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Matrix and fracture network

Notations: Ω domain (matrix), Γ fracture, two sides ± with outward normals
n±.

Unknowns: displacement 𝒖 in matrix (discontinuous across fractures).

u

Ω

−

Γ

+

n−n+
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Contact mechanics with Tresca friction

− div𝝈(u) = f on Ω \ Γ,

𝝈(u) = 𝐸

1 + 𝜈

(
𝝐 (u) + 𝜈

1 − 2𝜈
(tr𝝐 (u))I3

)
on Ω \ Γ,

𝛾+n𝝈(u) + 𝛾−n 𝝈(u) = 0 on Γ,

𝑇n (u) ≤ 0, ⟦u⟧n ≤ 0, ⟦u⟧n𝑇n (u) = 0 on Γ,

|T𝜏 (u) | ≤ 𝑔 on Γ,

T𝜏 (u) · ⟦u⟧𝜏 + 𝑔 |⟦u⟧𝜏 | = 0 on Γ,

where:

□ 𝑔 ≥ 0 Tresca threshold.

□ 𝜈 Poisson ratio, 𝐸 Young modulus.

□ ⟦u⟧ = 𝛾+u − 𝛾−u jump across fracture.

□ T(u) = 𝛾+n𝝈(u) surface traction on positive side (T𝜏 and 𝑇n tangential
and normal+ components).
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𝝈(u) = 𝐸

1 + 𝜈

(
𝝐 (u) + 𝜈

1 − 2𝜈
(tr𝝐 (u))I3

)
on Ω \ Γ,

𝛾+n𝝈(u) + 𝛾−n 𝝈(u) = 0 on Γ,

𝑇n (u) ≤ 0, ⟦u⟧n ≤ 0, ⟦u⟧n𝑇n (u) = 0 on Γ,

|T𝜏 (u) | ≤ 𝑔 on Γ,

T𝜏 (u) · ⟦u⟧𝜏 + 𝑔 |⟦u⟧𝜏 | = 0 on Γ,

Other models:

□ No friction is 𝑔 = 0.

□ Coulomb is 𝑔 { −𝐹Tn and ⟦u⟧𝜏 { 𝜕𝑡⟦u⟧𝜏 .
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Variational formulation

Weak formulation for mechanical equations: using Lagrange multiplier
𝝀 = −T to impose the contact conditions.

Space and cone:

U0 = {𝒗 ∈ 𝐻1 (Ω\Γ)𝑑 : 𝒗 |𝜕Ω = 0},

𝑪 𝑓 =
{
𝝁 ∈ ⟦U0⟧′ : ⟨𝝁, 𝒘⟩Γ ≤

∫
Γ

𝑔 |𝒘𝜏 | ∀𝒘 ∈ ⟦U0⟧ s.t. 𝑤n ≤ 0
}
.

Mixed variational formulation: find 𝒖 ∈ U0 and 𝝀 ∈ 𝑪 𝑓 such that∫
Ω

σ(𝒖) : ε(𝒗) + ⟨𝝀, ⟦𝒗⟧⟩Γ =

∫
Ω

f · 𝒗 ∀v ∈ U0,

⟨𝝁 − 𝝀, ⟦𝒖⟧⟩Γ ≤ 0 ∀𝝁 ∈ 𝑪 𝑓 .
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General principles of the two schemes

□ Displacement DOFs:

◦ Low order: one per vertex (+bubble on fracture faces).
◦ High order: one per vertex, edge, face and cell.

□ Traction DOF: one per fracture face (both low and high order).

□ Reconstruction of (broken) piecewise polynomial displacement and strain
in each cell { consistent contributions to the discrete bilinear forms.

◦ Low order: P1 displacement.
◦ High order: P2 displacement.

□ Weak conformity imposed by a stabilisation term penalising differences
between displacement reconstruction in cells and on faces.
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Example of practical gain I

□ Ω = (0, 1)3.

□ Elasticity parameters:
𝐸 = 4 × 109, 𝜈 = 0.2.

□ Tresca with 𝑔 = 4 × 106.

□ BC: 𝒖 = 0 at the bottom,
𝒖 = [1.5,−1.5,−2] × 10−3

at the top. Neumann else-
where.
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Example of practical gain II

104 105 106
−3

−2

−1

·10−5
(a)

⟦uℎ⟧ℎ,n (low order)

⟦uℎ⟧ℎ,n (high order)

104 105 106
104

104.5

105

(b)

𝜆ℎ,n (low order)

𝜆ℎ,n (high order)

Figure: Normal displacement jump and traction vs. nb DOFs on leftmost vertical
fracture.
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Mesh

Mesh M: polytopal and compatible with fractures.

□ F +
Γ,𝐾

faces of 𝐾 on positive side of fracture.

□ For 𝑠 ∈ V, K𝑠: set of cells on the same side of 𝐾.

□ If 𝜎 ∈ FΓ: 𝐾 on positive side, 𝐿 on negative side.

□ Main displacement unknowns: one per vertex per side of fracture.
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Discrete spaces I

Displacement: nodal unknowns (discontinuous across fracture) and one
bubble on each fracture face (positive side).

U0,ℎ =

{
𝒗ℎ = ((𝒗K𝑠)𝐾∈M, 𝑠∈V𝐾 , (𝒗𝐾𝜎)𝐾∈M, 𝜎∈F+

Γ,𝐾
) :

𝒗K𝑠 ∈ R𝑑 , 𝒗𝐾𝜎 ∈ R𝑑 , 𝒗K𝑠 = 0 if 𝑠 ∈ Vext

𝒗K𝑠 = 𝒗L𝑠 if 𝐾, 𝐿 are on the same side of Γ
}
.
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Discrete spaces II

Lagrange multipliers: piecewise constant on fracture faces.

Mℎ =
{
𝝀ℎ ∈ 𝐿2 (Γ)𝑑 : 𝝀𝜎 := (𝝀ℎ) |𝜎 is constant for all 𝜎 ∈ FΓ

}
.

Interpolator: averaging on each face: if 𝝀 ∈ 𝑳2 (Γ) then

IMℎ
𝝀 =

(
1

|𝜎 |

∫
𝜎

𝝀

)
𝜎∈F𝐾

∈ Mℎ .

Discrete dual cone:

Cℎ =
{
𝝁ℎ =

(
𝜇D,n, 𝝁D,𝝉

)
∈ Mℎ : 𝜇D,n ≥ 0, |𝝁D,𝝉 | ≤ 𝑔

}
.
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Reconstructions in U0,ℎ: faces

□ Nodal values { reconstructed edge values { reconstructed face
gradient:

∇𝐾𝜎𝒗ℎ =
1

|𝜎 |
∑︁

𝑒=𝑠1𝑠2∈E𝜎
|𝑒 |

vK𝑠1 + vK𝑠2
2

⊗ n𝜎𝑒 ∈ R3.
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Reconstructions in U0,ℎ: faces

□ Nodal values { reconstructed face averaged displacement:

Π𝐾𝜎𝒗ℎ =
∑︁
𝑠∈V𝜎

𝜔𝜎𝑠 𝒗K𝑠 .

□ Interpolator: for 𝒗 ∈ 𝑪0 (Ω\Γ), IU0,ℎ
𝒗 ∈ U0,ℎ given by

(IU0,ℎ
𝒗)K𝑠 = 𝒗 |𝐾 (x𝑠) ∀𝐾 ∈ M , ∀𝑠 ∈ V𝐾 ,

(IU0,ℎ
𝒗)𝐾𝜎 =

1

|𝜎 |

∫
𝜎

(𝛾𝐾𝜎𝒗 − Π𝐾𝜎 (IU0,ℎ
𝒗)) ∀𝐾 ∈ M , ∀𝜎 ∈ F +

Γ,𝐾 .
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Reconstructions in U0,ℎ: faces

□ Reconstructed jump reconstructions, with bubble:

⟦𝒗ℎ⟧𝜎 = Π𝐾𝜎𝒗 − Π𝐿𝜎𝒗︸            ︷︷            ︸
fixed by vertex DOFs

+ 𝒗𝐾𝜎︸︷︷︸
free

.

□ Key property for inf-sup stability: for all 𝜎 ∈ FΓ (with 𝐾 cell on positive

side, 𝐿 cell on negative side), if 𝒗 ∈ 𝑪0 (Ω\Γ) then∫
𝜎

⟦IU0,ℎ
𝒗⟧𝜎 =

∫
𝜎

(𝛾𝐾𝜎𝒗 − Π𝐿𝜎IU0,ℎ
𝒗).
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Reconstructions in U0,ℎ: cells

Same principles...

□ Reconstructed face values and bubbles give cell gradient and
displacement:

∇𝐾 𝒗ℎ =
1

|𝐾 |
∑︁
𝜎∈F𝐾

|𝜎 |Π𝐾𝜎𝒗 ⊗ n𝐾𝜎 + 1

|𝐾 |
∑︁

𝜎∈F+
Γ,𝐾

|𝜎 |𝒗𝐾𝜎 ⊗ n𝐾𝜎 , (1)

Π𝐾 𝒗ℎ =
∑︁
𝑠∈V𝐾

𝜔𝐾𝑠 𝒗K𝑠 . (2)

(P1 displacement easily obtained from these)

Global reconstructions: ⟦·⟧ℎ, ∇ℎ, Πℎ, εℎ, divℎ, σℎ.
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Scheme

Continuous formulation: find (𝒖, 𝝀) ∈ U0 × 𝝀 ∈ 𝑪 𝑓 such that∫
Ω

σ(𝒖) : ε(𝒗) + ⟨𝝀, ⟦𝒗⟧⟩Γ =

∫
Ω

f · 𝒗 ∀v ∈ U0,

⟨𝝁 − 𝝀, ⟦𝒖⟧⟩Γ ≤ 0 ∀𝝁 ∈ 𝑪 𝑓 .

Discrete formulation: find (𝒖ℎ, 𝝀ℎ) ∈ U0,ℎ ×Mℎ such that∫
Ω

σℎ (𝒖ℎ) : εℎ (𝒗ℎ) + 𝑆ℎ (𝒖ℎ, 𝒗ℎ) +
∫
Γ

𝝀ℎ · ⟦𝒗ℎ⟧ℎ

=
∑︁
𝐾∈M

∫
𝐾

f · Πℎ𝒗ℎ, ∀𝒗ℎ ∈ U0,ℎ,∫
Γ

(𝝁ℎ − 𝝀ℎ) · ⟦𝒖ℎ⟧ℎ ≤ 0 ∀𝝁ℎ ∈ Mℎ .
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Low-order DOFs

Vertex displacement DOF

↑
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High-order DOFs

Vertex displacement DOF
Edge displacement DOF
Cell displacement DOF

↑
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Reconstructions

Principles

□ Hierarchical: from edges to faces to cells.

□ Enhancement: gradient first, then displacement.

□ All based on mimicking integration-by-parts formulas.

Example on a face. If v𝐹 = (𝑣𝐹 , (𝑣𝐸)𝐸∈E𝐹 , (𝑣𝑉 )𝑉∈V𝐹 ) is a vector of DOFs on
a face 𝐹 (with edges, vertices), then 𝐺𝐹 (v𝐹) ∈ P1 (𝐹)2 and 𝛾𝐹 (v𝐹) ∈ P2(𝐹)
are defined by∫
𝐹

𝐺𝐹 (v𝐹) · 𝒘 = −
∫
𝐹

𝑣𝐹 div 𝒘 +
∑︁
𝐸∈E𝐹

∫
𝐸

𝛾𝐸 (v𝐸)𝒘 · n𝐹𝐸 ∀𝒘 ∈ P1(𝐹)2,∫
𝐹

𝛾𝐹 (v𝐹) div 𝒛 = −
∫
𝐹

𝐺𝐹 (v𝐹) · 𝒛 +
∑︁
𝐸∈E𝐹

∫
𝐸

𝛾𝐸 (v𝐸)𝒛 · n𝐹𝐸 ∀𝒛 ∈ (𝑥 − 𝑥𝐹)P2(𝐹).
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Low-order scheme

Theorem

If 𝒖 ∈ 𝐻2 (M) and 𝝀 ∈ 𝐻1 (FΓ), then

∥∇ℎ𝒖ℎ − ∇𝒖∥
𝐿2 (Ω\Γ) + ∥𝝀ℎ − 𝝀∥−1/2,Γ ≤ 𝐶𝒖,𝝀ℎ.

□ ∥ · ∥−1/2,Γ discrete 𝐻−1/2-like seminorm.

□ Error analysis based on consistency and stability.

Tools: Körn inequality and inf-sup conditions, ensured by the bubble
degrees of freedom.
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Tools: Korn and inf-sup

Discrete 𝐻1-norm:

∥𝒗D ∥21,D := ∥∇D𝒗D ∥2
𝐿2 (Ω) +

∑︁
𝐾∈M

𝑆𝐾 (𝒗D , 𝒗D).

Theorem (Discrete Korn inequality)

For all 𝒗 ∈ U0,ℎ,

∥𝒗D ∥21,D ≲ ∥εD (𝒗D)∥2
𝐿2 (Ω) +

∑︁
𝐾∈M

𝑆𝐾 (𝒗D , 𝒗D).

Theorem (Discrete inf-sup condition)

sup
𝒗D ∈U0,ℎ\{0}

∫
Γ
𝝀D · ⟦𝒗D⟧D

∥𝒗D ∥1,D
≳ ∥𝝀D ∥−1/2,Γ ∀𝝀D ∈ Mℎ .

24 / 39



Ideas for discrete inf–sup property I

ΩΩ

Γ

n+

Γ𝑖

Ω+
𝑖

∥𝝀D ∥−1/2,Γ :=
∑︁
𝑖∈𝐼

sup
𝒗𝑖∈𝐻1 (Ω+

𝑖
;Γ𝑖 )𝑑\{0}

∫
Γ𝑖
𝝀D · 𝒗𝑖

∥𝒗𝑖 ∥𝐻1 (Ω+
𝑖
)
.

Ingredients for inf-sup:

□ Clément-like 𝐻1-stable interpolator adapted to fractures.

□ Fortin property for jump: for 𝒗𝑖 ∈ 𝐻1 (Ω+
𝑖
; Γ𝑖) and 𝒗D = interpolant of

extension by 0 of 𝒗𝑖 by 0,∫
Γ

𝝀D · ⟦𝒗D⟧D =

∫
Γ𝑖

𝝀D · 𝒗𝑖 .
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High-order scheme

Discrete energy norm:

∥𝒗ℎ∥|2en,ℎ ≔
∫
Ω

σℎ (𝒗ℎ) : εℎ (𝒗ℎ) + 𝑆ℎ (𝒗ℎ, 𝒗ℎ).

Theorem (Error estimate)

∥uℎ − Iℎu∥en,ℎ ≤ 𝐶1,𝒖,𝝀ℎ
1
2
+𝔯

∥𝝀 − 𝝀ℎ∥−1/2,Γ ≲ 𝐶2,𝒖,𝝀ℎ
1
2
+𝔯 ,

where

□ 𝔯 < 1 if 𝑔 = 0 (no friction),

□ 𝔯 = 1/2 if 𝑔 ≠ 0 (friction).

and 𝐶1,𝒖,𝝀 does not depend on the Young modulus 𝐸 or the Poisson ratio 𝜈.
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Tresca with 3D manufactured solution I

Setting:

□ Ω = (−1, 1)3, Γ = {0} × (−1, 1)2.
□ g = 1, 𝜇 = 𝜆 = 1.

□ Explicit analytical solution such that:

□ sticky-contact for 𝑧 < 0 (⟦𝑢⟧n = 0, ⟦𝑢⟧𝝉 = 0)
□ slippy-contact for 𝑧 > 0 (⟦𝑢⟧n = 0, |⟦𝑢⟧𝝉 | > 0)

□ Cartesian, tetrahedral and generalised hexahedral meshes.

Figure: Generalised hexahedral meshes: cut (left) and barycentric subdivisions
(right).
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Tresca with 3D manufactured solution II

1.5th and 2nd order

𝐿
2
E
rr
or

𝑁
1
3
cell

Cartesian

𝑁
1
3
cell

Tetrahedral

Note: 10−2 accuracy for 𝒖 achieved with ∼ 103 Cartesian cells vs. ∼ 203

triangular cells.
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Tresca with 3D manufactured solution III

1st and 2nd order

𝐿
2
E
rr
or

𝑁
1
3
cell

Hexahedral (cut)

1st and 2nd order

𝑁
1
3
cell

Hexahedral (bary)

Note: 10−2 accuracy for 𝒖 achieved with ∼ 103 Hexahedral cells.
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Adding DOFs only on the fractures I

□ 6 fractures in a 2m×1m quadrangle.

□ Displacement: 𝒖 = 0 at the bottom, 𝒖 = [0.005𝑚,−0.002𝑚] at the top.

□ 𝐸 = 4GPa, 𝜈 = 0.2, friction variable in the fractures.

□ Triangular meshes, reference solution computed with 730 880 triangles.

Focus on stick-slip states of the fractures
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Adding DOFs only on the fractures II

1

2
3

4 5

6

Open Stick Slip

0

0.0003

0.0006

0.0009

0 0.1 0.2 0.3 0.4 0.5 0.6

tri3 mesh

tri3-tri4 mesh

reference

0

0.0001

0.0002

0.0003

0.0004

0.0005

0 0.1 0.2 0.3 0.4

tri3 mesh

tri3-tri4 mesh

reference

Tangential jumps ⟦𝒖⟧𝜏 on fractures 1 and 3.

tri3: triangles.
tri3-tri4: triangles with one additional node at fracture edges (polygons).
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Setting

□ Ω = (0, 1)3.

□ Elasticity parameters:
𝐸 = 4 × 109, 𝜈 = 0.2.

□ Tresca with 𝑔 = 4 × 106.

□ BC: 𝒖 = 0 at the bottom,
𝒖 = [1.5,−1.5,−2] × 10−3

at the top. Neumann else-
where.
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Normal traction

(a) Low order (b) High order

Figure: 𝜆n on leftmost vertical fracture.

In both cases, 𝜆 approximated by piecewise constant values.
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Normal traction

104 105 106
107

107.05

107.1
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(b) isolated fracture

𝜆ℎ,n (lowest order)
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Figure: Average of 𝜆n w.r.t. number of DOFs
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Conclusions

□ Polytopal schemes, applicable on generic meshes (including hanging
nodes, cut cells, local refinements). Seamlessly handles crossing
fractures, etc.

□ Low-order version, with bubble enrichment (first one for polytopal
methods) for inf-sup condition.
High-order version, only increases order on displacement.

□ Convergence analysis with error estimates matching the orders.

□ Robust simulations (including solver behaviour) for 3D poromechanical
model with network of fractures.

□ Simulations show that only one increase of order on displacement
already has a strong positive impact.
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