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Contact model with friction
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Matrix and fracture network

Notations: € domain (matrix), I" fracture, two sides + with outward normals
+
n*.

Unknowns: displacement u in matrix (discontinuous across fractures).
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Contact mechanics with Tresca friction

—divo(u) =f on Q\T,

o(u) = %(e(u) + 1 _V2V (tre(u))Ig) on Q\T,
yio(u) +y, o) =0 onT,
Ta(u) <0, [u], <0, [u]uZu(u) =0 onT,
IT-(u)| <g onT,
T,(w) - [u]l+ +gl[u]l .| =0 onT,

where:
0O g > 0 Tresca threshold.
O v Poisson ratio, E Young modulus.
O [[u] = y*u -y u jump across fracture.
0 T(u) = y}o(u) surface traction on positive side (T, and T, tangential
and normal* components).
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Contact mechanics with Tresca friction

—divo(u) =f on Q\T,

o(u) = lf—v(e(u) +s _VQV (tre(u))l3) on Q\T,
Yoo(u) +y,0(u) =0 onT,
Ta(u) <0, [ulla <0, [u]aZu(u) =0 onT,
IT-(u)| <g onT,
T.(u) - [u]ls +gl[u] -] =0 onT,

Other models:
o No friction is g = 0.
o Coulomb is g ~ —FT,, and [u] ; ~ 9,[u]-.
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Variational formulation

Weak formulation for mechanical equations: using Lagrange multiplier
A = =T to impose the contact conditions.

Space and cone:
Uy = {v e H(Q\D) : vjpq = 0},
Cy= {p e[Uo]’ : (u,w)r < /glel Vw € [Ug] s.t. wy < 0}.
r

Mixed variational formulation: find u € Uy and A € C¢ such that
/ (w): )+ |vl)r= /f -y Vv € Uy,
Q Q

(u—A,[ul)r<0 YueCy.
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Low order vs. high order
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General principles of the two schemes

O Displacement DOFs:

o Low order: one per vertex (+bubble on fracture faces).
o High order: one per vertex, edge, face and cell.

O Traction DOF: one per fracture face (both low and high order).

O Reconstruction of (broken) piecewise polynomial displacement and strain
in each cell ~ consistent contributions to the discrete bilinear forms.

o Low order: P! displacement.
o High order: P? displacement.

O Weak conformity imposed by a stabilisation term penalising differences
between displacement reconstruction in cells and on faces.
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Example of practical gain |

0 Q=(0,1)3.

O Elasticity parameters:
E=4x10° v=0.2.

0 Tresca with g = 4 x 10°.

O BC: u = 0 at the bottom,
u=[15-1.5-2] x1073
at the top. Neumann else-
where.
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Example of practical gain Il
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Figure: Normal displacement jump and traction vs. nb DOFs on leftmost vertical
fracture.
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Low-order, bubble-enriched polytopal scheme

Slides:
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Mesh

Mesh M: polytopal and compatible with fractures.

O g faces of K on positive side of fracture.
O For s € V, Ks: set of cells on the same side of K.
O If o € Fr: K on positive side, L on negative side.

O Main displacement unknowns: one per vertex per side of fracture.

Iy

Q’K] s

. Qs
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Discrete spaces |

Displacement: nodal unknowns (discontinuous across fracture) and one
bubble on each fracture face (positive side).

Uon = {Vh = (V) ke M. sevie> (VKo )KeM, rery )
Vs €ERY, vko €RY, vy = 0 if 5 € Vot

Vs = Vs if K, L are on the same side of F}.

13/39



Discrete spaces |l

Lagrange multipliers: piecewise constant on fracture faces.

M, = {/lh el>’(M?: Ay = (An)|o is constant for all o € 7—}}

Interpolator: averaging on each face: if A € L2(T") then
1
Iy, A = (—/ /l) e M.
ol Jor oeFk

Discrete dual cone:

Ch={mn=(tomntos) EMy : Upn>0, |upsl <g}.
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Reconstructions in Uy ;: faces

O Nodal values ~» reconstructed edge values ~» reconstructed face
gradient:

1 Vs, + Vs 3
VkoVh = ? Z |e|—1 B) z ® Ny € R°.
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Reconstructions in Uy ;: faces

O Nodal values ~» reconstructed face averaged displacement:

O Interpolator: for v € C°(Q\I'), Ty,,v € Ug,, given by
(Zugp¥)xs = vk (Xs) VK € M, Vs € Vg,
1
(Zuy,V)ko = ol / (YX7y - TX7 (Iy,,v)) VK e M, Yo € Ff.
o

Tyd
i

s Qyeo
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Reconstructions in Uy ;: faces

O Reconstructed jump reconstructions, with bubble:

[Vilo = Hgov —Hiov + vio -
— S~——
fixed by vertex DOFs free

O Key property for inf-sup stability: for all o= € Fr (with K cell on positive
side, L cell on negative side), if v € CO(Q\I') then

‘/[[IUO’hv]]g = /(yK(’v - HLUIUO’hv).
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Reconstructions in Ug ;: cells

Same principles...

O Reconstructed face values and bubbles give cell gradient and
displacement:

1 1
Vgvy = K| Z | Mkev ® nge + T4 Z lolvksr @ ke, (1)

oceFk o-eﬁiK

HKVh = Z wfv(;(s. (2)

seVk

(P! displacement easily obtained from these)

Global reconstructions: [-\n, Vi, W, n, divy, 5.
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Continuous formulation: find (u, 1) € Ug x A € Cy such that
/ (u) : (v)+<ﬂ,|[v]])r=/f~v Vv € Uy,
Q Q
(u—=A,[uldr<0 YueCy.
Discrete formulation: find (up, ) € Ug,n X My, such that

/ r(up) © o (vp) +S) (uyvy) + //lh “[valn
o

Z /f vy, Vv € Ugp,

KeM

/F(ﬂh =) - [unl]n <0 Yu, € My,.
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High-order scheme
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Low-order DOFs

O Vertex displacement DOF
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High-order DOFs

O Vertex displacement DOF
A Edge displacement DOF
O Cell displacement DOF
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Reconstructions

Principles
O Hierarchical: from edges to faces to cells.
O Enhancement: gradient first, then displacement.

O All based on mimicking integration-by-parts formulas.
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Reconstructions

Principles
O Hierarchical: from edges to faces to cells.
O Enhancement: gradient first, then displacement.

O All based on mimicking integration-by-parts formulas.

Example on a face. If v = (vr, (VE)Ecg» (VV)vey,) is a vector of DOFs on
a face F (with edges, vertices), then Gr(vy) € P'(F)? and yp(v) € P*(F)

are defined by

/GF(XF)-W:—/VFdiVW+ Z /}’E(X,;)W'HFE VWEPl(F)Q,
F F

Ec&Ef

/pr(gF)divz=—/FGp(gF)-z+ Z ‘/Eyg(yg)z-nFE Vz € (x —xp)P?(F)

EESF

21/39



Theoretical results
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Low-order scheme

Ifu e H*(M) and A € H' (¥7), then

IVhun - Vu”LZ(Q\F) +{|An — /1”—1/2,1" < Cy,ah.

O |- ||-1j,r discrete H~""-like seminorm.

O Error analysis based on consistency and stability.

Tools: Korn inequality and inf-sup conditions, ensured by the bubble
degrees of freedom.
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Tools: Korn and inf-sup

Discrete H'-norm:

2
||VZ)”?,Z) = IVovollizg) + Z Sk(vp,vp).
KeM

Theorem (Discrete Korn inequality)

For allv € U p,

Mol p <l pOD)agy+ Y, Sk(p,vD).

KeM
Theorem (Discrete inf-sup condition)
Ap - [volo
sup fr— 2 [Apll=sr VAdp € My,.
voeUon\f0)  Vollio
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Ideas for discrete inf-sup property |

Q Q
r gl .
Ap - vi
lApll-vor = Z sup u

e @nroaoy Villar @
Ingredients for inf-sup:
0 Clément-like H!-stable interpolator adapted to fractures.

O Fortin property for jump: for v; € Hl(Q;';Fi) and v o = interpolant of
extension by 0 of v; by 0,

//ID'[[VD]]D://ID'VL'-
r I
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High-order scheme

Discrete energy norm:

il 1=/ h(Wr)t n(Vp) + Sh(Vasvia).
Q

Theorem (Error estimate)

= Tytllen s < C1uah®*
1= Anll-1j2.r S Conah®™,
where
o0 r<1ifg=0 (no friction),
O r=1/2ifg#0 (friction).
and C1 4.4 does not depend on the Young modulus E or the Poisson ratio v.
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@ Numerical results
m Benefits of polytopal meshes (low order scheme)
m Further comparison low-order/high-order
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@ Numerical results
m Benefits of polytopal meshes (low order scheme)
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28/39



Tresca with 3D manufactured solution |

Setting:
0 Q=(-1,1)% T ={0} x (-1,1)2.
Og=1u=a2=1.
O Explicit analytical solution such that:

O sticky-contact for z <0 ([u]la =0, [u]- = 0)
O slippy-contact for z > 0 ([u]la =0, |[u]-| > 0)

O Cartesian, tetrahedral and generalised hexahedral meshes.

N

Figure: Generalised hexahedral meshes: cut (left) and barycentric subdivisions
(right).
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Tresca with 3D manufactured solution I

Cartesian Tetrahedral
1 1
0.1 0.1
»
S o001 0.01
t
w
o 0.001 0.001
~ u-—e—
0.0001 | [l = 0.0001 | [T =
Vu —— Vu —%—
A = 1.5th and 2nd order A = Istand 2nd order
1e-05 . h " . 1e-05 L . . . .
4 8 14 24 40 o4 12 20 31 51 81 116
5 5
Ncell Ncell

Note: 1072 accuracy for u achieved with ~ 103 Cartesian cells vs. ~ 203
triangular cells.
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Tresca with 3D manufactured solution Il

Hexahedral (cut) Hexahedral (bary)
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0.001
0.0001 A =% Ist and 2nd order 0-0001 A o Ist and 2nd order
’ 4 8 14 24 40 8 14 24 40 64
1 1
N3 N3
cell cell

Note: 1072 accuracy for u achieved with ~ 103 Hexahedral cells.
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Adding DOFs only on the fractures |

O 6 fractures in a 2mXx1m quadrangle.
O Displacement: u = 0 at the bottom, u = [0.005m, —0.002m] at the top.
O E =4GPa, v = 0.2, friction variable in the fractures.

O Triangular meshes, reference solution computed with 730 880 triangles.

Focus on stick-slip states of the fractures
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Adding DOFs only on the fractures Il

———
Open  Stick  Slip

—_— 4 5
—3
2
3 ——
—_—

0.0009 PN 00003 :
0.0004
0.0006 0.0003
. 0.0002
tri3 mesh —e— '\, o
0.0003 ¥ trid b tri3 mesh —e—\!
tri3-trid mesh —=— 0.0001 ri3-tri4 mesh
reference - - -
reference - - -
0 0
0 01 02 03 04 05 06 0 0.1 0.2 0.3 0.4

Tangential jumps [[u] . on fractures 1 and 3.

tri3: triangles.
tri3-tri4: triangles with one additional node at fracture edges (polygons).
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@ Numerical results

m Further comparison low-order/high-order
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0 Q=(0,1)3.

O Elasticity parameters:
E=4x10° v=0.2.

0 Tresca with g = 4 x 10°.
O BC: u = 0 at the bottom,
u=[1.5,-1.5,-2] x 10~

at the top. Neumann else-
where.
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Normal traction

(a) Low order (b) High order

Figure: Ay on leftmost vertical fracture.

In both cases, A approximated by piecewise constant values.
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Normal traction

(a) horizontal fracture (b) isolated fracture
\HH‘ T T \\HH‘ T T T T 1117 TTTTT] T T T TTTTT] T T T TTTTT
107.1 |
107.05 .‘.-..._!I
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Degrees of Freedom Degrees of Freedom

Figure: Average of Ap w.r.t. number of DOFs
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Conclusions

O Polytopal schemes, applicable on generic meshes (including hanging
nodes, cut cells, local refinements). Seamlessly handles crossing
fractures, etc.

O Low-order version, with bubble enrichment (first one for polytopal
methods) for inf-sup condition.
High-order version, only increases order on displacement.

o Convergence analysis with error estimates matching the orders.

O Robust simulations (including solver behaviour) for 3D poromechanical
model with network of fractures.

O Simulations show that only one increase of order on displacement
already has a strong positive impact.
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