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References for this presentation

m Design of the method, application to poromechanics with Coulomb friction:
[Droniou et al., 2024a].

m Analysis for Tresca friction: [Droniou et al., 2024b].
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Mixed-dimensional models

Scheme

Analysis

Numerical results
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Matrix and fracture network

Notations: T fracture, two sides = with outward normals n*, jump [[-],
tangential T and normal n component of vectors.
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Poromechanics

Uknowns: displacement u in matrix (discontinuous at fractures), pressure p,,
in matrix, pressure p in fracture.

Physics: qU/3§L-S_taI-E contact-mechanics for u, Darcy law for p,,, Poiseuille
law for p.

Contact: without friction, with Tresca friction, with Coulomb friction...
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Mechanics with Tresca friction: strong form

(o) nT
—divo(u)
Yu0(w) +7,0(w) =0
Ta(u) <0, [u]a <0, [u]aZu(w) =0
— | IT-(wl<g
T, (u) - [u]: +g|[u]-| =0

where:
m 0(u) = 2u€(u) + Adivu with A, u Lamé coefficients.

on Q\T,
onT,
onT,
onT,

onl,

m 7y(u) =yfo(uw) - n* and T;(u) = yf0o(u) — T,(u)n* tangential and normal

surface tractions.

m g Tresca threshold.
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Mechanics with Tresca friction: spaces

Spaces: ﬁ; =0 MaN

m For the displacement: _
Uy = Hy(Q\D)?

7/32



Mechanics with Tresca friction: spaces

Spaces:

m For the displacement:

Uy = p@g\ﬁ)d

m Space of jumps:
H?(T) = {[v] : v € Up}

2

with H,*(I') dual space, and (-, -)r duality pairing.
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Mechanics with Tresca friction: spaces

Spaces:

m For the displacement: _
Uy = Hy(Q\D)?

m Space of jumps:
HJ3(0) = {[v] : v eUs}
with H,*(I') dual space, and (-, -)r duality pairing.

m Lagrange multiplier (for contact inequalities):
Cy= {y € H(;,}/Q(F) 2, V)r <4, |vel)r Vv € HS/’J:.’(F) with ﬂ
i

Formally equivalent to uy, 4 0 and |u:| < g
7
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Mechanics with Tresca friction: mixed-variational
formulation

Weal formulation: find u € Uy and@ Crst.

0w : &(v +=/s;f~v Vv € Uy,
(U4
=ALubr<0  vueg e = L

Note: A = —y,’;o(u)' =y, 0(u).

——
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Mixed-dimensional models

Scheme

Analysis

Numerical results
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Mesh

Polytopal mesh, compatible with fractures

m M, F,V cells, faces and vertices. X, entities X on z.
aces of K on positive side of fracture.
m Fors € (V,set of cells in M on the same side of K.

m If o € Fr: K on positive side, L on negative side.

L/ )%
AR v
+
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Discrete spaces

Displacement: nodal unknowns (discontinuous across fracture) and one
bubble on each fracture face (positive side).

UO,D = {VZ) = ((VZ(S)KGM,SG"VKs (VKa')KeM,creTlf’K) :

vis €ERY, vikg €RY, vy =0 if s € Ve
- ~——

vys = Vs it K, L € M are on the same side of F}.

11/32



Discrete spaces

Displacement: nodal unknowns (discontinuous across fracture) and one
bubble on each fracture face (positive side).

Un.n F{vo = (vio)kemt semies (Vo kem, oers, )
vis €ERY, vkg €RY, vy =0 if s € Ve

vys = Vs it K, L € M are on the same side of F}.

Lagrange multipliers: piecewise constant on fracture faces.

My = {dp € L*(1)? : A, := (Ap)|+ is constant for all o € Fr}.
=

Discrete dual cone:

Cp={ApeMp : Apn 20, |Ap| <g} cCy.
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Reconstructions in Uy p: faces

m From nodes, reconstruct edge values and use them to define the face

gradient:
Ko ]‘ 7(51 + V(](SQ
\% vz)=|— E le| ————= @ nge.

2
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Reconstructions in Uy p: faces

m From nodes, reconstruct edge values and use them to define the face
gradient:

1 Vs, TV
K s K}
v O-VD =T Z |€|# Nge-

|o

e=5152€E,

m Reconstruct face averaged value from nodes, and face displacement:
Vo= ), @ vis and =VX7Vp(x - Xo) +Vko VX €O
—

— s€Vo,

6/
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Reconstructions in Uy p: faces

m From nodes, reconstruct edge values and use them to define the face
gradient:

1 Vs, TV
K S1 So
TR S [ L al

|o

e=5152€E,
m Reconstruct face averaged value from nodes, and face displacement:

VKo = Z wlvgs and 5 vp(x) = VK vy (x — X ) + Ve Vx €O
seVy

m Jump reconstructions:

1 —
Ieol = 7 L0870 00700 €S e = e
g
4

L

74
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Reconstructions in Ug p: cells

Same principles...
m Using reconstructed face values and bubble, define the cell gradient:

1 |(r|
K E E
V Vp = _|K| |O’@®n[(0-+ |K|VK(r®nKo‘~

+
oeFk creff}yK

-
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Reconstructions in Ug p: cells

Same principles...

m Using reconstructed face values and bubble, define the cell gradient:

1 _ |o|
VKVD=W Z lo[Vko ® ngo + Z mvk(r®nkﬁ~

+
oceFk ”_EG[]',K

m Reconstruct cell averaged value from nodes, and cell displacement:

Vg = wav(;(s and IXvp(x) = VEvp(x —Xk) +Vk Vx € K.

—_ seVk
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Reconstructions in Ug p: cells

Same principles...

m Using reconstructed face values and bubble, define the cell gradient:

1 _ |o|
VKVD=W Z lo[Vko ® ngo + Z mvk(r®nkﬁ~

+
oceFk ”_EG[]',K

m Reconstruct cell averaged value from nodes, and cell displacement:
Vg = Z wXvys and M¥vp(x) = VEvp(x—Xk) +Vk VxeK.

seVk

Global reconstructions: [-] p, V2, Ilp, €p, divp, 0p.
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Interpolator

Displacement: Iy, ,, : CQ(Q\I') — Ug o defined by:
('[UO,Z)V)(’(S = vk (Xs) VK e M, Vs € Vg,

1 T
(Zuy pV)ko = e / (y7v - 1" (Zus V) VK e M, Vo € 7_F+,K~
o

Lagrange multiplier: Iy, : L*(I') — My defined by

1
(Imp ) o = —/ p] Yo € Fr.
lo| Jo
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Scheme

Find up € Up,p and 1p € My s.t.

/0@(11@) t€p (VD) + Z (2#[( +/1K)SK(uD7VD)
Q KeM

+/ﬂp‘[[VD]]D=/f‘ﬁDVD VVDEUO’D
r Q

‘/I_(HD -Ap) -[up]p <0 Vup € Mp,
where

Sk(up,vo) =hE? N (ug - Mup(xy)) - (vies - v (x,))

seVk

d-2
+hK Z UKo * VKo -
0'67-}*’K
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Mixed-dimensional models

Scheme

Analysis

Numerical results
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Error estimate

Theorem (Error estimate)

Ifue H*(M) and A € H'(F7), then

19205 - Vall 2 o + 14D = Al o < cu,@

m || - ||_y,,r discrete H~""-like seminorm, defined later.
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Error estimate

Theorem (Error estimate)

Ifue H*(M) and A € H'(F7), then

”VDUD - Vu”]}(g\f) +|[dp - /1”—1/2,1" < Cyahop.

m || - ||_y,,r discrete H~""-like seminorm, defined later.

m Error estimate comes from a more abstract version that only requires
Ae L*(D).
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Error estimate

Theorem (Error estimate)

Ifue H*(M) and A € H'(F7), then

”VDUD - Vu”]}(g\f) +|[dp - /1”—1/2,1" < Cyahop.

m || - ||_y,,r discrete H~""-like seminorm, defined later.

m Error estimate comes from a more abstract version that only requires
Ae L*(D).
m Error analysis based on consistency and stability.
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Discrete Korn inequality

Discrete H'-norm:

Ivol2 p = Y (IV5vol2s k) + Sk (vo, Vo).
KeM

Theorem (Discrete Korn inequality)

For all v e Uy, p,

2 2
Vol o < lep(o)l2, r) + D, Sk(vo. Vo).
KeM
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Discrete Korn inequality: idea of proof

m Start from the P!-conforming reconstruction R, ,vy, on a triangular
submesh (averaging cell values at each node) and

194 (v~ Ravavi)l72 5 ) WM VAl llZz o )-
—_— oef

19/32



Discrete Korn inequality: idea of proof

m Start from the P!-conforming reconstruction R, ,vy, on a triangular
submesh (averaging cell values at each node) and

Vi (va —‘|L2 < Z W Vil ol 2 (o) -

o
m Using Korn for Ry, nvh gives

IVavnl7s < w7+ D A Ivalolfs (o)
_— oef
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Discrete Korn inequality: idea of proof

m Start from the P!-conforming reconstruction R, ,vy, on a triangular
submesh (averaging cell values at each node) and

1V(vh = Ravnvi)li2e < D A VAl o l3a(o)-
oef

m Using Korn for Ry, nvh gives

2 2 -1 2
IVavalZs < llesmlZa + > M IIvalols o)
oef

m Do the same procedure but building Ry, Vs from averages over cell values
the same side of I':

IVavallZe < leailza+ > A IIvalolia(-
oceF\Fr
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Discrete Korn inequality: idea of proof

m Start from the P!-conforming reconstruction R, ,vy, on a triangular
submesh (averaging cell values at each node) and

1V(vh = Ravnvi)li2e < D A VAl o l3a(o)-
oef

m Using Korn for Ry, 1 vy gives
IVavall?s < leamliZa + > hHIIvalollZa o)
oef

m Do the same procedure but building Ry, Vs from averages over cell values
the same side of I':

IVavallZe < leailza+ > A IIvalolia(-
oceF\Fr

m Conclude by proving that, for o = K|L not in ¥,
h;}”["h]]a-”iz(o.) < Sk(vp,vp) +SL(vp, Vo).
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Discrete inf—sup property |

Definition (Discrete H~"/2(T")-norm)
For Ap € Mp:

lApll-12r = Z lApll-12r; with [[Apll—1er, = sup
icl vieH (QF;T;)4\{0}
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Discrete inf—sup property Il

Theorem (Discrete inf-sup condition)

fodo - [volo
sup  H——————— 2 [Apll-yar  YAp € Mp.
vpeUop\{0}y  IVollLo
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Discrete inf—sup property |l

Tools:

m Clément-like H!-stable interpolator Ié’oaﬁ, adapted to fractures.
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Discrete inf—sup property IV

Tools:

m Clément-like H!-stable interpolator Ié’a , adapted to fractures.
- 0,D SR —

m Fortin property for jump:

152 1y = N IVTLGD T e T
Uop 17 ifae?}fK\?}t’K.

=

Consequence: if v; € Hl(Q;’; I';), v; extension of v; by 0 and vy = Ié’OaDV[,

/AD'[[VD]]D: Z /lﬁ'/'[fé;aovi]]g-z Ap - v;.
r o s

RN
_ TEeTT I
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Mixed-dimensional models

Scheme

Analysis

Numerical results
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2D domain with fracture under compression |

Analytical solution (7 coordinate along fracture):
Ay = o sin? (),
Ml l = 2222 5 Gnw) (Cos(lp) - £ i) |VE= (@ =),

E
Y =n/9,20=2m, F=1/V3 (so g = 1,/F), E =25 GPa and v = 0.25.

25/32



2D domain with fracture under compression |l

de+T7 0.004
An ——

An analytic - - -
3e+T 0.003

S—
2e+T7 0.002

le+7 0.001

Sl |

0
0 0.4 0.8 12 1.6 y 0 0.4 0.8 12 1.6 2

7 (m) 7 (m)
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2D domain with fracture under compression |lI

0.1
Ist and 1.5th order \
S 001}
w
Q e
[
2
5 0.001%
4
Relative Error [u], —e—
Relative Error A\,
0.0001 . .
0.0025 0.005 0.01 0.02

h (m)
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3D manufactured solution |

a7/

Setting: x
mQ=(-1,1)3 T ={0} x(-1,1)2 \ ,_é /

mg=1l,u=1=1.

m Explicit analytical solution such that:

m sticky-contact for z < 0 ([u]ln =0, [u]r =0)
m slippy-contact for z > 0 ([u]la =0, [[u]<| > 0)

m Cartesian, tetrahedral and hexahedral (randomly perturbed Cartesian)
meshes.
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3D manufactured solution |l

Cartesian Tetrahedral
1 1
0.1 0.1
<
S 001 0.01
£
wi
o 0.001 0.001
~ u—e—
0.0001 | [ 0.0001 | [
Vu - Vu ——
A 1.5th and 2nd order A Ist and 2nd order
le-05 1e-05
4 8 11 24 40 64 12 20 31 51 81 116
1 1
N3 N3

cell
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3D manufactured solution Il

Hexahedral (cut) Hexahedral (bary)

0.1
0.01
N &
o
=
w 0.01
~ 0.001
~
0.001
0.0001 A Ist and 2nd order
0.0001
h ] 14 24 40 64

3 3

/! v, w,
< /J?/

~—
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Thank you!
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