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References for this presentation

Finite Element Exterior Calculus [Arnold et al., 2006], [Arnold, 2018]

Finite Element Systems [Christiansen and Gillette, 2016],
[Christiansen and Hu, 2018]

Virtual element complexes [Beirdo da Veiga et al., 2016],
[Beirdo da Veiga et al., 2018]

Discrete de Rham complexes [Di Pietro et al., 2020],
[Di Pietro and Droniou, 2023]

Bridges VEM-DDR [Beirdo da Veiga et al., 2022]

Polytopal Exterior Calculus (PEC) [Bonaldi et al., 2023]

PEC on manifolds [Droniou et al., 2024] — see M. Hanot's talk
C++ open-source implementation available in the HArDCore library.
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https://github.com/jdroniou/HArDCore
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Two model problems: Stokes

e With Q c R? connected, v > 0, and f € L?(Q), the Stokes problem reads:
Find the velocity u : Q — R3 and pressure p : Q — R s.t.

—-vAu

)+gradp =f inQ, (local equilibrium)
divu=0 inQ, (mass conservation)
on 9Q, (boundary conditions)

v(curl curlu —

curlu xn=0andu-n=0
Jop =0

e Weak formulation: Find (, p) € H(curl; Q) x H'(Q) s.t. [, p =0 and

/vcurlu-cur1v+/gradp'v=/f-v Vv € H(curl; Q),
Q Q Q

—/u~gradq:() Vg € HY(Q)
Q

A
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Two model problems: Magnetostatics

e For > 0 and Je curl H(curl; Q), the magnetostatics problem reads:
Find the magnetic field H : Q — R3 and vector potential A : Q — R3 s.t.

uH —curlA =0 in Q, (vector potential)
curlH = J in Q, (Ampere's law)
divAa =0 in Q, (
Axn=0 on 4Q (boundary condition)

Coulomb's gauge)

e Weak formulation: Find (H,A) € H(curl; Q) x H(div; Q) s.t.
/yH-T—/A-curlrzo V1 € H(curl; Q),
Q Q

/curlH-v+/divAdivv=/J-v Vv € H(div; Q)
Q Q Q
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De Rham complex

grad div

HY(Q) 5 H(curl; Q) <% H(div; Q) —2% 12(Q) —2 {0}

e Complex: image of an operator included in kernel of the next one.
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De Rham complex

HY(Q) 2% H(cwrl; Q) —Ly H(div;Q) —1Y 12(Q) —% {0}

e Complex: image of an operator included in kernel of the next one.
e Key properties, depending on the topology of Q and providing stability of
PDE models:
no “tunnels” (b; =0) = Imgrad = Kercurl (Stokes in curl-curl)
no “voids” (by =0) = Imcurl = Kerdiv (magnetostatics)

QcR3 (b3=0) = Imdiv=L*Q) (magnetostatics, Stokes)

3
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De Rham complex

grad div

HY(Q) 5 H(curl; Q) <% H(div; Q) —2% 12(Q) —2 {0}

Complex: image of an operator included in kernel of the next one.

Key properties, depending on the topology of Q and providing stability of
PDE models:

no “tunnels” (b; =0) = Imgrad = Kercurl (Stokes in curl-curl)
no “voids” (b2 =0) = Imecurl = Kerdiv (magnetostatics)
QCcR3(b3=0) = Imdiv=L*Q) (magnetostatics, Stokes)

When by # 0 or by # 0, de Rham’s cohomology characterizes

Kercurl/Imgrad and Kerdiv/Im curl

Emulating these properties is key for stable discretizations w
e
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Crash course on alternating forms |

Select k € N.

e k-alternating form: w : R" X --- X R™ — R multilinear and fully
antisymmetric;

WV, ViV Vi) ==V, VL Vi VE).
e AltF(R") space of k-alternating forms (= {0} if k > n).

e Exterior product: if w € Alt*(R") and u € AltY (R"), w A p € AItF (R
defined by:

(@AWOL Vi) = ) SEN@) Oy Vo) HV s Vo)
(TEEk’p

with Z¢ ¢ = {permutations o s.t. o1 < -+ < Ok, Ok+1 <+ < Tk}
Example: for 1-forms: (w A u)(v1,v2) = w(v1)u(vs) — w(vo)u(vy).

. A
o Anti-symmetry: w A u = (=D u A w. L\
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Crash course on alternating forms Il

e Canonical basis of linear forms: (dx?);=1..._, s.t. dx'(a) = a;.
e Canonical basis of Alt¥(R"):
{dx“ A Adx9* s o st 1 <0y <+ < 0% < nb.
Example for k = 2: {dx' A dx?, dx! A dx3,dx? A dx3}.
e Hodge star operator: % : Alt“(R") — Alt" F(R™) such that
(*w, p)vol = w A u for all u € Alt" F(R™)

where (-, -) the inner product on Alt¥(R") for which the canonical basis is
orthonormal.

e We have *(xw) = (-1)k("=K) ¢,

N
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Crash course on alternating forms |ll

e Vector proxy of alternating form: if n = 3,

k ‘ k-form Scalar/vector proxy
0 w=a wy=a

1 w = adx! + bdx? + cdx3 wy = (a,b,c)

2 | w=a(dx®Adx3) - b(dx' Adx3) + c(dx! A dx?) wy = (a,b,c)

3 w = adx! A dx? A dx3 wy=a

N
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Crash course on alternating forms |V

e Trace: if w € AItK(R™) and V is a subspace of R, try w € Alt*(V) such
that

try w(vy,...,vi) =w(iyvy,...,iyvg) forallvy,...,vp €V
where iy : V < R" embedding.

In vector proxy: if n =3 and V is a hyperplane of R? with normal ny,
e k=0: try w & wy.
e k=1: try w < ny X (wy X ny)= tangential projection of wy on V.
e k=2 try w < wy - ny= normal component of wy to V (if ny
positively oriented).

N
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Crash course on differential forms |

Q domain of R".
e Differential form: w € AK(Q) if w: Q@ — AItF(R™).

e Decomposition on basis: wy = Y, as(x)dx? A --- A dx 7k,
Various regularities:
o we L’AX(Q) if ay € L*(Q).
e weP ANQ) ifa, € P (Q).

e Exterior derivative: if w € C'A¥(Q), d*w is the (k + 1)-form such that

d*w, = Zzaa—”( Yl A dxTt A - A dx©E.

o i=1

In vector proxy:
e k=0: dw & grad wy.
e k=1 d'w curl wy.
o k=2 d*w < div wy.

N
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Crash course on differential forms |l

e We have d¥ o d¥*1 = (.

e De Rham complex: with HA¥(Q) = {w € L2A%(Q) : d*w € L2A*1(Q)}.

HAY(Q) —L 5 HAY@) — 3 HA2(Q) —L s HA3(Q)

! ! [ [

HY(Q) —2% H(curl; Q) - H(div; Q) —IYy 12(Q).

e Stokes formula: embeds all formulas for gradient, curl, divergence: if
w e C'AK(Q) and v € CTAF1(Q),

/ df*w A p = (-1)F / wAd"ky +/ troo w A troq u.
Q Q oQ

N
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Outline

Discrete De Rham complex
m Finite element exterior calculus
m The Discrete de Rham construction
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QOutline

Discrete De Rham complex
m Finite element exterior calculus
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Global complex

T, = {T} conforming tetrahedral/hexahedral
mesh.

e Define local polynomial spaces on each element, and glue them together to
form a sub-complex of the de Rham complex:

0 d° vyl at v 2 daz v 3
vy > v > V2 %

[ [ [ [

HAY(Q) —% HAl@) —s HA2(Q) —£5 HA3(Q)

e Example: conforming #, —Nédélec—Raviart-Thomas spaces [Arnold, 2018].
e Gluing only works on special meshes! \1
'
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Shortcomings

e Approach limited to conforming meshes with standard elements

= local refinement requires to trade mesh size for mesh quality
= complex geometries may require a large number of elements
= the element shape cannot be adapted to the solution

o Need for (global) basis functions
= significant increase of DOFs on hexahedral elements
N
[
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Polytopal meshes |

e Local refinement (to capture geometry or solution features) is seamless,
and can preserve mesh regularity.

e Agglomerated elements are also easy to handle (and useful, e.g., in
multi-grid methods).

e High-level approach can lead to leaner methods (fewer DOFs).

N
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Polytopal meshes Il

Example of efficiency: Reissner—Mindlin plate problem.

Stabilised P,-(P, + B?) scheme DDR scheme

nb. DOFs Error nb. DOFs Error
2403 0.138 550 0.161
9603 6.82e-2 2121 6.77e-2
38402 3.40e-2 8329 3.1e-2

N
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QOutline

Discrete De Rham complex

m The Discrete de Rham construction

N

22 /44



Domain and polytopal mesh

e Assume Q c R" polytopal (polygon if n = 2, polyhedron if n=3,...)
e We consider a polytopal mesh M, with flat d-cells, 0 < d <n
e d-cells in My, are collected in Ayg(My).

When n = 3:

Ag(Mp) = Vy: set of vertices
A (My) = &y set of edges
Ao (My) = Fi: set of faces
As(My) = T set of elements

N
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Towards the DDR

Stokes formulae

We remove k from d¥

e Stokes formula: if f € Ag(My) and (w, u) € CTAR(f) x CTALR=1(f),

/dw/\u:(—l)k+1/w/\du+/ trof w Atras p
f f of

e Inner product on L2AX(f):
(w,B)f = /fa)/\*ﬁ.

e Stokes formula with inner products: for w € HA¥(f) and 8 € HAK(f),

(dw, )5 = (=D (w,8B) s + (tror w, % trar(xB))as

8 = x " Ldx (co-derivative).
2
N
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Towards the DDR

Computing projections

A) Compute the projection of dw on P, A1 (f)?
Take 8 € P, A1(f)

(dw. B)y = (1) (w,6B) ¢ + (tray w. x  trar (xB))as
—_———
P, AK(3f)
Requires:
e the projection of w on 6P, AML(f) c P AR(f),
e the projection of trss w on P.AX(9f).

N
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Towards the DDR

Computing projections

A) Compute the projection of dw on P, A1 (f)?
Take 8 € P, A1(f)

(dw. B)y = (1) (w,6B) ¢ + (tray w. x  trar (xB))as
—_———
P, AK(3f)
Requires:
e the projection of w on 6P, AML(f) c P AR(f),
e the projection of trss w on P.AX(9f).

B) Compute the projection of w on P, AX(f)?
Reverse the Stokes formula and take g € P AM1(f):

(-1 (w,8B) ¢ = (dw, B) f — (traf w, * * trar(*B))as

= dw and tryr w give the projection of w on 6Pr+1Ak+1(f) c P,A*(f).

~> whole projection of w on P, A*(f) additionally requires the projection of w
w on a complement of 6P, A1(f) in P.AK(f). ke

r+1
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Towards the DDR

Trimmed spaces

o Conclusion: to get the projection of dw and w on P,, we need:
e won §P.AL(f) c P _ A(S),
e wona of 6P, AKFTL(f) ,
e tryrw on P _A*(df) (can be reconstructed...)

N
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Towards the DDR

Trimmed spaces

o Conclusion: to get the projection of dw and w on P,, we need:

e won §P.AL(f) c P _ A(S),
e wona of 6P, AKFTL(f) ,
e tryrw on P _A*(df) (can be reconstructed...)

e Koszul complement:
PATES) = AP AT @ G,
Since ¢ = x~Idx and % : A47%(f) — AK(f) is an isomorphism,
PrA(S) = 6P, N () @+ KGR,
e Trimmed space:
PrATE(S) = AP AT () @ KEH(S)
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Towards the DDR

Trimmed spaces

o Conclusion: to get the projection of dw and w on P,, we need:
e won §P.AL(f) c P _ A(S),

e wona of 6P, AKFTL(f) ,
e tryr w on P,.AX(Of) (can be reconstructed...)
e Koszul complement:
PATES) = AP AT @ G,
Since ¢ = x~Idx and % : A47%(f) — AK(f) is an isomorphism,
PAS) = 6P,y A @ %K.
e Trimmed space:
PrATE(S) = AP AT () @ KEH(S)
e Conclusion, revisited: we need ) N
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DDR: Discrete HA* space

n

X=X X FTPIATE().

d=k fEAd(Mh)

e Generic vector: w, = (Wr)fea,(My,), de[k.n]-
. X’;f and w,: restrictions to f and all /7 € A(f).

Space | fo=V fi=E fo=F fs=T
XD, | R=PANfo) *PIANS) ATIPIANR(f) xTIPIAR(f)
X PAN ) *TIPIAN ) *TIPIAR(f)
X2, PN (f2)  * PN ()
X2, PN (f3)
X2 )p | R=P.(V) P,_1(E) P, (F) P,_(T)
(X)) P, (E) RT,(F)* RT,(T)
(K?,h)n P, (F) N (T)
(X2 ) P,.(T) N
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DDR: Local discrete operators |

e Local spaces: if f e Ay(Mp) and k <d

Xp=( X ) x (X wTral)

fret(f) S €M1 (f)
xox (X *—1¢>;Ad—’<-1(f')) x (*—1 P,‘Ad‘k(f)).
freda-1(f)

e |ocal discrete exterior derivative and potential reconstruction
df X5, > PN and  PE XS - PLAN(S)

built using a hierarchical and recursive process (from lowest-dimensional f
to highest-dimensional f).

N
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DDR: Local discrete operators |l

xko=( X pak)x (XX *eral)
Sfretk(f) frehr (f)

><~~-><( X *‘1P;Ad‘k‘1(f’))x(*‘liDr‘Ad‘k(f)).
Frehan ()

e ( =k: then
X} =P.A )

and we set Pqugf =wyr € PAK(f).

Note: no d* exterior derivative on k-cells.

N
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DDR: Local discrete operators Il

X=X mak ) x (X« Teral)
feA(f) [ €A1 (f)

><---><( e *‘1P;Ad‘k‘1(f’))x(*‘lPr‘Ad‘k(f)).

frebai(f)
o d=Fk+1: then
Xip=( XX PAs ) x (7 PN D).
1M (f)
with PoAL(f) = dP.A°(f) @ KM (f).

e Build d o from P* rofQor and the component of wy on

*~1dP Ao(f)
e Build Pf‘ w; from d]:,fo and wy on * 1K (f).

e etc.

N
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DDR: Local discrete operators IV

Formulas:

o Define dj ;€ P, A" (f) such that, for all u € P AY*1(f),
/d,/f’fgf Ap = (-1t /wf Adu +/ Pf,(ﬂ_f'gaf Atror p.
f f of

o Define Plr"fgf € P.AK(f) using P, AT (f) = dKLF1(f) @ KR (f):

r+l1

¢ For all u € KI=k-1(f),

r+1

(_1)k+1 /f Pf,_fo Adu = /fdlr"fgf Au— /af Pfﬁfgﬂf Atrgr

¢ For all v € K4=k(f):

P* /\v:/w A V.
/ r.fLf f n
f f N
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Consistency

Interpolator: I, COAF(Q) — X, (Mp) such that

1 _—d—k
I} = (% 17T,,f (*t17 ) Feay (M), de[kn]-

For all integers 0 < k < d <n and all f € Ag(My,), it holds

e Polynomial consistency:

Pf’fif’fwzw Vo € SDrAk(f),

df Ik jw=do Yo e P AN(f) ifdzk+1.

e Smooth functions: if w € C®°A¥(f),
k gk
1Py p Ly g — llL2pk(p) < th}ﬂ,
5 1 pw = dwllpzpen gy < Collftifd > k+1,

) N
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Global discrete exterior derivative and DDR complex

e Global discrete exterior derivative th :Xf = X]r”hl s.t.

k (-1 _—d-k=1,, 1k
Qr,h&h = (* T F (*dr,fﬂf))feA[kH__ﬂ](Mh)
e The DDR sequence then reads
DI n;ll
X0, = xb, — > X0 = X2, —— {0}

N
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Cohomology

Theorem (Cohomology of the Discrete de Rham complex)

The DDR sequence is a complex and its cohomology is isomorphic to the
cohomology of the continuous de Rham complex, i.e., for all k,

Kerd® , /Imd*}! = Kerd*/Imd*~*.

N
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Discrete L?-products

e Discrete L2-product (-, )g.p : Xf,h ng,h —R:

(Qh,ﬁh)k,h = Z (/ Pf,f&f A *Pf,fﬁf + Sk,f(Qf,ﬁf)
FebatMy) WS

with sg 7 X’;’f X X’r"f — R a stabilisation that satisfies
skl ponp ) =0 Yo € PANS).

e Numerical schemes are obtained replacing spaces, differential operators,
and L2-products with their discrete counterparts. Yield stable schemes,
with O(h**1) rates of convergence in energy norm.

[Di Pietro and Droniou, 2021, Beirdo da Veiga et al., 2022,
Droniou and Qian, 2023, Di Pietro and Droniou, 2023,
Di Pietro and Droniou, 2022]

N
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Conclusion

e Polytopal exterior calculus: framework for discrete polytopal complexes of
arbitrary order, in the langage of differential forms.

~» Unifies the analysis of all operators.

~» Also gives discretisation method for PDEs, cf. Marien Hanot's talk.

e Consistency and same cohomology as the continuous de Rham complex.

Ensures accuracy and robustness of schemes.

e Ongoing work: Poincaré inequalities, analysis tools (adjoint consistency,
etc.).

N
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e Notes and series of introductory lectures to DDR (vector proxy form):
https://math.unice.fr/~massonr/Cours-DDR/Cours-DDR.html

COURSE OF JEROME DRONIOU FROM MONASH UNIVERSITY, INVITED PROFESSOR AT UCA

» Introduction to Discrete De Rham complexes

Short description (in french)
Summary of notations and formulas

Part 1, first course: the de Rham complex and its usefulness in PDEs, 22/09/22 (video)
Part 1, second course: Low order case, 29/09/22 (video)

Part 1, third course: Design of the DDR complex in 2D, 07/10/22 (video)

Part 1, fourth course: Exactness of the DDR complex in 2D, 10/10/22 (videa)

Part 2, fifth course: DDR in 3D, analysis tools, 17/11/22 (video)

N
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https://math.unice.fr/~massonr/Cours-DDR/Cours-DDR.html

Thank you!

The ERC Synergy NEMESIS project is hiring PhDs and post-docs.
Contact us: https: //erc-nemesis. eu/

* X %
* *
* *
* *
* 5 *
Funded by European Research Council
the European Union Establshed by the European Commission

Funded by the European Union (ERC Synergy, NEMESIS, project number 101115663). Views and
opinions expressed are however those of the authors only and do not necessarily reflect those of the
European Union or the European Research Council Executive Agency. Neither the European Union nor
the granting authority can be held responsible for them.
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A little bit more...

The Virtual Element construction

N
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General ideas

Inspired by the VEM complex in vector proxy of [Beirdo da Veiga et al., 2017,
Beirdo da Veiga et al., 2018, Beirdo da Veiga et al., 2022].

The exterior calculus construction in [Bonaldi et al., 2023] is done without
virtual functions, in a fully discrete fashion.

Some of the polynomial components in the discrete spaces represent
projections of exterior derivatives (not just of the forms).

Components on k- and (k + 1)-cells play a different role to the other ones.

Construction not hierarchical, construction of dl:h and Pf f not
intertwined.  ~» larger spaces.

Stokes formula only used on the lowest-dimensional mesh entities.

S“ |||a consiste Cy ar d cono Oogy plOpe ties.
\k
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Comparison DDR-VEM-RTN

Vector proxy ‘ r=0 r=1 r=2

k|

0 HY(T) 46904 150626010 32¢50¢20
1| H(cwr,T) | 601406 28047020 6596 98¢ 45
2
3

H(div;T) | 407064 18026615 44659 ¢ 36
L*(T) 161061 40404 10 ¢ 10 ¢ 10

Table: Tetrahedron: dimensions of the local spaces in the DDR ¢ VEM ¢ RTN.

| Vector proxy | r=0 r=1 r=2
HY(T) 861508 27642627 5467864

H(curl;T) 12022012 46069 ¢ 54 99 ¢ 138 ¢ 144
H(div;T) 609¢6 24632636 56 ¢ 71¢ 108
L%(T) 16161 46468 10 ¢ 10 ¢ 27

W N = O

Table: Hexahedron: dimensions of the local spaces in the DDR ¢ VEM ¢ RTN. |\ﬂ
i
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Comparison of serendipity DDR-VEM vs. RTN

‘Vectorproxy‘ r=0 r=1 r=2
HY\(T) 46464 10010010 20020620

H(cwr,T) | 6069066 23631620 536845
H(div;T) |407064 18026015 44659636
L*(T) 16161 40404 10010010

WO

Table: Tetrahedron: dimensions of the local spaces in the sDDR ¢ sVEM ¢ RTN.

k | Discrete space | r=0 r=1 r=2

0 HY(T) 808068 20020027 32632664
1| H(wlT) |12615612 390647654 776092 144
2 | H(div;T) 6069066 24032636 56071 ¢ 108
3 L%(T) 10101 46468 10 ¢ 10 ¢ 27

Table: Hexahedron: dimensions of the local spaces in the sDDR ¢ sVEM ¢ RTN.

N
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