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What is “high order”: the case of P finite elements
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Why go for “high order”: 3D tests with Hybrid High-Order scheme
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@ Hybrid High-Order method
@ An inspiring remark
@ Description of the HHO scheme
@ Miscible flow in porous media
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Objectives

Polytopal meshes

J. Droniou (Monash University)



Polytopal meshes

Arbitrary order: choice of an index k > 0 determining the accuracy of the
method
Typically: exactly reproduce solutions that are polynomials of degree k + 1.

J. Droniou (Monash University)



@ Hybrid High-Order method

@ An inspiring remark

J. Droniou (Monash University)



Where do we put the unknowns?

Model problem: Poisson equation.

—Au=f inQ
u=0 on o0

» Core model in many flows in porous media (including multi-components,
multi-phases): oil recovery, CO2 storage, etc.

J. Droniou (Monash University)



Where do we put the unknowns?

Model problem: Poisson equation.

Find u € H3(Q) s.t. (Vu,Vv)a = (f,v)a forall v € Hj(Q).

» (-,-)x : L*-inner product on X, norm denoted by ||-||x.
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Model problem: Poisson equation.

Find u € H3(Q) s.t. (Vu,Vv)a = (f,v)a forall v € Hj(Q).
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Where do we put the unknowns?

Model problem: Poisson equation.

Find u € H3(Q) s.t. (Vu,Vv)a = (f,v)a forall v € H3(Q).

» (-,-)x : L*-inner product on X, norm denoted by ||-||x.

Computation elliptic projector: for T a mesh element, v smooth and
g € PH(T):
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Where do we put the unknowns?

Model problem: Poisson equation.

Find u € H3(Q) s.t. (Vu,Vv)a = (f,v)a forall v € H3(Q).

» (-,-)x : L%-inner product on X, norm denoted by ||-||x.

Computation elliptic projector: for T a mesh element, v smooth and
g € PH(T):

(VV,VQ)T = _(T‘-é;,TV7Aq)T + Z (ﬂ-;;,Fvavcl ' nTF)F'
FeFr

» T v o L*(Y) — P¥(Y) orthogonal projector.

The projection Mg pwi17)(Vv) of Vv on VP¥(T) can be com-

puted from W%,Tv and (W%YFV)Fe]—‘T.
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@ Hybrid High-Order method

@ Description of the HHO scheme

J. Droniou (Monash University)



Which unknowns?

VE € Pk(F)
VT € Pk(T)
Space of local unknowns:

ri ={vy = (vr,(vF)rer,) : vT € PY(T), ve € P(F)}.

J. Droniou (Monash University)



Which unknowns?

ve € PX(F)
vr € PX(T)
Space of local unknowns:
U7 ={vy = (vr,(ve)rer,) v € PX(T), ve € PX(F)).
Interpolator: ["T CHYT) — Q"T such that

L5v = (7p1v, (th FV)Fery)-

J. Droniou (Monash University)



How do we benefit from the hybrid unknowns?

Discontinuous Galerkin: polynomial unknowns of degree k in the elements ~~
method of order k.
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How do we benefit fi the hybrid unknowns?

Discontinuous Galerkin: polynomial unknowns of degree k in the elements ~~

method of order k.

HHO: higher-order potential reconstruction using element and face polynomials
~~ method of order k + 1.
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How do we benefit from the hybrid unknowns?

Discontinuous Galerkin: polynomial unknowns of degree k in the elements ~~

method of order k.

HHO: higher-order potential reconstruction using element and face polynomials
~~» method of order k + 1.

pitt: U% — PTY(T) such that:

(VP v, Vw)r = — (v, Aw) 7 + Z (ve, Vw -nre)r Yw € P*(T),
FeFT

(pT VT71) (VTvl)T'
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How do we benefit from the hybrid unknowns?

Discontinuous Galerkin: polynomial unknowns of degree k in the elements ~~

method of order k.

HHO: higher-order potential reconstruction using element and face polynomials
~~» method of order k + 1.

pitt: US — PKTY(T) such that:

(VP v, Vw)r = — (v, Aw) 7 + Z (ve, Vw -nre)r Yw € P*(T),
FeFT

(pT VT71) (VTvl)T'

» Vphthy = Ny pen(r)(Vv) forall v e H(T).

J. Droniou (Monash University)



Local bilinear form

» ar: UX x UX — R such that

ar(vy, wy) = (VPT VT7VP‘;'+1ﬂT)T+ST(!T7ﬂT)-

J. Droniou (Monash University)



Local near form

» ar: UX x UX — R such that

ar(vy, wy) = (VPT VT7VP‘;'+1ﬂT)T+ST(!T7ﬂT)-

Stabilisation: enables bound of unknowns, without degrading the order of

exactness.
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Local near form

» ar: UX x UX — R such that

ar(vy, wy) = (VPT VT7VP‘;'+1ﬂT)T+ST(!T7ﬂT)-

Stabilisation: enables bound of unknowns, without degrading the order of

exactness.

o Symmetry & positivity: st : ng X ng — R symmetric semi-definite
positive.

o Stability & boundedness: it holds, for some n > 0,

-1 2 2
nlerllT <ar(vr,vr) <nllvrlr

where the local discrete H'-seminorm is

IvrllF = IVvrllF + > b7tllve — vrllz.
FeFr
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Local bilinear form

» ar: U% x U% — R such that
ar(vr,wr) = (Vp7 vy, VD5 W)+ s7(ver, wi).

Stabilisation: enables bound of unknowns, without degrading the order of

exactness.
o Symmetry & positivity: st : ng X ng — R symmetric semi-definite
positive.
o Stability & boundedness: it holds, for some n > 0,

-1 2 2
nlerllT <ar(vr,vr) <nllvrlr

where the local discrete H'-seminorm is

IvrllF = IVvrllF + > b7tllve — vrllz.
FeFr

o Polynomial consistency: st(/5w,v;) =0 for all w € P*(T).

J. Droniou (Monash University)



Global space (with boundary conditions): patched local spaces.

Uo = {vy = ((vr) e, (vF)rer;) vr € PX(T), ve € P*(F),
VFZOichaQ}.

J. Droniou (Monash University)



Global space (with boundary conditions): patched local spaces.

Uo = {vy = ((vr) e, (vF)rer;) vr € PX(T), ve € P*(F),
VFZOichaQ}.

Global bilinear form: assembled from local ones.

Uko x UhO =R, an(v,,w,) = Z ar(vy,wy).
TETh
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Global space (with boundary conditions): patched local spaces.

Uo = {vy = ((vr) e, (vF)rer;) vr € PX(T), ve € P*(F),
vF:OifFCGQ}.

Global bilinear form: assembled from local ones.

Uko x UhO =R, an(v,,w,) = Z ar(vy,wy).
TETh

Scheme:
Find u, € Uy, such that, for all v, € Uy,

ah(ﬂh»!h) = Z (f, VT)T-

TEThH

J. Droniou (Monash University)



Error analysis

» Using a generic framework (3rd Strang lemma) developed for schemes
written in fully discrete form (the approximation space is not a space of
functions over Q).

Energy error estimate: with ||-||a,n = v/an(+,-) norm associated with as:

L5 — wyllan < CH M ul i (gy-
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Error analysis

» Using a generic framework (3rd Strang lemma) developed for schemes
written in fully discrete form (the approximation space is not a space of
functions over Q).

Energy error estimate: with ||-||a,n = v/an(+,-) norm associated with as:

L5 — wyllan < CH M ul i (gy-

L? error estimate: with (pf™'u,) 7 = p& ™ u; for all T € Th, under elliptic
regularity assumption:

B2 ||| if k=0
k1 HY(Q) ’
0= u <C

” Pnh 7h||Q = { hk+2|u|Hk+2(n) if kK> 1.

J. Droniou (Monash University)



More about HHO

» This is a finite volume method: we can define fluxes that are conservative
and satisfy, up to high order volumic term, the balance relation.
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More about HHO

» This is a finite volume method: we can define fluxes that are conservative
and satisfy, up to high order volumic term, the balance relation.

» Other models with complete error analysis: anisotropic heterogeneous
diffusion; degenerate advection—diffusion—equation equations; Stokes &
Navier—Stokes (various options for non-linear term); p-Laplace equations;

elasticity; Brinkman; etc.
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» This is a finite volume method: we can define fluxes that are conservative

and satisfy, up to high order volumic term, the balance relation.

» Other models with complete error analysis: anisotropic heterogeneous
diffusion; degenerate advection—diffusion—equation equations; Stokes &
Navier—Stokes (various options for non-linear term); p-Laplace equations;

elasticity; Brinkman; etc.

» Variant: polynomial degree in element could be k + 1.
Leads to links with

e non-conforming P! FE;
@ Virtual Element Methods;
@ Hybridizable Discontinuous Galerkin;

@ etc.

J. Droniou (Monash University)



More about HHO

MS&A — Modeling, Simulation and Applications 19

Daniele Antonio Di Pietro
Jérome Droniou

The Hybrid High-

Order Method for
Polytopal Meshes

Design, Analysis, and Applications

@ Springer




More about HHO

» Implementation in various libraries, in particular HArD::Core3D library
(https://github.com/jdroniou/HArDCore).

@ Open source C++ code for numerical schemes on generic polyhedral
meshes.

o Based on Eigen linear algebra library (http://eigen.tuxfamily.org).

o Complete and intuitive description of mesh.

@ Routines for handling polynomial spaces (on edges, faces and cells), for
quadrature rules, for Gram-like matrices (mass, stiffness), etc.

J. Droniou (Monash University)


https://github.com/jdroniou/HArDCore
http://eigen.tuxfamily.org

@ Hybrid High-Order method

@ Miscible flow in porous media

J. Droniou (Monash University)



Model for enhanced oil recovery

Viu =q"—q =g
K

5 N

qb% +V-(uc—D(x,u)Vc)+q c=q"

Unknowns Parameters
@ p(x,t) - pressure of the mixture
@ u(x,t) - Darcy velocity o K(x) - permeability tensor
@ c(x,t) - concentration of the

injected solvent @ ¢(x) - porosity

» Complemented with no-flow boundary conditions.

J. Droniou (Monash University)



t = 3 years, various k, Cartesian mesh
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t = 10 years, various k, Cartesian
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1000
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Percentage of oil recovered vs. mesh size, various k
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Computational cost for one time step: time (s) vs. mesh sizes
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© Fully Discrete de Rham sequence
@ Principles of discrete exact sequence

o Fully discrete de Rham sequence
@ Application to magnetostatics

J. Droniou (Monash University)



Spaces and operators

» Q: open simply connected set in R® with connected boundary.

Gradient:
HY(Q) = {u e *(Q) : gradu € L*(Q)*},
grad : H'(Q) — L*(Q).
Curl:
H(curl; Q) = {u e [*(Q)* : curlu € L*(Q)*},
curl : H(curl; Q) — L*(Q)>.
Divergence:

H(div; Q) = {u € *(Q)’ : divu € [*(Q)},
div : H(div; Q) — L*(Q).

J. Droniou (Monash University)



Exact sequence

> io : R — H'(Q) natural embedding.

Theorem (Exactness of de Rham sequence)

The following sequence is exact:

R —2 HY(Q) 224 H(curl; Q) —=rbs H(div; Q) 4 12(Q) —2— {0},

which means that, if ©; and ©;y1 are two consecutive operators in the

sequence, then
Im®; = Ker ;4.

J. Droniou (Monash University)



Why is this exactness important?

R —2 HY(Q) % H(curl; Q) — H(div; Q) — 12(Q) —— {0},
Stokes problem

—Au+gradp=1f inQ,
divu =0 in Q,
+BC

» Inf-sup condition: for all g € L*(Q),

divv, g);2
sop IV Do 5 gy,
veHdvi) VI HGv)

Proof: Fix q € L*(Q), and let v € H(div; Q) such that divv = gq...

J. Droniou (Monash University)



Why is this exactness important?

R —25 HY(Q) % H(curl; Q) = H(div; Q) — 12(Q) —— {0},

Magnetostatic problem

o—curlu=0 inQ,
curlo = f in Q,
divu =0 in Q,
uxn=g on 0.

» Inf-sup condition: for all (7, v) € H(curl; Q) x H(div; ),
A((T, v), (1, w))

sup
(w,w)€H(curl) x H(div) [I(e, w) ||H(curl)xH(div)

> B, V)| Heur) x H(div), Where

A((T,v), (p,w)) = (7, )2 — (v, curl )2 + (w, curl 7) 2 + (div v, div w) 2.

J. Droniou (Monash University)



Why is this exactness important?

R —25 HY(Q) % H(curl; Q) = H(div; Q) — 12(Q) —— {0},

Magnetostatic problem

o—curlu=0 inQ,
curlo = f in Q,
divu =0 in Q,
uxn=g on 0.

» Inf-sup condition: for all (7, v) € H(curl; Q) x H(div; ),
A((T, v), (1, w))

sup
(w,w)€H(curl) x H(div) [I(e, w) ||H(curl)xH(div)

> B, V)| Heur) x H(div), Where

A((T,v), (p,w)) = (7, )2 — (v, curl )2 + (w, curl 7) 2 + (div v, div w) 2.

Proof. requires two exactness properties in the sequence, to estimate each
component of v on (Kerdiv)® and Ker div.

J. Droniou (Monash University)



9 Fully Discrete de Rham sequence

@ Principles of discrete exact sequence

roniou (Monash University)



Objective

» Mimic exact sequence with discrete spaces and operators.

~~ To be used to design stable numerical schemes.
» Local construction (element by element), as in standard FE.

» Arbitrary order, based on polynomial spaces of degree k > 0.

J. Droniou (Monash University)



Objective

Local discrete spaces and operators: for T mesh element,

1" Gk ck Dk
~grad, T k 27 k =T k T k 0
R Xgrad,T lcurl,T ldiv,T P (T) {0}

J. Droniou (Monash University)



Local discrete spaces and operators: for T mesh element,

1k Gk ck Dk
—grad, T k =T k =T k T k 0
R Xgrad,T KcurI,T ldiv,T P (T) {0}

» Finite Element approach:
o Finite Element Exterior Calculus (FEEC).

@ Requires elements of certain shapes (tetrahedras, hexahedras...) as in
usual FE.

@ Designed in very generic setting, with exterior derivatives etc.

J. Droniou (Monash University)



Objective

Local discrete spaces and operators: for T mesh element,

K
cr

-

- G K
R Ty xk ¢ XK, -~ PH(T) —% {0},

k
Lgrad, T lcurl, T

» Virtual Element approach:
@ Applicable on generic meshes with polyhedral elements.
@ Degree decreases by one at each application of differential operator.
@ Functions not fully known, only certain moments or values are accessible.

@ Exactness not usable in a scheme due to the variational crime in VEM.

J. Droniou (Monash University)



9 Fully Discrete de Rham sequence

o Fully discrete de Rham sequence

roniou (Monash University)



Features

» Applicable on polyhedral elements.
» Arbitrary order of exactness.
» Same order of accuracy along the entire sequence.

» Based on explicit spaces and reconstructed differential operators, exactness
holding for these objects.

J. Droniou (Monash University)



Principles

Iy d, T, ri k —Cl;' k D,'(F Pk T 0 0
—grad,
Kcurl,) ldiv, T ( ) { }

R

k
Kgrad,T

Gradient unknowns: q, = (g7, (9F)FeFr, qoeT)-

_gqr € PFY(T)
S A\

qr € Pk_l(F)

J. Droniou (Monash University)



Principles

-

1% G c* Dk
—grad, T k = k =T k T k 0
R Kgrad,T Lcurl, T ldiv,T P (T) {0}

Gradient operator:

riﬂr =( GkTﬂT ) (GIE(CIFv 9o27))Ferr, ( GEQE JEces)-
—_—— ~—

ePK(T)3 EPK(F)? EPK(E)

» Gg: derivative along edge. L/

» G (= gradg): reconstruction from face and edge, based n

on formal IBP (divergence formula),

» G% (= grad): reconstruction based on formal IBP & face
potentials (divergence formula).

J. Droniou (Monash University)



Principles

k
G ck

Dk
lckun,T — ﬁiv,T — Pk(T) — {0}.

—-=

k
lgrad, T

k
R Kgrad,T

Curl unknowns: v, = (vr, (ve)rer,, (VE)Ece, )

J. Droniou (Monash University)



Principles

-

1% G ck Dk
grad, T = k e k T k 0
Xgrad T KcurI,T ldiv,T P (T) {0}

R ——

Curl operator:

Ck TV = (CTVT ) (Cé(VF: (ve)eeer))Ferr)-
—— —m

ePk(T)3 €PK(F))

; el
» CF (= curl -ng): reconstruction from face and edge, based
on formal IBP (rot formula in 2D),

» C% (= curl): reconstruction based on formal IBP & face

tangential potentials (curl formula).

J. Droniou (Monash University)



Principles

k k
G4 ck

1k Dk
Xbr — X5+ —T PX(T) —2 {o}.

k
R Kgrad,T

Divergence unknowns: v, = (vr, (vF)rer;).

J. Droniou (Monash University)



Principles

k
X r — X, —Ts PH(T) —2 {0},

Divergence operator:

D%v, (= div) reconstructed in P¥(T) from divergence formula.

/(D?’!T)QT:—/ vt -gradgr + Z wTF/VFqT VqTG'Pk(T).
T T F

FeFr

an

J. Droniou (Monash University)



There’s a catch...

G% k ck ok k 0
X url, T ldlv T — P (T) — {0}

EANS

igrad T

R ——

k
XradT

» The previous sequence is not exact!

J. Droniou (Monash University)



There’s a catch...

Iy d 7‘(7 k 7‘(7 k kl k 0
“grad, T G C D
KCL.H,T ldiv,T > T (] ) — {O}

R

k
Kgrad,T
» The previous sequence is not exact!

For X = F, T of dimension d = 2,3 let:

> R¥(X) = curl(P(X)9), RE*(X) complement in P*(X)“.
> G¥(X) = grad(P* (X)), G=*(X) complement in P*(X).

J. Droniou (Monash University)



There’s a catch...

Iy d, T, 7"(1' k LEF k El';' k 0
~grad, G N P ’ — {0
KcurI,T ldiv,T ( ) { }

R

K
Kgrad,T
» The previous sequence is not exact!

For X = F, T of dimension d = 2,3 let:

> R¥(X) = curl(P(X)9), RE*(X) complement in P*(X)“.
> G¥(X) = grad(P* (X)), G=*(X) complement in P*(X).

Trimmed spaces: face/cell gradients and curls have to be projected on

trimmed spaces.

o Gradients in P¥(X)? projected on R*~*(X) @ R**(X).
o Curls in P*(X)? projected on G¥~(X) @ G“¥(X).

J. Droniou (Monash University)



Going global

1% G ck Dk
Lgrad,Q k Go k Lo k Q k 0
R Kgrad,Q lcurl,ﬂ Kdiv,S'Z P (777) {0}

Global spaces/operators: by patching local spaces/operators.

» Additional challenges:
o Global exactness, especially Ker D& C Im C§.

@ Poincaré inequalities (for stability), e.g.

k k 1
Ivallxs < MIChvallyy Vv € (X0

J. Droniou (Monash University)



9 Fully Discrete de Rham sequence

@ Application to magnetostatics

J. Droniou (Monash University)



Model and exact solution

o—curlu=0 in€Q,
curlo = f in Q,
divu =0 in Q,
uxn=g on 0Q.

on Q = (0,1)*, with exact solution

sin(mx1) cos(mx2) sin(7x3)
o(x)=3rm 0 )

— cos(mx1) cos(mxz) sin(mxs)

cos(mxi1) sin(mx2) sin(7xz)
u(x) = | —2sin(mx1) cos(mxz) sin(mx3)

sin(mx1) sin(mx2) cos(mxz)

» All spaces and operators implemented in the HArD::Core3D library.

J. Droniou (Monash University)



Convergence graphs i norm: cubic cells
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Convergence graphs i norm: tetrahedral cells
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Convergence graphs in energy norm: Voronoi cells 1
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Convergence graphs in energy norm: Voronoi cells 2

‘+k:0+k:1+k:2+k:3‘

%

10°

1072

! ! !
10-05 10-04 10-03

J. Droniou (Monash University)



9 High-order schemes for stationnary Stefan/PME models
@ Towards a stable numerical approximation

@ High-order approximations
@ Numerical tests

J. Droniou (Monash University)



Degenerate equation

Stationary version of Stefan/Porous Medium Equation equations:

u—div(AVC(u)) = f — div(F) in

¢(u) =0 on 0Q.
Non-linearity:
Porous medium: ¢(u) = |u|™ tu Stefan: ¢ with plateau
1 1
0.9 0.8
0.8 0.6
07 0
0.6 0.2
0.5 0
0.4 -0.2
0.3 -0.4
0.2 -0.6
0.1 -0.8
% 0.2 0.4 0.6 0.8 1 L 05 3 05 1 15 2
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@ Towards a stable numerical approximation
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First challenge: stability...

A = Id to simplify.

Continuous model: multiply by ((u), integrate by parts, use {(s)s > 0:

J1vc) < [ uct)+ Ve - Ve = [ fow)+ [ Fve.

J. Droniou (Monash University)



First challenge: stability...

A = Id to simplify.

Continuous model: multiply by ((u), integrate by parts, use {(s)s > 0:

J1vc) < [ uct)+ Ve - Ve = [ fow)+ [ Fve.
Use Poincaré inequality on {(u) and Cauchy-Schwarz inequalities:

/Q VC(W)P < C(F, F)

~> Bound on ((u), translates into a bound on u.

J. Droniou (Monash University)



First challenge: stability...

Discrete version: think conforming P; finite elements: find u, € V} such that,
for all v, € V4,

/uhvh+V§(uh)-Vv;,:/fvh+/F-Vvh.
Q Q Q

Stability: v, = {(un) not a valid test function, we need to take vy = up:

/uﬁ+c’(uh)|wh|2s/mh+/F.vuh.
Q Q JQ

» Last term cannot be estimated by left-hand side...

J. Droniou (Monash University)



Towards stability

» For wy € V, define [((w)]n by nodal values: unique function in V that has
the values {(wn(s)) at the nodes s of Vi (nodes=degrees of freedom).

Scheme: find u, € V,, such that, for all v, € Vj,

/Qu,,vh+V[g(u)]h-vVh:/ﬂfvh+/QF.vVh.
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Towards stability

» For wy € V, define [((w)]n by nodal values: unique function in V that has
the values {(wn(s)) at the nodes s of Vi (nodes=degrees of freedom).

Scheme: find u, € V,, such that, for all v, € Vj,

/Qu,,vh+V[g(u)]h-vVh:/ﬂfvh+/QF.vVh.

Stability: v, = [¢(u)]s is a valid test function!

/Q unlC ()] + V(W) < / FIC()n + / F V().

» What to do with the first term? It was > 0 in the continuous case, but now?

J. Droniou (Monash University)



Solution to stability: mass-lumping

[ wlcl+ V@I < [ e+ [ F-vic.
At the nodes, un(s)[¢(u)]n(s) = un(s)¢(un(s)) > 0.

» Replace up in the reaction term by a quantity that only uses nodal values.

J. Droniou (Monash University)



Solution to stability: mass-lumping

» Let (K) be a partition of €, each K being built “around” s, and set

s node

I'I,,u,, Q- R (I'Ihuh)|Ks = uh(s) Vs.

Example for P; FE:

J. Droniou (Monash University)



Solution to stability: mass-lumping

Mass-lumped scheme: find u, € V4 such that, for all v, € Vi,

/ Mpup Mpvy, + V[C(u)]h Vv, = / fMyvy, +/ F -Vv.

Q Q Q

Stability: make v;, = [¢(u)]s as before, and use (magic of mass-lumping!)
MalC(u)]n = C(Maun)

to get

/ Mot C(Man) + V() < / FLC)n + / F V().
Q) \— e’ Q Q

>0

J. Droniou (Monash University)
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@ High-order approximations
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Mass-lumping and high-order: a conundrum

» Mass-lumping = approximate reaction terms by piecewise constant functions
Order 1 consistency error at best...

» How do we recover a high-order scheme?

J. Droniou (Monash University)



Discrete space and nodes: 7, a mesh of the domain,
Xp = {V = (V/')fel cvieR, vi=0ifie I@Q}.

There is (x;)ic/ and, for each K € T, Ik C I such that x; € K if i € Ix.
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Discrete space and nodes: 7, a mesh of the domain,
Xp = {V = (V/')fel cvieR, vi=0ifie I@Q}.

There is (x;)ic/ and, for each K € T, Ik C I such that x; € K if i € Ix.

High-order reconstruction: M}° : Xy — Px(75). For all v € X, K € Tp, and
i€ lg, vi= (I‘I’,jov)“((x,»).
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Discrete space and nodes: 7, a mesh of the domain,
Xp = {V = (V/')fel cvieR, vi=0ifie I@Q}.

There is (x;)ic/ and, for each K € T, Ik C I such that x; € K if i € Ix.

High-order reconstruction: M}° : Xy — Px(75). For all v € X, K € Tp, and
i€ lg, vi= (I‘I’,jov)“((x,»).

Mass-lumping: Uy = (U;)ies partition of Q and My, : X, — Po(Us) piecewise

constant reconstruction.
Foralli€land K€ Ty UNK#Donlyifie€lk.
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Discrete space and nodes: 7, a mesh of the domain,
Xp = {V = (V/')fel cvieR, vi=0ifie I@Q}.

There is (x;)ic/ and, for each K € T, Ik C I such that x; € K if i € Ix.

High-order reconstruction: M}° : Xy — Px(75). For all v € X, K € Tp, and
i€ lg, vi= (I‘I’,jov)“((x,»).

Mass-lumping: Uy = (U;)ies partition of Q and My, : X, — Po(Us) piecewise
constant reconstruction.

Forallieland KTy, UNK#Donlyifi€lk.

High-order gradient reconstruction: Vi° : X;, — L>(Q)“.
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Discrete space and nodes: 7, a mesh of the domain,
Xp = {V = (V/')fel cvieR, vi=0ifie I@Q}.

There is (x;)ic/ and, for each K € T, Ik C I such that x; € K if i € Ix.

High-order reconstruction: M}° : Xy — Px(75). For all v € X, K € Tp, and
i€ lg, vi= (I‘I’,jov)“((x,»).

Mass-lumping: Uy = (U;)ies partition of Q and My, : X, — Po(Us) piecewise
constant reconstruction.
Forallieland KTy, UNK#Donlyifi€lk.

High-order gradient reconstruction: Vi° : X;, — L>(Q)“.

Quadrature: Q, : C(7Tp) — L*°(Q) given by:

(Quw)ik = > wik(x)lyrk VK € Th

icly

J. Droniou (Monash University)



Non-linear function of vectors: if v = (v;)ic; € X, and g : R — R, we define

g(v) € X such that (g(v))i = g(vi) Viel

J. Droniou (Monash University)



Non-linear function of vectors: if v = (v;)ic; € X, and g : R — R, we define

g(v) € X such that (g(v))i = g(vi) Viel

Scheme:
Find up € Xj such that, for all v, € X,

/ Mhup Mave + AV C(up) - Vi v = / Qnf Mpyv.
Q Q

J. Droniou (Monash University)



Assumption on Q

Exactness of quadrature: we assume that Qj is locally exact of degree k + ¢,
that is

/Kq:/Kth = > UinK|q(x)

i€k QR (¥).

VK € 771, Vq € Prie.

J. Droniou (Monash University)



Error estimate

» Broken Sobolev space:

W22 (T;) = {w € L™(Q) : wix € W'®(K) VK € Th}.
» Defect of conformity of the (underlying high-order) method: for any
P € L2(Q)9 with divy € [2(Q),

1
max B ——
wh€Xp\ {0} || ViCwallo

Wh° () =

/ Mywy divapg + Vilwy, -
Q
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Error estimate

» Broken Sobolev space:
W22 (T;) = {w € L™(Q) : wix € W'®(K) VK € Th}.

» Defect of conformity of the (underlying high-order) method: for any
P € L2(Q)9 with divy € [2(Q),

1
max B ——
wh€Xp\ {0} || ViCwallo

Wh° () =

/ My wy divapg + Vilwy, - 1/)'
Q

Theorem (D.-Eymard, 2018)
Under QRi(€), if u and f belong to W*"2°°(T}) then

VR I (1) — ¢(un)]lla
< CWhuo(AV¢(w)) + C[[ VR I¢ (1) — V¢ (u)lla + Ch*2,

with I,¢(u) = (¢(u)(xi))ier interpolate of {(u) on Xp.
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Error estimate

Theorem (D.-Eymard, 2018)
Under QRi(¢), if u and f belong to W*2°(T}) then

V4 Un¢ (1) = C(un)llla
< W, (AVC()) + CIIVA° Ih¢ (1) — VE(u)lln +Ch 2,

O(hk) O(hk)

with I,¢(u) = (¢(u)(xi))ier interpolate of {(u) on Xp.

» Real limiting factor is h“2, dictated by QRx(£) (and regularity of u and f).

J. Droniou (Monash University)
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@ Numerical tests
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Quadrature rules (dimension 1)

Name (xi)ien (lu"'Q‘K‘),-E/K DOE lllustration
Trapezoidal (a, b) (1,1 1 m N
Simpson (a, 22, b) (3,24 3 e ®
: 2atb at2b 1111
Equi6 (a,%,%,b) (6:3:36) 1 - ~
Equig (a, 22f2, 2128 ) (5.3:2.%) 3 | == ; —
5+v5 5-6
a a+ b
Gauss-Lobatto | (% 10 o) (L, 2,3, 8) 5 | == ; =
5-V5 5+v6 127120127 12
2+ b, b)

Table: Examples of quadrature rules in dimension d =1 for K = (a, b). DOE stands
for degree of exactness (corresponds to k + ).

J. Droniou (Monash University)



Gradient discretisations for P, finite elements

‘ Name ‘ Degree k ‘ Quadrature rule ‘ 4 ‘

D£(0) 1 ‘ Trapezoidal 0
‘ D5(1) ‘ 2 ‘ Simpson ‘ 1 ‘
DE(-) 3 Equi6 -
D5(0) 3 Equi8 0
D5(2) 3 Gauss—Lobatto | 2

Table: Mass-lumped GDs for P; Finite Element in dimension d = 1. These methods
satisfy QRk(¢) with the corresponding k,£¢. g = u for uniform meshes, g = r for
random meshes.

J. Droniou (Monash University)



» We provide (C, @) such that
IV3°(n (u) = ¢(un)) 2 & CCard(1)~*/“.

« ~ rate of convergence in meshsize.

J. Droniou (Monash University)



Linear model: ((u) =u

Test R: regular exact solution u(x) = x(1 — x)e~.

0 0.2 0.4 0.6 0.8 1

Results
Di(0) | Di(0) || D3(1) | D3(1) | D5(=) | Ds(=) | D5(0) | D5(0) | D3(2) | D3(2)
044 | 031 || 014 | 013 015 | 0.15 0.2 0.2 | 0.0002 | 0.00024
1.9 3 2.08 1 1 2 199 | 295 2.97
min(k, { + 2) 1 1 2 2 - - 2 2 3 3

roniou (Monash University)



Porous medium equation: ((u) = max(u,0)?

Test P1: exact solution with s3/2 singularity — piecewise smooth, singularity
not aligned with meshes.

0.03

0.025

0.015

0.005

Results
Di(0) | Di(0) || P5(1) | D5(1) || D3(-) | D3(=) | D3(0) | D5(0) | D3(2) | D3(2)
C 12 12 43 16 041 | 042 27 23 12 | 022
o 2 198 || 245 | 2.69 103 | 1.03 | 1.99 | 1.95 | 242 | 1.98
min(k, £+ 2) 1 1 2 2 - - 2 2 3 3

J. Droniou (Monash University)



Porous medium equation: ((u) = max(u,0)?

Test P2: exact solution u(x) = max(x — 1.5,0)?/12 corresponding to f = 0.

Results
Dr(0) | Di(0) || Pa(1) | D5(1) || D3(—) | Di(—) | D5(0) | D3(0) | D5(2) | D3(2)
c 019 | 038 || 017 | 0.18 0.14 0.15 | 024 | 024 | 027 | 0.0014
a 2 1.97 209 | 298 1 1 2 1.99 3.1 3.46
min(k, { +2) 1 1 2 2 - - 2 2 3 3
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Stefan model

Nonlinearity: {(u) =0if 0 < u <1, slope 1 otherwise.

1 T T T T T

0.8 1

0.2 1

-0.4 1

0.6} i
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Stefan model

Test S1: f(x) = 3(0.5 — |0.5 — x]), exact solution (computable up to
parameters that are numerically evaluated):

1.2

Results
Dr(0) | Di(0) || D3(1) | D3(1) || D5(=) | D3(=) | D5(0) | D5(0) | D5(2) | D5(2)
C 12 3.2 0.62 1 037 | 038 | 072 | 028 | 036 | 039
o 187 | 166 154 | 165 1.03 105 | 161 | 153 | 158 | 159
min(k, £ + 2) 1 1 2 2 - - 2 2 3 3

roniou (Monash University)



Stefan model

What happens with D5(0) and D5(2)? No improvement over low order?
» Due to lack of regularity of ¢(u), only belongs to H? as ({(u))” = u—f is
discontinuous.

» Recover O(h?) convergence if error calculated far from discontinuity; but not
O(h*) even for D§(2).

J. Droniou (Monash University)



Discontinuous Galerkin

Degree k = 3, various quadrature rules, for PME and Stefan (f = 0).

| D3(-) | Di(-) | D30) | D5(0) | DY) | Di(2) |

C 0.15 0.17 0.22 0.22 0.023 0.011
Test R

a 1.01 1.02 2 1.99 3.25 3.01

C 0.42 0.42 2.9 2.9 1.4 1
Test P1

a 1.03 1.03 1.98 1.97 2.39 2.32

C 0.15 0.15 0.27 0.28 0.039 0.019
Test P2

« 1.01 1.01 2 2 3.42 3.08

C 0.09 0.085 0.082 | 0.074 | 0.054 0.058
Test S2

a 1.01 1 1.5 1.57 1.49 1.58

| mn(ke+2) | - | - | 2 | 2 | 3 [ 3 |

J. Droniou (Monash University)



Conclusio

Hybrid High-Order method

» High-order method for diffusion problems on polytopal meshes.

» Uses element and face unknowns to reconstruct higher-order potential.
» Optimal rates of convergence, for many models of practical interest.

» Finite volume method, provides appropriate fluxes for coupling with

transport.

J. Droniou (Monash University)



Conclusion

Discrete de Rham sequence
» Preserve exactness property at discrete level: essential in some applications.
» Fully computable (purely polynomial) spaces and operators.

» In its infancy, lot of work remains to be done...

J. Droniou (Monash University)



Conclusio

High-order schemes for Stefan/PME
» Stefan/PME requires mass lumping.

» Higher order schemes still possible, provided a key quadrature rule is

respected.

» Convergence benefits from high order, unless restricted by regularity of
solution (even then, local improvement is possible).

J. Droniou (Monash University)



Bibliography

Main books/papers:

o High-order mass-lumped schemes for nonlinear degenerate elliptic equations. J.
Droniou and R. Eymard. SIAM J. Numer. Anal. 58 (1), pp. 153-188, 2020.
doi: 10.1137/19M1244500. https://arxiv.org/abs/1902.04662.

@ The Hybrid High-Order Method for Polytopal Meshes: Design, Analysis, and
Applications. D. A. Di Pietro and J. Droniou. Springer, MS&A vol. 19, 2020,
551p. doi: 10.1007/978-3-030-37203-3.
https://hal.archives-ouvertes.fr/hal-02151813.

o Fully discrete polynomial de Rham sequences of arbitrary degree on polygons
and polyhedra. D. Di Pietro, J. Droniou, and F. Rapetti. Math. Models
Methods Appl. Sci. 44p, 2020. https://arxiv.org/abs/1911.03616.

o An arbitrary-order method for magnetostatics on polyhedral meshes based on a
discrete de Rham sequence. D. A. Di Pietro and J. Droniou, 31p, submitted,
2020. https://arxiv.org/abs/2005.06890.

J. Droniou (Monash University)


https://arxiv.org/abs/1902.04662
https://hal.archives-ouvertes.fr/hal-02151813
https://arxiv.org/abs/1911.03616
https://arxiv.org/abs/2005.06890

Thanks.

J. Droniou (Monash University)



	Hybrid High-Order method
	An inspiring remark
	Description of the HHO scheme
	Miscible flow in porous media

	Fully Discrete de Rham sequence
	Principles of discrete exact sequence
	Fully discrete de Rham sequence
	Application to magnetostatics

	High-order schemes for stationnary Stefan/PME models
	Towards a stable numerical approximation
	High-order approximations
	Numerical tests


