A uniqueness result for quasilinear elliptic equations with
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Abstract We prove here a uniqueness result for Solutions Obtained as the Limit of Approximations of
quasilinear elliptic equations with different kinds of boundary conditions and measures as data.

1 Introduction

1.1 Notations

In this paper, € is a bounded domain in RY (N > 2), with a Lipschitz continuous boundary. The unit
normal to 92 outward to €2 is denoted by n. We denote by x-y the usual Euclidean product of two vectors
(z,y) € RY x R¥; the associated Euclidean norm is written |.|. The Lebesgue measure of a measurable
subset E in R is denoted by | E|; o is the Lebesgue measure on 952 (i.e. the (N—1)-dimensional Hausdorff
measure). I'g and I'y are measurable subsets of 9 such that 9Q =T'; Uy and o(I'yNTy) = 0.

For q € [1,+00], we denote by ¢’ the conjugate exponent of ¢ (i.e. ¢’ = q/(q—1)). W14(Q) is the usual
Sobolev space, endowed with the norm ||ul|w1.qq) = [|ul|re) + || [Vul || L) Wlldq(Q) is the space of
functions of W4(Q) which have a null trace on I'y.

When ¢ = 2, we write Hp (2) instead of Wlldq(Q) The space of the traces of functions in Hp () is

denoted by H, HY 2( Q) and it is endowed with the norm

HuHHégz(Q) =inf{[|fllm (o) | f € HE,(Q), flon = u}.

The hypotheses on the function a that will define our quasilinear elliptic equation are the following:
a:Q xR xRN — RY is a Caratheodory function, (1.1)

Jy >0, © € L1(Q) such that a(z,s,&) - € > 7|¢)* — O(x) (1.2)

for a.e. x € Q, for all (s,£) € R x RY,
3B > 0 and h € L?(Q2) such that |a(z,s,&)| < h(z )—l—ﬁ\ | + B¢ (1.3)
for a.e. x € Q, for all (5,£) € R x RN :
Joa > 0 such that (a(z,s,&) —a(z,s,m)) - (£ —n) > oz\g n|? (1.4)
for a.e. z € Q, for all (5,£,7) € R x RV x RN ‘
JA > 0 such that |a(z,s,&) —a(x, s,n)| < A€ — 77| (1.5)

for a.e. z € Q, for all (5,£,17) € R x RV x RV,

36 > 0 such that
la(x, s,&) — a(x,t,&)| < d|s — ¢t for a.e. x € Q, (1.6)
for all (s,t,&) € R x R x RV,

Remark 1.1 Hypotheses (1.1)—(1.8) are classical for the Leray-Lions operators in divergence form act-
ing on HY(Q); Hypothesis (1.4) is a stronger form of the classical monotonicity hypothesis

(a(z,5,&) —a(z,8,m)) - (£ =1n) >0 for a.e. x €Q, for all (s,&,n) € R x RV x RN with £ #n.  (1.7)
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of the Leray-Lions operators, but is nevertheless classical when we want to obtain a uniqueness result,
even in the variational case (see [7]). Hypothesis (1.5) is not really demanding, since, for example,
a(x,s,&) =a(s)€ (with a € L>(QY)) satisfies this hypothesis, but Hypothesis (1.6) is really strong and we
would rather like to impose a weaker hypothesis, of the kind

36 > 0 such that |a(x, s,&) — a(x,t,&)| < 0|s —t|(1 + |s| + [t| + €])
for a.e. x € Q, for all (5,t,6) € R x R x RN

to handle the case a(x,s,§) = a(s)§ with a Lipschitz continuous.

Remark 1.2 There are however many functions which satisfy Hypotheses (1.1)—(1.6). For example,
for M >0, a(z,s,£) = (1 +inf(M,In(1 + |s| + [£])))€ + ¢(z,5), with ¢ : @ x R — RN a Caratheodory
function, Lipschitz continuous with respect to s € R (with a Lipschitz constant not depending on x € )
and such that sup,eg |¢(., s)| € L*(R).

Consider the problem

—div(a(z,u,Vu)) =f in €,

{ u=0 on Of.

It is well known (see [6]) that, when f is a bounded measure on  and a satisfies (1.1)—(1.3) and (1.7),
we can find a solution to this problem (even when we consider an operator acting on VVO1 PQ),1<p< oo
— see also [2] when p < 1— 2 —, not only on Hj(f)). The main idea of [6] is to approximate f by
regular functions, find estimates on the corresponding solutions and pass to the limit.
Moreover, when a does not depend on s and f is a function in L*(£2), we can find (see [2]) a formulation
(so-called “entropy formulation”) for (1.8) which ensures the uniqueness of the solution (the existence is
still obtained by approximation).

(1.8)

In [12], the author defines another sense of solution, the “solution by transposition”, which gives an
existence and uniqueness result when a still does not depend on s but f is a bounded measure. This
definition requires the introduction of a particular matrix-valued function M(.,.) : RY x RY — My (R)
satisfying a few properties (general algebraic properties, completely independent of a); the formulation
by transposition uses then the matrix M(Vu — Vv,a(.,Vu) — a(.,Vv)), where u is the solution by
transposition and v is any function in H}(Q). There can be many different possible choices of the matrix
M(.,.) (the matrix chosen by the author depends on a parameter A, which is any real number in |0, [,
where « is given by (1.4)). The solution by transposition seems thus to depend on the particular choice of
M; however, an additional work allows to see that, with the methods of [12], we can prove the uniqueness
of the solution obtained as the limit of approximations (when a is independent of s).

When f is a bounded measure, a satisfies (1.1)—(1.5) but does not depend on s and is C!-continuous
with respect to &, the uniqueness of the solution obtained as the limit of approximations of Problem (1.8)
is proven in [3].

We will prove here that the ideas of [3] can lead to a uniqueness result when f is a bounded measure, a
depends on s (but satifies (1.6)) and is only Lipschitz continuous with respect to £. The main difficulty
brought by the dependence of a on s is in the resolution of the “dual equation” (2.3) in which the operator
is not coercive (because of the convection term). We will also consider more general boundary conditions;
they bring a few more difficulties (in particular the regularity result we need on the solution of (2.3))
which are solved by the results of [10].

The boundary conditions we consider are of the mixed or Fourier kind (that is to say a condition on u
on I'g and a condition on a(x,u, Vu) -n+ Au on I'y).
To get the coercivity that will ensure the existence of a solution, we add the assumption

o(lg) >0and A € L>®(9Q), A > 0 o-a.e. on 9f

or (1.9)
Iy=0and A € L*°(9Q), A >0 g-a.e. on 9N, o({x € IQ | A(z) > 0}) #0.



Remark 1.3 Under Hypothesis (1.9), a classical reasoning shows that, for all g € [1,+00[, 7 € [1,4] and
p >0, there exists Ky5(p, 2, Ty, A) > 0 such that, for all v € Wll{’iq(Q), we have

q/q
p/ |[Voul? + (/ )\|v|qd0> > /Cq,a(p,Q,Fd,)\)||U|\€V1,q(9)~ (1.10)
Q Ty

The proof of uniqueness we present here uses an existence and regularity result of a solution to a dual
problem. To obtain the required regularity result, we need some hypotheses on the way I'y and I'y are
distributed along 0f2.

Let us introduce two kinds of mapping of 9Q2:

O is an open subset of RV,
h:0 — B:={x € RV | |z| < 1} is a Lipschitz continuous
homeomorphism with a Lipschitz continuous inverse mapping, (1.11)
MONQ)=B;:={z € B|zy >0},
h(ONON) =BN"1:={z€dB, |znx =0}

(since €2 has a Lipschitz continuous boundary, there exists a finite number of (O, h;)ie[1,m], such that,
for all ¢ € [1,m], (O;, h;) satisfies (1.11) and 92 C U™, 0;) and

O is an open subset of RV,

h: O — B is a Lipschitz continuous homeomorphism
with a Lipschitz continuous inverse mapping,
h(OﬂQ) =By, = {.’I?E B | ey >0, xy_1 > 0},
h(OﬁFf) =TI := {.23 S 8B++ ‘ TN_1 = 0},
h(OﬂFd) = FQ = {J? S 8B++ | TN = O}

(1.12)

The additional assumption we make on I'g and I'y is the following:

There exists a finite number of (O, h;)ic[1,m) such that
0Y C U, 0; and, for all i € [1,m], (O;, h;) is of one of the following types:
(D)  O0;,NIY=0,;NTy and (O, h;) satisfies (1.11) (1.13)
(F) 0;N0 =0;NTy and (0;, h;) satisfies (1.11)
(DF) (O, h;) satisfies (1.12).

1.2 The SOLA and the main result

We recall here some facts about the solutions obtained as the limit of approximations for quasilinear
elliptic equations with measures as data.

We denote by M(€) the space of bounded measures on  and M(99Q) the space of bounded measures
on 0f.
If p € M(Q) and p? € M(99), we consider the problem

—div(a(z,u,Vu)) =p in €Q,
u=0 on Ty (1.14)
a(z,u,Vu) -n+iu=p? on Ty.



The technique of approximation introduced in [6] is the following: let (pn)n>1 € L'(Q2) N (Hp,(2))'(1)
such that g, — p for the weak-* topology of (C())’, (19)n>1 € Ll(GQ)Q(H%ZQ(ﬁQ))’ such that p2 — p?
for the weak-* topology of M(9€) and take w,, a solution to

Uy € Hlld(Q) ,
/ a(x, Up, Vuy) - Vi —i—/

Q r,
o 1
+<‘un’90>(H1£;2(8Q))’,H1£f(89) ) VSD € Hl"d (Q)

Atnp do = <Mm¢>(H;d(Q))gH;d(Q) (1.15)

We can prove that the sequence (uy,),>1 is bounded in erdq(Q) for all ¢ < N/(N — 1); thus, up to a

subsequence, u,, — u strongly in L?(€2) and weakly in W;;q (Q); it is then possible to prove that, up to a
subsequence, Vu,, — Vu a.e. on , which allows us to pass to the limit in the equation of (1.15) to see
that u satisfies

wve ) WRUQ),

q<N/(N-1)

/a(x,u,Vu)-Vga+/ Auap:/@du—k/ odu® | Yo € U erdT(Q)
Q r; Q i)

r>N

(1.16)

A Solution Obtained as the Limit of Approximations (a SOLA) for (1.14) is any « obtained by the method
detailed above.

Remark 1.4 In [6], where the SOLA (without this name, used for the first time in [8]) have been intro-
duced, the authors study the pure homogeneous Dirichlet case (with © = 0). But the adaptation of their
methods to the non-homogeneous mized or Fourier case is quite straightforward (see [14] for the Fourier
case with © = 0), even with a non-null © € L'(Q).

When N > 3, the solution of (1.16) is not always unique; indeed, a counter-example by J. Serrin [15]
modified by A. Prignet [13] gives a non-null solution of (1.16) in the linear (a(x,s,§) = A(z)&) Dirichlet
case when p1 = % = 0 (see also [10] for the adaptation of this counter-example to the mixed case).
However, there is uniqueness of the SOLA for this problem, and this is the main result of this paper:

Theorem 1.1 Under Hypotheses (1.1)—(1.6), (1.9) and (1.13), Problem (1.14) has one and only one
SOLA.

Remark 1.5 In fact, the proof of the existence of a SOLA to (1.14) does not use all our hypotheses on a
(it only uses (1.1)—(1.3), (1.7) and (1.9)). Our proof of the uniqueness of the SOLA does not use all the
Hypotheses we put on a too; indeed, we will see that we do not use (1.2) and (1.3) in this paper, we only
use the fact that a SOLA exists. Thus, this result of uniqueness can be extented to other equations for
which we know a SOLA exists. For example, in [4], L. Boccardo proves a wide existence result (for a pure
Dirichlet problem — this is quite important — with a right-hand side in L) that entails the existence of
a SOLA for an operator defined by a function of the kind

a(m, S,f) - aO(ma S’E) + ¢(5)7

where ag satisfies (1.1)—(1.6) and ¢ : R — RY is a Lipschitz continuous function; the hypotheses on ¢
in [4] are in fact much weaker and require thus f € L*(Q), but our stronger hypotheses allow us to take
a right-hand side in M(Q). Thus, a satisfies (1.1), (1.4)—(1.6) and the existence and uniqueness result
of Theorem 1.1 is still valid for such an operator in the pure Dirichlet case.

IThis means that p, is a function of L1(Q2) such that there exists C > 0 satisfying, for all ¢ € L°°(Q) N H%d (),
| [ unel < Cllgll g1 (qy; by density of L>(2) ﬂH%d () in Hlld (€2), there exists then a unique extension of p, as an element

of (Hlld (2))’. The same kind of definition and consideration apply to ud € L'(8Q) N (HIEZQ(SQ))’.



We will also see that this uniqueness result implies the following (very simple) stability result.

Theorem 1.2 Let (fiy)n>1 € M(Q) converges to p in (C(Q)) weak-+ and (u2)n>1 € M(O) converges
to u% in M(09Q) weak-+. Under Hypotheses (1.1)—(1.6), (1.9) and (1.13), if u,, is the SOLA of (1.14)
with (pn, 12) instead of (u, u®) and u is the SOLA of (1.14), then u, — u strongly in Wlldq(Q) for all

N
< §N-1

Remark 1.6 In fact, we will prove the following more general result: under Hypotheses (1.1)—(1.3),
(1.7) and (1.9), if u, is a SOLA — of a slightly particular kind, see in the proof of Theorem 1.2 —
of (1.14) with (pn, u2) instead of (pu, u?), there exists a subsequence (uyn, )k>1 and a SOLA u of (1.14)

such that wuy, g strongly in Wlldq(Q) for all ¢ < N/(N —1). The fact that we can, with stronger
hypotheses, get rid of the subsequence is of course due to the uniqueness of the SOLA in this case.

Remark 1.7 Once again, the proof of this stability result only uses the existence and uniqueness of the
SOLA, not all the hypotheses on a (especially, we do not use (1.2) and (1.3)); thus Theorem 1.2 is also
valid for other kinds of quasilinear equations for which we know a SOLA exists, such as the example given
in Remark 1.5.

A uniqueness result for a linear equation is very often linked to an existence result for a dual equation.
It is also the case here, although (1.14) is not a linear problem; so, before the proof of Theorem 1.1, we
study in Section 2 an equation which will appear as the dual equation of a problem coming from (1.14).

2 The “dual” equation
We make the following hypotheses:

A:Q — My(R) is a measurable matrix valued function which satisfies:
Ja > 0 such that A(z)¢- € > al¢]? for ae. z € Q, for all £ € RV, (2.1)
3M > 0 such that ||A(z)|| :=sup {|A(z)¢], £ € RN, ¢ =1} < M for a.e. z € Q,

v E (L)Y, (2.2)

and we take aq4 a coercivity constant for A, A4 an essential upper bound of [|A(.)|| on 2 and A, an
upper bound of || [v| ||z (q)-

We will prove the following existence result:

Theorem 2.1 Under Hypotheses (2.1), (2.2), (1.9) and (1.13), if 0 € L>=(Q) then, by denoting by Ag
an upper bound of ||0||p~(q), there exists k €]0,1[ depending on (Q,as,Aa,Ay,N), Co depending on
(0 Tg, an,Aa, Av, A\, Ag) and Cy depending on (Q,Tq, aa, Ay, Ag) such that there exists a solution to

feHE ()NCOH(Q),
. . > — 1 (2.3)
/QAVf w+/ﬂv Vf<p+/FfAf<pd /Qega, Yy € Hp ()

satisfying || fl|co.=) < Co and || f||g1 () < Ch.
Remark 2.1 We have denoted by C%*() the space of k-Hélder continuous functions on §2, endowed

with the norm
(@) = F )|

[ fllcom ) = [Ifllzee () + sup
@ “ ety T —yl"



Remark 2.2 Without Hypothesis (1.13), we obtain a solution of the equation in Problem (2.3) in the
space Hp () N L>°(Q), with the same kind of estimates (we will notice it in the course of the proof);
Hypothesis (1.13) is only useful to apply the results of [10] in order to obtain the Holder continuity of the
solution.

To prove the existence result of Theorem 2.1, we need an a priori estimate on the solutions of (2.3) (an
L' estimate is enough). This is the aim of Lemma 2.1 for the proof of which the authors wish to thank
Lucio Boccardo (for having given them the key estimate of Step 2).

Lemma 2.1 Let A satisfy (2.1), w € (L>=(Q))Y and 7 € L*>®(Q); we denote by Ay, an upper bound of
[ [W| ||z () and Ar an upper bound of ||T||p(q). Under Hypothesis (1.9), there exists Cy depending on
(Q,Ta,an, Aw, N\, Ar) and a solution to

g € Hp (@) NL=(Q),

/ATVg~V<p+/gW-Vg0—|— Agwda:/rgp,cheHﬁd(Q) (2.4)
Q Q Ty Q

such that ||g||g1() + 19l @) < Co.

Remark 2.3 Once we know that g satisfies (2.4), since ¢ — [, gv -V is in (I/Vlld1 () (because g is
essentially bounded), the results of [10] show that, under Hypothesis (1.13), g is in fact Holder continuous
on 2.

Remark 2.4 The conclusions of Theorem 2.1 and Lemma 2.1 also hold when 6 or 7 only belong to

UP>N(W1}:’/ ()" (the proof of this uses the same ideas we present here; see [16] or [10] for the details
concerning the treatment of right-hand sides of this kind).

Remark 2.5 (Lucio Boccardo [5]) A close examination of the second step of the proof of Lemma 2.1
shows that the bound we obtain on |[In(1 + |gn|)||g1 (o) depends on the LY-norm of the right-hand side
d

7. Thus, we can easily prove (by approximation) an existence result for

—div(ATVg) —div(gv) =7 in Q,
g=0 on T4, (2.5)
ATVg-n+Xg=0 on Iy,

(this problem has, when 7 is reqular, (2.4) as variational formulation) when T is a bounded measure on
Q; we must however be careful with the formulation of (2.5) since we only obtain a “solution” g such that,

for all k >0, Ty(g) € H} () (where Ty (s) = min(k, max(s, —k)) ).

Remark 2.6 Using the results of Theorem 2.1 and Lemma 2.1 and the ideas of their proofs, we can
prove, when L € (H*(2))', the existence and uniqueness of solutions to

feHp (9),
2.
/QAVf Vo + /QV Vip+ : Afpdo = <L7§0>(Hlld(§2))’,Hlld(Q)7 Vo € H%d(Q) (2:6)
; ,
and
g€ HE (),
(2.7)

/QATV9~V@+/QQV'W0+/F Agedo = (L, @)y @y.,m, @ V¢ € Hr, ().
f



Remark 2.7 In fact, to prove Lemma 2.1 and Theorem 2.1 (as well as the results of Remark 2.6), we
only need v € (L™ ()N with ar > N. But since such an hypothesis on v would not allow us to consider
really better conditions in Theorem 1.1 (using the result of Theorem 2.1 with v € (L"(Q)N forar > N
would allow us to weaken Hypothesis (1.6), but not enough to handle the case of functions of the form
a(s, &) = a(s)€), we prefer to consider the stronger Hypothesis (2.2), which is sufficient to our purpose
here.

Proof of Lemma 2.1

We will approximate Problem (2.4) by problems for which we have, thanks to the Schauder fixed point
theorem, a solution; then, by proving estimates on the solutions of these approximate problems, we will
obtain a solution to (2.4) (without passing to the limit!).

Step 1: the approximate problems.
For t > 0, define T;(s) = min(¢, max(—t,s)). Let n be an integer and, if g € L?(f2), define F(g) = g as
the unique solution to

g9 € Hp, (),

ATVg -V + g Agpdo = /QT@—/QTH(E)W-V@, V@EH%d(Q) (2.8)
f

Q

(the bilinear form is coercive on Hy,,(€) thanks to (1.10) applied to ¢ =g = 2 and p = a.,).
We notice that F : L2(2) — L?(f) is continuous; indeed, if g,, — g, in L*(), and if (for m € N or
m = o0) Ly, is the linear form

(Lons @)t (@) 1Y (9) Z/W-/Tn(ﬁm)wv%
d d O Q

then Ly, = Lo in (H{ (), so that g = F(G,,) = goo = F(Js,) in Hp,(€), thus in L*(1).
Moreover, there exists R > 0 such that, for all g € L*(Q2), ||F(9)||m1 (o) < R; indeed, by taking g as a
test function in (2.8), we get

aA|||V9|||i2<Q>+/F Mgl* do < |7l sy llgllz @) + nll 1wl z2@llgllm @),
s

which gives, thanks to (1.10),
Ko z(aa, 4 Ta, Mllglla @) < 7l @)y + ol W]z @)

thus, R = Ka2(aa,Q, Ty, )\)_1(|\T||(H%d(9))/ +n|| |w|||z2(q)) satisfies the property.

F: L?(Q) — L*(Q) is thus a compact application (thanks to the Rellich theorem) which sends the whole
space L%(Q) in the ball of center 0 and radius R in L?(9).

By the Schauder fixed point theorem, F' has a fixed point in the ball of center 0 and radius R; we have
thus proven that there exists g, solution to

gn € Hfl‘d(Q) )

/ATVgn-WJr/ Tn(gn)w-VsOJr/ /\gnsod0=/w7 Vo € Hy, (Q) (29)
Q Q Ty Q
satisfying
llgnllmi@) < ’CQ,Q(aAaQaFda)‘)_l(HTH(H%d(Q))’ +nll[wllz2@)
< Kop(aa, Q,Ta A) " (ALQIF + nAy|Q)7).



Step 2: we prove that (In(1+ |gn|))n>1 is bounded in Hf, (), using the technique introduced in [6].
Let us first prove an estimate on fr Algn|do. Take ¢ = Tk(gn)/k € H}, () as a test function in (2.9).
We obtain, since |Tj(s)/k| < 1 for all s € Rand V(Ti(gn)) = Ljo<|gn|<k}VGn a.e. on § (where 1p is the
characteristic function of a set E),

T, 1 T
A "(g”)gndo < f/ATVgnV(Tk(gn))Jr A k(gn)gnda
r, k k Ja r, k
Vg
< [+ wilgn| 22!
Q {0<gn|<k}
3
= /|T|+H|W|||L2(Q) (/ |V9n|2> . (2.10)
Q {O<‘gn|<k}

But ¢,Tx(g9n)/k — |gn| on 0Q as k — 0 (if gn(z) = 0, gn(2)Tk(gn(x))/k = 0 and, if g,(x) # 0,
Ty (gn(2))/k — sgn(gn(z))) and |9, Tk(gn)/k| < |gn| € LY(09); thus, by the dominated convergence
theorem, fr,- Agn(Tr(gn)/k) do — frf Algn|. Moreover, since Vg, € L?(Q) and [{0 < |g,| < k}| — 0 as
k — 0 (this is the non-increasing continuity of the measure, associated to the fact that Nps0{0 < |gn| <
k} = 0), we obtain f{0<|gn|<k} |[Vgn|? — 0 as k — 0. Thus, passing to the limit & — 0 in (2.10), we
obtain

[ AwG+lgado < [ Ngaldo < [ 171 <]0la.. (2.11)

Ff

Let us now prove an estimate on the derivatives of g,,. Let k € N and denote ri(s) = T1(s — Tx(s)), that
is to say

ri(s) = —1 ifs<—-k—1
re(s)=s+k if-k-1<s<-—k
re(s) =0 if —k<s<k
re(s)=s—k fk<s<k+1
re(s) =1 itk+1<s.

We know that 71 (g,) € Hp (Q) with V(rx(gn)) = 13 Vgn, where By = {z € Q| k < |gn| <k +1}.
Using r4(gn) as a test function in (2.9), we get thus, since |g,| < k+ 1 on B} and g¢,rk(g,) > 0 on 09,

aall V(g |2 < /QATV(Tk(gn))'V(Tk(Qn))Jr g AgnT(gn) do

= /ATVgn-V(rk(gn))-i-/ AGnTk(gn) do
Q

Ty

_ /Q rrilon) — /Q T (g)w - V(i (g0))

Irllescoy + [ wliga IV (ruta)
k

AL Q[+ (B + DI w228V (7% (gn)] |22

|| [w] Hiz(B;;)
20[,4

IN

IN

(k+1)%

IN

aa
A Q| + 7” IV (ri(gn ) 17200 +

Thus, we obtain
<20 w22 s

1V rx(ga) 720 o 2 (k1) (2.12)

We will use this to show that (V(In(1 + |gn|)))n>1 is bounded in L?(12).




We have, since (2 is the disjoint union of (B}})r>0, and |g,| > k on B},

IV(|gnl)I?
(1+ [gnl)?

|Vaal*
Z/ (1+ Ign

k>0
/ |V Tk gn
(14 k)2

/ V(n(1 + g )P =
Q

IN

k>0

Using (2.12), this gives

20,0
In(1 n 2 2
[ 19+ lga ) S M/ ]

k>0

IN

A, Q) (W] HL2(Q)
+ 3 .
3ay o

IN

This last estimate, associated to (2.11) and to (1.10) (with ¢ =2 and § = 1) gives

1 (71'2AT|Q|

L A
’C2,1(17 Qv Fd7 A)

3ay aA

(1 + gaD)31 (e < L0 AQ) -

(C1 depends on (2, Ty, aa, Aw, A, Ar)).
Step 3: we conclude by proving that (gn)n,>1 is bounded in L>(Q).
Let Si(s) = s — Ti(s); we have Si(gn) € H{,(Q) with V(Sk(gn)) = 1gVgn (where Ef = {z €

Q| |gn(z)| > k}). Since Si(gn) = 0 outside E} and since ¢,,Sk(gn) = |gn||Sk(gn)| > |Sk(gn)|?, we have,
using Sk(gn) as a test function in (2.9),

oal | IV (S () 2oy + / ASk(gn)|? do
f

IN

/QATVgn ~V(Sk(gn)) +/ )\gnsk(gn) do

Ty

IA

A /Q 1Sk(gn)] + /Q w90 ][V (S (g0))]

AcliSua) e 1% + [ 1wI(Sklg)| + B9 (Selan)

IA

IN

ArlISk(gn)llzzo) | ER1Z + 111V (Sk(ga)] L2 () (K| W] l2(zp) + [ [W[Sk(gn)||L2(Ep))
A7 |[Sk(gn) |z ()| ER 12 + kAw| [V (Sk(9n))] || L2(0) | EX 12
H[ IV (Sk(gn)] 222 Awl Sk (gn) L2 (E7)- (2.13)

IA

Thanks to the Holder inequality we have, when p > 2,

1_1
||Sk(9n)\|L2(E;g) < ||Sk(gn)||LP(Q)|EI?|2 P.

Since 2 < 2N/(N — 2), there exists, by the Sobolev injection, p > 2 and C5 only depending on € such
that
1Sk (gn)l|Lr ) < C2l|Sk(gn)l|m1 (-



Thus, with (2.13) and (1.10), we get

Kao(aa, 0 0a, N[Sk(g0) 3y < ArllSk(ga)ller @ ER1E + Awkl|Sk(g0)|| a0y | R
1_ 1
+Co A | EZ 127115k (90) 21 - (2.14)

The Tchebycheff inequality reads

1

B¢ = H{In(1 +[gn|) > In(1 + k)}| < m” In(1+ |9n|)||%2(9)
1

< m” In(1+ |9n|)||§{1(9)
ct

(In(1+k))?

where C is the constant given by Step 2. Since 1/2 > 1/p, there exists thus kg depending on Cs, Ay,
p, C1 and Kaa(aa,Q,Ag, N, ie. depending on (2,4, a4, Aw, A\, A;), such that, for all & > k¢ and all
n>1, Colw|EP|Z 77 < Kya(aa, Q,Tq, \)/2.

We obtain thus, for all k > kg, thanks to (2.14),

2A- . 2Awk
2,2(aA;Q7Fd7A) ICQQ(O&A,Q,FQZ,A)

It o < (2 ) B2t < a1+ BB

where C3 depends on (Q, Ty, aa, Aw, A, As).

By noticing that, when h > k, |Sk(gn)| > (h — k) on E}}, we get, thanks to the Sobolev injection
Wh(Q) — LY/WN=D(Q) (the norm of which, denoted by Cy, only depends on ),

(h — k)| ER|(N-D/N 1Sk (gn)llLrrov-1 (o)

O4‘|Sk(gn)||W1=1(Q)
04‘E1?|§‘|Sk(gn)”H1(Q)
C3Cy(1 + k)| E}Y.

INIA

IAINA

Thus, as soon as h > k > kg, we have, with § = N/(N —1) > 1,

(C3Cy)P(1+ k)P
(h—k)p

(C5C4(1 + ko))P (1 + k — ko)”
(h— k)P

|ER| < BRI < BRI

(because, when k > ko, (1 + ko)(1 +k — ko) > 1+ k). Lemma 2.2 given just after the end of this proof,
and applied to the non-increasing function G, (k) = |E}, |, allows us to see that, if

B—1

1 -1 1 b1
Ho=-exp | Y 2‘30304(;]“22&‘ " s exp [ 25 C3C4(1 go)gn(o) P 7
m>0 (2 B ) m>0 (2 B )

(notice that Hy < 400 depends on (2, Tg, a4, Aw, A\, A;)), then G,,(Hy) = 0, that is to say |gn| < Ho+ko
a.e. on ) for all n > 1.

Thus, by taking ng an integer greater than Hy + ko (no depends on (2, T4, aa, Aw, A, A;)) and letting
g = Gny, we have a solution to (2.4) (because Ty, (gn,) = gn, = g) which satisfies ||g||1~ ) < Ho + ko
and [|g]|m10) = ||gnollrr@) < Koo(ea, 2T, )71 (AL]Q[2 + noAw|Q]2). This completes the proof of
Lemma 2.1. [ |
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Lemma 2.2 Let G : RT — R™ be a non-increasing function. If there exist 8 > 1 and C > 0 such that

CP(1+k)P

h—mp CW”

Vh>k>0, Gh) <

then, with

we have G(H) = 0.

For the proof of this lemma, which is a slight generalization of a lemma by G. Stampacchia ([16] Lemma
4.1, 1)), we refer the reader to Lemma 2.2 in [10].

Proof of Theorem 2.1
The proof of the existence of a solution to

feHE (9),

/AVf~V<,0+/V~Vf90+/ )\fcpda:/&p’ VQPEH%d(Q), (2.15)
Q Q Ty Q

(i.e. Problem (2.3) without the regularity f € C%*(Q)) uses the topological degree (see [9]); the proof of
the Holder continuity of the solution, as well as the estimates in the Holder space, uses a result of [10].

Step 1: on a cut-off problem.

Let n be an integer. Recall that T,,(s) = min(n, max(—n,s)). We know that, for all ¢ € H{ (),
Tn(@) € Hrl‘d (Q) with V(Tn((p)) = 1{\<p|<n}v90-

Let f € H} (Q); since v - V(T,,(f)) € L*(Q) C (Hp, (€)', there exists a unique solution f = F(f) to

f e H (9),

[ avi-Vor [ Arpdo= [ 0o [ v-V@.(P)e. vo e @), (2.16)
Q Ty Q Q

This defines an application F' : Hlld(Q) — H%d Q).

We will prove, using the topological degree, that F' has a fixed point (conversely to the proof of Lemma
2.1, the Schauder fixed point theorem seems not applicable here).

Notice first that F is continuous; indeed, if f,, — f in Hi} (), then To(fn) = Tu(f) in Hy (), so that
v V(T (f,n) = v - V(Tu(f)) in L*(Q), thus also in (H{,(€2))" and the solution F(f,,) of (2.16) when
f is replaced by f,, tends thus in H{ (€2) to the solution F(f) of (2.16).

We will now prove that, if (f,,,)m>1 is a bounded sequence in Hlld (), then there exists a subsequence (still
denoted (f,,)m>1) such that (F(f,,))m>1 converges in Hi (). Since (fn)m>1 is bounded in H} (),
(v - V(T0.(f,)))m>1 is bounded in L?*() and there exists thus a subsequence, still denoted (f,,)m>1,
such that v - V(T (f,,)) — ® weakly in L2(€).

Since (F(f,,))m>1 is bounded in H{ () (because of the coercivity of the operator in (2.16) and of the
fact that (v - V(Tn(f,n)))m>1 is bounded in L?(f2)), its trace is bounded in L?(9€2) and we can also
suppose that, up to a subsequence, (F(f,,))m>1 converges to Fy, weakly in Hlldl(Q)7 strongly in L?(Q)
and its trace weakly in L?(02); we see then that Fy is the solution to

Fy € Hll‘d (Q) s

AVFy -V + AFypdo = / Op — / Sy, Yy € H%i(Q)
Q Ty Q Q

(2.17)

11



We have now to prove that the convergence of (F(f,,))m>1 to Fy is strong in Hf (9); to see this, we

subtract the equation satisfied by Fp from the equation satisfied by F'(f
¢ =F(f,,) — Fy € Hp,(Q) to find

m) and we use the test function

oAl V(EF ) = Fo)l oy + / NF(Fp) — Fol? do
< / AV(F(F,) — Fo) - V(F(F) — Fo) + / NEFn) — Fo)(F(F,n) — Fo)do
Q r;
- / (@ v - VT F o)) F(Fr) — F)
< @ = v -V(@(Fa)llzIF (f ) — Foll 2

Since (v - V(T,,(f,,)))m>1 is bounded in L2(Q) and F(f,,) — Fy in L?(£2), this inequality, associated to
(1.10), gives B

[[E'(fm) — Follar ) — 0.
Thus, F : Hlld(Q) — Hlld (Q) is a compact operator. To prove that F has a fixed point by an application
of the Leray-Schauder topological degree, it remains to find R > 0 such that, if ¢ € [0,1] and f € Hlld (Q)
satisfies f — tF(f) =0, then ||f||H%d(Q) # R.
Suppose we have such a t € [0, 1] and such a fe Hlld(Q); then f satisfies

f- f = - . f r L )
/QAVf V(p—l—/rf)\ﬂpda t/QQcp t/QV V(Tn())e for all ¢ € Hr ()

Take o = f; since V(T},(f)) = 1{m<n}V?, we find, with (1.10),

Kanlan 2T NFlipe, < aa [ IVFP+ [ R
< 116l @y 1l + Il V] Lzl 971 220
< (1611, @y + il V] lzz@ ) 17111,
which gives
||0H(H%d(9>>’ n|| vz

f < .
Wl @) = e oo 0T Kaa(0a, 2000
Thus, by taking R =1+ ([[0]| gz () +nll V] [|z2(0))/K2.2(a,Q2,T'q, A), we deduce from the properties
d

of the topological degree that F' has a fixed point in the ball of center 0 and radius R in Hlld(ﬂ)
We denote by f,, such a fixed point, which satisfies

fn € HE (Q),

/ AV, -V +/ V- V(T (fa))e +/ Afusp do = / by, Vi € Hi: (Q) (2.18)
Q Q r; Q
and || fullgr @) < 1+ (||9H(H1ld(ﬂ))' + nAv|Q|%)/’C2,2(04A7Q7de/\)-
Step 2: we prove an L' estimate for the sequence (fn)n>1 constructed in Step 1.
Let Wy, = 1{|5, |<n}V; we have, for all p € H} (),
/Aan-Vgo+/Wn-ang0+/ )\fncpda:/ng. (2.19)
Q Q Ty Q

12



Since Ay is an upper bound for || |[wy, ||| (q), we can find, thanks to Lemma 2.1, a g,, € H}. () satisfying,
for all € HE (),

/ ATV g, - Vi + / ¥ - Vg + / Aguip do = / sen( /o), (2.20)
Q Q r; Q

and such that ||gn||z ) < Ko, where K¢ depends on (2,Tg, s, Ay, A) but not n (sgn denotes the sign
function, and we have thus |[sgn(fy)||r~(Q) < 1).
By putting ¢ = f,, in (2.20) and ¢ = g, in (2.19), we get

1l = /Q S (fu) f = /Q B0 < KollOl s - (2.21)

Step 3: with the same methods as in Step 3 of the proof of Lemma 2.1, we prove an L°° estimate on
(fn)nzl-

Define Sy as in Step 3 of the proof of Lemma 2.1, and use Sk(f,) as a test function in (2.18): we get, by
denOting EITCL = {‘T €N | |fn(x)| > k}v and since fnSk(fn) > |Sk(fn>|2>

Al l IV (Sl By + / NSk () do (2.22)
Ly
AV 1, -V (SE(fn AfnSk(fn) do
< / s <k<f>>+/Ff FuSi(f)
< MolIS(fu)lley | BRI + / VIV FullSk (o)l
{lfnl<n}

< MollSk(fu)ll e EFIE + /Q VIV Sk ) ISk ()]

< A9‘|Sk(fn)HH1(Q)|El?|% IV (Se(fa))l L2 @)l 1VISk(fu)ll L2 (0)

< AollSk ()l BRI + 19 (Sk ) iz A1k ()l 220, (2.23)

because V f, = V(Sk(fn)) where Si(f,) # 0.
As before, we notice that, thanks to the Sobolev injection of H', there exists p > 2 and K only depending
on {2 such that

1

1Sc(f)ll2@) < NISk(fa)llLo@ | BRI2 72
KISk fu)ll o | B2 7,
which gives, introduced in (2.23) and thanks to (1.10),
Kaa(aa, Q,Ta, MISk(fu)llFq)
< AollSk ()l | ER1Z + KAV LER 27 1[Sk(fu)l 311 . (2.24)

A

IA

But, with (2.21) and the Tchebycheff inequality, we see that

Ko|Q|Ag
k b
there exists thus k¢ depending on (K1, Ay, p, Ko, 2, Ag, Ko 2(aa,Q,Tq, A)) (le. on (Q,Tg, aa,Av, A, Ag)),

such that, for all n > 1 and all k& > ko, KlAV|E£\%7% <Kao(aa,Q,Tg,\)/2.
Returning to (2.24), we have then, for all k > kq,

" 1
1B < 2l fallre) <

2Ag
ICZ,Q (OéA, Qa Fd> >\)

1 nii
1Sk (fr)llmr (o) < |Er|2 = Ka| B2
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where Ky depends on (2, T4, aua, A, Ap).
Then, reasoning as in the end of Step 3 of the proof of Lemma 2.1, we get, for all h > k > ko,
MK}

E"| < et E" B

| h|7(h_k)5‘ k|?
with = N/(N —1) > 1 and M depending on €.
Using Lemma 2.2 (or, more directly, Lemma 4.1 i) in [16]), we see thus that there exists Hy depending
on (9,8, M, Ks), i.e. depending on (2,4, a4, A, Ag) [notice that a dependence on 2 takes into account
a dependence on N] such that, for all n > 1, |E} ;. | = 0, that is to say |[fu|[z~@) < K3 = Ho + ko,
where K3 depends on (2, T4, aa, Ay, A, Ap).

By taking any integer ng > K3 (such a choice of ng depends on K3, thus on (Q,Ty, a4, Ay, A\, Ag)) and
letting f = fn,, we get a solution to

f e HE (Q)

/AVf-V<p+/v~Vf<p+/ )\fgoda:/ﬂgo,V(pGH%d(Q), (2.25)
Q Q Iy Q
(because, since ng > K3 > || fu, ||z (0)> Tno(frno) = fno = [f) such that
16123, (@) + noAv |92 Ag|Q|2 + noAy |2
[ flla o) <1+ <1+ = (1,
Kaa(aa,,Ta, \) Ka2(aa,Q,Ta, \)
where Cy depends on (Q,T4, a4, Ay, A, Ag); notice also that
£l () < Ks. (2.26)

Since, up to now, we have not used Hypothesis (1.13), this proves what we have claimed in Remark 2.2.
Step 4: conclusion.
It remains to prove that the solution f € Hp (2) of (2.25) we found in the preceding section is in fact in

C%#(Q) for a k > 0. This is the only part of the proof where we need Hypothesis (1.13).

We have, for all ¢ € H'(),

/wv-Vso
Q

Thus, by taking b =1 +

aA A%
< Vel 2@ Avllel ) < 7” Vol |72y + EH‘PH%?(Q)-

AY
204

1 . .
(o) € H (Q)%/QAVW V¢+/QV V¢¢+/Qbsaw

is coercive (notice that the choice of b depends on (2, a4, Ay)).

the bilinear continuous form

f is the solution to
feH,(Q),
/AVf'ch+/v~Vfg0+/
Q Q

/\f<pd0+/ bf<p=/5<p, Vo € Hy, (), (2.27)
Ty Q Q

where 6§ = 0 + bf € L>=(Q).

Thus, 6 € (VVlld1 (€)) and, thanks to (2.26), the norm of § in (W;;(Q))’ is bounded by K, depending
on (Q, Ty, aa,Av,\, Ap). With our choice of b, a slight adaptation of the methods of [16] and [10]
shows then that (thanks to Hypothesis (1.13)), there exists « €]0, 1[ depending on (2, w4, A4, Ay, A, b),
i.e. depending on (2, aa,Aa, Ay, ) and K5 depending on (Q, a4, Aa, Ay, A, b, K4), i.e. depending on
(Q,Tg, aa,Aa, Ay, \, Ag), such that the solution f of (2.27) is in C%*(Q) with || f]|co.x(a) < K. ]
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3 Proof of the uniqueness and stability theorems
We will use, in the course of this proof, the following result.

Lemma 3.1 Let f : Q - R, F: Q — RY and G : Q — RY be measurable functions such that
|F — G| € LY(Q). Under Hypotheses (1.1), (1.4) and (1.5), there exists a measurable matriz-valued
function M : Q — My (R) such that

M(z)7 -7 > a|7|? for a.e. 2 €Q, for all T € RN, (3.1)
[|M(2)|| <A for a.e. x€Q, .
a(z, f(x), F(z)) — a(z, f(z), G(x)) = M(z)(F(z) — G(x)) for a.e. x € Q. (3.3)

Remark 3.1 Notice that o and A do not depend on f, F or G (only on a).

Proof of Lemma 3.1.
When a is C'-continuous with respect to ¢, it is very simple: just take

1

M) = [ G fa) o) + (G (a) - F(o)ds
0

(where ‘g—g, the partial derivative of a with respect to &, is identified to a N x N matrix; it is easy to see

that this partial derivative satisfies (3.1) and (3.2)).

When a is only Lipschitz continuous with respect to &, it has a partial derivative for a.e. £ € RY, but we

cannot take the preceding expression since F'(.) + t(G(.) — F(.)) could take (on the whole of © and for

any t € [0,1]) its values where a is not derivable with respect to &.

We solve this problem by the following trick: by denoting (p,)n>1 & sequence of mollifiers in RN we take

an(z,8,€) = (a(x,s,.) * pn)(€); a, is a Caratheodory function which is C-continuous with respect to &.

We have thus

an(z, f(2), F(x)) = an(z, f(2), G(z)) = M (2)(F(z) — G(z)), (34)
where M, (z) = 01 86“5" (z, f(x), F(x) + t(G(x) — F(x)) dt; by noticing that aaif"(a:,s,f) = (g—‘g(x,s, B
pn)(€), we see that 8515" — and thus M,, — satisfies (3.1) and (3.2) for all n > 1.

Thus, (M,),>1 being a bounded sequence in (L>°(Q))V*¥ | there exists a subsequence, still denoted
(M,,)n>1, which converges to M in (L>(Q))V*N weak-#; it is then quite clear that M satisfies (3.1) and
(3.2). Moreover, since |F — G| € LY(Q), M,,(F — G) — M(F — G) in the sense of distributions. Since
an(z, f(x), F(x)) — an(z, f(z), G(x)) — alz, f(x), F(z)) — a(x, f(x),G(z)) for a.e. z € Q (for all z € Q
such that a(z, .,.) is continuous) and is dominated by A|F — G| € L'(£2), the convergence is also true in
(LY(2))" (and thus in the sense of distributions). By passing to the limit (in the sense of distributions)
in (3.4), and since the limits are functions, we get

a(z, f(z), F(z)) — a(z, f(z),G(x)) = M(2)(F(z) — G(z)) for a.e. x €,
and the measurable matrix valued function M is thus convenient. [ |

Proof of Theorem 1.1

Let u € M(Q2), n? € M(99) and u, v two SOLA of (1.14).

By definition, there exists (pin,vn)n>1 € L'(2) N (HE, () satisfying p, — p and v, = p in (C(Q))
weak-*, (u2,v2),>1 € LY(99) N (H%éQ(Q))’ satisfying 2 — p? and v2 — p? in M(0Q) weak-*, u, a
solution of (1.15) and v, a solution of (1.15) with (v,,v?) instead of (g, u2) such that u, — u and
vy, — v in LY(Q) (in fact, the convergence is much stronger but we will not need it).

/
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By substracting the equation satisfied by v,, from the equation satisfied by u,,, we have, for all ¢ € H %d (Q),

/(a(gmun, Vu,) — a(z,v,, Vo)) - Vo —I—/ My — vp)pdo
Q

Ly

_ o _ o
= (ln — Vn, 90>(Hlld(ﬂ))’,Hlld(Q) + (W = Vs ¢>(HEQQ(Q))’,H§§2(Q)‘ (3.5)

Let V:Q xR xR x RY — RY defined, for all (z,s,t,¢) € 2 x R x R x R, by

V(x,s,t,§) = 7a(m’s’§3:?(z’t’§) if s £t
V(x,s,t,6) =0 if s=t.

Thanks to Hypothesis (1.1), V is Borel-measurable (it is Borel-measurable on the Borel set {s # t} and
on the Borel set {s = t}) and, by (1.6), |V(x,s,t,£)| < 6 for a.e. z € Q, for all (s,t,£) € R x R x RY; we
also have, for all (x,5,t,£) € Q x R x R x RV,

a(z,s, &) —a(z,t,§) = (s — t)V(w, 8,1, ).

V being Borel-measurable and u,,, v,, Vv, being measurable, v,,(.) = V(.,un(.), vn(.), Vu,(.)) is measur-
able on Q and, for a.e. x € Q, we have |v,(z)] < 4.

By denoting M,, : @ — My (R) the measurable matrix-valued function given by Lemma 3.1 applied to
f =un, F =Vu, and G = Vv, (notice that |F — G| € L?(Q) C L}(Q)), we obtain, for a.e. z € Q,

a(z, up (), Vuy(x)) — alz, v, (z), Vo, (z))

= a(z,un(z), Vun(x)) — a(z, un(x), Vop () + a(z, un(z), Vo (z)) — a(z, v, (z), Vo, ()
= My (2)(Vun(2) = Vo (2)) + (un(2) = v (2))Va().

y (3.5), wy, = uy, — vy, is thus a solution to

wy, € H%d(Q) ,
Q Q Ff d d
+</u‘2 Vns W)(Hlﬂ(ag))/ 1/2(3Q) ) VSD € Hll‘d(Q)

MT is a measurable matrix-valued function which satisfies Properties (3.1) and (3.2) (notice that o and
A do not depend on n) and we have v, € L>(Q) with § > || |v,| ||~ ) (notice that 0 does not depend
on n).

Thanks to Theorem 2.1, since sgn(u — v) € L*°(f), there exists K > 0 and C > 0 depending on
(Q,Tq,a,A,6,\) (i-e. kK and C do not depend on n) and, for all n > 1, a solution to

fn € HE () NCO"(Q),

/Aﬁvhnvw+/VmVﬁm+ (3.7)
Q Q

)\fngodaz/sgn(u—v)go, V(pEH%d(Q)
ry Q

such that || f||co.x(q) < C.
Using f,, as a test function in (3.6) and w,, as a test function in (3.7), we obtain

/wnsgn(u—v) = /M Vw, -V fn+ /wnvn Vin+ / Awy, fr, do
Q Ly

L/ﬁLn—ml / falul =2 (3.8)
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Since (fn)n>1 is bounded in C%*(Q), it is relatively compact in C(£2) (thanks to the Ascoli-Arzela theorem)
and we can thus suppose that, up to a subsequence still denoted (f,)n>1, we have f, — f in C(f2). Since
pin — vn — 0 in (C(Q)) weak-+ and p — v2 — 0 in M(9Q) weak-*, we get

Q o0

Using the fact that w, — u — v in L*(Q2), we deduce then from (3.8), by passing to the limit n — oo,

that
Oz/gsgn(u—v)(u—v):/g|u—v|,

which gives u = v a.e. on 2 and concludes the proof. [ |

Proof of Theorem 1.2.
We first prove the more general result stated in Remark 1.6. We suppose thus, to begin, only Hypotheses
(1.1)—(1.3), (1.7) and (1.9) and we take (u,),>1 satisfying: for all n > 1, there exists three sequences

()1 € LX) O (L () (12, )zt € L(0) 1 (HE2(09)) and ()1 € HE, (©) such that
=5 i, in (C(Q)) weak-%, ,ug’m "8 10 in M(9Q) weak-x,
3C > 0 such that |[gn,m||rm0) + HM?L)mHM(QQ) <Cforalln>1and m>1, (3.9)
Vm > 1, Uy, is a solution of (1.15) with (tn,m, 45 ,,) instead of (pu,, pu3),
Unm =5 Uy, in Wlldq(ﬂ) for all ¢ € [1, N/(N —1)]

((3.9) is the additional hypothesis we must make — see below for the reason).

Let {¢r, k > 1} (respectively {¢x, k > 1}) be a countable dense subset of C(Q) (respectively C(9%2)).
For all n > 1, there exists m,, > 1 such that

° UQ Ok Apin,m,, — Jo Pk d,un| < 1/n for all k € [1,n],
. UBQ WP d,ugﬁmn - faﬂ Vi d,ugl < 1/n for all k € [1,n],
o ||[un,m, — 'U/nHWFl,N/(N—l)—l/n(Q) <1/n.
d
It is then quite clear that (vn)n>1 = (fn,m, )n>1 € L'(2) N (Hp,(Q)) and (V) p>1 = (ug’{,mn)nzl c

LY(09Q)N (Hﬁf(aﬂ))’ converge respectively to u in (C(£2))" weak-* and to u? in M(09) weak-*. Indeed,
(Un)n>1 = (Hn,m, Jn>1 is bounded in M(Q) by C (this is where we need (3.9)) and, for all k > 1, if n > k,

1
/@kdl/n/@kdﬂ‘§+
Q Q n

The bound of (,,),>1 and this convergence on a dense subset of C(Q) gives the weak-* convergence. We
can do the same for (v2),>1.
Thus, by definition of a SOLA, since v, = Uy, m,, is a solution of (1.15) with (v, v,

/sﬁkdun/wkduIHOasn%oo.
Q Q

9) instead of (fin, 12),

there exists a subsequence (vn,)r>1 and a SOLA w of (1.14) such that v,, — w in W;f(ﬂ) for all
q€[1,N/(N—1)[. Let g € [1, N/(N —1)[; for all k > (N/(N — 1) — q)~!, since nj, > k, we have then
(with r, = N/(N = 1) — 1/n > q),

[[un, —ullwia) < un, = Ongllwra@) + [vn, — ullwiaa)
< QMY |, — O, [l ) + [0n, — llwraa)

sup(1, [2])
g

IA

+ |[vn,, — ullwra) — 0 as k — oo,
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which gives the convergence of (up, )r>1 to u in Wllf(ﬂ), for all ¢ € [1, N/(N —1)].

Suppose now that we add the hypotheses of Theorem 1.1, or that we are in the case of Remark 1.5. We
have then the uniqueness of the SOLA.

The SOLA wu, thus does not depend on the way we approximate (f,,12), and we can always take
($n;m> 119 )m>1 Which approximate these measures and satisfy moreover ||tin m|[r(0) < [|in|rmo) and
||,u27m||M(aQ) < |12]| mca0) for all m > 1; in this case, since (fin)n>1 is bounded in M(€) and (p)n>1
is bounded in M(0€2) (they converge for the weak-* topology), we see that (fin, m, ug,m)nz1,m31 satisfy
(3.9).

By supposing that (uy),>1 does not converge to the SOLA u of (1.14), we would take ¢ > 0 and a
subsequence, still denoted (uy,)n>1, such that, for a go € [1, N/(N — 1)[, [Jun — ullw1.00 () > € for all
n. Applying the preceding reasoning, we get a subsequence (uy, ),x>1 which converges in W;f"(ﬂ) to a
SOLA v of (1.14). The SOLA being unique, we have in fact u = v and this leads to a contradiction, thus
proving Theorem 1.2 and Remark 1.7. [ |
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