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Abstract — We study error estimates for a finite volume discretization of an elliptic equation. We
prove that, for s € [0,1], if the exact solution belongs to H+S and the right-hand side is f + div(G)

with f € L2 and G € (HS)N, then the solution of the finite volume scheme converges in discrete H-
norm to the exact solution, with a rate of convergence of order h® (where h is the size of the mesh).
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1. INTRODUCTION

1.1. The problem

Let Q be a polygonal open subset of RN (N = 2 or 3). We study a finite volume
discretization of

{ —AU+ div(vd) + bt = f 4 div(G) inQ, (1.2)

u=0 on dQ

where v € (C(Q))N, b € L*(Q) is nonnegative, f € L?(Q) and G € (H3(Q))N with
s €[0,1] (if s = 0, HO(Q) is to be understood as L?(Q)).

The solution to (1.1) is taken in a weak sense as in [6], that is to say O € H&(Q)
and the partial differential equation is satisfied in the distributional sense.

Finite volume methods have been widely used to approximate the solutions of
convection-diffusion equations (see e.g. [9], [10], [8]...). The convergence of the
approximations is well-known (see e.g. [9] (Theorem 9.1)) and some error estimates
in the H2 framework have been obtained in [10] (Theorem 3.2).

These schemes have mainly been considered when the right-hand side of the el-
liptic equation belongs to L?(Q) (i.e. G = 0 in (1.1)); but, recently, [8] has presented
a finite volume scheme capable of handling (1.1) with any G € (L*(Q))N. The case

*Département de Mathématiques, CC 051, Université Montpellier II, Place Eugéne Bataillon,
34095 Montpellier cedex 5, France. email: dr oni ou@rat h. uni v- nont p2. fr



2 J. Droniou

G € (HY(Q))N being (roughly speaking) the H? framework studied in [10], it seems
natural to hope, via interpolation techniques, for error estimates when G belongs to
intermediate spaces between L?(Q) and H(Q) (these estimates are well-known for
the finite element methods, see for example [3] (Theorem 5.1)). We prove here such
error estimates, thus filling a gap between finite volume methods and finite element
methods.

It can be interesting to notice that, in the case N = 2 and for “finite volume ele-
ment” schemes (which are somewhat a mixing between the finite element methods
and the finite volume methods, and are different from the ones we present here),
some error estimates in the H*+S framework have been obtained in [5] (Theorem
4.1, p. 176), when s €]1/2,1].

We also emphasize on a noticeable feature of (1.1): its non-coercivity. It is not
supposed that %div(v) +b > 0, so that the bilinear form associated to (1.1) may be
non-coercive. However, under the sole hypotheses stated after (1.1), existence and
uniqueness of a solution to this equation is known (see [6] (Theorem 2.1)). The a
priori estimates on this equation and its discretization are harder to obtain than in
the coercive case, but the techniques that give such estimates are now well-known

(see [6], [8]).

In the following subsection, we present the finite volume scheme used to dis-
cretize (1.1); this scheme is in fact a simplified version of the one presented in [8]
(simplified because we take into account the additional regularity we have on v with
respect to [8]). In Section 2, we state the main result concerning estimates on the
difference between the approximate solution and the exact solution; notice that we
have to use a different discretization of the exact solution than in [10], because we
do not only intend to study the case when this solution belongs to H?(Q), but also
when it belongs to H+S(Q) for s € [0,1]; hence we cannot, in contrary to [10],
discretize the solution by taking its values on points. In Section 3, we study the
case when the solution belongs to H; in this case, the “error estimate” reduces to a
bound in ﬁ(lg. In Section 4, we prove a &'(h) convergence when the exact solution
belongs to H2(Q) and G belongs to (H1(Q))N; note that, since our discretization
of the solution is not the same as in [10], we cannot directly refer to this paper and
we must re-make the whole work (moreover, our scheme is different to the one pre-
sented in [10], because of the presence of G); in particular, it appears through this
study that the way we discretize the solution is crucial to obtain good error esti-
mates. In Section 5, we use the results of Sections 3 and Sections 4 to prove, via
interpolation results, the theorem stated in Section 2. Section 6 presents some nu-
merical results, and Section 7 is an appendix which gathers some technical lemmas
useful throughout the paper.

1.2. Definition of the scheme

We use meshes of Q similar to the ones presented in [9].

Definition 1.1. An admissible mesh .7 of Q is a finite family of polygonal open
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convex subsets of Q (the “control volumes”), together with a finite family & of dis-
joint subsets of Q consisting in non-empty open convex subsets of affine hyper-
planes (the “edges”) and a family & = (xk )xe# Of points in Q such that

i) Q= UKeﬂK’
ii) each o € & is contained in dK for some K € .7,
iii) by denoting &k = {0 € &| 0 C IK}, 0K = Ugeg 0 forall K € 7,

iv) forall K # L in 7, either the (N — 1)-dimensional measure of KN L is null,
or KNL =0 for some o € &, that we denote then o = K|L,

v) forallK € 7, xk € K,
vi) forall o0 =K]|L € &, the line (xk,XL) intersects and is orthogonal to o,

vii) for all o € &, o0 C dQ N JK, the line which is orthogonal to o and going
through xy intersects o.

If K € 7, hg denotes the diameter of K; the size of .7 is h 7 = supyc # hk. The
unit normal to o € &k outward to K is denoted by nk ¢

We define 4y = {0 € & | 0 ¢ dQ} (interior edges) and ot = &\ Eint. We
denote by m the (N — 1)-dimensional measure on the edges of the mesh so that, if
o € & m(o) is the (N — 1)-dimensional measure of o. If 0 = K|L € &y, dg IS
the Euclidean distance between the points (xk,x_) and dk o denotes the distance
between xk and g; if 0 € o N &k, do = dk o is the distance between xk and o.

If K e 7 and o € &k, the “half-diamond” Ak ¢ is defined by /x ¢ = {txk +
(1-t)x, t €]0,1[, x € g} (the convex hull of {xk } U 0). We notice that | Ak o| =
m(o)dk o/N (where |-| denotes the Lebesgue measure in RN).

We also make the following hypotheses on the meshes:

3¢ > Osuchthat VK € .7, dk ¢ > {dg, (1.2)
Jda > 0 such that VK € .7, B(xk,ahk) C K, (1.3)
dM > 0 such that VK € .7, card(ék) < M (1.4)

(B(x,n) denotes the ball of center x and radius n).

Hypothesis (1.2) is classical when discrete Sobolev inequalities are needed.
These inequalities are useful in a priori estimates on the scheme (to control the
convective term of the equation), which appear in [8] or [7]. Here, we will directly
use the results of [7], hence the need for (1.2) will not be glaring. Notice that if v=0
(or vis regular and div(v) > 0), then Hypothesis (1.2) can be dropped.

(1.3) and (1.4) appear in [9] for the same kind of results that we present here
(see Remarks 3.1 and 4.3).



4 J. Droniou

Remark 1.1. Asan example of admissible meshes, we can take regular uniform
meshes as in Section 6, but also triangular meshes (provided that all angles of the
triangles are less than 717/2 — this can be relaxed, see Example 9.1 in [9]) and most
of Vorono“i meshes (see Example 9.2 in [9]).

The finite volume discretization is obtained by an integration of the equation on
a control volume K: with some integrates by parts, we formally obtain

z —/DU-nK,gder z /Uv-nK7gdm+/bU
o0& o o K

oeék
= f+ G'nK’gdm.
J g

To discretize this equation, we define, for K € .7 and 0 € &,

1 1
oo :1<W [v@am@) ) -nea, "1 [ b,
fk = m/K f(x)dx and Ggg= (m /AK,UG(X)dX> “NK,o »

which are approximate values of v-ng s and G- ng o on g, and of b and f on K.
Then, letting uk and u, be approximate values of on K and o, the finite volume
discretization of (1.1) is written

VKe 7, z Fc,o + Z m(O)VK,UUU,++|K|bKUK

o€k o€k 15
—[K|fc+ S m(0)Gk., (1.5
o€ék
VK e 7 Voebk, Fo= _fgg(ua—uK), (1.6)
Vo = K|L € &int, Fc,o — m(O)GK,U = _(FL,U - m(U)GL,U), (L7)
VU S @@@(t, UO' - O, '
Vo=KI|L € &n, Ugq =uUk if vk g >0, Uy =u_ otherwise, (18)

Vo € éatNék, Ugy=Uk if ko >0, Ug4 =0 otherwise

(Fx,o is of course a discretization of — [ Ou- nk g dm).

Remark 1.2. (1.8) is a classical upwind choice of the discretization of the con-
vection term div(vT) (see [9], p. 766). This choice brings stability to the scheme
and allows unconditional a priori estimates (see [7] (Proposition 3.2, p. 72)); no-
tice however that, since our problem is non-coercive (i.e. div(v) is not supposed
nonnegative), the maximum principle on the scheme (1.5)—(1.8) is not known.
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The scheme (1.5)—(1.8) is not exactly the same as in [8], because v has not been
discretized the same way. In fact, in [8], v is less regular, so it must be discretized
using mean values on Ak o, not on g; to obtain error estimates, we must assume
here that v is more regular than in [8], so it seems more natural (and easier!), since
the regularity of v allows it, to consider mean values of v on o rather than Ay .

In fact, the unknowns (Ug)gee in (1.5)—(1.8) can be immediately eliminated
thanks to (1.7), and (1.5)—(1.8) reduces thus to a system with unknowns (uk ke,
which reads

VKe7, % m(o) (Uk —uL)+ 5 m(a)vk,olo,+ +[K[bkuk

oeéi ds oeéi

d d

—Kif+ 3 mo) (H2eeo-0) (9
ogeéi ds g

(where 0 =K]|L if 0 € &k N &y and

uL :dL70' = GL,O =0ifoe g}(ﬂ(g’@(t),

Vo=K|L € &n, Ugs =Uk if vk g >0, Uy =uL otherwise,

. . 1.10
VO € o¢Nék, Ugy =Uk iIf vk o >0, uUg4 =0 otherwise. ( )

A priori estimates on (1.9)—(1.10) are then direct consequences of Proposition 3.2,
p.72, in [7] (see (3.5) in the proof of Corollary 3.1 below). These estimates show
that the linear system (1.9)—(1.10) is invertible and thus that there exists a unique
solution (uk )kes to this system.

Remark 1.3. In [12], some non-coercive problems are also handled from a nu-
merical point of view. However, the scheme used (namely a Finite Volume Element
scheme) is not a Finite Volume scheme as the one we present here, and the regular-
ity on the datas (v and the mesh) are quite stronger. Moreover, in this reference, the
existence of a solution to the Finite Volume Element scheme is obtained only for
h # small enough.

2. STATEMENT OF THE MAIN RESULT

The discretization Us = (Uk)kes Of the exact solution T on an admissible mesh .7
is defined by

VKe I, Uk = u(x) dx. (2.1)

i
|B(xk, ahi)| /B(xc.ahx)
A more natural way to discretize the exact solution would perhaps be to take the
mean value of T on each cell K. This is not a problem when handling the H* case
(see Remark 3.1), but such a discretization would lead to bad constitency errors in
the H? case (see Remark 4.1).

If . is an admissible mesh, we identify the elements (vk )kes € RE¥4) to
functions v defined a.e. on Q and constant on each cell K € .. We denote by
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X (.7) this space of functions, and it is endowed with the discrete H-norm (which
is a natural norm when considering Finite Volume discretizations of elliptic equa-
tions):

@) o)
Vllvg =1 3 =4 (Dov7)

oeé&

where Dgvg = vk — Vi | if 0 =K|L € & and Dgvy = |vk| if 0 € Ek N et
In the sequel, all the estimates will be made through this norm. Notice that
- [lL2(q) < diam(Q)][ - ||,z on X(.7) (see [9] (Lemma 9.1) for a proof of this), so

that an estimate in X (.7) gives a similar estimate in L?(Q).

The main result of this paper is the following theorem.

Theorem 2.1. We suppose that N = 2 or that Q is convex; we also assume
that div(v) € L?(Q). Let s € [0,1] and .7 be an admissible mesh which satis-
fies Hypotheses (1.2), (1.3) and (1.4). Then there exists C only depending on
(Q, ]IV (L=, bl IL=(q); ¢, @, M) such that, if G € (HS(Q))N and if the solution
U to (1.1) belongs to H1S(Q), we have

107 — |1,z < C (|/@luesiay + 18l s + 1| Fllzey )

where Ty = (Uk)kes i defined by (2.1) and us = (uk)kes is the solution to
(1.99—(1.10).

Remark 2.1. The hypotheses “N = 2 or Q is convex” and “div(v) € L?(Q)”
are technical hypotheses useful to identify interpolation spaces (see the proof of
Theorem 2.1 and Subsection 7.2). In fact, we believe that these hypotheses are not
necessary to compute the interpolation spaces that appear in our work, but we have
found no result in interpolation literature that allows to get rid of them (for example,
to be able to handle non-convex polygonal open sets in dimension 2, we use [2]
whose generalization to N = 3 does not seem easy at all).

It is also to be noticed that these hypotheses are useless if s = 1 (see Theorem
4.1).

Remark 2.2. Notice that, with our hypotheses, Q can be a non-convex polyg-
onal open set of R?, so that assuming G € (H3(Q))N does not necessarily implies
uc HYS(Q).

3. THE H! FRAMEWORK

Proposition 3.1. If .7 is an admissible mesh which satisfies Hypotheses (1.3)
and (1.4), there exists C only depending on (N, a,M) such that

0717 < Cl[Ullns(0)-
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Remark 3.1. In [9] (Lemma 9.4), a similar result is proved (also using Hy-
potheses (1.3) and (1.4)) with Uk replaced by the mean value of T on K.,

Proof of Proposition 3.1. LetK € .7 and g € &k. We have

‘m /B(XK,ahK) U dx= ﬁ /ou(g) dm(E)‘

<

1 1
S u(x)dx — ——— u(y)d
|B(XK,C¥hK)|/B(XK,ahK) ) | Ao oo V) y‘

_ 1 B
+‘m AKyaU(y)dy_W/OU(E)dm(f)‘ (3_1)

Since B(xk,ahk) and Ax o are both contained in K which is convex and has
diameter hx, Lemma 7.1 in the Appendix allows to write

1
- idx— —+ [ u(y)d
‘\B(xK,ahK)|/m,ahK> GO = R Ju, TN
< C1h§+2
=Bk, orhk)] | Ak, o] Jeo(Bix.ahk)usk o)

Coh2
|AK:_|/|D (2)|2dz

|0u(z)|?dz

with C;1 and C; only depending on (N, a). Using this inequality and Lemma 7.2
(from the Appendix) in (3.1), we obtain

1 B e
‘M/B(XK,W)“WX TG [ u@dm()

Cah?
< \ASKal/mu J2dz (32)

2

where C3 only depends on (N, a).

Let 0 € Sext. Since U € HE(Q), (3.2) shows that, denoting by K the cell such

that o € &k, (Doli7)? < &K; Ji |0u(x)|>dx. We have |Ak o] =m(o)dg /N (recall

that dk o = dg since 0 € &e); moreover, by Hypothesis (1.3), ahk < dk,o = do;
thus,

m(ga)(DUUy 2¢ NC3hK/ |00 |2dx < NC3/ DU 2dx. (33)
g
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Let 0 = K|L € &n. We have

_ 1 _ 1 _
Doy < ‘m fon o 0080 U(E)dm(f)‘

‘— &)dm(&) — u(x) dx

1
B(x, arhy)| /B(xL,ahL)
and (3.2) gives thus

(Doliz)? < |2§3hK|/|D (X)[2dx + 2C3h'-/|Du )|2dx.
K,o

We have |Ak o| =m(o)dk,o/N and dg > dk ¢ > ahk (and the same properties
with K replaced by L), so that

mé:)(Doug 2¢ 2C3N (/ I0u(x)| dx+/|Du )| dx) (3.4)

(3.3) and (3.4) show that, for all o € &,

m(o
d()(DgUy)z 2 /|Du (x)[2dx
o Keﬂ océk

with C4 only depending on (N, a). Summing these inequalities on o € &, we find

107][2 5 < Ca Z /|DU(X)|2dx<C4 /|DU(X)|2dxcard(<§K)
ZgKeﬁ oebk K Z K

ge KeZ

and (1.4) concludes the proof of the proposition. O

Corollary 3.1. Assume that .7 is an admissible mesh which satisfies (1.2), (1.3)
and (1.4). There exists C only depending on (Q, ||V||(L=(q), ¢, @, M) such that, if U
is the variational solution to (1.1), U is defined by (2.1) and uy = (uk ))ke~ is the
solution to (1.9)—(1.10), then

07 —uzlls <C([Ulluy ) +Ifll@) + 111G llz@))-

Remark 3.2. By Theorem 2.1 in [6], ||U[|p1(q) is controlled by |[f[| 2q) +
|11G/ || 2(q) and we could thus drop it in the precedmg inequality.
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Proof of Corollary 3.1. The right-hand side of (1.9) is written
|K| fk + Z m QK o

g€bk

with (Qk,o)ke7, oes Which satisfies, for all 0 = K|L € &, Qk,0 = —Qv,o (con-
servativity); thus, by Proposition 3.2, p.72, in [7], there exists C; only depending on
(Q, [[Vl[(L=(@yn, €) such that

12 12
luzllyz <Ci ( > |K|f|%> +C1 ( > m(a)dUQ§> (3.5)

Keo o3

where Qg = |Qk | for some K € .7 such that o € &k (by conservativity, this defi-
nition of Q4 does not depend on the choice of such a K).

Since | Ak,o| =m(o)dk,s/N forall K € .7 and o € &k, we have, by convexity
of X — X2 and for all 0 =K|L € &,

d 1 d 1
2 g e dx+ —<
QO do |AK,0| AKo| ( )‘ do |AL0| ALg

< s (S0P [ fo0Fe)

(notice that, suppressing the term involving L, this estimate is still true if o € &k N
Eext)- Thus,
m(0)dsQ3 < / (x)|2dx
aeé*’ KeZ | oeék

< N / IG(x)[?dx
Kezﬂoezék Lo

- NKEZy/K|G(x)|2dx:N/Q\G(x)|2dx.

Moreover, fZ2 < <K L[| T(x)|?dx and (3.5) gives then

G(x)[?dx

O€Ee&

luzls,7 < Callflliz@) +CavN| G [|2(q)

Combined with Proposition 3.1, this concludes the proof. O

4. THE H2 FRAMEWORK

Proposition 4.1. Assume that .7 is an admissible mesh which satisfies Hypoth-
esis (1.3) and that U € HZ(Q) N H&(Q). Define, for 0 = K|L € &y,



10 J. Droniou

and, for 0 € & N &k,
Uk 1 _
Rko = — +—— [ Ou(&)- .
<o = g+ gy J, U0 Mo dm(&)
Then there exists C only depending on (N, a) such that

mo)deRE, <C Y h? / ID2u(x) 2 dx.
LeZJ | oeé L

Remark 4.1. Notice that this result is false in general if we replace Uk by the
mean value of T on K and if xk is not the gravity center of K (consider K =]0,h][?,
L =] —h,0[x]0,h[, xk = (2h/3,h/2), x_ = (—2h/3,h/2) and T(x,y) = x; we have
then Ri ¢ = —1/4 but D?U = 0).

Remark 4.2. 1t would be tempting to try to use the Bramble-Hilbert result (see
[4] (Theorem 2)) to obtain the estimate of Proposition 4.1 (and also in Proposition
3.1 and Lemmas 7.1, 7.2). This theorem can be used in Finite Element methods
thanks to a “reference finite element”: for example, in triangular meshes, each finite
element can be transformed, by some simple linear application, into some refer-
ence triangle; this allows to easily obtain estimates only depending on the size of
the element, not its geometry (because they all have the same geometry: that of a
triangle).

We do not have such reference control volume in our meshes (our control vol-
umes can have very different geometries); so, in order to prove that the estimates on
Rk o only depend on the size of K and not on its geometry, Bramble-Hilbert’s result
is useless and we have to make the whole proof.

Proof of Proposition 4.1. Due to technical reasons, we must first replace the
mean value of U on B(xk,ahgk) by the mean value on B(xx,ahk/2); step 1 is the
study of the consistency error for o € & with these new mean values (and if T is
regular). In step 2, we prove that the error introduced by the use of the mean values
on B(xk, "’—QK) can be controlled, and we conclude the proof for interior edges. In
step 3, the case of boundary edges is handled thanks to a symmetry trick which
brings us back to the case of interior edges.

Step 1: we suppose that U is regular and we take 0 = K|L € &y
We define

, 1 1 / _ 1 / ~
= — | ——F U(Xx dX— _ u d
“T o <|B<xK,—“2K>| a2 "0 P 1B, ) S 2y " Y

1 -
+W/Gmu(£)-n,<,odm(£).
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Let £ € 0. By Taylor’s expansions, we have, for all x € B(xk,ahk/2) and all
y € B(x_,ah./2),

T(x) = U(E) + Ou(E) - (x— £+/ 1—t)D20(E +t(x— &) (x— &) (x— &) dit

U0) = 0(E) + D0(E) - (v~ )+ [ (1-ODU(E +tly— )y~ ) (- )t

Subtracting these equations and taking the mean value on & € o, we find
u() -uly) = / da(§) dm(§) - (x—y)
/ / 2(E +1(x— &))(x— &) - (x— &) dtdm(£)
oo [ [ a-00AE - )y ) - £)dram(e).

We now take the mean values on x € B(xx, ahk /2) and y € B(x., ah/2); since
the mean values of x — x and y — y on these sets are respectively xx and x_ and
since X — Xk = dgNk, g, dividing by dg, we obtain

o = gomio |BXK ahK|/ ahK//thf dtdm(&)dx

do'm( )|B(X|_,ah|- |~/X|_,a2L // ty, dtdm E)dy

with F(t,x,&) = (1 - t)D?U(& +t(x— §))(x— &) - (x = &).
For x € K and & € g, we have |[x — &| < hk, so that |F(t,x,&)| < hZ(1 -
t)|D?u(& +t(x— &))|; Jensen’s inequality gives then

ohd )
2m(0)[B(x, %5¢)|

/ o // t)?|D?u(& +t(x — &))[>dtdm(&)dx
2h4

Zmio) B0, )]

/ // t)?ID?U(E +t(y — &))[>dtdm(&)dy. (4.1)

(Rko)* <

By translation, we can suppose that 0 = {0} x & C {0} x RN-1, Let x €
B(xk, ohk /2); we use the change of variable (t,&’) €]0,1[x 0 —z=(0,&) +t(x—
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(0,&")) € Vyx C K (K is convex), whose jacobian determinant is |x1 (1 —t)N=1 (where
X1 is the first component of x — we will see below that x # 0). Since N < 3, we
have, if t €]0,1[, (1 —t)? < (1 —t)N~1 and we can thus write

[ [ a-vptae +ix- ) Patame)
< [ [a-oN o v €)Padm(e)
< |x1|—1/ ID2(2)[2dz. 4.2)
K
Write xx = (a,b) with a € R and b € RN~1. The straight line going through
xi and orthogonal to o C {0} x RN=1, (i.e. the line R x {b}) intersects o (i.e.
(0,b) € 0). Thus, |a| = |(a,b) — (0,b)| > dist(xk, o) > dist(xx,dK) > ahyk (recall

that B(xk, othk) € K). Thus, if X € B(xk, ahk/2), we have |x1| > |a] — [x1 —a| >
ahg — [x—xk| > %3 and (4.2) gives then

[ [ a0 +tix- e Patam) < oo [ prue)ar

Therefore,

xK,““K |/ // t)?[D?T(€ +t(x —&))|*dtdm(&)dx

e 200 (2
ahK/K|D 0(2)|2dz.

Coming back to (4.1) (and using the preceding inequality also with L instead of
K), we obtain

(Rk ) < %/ |D2U(z)|2dz+i/|D2U(z)|2dz.
i adzm(o) Jk adZzm(o) Ju

Since dg > dk o > ahk, we deduce that
2 4h2 2 2
m(0)do (R /|D )| dz+—/|D N2dz (43)

Step 2: we now estimate the difference between the mean values of U on
B(xk,ahg) and on B(xk, "’hK) and we conclude for o € &p.

Let v(x) =T(x) — (W Jaixe,ahe) Du(y)dy) - (X —Xk). We have, for x €
B(O,ahK),

X 1 1+t X
v(xK+x)—v(xK+§) :/o DV(XK-I-TX) -Edt.
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Integrating on x € B(0, ahk), dividing by |B(xk,ahk)| and thanks to the change of
variable y = xx + 3 in the second integral, we find

|B XKaahK |/ TK

- v
|B(Xk, ahk)| /B(xK,ahK)
5dtdx.

1 1+t
= S v [ Xk + ——X
| (XK,GhK)I/B(o,ahK)/o (K 2 ) 2

Since the mean values on B(xk, athk) and on B(xk, “hK) of x = x—xk are null,
the mean values of v on these sets are equal to the mean values of T on the same

1 / -~
- u(y)dy |,
|B(xk, 256 )| /BOxc, %) )

sets. Thus, denoting

1
o = — 7/ u(x) dx
e da<|B<xK,ahK>| L

we have just proved that

ahg / /
OGhK

|
| K,a‘ nglB xK,ahK |
Using the change of variable x — z = xx + %x (which sends B(0, ahg) into

dtdx.

Cv (XK + —x)

(but not onto) B(xk, ahg)), we deduce

2

azh2 1 1 2 \M
Ov(z)| | —— ) dtdz
(|B<xK,ahK)|/B<xK,ahK)/o' o () )

2
<
(IK,O') X 4d%
IN-2 2112 2
< 2 fhK< L / |Dv(z)\dz> )
dg [B(x, ahk)| /B(x,ah)
0u(2) - ; (XKlahK [ J(xc.ahe) DU(Y) dy. Thus, thanks to Lemma

(4.4)

We have Ov(z) =
7.1,

1 2
_ v(z dZ
<|B<xK,ahK>|/B<xK,ahK>' ) >
2
L / I0u(z) — Cu(y)| dzdy)
(xx,ahk)

(|B(XK,C¥hK)HB(XK,GhK)| B(x.ahk) /B
Cahg*? / 20012
D<u(x)|<dx
\B(xK,ahmHB(xK,ahm xK,am‘ bl
2
XKaahK| xKahK

where C; and C, only depend on (N, a).
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Coming back to (4.4), we obtain C3 only depending on (N, a) such that

Cshi} -
ko)? < —K/ D2u(x)|2 dx.
( K,U) dg\B(XKaahK” B(xK,ahK)| ( )l

o is of diameter less than hg, so that m(o) < C4hE‘l with C4 only depending on N.
Moreover, dg > dk, o > ahg; hence,

m(0)do(lko)? < Chi ™ / ID20(x)[2dx
oVIIT N ahk B(xk, ahk)| ek, ah)
< Ceh? /K ID2u(x)|2dx (4.5)

with Cs and Cg only depending on (N, o).

We have Rk ¢ = Ik,o + Rka — I,o. Thanks to (4.3) and (4.5), we deduce
m(0)doR2 ; < Crh2 / ID20(x)[2dx + C7h? / D2U(X)[2dx  (4.6)
’ K L

with C7 only depending on (N, ar). This estimate has been obtained for T regular,
but, by the density result of Lemma 7.3 (found in the Appendix), it is also satisfied
by functions in H3(K U g UL) (thus by functions in H(Q)). This concludes the
proof if o € &x.

Step 3: suppose now that o € &g N Sk .

Since U € H2(Q) NH(Q), we have o = 0 on ¢. Denoting by S the orthogonal
symmetry with respect to the hyperplane generated by o, it is then well known that
the function % : KU o US(K) — R which is equal to on K and to —to S on S(K)
belongs to H2(K U a U S(K)).

We notice that all the hypotheses on (K,xk,0o,L,x_ ) used in Steps 1 and 2
(and in the proof of Lemma 7.3) are satisfied here by (K,x,0,S(K),S(xx)) (with
dist(xk,S(xk)) = 2dist(xk,0) = 2ds instead of dg).

The result (4.6) of Step 2 hence applies with % instead of 0 and we can write,
defining % and Zgx) as the mean values of % on B(x, ahk) and B(xgk), Ahgk))
respectively,

U — U 2
2m(0)dg( KZdUS(K)+m(10)/o_D%(E)-nK7Udm(E)>

2 2 2 2 2 2
< C7hK/K|D % (x| dx+C7hS(K)/S(K)|D U (x)2dx.

Since % =1 on K, we have %k = Uk and, in the sense of the traces, 0% = Ou on
0. Moreover, % = —UoS$ on S(K), so that Zgk) = —Uk (notice that hgy) = hk,
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which implies B(S(xk ), ahgk)) = S(B(xk,ahk))) and D% (x)| = |D?u(S(x))| for
x € S(K). Thus, the preceding estimate yields

_ 2
2m(0)dy (3-&% / DU(E)-nK,Udm(s)) < 2C7h2 /K ID2u(x)[2dx,

which is exactly the desired result for 0 € &ws. O

Theorem 4.1. Assume that G € (H1(Q))N and that the variational solution U to
(1.1) belongs to H?(Q) NH(Q). If 7 is an admissible mesh which satisfies (1.2),
(1.3) and (1.4), there exists C only depending on (Q, |[V[ =gy, [[bl|L=(q), {; o, M)
such that, U » being defined by (2.1) and u s = (uk )ke # being the solution to (1.9)—
(1.10),

07 —uzllsz <C[Ullhzq) + DG [|L2q)hs-

Remark 4.3. A similar result, with Tk replaced by T(xk) and G = 0, is proved
(using (1.3)) in [9] and [10] (Theorem 3.2). Here, we also need (1.4) because, Uk
taking into account all the values of T on a ball around xk, we cannot control R
in Proposition 4.1 (for example) only by means of fAK |D?u|?, as it is done in [10]

Proof of Theorem 4.1. By (1.1), div(va) € L2(Q) c LY(Q) and, v and T being
continuous on Q (because U € H?(Q) and N < 3), we can apply Lemma 7.4 (see the
Appendix) to compute the integral of div(vT) on a convex open subset of Q. Thus,
integrating (1.1) on a control volume K € .7, we obtain

/ (&) M dm(E) + / V(€) Nk oT(E) dm(&)

oeéaK O€E&k

+/ X) dx = |K| fi + ;/G kodm(E).  (47)

Denote, as in Proposition 4.1,

Rio = UKd_UUL - (—m(la) /UDU(E)-nKﬂdm(E))

with o =K|Lif 0 € skNé&rand UL =0 if 0 € Ek N et
Let

Ko = VK,0U0,+ - % /Ov(f) ) nK,OU(f)dm(E)
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where Ug + =Tk if vk ¢ 2 0, Ug 4+ =T if vk ¢ < 0 and o = K|L € k N &, and
Finally, define

P = by — — / b(x)u(x) dx
K] Jk

1 dKo dLO’
W/OG(E)'nK,odm(E)— (EGKO’ dy —G_ o)

(with the convention that 0 = KI|L if 0 € ék N & and that d ¢ = G o =0 if
O c g}( ﬂ @@@(t)

and

(4.7) shows that (Uk )ke # satisfies (1.9)—(1.10), provided that we add
Kl + 5 m(0)(Rk,o + ko + Mk o)

o€k
to the right-hand side of (1.9). Therefore, subtracting the equations satisfied by
(uk)kes to the equations satisfied by (Tk)kes, we see that (ek)kes = (Uk —
Uk Jke s satisfies

m(o
ke, 5 MWDo —e)+ 5 m(0)wk otos + Kbk
océ&k g oeé’K

= [K|pk + Z RKO’+rKU+MKU)

océk
(where 0 =K|Lif o€ ékNéiwand e, =d o =G ¢ =0if 0 € k Nex),

Vo=K|L€ &n, es+ =¢€x if ko >0, egy =eL otherwise,
VO € o¢Nék, g4 =6k if ko >0, egy =0 otherwise.

By definition, (R, )ke7, oesir (Tk,o)ke, oes aNd (Mk o)ke s, oes, are con-
servative: for all o = K|L € éint, we have Rk ¢ = —RL g, lk,o = I g and Mk ¢ =

—M_ ¢ (notice that nk ¢ = —N o). Hence, by Proposmon 3.21in [7], we deduce that
there exists Co only depending on (Q, [|V[|(L=(q)yv; ) such that

12 12
lez |12 <Co( > |K|Pr%) +Co ( > m(o aA2> ; (4.8)

Keo oe&

where we have denoted Ay = |Rk,o + rk,o + Mk ¢| for some K € .7 such that o € &k
(by conservativity of these quantities, this definition does not depend on the choice
of such a K).

We have

ol = \|—§| b(x)(Tx — (X)) dx

[Ib]|Le(0)
K] [B( xK,ahK |//MhK —U(x)|dydx.
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Therefore, by Lemma 7.1, there exists Cy only depending on (N, [|b|[ =(q), o) such
that

[KIpE < Cahg [ |0u(0)Pdx.
K

(4.9)
By definition,
1
e I AG LR GG
< % | o~ (&)l am(z) (4.10)

and either Uy + =T, for some L € .7 such that 0 € 61, or Uy + =0 and 0 € gq.
In the second case, since u € H(}(Q), we obtain |rk | < 0 (i.e. rg,¢ = 0). In the first
case, we define v = [i. — U] € HY(Q) and, using Lemma 7.2, we see that

(57, IUL—U(E)Idm(E)>2

(751, V(E)dm(f))z

< (g7 [ v@ramE) - o va(x)dx)z
213 AL,UV(X"’XY

< |Zth,E| BECEEI O AL,UV(X)“'X>2

with C, only depending on (N, a). But Ov = sgn(U_ —U)u and

v(

1 _ _
X = ‘|B<xL,ahL)|/Bm,am“(y)dy_“(x)

1 _ _
B, GR0 Joan, T0) ~0O01:
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so that, by Lemma 7.1,

(57 . IUL—U(E)Idm(E)>2

Coh?
|ALel o,
1 2
N N R I dx)
(IAL,0||B(xL,ahL)| Ao B(XL,D{hL)I (y) —u(x)[dy

cah? [,
< |AL(';|/L|DU(X)|2dx

|0u(x)[?dx

N

where Cz only depends on (N, a). Using this in (4.10), and since
|ALl =m(0)dLe/N > am(a)h./N

(because di o = dist(x., 0) > dist(x_,dL) and B(x_,ah.) C L), we deduce that there
exists C4 only depending on (N, [[V||(L=(q), @) such that

m(U)dahE/ 2
————— [ |Ou(x)|*dx
Aol L| ()]

< C4hyh|_/|Du(x)\2dx (4.12)
L

m(o)dork s < C3||V||(2|_°°(s')))N

for some L € .7 such that o € & (we have used the fact that d; < 2h & ). Notice that
this estimate is also true (for any L € .7...) in the case where ug = 0 with 0 € &,
since rg o is then null.

We have, for 0 = K|L € &y, since dk ¢ +d o =dg,

Mco — dKU( /G )-Nk,gcdm E)—i G(x)-nK,gdx>
|AK7U| N0
L,o
_|_
( m(o

7 Jo
1
- 52 (e Lo a6 e
dL,a 1 1

. (@ / S(E)dn(E) - 1 AL’JG(xmx) o

Hence, X — X? being convex, Lemma 7.2 gives Cs only depending on (N, a) such
that

G(&) -nk,edm(&) + G(x)-nLygdx>

|AL10’| ALg

+

2 2
deg Mk 10G(x)| dx+c5dL° hi

M2 <C
A *do do |AKU| A do \AL0| ALg

|OG(x) |2 dx.
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But |Ak,o| =m(0)dk,o/N and |Ag| =m(0)dL s /N, so that

m(0)dgM2 , < CsN (hﬁ/AK |De(x)|2dx+hf/ \DG(X)|2dx>. (4.12)
' ,0 AL,a

Notice that, suppressing the term involving L, this estimate is still true if o € &k N
g@(t.

We now gather (4.9), (4.11), (4.12) and the estimates of Proposition 4.1 in (4.8);
using Hypothesis (1.4), we find thus Gs only depending on

(Q IVl (= (@ys 1Pl L=y, €, @)
such that

llezllsz

1/2
< Cehy(Z /|DU(x)|2dX>
Kez /K

+Cohs ( P [ 107002+ [ |0uGo) Pox

O€eéf Le

12
+/ \DG(x)|2dx>
L
Cehz|||000[ || L2(q)

1/2
+Cehy (M 3 /|D2U(x)|2dx+/|DU(X)|2dx+/|DG(x)|2dx)
LT L L L

1/2
< Cehz|||00] || 2(q) + VMCsh s (/Q|D2U(x)|2_|_|DU(x)|2+|DG(X)‘2dX)

N

and the proof is concluded. O

5. PROOF OF THE MAIN RESULT

We can now prove, using interpolation techniques, Theorem 2.1.

Proof of Theorem 2.1. Let
B={(T,G,f)e H&(Q) X (L2(§2))N X LZ(Q) | AU — div(vT) —bu+div(G) + f =0}

(endowed with the norm of H3(Q) x (L2(Q))N x L?(Q)) and define T : B — X(.7)
by T(U,G, f) = (Uk — Uk)kez, Where (uk ke~ is the solution to (1.9)—(1.10).
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Corollary 3.1 shows that, if X(.7) is endowed with the discrete HX-norm, T is
linear and continuous with a norm bounded by Co(Q, ||V||(L=(q)n, o, M).
If we define

A = {(©,6,T) € (HHQ)NHIQ) x (HH(Q)" x LA(Q) |
AU —div(vl) — bu+div(G) + f =0}
(endowed with the norm of (H2(Q) NH}(Q)) x (HY(Q))N x L2(Q)), Theorem

4.1 shows that, X(.7) still being endowed with the discrete H-norm, T : A —
X(Z) is continuous with a norm bounded by C1h4, where C; only depends on

(Q, |Vl =@, bl (@), £, o, M). _
Thus, by classical interpolation results (see e.g. [1], Theorem 4.1.2, p.88), T is
linear continuous [A,B]1_s — X(.77) with a norm bounded by

C375(C1h#)® < max(Co, 1) max(Cy,1)hS,.
Subsection 7.2 in the Appendix shows that

[ABli-s = {(0,G,f) € [H}(Q) NHH(Q), H3(Q)]1-s x (HAQ)N x L(Q) |
AU — div(vt) —bu+div(G) + f =0}

(with equivalent norms). To conclude the proof of the theorem, it remains therefore
to see that [H2(Q) NHA(Q),H3(Q)]1_s = HS(Q) N HA(Q).

In the case N = 2, i.e. if Q is a polygonal open subset of R?, this result is proved
in [2] (Theorem 3.1).

If Q is convex, we propose the following simple proof (which do not uses the
fact that Q is polygonal). First of all, notice that we have, by definition, [H?(Q) N
HE(Q),HE(Q)]1-s — H(Q) and, since the inclusions

H2(Q)NHH(Q) — H3(Q) and HF(Q) — HY(Q)
are continuous, by interpolation, there is a continuous inclusion
[H*(Q) NHG(Q), Hg(Q)]1-s — [HA(Q), HH(Q)]1-s = H%(Q).
This shows that [H?(Q) NH(Q),H}(Q)]1_s = HITS(Q) NH(Q).

To prove the reverse inclusion, denote S = A~ with Dirichlet boundary condi-

tions. Since Q is convex, S is linear continuous
H Q) - HYQ) and L3%Q)— HAQ)NHI(Q).

A being linear continuous

HY(Q) = HY(Q) and H2(Q)—L%(Q),
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we deduce that So A is linear continuous
HY(Q) - H}(Q) and H3Q)— H*(Q)NH(Q).
By interpolation, So A is thus linear continuous
[H3(Q),H}(Q)]1-s = H(Q) = [H*(Q) NH5(Q), H5 (Q)]1-s-

But SoA = Id on H}(Q), and this shows therefore that H1S(Q) NH(Q) is contin-
uously imbedded in [H?(Q) NHZ(Q),H3(Q)]1—s, which concludes the proof of the
theorem. O

6. NUMERICAL RESULTS

We present here a few numerical results which illustrate the convergence results we
have just proved.

In all these tests, the open set is Q =] —1,1[? and we have taken no lower order
term, i.e.v=0and b =0in (1.1); as a right-hand side, we have let f =0and G =
—[u (some tests have also been made with G = —Ou+ W where W is divergence
free, and the results are similar, provided that W has the required regularity). The
meshes used are regular cartesian grids, and we analyse the rate of convergence by
showing, in each case, the discrete H* norm of the error versus the size of the mesh,
in log-log scale.

Our first test function is a pyramid, based on the function (x,y) — (1 — |x|)(1—
ly|) that we have twisted in order that the peak be at (1/+/2,1/+/2) instead of (0,0)
(this has been done to avoid too good convergence results due to symetries between
the function and the mesh). The results are shown in Figure 1. The dots on this
figure indicates a reference slope; as we can see, the rate of convergence is roughly
0.5, which is the expected result since the function is here in H3/2-¢ for all £ > 0.

Figure 1. “Pyramid function”; reference slope: 0.55

Then, we have taken (x,y) — (1 —x2)(1 —y?)|(x,y)|5, which belongs (if s €
10,1]) to H*S=¢ for all £ > 0. Figure 2 shows different cases for s which confirm
the result of Theorem 2.1.
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Figure 2. |(x,Y)|® singularity; cases s = 0.2 (reference slope: 0.2), s= 0.5 (reference slope: 0.5),
s=0.7 (reference slope: 0.7)

If we add a convection term, with negative divergence, which provokes the loss
of coercivity in (1.1), the results are similar to the preceding ones, the only dif-
ference being that the constant “C” appearing in Theorem 2.1 is much bigger. For
example, coming back to the first test function, the constant in the reference slope
of figure 1 is 2 whereas, if we add a convection term with v = —10(x,y), it becomes
80 (and the slope does not change).

7. APPENDIX
7.1. Technical lemmas

Lemma 7.1. There exists C > 0 only depending on N such that, if U and V are
non-empty open subsets of RN contained in a same ball of radius R, we have, for all
veHY(co(UuV)),

‘ﬁ/uv(x)dx—%/vv(y)dy

1 dxd ¢ CRM 2d
< _ V(X) =V X < Lv(z Z.
(i o oo —vonnesay) < [ jove

2

Proof of Lemma 7.1. co(U UV) is a convex open set of RN, Thus, its boundary
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is Lipschitz-continuous and the regular functions are dense in H(co(U UV)). We
therefore just have to prove the lemma for regular functions.
The first inequality is obvious. Let us prove the second. If v is regular, we have,

forallxeU andally eV, v(x) —v(y ):fo1 Ov(tx+ (1—t)y)- (x—y)dt. This implies

V(X dxdy < ——— /// Ov(tx+ (1—t X —y|dtdydx
o, [ o —vlday < o Ov(ex-+ (L - )y)] -]

and, since |[x—y| <2R forallxeU and ally € V (U and V are contained in a same
ball of radius R), Jensen’s inequality gives

(v oo 'dXdy>2

2
IJIRIVI/// |Ov(tx+ (1~ t)y)|*dtdydx. (7.1)

Lety € V. Using the change of variable x e U - z=tx+ (1 —-t)y e tU 4+ (1 —
t)y C co(U UV) and Fubini’s theorem, we find

1
/ / / IOv(tx+ (1 —t)y)|2dtdxdy < / IOv(z) 2 / / tNdtdydz (7.2)
uJvJo co(UuV) Vv J1(zy)

where I(z,y) ={t € [0,1] | Ix € U, tx+ (1 —t)y =z}. Ift € I(z,y), then t(x —y) =
z—y for some x € U; since U and V are contained in a same ball of radius R, we
have then 2Rt > t|x —y| = |z—Yy| and thus 1 (z,y) C [%,1]. We deduce that

N—1
/ t~Ndt < / t~Ndt < 1 &Nl
I(zy) iz SN-1 |Z - y|

Thus, there exists Co only depending on N such that, for all z € co(U UV),

1 1
t=Ndtdy < C RN_lfid —C RN—1/ e
/V/I(ZN) yS*Ho vz—y 1 e zv &Nt ¢

U and V are included in a same ball of radius R; thus, co(U UV) is also included in
this ball and, for all z € co(UUV), z—V is therefore contained in B(0, 2R), which
allows to write, using polar coordinates,

1
tNdtdy < C R’H/ ———d
/v/|(z,y) J ° B(o2R) |§[N~1 ¢

N—-1 R 1 N-—-1
= 2CCiRY

where Cy is the (N — 1)-dimensional measure of dB(0,1) (C1 only depends on N).
Gathering this last inequality, (7.2) and (7.1), we conclude the proof of the
lemma. O
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Lemma 7.2. If 7 is an admissible mesh which satisfies Hypothesis (1.3), there
exists C only depending on (N, a) such that, if v € H(Q), then, for all K € .7 and
all o e (g’K,

2

CdZ ,
< : Ov(x) |2 dx.
|Ak,o] AK,U‘ )

eI AGEL

v(X) dx
"AK,U‘ .0 ()

Proof of Lemma 7.2. The regular functions being dense in H(Q), it is suffi-
cient to prove the lemma for v € C1(RN).

By translation and rotation, we can suppose that o = {0} x & with & ¢ RN-1
and that xx = (dk ¢,0).

For a € [0,dk o], we denote G, = {y € RN"1 | (a,y) € A« o} By definition,
(a,y) € Ak ¢ if and only if there exists t € [0,1] and z € & such that t(dk o,0) + (1 —
1)(0,2) = (a y); this is equivalent to t = a/dx g and y = (1 —t)z = (1 —a/dk,0)z.
Thus, 0a = (1—a/dk,¢)0.

Forally € g and all a € [0,dk o], we have

v(0,y) — ( (l— %) y) = /01 Ov (ta, (1—t%) y> . (—a, %y) dt.

Integrating on y € & and using the change of variable z = (1 —a/dk o)y, we find

/ V(E)dm(f)—ﬁ JRCELE
T ko

1
// Ov (ta,( —t—) y) . (—a, iy) dtdy.
5Jo dk,o dk,o
Multiplying by (1 —a/dk )N ! and integrating on a € [0,dk o], we obtain
dK, dK
/V(E)dm(f)/ (1— —) da— / / a,7) dzda
o 0 dK o Oa
dk o a N—-1
- 1- =
/0 [( dK 0) %
/ / Ov (ta ( )y) : (—a, iy)] dtdyda. (7.3)
dK o dK,o

But /7 (1—a/dy o)N"1da = dy o /N and | Ak o| = m(0)dk o /N; therefore, (7.3)
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gives, thanks to Fubini’s theorem,

% [v@am@)- [ RCE
- s
Lo (a0 (s o

By definition of an admissible mesh, the straight line going through % =
(dk,s,0) and orthogonal to o C {0} x RN~ intersects o; this means that 0 € G.
Moreover, ¢ is contained in K which has diameter hk; thus, o has diameter less
than or equal to hk. By Hypothesis (1.3), dk o = dist(xk, 0) > dist(xk,dK) > ahk.

We deduce that, forally € &, |y| = |y — O\ diam(0) < hk < 2dk 0. Thus,

Frll-a)
// Dv(ta( d}(g)y)-(—a,ﬁy)]dtdyda

< CO/OdK’U[(l—%)N T
FE T (e ))

where Cq only depends on a.
Let a €]0,dk o[. By the change of variable

] adtdyda (7.5)

da: (t,y) €]0, 1[xa—>z—<ta< ) )erpa 10,1[x0)

(whose Jacobian determinant is a(1 —ta/dk o IN-t=a(1- 21/dk, o)N"Lsince 23 =

ta), we have
1 a
/ / Ov (ta, <1 — t—) y) ‘ dtdy
gJo dK,U

—N+1
:/ IOv(z)[a™ (1—2—1> dz.
9a(10,1{x?) dk.o

But, since (ta, (1—tﬁ) y) = d%(dK,o,O) + ( — df(—aa) (0,y), we have

$a(]0,1[x0) C Nk ,0
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and Fubini’s theorem allows thus to write

e
e 2) ()

__a\N-1
dKO‘
< sz/ dadz.
/AK,U‘ @ ae[o,dK.,o]zeqba(]o,l[x&)( Zl)

dK,o

adtdyda

Ifze ¢a(]0,1[>< 0), we have z; =ta for some t €]0,1], i.e. 0 < z1 < a. Therefore,

__a _a
1 Ges <1 dKUand

a

1_ _a \N-1
/ dco da < dy
ac[00k o] | 69a(]0,1[x5) \ 1 — 52 SR

dK,U

o(nri))

< deo / IOv(z)| dz.
AK,cr

We deduce that

Foea) b

adtdyda

We now use this inequality in (7.5) and introduce the resulting estimate in (7.4) to
obtain

1 1 COdKU
_— vxdx——/v dm < : Ov(x)|dx.
‘lAm e s [ o) (f)‘ Dol Jnes 0V
Jensen’s inequality concludes then the proof of the lemma. O

Lemma 7.3. Let .7 be an admissible mesh, o = K\L e SnandU =KUoUL.
Then U is an open subset of RN and C*(U) is dense in H?(U).

Proof of Lemma 7.3. Step 1: we prove that U is open.

By translation and rotation, we can suppose that o = {0} x & with & c RN-1
and, since the line going through (xk, x.) is orthogonal to o, that 0 € o, xk = (b,0) €
10,00[x {0} and x_ = (a,0) €] —oo,OLx {0}. Definethen ¢ : (t,y) €] —1,1[xRV"1 —
(t—a+tth, (1 —|t])y) €]a,b[xRN-1 (where t+ = max(0,t) and t~ = max(0, —t));

¢ is an homeomorphism (the inverse mapping is Y(z1,7') = (% + %,(1 — % —
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2)=17)). It is easy to see that ¢ (] — 1,1[x 0) = Ax,c UG UAL o; indeed, ¢(0,5) =
0, $(]0,1[x 0) =L, ¢ (recall that xk = (b,0)) and ¢ (] —1,0[,0) =A ¢ (recall that
x_ = (a,0)); by hypothesis on the egdes, & is open in RN-1 and ¢ (] — 1,1[x0) =
Dk o UOUA g is thus open in Ja,b[xRN-1, j.e.in RN,

We have U = KUoUL = KUAk s UoUAL s UL (because Ax s C K and
AL C L by convexity of K and L), and this proves that U is open in RN (K and L
are open in RV).

Step 2: we prove that, forall A > 1, U C AU (recall that 0 € o C U).

To see this, it is sufficient to show that, for all z € U, ]0,z[C U; indeed, once we
have obtained this result, we write, for z € U\{0} (the case z = 0 is obvious) and
A >1,z=A(32) and, since 2= $z+ (1 — 1) x 0 €]0,z[C U (because 1 €]0,1),
we deduce that z € AU.

Letustakeze U =LUTUK.

Assume first that z €70. Then, since o is an open convex subset of {0} x RV~1
and 0 € g, a classical convexity lemma tells us that ]0,z[C o C U, which concludes
this case.

Assume now that z € K\ (the case z € L\ 0 being treated the same way).
If z € K, then by the same convexity lemma as before, since 0 € K and K is
convex and open, we have ]0,z[C K C U. We can thus suppose that z € dK\ 0.

\ IIet us stop a moment to prove the following geometrical fact: dK N ({0} x
RN =7.

We first notice that KN ({0} x R¥=1) = 0: indeed, if it is not the case, then,
taking a € KN ({0} x RN-1), since 0 € K, we have ]0,a] C K; but 0 € o which is
open in {0} x RN~ and, since ]0,a] ¢ {0} x RN~ with a # 0 (because 0 € 9K,
which does not intersects K), we can find b €]0,a] N o; this means that b € K NK,
which is not possible.

Thus, A := KN ({0} x ]RN—lz is equal to KN ({0} x RN=1) and is therefore
convex (because K and {0} x RN~ are convex).

We have o C A (and thus @ C A, A being closed); take ¢ € A c {0} x RN-1,
Since A is convex, the set O = Uggt<1(tc+ (1 —t)0o) is contained in A; we want to
show that O\ & = 0.

o being open in {0} x RN~1, O and thus O\@ are also open in {0} x RN-1,
We have O\ C dK, which implies O\T C Ugicg,, 0.,#0}?. Suppose that O\T is
not empty; then, since it is an open subset of {0} x RN-Y and {0’ € &, 0’ # g} is
finite, there exists d € &k \{ o} whose adherence contains N points of O\@ C {0} x
RN=1 in general position. Thus, the hyperplane containing ¢’ is the affine space
generated by these points, that is to say {0} x RN=1. By hypothesis on the edges,
the intersection of {0} x RN~ and of the line going through xk and orthogonal to
{0} x RN~ belongs to both o and ¢ (since o and ¢’ both generate {0} x RN-1),
which is a contradiction with the fact that o and ¢’ are disjoint.
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Thus, O\G is empty, and O C G. Since ¢ € O, we deduce that ¢ € G, and this
concludes the proof that A C @, i.e. that dK N ( {10} xRN-1) =3,

We also notice that, since KN ({0} x RN-1) =0 (see above) and since xk €
10,00[x RN=1, by connexity of K, we have K C]O oo[x RN=L, We prove the same
way that L C] — oo, O[xRN-1,

Let us now return to the proof that, if z € dK\@, then ]0,z[C U.

As we have seen before, Ax o U o UA 5 is an open set and, since 0 belongs
to this open set (and z # 0), ]0,z[N(Ak,¢ U UA 5) is not empty. We have z €
K C [0,00[xRN~1; since z € dK\T and dK N ({0} x RN-1) =G, this implies z ¢
{0} x RN=1 and thus z €]0, [ xRN, Hence, ]0, z[cl&) oo x RN-1,

But AL s C L C]—o00,0[xRN-1 and o C {0} x RN~1; ; therefore, 10,2[N(Ak o U
OUAL o) =]0,2[NAk 0. ThIS set being non-empty, we can take c€]0,z[NAk,0 CK.
Since 0 and z belong to K, ]0,c] and [c,z[ are contained in K, which implies that
10,2[=]0,c]U[c,z[C K and concludes this step.

Step 3: we prove the density result.

Take v € H?(U) and define, for A > 1, v (X) = v(x/A); v, belongs to HZ(AU)
and the restriction of v) to U C AU converges, as A — 1, to v in H2(U).

Indeed, to see the convergence in L?(U), we take £ > 0 and w € C¢(U) such
that |[v—w[[ 2y < €; we then write, with w (X) = W(x/A), [[Va —V[|2u) < [[Va —
Wi llLzquy + [Wa — W[l 2y + [[W — V[ 2y By a change of variable, we have ||v) —
W [li2uy < VA —Wallzgauy = ANV —wl| 2y < AN/2g, so that [[vy — V[ 2 <
AN2 L D)+ [|wy —w]| |L2(u)- Since w € C¢(U ), the dominated convergence theorem
(for example) gives ||w), —w| |lL2(uy — 0 as A — 1 and this concludes the proof of the

L2 convergence. The firstand second derivatives of vy being (with evident notations)
A~1(0v), and A~2(D?),, the H? convergence is an immediate consequence of the
L2 convergence showed above.

To approximate v in H2(U) by regular function, we thus just need to approx-
imate v, in this space. We extend v, to RN by 0 outside AU and take (pn)n>1 @
smoothlng kernel; vy * p, € C2(RN) and, since U is relatively compact in AU and
Vy € H?(AU), we have v) * py — v, in H3(U) as n — oo (because, for n large
enough — such that U + supp(pn) C AU —, we have O(v, x pn) = (0Ov, ) * p, and
D2(v, * pn) = (D?V,) % p, on U). This concludes the proof of the lemma. O

Lemma 7.4. IfU is a convex open bounded set in RN and W € (C(U))N is such
that div(W) € L1(U), then

/ div(W)(x)dx = [ W(&)-n(&)dm(&)

ou

(m denotes here the (N — 1)-dimensional measure on dU and n is the unit normal
to dU outward to U— notice that, since U is convex, it has a Lipschitz-continuous
boundary).
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Proof of Lemma 7.4. By translation, we can suppose that 0 € U. Then, for all
z €U, since U is convex, [0,z[€ U; as we have seen in step 2 of the proof of Lemma
7.3, this implies that, forall A > 1,U C AU.

Let W), (x) = W(x/A); we have W), € (C(AU))N and W, — W uniformly on
U (and thus on dU) as A — 1 (this is due to the uniform continuity of W on this
set). Moreover, div(W,) = A~1(div(W)), € LY(AU) and, as in step 3 of the proof
of Lemma 7.3, we deduce that div(W,) — div(W) in LY(U) as A — 1. It is thus
sufficient to prove that, for all A > 1, W) satisfies the result of the Lemma.

Let (pn)n>1 be a smoothing kernel. Extend W) to RN by 0 outside AU and
define W, ) = W), x p, € C2(RY). By regularity of Wy, ,, we have

/dlv ) dx_/ Wi (£) -n(&)dm(&). (7.6)

But W), is uniformly continuous on the open set AU, which contains the compact
set dU; thus, Wy, , — W), uniformly on dU.

We have, in the sense of the distributions on RN, div(W,, ) = div(W, ) x pn.
Since div(W,) € LY(AU) and U is relatively compact in AU, we deduce that
div(Wp ) — div(W,) in L}(U) as n — co.

These convergences allow to pass to the limit in (7.6) to see that W satisfies
the result of the lemma, which concludes the proof. O

7.2. Interpolation

We prove in this subsection that, if Q is a bounded open subset of RN (N =2 or
3) with a Lipschitz-continous boundary and v € (C(Q))N satisfies div(v) € 2(Q),
then, for all § €]0, 1], the interpolate space of order ¢ between

A = {(@G, )€ (H(Q)NH(Q)) x (H(Q))" x L*(Q) |
At —div(vu) —bu+div(G) + f =0}

and
B={(T,G, f) € H}(Q) x (L3(Q))N x L3(Q) | AT~ div(vT) — bu+div(G) + f =0}
is (with equivalent norms)

C = {(G,f)e[H¥Q)NH;(Q),Ho(Q)s x (H*? (@) x L*(Q) |
AU — div(vt) — bu+div(G) + f =0},

each of these spaces being endowed by its natural norm (notice that the interpolate
space of order 3 between H(Q) and L2(Q) is H=?(Q)).
This result is quite natural, but not so easy to prove.
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To simplify the notations, we let V = H3}(Q) and W = H2(Q) N H}(Q). The
proof relies on a result in [11]. Define the linear application

T e 2V x (L2(Q)N x LA(Q);H Q) nZW x (HY{(Q)N x LA(Q); L%(Q))

by T(U,G, f) = Au— div(vu) —bu+div(G) + f; this application is continuous W x
(HY(Q))N x L?(Q) — L*(Q) because, since div(v) € L*(Q) — this is the only place

where we need this hypothesis — and W € C(Q) — recall that N < 3 —, we have
div(va) = div(v)u+v-0u € L?(Q) when T € W. Then

A={xeW x (HY(Q))N x L%(Q) | T(x) =0},
B={xeV x (L3(Q)NxL3Q)|T(x) =0}

and Theorem 14.3 in [11]*allows to see that
[A,B]s = {x & W x (H}(Q))N x L(Q),V x (L2(Q))N x L3(Q)]s | T(x) =0} =C

with equivalent norms (notice that this last space is equal to C because the inter-
polate space of a product of spaces is the product of the corresponding interpolate
spaces), provided that we can construct an application

Re.Z(H YQ));V x (L2(Q)N x L2(Q)) n.Z(L3(Q);W x (HY{(Q))N x L2(Q))

such that ToR = Id on H™(Q).
The rest of this subsection is devoted to the construction of such a R.

The main difficulty in constructing this application is the lack of regularity of
0Q. If Q s aregular (or convex) open set and v € (C1(Q))N (for example), then R is
quite easy to build: take, for L € H=1(Q), R(L) = (1, 0,0) where U is the variational
solution of Au— div(vt) — bt = L with Dirichlet boundary conditions; the regularity
of dQ ensures then that R is continuous L2(Q) —W x (HY{(Q))N x L%(Q).

If Q is a polygonal non-convex open set, we must find another way to construct
R. The main idea is to get rid of Q and to bring ourselves back to RN,

Following an idea of [3], we first build
re . Z(L2RY);L2(Q))n.Z(HY{(RY); H3(Q))
such that r(¢) = ¢ forall ¢ € 2(Q).
To do so, we notice that, since Q has a bounded Lipschitz boundary, so does

RN\ Q; there exists thus an extension operator E which is continuous H(RN\Q) —
HY(RN) and L2(RV\Q) — L?(RN) (the classical extension operators constructed

*In fact, this theorem concerns the interpolation of complex banach spaces, and we consider here
spaces of real-valued functions; but it is not very difficult to see, since we handle spaces of functions,
that the result of this theorem is also valid in our case of real interpolation.
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via symetries satisfy these continuities). We define r by r(¢) = (¢ — E(§rva))a-
Since ¢ —E (¢jrni0) =0 on RN\Q, we clearly have r(¢) € Hg(Q) if ¢ € HY(RY);
moreover, if ¢ € Z(Q), $rv\o = 0 so that r(¢) = ¢, and r has thus the desired
properties.

r allows us to extend elements of H=1(Q) into elements of H=1(RN), in such a
way that elements of L2(Q) ¢ H~(Q) are extented into elements of L?(RN).

Indeed, r* : H=%(Q) — H~L(RV) is linear continuous and, since r : L2(RN) —
L?(Q) is continuous, r* is also continuous L?(Q) — L2(RN) (we have identified, as
usual, the dual space of L? to L itself). Moreover, if L € H™1(Q), one has L = r*(L)
in 2'(Q): indeed, for all ¢ € 2(Q), r*(L)(¢) =L(r(¢)) =L(9).

Let L € H7Y(Q); since r*(L) € HL(RN), we can define w € Hl(lRN) as
the variational solution of —Aw! +w- = r*(L) on RN, and, since r* : H=1(Q) —
H~L(RN) is linear continuous, the application L € H=1(Q) — w- € HY(RN) is
linear continuous. Moreover, r* is also linear continuous L?(Q) — L?(RN) so
that, by the regularity properties of —A+1d on RN, L — wt is linear continuous
L2(Q) — H2(RN).

Define now R(L) = (0, —D(V\*Q),Wb). Since the restriction to Q is linear contin-
uous L?(RN) — L2(Q), HY(RY) — H1(Q) and H2(RN) — H2(Q), R is linear con-
tinuous H=1(Q) — V x (L2(Q))N x L2(Q) and L?(Q) =W x (HY(Q))N x L2(Q).

Moreover, for all L € H=1(Q), ToR(L) = diV(—D(W;‘Q)) -|—me = —A(WT‘Q) +
w?—Q =r*(L)jo =L in 2'(Q) (by properties of r*), thus also in H~1(Q). This con-
cludes the construction of R and this appendix.
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