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Abstract We consider the nonlinear heat equation (with Leray-Lions oper-
ators) on an open bounded subset of RY with Dirichlet homogeneous boundary
conditions. The initial condition is in L' and the right hand side is a smooth
measure. We extend a previous notion of entropy solutions and prove that they
coincide with the renormalized solutions.
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1 Introduction

We consider the parabolic equation

uy — div(a(t, z,u, Vu)) = p in@=10,T[xQ,
u=0 on |0, T[ x 99, (1.1)
u(0) = ug in

where T > 0, Q is a bounded open subset of RY (N > 1), —div(a(t, z,u, Vu)) is
a Leray-Lions operator, ug € L*(Q) and p is a bounded measure on ) which is
absolutely continuous with respect to the parabolic capacity associated with the
operator —div(a(t, z,u, Vu)) (see below the precise hypotheses).

Under the general assumption that g and ug are bounded measures, the
existence of a distributional solution can be proved (see [4, 3]). However, due to the
lack of regularity of the solutions, this formulation is not strong enough to provide
uniqueness. Hence new concepts of solution have been defined for integrable right
hand sides (see [2, 10, 6]). For a more complete presentation and references, see
[6].

In [6], the notion of renormalized solution has been developped in the case of
bounded measures absolutely continuous with respect to the capacity. We extend
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here the notion of entropy solutions (defined in [10]) to these right-hand sides and
we prove that these solutions are the same as the renormalized solutions.

Notice that we also slightly extend the notion of renormalized solution to take
into account that, on the contrary to [6], our Leray-Lions operator also depends
on u. In particular, in the case we consider, uniqueness of the renormalized (or
entropy) solution is not certain, and we therefore prove that any entropy solution
is a renormalized solution (and vice-versa).

2 Hypotheses and definitions
We take T' > 0 and € a bounded open subset of RY, and we denote Q = ]0, T'[ x 2.
Let p € |1, 00[; we take p* € |p, oo] such that W, ?(2) is embedded in L*" (Q) (i.e.

p*=Np/(N—p)if p< N, p* <ooif p=N and p* =0 if p > N).
The hypotheses on the operator in (1.1) are the following:

a:10,T[x Q2 x R x RN — R¥ is a Caratheodory function, (2.1)

JA € LY(Q), 3a > 0 such that a(t,z,s,£) - &€ > alé[P — A(t, x)

(2.2)
for a.e. (t,x) € Q and all (5,£) € R x RV,
3B>0,3Ibel’@Q), Iv<(p-1) (1 - #) such that

la(t, z,5,6)] < B(b(t, ) +[s]” + [€[P~) (2.3)

for a.e. (t,z) € Q and all (5,£) € R x RV,
(a‘(t7x787£) —a(t,x,S,ﬂ)) ’ (5_77) >0 (2 4)

for a.e. (t,7) € Q and all (5,£,7) € R x RY x RN such that & # 7.

Remark 2.1 As ezamples of such functions, we can take a(t,z,s,§) = |£|P~2¢

(the p-Laplacian), but also a(t,x,s,&) = [£[P72€ + d(t, z, ) + (¢, z, 8)[]7%E,
where q € 1,p[, ¢ and ¢ are Caratheodory functions, sup,cg |0(-,-,s)| € L? (Q),

¥ >0 and [Y(t, z,s)| 70 < C(h(t,z) + |s|) with h € L' (Q).

We denote by M(Q) the set of bounded measures on (Q which are absolutely
continuous with respect to the p-parabolic capacity. We will not detail the results
concerning this capacity and Mo(Q) (see [6]), we only recall the following.

Let us define V. = WyP(Q) N L3Q), and W = {u € LP(0,T;V)|u; €
L¥(0,T;V")}, endowed with the norm |julw = lulleo,rvy + llwell o 0, 7v7)-
If U C Q is an open set, we define the parabolic capacity of U as cap,(U) =



inf{||ullw : v € W, u > Xy almost everywhere in @} (we use the convention
inf() = +o00); then for any borelian subset B C Q the definition is extended by
setting: cap,(B) = inf {capp(U), U open subset of ), B C U}. M(Q) is defined
as the set of bounded measures p satisfying p(F) = 0 for every subset E C @ such
that cap,(E) = 0. The next theorem states the main property of M(Q).

Theorem 2.2 If u € My(Q), then there exist f € LY(Q), G1 € LPI(Q)N and
g2 € LP(0,T; Wy P (Q) N L(Q)) such that

/(pdu:/fgodtdx—l—/Gl-Vgodtdx—/gotggdtdx, Vo € C([0,T] x Q).
Q Q Q Q

(f, —div(Gh), g2) is called a decomposition of u (it is not unique).

For k > 0, we let Ti(s) = max(—k, min(k,s)) the truncature at levels k
and —k and we let ©4(s) = [ Ti(7) d7 (remark that ©(s) > 0 for all s and all
k > 0). Let us now state the definition of a renormalized solution for (1.1) (a slight
generalization of the one in [6]).

Definition 2.3 Under hypotheses (2.1)—(2.4), if ug € LY(Q), n € Mo(Q)
and (f,—div(G1),g2) is a decomposition of p according to Theorem 2.2, then a
renormalized solution to (1.1) is a measurable function u such that

u— gy € L0, T; L)), Ti(u— g2) € LP(0,T; Wy P(Q)) for all k>0, (2.5)

lim [VulP dtdx = 0 (2.6)

1700 J{n<|u—ga|<n+1}

and, for all S € W%>(R) such that S’ has a compact support,

(S(u—g2))t — div(S’(u — g2)a(t, z,u, Vu))
+ 5" (u—g2)alt,x,u,Vu) - V(u — g2)

2.7)
=5"(u—g2)f +5"(u—g2) G1-V(u— g2)
—div(S(u — g2)G1) in D'(Q),
S(u = g2)(0) = S(uo) in L'(2). (2:8)

Remark 2.4 It is known that, if v = u — gy satisfies Ti,(v) € LP(0,T; W, P (2))
for all k > 0, then there exists a unique measurable vector-valued function Vv such
that V(T (v)) = 1{juj<iy Vv for all k >0 (see [1] for the elliptic case); hence, if u
satisfies (2.5), we can define the function V(u — g2) and, since the gradient of go
is a function, this also gives a gradient Vu = V(u — g2) + Vga : Q — RN for u.



We will see in section 4 that (2.7), with this definition of Vu, and (2.8) make
sense.

Remark 2.5 It is proved in [6] (in the case where a does not depend on u) that
this definition of renormalized solution does mot depend on the decomposition of
w: if a function is a renormalized solution for a particular decomposition of p,
then it is a renormalized solution for any decomposition of . This is still true
if a depends on u: let u be a renormalized solution for a decomposition of p and
consider, as in Section 6.2, a(t,x,&) = a(t,x,u(t,z),£). Hence u is a renormalized
solution for a and the same decomposition of p. According to [6], the same u is
also a renormalized solution for the same a and any other decomposition of p.
Thus u is a renormalized solution for a and any other decomposition of .

Remark 2.6 A renormalized solution to (1.1) is also a solution in the distri-
butional sense. Indeed, if u is a renormalized solution then, by Proposition 4.1,
lul” € L (Q) and a(t,=,u,Vu) is integrable; hence, using S = S, (defined at the
beginning of Section 5) in (2.7), we can let n — oo to see, thanks to (2.6), that u
satisfies the first equation of (1.1) in the distributional sense.

We now introduce the notion of entropy solution, which is a generalization
of the definition given in [10] when px € L'(Q). To this end, we define

E ={p€ LP(0,T; Wy () N L¥(Q) | e € L (0,T; W1 (2)) + L1(Q)}
According to [9], one has E C C([0,T]; L*(2)).

Definition 2.7 Under hypotheses (2.1)—(2.4), if up € LY(Q), p € Mo(Q) and
(f,—div(Gh),g2) is a decomposition of u according to Theorem 2.2, an entropy
solution to (1.1) is a measurable function u such that

Ti(u — ga) € LP(0,T; WyP(2)) for all k > 0, (2.9)
tel0,T] — / Ok(u — g2 — ) (t,x) dx is (a.e. equal to) a continuous function,
Q

for all k>0 and all p € E,

(2.10)
/ Okl — g2 — (T, x) da / O (uo(z) — (0, 2)) dx
Q T Q
+ [Tt —ga = )
+ [ a(t,z,u,Vu) - V(Tk(u — g2 — ¢)) dtdx (2.11)

Q
S/ ka(u—gg—go)dtdx—l—/Gl-V(Tk(u—gg—go))dtdx,
Q Q

forallk >0 and all p € E.



Remark 2.8 In (2.11), we denote by (-,-) the duality product between W=7 (Q)+
LY(Q) and W, P(Q) N L>(Q).

In section 4, we will prove that each term in (2.11) is well defined.

Remark 2.9 In fact, Definitions 2.3 and 2.7 of renormalized and entropy solu-
tions, and all the resulls we present here, are also valid for (1.1) with right-hand
sides of the kind “f — div(Gy) + Oyg2” (with f € L*(Q), G1 € LP (Q)N and
g2 € LP(0, T; Wy P () N L2(Q))), even if they do not come from a measure.

3 Main results

The main result of this paper is the following theorem.

Theorem 3.1 Under Hypotheses (2.1)—(2.4), a function is an entropy solution
of (1.1) if and only if it is a renormalized solution of (1.1).

The definition we have chosen of entropy solution uses an inequality in (2.11)
instead of an equality (such as for renormalized solutions); this is a standard choice
for entropy solutions because it is sufficient to obtain the uniqueness (in the case
where a does not depend on v and p € L'(Q) for example; see [10]) and makes the
proof of the existence quite easier (there is no need to prove the strong convergence
of the gradient of the approximate solutions). However, as an immediate corollary
of Theorem 3.1 (see Remark 5.2 for the first part and Remark 2.5 for the last one),
we also have:

Corollary 3.2 Under Hypotheses (2.1)—(2.4), an entropy solution to (1.1) also
satisfies (2.11) with an equality instead of an inequality. Moreover, the definition
of entropy solution does not depend on the decomposition of p: if a function is an
entropy solution for a particular decomposition of u, then it is an entropy solution
for any decomposition of .

Remark 3.3 The exponent of |s| in (2.8) may seem curious. It is chosen to ensure
that, if u is an entropy or a renormalized solution of (1.1), then |u|* € LP' (Q) —
we need such a property to prove both implications of Theorem 3.1. Since the
regularity property of Proposition 4.1 below is the best we can get (see Remark
4.4), this choice of v is also optimal.

But it is to be noticed that, if we try and use the methods of [6] to prove the
existence of a renormalized solution to (1.1) (with a depending on w, which was
not the case in [6]), then we also need an estimate on [u|” in LP (Q) (in particular
to prove (2.6)). Thus, this limit on v does not seem to be a technical one and to be
restricted to the present work, but is also a natural hypothesis when dealing with
renormalized solutions to (1.1) in the case where a depends on u.

Remark 3.4 Another consequence of Theorem 3.1 is the fact that an entropy
solution to (1.1) is also a solution in the distributional sense (see Remark 2.6).



4 Coherence of the definitions and regularity re-
sults

Let us see that, if (2.5) is satisfied, then (2.7) and (2.8) make sense.
Let S € W2°(R) such that S’ has a compact support. We have u — go €

L>(0,T;L'(€2)), so that, S being bounded, S(u — g2) € L'(Q) and its time-
derivative exists in D’'(Q). We clearly have

S'(u—g))f € LNQ) and  S'(u—g2)Gy € LP (Q)V. (4.1)

Taking M a real number such that supp(S’) C [-M, M], we see that, when
S (u—g2) #0o0r S”(u—ga2) # 0, we have |u— ga| < M so that u— g2 = T (u— g2)
and Vu = V(Tar(u — g2)) + Vga (by definition of Vu, see Remark 2.4). Hence,
when S’(u — g2) or S”(u — g2) are not null, since v < p — 1,

IV(u—g2)| = [V(Tu(u—g2)) + Vgo| € LP(Q)
and

la(t, z,u, Vu)| B(b(t, ) + [Tar(u — g2) + ga2|” + [V(Tar (u — g2)) + Vga|P)
CR(Ob(t,x) + 1+ |M + |go||P~ 4+ |V (Tar(u — g2)) + Vo |[P~H)

e L"(Q). (4.2)

IAIA

This shows that

S’ (u— g2)a(t,z,u, Vu) € LPI(Q)N
S"(u — g2)a(t,r,u, Vu) - V(u — g2) € LY(Q) (4.3)
and  S"(u—g2)G1-V(u—g2) € LYQ).

Equations (4.1) and (4.3) prove that each term in (2.7) is defined in D'(Q)
and, moreover, that (S(u—gs)); € L? (0, T; W17 ())+L(Q). Since (2.5) implies
S(u — go) € LP(0,T; Wy P(Q)) (because, S” being null outside [—M, M], we have
S(u— g2) = S(Tu(u— g2))), [9] gives then S(u — g2) € C([0,T]; L*()) and (2.8)
makes sense. Furthermore, since (S(u — g2)): € LP (0, T; W=7 (Q)) + L*(Q) we
can use, as test functions in (2.7), not only functions in C$°(Q) but also functions
in LP(0,T; Wy () N L>®(Q).

Let us now consider the case of entropy solutions: we want to prove that if u
satisfies (2.9) and (2.10), then each term in (2.11) is well defined.

Tanks to (2.10), the first term of (2.11) is well defined; notice that, to be
precise, in this term we take the value at t = T of the continuous representative of
t — [o0k(u— g2 — ¢)(t,z)dx (this comes down to taking the essential limit
of this function as t — T). We have |Ox(s)] < kls|; since ug € L'(Q) and



o € C([0,T); LY(2)), we deduce that Or(ug — ¢(0,-)) is integrable on Q and
that the second term of (2.11) makes sense. On the set |u — g2 — ¢| < k, we have
|u—ga| < M = Ek+||¢||L=(q), hence, on Q, Ty.(u— g2 — ) = Tp(Tr(u—g2) — ) €
LP(0,T; W, () N L>=(Q). So, the third term and the right-hand side are well
defined thanks to the regularity on ¢, f and G and to (2.9).

It remains to study the fourth term. On the set {VTj;(u — g2 — ) # 0}, we
have |u — ga — | < k, hence, on this set, (4.2) holds. Since we have seen that on
Q, Tr(u— go — ) € LP(0,T; Wy P(Q)), we deduce that

a(t,z,u, Vu) - V(Ti(u — g2 — ¢)) € LY(Q) (4.4)

(notice that this has been obtained under the sole property (2.9) of u), and all the
terms of (2.11) are well defined.

To conclude this subsection, we state and prove a regularity result on entropy
and renormalized solutions. This result is mainly useful to bound the term |u|”
coming from (2.3).

Proposition 4.1 If u is an entropy or a renormalized solution of (1.1), then
i) u—go € L=(0,T; LY()),
ii) for all 0 < g < p(l— p%), lul? € LY(Q)

iii) for all0 < q<p—(1+1—5)71 |Vu|? € LX(Q).

Remark 4.2 Notice that i) gives u € L'(Q). If p < 2N/(N + 1) (hence N > 2
and p < N), ii) is weaker than i) since g < W —-1<1.

ii1) will not be useful to us in the following, but since it is very easy (and
classical) to obtain, we state it. If p < N, the condition in i) reduces to

0§q<p—NL+1 and, if p > N, it reduces t00§q<ﬁ.
Remark 4.3 These regularities are compatible with the results of [4]. But we
cannot directly use this reference since we have not supposed that all entropy or
renormalized solutions are obtained via approximation techniques.

Remark 4.4 These results are the best we can get, in the sense that, in general,
we cannot prove that [uP=1/7") ¢ LY(Q) and |Vulp~(+1/p=1/p)"" ¢ L1(Q).

Indeed, let N > p > 2N/(N+1),q = (p—14+p/N), r = (1+1/(p—1)(N+1)),
B =N/(g—1), 0 < o < inf(1 —1/q,1 = 1/r) and xg € Q; then p(t,z) =
|In(|t — T/2| + |x — x0|%)|* (truncated away from (T/2,x0)) does not belong to
L>=(Q) but satisfies Opp € LUQ) and Vi € L™(Q)N. Let u =3, o, mlEn
where E, = {n < ¢ < n+1}: we have p € L*(Q). Since p ¢ L>(Q), fQ o = +00.
Hence i€ LYQ)\[0(LP~17/N(Q)) + div(LMH/P=DIVHD (Q)N) )],



Let u be the solution to (1.1) with this u as data (and supposing that a does
not depend on w). If |u[P0=1/P) € LY(Q) and |Vu|p~(A+1/p=1/2)7" ¢ L1(Q),
this would lead to u € LP~P/N(Q) and Vu € LP~N/(NTD(Q)N which, thanks to
(2.3), gives a(t, z, Vu) € LM/ =D+ (YN Since an entropy or a renormalized
solution is also a solution of (1.1) in the sense of distributions (see Remarks 2.6
and 3.4), this would give ju € dp(LP~P/N(Q)) +div(LI TV P=DWNFU QYN which
is a contradiction.

Remark 4.5 We will prove in fact, as it is usual in elliptic and parabolic problems
with measure data, that u and its gradient respectively belong to the Marcinkiewicz
spaces of exponents p(1 — pi) andp— (1 + % - p%)_l.

Proof of Proposition 4.1

We let v = u — g2, and let C' be a constant that may change from line to line
but that is not depending on k or A.

Step 1: we prove i).

This regularity is in the definition of renormalized solutions.

For entropy solutions, this regularity comes from (2.10). Indeed, take ¢ = 0
and k = 1 in this property. The function ¢ € [0,7] — [, ©1(v)(t, ) dz being
a.e. equal to a continuous function, it is essentially bounded, say by M. Since
©1(s) > |s| — 1, we deduce that, for a.e. t € [0,T],

/ [v|(t, z) dx < /(1 + O01(v)(t,z)) de < meas(Q?) + M
Q Q

which proves that v € L>(0,T; L'(Q)).

To prove ii), we use classical techniques for elliptic or parabolic equations
with measure data.

Step 2: an estimate on V(7T (v)).

We first handle the case of entropy solutions. Using ¢ = 0 in (2.11) for some
k > 0, and since O > 0, we see that

/a(t,a:,u,Vu)-V(Tk(v))dtdx < /@k(uo(x))dx+k||f||L1(Q)
Q Q

F Gl o IV (T ()] e (@)-

But, since |Tj(s)| < k, we have O(s) < k|s|, so that

/ a(t,z,u, Vu) - V(Ti(v)) dtdr < kl|uol|p1(q) + Kl fl|L1 (@)
Q

Gl IV Tk ()] Lr (@) - (4-5)



Recall that v = u — go. By (2.2) and (2.3) and since v < p — 1, we have, on
{lol <k},
a(t,z,u, Vu) - V(Ty(v))
> a|Vul? — A(t,z) — B(b(t, 2) + [u]” + [VulP~1)|Vge|
> a|Vul? — A(t,z) — Bb(t, ) + [ul"~" + [Vul"1)[Vgsl

where b = 1 + b. Since VT,(v) = 0 outside {|v| < k}, we deduce

a/ |VulP dtdx
{lv|<k}

S/ a(t,x,u,Vu)-V(Tk(v))dtdx+/ Adtdx
Q Q

7 ~1 ~1
+0lIVa2llzr @ <||b||LP’(Q) + ||u||ip({\u|§k}) + ||Vu||ip({\v|§k})) '

On {Jv| < k}, we have u = T (v) + g2 and Vu = V(Tj(v)) + Vga; therefore, we
can find C' not depending on k such that

a/ |Vul|P dtdx
{lv|<k}
§/ a(t,x,u,Vu)-V(Tk(v))dtdx—i—/ Adtdx
Q Q

+C (14Tt + 1921150y + IV (Te@)I 2l + IVa2lte) ) -

Using Poincaré’s inequality, we finally obtain
a/ |Vul|P dtdx
{lvI<k}
< / at, 2,0, Vu) - V(Tx(w) didz + C (14 [V(T)I[5l))  (46)
Q

(we have also put fQ A in C). Now, we write

/ |V (T (v))|P dtdx
Q

. / V(4 — go)|P dtdz < C Vul? dtdz + c/ IV golP dtdz
{Iv|<k} Q

{lvI<k}

so that (4.5) and (4.6) give

/Q V()P didz < C + ClIV (Tu(0) |25, + Ck + ClIV (Te())ll (-



But Young’s inequality allows to write

_ 1
IV (Tl < €+ ITT@)IE )

and 1
IV @) llin@) < €+ ITT@)E g

We thus get, for all k£ > 1,

/ IV (T4 (v)) P dtdz < Ck. (4.7)
Q

For renormalized solutions, this estimate is very easy to obtain. We have
/ |V (Tk(v))|P dtde = / |[Vu — Vgo|? dtdz (4.8)
Q {lvl<k}
<C |Vul? dtdx + C/ |Vgo|P dtdz. (4.9)
{lv[<k} Q

But, by (2.5) and (2.6), f{n<| <nt1} [VulP), >0 is bounded (say by M); therefore,
for k > 1 and denotlng by [k] the integer part of k,

[k]
/ |VulP dtdz < Z/ |VulP dtdz < M([k] +1) < M (k + 2).
{lvl<k} {n<lv|<n+1}

By (4.9), we deduce that (4.7) holds for all & > 1.

Step 3: conclusion (3).

Let 0 and r satisfy 1 = %—i—% = —|——*, this means that 9(1—}———!%) =
which defines 6 € [0, 1] (because ’ > pl ) and that r = 5§ =14+ p(1 - pi) € [1,00].

Hence, some easy interpolations in Lebesgue spaces give
1T (0) 1) = 1Tk (@) e 0.150m@0) < NTR@)IE 0 ) Tk ) 0200 -

Usmg the fact that v € L°(0,7;L*(Q)) and [Tk (v)| < |v|, we see that
[Ty (v )||L°°(OTL1 () 18 bounded by C (not depending on k£ > 1). By Sobolev’s
injection, (4.7) shows that, if &k > 1,

T 0 rsno o9y < CHTRON 0zt gy < TP

Hence, we get
T (v)|| 1) < CKY/P = CEM™.

3The deduction of ii) and iii) from i) and (4.7) is adapted from e.g. [4] or [1].
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This shows, by Tchebycheft’s inequality, that meas({|v| > k}) = meas({|Tx(v)| >
k}) < Ck~=("=1 i.e. that v belongs to M"~!, the Marcinkiewicz space of exponent
r—1.

For A > 0 and k > 1, we can write
{IVo] =k} C{lv] = A} U{|V(TA(v))] = k}U A

where meas(A) = 0 (this comes from the fact that Vo = V(Tx(v)) a.e. on
{|v] < A}). Thus, applying Tchebycheff’s inequality to (4.7) (with A instead of
k) and using the fact that v € M"~!, there exists C' (not depending on A nor k)
such that

meas({|Vv| > k}) < ON™" + CAE™P.

Minimizing this inequality on A we see that an optimal choice is, up to a
multiplicative constant, A = k?/” = k? which leads to meas({|Vo| > k}) <
Ck=»=9_ Hence, Vv € MP~9.

Since v € M™~! and Vv € MP~? classical integration properties of functions
in Marcinkiewicz spaces imply that, for all 0 < ¢ < r — 1, |[v]? € L*(Q) and that,
forall 0 < g <p—0, Vo9 e LYQ).

We have 0 = (1 + % — p%)_l andr—1=p(1— pi) Moreover, for all 0 < ¢ <
p(1— pi) < p, we have |g2|? € L*(Q) and for all 0 < g < p — (1 + 1—17 — p%)_l < p,
[Vgal? € LY(Q) (because gy € LP(0,T; Wy P(2))).

Since © = v + g2 and Vu = Vv + Vgs, we deduce therefore that, for
all 0 < ¢ < p(1 — pi), lul? < C(v]? + |g2]?) € LY(Q) and that, for all
0<g<p—(1+ % - p%)’l, |Vul|? < C(|Vu|? + |Vge|?) € L}(Q). This concludes
the proof of ii) and iii). ®

5 A renormalized solution is an entropy solution

In the following, we make a constant use of the function S,, : R — R defined by:
ho(s) =1—|T1(s — Tu(s))|, Sn(s)= / hy () dr.
0

It satisfies S)) = 1j_p,—1,—n] — 1png1)-
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n+1 4

We prove in this section that if u is a renormalized solution to (1.1), then it
is also an entropy solution.

Property (2.9) of the entropy solution is contained in (2.5). Thus, it remains
to prove that u satisfies (2.10) and (2.11); this is done simultaneously.

Let t; €]0,7] and 6-(t) = 1 — ((t — t1)* /e), i.e. B, is continuous on [0, co],
0. =1 on [0,t1], - = 0 on [t1 + &,00[ and 6. is linear on [t1,t; + €]. We denote
V=U—g2.

Let ¢ € E and M = k + ||¢||L=(g): we have ¢ € C([0,T]; L*(£2)). The
function Ty, (v — ¢)0. = Ti(Tar(v) — @)b. is in LP(0,T; W, P(Q)) N L(Q) (using
(2.5)) and we can thus use it as a test function in (2.7):

/ 0 ((Sn(v))e, Tie(v — dt—i—/ 0.5, (v)a(t,z,u, Vu) - V(T (v — ¢)) dtdx
/ 05, () Ti(w — ) atds + [ 6.5,(0)G - V(Tu(o — ) dido
Q

/ 0.5 (v)a(t, z,u, Vu) - Vo T (v — ) dtdz

+/ 0-S(v)G1 - Vo Ty (v — ) dtdx. (5.1)
Q

We have (S,(v)); € LP(0,T; W17 (Q)) + L'(Q) (see Section 4) an
Ti(v — ) € LP(0,T; Wy P(Q)) N L®(Q); hence, ((Sn(v))s, Te(v — ) € Ll(O,T)
We also have a(t,z,u,Vu) - V(Tx(v — ¢)) € LY(Q) (see the proof of (4.4)),
fTi(v = ¢) € LY(Q) and G1 - V(Ti(v — ¢)) = G1 - V(Ti(Ti(v) - ¢)) € LY(Q).

Moreover, since S//(s) = 0 for |s| € [n,n + 1], we can write

S (v)a(t, z,u, Vu) - Vo T (v — @)
= S;{(v)a(t, z,u, VU) : V(Tn—i-l(v))Tk('U - (P) S Ll(Q)
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(we also use (4.4) here, but with ¢ =0 and n + 1 instead of k) and
Sp(W)G1 - Vo Ti(v —¢) = S (0)G1 - V(Tot1 () Ti(v — 9) € LY(Q).
Since ¢ — 1}, and is bounded by 1 as € — 0, the dominated convergence
theorem therefore gives, with Q¢, = [0,#1] x £,
ty
/ ((Sn(0)e, Ti(v — ) dt + S/ (v)a(t,z,u, Vu) - V(Ti(v — ¢)) dtdz
0 Qi
= S!(v)fTi(v — @) dtdx + S! (v)G1 - V(Tk(v — @) dtdx

Qn o
- S,Z(’U)a(t, €, u, VU,) Vv Tk ('U - (P) dtdx
Qty
+/ S (0)G1 - Vo Ti(v — ) dtda. (5.2)
Qi

Let n > M. We have Ty, (v— ) = T (Sn(v) —¢) (since S, (s) = s on [-M, M],
and |Sy,(s)| > M and sgn(S,(s)) = sgn(s) outside [— M, M]). We know that S, (v) :
[0, 7] — L'(£) is continuous or, more precisely, that S, (v) is a.e. equal on [0, T] to
a continuous function S, (v) : [0, 7] — L'(R). Since S, (v) — ¢ € LP(0,T; Wy (2))
with a time derivative in L (0, 7; W=7 (Q)) + L*(Q) (see Section 4), we can
integrate by parts (using Lemma 7.1 in the appendix) to find, by (2.8),

/0 (S0 (0))es Tie(w — ) dt
- / (8(0) — @) Tu(Sulv) — @) dt +/ o Tulv — @) dt
0 0
| 0x (S0t — o)) da = [ 15, (u0) = (0) d

+/0'1<sot,Tk<v—sa>>dt

and we deduce from (5.2) that
[ ©x (Sat01e) = o(t0)) o= [ ©u(S1(u0) — 9(0) da
+/ o Tuo— @) dt+ | S (alt,a.u,Vu) - V(Ti(v - ¢) dida
0 Qry

= S () fT(v — @) dtdx + S ()G - V(Ti(v — ) dtdx
Qtl Qtl

[ Sttt V) VT ) dida
Q

t1
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+ [ Sh()Gi-VuTy(v — ) dtdz. (5.3)
Qry

We now want to let n — oo, with a good choice of ¢;. Let (A)—(H) be the
terms in this equality.

For all n > 1, we have S, (v) = S, (v) a.e. on Q; since these are a countable
number of a.e. equalities, we can suppose that they are all satisfied outside
a common subset of @ of null measure. Thus, for a.e. t; € [0,T], we have,
ae. on ©, Sp(@)(t, ) — ¢lt1,) = Sulv(t, ) — pltr,) — vlts,) — eltr,) as
n — oo and [S,(v)(t1,+) — @(t1,-)] < |Jv(ts, )| + |p(ts, )] € LY(Q) (recall that
© € C([0,T); L*(©2)) and that v € L>(0,T;L*(Q)) by (2.5)). The dominated
convergence theorem therefore shows that, for a.e. t1 € [0,7T], Sn(v)(t1, ) —
o(t1,) — v(ty,-) —@(t1,-) in L1(Q) as n — oo; Oy, being Lipschitz-continuous, we
deduce that, for a.e. t1 € [0,T], (A) tends to [, O(v — )(t1) dz.

By dominated convergence we have S,,(ug) — ug in L'(Q2) and since Oy, is
Lipschitz-continuous, we see that (B) tends to — [, Or(uo — ¢(0)) dz as n — oo.
(C) does not depend on n. As we have seen before, a(t, z,u, Vu) - V(T (v — ¢)),
fTi(v — ) and Gy - V(Tk(v — )) all belong to L'(Q); since S/, (v) — 1 and
|S/| < 1, we deduce from the dominated convergence theorem that (D) —
fQ a(t,z,u, Vu) - V(T (v — ¢)) dtdz, that (E) — th fTr(v — @) dtdz and that

(F) — th G1-V(Ti(v — ¢)) dtdr as n — .

Since |S)| < 1 and S/(s) # 0 only if |s| € [n,n + 1], we can write, with C
not depending on n (and that may change from line to line),

(GI+IH)] < C (b+ [ul” + [VulP~H) Vol +|G1] [Vo] dtde
{n<|v|<n+1}

< C O + |u*?" + |Vul? + |Vo|P + |Gy |P") dtde
{n<|v|<n+1}

< C O+ |u]"? + [VulP + [Vga|P + |G1[P") dtdz
{n<|v|<n+1}

(we have used |Vv|p < C(|VulP + |Vg2|?)); by Proposition 4.1, we have |u|*?" €

LY(Q) (because vp’ < p(1 — pi)) Using (2.6) and the fact that meas({n < |v| <

n+1}) — 0 (v is a.e. finite), we deduce that |(G)| + [(H)| — 0 as n — oc.
Passing to the limit in (5.3), we obtain, for a.c. t; € [0, 77,

/Gk (v—10)(t1) dm—/Gkuo— (0)) dz

+/0 (o0, Te(v — )>dt+/Q a(t,z, 0, V) - V(Th(v — o)) dtda

ty

= fTi(v — @) dtdz + G1-V(Ti(v — ¢)) dtdz.
Qtl Qtl
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The last five terms of this equality are continuous with respect to ¢; (the
second term does not depend on ¢; and the other ones are integrals signs on ]0, #1[
of functions which are integrable on [0,77]). This shows that the first term is a.e.
equal to a continuous function on [0,7], hence establishing (2.10), and, either
taking the essential limit as t; — T or replacing the first term by its continuous
representative (and then letting ¢ — T'), that (2.11) holds.

Remark 5.1 The distinction between Sy, (v) and S, (v) in the preceding proof may
appear exaggerated: we know that S, (v) is (a.e. equal to) a continuous function
[0,T] — LY(Q) so we could directly use this property without dealing with the
“a.e.”. However, this would lead to a lack of rigor: if we change S, (v) on a set
of null measure to ensure that it is continuous, then it is not obvious that we can
still write this function as S, (V) (for some T a.e. equal to v and independant of
n); and such a writing (the composite of S, with some function) is vital in order
to let n — oo in (A). This is why, though it is quite exceptional, we have to make
a distinction between Sy (v) and its continuous representative.

Remark 5.2 Notice that we have proved that a renormalized solution satisfies
(2.11) not only with an inequality but in fact with an equality. This is something
that we could have expected: in order to prove the existence of a renormalized solu-
tion, on the contrary to the entropy solution, we have to prove a strong convergence
of the gradients of the approximate solutions; it is this strong convergence of the
gradients that transforms the inequality in (2.11) into an equality (if, in the con-
struction of entropy solutions, we prove the strong convergence of the gradients,
then equality in (2.11) naturally appears).

6 An entropy solution is a renormalized solution
We now take an entropy solution u and we prove that it is a renormalized solution.
We first prove (in Subsection 6.1) that u satisfies (2.6) and then, comparing u to

the renormalized solution @ of a modified version of (1.1), that u satisfies all other
properties of renormalized solutions (in Subsection 6.2).

6.1 The integrability property (2.6)

Let u be an entropy solution and v = u — go. We prove here that, for all £ > 0,

lim |Vu|P dtdz = 0. (6.1)
h=00 J{h<|v|<h+k}

Let h > 0 and (Th(v))¢ be the Landes regularization of T, (v) (see [7]), that
is to say

(Th(v)e)e = C(Th(v) = (Th(v))e) s (Th(v))c(0) = 2,
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with z¢ € Wy *(Q), 1z¢| o) < Py 2¢ = Th(ug) in L) as ¢ — oo

1
and Z||ZC||WO1.,J(Q) — 0 as ( — oc.
It is known that |(T(v))¢| < h and that, up to a subsequence, (Th(v))¢ — Th(v)
in LP(0,T; Wy(€2)) and a.e. on Q as ¢ — co.
(Th(v))¢ belongs to LP(0, T3 Wy (€2)) N L>(Q) and ((Th(v))¢)e = ¢(Th(v) —

(Th(v))¢) is in L°(Q) € LP (0, T; W=7 (Q)) + L(Q). Hence, we can use it as a
test function in (2.11) to find

[ et = @)@y do — [ Ouuo - z)da
Q Q
T
+ / (Th))e Tulw — (Tu(v))e)) dt
+/ alt, 2, u, Vi) - V(Ti(v — (Th(v))e)) dtda
Q
g/ka(v—(Th(v))c)dtdx+/ G1 - V(Ti(v — (Th(v))e)) dtda.
Q Q

Since Oy, is nonnegative, we have [, Or(v — (Th(v))¢)(T) dz > 0. Moreover,
n(v))¢ has the same sign as T (v) — (Th(v))c: indeed, if |v| < h, then

— (T
— (Th(v))e = Th(v) — (Th(v))c and, if |v| > h, since [(Th(v))¢] < h on @,
— (Tn(v))¢ has the sign of v, which is also the sign of T (v) — (Th(v))e =
sgn(v)h — (Th(v))¢. Therefore, since ((Th(v))¢): € L'(Q) has the same sign as

— (Th(v))e,
T
/0 (T (0))e)es Tilw = (Ta(0))c)) dt = /Q (Th(@))O)e Tw — (Tn(v))c) didz > 0.
‘We deduce from this that
/Q a(t, @, 1, V) - V(T (0 — (Th(v))c)) dtdar
< /Q@k(uo —z¢)dx + /Q fTk(v— (Th(v))c) dtdx
+/ G - V(T — (Ta(v))e) dtda. (6.2)
Q

As ¢ — o0, by the convergences (up to a subsequence) of (T}, (v))¢ to Th(v),
we have Ti(v — (Th(v))¢) = Te(Thsn(v) = (Th(v))¢c) = Te(Trtn(v) — Th(v)) =
Ti(v — Th(v)) in LP(0,T; W, P(Q)) and a.e. on Q. Moreover, for all ¢ > 0, we
have {V (T (v — (Th(v))¢)) # 0} C {Jvo = (Ta(v))c| < K} C {Jof <k + h}; thus,
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the integral sign in the left-hand side of (6.2) can be taken on {|v| < k + h} only
(which does not depend on (), and we have, on this set,

la(t, 2, u, Vu)| - < B0+ [ul” + | VulP ™)Ly <hiny
< B0+ [k +h+ gl |” + [V(Trin(v) + Vool ) € L¥(Q).

Hence, we can pass to the limit ¢ — oo in (6.2) to find
/Qa(t, z,u, Vu) - V(T (v — Ty (v))) dtdx
< /Q@k(uo — Th(uo)) dx + /Q JTie(v — Th(v)) dtdx
+ /Q G1-V(Ti(v — Ty(v))) dtdx

(we use the fact that {V(Ty(v — Th(v))) # 0} is also contained in {|v| < k+ h}).
But V(Ti(v = Th(v))) = Lin<jvj<htk} VU = Ln<poj<ntr} VU = Lincjoi<nsry V2,
|0k (s)] < k|s| and Ty (v — Th(v)) = 0 outside {|v| > h}, so that

/ (| Vul? — A) dtdz
{h<|v|<h+k}

< / a(t,z,u, Vu) - V(T (v — Ty(v))) dtdx
Q

+ / a(t, z,u, Vu) - Vgo dtdx
{h<lvl<h+k)

§k/ |u0—Th(u0)|dx+k/ |f|dtdm—|—/ |G1| |Vv| dtdz
o {lo>h} (h<lvl<htk)
+ (b4 |ul” + |VulP~1)|Vge| dtdz.
{h<|v|<h+k}

Then, using Young’s inequality and the fact that |Vu| < |Vu| + |Vgal|, we find C
not depending on / such that

a/ |Vu|P dtdx
{h<|v|<h+k}

gk/ |u0|dx—|—k/ | f|dtdx
{Juo|>h} {lv[>h}

+C (IG1?" + |Vgal? + b7 + [u]"?) dtdz
{h<|v|<h+k}

+ 9/ VP dtdx+/ Adtdz.
2 Jin<ol<htiy {h<[v|<h+k}
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Thanks to Proposition 4.1, we see that the function H = C(|G1["' 4 |Vga|? + b7 +
|u|"P") + A is in L1(Q), and, since meas({|v| > h}) — 0 as h — oo (v is a.e. finite),
the inequality

a / Y|P dtda
2 Jin<ol<nti)

gk/ |u0|dx+k/ |f|dtd:v—|—/ H dtdx
{luol=h} {lv[=h} {h<|v|<h+k}

implies (6.1).

6.2 Conclusion

We prove now that the entropy solution u satisfies all the other properties of the
renormalized solution.
To this end, let a(t,z,§) = a(t,z,u(t,z),£). By Proposition (4.1), |u[” is in
LP(Q), so that b= b+ |u|” € L” (Q). The function a satisfies
a(t,z,&)| < BB +6P~")  forae. (tz)eQandallé e RN (6.3)
and (2.1), (2.2), (2.4) (without the dependence in s). Hence, [6] gives (%) the
existence of a renormalized solution u to

uy — div(a(t,z, Vu)) = p in@=10,T[x,
u=0 on 0,7 x 99, (6.4)
6(0) = U in Q.

We will now prove, using the same kind of tools as in the proof of uniqueness
in [6], that w = @. This will show that u is a renormalized solution of (6.4), i.e. that
it satisfies (2.5), (2.6) (we have already proved these two properties in Proposition
4.1 and (6.1)), (2.7) (since a(t, z, Vu) = a(t, z,u, Vu)) and (2.8).

Let ¥ = & — go. Since u is a renormalized solution, we have S, (V) € E (see
section 4). Using this test function in (2.11), we find

/ O (v — S, (V)N(T) dx — / O (uog — Sp(up)) dz
Q Q
T
+ / (Sn(®))e, Ta(v — 5,(3)) dt
0
+ / a(t,x,Vu) - V(Ti(v — S, (0))) dtdx
Q

< /Qka(v - Sn('ﬁ))dtd:v—k/QGl NV (Ty(v — S, (@) dtdx  (6.5)

4In fact, in [6], there is no A in (2.2), but it is quite easy to see that the results of [6] still
hold with A.
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(recall that a(t, z, Vu) = a(t, z,u, Vu)).

Since S, is bounded by n + 1, we have Ty(v — S, (V) = Tk (Thtnt1(v) —
S, (3)) € LP(0,T; W, () N L>°(Q); hence we can use this test function in the
equation satisfied by @ (renormalized solution to (6.4)) to obtain

T
| (s @) nto— s, @) a

= / I S0(0) Tk (v — S, (v)) dtdx + / S (V) Gy - V(Tk(v — Sp(0))) dtdx
Q Q
+/ S)(v) Gy - VU Tk (v — Sp(0)) dtdx

Q
— /Q S!'(v)a(t,z,Va) - Vo Ty (v — S, (0)) dtdx
— /Q Sy () a(t,z, V) - V(Ti(v — S,(v))) dtdz.
We have S)/(s) =0 if |s| & [n,n+ 1] and |S/| < 1, so that, using (6.3),

‘/QSZ(@) G1 - Vo Ti(v — S,(7)) didz

—/Qs;;(m a(t, 2, Vi) - Vi Ty(v — So (@) dtda

< Ck/ (161 + [Vaal? + Vii?)
{n<[3l<n+1})

+ Ck/ (EP' + |Vgal? + |Vﬂ|p) dtdz
{n<[F1<n+1}
< wi(n)
where C' does not depend on n and wyi(n) — 0 as n — oo (property (2.6) of @).
Thus,
T
| ((Su @ Tuto = Su@) de
0
> —wi(n)+ / ISL(0)Tk(v — S, (v)) dtdz
Q
+/ S (@) G - V(Th(v — So())) dtda
Q
- / Sl (v)a(t,z,Va) - V(Ti(v — S, (v))) dtdz.
Q
Used in (6.5), this inequality gives, since Oy, is nonnegative,

/Q @(t, =, Vu) — S’ (@)a(t, z, Vi) - V(T(v — Sp(D))) dtdz
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< [ 0= S.@NT - S,@) deds
Q
+ [(1=S,@)G1 - V(Ti(o - 8,(0) ded
Q
+ / O (up — Sy (uo)) dz + wi(n). (6.6)
Q
Let us split the left-hand side of (6.6):
/Q('d(t, z,Vu) — S (V)a(t,z, Vu)) - V(Tx(v — S, (0))) dtdx
= /{|~< }('d(t, z,Vu) — S, (V)a(t,z, Vu))) - V(T (v — S, (0))) dtdx
+/ a(t,z, Vu) - V(Ti(v — Sp(v))) dtdz
{lv|>n}
- /{~|> }S;,('ﬁ)'d(t, z, V) - V(T (v — Sp(0))) dtdx. (6.7)

On the set {|v] < n}, we have S, (V) = v, S, (v) = 1 and V(Ti(v — S,())) =
L{jo—s,@)1<k} (VU = S (0)V0) = L(jo—pi<ry (VU = VO) = Ljugl<iy (Vu = Va);
hence,

/{~|< }(5(% z, Vu) — S, (0)a(t, z, Vi) - V(T (v — S, (0))) dtdz
= /{~|< }Mu—ﬂ\gk} ((t,z, Vu) — a(t,, Vi) - (Vu — V) dtdz. (6.8)

If |v] > n, we have n < |S,(v)] < n+ 1 (the second inequality is always true).
Therefore, if [0] > n and |[v — S, (V)| < k, then |v] < k+ |9, (V)] < k+n+1 and
[v| > |Sp (V)] — k > n — k. Since S/, = 0 outside [-n — 1,n + 1] and |S}| < 1, we
deduce that

J o V) (0~ 5.6) dids

a(t,z,Vu) - (Vv — S, (0)V0) dtdz

~/{|E>n, [v—Sn (D) |<k}

<

a(t,z, Vu) - Vo dtdz

~/{|E>n, [v—Sn (D) [<k}

+ S (v)a(t,z, Vu) - Vo dtdx

~/{|E>n, [v—Sn(0)|<k}
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< / (b + [Vul=)| Vel
{n—k<|v|<n+h+1}
+3 (b+ |Vu|P~)| VD] dtdx
{n<|?|<n+1, n—k<|v|<n+k+1}
< C (0" + |VulP + |Vgol|?) dtdz 4+ C \Va|P dtdz
{n—k<L|v|<n+k+1} {n<|v|<n+1}
= wa(n) (6.9)

with C not depending on n and we(n) — 0 asn — oo (we use (6.1) and the property
of renormalized solution of u). We can also bound, using the same properties of
Sy, and S, the last term of (6.7):

/{|~> } Sy, @)a(t, z, V) - V(Ti(v — S,(2))) dtda

< / G + Va1 (|Vo| + VD)) dtda
{(n<[T|<nt1, [o—S,(3)| <k}

< C (B + |VaP + [Vga|? + |Vul?) dtdz
{n<|0|<n+1, n—k<|v|<n+k+1}

= ws(n) (6.10)

where, as before, C' does not depend on n and ws(n) — 0 as n — oco. Injecting
(6.8), (6.9) and (6.10) in (6.7), we find

/Q @ty z, V) — 8" (B)a(t, o, Vi) - V(Ti(v — Sn(3)) dida
> /{|~< } 1iju—u<ky(a(t,z, Vu) —a(t,z, Vu)) - (Vu — Vu) dtdr — wy(n)
where wy(n) — 0 as n — oo. Using this inequality in (6.6), we deduce
~/{|~< } 1yju—u<ky(a(t,z, Vu) —a(t,z, Vau)) - (Vu — Vu) dtdx
sw5(n)+k/Q|f||1—S;(i7)ldtdx
" /Q 1Ga| 1 — S4BV (Ti(v — 5(D)))] ded
+ k/ﬂ o — S (u0)| d (6.11)

with ws(n) — 0 as n — oo.
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We have S,,(s) — s as n — o0, |Sp(s)| < [s], S, — 1 and |S],| < 1, so that
the dominated convergence theorem gives

/|u0—Sn(u0)|dx+/ IfI11— S, (0)|dtde — 0 asn — oc.
Q Q

Moreover, S, =1 on [-n,n], S/, = 0 outside [-n — 1,n+ 1], and 0 < S} <1 so
that

/Q IGhl |1 — SL. @)V (Tu(v — S,(3))] dede

< [ GV - S, @) dido
{lv[>n}

< / (G| Vo] + |Ga | |84(5) | |V)) dtda
{lo|>n, [v—=5S,(V)|<k}
< c (G2 + [Vul + |Vgal?)
{n—k<|v|<n+k+1}
+C (|G1|P" + |Val? + |Vgo|P) dtdx

{n<|¥l<n+1}

where C' does not depend on n (we once again used {|o] > n, |v — S, (V)| <k} C
{n —k <|v] <n+k+1}). This last quantity going to 0 as n — oo, we can come
back in (6.11) to see that

/ 1{\?}\§n}1{|u—'d|§k} (a(t,z,Vu) —a(t,z, Vu)) - (Vu — Vu) didzx
Q
<wr(n) —0 asn— oc.

Since 1¢jy—a|<k} (a(t, z, Vu)—a(t, z, Vu))-(Vu—Vu) is nonnegative, Fatou’s lemma
imply
/ 1<y @(t, 2, V) — @t 2, VD)) - (Vu — Vi) dide < 0
Q
that is to say 1;j,—gj<w} (a(t,, Vu)—a(t, z, Vu))- (Vu—Vu) = 0 a.e. on Q (thanks
to (2.4)). This equality being valid for all k¥ > 0, and u — @ being a.e. finite, we

deduce that (a(t,z, Vu) —a(t,z, Va)) - (Vu — Vu) = 0 a.e. on @, and thus that
Vu = Vu a.e. on @ (still using (2.4)). In particular, Vv = Vv a.e. on Q.

Asin {6], we now conclude that u = w. Considering w,, = T1 (T, (v) —T,(v)) €
LP(O, T, WO ’p(Q)), we have Vw,, = 1{|Tn(v)_Tn(5)|§1}(1{‘U|§n}vv — 1{|5|§n}va) SO
that

0 on {|v] <n, |v] <n}U{|v]| >n, |v] >n},
Vw, = -1, @) <1} YV on {|v] < n, |v] > n},

157, (<13 VO on {|v] >n, [7] <n}.
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But, if |s| > n, [t| <n and [t — T,,(s)| <1, then n — 1 < [t| < n, which implies

/ |Vwy|P dtde < / |Voul? dtdx —|—/ |VolP dtdx
Q {n—1<|v|<n} {n—1<[v]<n}

< C (IVulP + |Vgo|P) dtdx
{n—1<]v|<n}

+C (IValP + |Vga|P) dtdz.

{n—1<[3]<n}

By (6.1) and Property (2.6) of renormalized solutions, we see that w, — 0 in
LP(0,T; W, *(2)), and thus in D’'(Q). Since w, — Ti(v — 7) a.e. and remains
bounded by 1, we also have w,, — T1(v — v) in D'(Q). Hence, T1(v — v) = 0, i.e.
v = v on . This concludes the proof that v = w and that u is a renormalized
solution of (1.1).

7 Appendix

We prove here an integration by parts formula. A similar result exists in [§], but
in the case where the derivative is not expressed as the sum of two functions in
different spaces; the proof in this latter case is not completely straightforward (it
demands an unusual regularization theorem of [5]), so we include it for the sake of
completeness.

Lemma 7.1 Let f : R — R be a continuous piecewise C' function such that
f(0) = 0 and [’ is zero away from a compact set of R; let us denote F(s) =
Jo f(r)ydr. Ifue LP(0,T; WyP(Q)) is such that uy € L' (0, T; W1 (Q)) + L (Q)

and if p € C*°(Q), then we have

T
|t sy de = [ @y s - [ Puo)pod- /Q Yo (u) deda

(we have chosen the continuous representative of u).

Proof. One has F(u) € C([0,T]; L'(2)), since F’ is bounded and u €
C([0,T); L*(R)). Moreover ¢ f(u) € LP(0,T; W, ()N L>®(Q) since f is bounded
and piecewise C''. Hence each term makes sense.

We denote ' the derivative with respect to ¢ for sequences of functions (in
order to avoid double indexing). Let v' € L¥' (0,7; W12 (Q)) and v* € L'(Q)
such as u; = v! 4+ v2. Thanks to Corollary 2.3.2 of [5, p. 50], there exists u,, €
C= (0, TEWIH(Q)), vl € C=([0,T); W17 (Q)) and v2 € C([0,T}; L}(©))
such that u/, = vl + 02 and w, — wu in LP(0,T; W} *(Q)), v}l — o' in
LP'(0,T; W= (Q2)) and v2 — v2 in L1(0,T; L'(Q)).

n
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Since F is C', F' = f is bounded and u, € W11(0,T;LP(Q)), one has
WF(uy) € WHY0,T; LP(Q)); hence, in LP(Q),

Y(T)F (un(T)) = $(0)F (un(0))

T
/0 ($F (un)) dt

T T

/ GeF (uy) di+ / f (), dt
0 0
and

/w(T)F(un(T))dx—/¢(O)F(un(0)) dx

Q Q

_ / G F (uy) didz + / W (un ), dtd.
Q Q

We have u/, (t) = v} (t)+v2 (t) and, since ¥ (t) f (un (t)) € Wy P(Q)NL>(Q) (because
f(0) =0 and f’ is bounded), we deduce that

/Q SOF O, dr = (@200 )y 270
+ / V2 () () f (un (£)) .
Therefore,
/ B(T)F (un(T)) dar / D(0)F (1 (0)) d
Q Q
r 1
_ /Q VeF (up) dida + /0 (0 () gy

+ / V2 f(uy) dide. (7.1)
Q

According to the choice of u,, we have u,, — u in LP(0,T; W, *(Q)) and u/, — u;
in LP (0, T; W12 (Q)) + L(Q); thus, u, — u in C([0,T]; LY(Q)) (see [9]). We
also have w,, — u in LP(Q) and therefore, up to a subsequence, u,, — u almost
everywhere in Q.

Since f = F’ is bounded, F(u,) — F(u) in C([0,T]; L*(Q)) — L'(Q), and
F(un(T)) — F(u(T)) and F(u,(0)) — F(u(0)) in L*(Q); hence

tim [ (TP (1) do ~ [ GO (u,(0) do

n—oo

Q
:/¢(T)F(u(T))dx—/w(O)F(U(O))dw
O Q
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and

lim [ o F(uy) dide = / Vo F (u) dida.
Q

n—oo Q

Since f is continuous piecewise C'' with a bounded derivative and u, — u in
LP(0,T; Wy P(52)), one has ¢ f(u,) — 9 f(u) in LP(0,T; WyP(€2)). Using the fact
that v}, — o' in LP' (0, T; W~1%'(2)), we obtain

T T
lim (v}, wf(un))w,l,p,(gxwg.p(m dt = /0 (v!, ¢f(u)>w,1.p/(ﬂ)7wol,p(ﬂ) dt.

n—oo 0

Since f is bounded, % f(u,) tends to ¥ f(u) almost everywhere on @ and
remains bounded; hence, the convergence holds in L>(Q) weak-*. Since v2 — v?

in L1(Q), we get

lim [ 024 f(uy)dtds = / V2 f (u) dtdz.
Q

n—oo Q

We can now pass to the limit in (7.1), and the proof is concluded. B
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