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Abstract. We study a finite volume discretization of a strongly coupled elliptic-parabolic PDE
system describing miscible displacement in a porous medium. We discretize each equation by a
finite volume scheme which allows a wide variety of unstructured grids (in any space dimension) and
gives strong enough convergence for handling the nonlinear coupling of the equations. We prove the
convergence of the scheme as the time and space steps go to 0. Finally, we provide numerical results
to demonstrate the efficiency of the proposed numerical scheme.
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1. Introduction.

1.1. Miscible displacement in porous media. The mathematical model for
the single-phase miscible displacement of one fluid by another in a porous medium,
in the case where the fluids are considered incompressible, is an elliptic-parabolic
coupled system [2, 4]. Let © be a bounded domain of R? (d = 2 or 3) representing
the reservoir and let (0,7") be the time interval. The unknowns of the problem are
p the pressure in the mixture, U its Darcy velocity, and ¢ the concentration of the
invading fluid.

We denote by ®(z) and K(x) the porosity and the absolute permeability tensor
of the porous medium, p(c) the viscosity of the fluid mixture, ¢ the injected concen-
tration, and g™ and ¢~ the injection and the production source terms. If we neglect
gravity, the model reads

div(U) =q* —¢~ in (0,7) x Q,

(1) K@) .
U= 0 Vp (0,T) x 9,
(2) ®(x)0sc — div(D(z, U)Ve —cU) +q c=q¢ in (0,T) x Q,

where D is the diffusion-dispersion tensor including molecular diffusion and mechan-
ical dispersion

(3) D(z,U) = ®(x) <dmI +]U| (dlE(U) L (I E(U))))
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with I the identity matrix, d,, the molecular diffusion, d; and d; the longitudinal
and transverse dispersion coefficients, and E(U) = (‘é—tljzj)lgmgd. Laboratory ex-
periments have found that the longitudinal dispersivity d; is much greater than the
transverse dispersivity d; and that the diffusion coefficient is very small by compari-
son.

In reservoir simulation, the boundary 0f2 is typically impermeable. Therefore, if
n denotes the exterior normal to 9, the system (1)—-(2) is supplemented with no flow
boundary conditions:

U.n=0 on (0,7 x 99,
(4) {

D(z,U)Ve-n=0 on (0,7) x 9.
An initial condition is also prescribed:
(5) c(x,0) = co(x) in Q.

Because of the homogeneous Neumann boundary conditions on U, the injection and
production source terms have to satisfy the compatibility condition fQ qt(-,x) dx =
Joa (-,x) drin (0,T), and since the pressure is defined only up to an arbitrary
constant, we normalize p by the following condition:

(6) /Qp(~,x) dr=0 in (0,T).

The viscosity p is usually determined by the following mixing rule

(7) u(e) = p(0) (1 + (M1/4 - 1)c> i 0,1],

where M = % is the mobility ratio (u can be extended to R by letting p = ©(0)
on (—00,0) and p = p(1) on (1,00)). The porosity ® and the permeability K are in
general assumed to be bounded from above and from below by positive constants (or
positive multiples of I for the tensor K).

In [15], Feng proved the existence of a weak solution to the problem (1)—(7)
in the two-dimensional case and with d; > d; > 0 and d,, > 0. This result has
been generalized by Chen and Ewing in [3] to the three-dimensional case and with
gravity effects and various boundary conditions. At high flow velocities the effects of
mechanical dispersion are much greater than those of molecular diffusion. Therefore,
Amirat and Ziani studied in [1] the asymptotic behavior of the weak solution as d,
goes to 0 and proved the existence of a weak solution in the case where d,, = 0.

From a numerical point of view, various methods have already been developed
for this problem. In general the pressure equation is discretized by a finite element
method. However, the key point is that equation (2) on ¢ is a convection-dominated
equation, which is not well adapted to the discretization by finite difference or fi-
nite element methods. Douglas, Ewing, and Wheeler [6] used a mixed finite element
method for the pressure equation and a Galerkin finite element method for the con-
centration equation. In [19], Russell introduced a modified method of characteristic
for the resolution of (2), while (1) is solved by a finite element method. Then, Ew-
ing, Russell, and Wheeler [10] combined a mixed finite element method for (1) and a
modified method of characteristic for (2). In [20, 21], the authors also used a mixed
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finite element method for (1) but developed an Eulerian Lagrangian localized adjoint
method for (2).

Convergence of numerical schemes to (1)-(7) (or connected problems) has already
been studied (see, e.g., [5, 6, 11, 12, 17]). But, to the best of our knowledge, these
proofs of convergence are based on a priori error estimates, which need regularity
assumptions on the solution (p, U, ¢) to the continuous problem. Such regularity does
not seem provable in general, such as if we take a discontinuous permeability tensor
(which is expected in field applications; see [20]).

Finite volume methods are well adapted to the discretization of conservation laws;
see, for instance, the reference book by Eymard, Gallouét, and Herbin [13]. They
provide efficient numerical schemes for elliptic equations as well as for convection-
dominated parabolic equations. However, because of the anisotropic diffusion in (1)
(due to K(x)) and of the dispersion terms in (2)—(3), the standard four-point finite vol-
ume schemes cannot be used here. Besides, as said above, (2) is convection-dominated
and, therefore, a good approximation of U is needed in the discretization of (2) in
order to obtain admissible numerical results. In [9], Droniou and Eymard recently
proposed a mixed finite volume scheme which handles anisotropic heterogeneous dif-
fusion problems on any grid and precisely provides, for equations such as (1), good
approximations of U; this scheme is therefore a natural candidate to discretize such
coupled problems as (1)—(7), especially as it has been shown to behave well from a
numerical point of view.

In this paper, we extend the mixed finite volume scheme of [9] to a system,
presented in section 1.2, which generalizes (1)—(7). Section 2 contains the definition
of the scheme and the statement of the main results: existence and uniqueness of an
approximate solution and its convergence to the solution of the continuous problem
as the time and space steps tend to 0. A priori estimates on the approximate solution
are established in section 3, and in section 4 we prove the existence and uniqueness
of the solution to our scheme. The proof of convergence is presented in section 5,
under no regularity assumption on the solution to the continuous problem. Section 6
presents some numerical experiments to demonstrate the efficiency of our numerical
scheme. Section 7 is an appendix containing a few technical results.

1.2. Formulation of the problem and assumptions. Let us now rewrite the
problem (1)—(7) under the following synthesized and more general form (notice that,
from now on, we use letters with bar accents to denote the exact solutions, and we
use letters without bar accents to denote approximate solutions):

div(U) = ¢t — ¢~ in (0,T) x Q, U=-A(-,e)Vp in (0,T) x Q,
8 _
® /]3(~,x)dx:() in (0,7), U-n=0 on (0,T) x 09,
Q
®9;¢ — div(D(-, U)Ve) + div(eU) + g e =¢'¢  in (0,7T) x L,
(9) e(0,+) = co in §,
D(-,U)Vé-n=0 on (0,T) x 0.

In what follows, we assume that  is a convex polygonal bounded domain of R,
T > 0, and the following:

(q*,q7) € L*>(0,T; L?(Q2)) are nonnegative,

10
(10) /Qq"r(-,x)d;v:/ﬂq_(-,x) dx a.e. in (0,T),
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A: QxR — My(R) is a Carathéodory function satisfying the following:
(11)  3aa >0, FA4 > 0 such that, for a.e. z € , all s € R, and all £ € R?,
A(,5)€ - & = aal¢” and |A(z, 5)| < Aa,

D :Q x R? — My(R) is a Carathéodory function satisfying the following:
(12) Jap >0, IAp > 0 such that, for a.e. z € 2, all W € R?, and all £ € R?,
D(z, W)§ - € = ap(1+ [W])[¢]* and |D(z, W)| < Ap(1 + [W]),

(13) @ € L*°(Q) and there exists ®, > 0 such that ., < ® < d ! a.e. in ,
(14) ce L>*((0,T) x Q) satisfies 0 < ¢ <1 a.e.in (0,T) x Q,

(15) co € L>®(Q) satisfies 0 < ¢g < 1 a.e. in Q.

Remark 1.1. Since E(U) = (Uin/|U|2)1<ij<d
RU, the model in section 1.1 satisfies this assu;ni)t_ions with ap = ¢, inf(d,,, d;, dy)
and Ap = ¢ tsup(do,, dy, dy).

As @ does not depend on ¢, the following definition (similar to the one in [15]) of
weak solution to (8)—(9) makes sense.

DEFINITION 1.1. Under assumptions (10)—(15), a weak solution to (8)—(9) is
(5, U, ¢) such that p € L>(0,T; H'(R2)), U € L*>(0, T LQ(Q))d, ¢e L>(0,T; L*(Q)N
12(0,T; H'(9),

is the orthogonal projector on

/p(t, V=0 foracte(0,T), U=—A(aVp ae. in (0,T) x O,
Q

Vo € C(0,T] x ), //U Vo = //
Vb € C([0,T) x ) , //@catwr/ /D U)Ve. Vi — //cU v
+/0 /Qq-éw—/ﬂcﬁcow<07->=/o [ ae.

2. Scheme and main results. Let us first define the notion of admissible mesh
of 2 and some notation associated with it.

DEFINITION 2.1. Let Q be a convex polygonal bounded domain in R?. An admis-
sible mesh of Q is given by D = (M, E), where the following hold:

(i) M is a finite family of nonempty disjoint convex polygonal domains in )
(the “control volumes”) such that Q = Ugem K.

(ii) & is a finite family of disjoint subsets of Q (the “edges” of the mesh), such
that, for all o € £, there exists an affine hyperplane E of R? and K € M wverifying
that 0 C 0K N E and o is a nonempty open convex subset of E. We assume that, for
all K € M, there exists a subset Ex of € such that 0K = Uycg, a. We also assume
that, for all o € £, either o C 0 or @ = K N L for some (K,L) € M x M.
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The d-dimensional measure of a control volume K is denoted by m(K), and the
(d — 1)-dimensional measure of an edge o by m(o); in the integral signs, v denotes
the measure on the edges. If 0 € £k, then ng , is the unit normal to o outward to
K. In the case where o € & satisfies 7 = K N L for (K,L) € M x M, we denote
o = K|L (K and L are then called “neighboring control volumes”). We define the set
of interior (resp., boundary) edges as &y, = {0 € &; 0 ¢ N} (resp., Eext = {0 € &;
o C 0N}). Forall K € M and all 0 € £, xx and x, are the respective barycenters
of K and o.

The size of a mesh D is size(D) = supgep diam(K). The following quantity
measures the regularity of the mesh

. d
regul(D) = sup {max (dlamd(K), Card(EK)) ;s K e ./\/l} ,
PKr

where, for K € M, pg is the supremum of the radius of the balls contained in K.
The definition of regul(D) implies that, if wy is the volume of the unit ball in RY, for
all K e M,

regul(D)

(16) diam(K)? < regul(D)p% < "
d

m(K).

Remark 2.1. We ask for very few geometrical constraints on the mesh of ).
This is particularly important since, in real-world problems, meshes used in basin
and reservoir simulations can be quite irregular and not admissible in the usual finite
element or finite volume senses (see [14]).

Our scheme is based on the mixed finite volume scheme introduced in [9] and,
for elliptic equations, [8]. Its main goal is to handle a wide variety of grids for het-
erogeneous and anisotropic operators while giving strong convergence of approximate
gradients. Therefore, this scheme applied to (8) provides a strong approximation of
U, which can then be used in the discretization of the convective term div(¢U) in the
parabolic equation.

The idea is to consider, besides unknowns which approximate the functions (p, ),
unknowns which approximate the gradients of these functions, as well as unknowns
which stand for the fluxes associated with the differential operators. Thus, if D is an
admissible mesh of 2 and k > 0 is a time step (we always choose time steps such that
Ny = T/k is an integer), we consider, for alln = 1,..., N and all K € M, unknowns
(P V) which stand for approximate values of (p,Vp) on [(n — 1)k,nk) x K and
numbers F  (for o € £k) which stand for approximate values of — [ U -ng , dy
on [(n — 1)k,nk). Similarly, the unknowns (¢}, w7 ) approximate (¢, V¢) on [(n —
1)k, nk) x K and the numbers G , (for o € k) approximate [ D(-,U)Ve -ng,, dy
on [(n — 1)k, nk).

The quantities q;’”, qx’", and €% denote the mean values of gt, ¢~, and € on
[(n — 1)k,nk) x K, and @k, %, Ax(s), and Dk (§) are the mean values of @, co,
A(+,8), and D(-,€) on K. We also take positive numbers (vx)geam. The scheme for
(8) reads as follows: for alln =1,..., N,

Vi (X0 —XK) + V] - (XL — %) +vem(K)Fg , —vpm(L)FT

(17)
=pi —Pg Vo= K|L € &,

(18) Fp,+Fp,=0 Yo=K|L€ &,
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(19) U"Il( — _AK(CTIL(fl)V% VK € M,
(20) m(K)U% = — Z F} (%, —xK) VK €M,
c€EK
(21) -3 Fp, = m(E)g" - m(K)gr" VK € M,
o€l

(22) Z m(K)py =0,

KeM

(23) Fp,=0 VK eM, Vo€ kN Eext-

Denoting by (—F ,)* and (—F% )~ the positive and negative parts of —F ,
the scheme for (9) reads as follows: for all n =1,..., Ng,

Wi (X —XK) + W} - (X — X5) + VKIH(K>G?(’U — z/LIn(L)GEL7

(24)
=c} — ¢ VYo=K|L € &y,
(25) Gio+Gl,=0 Vo=K|LE€ Ep,
(26) m(K)Dg(Up)wi = Y G (%o —xK) VK€M,
o€k
CnK — C?I’L(_l n o \— . .n

m(K)‘DKT - Z Gk Z FKU - (_FK7U) CL]

(27) o€€K U%il}?lczmc
+m(K)qi" ¢ = m(K)qi" "% VK € M,

(28) Gk,=0 VKeEM, Vo€ kgN&Eext-

Let us explain why each equation of this scheme is quite natural.

o If we take v = 0, (17) and (24) state that v} (= Vp) and w} (= V¢) are
“discrete gradients” of p% (=~ p) and ¢} (=~ ¢). The penalization using the
fluxes (i.e., with vx > 0) is added to ensure the stability of the scheme.

e Equations (18) and (25) state the conservation of the fluxes, and (23) and (28)
translate the no flow boundary conditions.

e Equations (21) and (27) come from the integration on a control volume and
on a time step of the PDEs in (8) and (9). Notice that, as usual, we have
chosen a time-implicit scheme for the convection-diffusion equation with an
upwind discretization of the convective term.

e Equations (19) and (22) are expressions of U = —A(-,&)Vp and [, p(t,-) = 0.

e Equations (20) and (26) come from the reconstruction formula given in Lem-
ma 7.1, since Fy , and G’ , are approximations of the fluxes of —U and

D(-,U)Ve.
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In the following, if a = (a% )n=1,...N,, Kem is a family of numbers (or vectors),
we use a to denote the piecewise constant function on [0,7") x © which is equal to a’
on [(n — 1)k, nk) x K. Similarly, for a fixed n, a™ = (a’%)kem is identified with the
function on € which takes the constant value a’% on the control volume K. Hence
p denotes both the family (p%)n=1,....N,, kem and the corresponding function on
[0,T) x ©2. We also denote by F' and G the families (F}é,a)nﬂ,---,Nk  KeM, cegy and
(G o)n=1,..,Ny,, KEM , oe&c-

THEOREM 2.1. Let Q be a convex polygonal bounded domain in R¢ and let T > 0.
Assume (10)—(15) hold. Let D be an admissible mesh of Q and k > 0 such that T/k
is an integer. Then there exists a unique solution (p,v, U, F,c,w,G) to (17)—(28).

THEOREM 2.2. Let Q be a convex polygonal bounded domain in R¢ and let T > 0.
Assume (10)—(15) hold. Letvy > 0 and 8 € (2—2d,4—2d). Let (Dpm)m>1 be a sequence
of admissible meshes of Q@ such that size(D,,) — 0 as m — oo and (regul(Dy,))m>1 is
bounded; assume that there exists Cy such that, for all m > 1,

(29) VK, L € M,, neighboring control volumes, diam(K)*~#~% < Cydiam(L)4~2.

For all K € M,,, we take vi = vodiam(K)P. Let k,, > 0 be such that Ny, = T/kn,
is an integer and k,, — 0 as m — oo, and denote by (p™,v™, U™, F™ ¢™ w™ G™)
the solution to (17)-(28) with D = Dy, and k = k,,. Then, up to a subsequence, as
m — 00,

P —p weakly-* in L>(0,T; L?(Y)) and strongly in LP(0,T; L1(12))
for all p < 0o and all ¢ < 2;

v™ — VP weakly-+ in L>°(0,T; L*(Q))? and strongly in L*((0,T) x Q)¢
U™ - U  weakly-+ in L>(0,T; L*(Q))? and strongly in L*((0,T) x Q)¢
)

" —e weakly-* in L>(0,T; L?(Y)) and strongly in LP(0,T; L1(2))
for all p < oo and all g < 2;

w™ — Ve weakly in L*((0,T) x Q)4

where (p, U, ¢) is a weak solution to (8)—(9).

Remark 2.2. As usual in finite volume schemes, we do not assume the existence
of a solution to the continuous problem; this existence is obtained as a byproduct
of the proof of convergence. In particular, this means that, contrary to [5] or [11],
the convergence of the mixed finite volume scheme is proved here under no regularity
assumption on the solution to (8)—(9). The convergence occurs only up to a subse-
quence because, with such a lack of regularity, the uniqueness of the solution is not
known (see [15]); in the case where the solution is unique (for instance, under suitable
regularity assumptions), then the whole sequence converges.

Remark 2.3. Note that, since 4 — 8 — 2d > 0, one way to satisfy (29) is to ask
that diam(K) < Cediam(L) for all neighboring control volumes K and L of a mesh.
But (29) allows more freedom on the meshes (for example, if d =1 and g € (0,1] or
if d =2 and 8 € (—2,0), then (29) is always satisfied).

3. The a priori estimates. We prove a priori estimates on the solution to the
scheme.

PROPOSITION 3.1. Let Q be a convexr polygonal bounded domain in R? and
let T > 0. Assume (10)—(11) hold. Let D be an admissible mesh of  such that
regul(D) < 6 for some § > 0, and let k > 0 be such that N, = T/k is an integer. Let
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(vi)kem be a family of positive numbers such that, for some vy >0 and 8 > 2 — 2d,
vk < vodiam(K)? for all K € M. Then there exists Cs only depending on d, 2, 6,
B, vo, aa, and Aa such that, for any numbers (cf Yoz1.. N. . Kem, any solution

(p,v, U, F) to (17)—(23) satisfies

.....

2 2 2
1PN T o 0,522 (02)) F IV o 0,712 (02))a + 10N o0 (0,722 (02))
+ suwp Y Y wm(K)|FR LI < CsllaT = ¢ 7~ 0. 200)
n=1,...,Nk KeMoelk

Proof. Let n € [1, Ni]. Multiply (21) by pl, sum over all control volumes, and
gather by edges using (18). Thanks to (23), the terms involving boundary edges
disappear, and this leads to

S FR,0p k) =Y m(K)(gh" - g pk = A(qm —q ",

0=K|LEEm; KeM
where ¢™"(-) — ¢ " () = % fn H Lat(t,) —q (t,-)dt. Substituting (17) into this
equality and gatherlng by control Volumes (still using (18) and (23)), we deduce
[ =a = 3 i (i (o= i) + v e - x0)
Q o=K|LEEint
+ Z Flré,a' (VKm(K)FITé,J 7VLm(L)F£L,U)
U:KlLegint
(30) = Z v Z Fg o (X0 — XK) + Z Z vrm(K) .
KeM oelk KeMoelk

Thanks to (20), (19), and hypothesis (11), we find
(31 g™ —a "z 10" z20) = @allv* |2y + D > vkm(K)FE .
KeMoelx

We notice that (17) is exactly (61) for (p™,v™, F™). Hence, since p™ satisfies (22),
we can apply the discrete Poincaré-Wirtinger inequality given in Lemma 7.2 to get

[P"[IL2(0) < Ca |V"||L2(Q)d+<z > diam(K)* 2vim(K )|F}€,a|2> :

KeMoe€k

Nl

where C; depends only on d, 2, and 6. By choice of v, we have diam(K )24~ 2y <
vodiam(K)24=2+8; but 2d — 2+ 3 > 0, and thus diam (K )??2vx < ypdiam(Q)24-2+5,
Hence

(32) 1P lr2) < Cs | V"l L2 () + ( Y vkm(K |FKU|2> ;

KeMocék

N

where C5 depends only on d, Q, 6, 3, and vy. Substituting this into (31), we obtain

aallv"® HLZ(Q @+ Z Z vem(K)|[Fg | < Csllg™" — ¢~ ™ || L2y IV | 22 ()
KeMoelk

1

2

+05||q+vn—q—vn||m<z S vem(B)|FL ) |
KeMoe€k
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Using Young’s inequality, this gives the desired bound on v and F' and, coming back
to (32), the bound on p. The bound on U derives from the one on v, since A is
bounded (see (11)). |

PROPOSITION 3.2. Let Q be a convex polygonal bounded domain in R* and let
T > 0. Assume (10) and (12)—(15) hold. Let D be an admissible mesh of Q, and let
k > 0 be such that Ny = T/k is an integer. Let (vi)kem be a family of positive
numbers. Assume that F' = (Fg )n=1,..,Ny, KeM , oeg, Satisfies (18), (21), and (23),
and let U = (UL )p=1,... N, . Kem be a family of vectors in RY. Then there exists Cq
depending only on d, Q, T, ap, and @, such that any solution (c,w,G) to (24)—(28)
satisfies

|1/2

el o 0,32 () + W Z2 0,7y xya + IO 1w 20,7y x )

Ny,
+ Z k Z Z vem(K)|G% .| < C6HCO||%2(Q) + Cﬁ||q+||%°°(0,T;L2(Q))'
n=1 KeMoclk

Proof. Multiply (27) by ¢} and sum over all control volumes. Noting that (. —
ek > 1 ((e)? — (¢ )?) and using (25) to gather by edges (no boundary term
remains thanks to (28)), we obtain, since ®x > 0,

op 30w (W)~ () + 30 Gl — ) + Y m(K)a" ()

KeM o € Eint KeM
o=K|
33) + > > [FR.) Tk — (—FR ) et ek < Y m(K)lag "] ek
KeM geExNEins KeM
o=K|L

Let us denote by 7 the fourth term of the inequality. Gathering by edges and
using (18), which implies (—F7 )% = (=Fg )~ and (—F7 )" = (-=Fg )", yields

T = Y [FR)T (e — b))+ (—Fg )™ (ch(ch — cg))] -
o=K|LEE;nt

But (¢ — cf) > 4 ((cp)? — (¢4)?) and ¢(ch — ¢) > & ((¢)? — (¢)?), hence

Tz % Yo [CFRT = (CFR) T ((€R)? = (1))
o=K|LEEint
S —Fr, () = (),

oc=K|LEE;nt

IV
N | =

which gives, gathering by control volumes and using (18), (23), and (21),

25 Y (@ <— > FK> >3 3 ) kP — ™)

KeM oelx KeM
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(because ¢ and ¢~ are nonnegative), we deduce from (33) that

or O M) (G~ () + Y Gl — k)

KeM o=K|LEEns

(34) < 3 m(E)lg" e Ik

KeM

Using (24) and gathering by control volumes, we get, thanks to (25), (28), and (26),

Y Gholch—ci)= Y Wik-Y  Ghoo—xx)+> > vim(K)|Gk, |
aeé’mt KeM oefk KeMoelk

o=K

(35) = Y m(E)Dg(Uk)wi - wic + > Y vem(K)|GR |

KeM KeMoelk

We then use (12) and plug the corresponding lower bound into (34), which we multiply
by k and sum over n = 1,..., N (for some N € [1, Ng]); since |¢| < 1, this leads to

N
53 M) (W)~ () +an Dk S m(E)(1+[UR|iwk P

KeM n=1 KeM

N
(36) +Zk Z Z vem(K) |G o> < Tllat || Lo 0,502 ) llell Lo 0,7502(2)) -
n=1 KeMoecfk

This gives in particular, by (13) and the definition of (¢%)xem,

. ot T? o,
> Z m(K)(cx)? < T”COH%Z(Q) + QT||Q+||2L00(0,T;L2(Q)) + T”C”%N(O,T;LQ(Q))'
KeM *

Since ||c||%,,o(0 7.12(0)) = SUPr=1,.. N, 2 rem M(K) (ch-)?, this inequality, valid for all
1 < N < Ny, gives the estimate on ||c||ze(0,7;12(q)). Plugged into (36), it gives the
desired bounds on w, |U[*/? |w| and G. O

4. Existence and uniqueness of numerical solutions. In this section, we
prove Theorem 2.1. Note first that (17)—(23) and (24)—(28) are decoupled systems:
at time step n, the knowledge of ¢! (or of ¢% if n = 1) shows that (17)-(23) is
a linear system for (p",v", U", (Fg ,)Kkem,ocey); once this system is solved, U™ is
known and (24)-(28) becomes a linear system for (¢, w", (G% ,) Kkem,ocex ). Hence,
to prove Theorem 2.1 we only need to show that these linear systems are solvable.

Let us first consider the system on (¢, w", (G ,) kem,oeex)- By (25) and (28),
we can consider that there is only one flux by interior edge and this system there-
fore has (d + 1)Card(M) + Card(&int) unknowns, with as many remaining equa-
tions ((26) gives dCard(M) equations, (27) another Card(M) equations, and (24)
the last Card(&int) equations). Hence, this first system is a square system. Assume
that (c",w", (G% ,)Kkem,oee) is a solution with a null right-hand side, i.e., with
c"~1 =¢" = 0; then (34) and (35) show that this solution is null, and therefore that
this system is invertible.

Without the relation (22) and since we can eliminate U™ by (19), the system
on (p",v", U", (Fg ,)Kkem,oeey) also has (d + 1)Card(M) + Card(&pny) unknowns
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and the same number of equations. However, it is not invertible since its kernel
clearly contains (C,0,0,0), where C € RC2rd(M) s any constant vector; in fact, the
estimates in the preceding section show that these vectors fully describe the kernel of
((17)=(21), (23)): if (p", v",U", (Fg ,) keMm,oee, ) belongs to this kernel, then (p” —
C,v", U, (Fg ,)Kem,ocex ), Where C is a constant vector such that (22) holds with
p"—C, satisfies (17)—(23) with ¢t —¢ ™" = 0, and is therefore null by Proposition 3.1,
which shows that (p",v", U", (Fg ,)kem.oeer) = (C,0,0,0).

Summing (21) over K and using (18) and (23), we obtain that a necessary con-
dition for ((17)-(21), (23)) to have a solution is 3 e v m(K)gp™ — m(K)gr~ = 0.
Since the kernel of the square system ((17)—(21), (23)) has dimension 1, this condition
is also sufficient, and is clearly satisfied by the data we consider thanks to (10). We
can therefore always find a solution to ((17)—(21), (23)) and, in view of the kernel of
this system, (22) then selects one and only one solution.

Remark 4.1. As said above, at each time step the scheme (17)—(28) can be
decoupled in two successive linear systems, (17)—(23) and then (24)—(28), each one
with size (d + 1)Card(M) + Card(&ny). However, it is possible to proceed to an
algebraic elimination which leads to smaller sparse linear systems, following [18] for
the mixed finite element method and [9] for the mixed finite volume method for
anisotropic diffusion problems.

The computation of (p,v,U, F) at each time step reduces to the resolution of
a linear system of size Card(&int), while the computation of (¢, w,G) demands the
resolution of a linear system of size Card(M) + Card(&int) (the size of this last system
cannot be reduced to Card(&iny) because of the upwind and implicit discretization of
the convective term div(cU)).

5. Proof of the convergence of the scheme. In this section, we prove The-
orem 2.2. To simplify the notation, we drop the index m and thus prove the desired
convergence as size(D) — 0 and k — 0, with regul(D) bounded and (29) uniformly
satisfied for all considered meshes. Under these assumptions, Propositions 3.1 and 3.2
give estimates which are uniform with respect to the meshes and time steps.

5.1. Compactness of the concentration. We prove the strong compactness
of the concentration.

LEMMA 5.1. Under the assumptions of Theorem 2.2, c is relatively compact in
L0, T L, ().

Proof. We first construct an affine interpolant ¢ of ¢ and prove, thanks to Aubin’s
theorem, the relative compactness of this interpolant in a weaker space. We then
deduce the compactness of ¢ in L'(0,T;L{ .(Q)). O

Step 1. An affine interpolant of c.

We define ¢: [0,7) x Q = Ras, foralln=1,..., Ny and all t € [(n — 1)k, nk),

~ t—(n—1k k—t
c(t,) = (nk: )c’f(—i—nk it on K.

The estimates of Proposition 3.2 and the definition of (c% )k e ensure the bound of
¢l Lo 0,1,22())- Forallm =1,..., Ny and all t € [(n — 1)k, nk), we have 0;c(t,-) =
1

Kk on K. Hence, denoting by ®p the piecewise constant function on £ equal to

Py on K and taking ¢ € C2(f), we deduce from (27) that if ¢ is the mean value
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of p on K,
. o — Cn—l
/ O (2)0he(t, x)p(x) do = Y m(K) Py K
Q
KeM
= > Y Ghoex— Y mK)gg "o+ Y m(K)gi"Chox
KeMoelk KeM KeM
87) =YY [FR) Tk - (CFR) ] ex

KeM o=K|LEEKNEint

Let us denote by Ty, T3, Ty, and T3 the four terms on the right-hand side of this
equality. In the following, C; denote constants which do not depend on k, D, n, K,
or ¢; we induce C?(Q2) with the norm ||¢|| = sup,eq (Jo(@)] + [Ve(z)| + |D*p(z)|).

Since x is the barycenter of K and ¢ is regular we have ¢p(x,) —px = V(xx)-
(x5 — XK ) + Rk, for all o0 € E, with |Rg ,| < Cr|lp||diam(K)?. Hence,

(38) L — 9K =Ve(xK)- (Xo —xK) + Vo(xr) - (XL —%Xo) + Rk.0 — RL0-

Using this equality and gathering by control volumes, we get

“Tv= > Gk,ler—¢x)
U=K|L€£int
= ) Vexk) Y Gh,(xo—xK)+ > > G, Rko
KeMm oc€EK KeMo€elk
(39) = Y m(E)Vexk) Dx(Uk)wi + > Y Gk, Ri.o.
KeM KeMoelk

On one hand, thanks to (12) and to the estimate on U in L>°(0,T; L?(£2))? (which
gives in particular an estimate in L>(0,7; L'(2))?), we have

Y m(K)Ve(xx) - Dr(Uk)wi| < Csllll D m(K)(1+|Uk]) [wi

KeM KeM
(40) < Goll¢l ( > m(K)(1+ IU%)IW%IQ> :
KeM

On the other hand, using |Rg | < C7||¢|/diam(K)? and the Cauchy—Schwarz inequal-
ity, we get

Z Z }L(’URK’U

KeMoelk

: iam 4 :
§C7||s0||< > > VKHKK)IG%IQ) <Z > m>

KeMoelk KeMo€elk

[N

(41) < 010||<P||< > > VKm(K)IG%,AQ) <Z diam(K)“‘Qd‘ﬂm(K))

KeMoeék KeM
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because (16) and the definition of v imply

diam(K)* diam(K)*—# < 1 (regul(
wq

(42) mzm( ) wom(K)? = g D)) m(K)diam(K)*~24-5,

But 4 — 2d — 3 > 0 and thus diam(K)*~2¢8 < diam(Q)*~24-5. Using this in (41)
and substituting the result along with (40) into (39), we deduce the final estimate:

IT1] < Cullell ( > mE)(1+ IU}QI)IW?(I?)

KeM
(43) + Culle|l < > VKm(K)G’}(,AQ) :
KeMoelk

For 0 = K|L, set by, , = (~Fg ) ck — (—Fg,)~ci. By (18), we have b , =
—b} . Hence, using (38) and gathering by control volumes, we get

Ty= ) biolor—vx)
o=K|LEE;n
=Y Velxx) Y bkoe—xx)+ Y D Vi, Rro
KeM oc€ExNEint KeMoeExgNEint

But b, = —Fg ,cx + (=Fg )~ (ck — c}) and thus, by (23) and (20),

Ty=— Y ckVexk) > Fi,(xo—xk)+T5 = Y m(K)ckVo(xg) Uk +T5

KeM €€k KeM
with
Ts= > Velxi): 3 (~Fito) (k=)o —xx)+ Y. D bicoRico
KeM o€ ExNEint KeMoeExNEint
o=K|L

Let us estimate T5. The corresponding calculations will be useful later in the proof
of the convergence of the concentration. We have

<ol > Y [F, Ik — cf |diam(K)
KeMo=K|LEEKNEint
(44) +Cllel > > bk |diam(K)?.

KeM o€ExNEint
But (24) entails
e — ch| < [wi|diam(K) + [ diam(L) + vem(K)|G | + vem(L)|GE,|
and thus, using |Fg | = [F7 ,| whenever ¢ = K|L,
B ol < 1R o €] + [F | i diam(K) + | FR | [wEdiam(L)

+vrm(K)|Fg | |Gy o +vim(L)|FE | |G

ol
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Substituting these two estimates into (44) and bounding diam(K) either by diam(£2)
or size(D), we get

5| < Cuallell Y Y |FR | (Wi + [ck]) diam(K)
KeMoelk

+Cuallell Y S FR,|Iwp|diam(K)diam(L)

KeM G’*KlLGSKﬁSiDt

+Crallplsize(D) > > vem(K)|Fi .| |Gk ,|
KeMo€elk

(45) +Cralolsize(D) Y > vim(L)|Ff | |G o |-

KeM 0:K‘L€5Kﬂgint

We successively apply the Cauchy—Schwarz inequality, the fact that regul(D) is bounded,
inequality (42), and the estimates on F' from Proposition 3.1. This yields

Y D 1FR | (IWk| + |ck]) diam(K)?

KeMoclx
3 3
< Cw( > > vkm(K FK0|2> (Z m(K)diam(Kf-?d-ﬁuw?a+|c;z|>2>
KeMoelk KeM

1

(46) < Cusize(D) 7 (Z m(K)(|wh| + |czz|>2> :

KeM

Then we note that (thanks to (23))
> Y vm@IFL|IGE = Y D vem(K)|FR |G|
KeMo=K|LEEKNEint KeMo€elk

and, with the estimates on F' from Proposition 3.1, we get

48) Y > vkm(K)|Fg,||G% | < Cis ( >N VKm(K)G?c,AZ) :

KeMo€elk KeMoelk

Using the fact that vy = vpdiam(K)? and inequalities (16) and (29),we get

Z Z |F'g | [wE|diam (K )diam(L)

KeM U:K|L€£Kﬁ$int

N

diam(K)?diam(L)?
vrm(K)

wi|?

(z S (K |FK,,|2

KeMoe€k KG oE

=

KeMo€elk o €&NEing
o=L|K

orir)

N

< 016< Z Z vgm(K FKU|2> wi|? Z diam(K)?~#~4diam(L)?

§017<Z > vkm(K)|Fg | (

KeMoe€k
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Finally, gathering (45), (46), (47), (48), and this last inequality, it yields

ml=n- Y m(K)c}?W(XK)-U’}(‘

Kem

1

2
. 4-2d—p n m
< Cusllglsize(D) > (Z m(K)(|wi| + [ck )2>
KeM

+ Cusllell ( > VKm(K)|F1?,a|2> (Z m(K)|W7f<|2>
KeMoefk KeM

(49) + Cusllpl[size(D) ( > ) Z/Km(K)G}L(,UF) :
KeMoclk

Thanks to the L>°(0,T; L?(Q2)) estimates on ¢ and U, we also have

< el ( > m(K)C%F) (Z m(K)IU?c2>

KeM KeM
< Cuoll¢lls

and, using the bound on the fluxes Fg , from Proposition 3.1, the final estimate on
T5 reads

> m(K)ck Veo(xk) - Uk
Kem

(50) |T2| < Caollpll + Caolll] ( > w(E)(lwk| + |C?<)2>
KeM

+ Collell ( > > VKm(K)IG%,02> :

KeMoelk

The estimates on T3 and T} are straightforward, thanks to the L>(0,T7; L?(£2))-
bound on ¢; plugging (43) and (50) into (37), we obtain, for all n =1,..., Nj and all
t € [(n—1)k,nk),

/ Op(x)0c(t, z)p(x) dz
Q

1

< Carle ( > m(E)(1+ IU}QI)IW’HZ) + Calle ( > > va(K)G}%,aF)

KeM KeMoelk

Nl=

+ Callell + Callel] ( > m(E)(lwk| + C"KI)2> :

KeM
Since this inequality is satisfied for all ¢ € C2(£2) and ®p does not depend on ¢, this
gives an estimate on [|0;(®pc)(t,-)[/(c2(q)) Which, squared, leads to

10:(@pE) (8, )20y < Coz D, m(K)(1+ [Uk|)|wi|* + Cas
KeM

F 0 Y Y vkm(K) |G, P+ Con Y m(K) (Wil + |k )
KeMo€elk KeM
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for all n = 1,...,N; and all t € [(n — 1)k,nk). Integrating this last inequality on
t € [(n—1)k,nk) and summing over n = 1,..., N, we prove, thanks to the estimates
of Proposition 3.2, that 9,(®pc) is bounded in L2(0,T; (C2(2))).

Noting that ®p¢ is bounded in L>(0,T; L*(R2)) (because ¢ is bounded in this
space and ®p is bounded in L>(Q)), and since L?(Q) is continuously embedded in
(C2(Q2))" (via the natural embedding f — (¢ — [, f¢)), this shows that ®pc is
bounded in H'(0,T;(C%(Q))"). But C2(Q) is compactly and densely embedded in
Co(9), and, by duality, (Co(2))’ (the space of bounded measures on ) is compactly
embedded in (C?(2))'. Since L2(f2) is continuously embedded in (Cy(9))’ (via an
embedding which is compatible with the preceding one), the embedding of L?(Q) in
(C2(Q))’ is in fact compact. Hence, by Aubin’s compactness theorem we deduce that
dpc is relatively compact in C([0,T]; (C2(Q2))').

Step 2. Conclusion.

For all n = 1,..., Ny and t € [(n — 1)k,nk), we have ®pc(t,-) = Ppc(nk,-) on
Q (these functions are both equal to ®xc on each K € M). We also know (see,
e.g., [7]) that H*(0,T;(C?(2))") is continuously embedded in C/2([0,T]; (CZ(2))")
(the space of 1/2-Hélder continuous functions [0, T] — (C2(Q2))"). Hence, ®p¢ is also
bounded in C'/2([0, T]; (C2(2))) and there exists Cy3 not depending on k or D such
that, for all n = 1,..., Ny and all ¢ € [(n — 1)k, nk),

[®pe(t, ) — Dpelt, )l 2 (e = |®pe(nk, ) — ®pe(t, )|l (c2@)y < CasVk.

This means that, as k& — 0, ®pc — &pc — 0 in L>(0,T;(C%(Q))); since ®pc is
relatively compact in this space, we deduce that ®pc is also relatively compact in this
same space, and thus in particular in L(0,T; (C%(Q2))").

Let n = 1,...,N, and t € [(n — 1)k,nk). By (24), Lemma 7.3 gives, for all w
relatively compact in 2 and all [¢] < dist(w, R?\Q),

le(t, - +€) = e(t, M) < Canlé] Y m(K)|wi]

KeM
+Colé] YD diam(K)* vgm(K)|G |-
KeMo€elk
Integrating on ¢ € [(n — 1)k, nk) and summing over n = 1,..., Ni, this implies that

lle(-, -+ &) —cllro,1) xw)

Ny 2
< Cnalel [ las oy + ol (zk DS diam<K>2d—2uKm<K>>
n=1 KeMoecg

Ny, 2
X (Zk >y z/Km(K)G’}(’gF)
n=1 KeMoelk

N 2
< Cslé| + Cs¢] (Zk > diam(K)Q““’m(m)
n=1 KeM

thanks to the estimates of Proposition 3.2. But 2d —2+ 3 > 0 and diam(K)?¢=2+/ <
diam(Q2)2¢=28. Hence, we see that |[c(-,- +&) — ¢||L1((0,7)xw) — 0 as £ — 0, indepen-
dent of k or D.
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Since ®p is bounded in L>°(£2) and ¢ is bounded in L®(0,T; L%(f2)), we have
[(@pe) (-, + &) — Pocll1((0,1)xw)
= [[®p(- +&)(c( - +&) =) + (P +&) = Pp)ellLr(0.1)xw)
< Ogglle(s -+ &) = cllio,1)xw) + Corl|®p(- + &) — ol £2(w),

where Cog and Cy7 do not depend on D or k. But it is classical that ®p — ® in L?(Q)
as size(D) — 0 and thus || ®p(- + &) — Ppl[12(w) — 0 as & — 0, independent of D. We
therefore obtain [[(®pc)(-, -+ &) — Ppcl|L1(0,1)xw) — 0 as & — 0, independent of k or
D. Since Ppc is relatively compact in L1(0,T;(C%(2))"), Lemma 7.5 then shows that
®pc is relatively compact in L(0, T Llloc(Q))

Up to a subsequence as k — 0 and size(D) — 0, ®pc — f in L1(0,T; LL ().
Using again the fact that ®p — ® in L?() we also have, up to another subsequence,

dp — P a.e. on Q; moreover, ®p > &, > 0 and thus é stays bounded on 2

(independent of D) and converges a.e. to . The Lebesgue dominated convergence

theorem then shows that ¢ = g=®pc — ¢ f in L'(0,T; L{, (), which concludes the
proof. ]

In what follows, we extract a sequence such that ¢ converges in L'(0,T; L] ()
to some c.

5.2. Convergence of the pressure. Let us now turn to the convergence of
(p,v,U). By Proposition 3.1, we can assume, up to a subsequence, that p — p
weakly-+ in L>(0,7;L?(Q2)) and that v — v weakly-+ in L>(0,7; L?(2))%. Since
Jop(t,-) =0 for all t € (0,T), it is quite clear that [, p(t,-) = 0 for a.e. t € (0,7).
By choice of v and thanks to the estimate on F' in Proposition 3.1 and the fact that
2d — 2+ 3 > 0, we have

Zk Z Z diam(K)* 'vgm(K IR 5]
n=1 KeMo€efk

s(%kjkz > m(K ) (Zkz > diam(K)*2rim(K )F}é,gl2>

n=1 KeMoelk n=1 KeMoefk

1
2

2

< Cag ( sup Z Z diam (K 2d2+ﬁ1/KIn(K)|F}é,02>

n=L..Ne e Mocex

(51) < Cyg size(D) e

Hence, Lemma 7.4 shows that p € L?(0,T; H'(Q)) and that Vp = ¥, so that p €
L>(0,T; HY(Q)). Let Ap : Q x R — My(R) be the function defined by Ap(z,s) =
AK( ) whenever s € R and « belongs to K € M. We also define ¢: (0,7) x & — R
by ¢ = ¢t on [(n — Dk,nk) x K (n = 1,...,N; and K € M); noticing that
¢=c% €10,1] on [0,k[x K and that é = c(- — k,-) on [k, T[ x £, it is clear that é — ¢
in LY(0,T; LL (Q)) as k — 0 and size(D) — 0. We have U = —Ap(-,é)v and thus,

loc
for all Z € L2((0,T) x Q)¢ fo fQ Z-U = fo Jo —Ap(-,&)TZ-v. Applying Lemma 7.6
(with —AT instead of A, u™ = ¢, and Z™ constant equal to Z), and since v converges
to Vp weakly in L2((0,7) x Q)¢, we obtain that fOT JoZ-U— fOT Jo A 0TZ-Vp,
which proves that U — U = —A(-,¢)Vp weakly in L2((0,T) x Q)¢ (since U is bounded
in L>=(0,T; L?(2))?, the convergence also holds weakly-* in this space).
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Let us now prove that p is the weak solution to (8) with ¢ fixed as given above.

Let ¢ € C*([0,T] x Q) and define ¢"(z) = (Zk Dk p(t,x)dt for n = 1,..., Ng.

Multiply (21) by ¢™(xk), sum over all control volumes, and, using (18) and (23),
gather by edges; this gives

Yo omE) (" — M ) = Y FR (" (x) — " (%))

KeM 0=K|LEEint
However, since ¢ is regular, we have
" (x1) — ¢"(xk) = Vo™ (xk) - (%0 —xK) + V" (x1) - (X — Xo)
(52) +RnK,U - 7LL,U
with |R} ,| < Csodiam(K)?,

where C3g does not depend on n, o0 = K|L, k, or D. Therefore,

> mE) (" —ar ™" (xk) = Y Ve(xk) - Y Fi (%0 — Xk)

KeM KeM o€k
+ > > FR,
KeMoelk
(53) = Z K)Ve"(xk) - Uf + Z Z Fg R
KeM KeMoelk

If i p and ¥y p denote the functions on [0,T") x © which are equal to ¢™(xx) and to
V" (xk) on [(n—1)k,nk) x K, it is clear that ¢ p — ¢ and ¥, p — Vi uniformly

n (0,7) x Q as k — 0 and size(D) — 0; multiplying (53) by k and summing over
n=1,..., Ni, we obtain

(54) // —q )ppD = / /‘I’kD U+Zkz ZF}?,U

n=1 KeMoefk

Adapting the proof of (41) to F' by using Proposition 3.1, we get

Nl=

> D Fio

KeMoelk

Kol < C31 < Z m(K)diam(K)4_2d—5>

KeM

4—2d—3

(55) < 032 SiZG(D) 2

Hence, by the Weak convergence of U, we can pass to the limit in (54) and find
fo Jolat —a ffOT Jo Ve - U; since this equation is satisfied for all ¢ €
C>=([0,T] x Q) thls concludes the proof that p is the weak solution to (8) for the
given ¢ (limit of ¢).

We now want to prove the strong convergence of v to Vp in L((0,T) x Q)%.
To do so, we use (20) and (19) in (30), which we then multiply by & and sum over
n=1,..., Ng; this leads to

(56) /OT/Q@— // v E Y S vem(E

n=1 KeMoeclk
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Dropping the last term (which is nonnegative), the weak convergence of p gives, since
P is a solution to (8)

(57) lim sup / / év- v</ / / / c)Vp-Vp
k—0, size(D)—0

(the last equality is obtained using p as a test function in (8), which is possible since
the weak formulation of (8) is in fact valid with test functions in L1(0,T; H*(Q))).
We now write, thanks to (11),

aA/ /|v_vp\2 / /A )(v—Vp) - (v — Vp)
:/OT QA(.,é)v-v—/OT/QA(-,é)v-vp—/OT [ AoV -v

(58) + ; /QA(-,E)V;E~V;5.

Up to a subsequence, we can assume that ¢ — ¢ a.e. on (0,7) x , and (11) then
gives A(-,6)Vp — A(-,¢)Vp and A(-,&)TVp — A(-,¢)TVp strongly in L2((0,T) x Q)4.
Hence, the weak convergence of v to Vp allows us to pass to the limit in the second
and third terms on the right-hand side of (58); the last term on this right-hand side
obviously converges and (57) therefore gives

T T
lim sup aA/ / |v—Vp> < limsup / /A(-,é)v v
k—0, size(D)—0 0 Q k—0, size(D)—0J0 Q

// ©)Vp-Vp <0,

which concludes the proof of the strong convergence of v to Vp in L%((0,T) x Q)4.
The strong convergence of U in the same space is then a consequence of Lemma 7.6,
of the equality U = —Ap(+, ¢)v, and of the strong convergence of v.

We conclude by proving that, up to subsequence and as k — 0 and size(D) — 0,
p(t) — p(t) in L (Q) for a.e. t € (0,T). Since p is bounded in L>(0,T; L?*()), and
thus in L>(0,T; L, .(€2)), this a.e. convergence and Vitali’s theorem imply the conver-
gence in L'(0,T; L, .(2)), and, using once again the bound on p in L>(0,T’; L*(12)),
we deduce the strong convergences stated in Theorem 2.2.

As v converges in L2(0,T; L?(Q))?%, we can assume that, up to a subsequence,

v(t) — Vp(t) in L? (Q)d for a.e. t € (0,T). Take a to for which this convergence holds,
and such that fs (to) = 0; we now prove, using the method of proof by contradiction,
that p(to) — p(to) in LIOC(Q) (along the same subsequence as the one chosen for v,
which thus does not depend on ty). If this convergence does not hold, then we can
assume, up to a new subsequence, that, for some n > 0, d;(p(to), p(to)) > 1, where dy
is the distance in LL (). By (17), (p(to), v(to), F™0:R)) € L, (D) (where n(to, k) is
such that (n(to, k) — 1)k < to < n(to, k)k) and Proposition 3.1 proves, with the help
of the CauchySchwarz inequality, that M (D, v, F***)) (defined in Lemma 7.3)
stays bounded; hence, since p(tg) is bounded in L%(Q) (see again Proposition 3.1),
Lemma 7.3 and Kolmogorov’s compactness theorem show that, up to a subsequence,
p(to) converges to some P strongly in Li () and weakly in L?(£2). By (22), it is
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clear that [, P = 0 (use the weak convergence in L*(£2)). Applying Lemma 7.4 to the
functions constant in time (u,r) = (p(to), v(tg)) and to the fluxes H = F™t0:*)  the
estimates in Proposition 3.1 allow us to see that (64) is satisfied and thus that VP =
Vp(to) (because v(to) — Vp(to)); hence, since [, p(tg) = 0, we deduce that P = p(to),
and therefore that p(tg) — p(to) in Lloc( ). Since the subsequence along which this
convergence holds has been extracted from a sequence which satisfies d1 (p(to), (to)) >
7, this gives the contradiction we sought.

Remark 5. 1 From the strong convergence of v and the a.e. convergence of ¢, we

have fo Jo A( vV — fo JoA(e)Vp-Vp = fo Jo(at —q7)p. Hence, (56) implies

(59) k—0, size( D)*}OZ Z Z VKm |FKU| =0.

n=1 KeMoeck

5.3. Convergence of the concentration. Let us now turn to the conver-
gence of (¢, w). By the estimates of Proposition 3.2, the convergence of ¢ to ¢ holds
not only in L'(0,7; L .(2)), but also in L>(0,7; L?(£2)) weak-+ and strongly in
LP(0,T; L1(Q)) for all p < co and ¢ < 2. Up to a subsequence, we can assume that
w — w weakly in L2((0,T') x Q)%. Thanks to the estimates on G from Proposition 3.2,
the analogue of (51) reads

Ni
Sk Y Y diam(K)ugm(K)|G | < Cassize(D) =

k=1 KeMoeék
— 0 as size(D) — 0.

Hence, by (24) and Lemma 7.4, we have ¢ € L*(0,T; H'(2)) and w = Vé. We now
prove that ¢ is a solution to (9), with U the strong limit of U found in section 5.2.

Let ¥ € C2([0,T) x Q) and, for n = 1,..., Ny, ¢¥"(z) = 1 (’;’il)kw(t,x) dt. We
multiply (27) by k¢"(xk) and sum over all K € M and over n = 1,..., Ny; this
gives Tg + T7 + Tg + To = T1p. Let us study the limit of each of these terms as kK — 0

and size(D) — 0.

5.3.1. Limit of Tg. We have, since 9™ = ¢pNe+1 = ( for k small enough (the
support of 1 does not touch t =T),

N e 1 .

:gk%m(m ey )

_ Zk Z K} P (XK ) _kwn+1(XK) _ Z m(K)(I)KC(]J('(/)l(XK)
n=1 KeM KeM

T
=/ /‘I’CCk,D—/ D pcomr,p,
0o Jo Q

where &p = Pk on K (as before), (pp = %ﬁﬂ(x“) on [(n — 1)k,nk) x K,
and mpp = Yk on K (n=1,..., Ny and K € M). By regularity of v, it is clear that
Ck,p — —Optp uniformly on (0,7) x Q and 7, p — (0, -) uniformly on 2; we also recall
that ®p — ® strongly in L?(2). The weak-* convergence of ¢ in L>(0, T; L*(Q)) then

implies Tg — — [ [, @0 — [, Peotp(0,-).
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5.3.2. Limit of T. Making use of manipulations which should be, at this stage,
familiar to the reader, we get, using (52) with ¢ = 1 and letting ¥, p be the function
on [0,T) x © equal to Vi"(xx) on [(n — 1)k,nk) x K,

S Y Y Gl

n=1 KeMoelk

N Ni
= Zk: Z V"™ (xx) - Z Gk »(Xo fo)Jer Z Z Gk .o

n=1 KeM o€lk n=1 KeMoeclg
_Zkz K)Dg (UG )whe - Vi ( Zkz > G,
n=1 KeM n=1 KeMo€efk

T Ny,
(60) :/ w DU s+ 3 kS S Gn,
0 Q

n=1 KecMocfk
However, thanks to the estimates on G from Proposition 3.2, the analogue of (55)
reads

4-2d—8

Ni
Z k Z Z G'% < O3y size(D) 2 — 0 assize(D) — 0.

n=1 KeMoefk

Since U — U strongly in L2((0,7) x ©)%, hypothesis (12) classically implies that
D(-,U) — D(-,U) strongly in L%((0,T) x Q)4x4, Since ¥y p — V4 uniformly on
(0,T) x Q, we deduce that D(-,U)TU, p — D(-,U)TVy in L2((0,7) x Q)¢ and
the weak convergence of w to V¢ allows us to pass to the limit in (60), and we get
Ty — [ [, D(-, U)Ve- V.

5.3.3. Limit of Tg. The term Ty is built by writing —kT5 (introduced in the
proof of Lemma 5.1) with "™ (x) instead of ¥k and summing over n, that is,

Ni
=SkY Y [CERTE — (<FPL) TG W (xk).

n=1 KeM 0'=K|L€5Kﬁgim

In the proof of Lemma 5.1, the estimate (49) on T, has been proved for test functions
¢ in C%(Q), but it is also valid for test functions in C?(Q); in the same way, it is still
valid if we use, in the definition of Ty, ¢(xx) rather than the mean value of ¢ on
K (because (52) is similar to (38) without requiring xx to be the barycenter of K).
Therefore,

T8+Zk Z CKUn V’l/)n(XK)

n=1 KeM

Ny,
< Csssize(D) "2~ Y k ( > m(E)(|wh| + |c?<|>2>

n=1 KeM

Ny, 3 3
+cg5zk<z S el FKG|2> (z m<K>|w¢<|2>

n=1 KeMoe€i KeM

2

Ny H
+035 size(D) Zk‘ ( Z Z VKm(K)GTIL{,UF)

n=1 KeMo€e€k
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and, using the Cauchy—Schwarz inequality, the estimates of Proposition 3.2, and (59),
this right-hand side tends to 0 as k — 0 and size(D) — 0. With the same ¥y p as
before, we have SN kS m(K)E U - Vo (xg) = [ [ ¢U - Wy p, and we
therefore can pass to the limit (using the weak convergence of ¢ in L2((0,T) x ), the
strong convergence of U in L2((0,T) x )¢, and the uniform convergence of ¥) p on

(0,T) x Q) to obtain Ty — — fOT [, U0 - V.

5.3.4. Limits of Ty and Tyo. We have, with ¢, p equal to " (xx) on [(n —
1)k, nk) x K,

Ty = %k > m(K)gp " k" (xx) =/OT/Qqc1/)k,D —>/OT/QQE¢-

n=1 KeM

It is also easy to pass to the limit in

Ny T
To=3k Y wK)et G o) = [ [ v

n=1 KeM

once we notice that, as for ®p, the function ¢, p equal to ¢% on [(n — 1)k, nk) x K
converges to ¢ in L?((0,7T) x Q). Hence, Tyo — fOT Joate.

Gathering the preceding convergences in Tg + 17 + T+ Tg = 119, we deduce that
¢ is a weak solution to (9) with the function U being the limit of U.

6. Numerical results. In this section, we illustrate the behavior of the mixed
finite volume scheme by applying it to the system (1)—(7), which describes the miscible
displacement of one fluid by another in a porous medium. Some of the tests cases
come from [20], where an ELLAM-MFEM scheme is used, and our results compare
very well to the ones in this reference. In practice, for the implementation of the
numerical scheme we have used the hybrid method mentioned in Remark 4.1.

In all the test cases, the spatial domain is © = (0,1000) x (0,1000) ft> and the
time period is [0,3600] days. The injection well is located at the upper-right corner
(1000, 1000) with an injection rate ¢* = 30 ft2/day and an injection concentration
¢ = 1.0. The production well is located at the lower-left corner (0, 0) with a production
rate ¢~ = 30 ft2/day. The viscosity of the oil is (0) = 1.0 cp, the porosity of the
medium is specified as ®(z) = 0.1, and the initial concentration is co(z) = 0.

Remark 6.1. Although this does not entirely satisfy the assumptions of our
theoretical study, the wells can be considered as Dirac masses; from the point of view
of numerical tests, we saw no difference between using Dirac masses for ¢* and ¢~
or approximations of such masses by functions with small support (which would be
admissible in the theoretical study).

The mesh of the domain is partitioned into 928 triangles of maximal edge length
50 ft. We take as time step k = 36 days, but the scheme still works with greater time
steps (indeed, the discretization is implicit in time and does not require any stability
condition). In fact, if we use the same time step k = 360 days as in [20], we obtain
numerical results close to the ones in this reference but, since the computational times
are in any case very short (less than 3 seconds per time step on a personal computer),
we choose the smaller time step kK = 36 days to show more accurate results with
respect to the exact solution. As noticed in [9], the choice of vk has very little impact
on the numerical outcomes and any small value for the penalization gives good results;
we therefore take vxgm(K) = 1076 for all K. Note that for 1071° < vpm(K) < 1072,
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the numerical results are similar. For each test case, we present the surface plot
and/or the contour plot of the concentration ¢, the interesting physical quantity, at
t = 3 years (=~ 30 time steps) and ¢ = 10 years (=~ 100 time steps).

Remark 6.2. Notice that our scheme preserves the discrete mass, that is, for
n = 1, ey Nk,

/ng(m)c"(x)d:ﬂ—i-/(:kl)k/ﬂq(t,a:)c"(x)dzdt:/ﬂqﬁ(x)cn1(3:)dx

nk
—|—/ /qu(t,a:)E‘”(x) dxdt
(n—1)k Jo

(this is obtained by summing (27) over all K € M and using (25) and (28) to cancel
the terms involving G% , and (18) to cancel the terms involving Fg ). This is of
essential importance in the applications.

Remark 6.3. We also notice that, in all the following numerical tests, the com-
puted values of the concentration remain in [0, 1]. This is, however, only a numerical
verification, not a proof (but, thanks to assumption (11), these bounds are not needed
to prove the convergence of the mixed finite volume scheme—and in fact, since the
computed ¢ remains in [0, 1], the implementation of the scheme does not require ex-
tending p outside of [0, 1]). The mixed finite volume method has many advantages: it
works on very general meshes (which can be useful in petroleum engineering; see [14]);
it ensures strong convergence of the discrete gradients (and therefore convergence of
the scheme for the fully coupled system with minimal regularity assumptions on the
data); it can be easily implemented. But the counterpart is that, though the continu-
ous concentration remains in [0, 1] (see [3] or [15]), we did not prove such bounds for
the approzimate concentration; they are just verified in numerical experiments (such
is also the case for other numerical methods; see, e.g., [12, 17, 20]).

Test 1. For this test case, we assume that the porous medium is homogeneous and
isotropic: the permeability tensor is diagonal and constant, K = 80I. The mobility
ratio between the resident and the injected fluids is M = 1, so that the viscosity is
constant, u(c) = 1.0 cp.

We assume that ®d,, = 1.0 ft2/day, ®d; = 5.0 ft, and ®d; = 0.5 ft. This means
that the diffusion effects will be considerably greater than the dispersion effects, which
is in fact unrealistic.

The surface plot and the contour plot of the concentration ¢ at ¢ = 3 years and
t = 10 years are shown in Figure 1. As expected, the Darcy velocity is radial and the
contour plots are circular until the invading fluid reaches the production well (see at
t = 3 years). When the production well is reached, the invading fluid continues to fill
the whole domain until ¢ = 1.

Test 2. The permeability tensor is still diagonal and constant, K = 80I. The
adverse mobility ratio is M = 41 and the viscosity p(c) now really depends on c.

We assume that there is no molecular diffusion ®d,, = 0.0 ft?/day and that
®d; = 5.0 ft and ®d; = 0.5 ft. This means that we take into account dispersion
effects, which is realistic.

This test case is presented in [20] and permits us to see the macroscopic fingering
phenomenon. Indeed, the viscosity p(c) rapidly changes across the fluid interface.
It induces rapid changes of the Darcy velocity U, and the difference between the
longitudinal and the transverse dispersivity coefficients implies that the fluid flow is
much faster along the diagonal direction. Such effects can be seen on the surface and
contour plots in Figure 2.
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FiG. 1. Concentration of the invading component in Test 1.

Remark 6.4. Although this test (as well as Tests 3 and 4) does not satisfy our
theoretical assumptions (because d,,, = 0), we present its results to show that the
mixed finite volume scheme is robust and can numerically handle more general cases
than the ones admitted in the theoretical study, and also to compare it with other
existing schemes for the same equations (note that there is no theoretical study of
convergence whatsoever in [20] or [21]).

Test 3. In this test case, we consider that the permeability tensor is still diagonal
but discontinuous: K = 80I on the subdomain (0, 1000) x (0, 500) and K = 20I on the
subdomain (0, 1000) x (500, 1000). The adverse mobility ratio, the molecular diffusion,
the longitudinal and the transverse dispersivities are the same as in Test 2.

The lower half domain has a larger permeability than the upper half domain.
Therefore, when the invading fluid reaches the lower half domain, it “prefers” to pass
through this domain rather than through the domain with lower permeability. As
expected, we also notice that the upper half domain is, overall, less invaded than in
Test 2. These effects are illustrated by the contour plots of ¢ in Figure 3.

Test 4. In this last test case, the permeability tensor has the form K = x(x)I with
k(z) = 80 except on the four square subdomains (200,400) x (200,400), (600, 800) x
(200, 400), (200,400) x (600, 800), and (600, 800) x (600, 800), where x(z) = 20. The
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F1G. 2. Concentration of the invading component in Test 2.

adverse mobility ratio is M = 41, and we take ®d,, = 0.0 ft?/day, ®d; = 5.0 ft, and
®d;, = 0.5 ft.

Figure 4 shows the contour plot of the concentration at ¢ = 3 years and t =
10 years. The subdomains where the permeability is lower can easily be seen in the
figures. We note that the area occupied by the invading fluid at ¢ = 10 years is in this
case larger than in Test 2, where the permeability was homogeneous.

7. Appendix.

7.1. A magical lemma. The proof of the following lemma (a very simple ap-
plication of Stokes’s formula) can be found in [9].

LEMMA 7.1. Let K be a nonempty polygonal convex domain in R?. For o € £k,
we define X, as the center of gravity of o, and nk , as the unit normal to o outward
to K. Then, for all vector e € RY and for all point xx € R%, we have m(K)e =
Y ovee, M(0)e ng o (X, — Xk), where m(K) is the d-dimensional measure of K and
m(o) is the (d — 1)-dimensional measure of o.

7.2. Lemmas on discrete gradients. For D an admissible mesh of  and
v = (Vk)kem a family of positive numbers, we denote by L, (D) the space of (u,r, H),
with u = (ux)xem a family of numbers, r = (rx)xem a family of vectors, and
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H = (Hg,s)keM, ccey a family of numbers, such that, for all 0 = K|L € &y,
(61) rx-(xXo —Xg)+rL-(xp —%Xo) +vgm(K)Hg o —vpm(L)Hy » = up — Ui

(note that u and r are also identified with the corresponding functions on  constant
on each control volume K). The following lemmas are the counterparts for Neumann
boundary conditions of lemmas stated in [9] or [8] in the case of Dirichlet boundary
conditions.

LEMMA 7.2. Let Q be a convex polygonal bounded domain in R, D an admissible
mesh of Q such that regul(D) < 0 for some 8 > 0, and v = (Vg)kem a family of
positive numbers. Then there exists Csg depending only on d, 2, and 0 such that, for
all (u,r, H) € L, (D) satisfying [, u =0,

ullL22) < Cs6 (lIxllp2(0)e + Ma(D, v, H))

with My(D,v, H) = (X et e dism(K)24-202 m(K)| Hy o |2) .
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Proof. Let w be the weak solution of —Aw = u on {2 with homogeneous Neumann
boundary conditions on 9 (such a w exists thanks to the fact that fQ u = 0) and
null mean value. Since Q is convex, it is well known (see [16]) that w € H?(Q2) and
that there exists C37 depending only on d and € such that |[w||g2q) < Cszllul|L2(q)-

We multiply each equation of (61) by fg Vw-ng . dvy, sum over the interior edges,
gather by control volumes, and use that fa Vw - ng . dy =0 whenever o € Eux; this
gives

Z Z rK-(xU—XK)/Vw~nK70d7

(62) KeMoelk
+ 3wl i, [ Vi ni,dy =l
KeMoelk

Since regul(D) < 0, [8, Lemma 8.1] gives C3g depending only on d, €2, and 6 such

that
2 2
038111(0') 2
< \Y% < — % .
_/U Wd’Y‘ = dia (K)||w||H2(K)

/ Vwdy ng s

Using the Cauchy—Schwarz inequality, we deduce, since Card(Ex) < regul(D) < 6 for
all K € M,

Z Z rK-(xg—xK)/walK,gdv

KeMo€elk
dlam 2\ *
<Z > m I‘K|2> (Z Yoo /VIUdV'nK,o )
KeMoeEk KeMoetlk 7
N ’ diam(K)m(o :
<(cunt (5 i) (5 @”szm) |
KeM KeMoelk

We have, if o € £k, m(0) < wg_jdiam(K)4~1 (where wy_1 is the volume of the unit

ball in R%1); thus, by (16), Semm(@) < reeulPleas gnq we obtain

0% \/Caswa_1
)Y S e =) [ Ve iy < Y el

KeMoelk

The Cauchy—Schwarz inequality also gives

Z Z VKm(K)HK7U/Vw~nK,Ud7

KeMoelk

(Z Z diam(K 2d 2 2 (K)|HK’U|2>
KeMoelk
(X % s

KeMoelk

2

N|=

/ Vw - ng o dy

2)
1
A Jm(K)
< CBSMQ(D7V?H (Z Z dlamKQd 1|w||H2(K)> .

KeMoe€k



MIXED FV SCHEME FOR A COUPLED SYSTEM 2255

Since % < wg—1wq, this inequality and (63) plugged in (62) conclude the
proof, since ||wl| g2y < Car|lul|L2(q)- O

LEMMA 7.3. Let ) be a convex polygonal bounded domain in R, D an admissible
mesh of Q such that regul(D) < 0 for some 8 > 0, and v = (Vk)kem a family of
positive numbers. Let w be relatively compact in Q). Then there exists Csg depending
only on d, Q, w, and 0 such that, for all (u,r, H) € L,(D) and all |¢] < dist(w, RI\Q),

lu(-+€) = ullzrw) < Cso (Irllnr(ye + Mi(D,v, H)) I€],

where My(D,v, H) = 3 e pq Sowes, diam(K)wgm(K)|[Hg o|.

We leave to the reader the proof of Lemma 7.3, counterpart of Lemma 3.2 in [9].

LEMMA 7.4. Let Q be a convex polygonal bounded domain in R and let T > 0.
Let (Dy)m>1 be a sequence of admissible meshes of Q@ such that size(D,,) — 0 as
m — oo and (regul(D,,))m>1 is bounded. We also take, for all m > 1, ky, > 0 such
that Ny, = T/ky, is an integer and k,, — 0 as m — oo, and vy, = (Um, k) Kem,, @
family of positive numbers.

Forallm>1and alln=1,...,Ny, , we take (u™",r™") = (up", r%" ) kem,,
and a family H™" = (H' ) ke, , ocex such that (u™",x™" H™") € L, (Dp,).
We let (u™,r™) be the functions on [0,T)x equal to (up™, v%"™) on [(n—1)k,nk)x K
(forn=1,...,Ng, and K € M,,).

Assume that, as m — oo, u™ — @ weakly in L*((0,T) x Q), ™ — t weakly in
L2((0,T) x )%, and

N,

(64) S km Yo Y diam(K) vy xm(K)HE| - 0.
n=1

KeM,, c€€k

Then @ € L?(0,T; HY(Q)) and Vi = .

Proof. We first simplify the notation by dropping the index m; hence, we denote
D =Dy, k = km, u =u", r =1" Hf = Hp'!' and we are interested in the
convergence of quantities as k — 0 and size(D) — 0.

To prove the lemma, we just need to show that Vi = T in the sense of the
distributions on (0,7) x Q. Let ¢ € C((0,T) x Q) and e € R%; we multiply each
equation (61) on (u™,r™, H") by f(zk—nk |, ve -ng s dy. We then sum over all the
edges and, using ng, = —ng, if 0 = K|L € &y, we gather by control volumes.
Thanks to the fact that [ (7:11) ) we ng o dy=0if 0 € ey, we can freely introduce
the terms corresponding to boundary edges (which are otherwise not present). Finally
summing over n = 1,..., Ng, we obtain

N nk
Z Z ri - Z /s@e~nK,ad'y(xa—xK)
n=1KeM ocefk (n—1)k Jo
Nk nk T
(65) +Z Z Z VKm(K)HIn(,U/ /(pe'nK,o’ d'}/: _/ /udlv(goe)
n=1KeMo€e€k (n=1)k Jo 0o Jo

By convergence of u, this right-hand side tends, as & — 0 and size(D) — 0, to
— fOT Jo udiv(pe). Let us denote by T1; and Ty the two terms on the left-hand side
of this equality.
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We have, since ¢ is bounded and m(c) < wq_idiam(K)4~1 if o € Ex,

Ti2] < ||¢lloowd— 1Zk Z Z vm(K)|H}; ,|diam(K)*!

n=1 KeMoefk

and thus, by assumption, T12 — 0 as k — 0 and size(D) — 0. We now compare T
with

1
Ti3 = r / m(o) (/ <pe> ‘N, (Xe — XK ).
25 5 e (i
Since ¢ is regular, we have Cyy depending only on ¢ such that
|T11 — Ths| < Cypsize(D Zk Z v’ | Z o)diam(K).
n=1 KeM oc€fK

Using the fact that regul(D) stays bounded and that m(c) < wg_jdiam(K)4~!, we
get

|T11 — T13| S C'4lsize Zk Z |I‘K| C4181Z€( )Hr”Ll((O,T)XQ)d'
n=1 KeM

Since r is bounded in LQ((O T) x Q)d this shows that Ty; — T13 — 0 as size(D) — 0.

Using Lemma 7.1 with m(K) Jx ©(t,-) e instead of e, we get
T T
Tls—ZZrK/ /goe:/ /r-cpe—>/ /f-<pe
ey K 0o Ja 0o Ja

as k — 0 and size(D) — 0. Hence, the limit of (65) as k¥ — 0 and size(D) — 0 gives
fOT JoT-pe=— fOT Jo udiv(ge), which concludes the proof. 0

7.3. A compactness lemma. The following lemma, whose proof is inspired
by classical proofs of Kolmogorov’s or Aubin’s compactness theorems, mixes a weak
time-compactness and a space-equicontinuity property to obtain a strong time-space
compactness.

LEMMA 7.5. Let Q be a bounded domain in R%, let T > 0, and let A C
LY0,T; LY. (). If A is relatively compact in L*(0,T;(C2(Q))") and if, for all w
relatively compact in €,

sup [[u(-, -+ &) —ull1o,r)xw) — 0 as|§] =0,
ucA

then A is relatively compact in L'(0,T; L, (2)).

Proof. Let w be relatively compact in 2 and take (p.)o<<dist(w,r4\ @) Smoothing
kernels on R? such that supp(py) is included in the ball of center 0 and radius p. For
u € A, let u, = u* p, (the convolution being only on the space variable), which is
defined on (0,7) X w

We first prove that, for all p, A, = {u,, u € A} is relatively compact in
L'((0,T)xw). Let (ul)n>1 be asequence in A,. Since (u"),> lies in A, it is relatively
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compact in L(0,T; (C2(R2))") and we can assume, up to a subsequence, that it con-
verges in this space. We then have, for all (¢,z) € (0,T) x w, since supp(p,(z—-)) C
by choice of p,

(1)~ (t, )| = ' [ @) =)ot ) d

<l () =™ (@)l ez llou(@ = )llez@)-

Hence, integrating on € w and ¢t € (0,7, we find C}, depending on x but not on n
or m such that |luj; —u||L1(0,7)xw) < Cpullu™ —u™|| L1 (0,1;(02(02))), Which shows that
(up)n>1 converges in L'((0,T) x w) since (u™),>1 converges in L'(0,T;(CZ(2))").
Hence, for all p € (0,dist(w, R1\Q)), A, is relatively compact in L'((0,7) x w).

Let us now conclude. It is sufficient to show that sup,,¢c 4 [|u—uu| £1((0,7)xw) gOES
to 0 as pu — 0. Indeed, once this is done, we get A C A, + Br1((0,1)xw)(0,(u)) with
§(p) — 0 as p — 0, which clearly shows, since A, is precompact in L'((0,7) x w),
that A is also precompact (and thus relatively compact) in this space. Let u € A,
t €(0,T), and z € w; we have |u(t,z) —u,(t, z)| < fB(O,/L) lu(t, ) —u(t,z—y)|p.(y) dy

and thus, integrating on = € w and ¢ € (0,7,

T
I / / / lu(t, ) — u(t, = — )| didz p,(y) dy
B(0,u) JO w

T
<swp [ [ utta) - ulto )l de
0 w

and the proof is concluded. ]

7.4. A technical lemma. The proof of the following technical lemma is left to
the reader.

LEMMA 7.6. Let Q be a convex polygonal bounded domain in R%, let T > 0,
and let A : Q xR — My(R) be a Carathéodory bounded matriz-valued function. Let
(Din)m>1 be a sequence of admissible meshes of Q such that size(D,,) — 0 as m — oo,
and let ky, > 0 be such that Ny, = T/ky, is an integer and ky, — 0 as m — oo.

Let u™ = (up " )n=1,...Ny,, , Kem be a function on (0,T) x Q, constant on each
[(n—1)knk) x K (n =1,...,Ny,, K € M,,). We assume that u™ — @ in

LY0,T; L () as m — oo. Let Z™ € L*((0,T) x Q)%, which converges to Z
in L2((0,T) x Q)¢ as m — oo. Define Ap,, : @ x R — My(R) by Ap, (2,5) =
ﬁ I Aly, s) dy whenever x belongs to K € M,y,.

Then Ap,, (-, u™)Z™ — A(-,u)Z in L?((0,T) x Q)¢ as m — .
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