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[Di Pietro and Droniou, 2023]
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The de Rham complex – scalar/vector-valued functions

𝐻1 (Ω) 𝑯(curl;Ω) 𝑯(div;Ω) 𝐿2 (Ω) {0}grad curl div 0

Complex: image of an operator included in kernel of the next one.

Key properties, depending on the topology of Ω and providing stability of
PDE models:

no “tunnels” (𝑏1 = 0) =⇒ Im grad = Ker curl (Stokes in curl-curl)

no “voids” (𝑏2 = 0) =⇒ Im curl = Ker div (magnetostatics)

Ω ⊂ R3 (𝑏3 = 0) =⇒ Imdiv = 𝐿2(Ω) (magnetostatics, Stokes)

When 𝑏1 ≠ 0 or 𝑏2 ≠ 0, de Rham’s cohomology characterizes

Ker curl/Im grad and Ker div/Im curl

Emulating these properties is key for stable discretizations
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The de Rham complex – differential forms

Differential forms:

𝑘-forms: mappings 𝜔 on Ω s.t. 𝜔𝑥 is a 𝑘-alternate linear form on R𝑛.
d𝑘 : exterior derivative of 𝑘-forms.
𝐻Λ𝑘 (Ω): 𝑘-forms 𝜔 ∈ 𝐿2 s.t. d𝑘𝜔 ∈ 𝐿2.

The de Rham complex with differential forms:

𝐻Λ0 (Ω) · · · 𝐻Λ𝑘 (Ω) · · · 𝐻Λ𝑛 (Ω) {0}d0 d𝑘−1 d𝑘 d𝑛−1

For 𝑛 = 3, the following links are established through vector proxies:

𝐻Λ0(Ω) 𝐻Λ1 (Ω) 𝐻Λ2(Ω) 𝐻Λ3 (Ω) {0}

𝐻1 (Ω) 𝑯(curl;Ω) 𝑯(div;Ω) 𝐿2 (Ω) {0}

d0 d1 d2

grad curl div
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The Finite Element way
Global complex

Tℎ = {𝑇} conforming tetrahedral/hexahedral
mesh.

Define local polynomial spaces on each element, and glue them together to
form a sub-complex of the de Rham complex:

𝑉0
ℎ

𝑉1
ℎ

𝑉2
ℎ

𝑉3
ℎ

𝐻Λ0 (Ω) 𝐻Λ1 (Ω) 𝐻Λ2 (Ω) 𝐻Λ3 (Ω)

d0 d1 d2

d0 d1 d2

Example: conforming P
𝑘
–Nédélec–Raviart-Thomas spaces [Arnold, 2018].

Gluing only works on special meshes!
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The Finite Element way
Shortcomings

Approach limited to conforming meshes with standard elements

=⇒ local refinement requires to trade mesh size for mesh quality
=⇒ complex geometries may require a large number of elements
=⇒ the element shape cannot be adapted to the solution

Need for (global) basis functions

=⇒ significant increase of DOFs on hexahedral elements
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Polytopal meshes I

Local refinement (to capture geometry or solution features) is seamless,
and can preserve mesh regularity.

Agglomerated elements are also easy to handle (and useful, e.g., in
multi-grid methods).

High-level approach can lead to leaner methods (fewer DOFs).
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Polytopal meshes II

Example of efficiency: Reissner–Mindlin plate problem.

Stabilised P2-(P1 + B3) scheme DDR scheme

nb. DOFs Error nb. DOFs Error
2403 0.138 550 0.161
9603 6.82e-2 2121 6.77e-2
38402 3.40e-2 8329 3.1e-2
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Domain and polytopal mesh

Assume Ω ⊂ R𝑛 polytopal (polygon if 𝑛 = 2, polyhedron if 𝑛 = 3,. . . )

We consider a polytopal mesh Mℎ with flat 𝑑-cells, 0 ≤ 𝑑 ≤ 𝑛

𝑑-cells in Mℎ are collected in Δ𝑑 (Mℎ).
When 𝑛 = 3:

Δ0 (Mℎ) = Vℎ: set of vertices
Δ1 (Mℎ) = Eℎ: set of edges
Δ2 (Mℎ) = Fℎ: set of faces
Δ3 (Mℎ) = Tℎ: set of elements
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General ideas

Discrete spaces with polynomial components attached to mesh entities,
representing projections of traces of 𝑘-forms.

Recursive and hierarchical construction on 𝑑-cells, 𝑑 = 𝑘 + 1, ..., 𝑛, with
enhancement strategy:

Discrete exterior derivative

d𝑘
𝑟 , 𝑓

: 𝑋𝑘
𝑟 , 𝑓

→ P𝑟Λ
𝑘+1 ( 𝑓 )

Discrete potential (playing the role of a 𝑘-form inside 𝑓 ), using the discrete
exterior derivative

𝑃𝑘
𝑟 , 𝑓

: 𝑋𝑘
𝑟 , 𝑓

→ P𝑟Λ
𝑘 ( 𝑓 )

Reconstructions mimic the Stokes formula: ∀(𝜔, 𝜇) ∈ Λℓ ( 𝑓 ) × Λ𝑛−ℓ−1 ( 𝑓 ),∫
𝑓

dℓ𝜔 ∧ 𝜇 = (−1)ℓ+1
∫
𝑓

𝜔 ∧ d𝑛−ℓ−1𝜇 +
∫
𝜕 𝑓

tr𝜕 𝑓 𝜔 ∧ tr𝜕 𝑓 𝜇
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Trimmed polynomial spaces

Let 𝑓 ∈ Δ𝑑 (Mℎ), fix 𝒙 𝑓 ∈ 𝑓 , and define the Koszul complement

Kℓ
𝑟 ( 𝑓 ) ≔ 𝜅P𝑟−1Λ

ℓ+1 ( 𝑓 ) with (𝜅𝜔)𝒙 (·, . . .) ≔ 𝜔𝒙 (𝒙 − 𝒙 𝑓 , . . .)

For ℓ ≥ 1 we define the trimmed polynomial spaces

P−
𝑟 Λ

0 ( 𝑓 ) ≔ P𝑟Λ
0 ( 𝑓 ),

P−
𝑟 Λ

ℓ ( 𝑓 ) ≔ dP𝑟Λ
ℓ−1 ( 𝑓 ) ⊕ Kℓ

𝑟 ( 𝑓 ) if ℓ ≥ 1

Remarks:

♦ Full space P𝑟Λ
ℓ ( 𝑓 ) = dP

𝑟+1Λ
ℓ−1 ( 𝑓 ) ⊕ Kℓ

𝑟 ( 𝑓 )
(
= dKℓ−1

𝑟+1 ( 𝑓 ) ⊕ Kℓ
𝑟 ( 𝑓 )

)
.

♦ P−
𝑟 Λ0 ( 𝑓 ) = P𝑟Λ

0 ( 𝑓 ), P−
𝑟 Λ𝑑 ( 𝑓 ) = P

𝑟−1Λ
𝑑 ( 𝑓 ).

Vector proxies:

P−
𝑟 Λ1 ∼ local Nédélec space (face or elements).

P−
𝑟 Λ2 ∼ local Raviart–Thomas space (elements).
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Discrete 𝐻Λ𝑘 (Ω) spaces and interpolator

𝑋 𝑘
𝑟 ,ℎ ≔

𝑛?
𝑑=𝑘

?
𝑓 ∈Δ𝑑 (Mℎ )

P−
𝑟 Λ

𝑑−𝑘 ( 𝑓 )

For 𝜔 ∈ Λ𝑘 (Ω), 𝐼𝑘𝑟 ,ℎ𝜔 =
(
𝜋
−,𝑑−𝑘
𝑟 , 𝑓

(★ tr 𝑓 𝜔)
)
𝑓 ∈Δ[𝑘...𝑛] (Mℎ ) ∈ 𝑋 𝑘

𝑟 ,ℎ

Space 𝑓0 ≡ 𝑉 𝑓1 ≡ 𝐸 𝑓2 ≡ 𝐹 𝑓3 ≡ 𝑇

𝑋0
𝑟 ,ℎ

R = P𝑟Λ
0 ( 𝑓0) P−

𝑟 Λ
1 ( 𝑓1) P−

𝑟 Λ
2 ( 𝑓2) P−

𝑟 Λ
3 ( 𝑓3)

𝑋1
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓1) P−

𝑟 Λ
1 ( 𝑓2) P−

𝑟 Λ
2 ( 𝑓3)

𝑋2
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓2) P−

𝑟 Λ
1 ( 𝑓3)

𝑋3
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓3)

𝑋𝑟
grad,ℎ R = P𝑟 (𝑉) P𝑟−1 (𝐸) P𝑟−1 (𝐹) P𝑟−1 (𝑇)

𝑿𝑟
curl,ℎ P𝑟 (𝐸) RT𝑟 (𝐹) RT𝑟 (𝑇)

𝑿𝑟
div,ℎ P𝑟 (𝐹) N𝑟 (𝑇)

P𝑟 (Tℎ) P𝑟 (𝑇)
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Discrete local potential and exterior derivative

For 𝑑 = 𝑘, ..., 𝑛, all 𝑓 ∈ Δ𝑑 (Mℎ), and all 𝜔
𝑓
= (𝜔 𝑓 ′ ) 𝑓 ′∈Δ[𝑘...𝑑] ( 𝑓 ) ∈ 𝑋 𝑘

𝑟 , 𝑓
:

If 𝑑 = 𝑘, we let
𝑃𝑘
𝑟 , 𝑓𝜔 𝑓

≔ ★−1𝜔 𝑓 ∈ P𝑟Λ
𝑑 ( 𝑓 )

If 𝑑 ≥ 𝑘 + 1:

Define d𝑘
𝑟 , 𝑓

𝜔 𝑓 ∈ P𝑟Λ
𝑘+1 ( 𝑓 ) such that, for all 𝜇 ∈ P𝑟Λ

𝑑−𝑘−1 ( 𝑓 ),∫
𝑓
d𝑘
𝑟 , 𝑓

𝜔 𝑓 ∧ 𝜇 = (−1)𝑘+1
∫
𝑓
★−1𝜔 𝑓 ∧ d𝜇 +

∫
𝜕 𝑓

𝑃𝑘
𝑟 ,𝜕 𝑓

𝜔𝜕 𝑓 ∧ tr𝜕 𝑓 𝜇.

Define 𝑃𝑘
𝑟 , 𝑓

𝜔 𝑓 ∈ P𝑟Λ
𝑘 ( 𝑓 ) using P𝑟Λ

𝑑−𝑘 ( 𝑓 ) = dK𝑑−𝑘−1
𝑟+1 ( 𝑓 ) ⊕ K𝑑−𝑘

𝑟 ( 𝑓 ):
For all 𝜇 ∈ K𝑑−𝑘−1

𝑟+1 ( 𝑓 ),

(−1)𝑘+1
∫
𝑓

𝑃𝑘
𝑟, 𝑓

𝜔 𝑓 ∧ d𝜇 =

∫
𝑓

d𝑘
𝑟, 𝑓

𝜔 𝑓 ∧ 𝜇 −
∫
𝜕 𝑓

𝑃𝑘
𝑟,𝜕 𝑓

𝜔𝜕 𝑓 ∧ tr𝜕 𝑓 𝜇

For all 𝜈 ∈ K𝑑−𝑘
𝑟 ( 𝑓 ):∫

𝑓

★−1𝑃𝑘
𝑟, 𝑓

𝜔 𝑓 ∧ 𝜈 =

∫
𝑓

★−1𝜔 𝑓 ∧ 𝜈.
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Polynomial consistency

Theorem (Polynomial consistency)

For all integers 0 ≤ 𝑘 ≤ 𝑑 ≤ 𝑛 and all 𝑓 ∈ Δ𝑑 (Mℎ), it holds

𝑃𝑘
𝑟 , 𝑓 𝐼

𝑘
𝑟 , 𝑓𝜔 = 𝜔 ∀𝜔 ∈ P𝑟Λ

𝑘 ( 𝑓 ),

and, if 𝑑 ≥ 𝑘 + 1,

d𝑘
𝑟 , 𝑓 𝐼

𝑘
𝑟 , 𝑓𝜔 = d𝜔 ∀𝜔 ∈ P−

𝑟+1Λ
𝑘 ( 𝑓 ).
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Global discrete exterior derivative and DDR complex

Global discrete exterior derivative d𝑘
𝑟 ,ℎ : 𝑋 𝑘

𝑟 ,ℎ
→ 𝑋 𝑘+1

𝑟 ,ℎ
s.t.

d𝑘
𝑟 ,ℎ𝜔ℎ

≔
(
𝜋
−,𝑑−𝑘−1
𝑟 , 𝑓

(★d𝑘
𝑟 , 𝑓𝜔 𝑓

)
)
𝑓 ∈Δ[𝑘+1...𝑛] (Mℎ )

The DDR sequence then reads

𝑋0
𝑟 ,ℎ

𝑋1
𝑟 ,ℎ

· · · 𝑋𝑛−1
𝑟 ,ℎ

𝑋𝑛
𝑟,ℎ

{0}
d0
𝑟,ℎ

d𝑛−1
𝑟,ℎ

17 / 31



Cohomology

Theorem (Cohomology of the Discrete de Rham complex)

The DDR sequence is a complex and its cohomology is isomorphic to the
cohomology of the continuous de Rham complex, i.e., for all 𝑘,

Ker d𝑘
𝑟 ,ℎ/Imd𝑘−1

𝑟 ,ℎ � Ker d𝑘/Imd𝑘−1.
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Discrete 𝐿2-products

We can define on 𝑋 𝑘
𝑟 ,ℎ

a discrete 𝐿2-product (·, ·)𝑘,ℎ : 𝑋 𝑘
𝑟 ,ℎ

× 𝑋 𝑘
𝑟 ,ℎ

→ R:

(𝜔
ℎ
, 𝜇

ℎ
)𝑘,ℎ ≔

∑︁
𝑓 ∈Δ𝑛 (Mℎ )

(∫
𝑓

𝑃𝑘
𝑟 , 𝑓𝜔 𝑓

∧★𝑃𝑘
𝑟 , 𝑓 𝜇 𝑓

+ 𝑠𝑘, 𝑓 (𝜔 𝑓
, 𝜇

𝑓
)
)

Above, 𝑠𝑘, 𝑓 : 𝑋
𝑘
𝑟 , 𝑓

× 𝑋 𝑘
𝑟 , 𝑓

→ R is a stabilisation that satisfies

𝑠𝑘, 𝑓 (𝐼𝑘𝑟 , 𝑓𝜔, 𝜇 𝑓
) = 0 ∀𝜔 ∈ P𝑟Λ

𝑘 ( 𝑓 )

Numerical schemes are obtained replacing spaces, differential operators,
and 𝐿2-products with their discrete counterparts. Yield stable schemes,
with O(ℎ𝑘+1) rates of convergence in energy norm.
[Di Pietro and Droniou, 2021, Beirão da Veiga et al., 2022,
Droniou and Qian, 2023, Di Pietro and Droniou, 2023,
Di Pietro and Droniou, 2022]
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General ideas

It is actually a fully discrete construction (virtual spaces are not required,
but could be identified).

Discrete spaces still made of polynomial components, but some of them
represent traces of exterior derivatives.

Components on 𝑘- and (𝑘 + 1)-cells play a different role to the other ones.

Construction does not intertwine discrete exterior derivative and potential,
and leads to larger spaces.
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Discrete 𝐻Λ𝑘 (Ω) spaces and interpolator

𝑉 𝑘
𝑟 ,ℎ

≔
?

𝑓 ∈Δ𝑘 (Mℎ )
P𝑟Λ

0 ( 𝑓 ) ×
?

𝑓 ∈Δ𝑘+1 (Mℎ )
K1
𝑟+1 ( 𝑓 ) × K0

𝑟 ( 𝑓 )

×
𝑛?

𝑑=𝑘+2

?
𝑓 ∈Δ𝑑 (Mℎ )

K𝑑−𝑘
𝑟+1 ( 𝑓 ) × K𝑑−𝑘−1

𝑟+1 ( 𝑓 ).

𝐼𝑘
𝑟 , 𝑓

𝜔 =

( (
𝜋0
𝑟 , 𝑓 ′ (★ tr 𝑓 ′ 𝜔)

)
𝑓 ′∈Δ𝑘 ( 𝑓 ) ,(

𝜋
K ,1
𝑟+1, 𝑓 ′ (★ tr 𝑓 ′ 𝜔), 𝜋K ,0

𝑟 , 𝑓 ′ (★ tr 𝑓 ′ d𝜔)
)
𝑓 ′∈Δ𝑘+1 ( 𝑓 )

)
,(

𝜋
K ,𝑑′−𝑘
𝑟+1, 𝑓 ′ (★ tr 𝑓 ′ 𝜔), 𝜋K ,𝑑′−𝑘−1

𝑟+1, 𝑓 ′ (★ tr 𝑓 ′ d𝜔)
)
𝑓 ′∈Δ[𝑘+2...𝑑] ( 𝑓 )

)
.

Space 𝑓0 ≡ 𝑉 𝑓1 ≡ 𝐸 𝑓2 ≡ 𝐹 𝑓3 ≡ 𝑇

𝑉0
𝑟 ,ℎ

R = P𝑟Λ
0 ( 𝑓0) {0} × K0

𝑟 ( 𝑓1) {0} × K1
𝑟+1 ( 𝑓2) {0} × K2

𝑟+1 ( 𝑓3)
𝑉1
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓1) K1

𝑟+1 ( 𝑓2) × K0
𝑟 ( 𝑓2) K2

𝑟+1 ( 𝑓3) × K1
𝑟+1 ( 𝑓3)

𝑉2
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓2) K1

𝑟+1 ( 𝑓3) × K0
𝑟 ( 𝑓3)

𝑉3
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓3)
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Discrete 𝐻Λ𝑘 (Ω) spaces and interpolator

𝑉 𝑘
𝑟 ,ℎ

≔
?

𝑓 ∈Δ𝑘 (Mℎ )
P𝑟Λ

0 ( 𝑓 ) ×
?

𝑓 ∈Δ𝑘+1 (Mℎ )
K1
𝑟+1 ( 𝑓 ) × K0

𝑟 ( 𝑓 )

×
𝑛?

𝑑=𝑘+2

?
𝑓 ∈Δ𝑑 (Mℎ )

K𝑑−𝑘
𝑟+1 ( 𝑓 ) × K𝑑−𝑘−1

𝑟+1 ( 𝑓 ).

𝜔ℎ =

(
(𝜔 𝑓 ) 𝑓 ∈Δ𝑘 (Mℎ ) , (𝜔 𝑓 , 𝐷𝜔, 𝑓 ) 𝑓 ∈Δ𝑘+1 (Mℎ ) ,

(𝜔 𝑓 , 𝐷𝜔, 𝑓 ) 𝑓 ∈Δ[𝑘+2...𝑛] (Mℎ )
)
.

Space 𝑓0 ≡ 𝑉 𝑓1 ≡ 𝐸 𝑓2 ≡ 𝐹 𝑓3 ≡ 𝑇

𝑉0
𝑟 ,ℎ

R = P𝑟Λ
0 ( 𝑓0) {0} × K0

𝑟 ( 𝑓1) {0} × K1
𝑟+1 ( 𝑓2) {0} × K2

𝑟+1 ( 𝑓3)
𝑉1
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓1) K1

𝑟+1 ( 𝑓2) × K0
𝑟 ( 𝑓2) K2

𝑟+1 ( 𝑓3) × K1
𝑟+1 ( 𝑓3)

𝑉2
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓2) K1

𝑟+1 ( 𝑓3) × K0
𝑟 ( 𝑓3)

𝑉3
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓3)
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Global discrete exterior derivative

For 𝑓 ∈ Δ𝑘+1 (Mℎ), define d𝑘
𝑟 , 𝑓

𝜔
𝑓
∈ P𝑟Λ

𝑘+1 ( 𝑓 ) by:∫
𝑓

d𝑘
𝑟 , 𝑓𝜔 𝑓

∧ (𝜇 + 𝜈) =
∫
𝜕 𝑓

★−1𝜔𝜕 𝑓 ∧ tr𝜕 𝑓 𝜇 +
∫
𝑓

★−1𝐷𝜔, 𝑓 ∧ 𝜈

∀(𝜇, 𝜈) ∈ P0Λ
0 ( 𝑓 ) × K0

𝑟 ( 𝑓 ),
VEM sequence:

𝑉0
𝑟 ,ℎ

𝑉1
𝑟 ,ℎ

· · · 𝑉𝑛−1
𝑟 ,ℎ

𝑉𝑛
𝑟,ℎ

{0}.
d0
𝑟,ℎ

d𝑛−1
𝑟,ℎ

with

d𝑘
𝑟 ,ℎ𝜔ℎ

≔
(
(★d𝑘

𝑟 , 𝑓𝜔 𝑓
) 𝑓 ∈Δ𝑘+1 (Mℎ ) , (𝐷𝜔, 𝑓 , 0) 𝑓 ∈Δ[𝑘+2...𝑛] (Mℎ )

)
Space 𝑓0 ≡ 𝑉 𝑓1 ≡ 𝐸 𝑓2 ≡ 𝐹 𝑓3 ≡ 𝑇

𝑉0
𝑟 ,ℎ

R = P𝑟Λ
0 ( 𝑓0) {0} × K0

𝑟 ( 𝑓1) {0}×K1
𝑟+1 ( 𝑓2) {0} × K2

𝑟+1 ( 𝑓3)
𝑉1
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓1) K1

𝑟+1 ( 𝑓2)×K
0
𝑟 ( 𝑓2) K2

𝑟+1 ( 𝑓3)×K
1
𝑟+1 ( 𝑓3)

𝑉2
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓2) K1

𝑟+1 ( 𝑓3)×K
0
𝑟 ( 𝑓3)

𝑉3
𝑟 ,ℎ

P𝑟Λ
0 ( 𝑓3)
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Polynomial consistency

Discrete potentials 𝑃𝑘
𝑟 , 𝑓

: 𝑉 𝑘
𝑟 , 𝑓

→ P−
𝑟+1Λ

𝑘 ( 𝑓 ) can be reconstructed from

Stokes’ formula.

Discrete exterior derivative d𝑘+1
𝑟 , 𝑓

: 𝑉 𝑘
𝑟 , 𝑓

→ P−
𝑟+1Λ

𝑘+1 ( 𝑓 ) also, for any
𝑓 ∈ Δ𝑑 (Mℎ) with 𝑑 ≥ 𝑘 + 1 (not just 𝑑 = 𝑘 + 1).

Theorem (Polynomial consistency)

For all integers 0 ≤ 𝑘 ≤ 𝑑 ≤ 𝑛 and all 𝑓 ∈ Δ𝑑 (Mℎ), it holds

𝑃𝑘
𝑟 , 𝑓 𝐼

𝑘
𝑟 , 𝑓𝜔 = 𝜔 ∀𝜔 ∈ P−

𝑟+1Λ
𝑘 ( 𝑓 ),

and, if 𝑑 ≥ 𝑘 + 1,

d𝑘
𝑟 , 𝑓 𝐼

𝑘
𝑟 , 𝑓𝜔 = d𝜔 ∀𝜔 ∈ P−

𝑟+1Λ
𝑘 ( 𝑓 ).
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Cohomology

Theorem (Cohomology of the Discrete de Rham complex)

The VEM sequence is a complex and its cohomology is isomorphic to the
cohomology of the continuous de Rham complex, i.e., for all 𝑘,

Ker d𝑘
𝑟 ,ℎ/Imd𝑘−1

𝑟 ,ℎ � Ker d𝑘/Imd𝑘−1.
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Comparison DDR–VEM–RTN

Discrete space 𝑘 = 0 𝑘 = 1 𝑘 = 2

𝐻1 (𝑇) 4 ♦ 9 ♦ 4 15 ♦ 26 ♦ 10 32 ♦ 50 ♦ 20
𝑯(curl;𝑇) 6 ♦ 14 ♦ 6 28 ♦ 47 ♦ 20 65 ♦ 98 ♦ 45
𝑯(div;𝑇) 4 ♦ 7 ♦ 4 18 ♦ 26 ♦ 15 44 ♦ 59 ♦ 36
𝐿2 (𝑇) 1 ♦ 1 ♦ 1 4 ♦ 4 ♦ 4 10 ♦ 10 ♦ 10

Table: Tetrahedron: dimensions of the local spaces in the DDR ♦ VEM ♦ RTN.

Discrete space 𝑘 = 0 𝑘 = 1 𝑘 = 2

𝐻1 (𝑇) 8 ♦ 15 ♦ 8 27 ♦ 42 ♦ 27 54 ♦ 78 ♦ 64
𝑯(curl;𝑇) 12 ♦ 22 ♦ 12 46 ♦ 69 ♦ 54 99 ♦ 138 ♦ 144
𝑯(div;𝑇) 6 ♦ 9 ♦ 6 24 ♦ 32 ♦ 36 56 ♦ 71 ♦ 108
𝐿2 (𝑇) 1 ♦ 1 ♦ 1 4 ♦ 4 ♦ 8 10 ♦ 10 ♦ 27

Table: Hexahedron: dimensions of the local spaces in the DDR ♦ VEM ♦ RTN.
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Comparison of serendipity DDR–VEM vs. RTN

Discrete space 𝑘 = 0 𝑘 = 1 𝑘 = 2

𝐻1 (𝑇) 4 ♦ 4 ♦ 4 10 ♦ 10 ♦ 10 20 ♦ 20 ♦ 20
𝑯(curl;𝑇) 6 ♦ 9 ♦ 6 23 ♦ 31 ♦ 20 53 ♦ 68 ♦ 45
𝑯(div;𝑇) 4 ♦ 7 ♦ 4 18 ♦ 26 ♦ 15 44 ♦ 59 ♦ 36
𝐿2 (𝑇) 1 ♦ 1 ♦ 1 4 ♦ 4 ♦ 4 10 ♦ 10 ♦ 10

Table: Tetrahedron: dimensions of the local spaces in the sDDR ♦ sVEM ♦ RTN.

Discrete space 𝑘 = 0 𝑘 = 1 𝑘 = 2

𝐻1 (𝑇) 8 ♦ 8 ♦ 8 20 ♦ 20 ♦ 27 32 ♦ 32 ♦ 64
𝑯(curl;𝑇) 12 ♦ 15 ♦ 12 39 ♦ 47 ♦ 54 77 ♦ 92 ♦ 144
𝑯(div;𝑇) 6 ♦ 9 ♦ 6 24 ♦ 32 ♦ 36 56 ♦ 71 ♦ 108
𝐿2 (𝑇) 1 ♦ 1 ♦ 1 4 ♦ 4 ♦ 8 10 ♦ 10 ♦ 27

Table: Hexahedron: dimensions of the local spaces in the sDDR ♦ sVEM ♦ RTN.
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Conclusion

Polytopal exterior calculus: framework for discrete polytopal complexes of
arbitrary order, in the langage of differential forms.

Unifies the analysis of all operators.

Polynomial consistency and same cohomology as the continuous de Rham
complex.

Ensures accuracy and robustness of schemes.

Ongoing work: Poincaré inequalities, analysis tools (adjoint consistency,
etc.).

Thanks!
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Notes and series of introductory lectures to DDR (vector proxy form):

https://math.unice.fr/~massonr/Cours-DDR/Cours-DDR.html
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