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Main modeling concepts

� Hybrid-dimensional model: fractures reduced to co-dimension
1 surfaces by integration along the width

� Continuous phase pressures at matrix fracture interfaces

‚ Phases: α P tnw,wu

‚ Matrix pressures: p̄αm “ p̄α

‚ Fracture pressures p̄αf “ γp̄α

‚ Matrix saturations: s̄αm

‚ Fracture saturations: s̄αf
‚ Matrix Darcy velocity: qαm

‚ Fracture tangential velocity: qαf
‚ Displacement field: ū
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Main modeling concepts

� Poiseuille’s law for the tangential velocity in the fractures,
extended to two-phase flow using generalized Darcy laws

qαf “ ´η
α
f ps̄

α
f q

ˆ

1

12
d̄3
f

˙

∇τγp̄
α

� Linear poroelasticity with small strains assumption

Total stress : �T pūq “ �pūq ´ b p̄EmI,

with �pūq “ 2µ �pūq ` λ divpūq I and b the Biot coefficient

� Open fractures: no contact

�T pūqn˘ “ ´p̄Ef n
˘,

The equivalent pressures p̄Em and p̄Ef are defined using the
capillary energy density concept (Coussy)
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Two-phase hybrid-dimensional Darcy flow: α P tnw,wu

Bt
`

φ̄ms̄
α
m

˘

` div pqαmq “ hαm

qαm “ ´η
α
mps̄

α
mqKm∇p̄α

Bt

´

d̄fs
α
f

¯

` divτ pq
α
f q ´ JqαmK “ hαf

qαf “ ´η
α
f ps̄

α
f q

ˆ

1

12
d̄3
f

˙

∇τγp̄
α

pNormal jump: JqK “ q` ¨ n` ` q´ ¨ n´q

s̄αm “ Sαmpp̄cq, s̄αf “ Sαf pγp̄cq
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Poromechanics

Poromechanical model
$

’

’

&

’

’

%

´div
´

�pūq ´ b p̄EmI
¯

“ f

�pūq “ 2µ �pūq ` λ divpūq I
p�pūq ´ b p̄EmIqn˘ “ ´p̄Ef n˘

Closure laws
$

&

%

Btφ̄m “ b divBtū`
1

M
Btp̄

E
m

d̄f “ ´JūK

Let Urtpp̄cq “

ż p̄c

0

z pSnw
rt q

1
pzqdz, the equivalent pressures are

p̄Em “
ÿ

αPtnw,wu

p̄α s̄αm ´ Umpp̄cq, p̄Ef “
ÿ

αPtnw,wu

γp̄α s̄αf ´ Uf pγp̄cq
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Weak solution: p̄α and ū such that for all smooth test
functions ϕ̄α and v̄:

ż T

0

ż

Ω

´

´φ̄ms̄
α
mBtϕ̄

α ` ηαmps̄
α
mqKm∇p̄α ¨∇ϕ̄α

¯

dxdt

`

ż T

0

ż

Γ

´

´d̄f s̄
α
f Btγϕ̄

α ` ηαf ps̄
α
f q
d̄ 3
f

12
∇τγp̄

α ¨∇τγϕ̄
α
¯

dσpxqdt

´

ż

Ω

φ̄0
ms̄

α,0
m ϕ̄αp0, ¨qdx´

ż

Γ

d̄0
f s̄
α,0
f γϕ̄αp0, ¨qdσpxq

“

ż T

0

ż

Ω

hαmϕ̄
αdxdt`

ż T

0

ż

Γ

hαf γϕ̄
αdσpxqdt, α P tw,nwu,

ż T

0

ż

Ω

´

�pūq : �pv̄q ´ bp̄Emdivpv̄q
¯

dxdt`

ż T

0

ż

Γ

p̄Ef Jv̄Kdσpxqdt

“

ż T

0

ż

Ω

f ¨ v̄dxdt,
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Example of discretization

� Two-Point Flux Approximation (TPFA) scheme for Darcy
� P2 elements for mechanics
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Gradient discretization method: motivation

� Abstract discretization framework accounting for a large class
of conforming and non conforming discretizations

� Generic stability and convergence analysis under general
properties such as

Coercivity (discrete Poincaré inequality)
Consistency
Limit Conformity (for non-conforming methods)
Compactness
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Gradient discretization of the poromechanical model

Two-phase flow

X0
Dp
“ space of discrete unknowns. Reconstruction operators:

� gradient operators on matrix and fracture network

∇m
Dp

: X0
Dp
Ñ L8pΩqd, ∇f

Dp
: X0

Dp
Ñ L8pΓqd´1;

� piecewise-constant function operators on matrix and fracture network

Πm
Dp

: X0
Dp
Ñ L8pΩq, Πf

Dp
: X0

Dp
Ñ L8pΓq.

Assume }v}Dp – }∇m
Dp

v}L2pΩqd ` }d
3{2

0 ∇f
Dp

v}L2pΓqd´1 is a norm on X0
Dp

.

Poromechanics

X0
Du
“ space of discrete unknowns. Reconstruction operators:

� symmetric gradient operator �Du : X0
Du
Ñ L2

pΩ,SdpRqq,
� displacement function operator ΠDu : X0

Du
Ñ L2

pΩqd,

� normal jump function operator J¨KDu : X0
Du
Ñ L4

pΓq.

Assume }v}Du – }�Dupvq}L2pΩq is a norm on X0
Du

.
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Gradient scheme

Find pα P pX0
Dp
qN`1 and u P pX0

Du
qN`1 such that, for all

ϕα P pX0
Dp
qN`1,v P pX0

Du
qN`1:

ż T

0

ż

Ω

´

δt

´

φDΠm
Dp
sαm

¯

Πm
Dp
ϕα ` ηαmpΠ

m
Dp
sαmqKm∇m

Dp
pα ¨∇m

Dp
ϕα

¯

dxdt

`

ż T

0

ż

Γ

δt

´

df,DuΠf
Dp
sαf

¯

Πf
Dp
ϕαdσpxq

`

ż T

0

ż

Γ

ηαf pΠ
f
Dp
sαf q

d3
f,Du

12
∇f

Dp
pα ¨∇f

Dp
ϕαdσpxqdt

“

ż T

0

ż

Ω

hαmΠm
Dp
ϕαdxdt`

ż T

0

ż

Γ

hαfΠf
Dp
ϕαdσpxqdt, α P tw,nwu,

ż T

0

ż

Ω

´

�Dupuq : �Dupvq ´ bpΠ
m
Dp
pEmqdivDupvq

¯

dxdt

`

ż T

0

ż

Γ

pΠf
Dp
pEf qJvKDudσpxqdt “

ż T

0

ż

Ω

f ¨ΠDuvdxdt
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Convergence analysis: main assumptions

� Mobility function ηαrt continuous, non-decreasing, s.t.

0 ă ηαrt,min ď ηαrtpsq ď ηαrt,max ă `8 @s P r0, 1s

� The sequences pDl
pqlPN, pDl

uqlPN, tptlnq
N l

n“0ulPN of space time
Gradient Discretizations satisfy coercivity, consistency,
limit-conformity and compactness properties

� There exist a solution pαl PpX
0
Dlpq

N l`1, ul PpX0
Dluq

N l`1 s.t.

(i) φDl pt,xq ě φm,min ą 0,

(ii) df,Dl
u
pt,xq ě d0pxq, where d0 ě 0 is continuous and vanishes only at the

fracture tips
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Main convergence result

There are p̄α P L2pT;V 0q and ū P L8pT;U0q satisfying the weak
formulation s.t.

Πm
Dlpp

α
l á p̄α weakly in L2pT;L2pΩqq,

Πf
Dlp
pαl á γp̄α weakly in L2pT;L2pΓqq,

ΠDluu
l á ū weakly-‹ in L8pT;L2pΩqdq,

φDl á φ̄m weakly-‹ in L8pT;L2pΩqq,

df,Dlu Ñ d̄f strongly in L8pT;LppΓqq for 2 ď p ă 4,

Πm
Dlp
Sαmpp

l
cq Ñ Sαmpp̄cq strongly in L2pT;L2pΩqq,

Πf
Dlp
Sαf pp

l
cq Ñ Sαf pγp̄cq strongly in L2pT;L2pΓqq,

where φ̄m “ φ̄0
m` b divpū´ ū0q `

1

M
pp̄Em´ p̄

E,0
m q and d̄f “ ´JūK
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f frozen
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Main convergence result – Steps

1 Energy estimates by taking the phase pressures as test functions in
Darcy, the discrete time derivative of the displacement in elasticity.

2 Weak estimates on time translates

3 Strong convergence of sαm
i Separate matrix from fractures above using cut-off functions
 strong local time translate estimates

ii Space translate estimates from compactness of Dp
iii Recover compactness on the full domain from sαm P r0, 1s

4 Strong convergences of φDsαm, sαm, dfs
α
f , dαf and sαf

i Uniform in time weak in space convergence.
ii Strong compactness: combining uniform-in-time weak-in-space, and

compactness property in space.
Need to isolate fracture tips for compactness in space of sf

5 Identification of the limit fields and weak solution
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Dp
sαmspτ

1q,Πm
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` xrdf,DuΠf
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sαf spτq,Π
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ˇ

ˇ
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Numerical experiment: convergence test

� TPFA scheme for flows

� P2 elements for
mechanics
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Numerical experiment: convergence test

0.0·100
1.0·10−4

2.0·10−4

3.0·10−4

4.0·10−4

5.0·10−4

6.0·10−4

7.0·10−4

8.0·10−4

9.0·10−4

1.0·10−3

1.1·10−3

40 45 50 55 60

F
ra
ct
u
re

w
id
th

(m
)

Fracture curvilinear abscissa x or y (m)

Fracture width vs. x or y at times t = 0 and t = T

x 7→ df,ref(0, (x,
L
2 ))

x 7→ df,ref(T, (x,
L
2 ))

y 7→ df,ref(T, (
L
2 , y))

10−4

10−3

10−2

10−1

100

104 105 106 107

R
el
at
iv
e
er
ro
r

Time (s)

t 7→ |pE,?
f,N(t)− pE,?

f,ref(t)|/|pE,?
f,ref(t)|, N0 = 224

N = N0
N = 4N0
N = 16N0
N = 64N0
N = 256N0

J. Droniou (Monash) AustMS 2020 September 10-15, 2020 15 / 16



Conclusions & perspectives

Conclusions

� Analysis of a GD for a two-phase flow in deformable fractured porous media

� Linear elastic mechanical behavior, open fractures

� Porosity bounded from below and above by strictly positive constants

� Fracture width larger than a nonnegative function vanishing only at the tips

� Nonlinear flow/mechanics coupling, fracture conductivity d3f{12 not frozen

� Convergence validation (P2 elements for mechanics, TPFA for flows)

Perspectives

� Discontinuous pressure models (just submitted)

� Contact, slip, friction between fracture surfaces

� More advanced discretizations (polytopal DG, etc.)
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Thanks for your attention
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