly in L¥' ()

(Lemma 4.1). We thus deduce that (fi,)m>1 is bounded in Wllfl(Q): if we
prove that V f,,, = V f in measure on 2, then we have Vf,, — Vf a.e. up to
a subsequence and, thanks a classical lemma, Vf,, — Vf in L?(Q), for all
q < p/, up to a subsequence; since the only possible limit for subsequences of
(Vfm)m>1 in L1(Q) is V f, the whole sequence (V fp,)m>1 converges in these
spaces.

We thus have to show that Vf,, — Vf in measure, i.e., by denoting
{F > r} the subset of Q where a function F': Q — R is greater than r € R,
we have to prove that, for all n > 0, |{|Vfm — Vf| >n} — 0 as m — oc.

We write, following [3],

{IVFim = V[ >n}t C{fl >k} U{lfm = f] > 0} U Egms, (4.23)
with 8 €0.1] and By s = (19 f~ V1> 0} (151 < B} ({1 — f1 < )
Let € > 0 and choose k € RT such that |{|f| > k}| <e.
By Lemma 4.4, there exists C' only depending on (2, a4, A4, A, p) and

I'; in the mixed case,
(bo, E') or (Ao, S) in the Fourier case

such that, for all m > 1,

/Q ALY (T (fm)) - V(T5(Tiss (fn) — Ta(f)) < C6.

We also choose § €]0, 1] such that Cd < e.

We prove now that, with these choices of k and J, we can find my > 1
such that, for all m > my, {|Vfm — Vf| > n}| < Me, where M does not
depend on m or . Let mg > 1 such that, for all m > mg, [{|fm—f| > 0} <e
(recall that f,, — f in LI(Q2), thus also in measure).

We have

IN

| Bl /Q ALV (T5(Tsr (fn) = Tl) - (Ts(Tia (Fm) = TelF))
_ /Q AL(TL(S)) - V(T5(Tiga () — T(f)

< Cé—/QA%V(Tk(f))-V(Ta(TkH(fm) = Ty (f))-
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But T5(Thy1(fm) — Ta(f)) = Ts(Thr1(f) — Tr(f)) weakly in Hf (), so
that

/QAgV(Tk(f)) (T3 (T 1 () — Tl )
mog0 /Q AT(TL(f)) - V(T5(Tha (f) = Th(f)) = 0

(since V(Tx(f))-V(T5(Ti+1(f) =Tk (f))) = VIV Dor (F) =Tk () x1151<ky =
0 ae.).
We can thus find mq > mg such that, for all m > mq,

\ | AL @) VT T ) - Tk(f))‘ <

which gives, thanks to (4.23) and the choices of k and 9,

2
IV fm = VI >n} < <2+ - 772)6 for all m > my,

and the theorem is proved. H

4.2. Solving non-linear problems. We use here the stability result
that has just been proved and the Leray-Schauder topological degree to
obtain the existence of a solution to a semi-linear problem with a measure
as data.

The problem we want to solve is

{ —div(A(f)TVf) = div(fv) + (div(v) + (/) f = ulf] w Q,
f =0 on Fd,
ANV + M) +v-n)f=0 on Ty,

(4.24)
and we make the following hypotheses.
A: QxR — My(R) is a Caratheodory function,
Jay > 0 such that A(z,s)€ - € > aql€]? for ae. x € Q, (4.25)

for all s € R and ¢ € RY,
JA 4 > 0 such that ||A(z, s)|| < Ag for a.e. z € Q, for all s € R,

v :  — R is a Lipschitz continuous function. (4.26)
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There exists ¢ € [1,p/[, 11 € [NN—fp, %] and ro € [(N;Vl)p, N(_A(fx,l_)f)p]
such that, by denoting
= y 4 = ( ) ) - - [07 q ]
N —q N — Np 1
N 1
and = a < - > € 076 y
e w0
we have

b:Q xR — R is a Caratheodory function,
N
ICy € L(Q), 3Cy € LN+5(Q) satisfying (4.27)
b(z, s)| < Co(z)|s|® + C1(z) for a.e. = € Q, for all s € R,
$div(v)(z) + b(z,s) > 0 for a.e. z € €, for all s € R,

A0 x R — R is a Caratheodory function,
30, € L2(), 3C3; € LV-DX (09) satisfying
Az, 8)| < Co(x)|s| + C3(x) for o-a.e. x € 99, for all s € R,
$v-n(z) + A(z, s) > 0 for g-a.e. x € 09, for all s € R.

(4.28)

In the mixed case, we add Hypotheses (2.2) and (2.11).
In the Fourier case, we add either Hypothesis (2.25) or (2.26) uniform
with respect to s € R, that is to say

by > 0, IE C Q such that |E| >0
and 3div(v)(z) + b(z,s) > by for all 2 € E, for all s € R
or (4.29)
I\ > 0, 35S C Q such that o(S) >0
and 2v-n(z) + A(z,s) > A for all 2 € S, for all s € R

The hypothesis on the right-hand side is:

e Wllf (2) = M(RQ) is a sequentially continuous function
(when M(Q) is endowed with its weak-* topology) which satisfies:
there exists Cy > 0, C5 > 0 and v € [0, 1] such that, for all f € W;f(ﬂ),
el Ml m@) < C4HfHZVF1:(Q) +Cs.
(4.30)
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Remark 4.2. Two examples of such functions:

1) If S C Q is a measurable subset of an hyperplan or S is a measurable
subset of 0, v € [0,1] and ¢ : S x R — R is a Caratheodory function
such that there exists di € L(a/"),(s, Ln_1) and do € L'(S,Ln_1)
(Ln—1 denotes the Lebesgue measure on S, i.e., the (N—1)-dimensional
Hausdorff measure) satisfying

le(x, s)| < di(x)|s|” + da(z) for o-a.e. x €S, for all s € R,
then p[f] = c(., f(.))Ln—1 satisfies Hypothesis (4.30).

2) If G : QxR xRN = R is a Caratheodory function such that there
exists v € [0,1[, By € LY/)'(Q), Ey € LW (Q) and E3 € L'(Q)
satisfying

G(x,s,8)| < Er(z)ls]” + Ex(x)[¢]” + E3(x)
for a.e. x €Q, for all s € R, for all £ € RV,

then p[f] = G(., f(.),Vf(.))Ln (with Lx the Lebesque measure on 2)
satisfies Hypothesis (4.30).

Theorem 4.2. Under Hypotheses (4.25)—(4.28), (4.30) and

(2.2) and (2.11) in the mized case,
(4.29) in the Fourier case,

there exists at least one solution to (4.24) in the sense
Fewp (@),
[ 4o [ NDfedo+ [ vV (431)

n

T /Q (div(v) + b(f)) foo = /Q pd(ulf]), Yo € WEP(9).

Remark 4.3. We have chosen an integral formulation of the kind (3.15)
because the uniqueness of the solution we had in (3.5) or (3.13) is lost here.
But we will see in the course of the proof that, in fact, we find a solution f
to (4.24) in the sense of formulations of the kind (3.5) or (3.13)... which
are here far more difficult to write than in the linear case (since T1 or Og
must now depend on f through the non-linearity of (4.24) in A).
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Proof of Theorem 4.2.

Step 1: a sub-linear function ...

If f e Wpi(Q) C LI(Q), (A(f),v,b(., f()), A, £(.))) satisfy (3.1) in
the mixed case and (3.2) in the Fourier case; denote by 7'1f the application
defined by (3.3) for (A(f),v,b(f), A(f))-

Thanks to Theorem 2.1 or 2.3, to Proposition 2.1 (with Remark 2.7)
or 2.3 and to Hypotheses (4.29), there exists M; > 0 not depending on
fe WE;Q(Q) neither on [ € (Wllfl(ﬂ))’ such that

f _
173 Dlle@) =< Millll gy 0

(we have used the linearity of 7~1f and applied Propositions 2.1 or 2.3 with
A = 1; recall that C(Q) is endowed with the same norm as L>(f2)), that is
to say

11l <o,

WEP (@) ,c@)
But it is well known that
f * / g 'f / —
T e wi o = 1T ey ey
so that

(7] < M. (4.32)

LME) WL ()

Define

fo— () (ulfD)-
Thanks to Hypothesis (4.30) and by denoting M> the norm of the injection
WP (Q) < WE(Q), @ satisfies, for all f € W(Q),

@{Wﬁm>—%twpmwﬁm¥mx

10l < Ml gy < MiMaCall g0+ MiMC.
d

d
(4.33)
Step 2: ...which is also continuous ...
We show here that ® : Wll;q(Q) — Wllf () is continuous.
Suppose that (fy,)m>1 converges to f in WFI;q(Q); by a classical trick, it

is sufficient to show that there exists a subsequence of (fi,;,)m>1, still denoted
by (fm)m>1, such that (®(f,))m>1 converges to ®(f) in Wgc’lq(ﬂ).
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Thus, up to a subsequence, we can suppose that f,, — f a.e. on Q by
being dominated by F € Wlldq(Q) and that Vf,, = Vf a.e. on Q by being

dominated by F € LI(1).

(Ams Vi, by A, i) = (A(fm), v, 00, fin (1)), AC fm (), 1l fim])
satisfy then Hypotheses (4.1)—(4.6) and (4.7) or (4.8) with

(A, v, 00, (), A £()), 1l f])

as a limit (recall that p is sequentially continuous for the weak-* topology or
M(€)), and Theorem 4.1 gives thus the convergence of ®(f,,) toward ®(f)
in Wlldq(Q) (since g < p').

Step 3: ...and such that ®({f € W3(Q) | ||f]|W1q < R}) is rela-
tively compact in ert;q (), for all R > 0.

Indeed, if (fm)m>1 is bounded in W;f(Q), we can suppose, up to a
subsequence, that f,, — f a.e. on Q: we have then A(f,,) — A(f) a.e. on
Q.

Since

(b(., fin(.)))m1 is bounded in L¥47 (£2),
(AC, fm()))m>1 is bounded in LD % (592),
(@[ fm])m>1 is bounded in M(Q) (Hypothesis (4.30)),

N
there exist bo, € LN17 (Q), Ao € LV"VF(0Q) and pos € M(Q) such that,
up to subsequences,

b(., fn(.)) = bao weakly in L¥75 (Q2),
Aoy fm (1)) = Ao weakly in L(N_l)%(aQ),
wfm] = oo in M(Q) for the weak-* topology.

Thus,

(Ama Vi, by A /Lm) = (A(fm)7 v, b('v fm())7 )‘('7 fm()), :u[fm])

satisfy Hypotheses (4.1)—(4.6) and (4.7) or (4.8) with (A(f), v, boo, Aoy too)
as a limit, and we have, thanks to Theorem 4.1, the convergence in W;f(Q)
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of (®(fm))m>1 toward the solution Fof (3.5) for (A(f), V. boo, Aoos foo ), Since
q<p.

Step 4: Conclusion.

Lemma 4.5 just after this proof shows us that ® has a fixed point in
Wllt;q(Q), le,a f € Wl’q(Q) such that f = <I>(f); since ® takes its values
into W p (Q), we see that f is in fact in W (Q)

Thus f is the unique solution to (3.5) for the data A(f), v,b(., f(.)),

AG f()) and p[f].
But we have already proven that the solution to (3.5) is a solution to
(3.15), and this concludes the demonstration of this theorem. Wl

Lemma 4.5. Let E be a Banach space. Let ' : E — E be a compact
operator, that is to say, F is continuous and F({x € E | ||z|| < R}) is
relatively compact in E, for all R > 0. If F is sub-linear, that is to say there
exists K1 > 0, Ko > 0 and w € [0, 1] such that, for all x € E,

|1F(2)]] < Killz][* + K2
then F' has a fized point in E, i.e., a © € E such that F(x) =

The demonstration of this lemma is a straightforward application of the
Leray-Schauder topological degree (see [4]); recall that the topological degree
is an application d : A — Z, defined on

A = {(Id— J,U,y), U bounded open set of E, J:U — E compact
operator, y & (Id — J)(0U)}

and such that
i) d(Id,U,y) =1ify e U,

ii) If h: [0,1] x U — E is a compact operator and if y ¢ (Id— h(t,.))(0U)
for all t € [0, 1], then d(Id — h(0,.),U,y) = d(Id — h(1,.),U,y),

iii) If d(Id — J,U,y) # 0, then there exists x € U such that z — J(z) = y.

There are others properties to this degree, but we will use only these three.
Proof of Lemma 4.5.
Let R > 0 (that we will precise later) and denote by Bpr the open ball of
radius R and center 0 in F.
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We want to prove that we can choose R large enough such that d(Id —
F, Bgr,0) = 1; thanks to Property iii) of the topological degree, this will give
us x € Bg such that x — F(z) = 0, i.e., a fixed point for F.

To prove this, we introduce the natural homotopy i between F' and the
null function, and we prove that, if R is large enough, 0 & (Id—h(t,.))(0BRr)
for all t € [0,1]; applying then Properties ii) and i) of the topological de-
gree, we deduce that d(Id — F,Bgr,0) = d(Id — h(1,.), Bgr,0) = d(Id —
1(0,.), Br,0) = d(Id, B,,0) = 1.

Let h:[0,1]x Bg — E be h(t,z) = tF(z). h is continuous on [0, 1] x Bg
and, if (t,)n>1 € [0,1], (zn)n>1 € Bg, then by compacity of [0,1] and F,
there exists subsequences, still denoted by (t,)n>1 and (zy)n>1 such that
tn, — t € [0,1] and F(x,) = z € Ej; thus h(t,,x,) — tToo, and we have
proved that h is a compact operator.

Suppose that there exists t € [0, 1] such that 0 € (Id—h(t,.))(0Bgr), i.e.,
such that there exists x € F, with ||z|| = R and x — tF'(x) = 0. Thanks to
the sublinear property of F', we have then

2|l = R < #[F(2)]| < Kat|l][* + Kot < K1R” + K

Since w € [0,1], there exists Ry > 0 such that Ry > KjR§ + Ka. For this
Ry, we thus have 0 ¢ (Id — h(t,.))(0Bg,) for all ¢t € [0,1]. This is exactly
what we needed to conclude this proof.
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