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Reference for this presentation

A polytopal discrete de Rham complex on manifolds, with application to the
Maxwell equations, J. Droniou, M. Hanot, and T. Oliynyk, 33p, 2024.
https://arxiv.org/abs/2401.16130.
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Building blocks: mesh and setting for polynomial complexes on a manifold

Article
https://arxiv.org/abs/2401.16130
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Q manifold of dimension n. Seen from ambiant coordinates (embedded
manifold), the mesh will be curved... Handling curved meshes, even in flat
spaces, is often difficult.

Flat space

o Not very difficult for dG, but other drawbacks (no static condensation,
etc.) [Cangiani et al., 2021].

o VEM on curved meshes (flat space): polynomials on edges by
parametrisation [Beirdo da Veiga et al., 2019, Dassi et al., 2021].

o HHO on curved meshes (flat space):

O parametrisation of faces [Botti and Di Pietro, 2018].
O polynomials on edges by restriction (intrinsic approach) [Yemm, 2024].
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Mesh Il

Manifolds

o FEM: extrinsic approach
[Demlow, 2009, Demlow and Dziuk, 2007, Arnold, 2018].

o VEM: extrinsic approach [Frittelli et al., 2023].

o FEM: intrinsic approach, with global homeomorphism with flat space
[Bachini et al., 2021a, Bachini et al., 2021b].
Construction of polynomial functions can be local, but continuity
requirements make it difficult to glue over the entire manifold [Licht, 2023].

o Also approaches from the General Relativity community (lattice based), but
limited to specific shapes [Gentle, 2002, Brewin, 1998, Frauendiener, 2006]...

No previous polytopal complex on manifolds...
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Mesh Il1

Notations:

o My, finite collection of pairwise disjoint submanifolds of dimension
d=0,...,n (d=0: vertices, d = 1: edges; etc.)

o Ag(My,) collection of all d-dimensional manifolds.

o Boundary of f € Ayz(My) made of (d — 1)-manifolds f' € Ay_1(f).
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Mesh IV

Regular mesh sequence:

o Let My be a flat polytopal mesh.

o For all d, there is a bijection &4 : Ag(My) — Ag(My,) that respect
boundaries.

o Forall f € Ag(My), there is a diffeomorphism ¢ : f — ®4(f) such that

IVorlleo 2 Il det(Vor) & ~ [ det(Vor " ~ IVo; 1

o (Mp)y, is regular if there are such bijections and (Mjy)y, is regular.
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Abstract setting for local polynomial forms

Complexes for the exterior derivative and (some) Koszul operator:

L PN —L P AL s

S PALF) e P AFL()

Assumption (Homogeneous polynomials decomposition)
o There is a decomposition P, A (f) = @s<, HsAL(f).
o We have dr + kd = A 1d on H AL(f).

o Eigenvalues identify polynomial degree: \s;; = 0 if and only if s =1 =0,
and if \s; = Ay then s = '

o dHA'(f) # {0} whenever s >0 and | < d.

In the flat case, dr + kd = (s + 1)Id on HA(f).

8/31



Consequences of the design assumption

Bijectivity of d and x: the following mappings are bijective:

d : KHAN) = dH AT ) (€ HANS))
ko dHANS) = kH AT (CHANS)).
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Consequences of the design assumption

Bijectivity of d and x: the following mappings are bijective:

d : KHAN) = dH AT ) (€ HANS))
ko dHANS) = kH AT (CHANS)).

Direct decomposition:

PrAY(f) = PoA’(f) @ kPra AN (f)
PrALF) = AP, AH(F) @ kP ATTL(F) if 1> 1.

Definition (Trimmed polynomial spaces)

PrA°(f) = PrA°(f)
PoANS) = dP AT () @ kP ATTH(f) i1 > 1.
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Discrete De Rham on a manifold

Article
https://arxiv.org/abs/2401.16130
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Space and discrete operators

Space: vectors of trimmed polynomials on vertices, edges, faces, etc. (almost)

Xr=X X xTIPIATR(Y)).
d=k feAqs(Mp)

Notation: for f € Ag(My),

Wi = (Wr, (Wr)preag () (W) prenqs_s(r), etc.)
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Space and discrete operators

Space: vectors of trimmed polynomials on vertices, edges, faces, etc. (almost)
—1p— Ad—k
_r h X X * 7)7" A (f)
d=k feA (M)

Notation: for f € Ag(My),

Wi = (Wr, (Wr)preag () (W) prenqs_s(r), etc.)

Local exterior derivative and potential reconstruction: for f; € Ay(M}y) with
{=k,...,n,

A 0 X5, o« "N (fy) and Py, 2 X = T PAATTR(f)
in a hierarchically and recursive process:

k k k
P, fe ™7 d ~ dT,karz

k k
T, mfrpr thk+1 R Pr,fn
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Discrete complex

Assumption (Trace of trimmed polynomials)

trp P ANS) CPIANS) Y € Aa(f),
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Discrete complex

Assumption (Trace of trimmed polynomials)

trp P ANS) CPIANS) Y € Aa(f),

DDR complex: in exterior calculus presentation on the manifold.

dkfl dk dk+1
=r,h =r,h =r,h
R xR, U xR

Components of dﬁ,hﬂh obtained projecting the local exterior derivatives
df jwy € % P.AYFT1(f) on the trimmed spaces «~ P ATTFTI(f).
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Algebraic properties

Theorem (Commutation property)

dr f(I’V‘ fw) li}l(dw) Vw € ClAk (7)

Theorem (Cohomology)

The DDR complex has the same cohomology as the continuous de Rham
complex.
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Consistency

Standard approach: starts with proving an exact consistency result for
polynomial functions.

PHINw=w  Ywe PAS).
Based on the following: in the flat case, for d = k, xw € P,.A°(f) so

Il prw=+rw=w  Ywe PAY).
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Consistency

Standard approach: starts with proving an exact consistency result for
polynomial functions.

PHINw=w  Ywe PAS).
Based on the following: in the flat case, for d = k, xw € P,.A°(f) so
Il prw=+rw=w  Ywe PAY).

Does not work here, because x has non-constant coefficients and thus

*w & PrA°(f).

Approach: show an approximation property by induction on the dimension of
the face, based on: For all uy € P, AYF1(f),

/f A p Iy jw A g = /f dw A pg + /8 f(Pr'faflf,afW —trorw) Atrag g

obtained from definition of d* ., lk and IBP).
rf r f
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Consistency

We have the following local Poincaré inequality, topological decomposition,
discrete trace and polynomial approximation properties:

lelly S hplidplly, Vi€ &P AR(f),
ladls + 1815 S llae+ Bl V(e B) € kPt APF(F) @ AP A2 (),

1
Itras plloy S by 2 lully, Vi€ PoAR(F),
It ml s ww —wllp S A wlae,  Yw € HFTAR(F), Ve € [0,7],
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Consistency

Hierarchical regularity and norm:

HT+1Ak(f;A) .

{w € H™AR(f)

trpwe HHAR(S) Vf € Ag(f),Vd € [k,d— 1]},

Lt 17k
whepa =Y hy® [trpwlgeaaegy Yw € HTAR(fA).
d'=k

Theorem (Primal consistency)

1P LY jw — wllf S W wlrpa Ve € HTPEAR(F; A),
”drf rf&Y = def hr+1|dw|1~f A Ywe OlAk(f)
st dw € H™HAM(f;A).
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Constructing local polynomial spaces

Article
https://arxiv.org/abs/2401.16130
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Condition on local charts

o On principle, defining polynomial spaces on cells can be done via local
coordinates (local charts).

o However, for hybrid methods we need try P, Al(f) C P, Al(f'): this
requires compatibility conditions for the charts.
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Condition on local charts

o On principle, defining polynomial spaces on cells can be done via local
coordinates (local charts).

o However, for hybrid methods we need try P, Al(f) C P, Al(f'): this
requires compatibility conditions for the charts.

Assumption

There are C?-diffeomorphisms Iy : Uy C RY — f for all f € Ag(My,) and
d € [0,n].

Moreover, if f' € Aq_1(f), with 3¢ ¢ = f' — f the inclusion of f' into f,
the mapping (If)~' o3y oI : Uy — R% is affine.
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From there: case by case basis

(0,0)
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From there: case by case basis

E1

(a,02)
(2,01)

E2 E4

(Lo Y— (1,62)
L E3
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From there: case by case basis

(a,b)
(0,1) Es
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Outline

Maxwell equations and numerical simulations

Article
https://arxiv.org/abs/2401.16130
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Maxwell equations in differential forms

o £ a 3-dimensional Lorentzian manifold with metric decomposed in 2+1
with zero-shift and constant lapse c:

()= <_52 voij)’

o d: spatial exterior derivative (2-dim); d: co-differential; vol: spatial volume
form.

21/31



Maxwell equations in differential forms

o £ a 3-dimensional Lorentzian manifold with metric decomposed in 2+1
with zero-shift and constant lapse c:

()= <_g2 voij)’

o d: spatial exterior derivative (2-dim); d: co-differential; vol: spatial volume
form.

o B: (1/c)x magnetic field (2-form), E: electric field (1-form).
0B = —dE,
—0E = pey?,
1
—QatE =B — [LOJ,
c

with o vacuum permeability, p electric charge density and J electric
current density.
Note the compatibility condition on the data: §J = J;p.
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Weak formulation and scheme

o Weak formulation: find (E, B) € C([0,T]; A*(€2)) x C([0,T]; A2(2))
s.t., for all (v, v?) € AY(Q) x A%(Q),

<atB7U2> = = <dE7U2>7

Cl2<atE,v1> — (B, dv) — pio(J, 1),

o DDR scheme, with X}, := X, x X2 ,: find (E,,B,,) € C'([0,T]; X))
such that for all (v},v?) € X, and all t € (0,7,

<8tﬁh(t)7yi21> = = <d71",hﬂh(t)a7_}%>a

1 -
S (OB, (1), v},) = (By (1), dy jyvh) — Ho(Ly (1), ).

o Both preserve the constraint (dropped equation).
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on the sphere

(a) Mesh in one chart and orientations. (b) E%bedding of the 1-skeleton of the mesh
into R”.

23/31



Numerical results: smooth solution
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Numerical results: preservation of energy and constraint
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(a) Total energy E2 + B2, (b) Error on the discrete constraint.
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Numerical results: piecewise smooth C? solution
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Conclusion

o Abstrat setting for polynomial spaces on polytopal meshes on manifolds,
identifies the key properties for developing discrete de Rham complexes.

o Practical construction from charts in special cases (include curved meshes).

o Arbitrary-order polytopal exterior calculus on manifolds.

o Set of algebraic results, and consistency (without exact polynomial
consistency).

o To do: better/more general construction of local polynomial spaces;
Poincaré inequalities (ongoing); adjoint consistency.
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N NEMESIS

New generation
methods for numerical
simulations

Funded by European Research Council

the European Union

Funded by the European Union (ERC Synergy, NEMESIS, project number 101115663). Views and
opinions expressed are however those of the authors only and do not necessarily reflect those of the
European Union or the European Research Council Executive Agency. Neither the European Union nor

the granting authority can be held responsible for them.

Thank you for your attention!
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