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Maxwell’s equations and preservation of divergence

Maxwell: E electric field, B magnetic field, ϵ0 and µ0 vacuum permittivity
and permeability:

∂tB + curlE = 0 divB = 0

µ0ϵ0∂tE − curlB = 0 divE = 0

Evolutions Constraints

Evolution preserves constraints:

0 = div(∂tB + curlE) = ∂t(divB) +(((((div curlE = ∂t(divB).

Key property: Im curl ⊂ ker div.
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The de Rham complex

H(grad; Ω) H(curl; Ω) H(div; Ω) L2(Ω) {0}.grad curl div 0

Complex: the image of each operator is included in the kernel of the next one.

Imgrad ⊂ ker curl , Im curl ⊂ ker div , Imdiv ⊂ L2(Ω).

Exactness of the complex: the image of each operator is equal to the kernel
of the next one.

Imgrad = ker curl , Im curl = ker div , Imdiv = L2(Ω).

Requires topological property on Ω:

◦ No tunnel for Imgrad = ker curl. ◦ No void for Im curl = ker div.
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Exactness of the complex gives Maxwell in potential form

∂tB + curlE = 0 divB = 0

µ0ϵ0∂tE − curlB = 0 divE = 0wwww� (B = curlA, E = −∂tA)

µ0ϵ0∂
2
tA+ curl curlA = 0

Requires: Im curl = Ker div and Imgrad = Ker curl.

(So, in particular, Ω must have no voids, no tunnels)
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Alternating forms I

◦ k-alternating form: ω : Rn × · · · × Rn → R multilinear and fully
antisymmetric, i.e.

ω(v1, . . . ,vi, . . . ,vj , . . . ,vk) = −ω(v1, . . . ,vj , . . . ,vi, . . . ,vk).

Space: Altk(Rn). Note that Altk(Rn) = {0} if k > n.

◦ Exterior product:

∧ : Altk(Rn)×Altℓ(Rn) → Altk+ℓ(Rn).

◦ Hodge star operator: isomorphism

⋆ : Altk(Rn) → Altn−k(Rn).
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Alternating forms II

◦ Trace: ω ∈ Altk(Rn) and V subspace of Rn. Then trV ω ∈ Altk(V ) such
that

(trV ω)(v1, . . . ,vk) = ω(v1, . . . ,vk) for all v1, . . . ,vk ∈ V.

◦ Basis: the dual basis of linear forms

{dx1, . . . ,dxn} s.t. dxi(a) = ai

gives a canonical basis of Altk(Rn):

{dxσ1 ∧ · · · ∧ dxσk : σ s.t. 1 ≤ σ1 < · · · < σk ≤ n}.

• k = 0: {1},
• k = 1: {dx1, dx2, dx3},
• k = 2: {dx1 ∧ dx2, dx1 ∧ dx3, dx2 ∧ dx3},
• k = 3: {dx1 ∧ dx2 ∧ dx3}.
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Alternating forms III

◦ Vector proxy of alternating form: if n = 3 and V hyperplane,

k k-form ω proxy for ω proxy for trV ω

0 ω = a ω♯ = a ω♯

1 ω = adx1 + bdx2 + cdx3 ω♯ = (a, b, c) tangential trace of ω♯

2 ω = a(dx2 ∧ dx3) ω♯ = (a, b, c) normal trace of ω♯

−b(dx1 ∧ dx3)

+c(dx1 ∧ dx2)

3 ω = a(dx1 ∧ dx2 ∧ dx3) ω♯ = a N/A
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Exterior calculus I

Differential forms: a k-differential form on a domain Ω ⊂ Rn is

ω : Ω → Altk(Rn).

Space of k-differential forms: Λk(Ω).

Exterior derivative

◦ Decomposition on canonical basis:

ωx =
∑
σ

aσ(x)dx
σ1 ∧ · · · ∧ dxσk .

◦ If ω ∈ C1Λk(Ω), dkω ∈ Λk+1(Ω) such that

dkωx =
∑
σ

n∑
i=1

∂aσ
∂xi

(x)dxi ∧ dxσ1 ∧ · · · ∧ dxσk .

Note: ω ∈ C1Λk(Ω) means aσ ∈ C1(Ω).
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Exterior calculus II

Vector proxy:

k k-form ω proxy for ω trV ω dkω

0 a ω♯ = a ω♯ gradω♯

1 adx1 + bdx2 + cdx3 ω♯ = (a, b, c) tang. trace of ω♯ curlω♯

2 a(dx2 ∧ dx3) ω♯ = (a, b, c) normal trace of ω♯ divω♯

−b(dx1 ∧ dx3)

+c(dx1 ∧ dx2)

3 a(dx1 ∧ dx2 ∧ dx3) ω♯ = a N/A 0
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Exterior calculus de Rham complex

Set HΛk(Ω) = {ω ∈ L2Λk(Ω) : dkω ∈ L2Λk+1(Ω)}.

In dimension n = 3:

HΛ0(Ω) HΛ1(Ω) HΛ2(Ω) HΛ3(Ω)

H(grad; Ω) H(curl; Ω) H(div; Ω) L2(Ω).

d0 d1 d2

grad curl div

In any dimension n:

HΛ0(Ω) · · · HΛk(Ω) HΛk+1(Ω) · · · HΛn(Ω)dk−1 dk dk+1
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Why polytopal methods? I

Reference: [24]

Problem: use a boundary element method to analyse the shielding
effectiveness of a perfectly conductive box with a very small slit.

τ1

τ2

τ3

2000mm

5000mm

2000mm
424mm

3000mm
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Why polytopal methods? II

Meshes: conforming triangular for finite-element boundary method (bem),
non-conforming triangular (polygonal) for virtual element boundary method
(vbem-3z).

bem vbem-1z vbem-1zQ

vbem-1zV vbem-3z vbem-4z

bem vbem-1z vbem-1zQ

vbem-1zV vbem-3z vbem-4z
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Why polytopal methods? III

Accuracy: comparison of modulus of reflected near fields at the top.

10 20 30 40 50 60 70 80 90 100

−40

−20

0

20

Fréquence (en MHz)

C
h
am

p
p
ro
ch
e
E

bem vbem-1z

vbem-1zQ vbem-3z

vbem-4z

10 20 30 40 50 60 70 80 90 100

−40

−20

0

20

Fréquence (en MHz)

C
h
am

p
p
ro
ch
e
E

bem vbem-1z

vbem-1zQ vbem-3z

vbem-4z

10 20 30 40 50 60 70 80 90 100

−90

−80

−70

−60

−50

Fréquence (en MHz)

C
h
am

p
p
ro
ch
e
H

bem vbem-1z

vbem-1zQ vbem-3z

vbem-4z

10 20 30 40 50 60 70 80 90 100

−90

−80

−70

−60

−50

Fréquence (en MHz)

C
h
am

p
p
ro
ch
e
H

bem vbem-1z

vbem-1zQ vbem-3z

vbem-4z

Computational cost

Method Assembly Resolution
bem 813s 125s

vbem-3z 321s 19s

17 / 55



Domain and polytopal mesh

◦ Assume Ω ⊂ Rn polytopal (polygon if n = 2, polyhedron if n = 3,. . . )

◦ We consider a polytopal mesh Mh with d-cells, 0 ≤ d ≤ n

◦ d-cells in Mh are collected in ∆d(Mh).

When n = 3:

• ∆0(Mh) = Vh: set of vertices
• ∆1(Mh) = Eh: set of edges
• ∆2(Mh) = Fh: set of faces
• ∆3(Mh) = Th: set of elements
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Towards the Discrete De Rham (DDR)
Stokes formulae

We remove k from dk

◦ Stokes formula (IBP):∫
f

dω ∧ µ = (−1)k+1

∫
f

ω ∧ dµ+

∫
∂f

tr∂f ω ∧ tr∂f µ

◦ Inner product on L2Λk(f):

(ω, β)f =

∫
f

ω ∧ ⋆β.

◦ Stokes formula with inner products: for ω ∈ HΛk(f) and β ∈ HΛk+1(f),

(dω, β)f = (−1)k+1(ω, δβ)f + (tr∂f ω, ⋆
−1 tr∂f (⋆β))∂f

with co-derivative δ = ⋆−1d⋆ : HΛk+1(f) → L2Λk(f).
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Towards DDR
Computing projections on polynomial spaces

A) Compute the projection of dω on PrΛ
k+1(f):

(dω, β)f = (−1)k+1(ω, δβ)f+(tr∂f ω, ⋆
−1 tr∂f (⋆β)︸ ︷︷ ︸
∈PrΛ

k(∂f)

)∂f ∀β ∈ PrΛ
k+1(f).

Requires:

◦ projection of ω on δPrΛ
k+1(f) ⊂ Pr−1Λ

k(f),

◦ projection of tr∂f ω on PrΛ
k(∂f) (hierarchichal construction).

B) Compute the projection of ω on PrΛ
k(f):

(−1)k+1(ω, δµ)f = (dω, µ)f−(tr∂f ω, ⋆
−1 tr∂f (⋆µ))∂f ∀µ ∈ Pr+1Λ

k+1(f).

⇒ dω and tr∂f ω give the projection of ω on δPr+1Λ
k+1(f) ⊂ PrΛ

k(f).

Whole projection of ω on PrΛ
k(f) additionally requires:

◦ projection of ω on a complement of δPr+1Λ
k+1(f) in PrΛ

k(f).
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Towards the DDR
Trimmed spaces

∗ Conclusion: to get the projection of dω and ω on Pr, we need the
projections of ω on:

• δPrΛ
k+1(f) ⊂ Pr−1Λ

k(f),

• a complement of δPr+1Λ
k+1(f) in PrΛ

k(f).

Koszul complement: with κ Koszul operator and Kℓ
r(f) = κPr−1Λ

ℓ+1(f),

PrΛ
0(f) = P0Λ

0(f)⊕K0
r(f),

PrΛ
d−k(f) = dPr+1Λ

d−k−1(f)⊕Kd−k
r (f) (for k < d).

Since δ = ⋆−1d⋆ and ⋆ : Λd−k(f) → Λk(f) is an isomorphism:

PrΛ
d(f) = P0Λ

d(f)⊕ ⋆−1K0
r(f),

PrΛ
k(f) = δPr+1Λ

k+1(f)⊕ ⋆−1Kd−k
r (f) (for k < d).
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Towards the DDR
Trimmed spaces

∗ Conclusion, revisited: we need the projection of ω on

PrΛ
d(f) (if k = d),

δPrΛ
k+1(f)⊕ ⋆−1Kd−k

r (f) (if k < d).

Trimmed space: re-apply ⋆ to define

P−
r Λ0(f) := PrΛ

0(f),

P−
r Λd−k(f) := dP

r
Λd−k−1(f)⊕Kd−k

r (f) ⊊ PrΛ
d−k(f) (if k < d).

∗ Conclusion, final: we need the projection of ω on ⋆−1P−
r Λd−k(f).
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DDR: Discrete HΛk space

Discrete space of vectors of polynomial forms attached to mesh entities:

Xk
r,h =

n×
d=k

×
f∈∆d(Mh)

⋆−1P−
r Λd−k(f).

Space f0 ≡ V f1 ≡ E f2 ≡ F f3 ≡ T

X0
r,h R = PrΛ

0(f0) ⋆−1P−
r Λ1(f1) ⋆−1P−

r Λ2(f2) ⋆−1P−
r Λ3(f3)

X1
r,h PrΛ

1(f1) ⋆−1P−
r Λ1(f2) ⋆−1P−

r Λ2(f3)

X2
r,h PrΛ

2(f2) ⋆−1P−
r Λ1(f3)

X3
r,h PrΛ

3(f3)

(X0
r,h)♯ R = Pr(V ) Pr−1(E) Pr−1(F ) Pr−1(T )

(X1
r,h)♯ Pr(E) RT r(F )⊥ RT r(T )

(X2
r,h)♯ Pr(F ) N r(T )

(X3
r,h)♯ Pr(T )
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DDR: local reconstructions

Goal: reconstruct on each cell f a polynomial exterior derivative and a
polynomial potential:

dkr,f : Xk
r,f → PrΛ

k+1(f) and P k
r,f : Xk

r,f → PrΛ
k(f).

Hierarchical and recursive process (from lowest-dimensional f to
highest-dimensional f).
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DDR, d = k

Notice: if f ∈ ∆d(Mh) and ωf ∈ Xk
r,f then

ωf = (ωf ) with ωf ∈ PrΛ
k(f).

Potential:
P k
r,fωf = ωf ∈ PrΛ

k(f).
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DDR: d = k + 1

[purple = “already constructed”]

Notice: if f ∈ ∆d(Mh) and ωf ∈ Xk
r,f then

ωf = ((ωf ′)f ′⊂∂f , ωf ) with ωf ∈ ⋆−1P−
r Λ1(f) = δPrΛ

d(f)⊕ ⋆−1K1
r(f).

Exterior derivative: dkr,fωf ∈ PrΛ
k+1(f) such that, for all µ ∈ PrΛ

k+1(f),

(dkr,fωf , µ)f = (−1)k+1(ωf , δµ)f + (P k
r,∂fω∂f , ⋆

−1 tr∂f ⋆µ)∂f

⇝ Use L2-projection of ωf on δPrΛ
d(f).
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DDR: d = k + 1 , potential reconstruction

[purple = “already constructed”]

Notice: if f ∈ ∆d(Mh) and ωf ∈ Xk
r,f then

ωf = ((ωf ′)f ′⊂∂f , ωf ) with ωf ∈ ⋆−1P−
r Λ1(f) = δPrΛ

d(f)⊕ ⋆−1K1
r(f).

Potential: P k
r,fωf ∈ PrΛ

k(f) = δ(⋆−1K0
r+1(f))⊕ ⋆−1K1

r(f) such that:

◦ For all µ ∈ ⋆−1K0
r+1(f),

(−1)k+1(P k
r,fωf , δµ)f = (dkr,fωf , µ)f − (P k

r,∂fω∂f , ⋆
−1 tr∂f ⋆µ)∂f .

◦ For all ν ∈ ⋆−1K1
r(f):

(P k
r,fωf , ν)f = (ωf , ν)f

⇝ use L2-projection of ωf on ⋆−1K1
r(f).
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Discrete De Rham complex

◦ Global discrete exterior derivative dkr,h : Xk
r,h → Xk+1

r,h by projecting:

dkr,hωh :=
(
⋆−1 π−,d−k−1

r,f (⋆dkr,fωf )
)
f∈∆[k+1...n](Mh)

◦ The DDR complex then reads

X0
r,h X1

r,h · · · Xn−1
r,h Xn

r,h {0}
d0
r,h d1

r,h dn−2
r,h dn−1

r,h

Theorem (Cohomology of the DDR complex [14])

The DDR sequence is a complex and its cohomology is isomorphic to the
cohomology of the continuous de Rham complex, i.e., for all k,

Ker dkr,h/ Imdk−1
r,h

∼= Ker dk/ Imdk−1.
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Consistency

Interpolator: Ikr,h : C0Λk(Ω) → Xk
r,h by L2-projections:

Ikr,hω = (⋆−1π−,d−k
r,f (⋆ trf ω))f∈∆d(Mh), d∈[k,n].

Theorem (Polynomial consistency)

P k
r,fI

k
r,fω = ω ∀ω ∈ PrΛ

k(f),

dkr,fI
k
r,fω = dω ∀ω ∈ P−

r+1Λ
k(f).
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DDR schemes

◦ Using the potential reconstructions, we can define consistent discrete
L2-products (·, ·)k,h on Xk

r,h.

◦ Numerical schemes: replace spaces/derivatives/L2-products by discrete
counterparts.

◦ Analysis requires, for all form degrees:

– discrete Poincaré inequalities [12, 15, 17],
– adjoint consistency properties [12, 18].

⇝ stable schemes, with optimal O(hk+1) rates of convergence in energy
norm [4, 12, 13, 16, 19].
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Considerations around meshes I

Curved faces/edges in flat space

◦ OK for dG, but other drawbacks (no static condensation, etc.) [8].

◦ VEM: polynomials on edges by parametrisation [5, 9].

◦ HHO:

– parametrisation of faces [6].
– polynomials on faces by restriction (intrinsic approach) [25].

Meshes for manifolds

◦ Extrinsic approach for FEM [1, 10, 11] and VEM [21].

◦ Intrinsic approach for FEM, global homeomorphism with flat space [2, 3].

◦ Polynomial construction can be local, but continuity requirements
challenges gluing over the entire manifold [23].

◦ Lattice-based approaches from the General Relativity community, limited to
specific shapes [7, 20, 22]...

No previous polytopal complex on manifolds...
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Considerations around meshes II

Notations:

◦ Mh finite collection of pairwise disjoint submanifolds of dimension
d = 0, . . . , n (d = 0: vertices, d = 1: edges; etc.)

◦ ∆d(Mh) collection of all d-dimensional manifolds.

◦ Boundary of f ∈ ∆d(Mh) made of (d− 1)-manifolds f ′ ∈ ∆d−1(f).
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Reminder: space and reconstructions

Space: vectors of trimmed polynomials on vertices, edges, faces, etc.

Xk
r,h :=

n×
d=k

×
f∈∆d(Mh)

⋆−1P−
r Λd−k(f).

Local reconstructions: same as in the flat case!

◦ If d = k, P k
r,fωf = ωf .

◦ If d ≥ k + 1:

– Exterior derivative: for all µ ∈ PrΛ
k+1(f),

(dkr,fωf , µ)f = (−1)k+1(ωf , δµ)f + (P k
r,∂fω∂f , ⋆

−1tr∂f ⋆µ)∂f .

– Potential: for all (µ, ν) ∈ Kk−1
r+1 (f)×Kk

r (f),

(−1)k+1(P k
r,fωf , δµ)f = (dkr,fωf , µ)f − (P k

r,∂fω∂f , ⋆
−1tr∂f ⋆µ)∂f ,

(P k
r,fωf , ν)f = (ωf , ν)f .
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Back to the flat case

Koszul operator: κ : Λk+1(f) → Λk(f) such that

(κω)x(v1, · · · ,vk) = ωx(x− xf ,v1, · · · ,vk).

Homotopy formula: with HrΛ
k(f) =homogeneous polynomials of degree r,

(dκ+ κd)ω = (r + k)ω for all ω ∈ HrΛ
k(f).

Consequences:

d : κHrΛ
k(f) → dHr+1Λ

k−1(f) is an isomorphism,

κ : dHrΛ
k(f) → κHr−1Λ

k+1(f) is an isomorphism,

PrΛ
k(f) = dPr+1Λ

k−1(f)⊕Kk
r (f) (if k ≥ 1).

⇝ Justifies the definition of trimmed spaces

P−
r Λk(f) = dPrΛ

k−1(f)⊕ κPr−1Λ
k+1(f).
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Framework for suitable polynomials on manifold

Assumption (Homogeneous polynomials decomposition)

There is a decomposition PrΛ
ℓ(f) = ⊕s≤rHsΛ

ℓ(f) and an operator κ s.t.

◦ We have dκ+ κd = λs,ℓId on HsΛ
ℓ(f).

◦ Eigenvalues identify polynomial degree: λs,ℓ = 0 if and only if s = ℓ = 0,
and if λs,ℓ = λs′,ℓ then s = s′.

◦ dHsΛ
ℓ(f) ̸= {0} whenever s > 0 and ℓ < d.

⇝ Same consequences as in the flat case, and same definition of trimmed
polynomials.
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Discrete complex

Assumption (Trace of trimmed polynomials)

trf ′ P−
r Λℓ(f) ⊂ P−

r Λℓ(f ′) ∀f ′ ∈ ∆d′(f),

DDR complex: define dkr,h by projecting reconstructions dkr,f on components
of the discrete space:

· · · Xk
r,h Xk+1

r,h · · · .
dk−1
r,h dk

r,h dk+1
r,h
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Consistency

Standard technique: starts with proving an exact consistency result for
polynomial functions.

P k
r,fI

k
r,fω = ω ∀ω ∈ PrΛ

k(f).

Based on the following: in the flat case, for d = k, ⋆ω ∈ PrΛ
0(f) so

⋆−1π0
r,f ⋆ ω = ⋆−1 ⋆ ω = ω ∀ω ∈ PrΛ

k(f).

Does not work here, because ⋆ not constant so ⋆ω ̸∈ PrΛ
0(f).

Consequence: no polynomial consistency, but still optimal consistency for
smooth forms:

∥dkr,fI
k
r,fω − dω∥f ≤ Cωh

r+1
f ∀ω ∈ C∞Λk(f).
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Construction of polynomials: condition on local charts

◦ On principle, defining polynomial spaces on cells can be done via local
coordinates (local charts).

◦ However, for hybrid methods we need trf ′ PrΛ
l(f) ⊂ PrΛ

l(f ′): this
requires compatibility conditions for the charts.

Assumption

There are C2-diffeomorphisms If : Uf ⊂ Rd → f for all f ∈ ∆d(Mh) and
d ∈ [0, n].

Moreover, if f ′ ∈ ∆d−1(f), with If,f ′ : f ′ → f the inclusion of f ′ into f ,
the mapping (If )

−1 ◦ If,f ′ ◦ If ′ : Uf ′ → Rd is affine.
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From there: case by case basis
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Maxwell equations in differential forms

◦ Ω a 3-dimensional Lorentzian manifold with metric decomposed in 2+1
with zero-shift and constant lapse c:

(gµν) :=

(
−c2 0
0 γij

)
,

◦ d: spatial exterior derivative (2-dim); δ: co-differential; vol: spatial volume
form.

◦ B: (1/c)× magnetic field (2-form), E: electric field (1-form).

∂tB = − dE,

−δE =ρϵ−1
0 , (constraint)

1

c2
∂tE = δB − µ0J,

with µ0 vacuum permeability, ρ electric charge density and J electric
current density (with δJ = ∂tρ).
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Weak formulation and scheme

◦ Weak formulation: find (Ẽ, B̃) ∈ C1([0, T ]; Λ1(Ω))× C1([0, T ]; Λ2(Ω))
s.t., for all (v1, v2) ∈ Λ1(Ω)× Λ2(Ω),

(∂tB, v2) = − (dE, v2),

1

c2
(∂tE, v1) = (B,dv1)− µ0(J, v

1).

◦ DDR scheme: with Xh := X1
r,h ×X2

r,h: find (Eh, Bh) ∈ C1([0, T ];Xh)

such that for all (v1h, v
2
h) ∈ Xh and all t ∈ (0, T ),

(∂tBh(t), v
2
h)2,h = − (d1r,hEh(t), v

2
h)2,h,

1

c2
(∂tEh(t), v

1
h)1,h = (Bh(t), d

1
r,hv

1
h)2,h − µ0(I

1
r,hJ(t), v

1
h)1,h.

◦ Both preserve the constraint (dropped equation).
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Mesh on the sphere

(a) Mesh in one chart and orientations. (b) Embedding of the 1-skeleton of the mesh
into R3.
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Numerical results (smooth exact solution) I

Errors in L2-norms vs. mesh size:
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(b) Error on B.
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Numerical results (smooth exact solution) II

Degree r 0 1 2 3 4

Error on E 1.85 2.66 3.08 4.32 4.56
Error on dE 1.73 2.20 3.27 4.37 4.75
Error on B 1.96 3.34 4.36 5.49 5.51

Table: Convergence rates.
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Numerical results (smooth exact solution) III

Errors in L2-norms vs. number of DOFs:
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Numerical results (smooth exact solution) IV

Preservations of energy and constraint

r = 0 r = 1 r = 2 r = 3 r = 4
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(a) Total energy E2 + B2.
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(b) Error on the discrete constraint.
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Conclusion

◦ DDR: Discrete version of the de Rham complex, applicable on generic
meshes and with an arbitrary order of accuracy.

◦ Construction in exterior calculus framework: unifies all spaces and
differential operators.

◦ Unified presentation makes it easy to transfer to manifolds (with an
intrinsic mesh), modulo definition of polynomial spaces.

◦ Identified abstract properties to guide the definition of polynomial spaces,
put in practice for several mesh elements shapes.

◦ Set of algebraic results, and consistency (without exact polynomial
consistency).

◦ To do: better/more general construction of local polynomial spaces;
Poincaré inequalities (ongoing); adjoint consistency (ongoing).
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Consistency I

Regular mesh sequence:

◦ Let Mh be a flat polytopal mesh.

◦ For all d, there is a bijection Φd : ∆d(Mh) → ∆d(Mh) that respect
boundaries.

◦ For all f ∈ ∆d(Mh), there is a diffeomorphism ϕf : f → Φd(f) such that

∥∇ϕf∥∞ ≈ ∥det(∇ϕf )∥
1
d∞ ≈ ∥det(∇ϕ−1

f )∥−
1
d∞ ≈ ∥∇ϕ−1

f ∥−1
∞ .

◦ (Mh)h is regular if there are such bijections and (Mh)h is regular.
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Consistency II

Assumption

We have the following local Poincaré inequality, topological decomposition,
discrete trace and polynomial approximation properties:

∥µ∥f ≲ hf∥dµ∥f , ∀µ ∈ κPr−1Λ
k(f),

∥α∥f + ∥β∥f ≲ ∥α+ β∥f , ∀(α, β) ∈ κPr−1Λ
k+1(f)⊕ dPr+1Λ

k−1(f),

∥ tr∂f µ∥∂f ≲ h
− 1

2

f ∥µ∥f , ∀µ ∈ PrΛ
k(f),

∥ ⋆−1 πd−k
r,f ⋆ ω − ω∥f ≲ ht+1

f |ω|Ht+1 , ∀ω ∈ Ht+1Λk(f),∀t ∈ [0, r],
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Consistency III

Hierarchical regularity and norm:

Hr+1Λk(f ;∆) :=
{
ω ∈ Hr+1Λk(f) :

trf ′ ω ∈ Hr+1Λk(f ′) ∀f ′ ∈ ∆d′(f) , ∀d′ ∈ [k, d− 1]
}
,

|ω|r,f,∆ :=

d∑
d′=k

h
d−d′

2

f | trf ′ ω|Hr+1Λk(f ′) ∀ω ∈ Hr+1Λk(f ;∆).

Theorem (Primal consistency)

∥P k
r,fI

k
r,fω − ω∥f ≲ hr+1

f |ω|r,f,∆ ∀ω ∈ Hr+1Λk(f ;∆),

∥dkr,fI
k
r,fω − dω∥f ≲ hr+1

f |dω|r,f,∆ ∀ω ∈ C1Λk(f)

s.t. dω ∈ Hr+1Λk+1(f ;∆).
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