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References for this presentation

m Design of the method, application to poromechanics with Coulomb friction:
[Droniou et al., 2024a].

m Analysis for purely mechanical model with Tresca friction:
[Droniou et al., 2024b].

See also references inside.
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Matrix and fracture network

Notations: € domain (matrix), T" fracture, two sides + with outward normals
+
n-.

Uknowns: displacement u in matrix (discontinuous at fractures), pressure p,,
in matrix, pressure p ¢ in fracture.
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Poromechanics |

Flow equations: Darcy law for p,,, Poiseuille law for p .

O m +divV,, = hyy, on (0,7) x Q\T,
V= —-%2Vp, on (0,7) x Q\T,
O0;dy +dive Vg — [[Vm]]n =hy on (0,T)xT,

C
V= #Vrpf, on (0,T) xT,
YaVm = Aslp]* on (0,T)xT.

Notations:
m [-]: jump across T'.

m X; and X,: tangential and normal components of X along I
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Poromechanics |l

Set
(w) =2u (u) +A(divu) I (Effective stress),
T(w,pm) = (u)—bpy 1 (Total stress),
T =yy " (W pn)+ps* (Traction).

Mechanical equations: quasi-static contact-mechanics for u with Coulomb
friction.

—div T(u,pn) =f on (0,7) x Q\T,
T +T =0 on (0,7) xT,
T, <0, [ula <0, [u]u7w =0, on (0,T)xT,
IT| < -F T, on (0,T)xT,
Tr - o/[ul: = F Tu|0/[u]-[=0 on (0,7)xT"

Other contact models: no friction (F = 0); Tresca friction (-FT, ~> g and
O[a]l ~ [[u].
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Poromechanics 11l

Weak formulation for mechanical equations: using Lagrange multiplier
A = —T* to impose the contact conditions.

Spaces and cone:
Up = {ve H' (Q\D)? : vjpq = 0},
Cr(t) = {u e HTVXD? : (v < (. Iver

Vv e (H2(T) st. v < 0}.

Equations: find u: [0,7] — Ug and 4 : [0,T] — Cr(4,) s.t., for all
v:[0,T] = Up and pu: [0,T] — Cr(4,),

[(@: 0= pudiven)+ @ lvDres [y Ivh= [ £,

(Un — An, [[u]]n>F + (e — Ar, [[atu]]‘r>r <0.
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Mesh

Polytopal mesh, compatible with fractures

m M, F,V cells, faces and vertices. X, entities X on z.
] 7—'1:',,( faces of K on positive side of fracture.

m For s € V, Ks: set of cells on the same side of K.

m If o € Fr: K on positive side, L on negative side.

)
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Discrete spaces

Displacement: nodal unknowns (discontinuous across fracture) and one
bubble on each fracture face (positive side).

Uo,p = {VZ) = ((vis)keM, sevi> (Vo) Ke M, oert )
vis €RY, Vg €RY, vy =0 if s € Ve

vys = Vs if K, L are on the same side of F}.

Lagrange multipliers: piecewise constant on fracture faces.

My = {dp € L*(1D? : A, := (Ap)|+ is constant for all o € Fr}.

Discrete dual cone:

Cp={ApeMp : Apn >0, |Ap| <g} CCy.
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Reconstructions in Ug p: faces

m From nodes, reconstruct edge values and use them to define the face

gradient:
1 Z Vs, T Vs
= F |€|% 24 Nge.

e=5152€E,
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Reconstructions in Ug p: faces

m From nodes, reconstruct edge values and use them to define the face
gradient:

1 Vics, + Vs,
Sl e

Nge.
o 2
| e=5152€E,

m Reconstruct face averaged value from nodes, and face displacement:

Vko = Z wlvgs and MMX%vy(x) = (X—Xy)+Vkr VxEO.
s€EVy
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Reconstructions in Ug p: faces

m From nodes, reconstruct edge values and use them to define the face

gradient:
1 Vs, T Vs
= F E |€|% R Nye.

e=5152€E,
m Reconstruct face averaged value from nodes, and face displacement:

Vko = Z wlvgs and MMX%vy(x) = (X—Xy)+Vkr VxEO.
s€EVy

m Jump reconstructions:

[volo =Vko = Vie + Vko-
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Reconstructions in Ug p: cells

Same principles...
m Using reconstructed face values and bubble, define the cell gradient:

1 _ 1
VEvp = Kl Z lo[Vko ® ngo + Il Z |0 VKo ® DKo

oeFk oeFf
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Reconstructions in Ug p: cells

Same principles...
m Using reconstructed face values and bubble, define the cell gradient:

1
VKVZ) = —

_ 1
|K| Z lo[Vko ® ngo + m Z |o|VKe ® Nke.

oeFk (reTl*K

m Reconstruct cell averaged value from nodes, and cell displacement:

VK = wavm and MXvp(x) = VEvp(x —Xx) +vk VxeK.

seVk
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Reconstructions in Ug p: cells

Same principles...
m Using reconstructed face values and bubble, define the cell gradient:

1
VKVZ) = —

_ 1
|K| Z lo[Vko ® ngo + m Z |0 VKo ® DKo

oeFk (reTl*K

m Reconstruct cell averaged value from nodes, and cell displacement:

VK = wavm and MXvp(x) = VEvp(x —Xx) +vk VxeK.

seVk

Global reconstructions: -] p, V2, llp, o, divp, »p.
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Scheme

Find up € UO,D and 1p € Mg s.t.

/Q p(up): p(vp)+ Y (2pk +AK)Sk(up,vp)

KeM

+//11)~[[VZ)]]Z)=/f'HDVD VVDEUO’D
r Q

/I_(HD -Ap) [up]lp <0 Vup € Mp,

where
_ pd-2 K K
Sk(up,vp) = hy Z (u‘Ks —-1I uD(XS)) : (V‘Ks -1 VZ)(XS))
.\‘E(VK
+ h?(_2 Z UKo * VKo -
(TGfEK

Note: can also be written in virtual elements framework.

13/33



Mixed-dimensional poromechanical model

Bubble-enriched polytopal scheme for mechanical equations

Theoretical results

Numerical results
m Contact-mechanics model
m 3D full poro-mechanical model

14/33



Error estimate

Theorem (Error estimate)

Ifue H*(M) and A € H* (1), then

”VDuD - Vu”[}(g\f) + ”/lZ) - /1”71/2,F < Cu,/th)-

—1/2

m || - ||-i,r discrete H™/-like seminorm.

m Error estimate comes from a more abstract version that only requires
Ae L*(T).
m Error analysis based on consistency and stability.

15/33



Tool 1: discrete Korn inequality

Discrete H'-norm:

IvolZ p = Y (IV5volZ: k) + Sk (vo, Vo).
KeM

Theorem (Discrete Korn inequality)

For all v e Ug, p,

Volip s I 003, g + 2, Sk(Vo. Vo).
KeM
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Tool 2: Discrete inf—sup property |

Definition (Discrete H~"/*(T")-norm)
For Ap € Mg:

. /1“,« Ap - v;
IAD -2, = § |Apll—yo,r; with |[Apl|l—1sr, = sup A T—
icl viet(@rra\foy IVillar @)
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Tool 2: Discrete inf-sup property |l

Theorem (Discrete inf-sup condition)

oo -[volo
sup T—-—— 2 [Aplloypr  ¥Ap € Mp.
voeUop\{0})  IVollio

m Ingredient 1. Clément-like H'-stable interpolator adapted to fractures.

m Ingredient 2: Fortin property for jump: for v; € Hl(Ql’.';Fi) and vy =
interpolant of extension by 0 of v; by 0,

//lfD'”:VZ)]]D:/ /11)~V[.
r I;

i
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Outline

Numerical results
m Contact-mechanics model
m 3D full poro-mechanical model

19/33



Mixed-dimensional poromechanical model

Bubble-enriched polytopal scheme for mechanical equations

Theoretical results

Numerical results
m Contact-mechanics model
m 3D full poro-mechanical model

20/33



2D domain with fracture under compression |

Analytical solution (7 coordinate along fracture):
An =0'sin2(a,//),

[[u].|= )crsm(zp) (COS(lP) - —sin(y) —(£2 -12).

Yy =n/9,20=2m, F=1/V3 (so g = 1,/F), E =25 GPa and v = 0.25.
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2D domain with fracture under compression |l

de+7
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2D domain with fracture under compression Il

0.1 ;
1st and 1.5th order |
S 001}
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Note: error on A, away from the tip, super-convergence due to the fact that
the analytic A is constant.
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3D manufactured solution |

Setting:

Q= (-1,1)3T={0} x (-1,1)%
mg=1, u=4=1.

m Explicit analytical solution such that:

m sticky-contact for z < 0 ([u]ln =0, [u]r =0)
m slippy-contact for z > 0 ([u]la =0, [[u]<| > 0)

m Cartesian, tetrahedral and generalised hexahedral meshes.

Figure: Generalised hexahedral meshes: cut (left) and barycentric subdivisions (right).
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3D manufactured solution Il

Cartesian Tetrahedral
1 1
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v
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Note: 1072 accuracy for u achieved with ~ 403 Cartesian cells, ~ 603
triangular cells.
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3D manufactured solution |l

Hexahedral (cut)

Hexahedral (bary)
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Note: 1072 accuracy for u achieved with ~ 302 Hexahedral cells.
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Setting

Data: E =4Gpa, v=0.2, F =0.5, b =0.5, M = 10GPa.

Dirichlet BC at the top and bottom for u.

Fracture network:

2z
o ¥

Two tetrahedral meshes: 47k and 127k elements.
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Results |

7.3e-19 -1.2e-04 -5e-5 7.3e-19

Figure: Normal displacement jumps using 47k cells (left) and 127k cells (right).
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Results |l
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Figure: Tangential displacement jumps (one direction) using 47k cells (left) and 127k cells
(right).
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Conclusions

m Polytopal scheme, applicable on generic meshes (including hanging nodes,
cut cells, local refinements). Seamlessly handles crossing fractures, etc.

m Bubble enrichment (first one for polytopal methods) to ensure inf-sup
conditions to bound Lagrange multipliers.

m Complete analysis for mechanical models.

m Robust simulations (including solver behaviour) for 3D poromechanical
model with network of fractures.

m Ongoing work: extension to arbitrary order of approximation, analysis for
complete poromechanical model.
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