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What regime-dependent error estimates should be
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Regime identified by physical parameters

Model: with «, 8 physical parameters,

F(u;a, B) = 0.

Regime 1 Regime 2
a=0, >0 a>0 =0
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Regime identified by physical parameters

Model: with «, 8 physical parameters,

F(u;a, B) = 0.
Regime 1 Regime 2
a=0, >0 a>0 =0

Dominant regime?

o Depends on relative magnitude of a and 8, i.e., on C* := a/f3.

o What does “Regime 1 dominates” mean? C*# < 1?7 C*f < 10?

o Requires a dimensionless number C*#, that can then be compared to 1.
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Numerical analysis

Scheme:
Fn(up;a, 8) = 0.

Error estimates:

o Should capture all regimes (not just C*# — 0, C*# — o0).
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Numerical analysis

Scheme:
Fn(up;a, 8) = 0.

Error estimates:

o Should capture all regimes (not just C*# — 0, C*# — o0).

o Should take into account local dominant regime: C?Jﬂ attached to element
T, treated according to its regime (Co” > 1 or €27 < 1).
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Numerical analysis

Scheme:
Fn(up;a, 8) = 0.

Error estimates:
o Should capture all regimes (not just C*# — 0, C*# — o0).

o Should take into account local dominant regime: C?Jﬂ attached to element
T, treated according to its regime (Co” > 1 or €27 < 1).

o C%”B often involves the local length iy and can actually improve the error
estimates.
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Capture transitional regimes

No transitional regimes: with g;(0) = 0,

N

Ju—unl S [Zguaﬂhmﬁmm + ZgawT)hmu@“(T)]
T T

[7, 8] (DG for advection—diffusion)
[1] (FE for Brinkman, robustness in Darcy limit)
[9] (VEM for Brinkman, robustness in Darcy limit)
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Capture transitional regimes

No transitional regimes: with g;(0) = 0,
1
2

Ju—unl S [Zguaﬂh;zwﬁm(ﬂ + ZgawT)hmumT)]
T T

[7, 8] (DG for advection—diffusion)
[1] (FE for Brinkman, robustness in Darcy limit)
[9] (VEM for Brinkman, robustness in Darcy limit)

Transitional regimes:

N|=

lu—unl < lz min(l,C;‘C‘f)hgﬂuﬁ]% )+ Zmin(l, () |u|§121(T)]
T T

Transitional regimes when C%’B such that both terms have same magnitude.

[5] (Advection—diffusion with HHO)
[2] (Brinkman with HHO on triangles).
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The Brinkman model and its limiting regimes
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Brinkman model

Flow of viscous fluid in porous matrix with fractures, bubbles, or channels.

Data:
o Q polytopal domain in R% d = 2,3.
o f: Q2 — (0,00) viscosity, v : Q — [0,00) inverse permeability.
o f:Q—R3, g : © — R volumetric source terms.
Model: find velocity u : Q — R? and pressure p: Q — R s.t.
—div(pgradu) + vu + gradp = f in Q,
divu =g in Q,
u=0 on 99,

/p:O.
Q

Note: gradu could be replaced by grad, u, and p, v could be tensors.
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Limiting models |

Stokes:

0
—div(pgradu) +vu + gradp = f in €,
0
divu = g‘ in Q,

u=20 on 09,

/sz.
Q

Characteristics influencing the discretisation:
o Primal formulation.
o L?-estimate on grad u.

o Requires inf-sup condition for p.
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Limiting models Il

Darcy:
0 0
—div(}lgradu) +Vu+gradp:f in Q,
divu=g in Q
u-n=>0 on 0,

/sz.
Q

Characteristics influencing the discretisation:
o Mixed formulation.
o L?-estimate on wu.

o Requires inf-sup condition for p.
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Friction coefficient: measure balance between regimes

Dimensionless number: with L a characteristic length,

vL?
(:},gz = —.
1

Regimes:

Pure Stokes Darcy Pure

Stokes dominant dominant Darcy

: : ---

Cia o0 1 =0
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Scheme and error estimate
m An HHO scheme for Brinkman
m Error analysis
m HHO-DDR scheme
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Scheme and error estimate
m An HHO scheme for Brinkman

Slides
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Mesh and data

Mesh: polytopal mesh of Q.

o Tn: set of elements T.

o Fy: set of faces F' (Fr: faces of T)).

o PY(X): polynomials of degree </ on X =T, F.

Data:
o u,v piecewise constant on 7y, (values up,vr on T € Tp,).
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Discrete spaces |

Fix k£ > 0 polynomial degree.
Velocity space: Hybrid High-Order (HHO) space.

Qﬁ = {Qh = ((UT)TGThv (vF)Fe]-'h) :
vy € PH(T)? for all T € Ty, and v € PH(F)? for all F € ]-'h}.
With boundary conditions:
Ufy={v, €U} : vp =0 VFCOQ}.
Velocity interpolator: for v € H ()%, with ¥ the L2(X)-projector on

'PE(X)d,
ﬂi” = ((WI;“U)TGTM (ﬂl}f?v)Fe]:h) € QZ-

(Replace subscript h with T ~~ space and interpolator on element T.)
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Discrete spaces |l

Pressure:

P,’f:z{qEL2(Q):q|T€Pk(T) VT €Ty, /q:O}.
Q
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Discretisation of diffusive term — div(x grad uw) [4]

Discrete gradient reconstruction: G : UX, — P*(T)4%d s t.

/ Ghvop:T= / gradvr : 7+ Z /(’UF—’UT)'TIITF v € PH(T)™,
T T F

FeFr

Bilinear form:

(W, vp) = Y pras r(wr, vr),
TeTh

as,r(Wy, vr) = /T Ghaw; : Ghwp + Stabs 7 (wr, vy).

Local weighted H'-like norm:

1
lorllr = o as r (v, vy) 2

1/2
(Zrerr it or = vrldam ) S lezlr.
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Discretisation of Darcy term vu

Bilinear form:

ay p(wy,,vy) = Z vrap,r(Wy, V)
TeTh

ap,r(wr,vy) = / wr - vy + Stabp 7 (wy, v7).
T

Local weighted L2-like norm:

)2

vl = Vqlﬂ/zaD,T(QTa vr

1/3
[ (Srers vrhrllor = vrl2a) " S logllr.
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Discretisation of pressure term Vp and source term f

Discrete divergence: D : U% — P*(T) s.t.

Diwp = tr(GI;“QT)~
Coupling bilinear form: For (v,,,qn) € UY x P*(Tp),

bn (U}mQh /DTUT qr,

Source term:

Z/.f'UT

TETh
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Scheme and error estimate

m Error analysis

Slides

20/42



Error estimate, using a local friction coefficient

o C¢r < 1: T Stokes-dominated.

Cop i vrh?, o Ctr > 1: T Darcy-dominated.
T
KT o Intermediate regimes also measured by Cf 1

(e.g. Crr ~1).

Theorem (Error estimates for the HHO scheme)
k k
lwy, — Lially,  + llw, — Lyl + llon — 70l 220

q = 2(k+1
S| wrmin(L, G ulf g o)
TETh

+ 3 vrmin(1, Cr B3 ulZpe o
TET

+ Errors from coupling term| .
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Consistency of diffusive term: Cf p saves the day (and h)

Consistency error:

Z / (—div(pr gradu)) - vr — ,uT/ GhIhu : GEup + prStab
TeTh T T

au,u(ll}iuvgh)
After IBP, element contribution (without stabilisation):

Z F,uT(gradu — GhIbunp - (vp —vr)
FeFr

1/2
< M;& h¥2|| gradu — G?l?““m(aﬂ <MThT1 Z lvr — vT||2L2(F)> .
FeFr

-

k1
Shyul etz oy

T
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Consistency of diffusive term: Cf p saves the day (and h)

After IBP, element contribution (without stabilisation):

Z /F,uT(gradu —~ GhIbung - (vp —vr)
FeFr

1/2
1 1 —
< pf hf?| grad u — Gh L5l 2o <MThT1 > ||UF—UT||2L2(F)> :
FeF
'IL‘H}“*’Q(T} T ~~
Tr

k41
Shey

Stokes regime: Tp S ||vp||p7-
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Consistency of diffusive term: Cf p saves the day (and h)

After IBP, element contribution (without stabilisation):

Z /F,uT(gradu —~ GhIbung - (vp —vr)
FeFr

1/2
1 1 —
< pf hf?| grad u — Gh L5l 2o <MThT1 > ||UF—UT||2L2(F)> :
FeF
'IL‘H}“*’Q(T} T ~~
Tr

5/15‘71\
Stokes regime: Tp S ||vp||p7-
Darcy regime:

Cf,T > 1 so 1% < UTh%—v.

Thus:

1/2
Tr < (VThT > e —UT||2Lz(F)> S ozl
FeFr
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Consistency of coupling term

Consistency error:

Z /gradp~vT+ Z /D;’?QT T
T T

TeTh TETh

—bn(v,,,7Fp)

After IBP, element contribution:

Z /F(W?p—p) (vF —vr) -nrp

FeFr

1/
1 —
< bl || hp — pllz2(om) ( > hptllor - vT||%2(F)>
FeFr

k41
<Shy Pl gkt
T
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Consistency of coupling term

After IBP, element contribution:

Z /F(W%D —p) (vF —v7) n7F

FeFr

1/2
< hf? |l mhp — pllr2(omy ( > hptllor - UT||2L2(F)>
FeFr

<hh [Pl gkt1
T

Stokes regime: T < ,uq_"l/2|

Darcy regime: T < V;1/2h’;“1||QT||HaT'

[vpl 7

[ No Ct 1 can help us gain an hz here... ]
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Scheme and error estimate

m HHO-DDR scheme

Slides
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Stronger IBP by choosing appropriate potential

New source term:
k
E /f‘PD,TQT-
TETh T

Consistency error:

> /gradp-P%,T'vTJr > /DI;‘QT .
T

TeT, /T TETh
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Stronger IBP by choosing appropriate potential

New source term:
k
E /f‘PD,TQT-
TET, T

Consistency error:

> /gradp-PBTvTJr > /D,;“QT TED.

TeT, T TeT, ' T
Discrete divergence-based potential: P’ﬁT : Uk — P¥(T)¢ such that
/gradq-Pl’S,TyT = —/ qDfvp+ > /q (vr-nrp) Vge PHTUT).
T T Ferp'F

(Completed by fixing PII%’TQT on a complement of grad P*T1(T') in
PHT))
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Stronger IBP by choosing appropriate potential

New source term:
k
E /f‘PD,TET-
TETh T

Consistency error:

Z / gradp - PBT'UT + Z / D’?"QT W??-

TeT;, T reT, ' T
Discrete divergence-based potential: P%T : Uk — P¥(T)¢ such that
/gradq-Pl'S,TyT = —/ qDfvp+ > /q (vr-nrp) Vge PHTUT).

T T Ferp'F

(Completed by fixing PII%VTQT on a complement of grad P*T1(T') in
PHT))

D and P’f)’T are the Discrete De Rham (DDR) divergence and potential.

Q'% is an enrichment of the corresponding DDR space (that only has normal
fluxes as face unknowns) [3, 6].
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Consistency in Darcy regime

Consistency error and definition of P’B’T:

Z /Tgradp-PBT'uT-i- Z /TD’]ZC“QT TP — Z Z /Fp(’UF'nTF)-

TETh TET TET;, FEFr
k+1 k k+1, 1k
Z /gradwT p-Ppror + Z /WT pDrur
TeT, T TeTy /T

- > /FW:’?HP (vp-nrp) =0

TeT, FeFr
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Consistency in Darcy regime

Consistency error and definition of P’B T

Z /gradp PDT’UT+ Z /DT’UT D — Z Z / (vF-nrFE).

TETh TETh TeT, FEFT

Z /gradﬂkﬂp P} ror + Z/ o pDfwr

TETh TETh

-2 > /”:’;HP (vp-nrp) =0

TeT, FeFr
Subtract:

[ erado i) Phoor + [ hp—etTDbes
T———— —— T

k+1
O™+ oWz llvpllvr)

- Z / — ' p) (vF-nrF)

FeFr
OR+2) 0w 2hy 2 vp 1)
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Final HHO-DDR scheme

Regime-dependent potential: with (P) the truth value of P (1 if P is true, 0
otherwise),

Py rvp = (Crr < D)or + (Crr > 1) PR 1vg.

Scheme: Find (w;,,pn) € U} o x PF such that

apn (W, vy) + ay n (W, vy,) + bn(vy, pn)

= Z /T.f Pprur Vo, €Uy,
TETh

—bn(up, qn) = /ngh Vg, € PF.
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Regime-dependent error estimate

Theorem (Error estimates for the HHO-DDR scheme)

With C depending only on the mesh regularity and max(u,v), it holds

ko2 ko2 k12
lwy, — Lpwllon + llwy, — Lyullyn + llpn — TFhP”L?(Q)

< C’[ Z KT min(l,Cf_,%)h?r(k“)IUI%Hz(T)
TETh

+ Z vr min(1, Cf,T)hg"(kJrl) |u|§1k+1(T)]
TEeTy

+C

Z /L;1<Cf,T < 1>h§«<k+1) |p|qu+1(T)
TETh

+ Y v Chr > 1>h§fk+1)|p|§1k+2(T):|.
TETh

o Works in pure Stokes (¢ = 0) and pure Darcy (v = 0) regimes, respectively

removing the terms involving ,u;l or 1/1?1.
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Numerical tests
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Global transition from Stokes to Darcy |

Domain and meshes: Q = (0,1)3, tetrahedral and Voronoi meshes.
Exact solution: set Ct o = v/p and
p(x,y,z) = sin(2nz) sin(2wy) sin(27z) V(z,y,z) € Q,
u = exp(—Ct.o)us + (1 — exp(—Cta))up,
with

sin(2mx) cos(27my) cos(27mz)
ug(z,y,2) = = | cos(2mx)sin(2my) cos(27z) Y(z,y,2) € Q,
—2 cos(27x) cos(2my) sin(272)

—v~tgradp ifv >0,
up = .
0 otherwise.
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Global transition from Stokes to Darcy Il

|+k:0;+k:1;+k:2—e—k:3|

10°
107t
1072
10-%
10‘*1 10° 10‘*1 10° 10‘*1 10°
(a) p = v =1 (Brinkman) (b) =1, v = 0 (Stokes) (¢) w =0, v =1 (Darcy)

Figure: Voronoi meshes, relative errors in energy norm on (u,p) w.r.t. h
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Global transition from Stokes to Darcy IlI

|+k:0;+k:1;+k:2—e—k:3|

10! F— T T T T T T T
100 E
100
100 E
1071 E —1 L 4
101 E 4 10
—2 L
10 10-2f 4
1072 ¢ E
103 F 10-3F 4
. . . . ) ) ) ) . . . .
10706 10704 10702 10° 10-06 10-04 10-02 100 10706 10704 10702 10°
(a) p = v =1 (Brinkman) (b) =1, v =0 (Stokes) (c) p=10,v =1 (Darcy)

Figure: Tetrahedral meshes, relative errors in (u,p) vs. h
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Lid-driven cavity with porous surroundings |

o Green cavity: pure Stokes flow, p = 1072.

o Surroundings: pure Darcy flow with v=! = 1077 in grey box, v~! = 1072
in yellow wedge.

o Forcing term: f = (0,0,—0.98) (gravity).
o Boundary conditions: u = (2:(1 — x),0,0) on top of cavity, O elsewhere.
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Lid-driven cavity with porous surroundings ||

—0.1

velocity Magnitude

—0.05

0.0e+00

Figure: Streamlines (cavity and wedge displayed in shadow).
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Lid-driven cavity with porous surroundings IlI

|+k:0;+k:1;$k:2—e—k:3|

1078 T T T

e : : : _

1077.5 |-
N ]
N | 108
i ]

N
. 10-85 |- Seo o

=2 01 06 08 T 10° Lot 10? 10°

(a) w.r.t. mesh size (b) w.r.t. wall time (seconds)

Figure: Convergence of flux values from the cavity to the wedge.

Increasing order is better than refining mesh.

35/42



Conclusions

(¢]

Polytopal scheme of arbitrary order from the Brinkman model.

o

Regime (Stokes / Brinkman / Darcy) identified by local dimensionless
friction coefficients.

o

Robust error estimate across the whole range of regimes, including
intermediate ones; clearly identifies contributions of each regime.

[}

Clear computational gain in going above lowest order scheme.
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Funded by European Research Council methods for numerical
the European Union simulations
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the granting authority can be held responsible for them.

Thank you for your attention!
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More tests: various regimes in various parts of the domain |

Domain: © = (0,1)? split in

o Qs = (0, 1/2) x (0,1)2 with (1, ) = (1,107),
o Qp = (1/2,1) x (0, 1)2 with (1, ) = (0, 102).
Mesh: Cartesian from 23 to 322 cubes.

Exact solution: u = ug 4+ xsus + xpup with x; characteristic functions of
the subdomains and

exp(—y — z)
’U,()(-'L'7 Y, Z) = Sin(ﬂ-y) Sin(ﬂ-z) ’
yz

y+z
us(z,y,2) = cos(rz)(z — 0.5) |y + cos(wz) |,

sin(7y)
sin(my) sin(mz)

up(z,y, z) = cos(mz)(z — 0.5) 23
Y222

41/42



More tests: various regimes in various parts of the domain

|+k:0;—o—k=1;+k:2—e—k:3|

— T T T
N // |
10—1 |
1073 :
5
4
_ 3
1075 5
1
— 1
1077 L . |

107! 10°

Figure: Relative errors vs. h

42/42



	What regime-dependent error estimates should be
	The Brinkman model and its limiting regimes
	Scheme and error estimate
	An HHO scheme for Brinkman
	Error analysis
	HHO–DDR scheme

	Numerical tests
	References

