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References for this presentation

m Finite Element Exterior Calculus [Arnold, Falk, Winther, 2006, Arnold,
2018]

m Finite Element Systems [Christiansen and Gillette, 2016]

m Virtual element complexes
[Beirdo da Veiga et al., 2016, Beirdo da Veiga et al., 2018]

m Discrete de Rham complexes [Di Pietro, Droniou, Rapetti, 2020],
[Di Pietro and Droniou, 2023]

m Bridges VEM-DDR [Beirdo da Veiga, Dassi, DP, Droniou, 2022]
m Polytopal Exterior Calculus [Bonaldi, Di Pietro, Droniou, Hu, 2023]

m C++ open-source implementation available in HArDCore3D
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https://github.com/jdroniou/HArDCore

Motivation

The Discrete de Rham construction

The Virtual Element construction
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The de Rham complex — scalar/vector-valued functions

grad

HY(Q) 5 H(curl; Q) <% H(div; Q) —% 12(Q) —2 {0}

m Complex: image of an operator included in kernel of the next one.
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The de Rham complex — scalar/vector-valued functions

grad div

HY(Q) &5 H(cwl; Q) L% H(div;Q) % 12(Q) —2 {0}

m Complex: image of an operator included in kernel of the next one.

m Key properties, depending on the topology of Q and providing stability of
PDE models:

no “tunnels” (by =0) = Imgrad = Kercurl (Stokes in curl-curl)
no “voids” (b2 =0) = Imecurl = Kerdiv (magnetostatics)
QCcR3 (b3=0) = Imdiv=L*Q) (magnetostatics, Stokes)
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grad

HY(Q) &5 H(cwl; Q) L% H(div;Q) % 12(Q) —2 {0}

m Complex: image of an operator included in kernel of the next one.

m Key properties, depending on the topology of Q and providing stability of
PDE models:

no “tunnels” (by =0) = Imgrad = Kercurl (Stokes in curl-curl)
no “voids” (b2 =0) = Imecurl = Kerdiv (magnetostatics)
QCcR3 (b3=0) = Imdiv=L*Q) (magnetostatics, Stokes)

m When by # 0 or by # 0, de Rham’s cohomology characterizes
Kercurl/Imgrad and Kerdiv/Imcurl

m Emulating these properties is key for stable discretizations
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The de Rham complex — differential forms

m Differential forms:

m k-forms: mappings w on Q s.t. wy is a k-alternate linear form on R".
m d¥: exterior derivative of k-forms.
m HAK(Q): k-forms w € L? s.t. d¥w e L2.

m The de Rham complex with differential forms:

0 a0 dk—l & dk dan-1 n
HAYQ) — - 2 Ak @) T I HANQ) —— (0)
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The de Rham complex — differential forms

m Differential forms:

m k-forms: mappings w on Q s.t. wy is a k-alternate linear form on R".
m d¥: exterior derivative of k-forms.
m HAK(Q): k-forms w € L? s.t. d¥w e L2.

m The de Rham complex with differential forms:

0 d() dk—l k dk dn—l n
HA(Q) — - s k@) —5 - HAT(Q) — {0}

m For n = 3, the following links are established through vector proxies:

HAY(Q) — s HAY(Q) —X 5 HA2(Q) —£ 5 HAY(Q) — {0}

1 l I

H'(Q) 255 H(curl; Q) %% H(div; Q) —3 12(Q) — {0}
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The Finite Element way

Global complex

T, = {T} conforming tetrahedral/hexahedral
mesh.

m Define local polynomial spaces on each element, and glue them together to
form a sub-complex of the de Rham complex:
d2

d° dt

vy > V) >V} v

l ) { {

HA Q) — %5 HALQ) —Ly HA2(Q) -5 HA3(Q)

m Example: conforming #, —~Nédélec-Raviart-Thomas spaces [Arnold, 2018].
m Gluing only works on special meshes!
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The Finite Element way

Shortcomings

m Approach limited to conforming meshes with standard elements

= local refinement requires to trade mesh size for mesh quality
= complex geometries may require a large number of elements
— the element shape cannot be adapted to the solution

m Need for (global) basis functions
= significant increase of DOFs on hexahedral elements
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Polytopal meshes |

m Local refinement (to capture geometry or solution features) is seamless,
and can preserve mesh regularity.

m Agglomerated elements are also easy to handle (and useful, e.g., in
multi-grid methods).

m High-level approach can lead to leaner methods (fewer DOFs).
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Polytopal meshes Il

Example of efficiency: Reissner—Mindlin plate problem.

Stabilised P,-(P, + B?) scheme ‘ DDR scheme

nb. DOFs Error nb. DOFs Error
2403 0.138 550 0.161
9603 6.82¢-2 2121 6.77e-2
38402 3.40e-2 8329 3.1e-2
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Motivation

The Discrete de Rham construction

The Virtual Element construction
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Domain and polytopal mesh

m Assume Q c R" polytopal (polygon if n = 2, polyhedron if n=3,...)
m We consider a polytopal mesh M, with flat d-cells, 0 < d <n
m d-cells in My, are collected in Ag(My).

When n = 3:

m Ag(My,) = Vy,: set of vertices
A (Mp,) = &y set of edges
Ao (My,) = Fp: set of faces
A3(Mp,) = Tp: set of elements
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General ideas

m Discrete spaces with polynomial components attached to mesh entities,
representing projections of traces of k-forms.
m Recursive and hierarchical construction on d-cells, d = k + 1, ..., n, with
enhancement strategy:
m Discrete exterior derivative

dk

f N PrAk+1 (f)

. vk
'Xr,f

m Discrete potential (playing the role of a k-form inside f), using the discrete

exterior derivative
r f r f - Pr/\k f)

m Reconstructions mimic the Stokes formula: ¥(w, u) € AL(f) x A~ 71(f),

/dfw/\yz(—1)€+1/w/\d"_€_1,u+/ tror w Atrar p
f f of
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Trimmed polynomial spaces

m Let f € Ag(My), fixxy € f, and define the Koszul complement
KE(f) = kP, AT (f) with  (kw)x(,...) = we(x —Xp,...)
m For £ > 1 we define the trimmed polynomial spaces
PrA(f) =P (),
P-ANS) =dP AT @ KE(f) ife=1

Remarks:
o Full space P,AL(f) =dP, AN @ KE(f) (=dK ) @ KE(S)).

o PrAC(S) =P.AY(S),  PrAL(S) =P, AL(S).

m Vector proxies:

m P Al ~ local Nédélec space (face or elements).
m P A? ~ local Raviart-Thomas space (elements).
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Discrete HA*(Q) spaces and interpolator

n

xk, =3 X PIATEp)

d=k feAa(Mn)

k

For w € AK(Q), !lr‘,hw = (ﬂ;,’?_k(* try w))fEA[k,__n](Mh) eX;,
Space |  fo=V fiz=E fo=F fs=T
X | R=PA ) PrANA) PrA(f) PIAY(f3)
X PA(f1) PrA () PrAY(f3)
X2, PN (f2)  PrAN(f)
X2, PN (f3)
Xpaan | R=P(V) P () P (F)  £_,{)
X:url h Pr (E) Rﬂ(F) R(T;‘(T)
ﬂiv,h Pr(F) Nr(T)
P, (Tn) P.(T)
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Discrete local potential and exterior derivative

Ford =k,...,n, all f € Ay(M;), and all W, = (Wg) prerp.a)(f) € g’;,f:
mIfd=k, welet
Pl jw,=x""wp € PAYS)

mifd>k+1:

m Define d¥ w . € P, AF*1(f) such that, for all u € P ATK1(),

f
/fd];,fgf A= (—1)k+1 /f*flwf Adu + ./(Bf P;]\:,(9f‘96_f' Atrgr p.

m Define P} v, € P, AR(f) using P, ATK(f) = dKIFL(f) @ KETK(f):
m For all u € K4-k=1(5),

r+l1

(-1 /f P @y ndp= /f dy pwpAp= /(')f P! op@ap Atros p

m Forall v e ‘Kﬁi_k(f):

/*_1Pf.fgf/\v:/*_la)f/\v.
f f
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Polynomial consistency

Theorem (Polynomial consistency)

For all integers 0 < k < d <n and all f € Agz(My,), it holds

Pl w=w  YoePA(f),

and, ifd > k +1,

df (I o =dw Yo e P A(f).
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Global discrete exterior derivative and DDR complex

m Global discrete exterior derivative er‘h :X’; e X’r”hl s.t.

k . —,d—k-1 k
Ay = (7 ey s 0 0) penn (M)

m The DDR sequence then reads

0 n-1

d
r.h 1 n-1 n
y XL, —> e XL Xy (0}

0
Kr,h
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Cohomology

Theorem (Cohomology of the Discrete de Rham complex)

The DDR sequence is a complex and its cohomology is isomorphic to the
cohomology of the continuous de Rham complex, i.e., for all k,

Kerd) ,/Imdf;! = Kerd*/Imd*~".
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Discrete L?-products

- - 2 ) :
m We can define on X¥ , a discrete L?-product (-, )x.n : X5, x X5, — R:

(Wpo 1) )i = /fPf,fo A *Pf,fgf + Sk (@p p )

fEAn(Mh)(

m Above, si 1 : X'jf xg’;f — R is a stabilisation that satisfies
sepLfpw.p ) =0 Vo ePA(f)

m Numerical schemes are obtained replacing spaces, differential operators,
and L2-products with their discrete counterparts. Yield stable schemes,
with O(h**') rates of convergence in energy norm.

[Di Pietro and Droniou, 2021, Beirdo da Veiga et al., 2022,
Droniou and Qian, 2023, Di Pietro and Droniou, 2023,
Di Pietro and Droniou, 2022]
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Motivation

The Discrete de Rham construction

The Virtual Element construction
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General ideas

m It is actually a fully discrete construction (virtual spaces are not required,
but could be identified).

m Discrete spaces still made of polynomial components, but some of them
represent traces of exterior derivatives.

m Components on k- and (k + 1)-cells play a different role to the other ones.

m Construction does not intertwine discrete exterior derivative and potential,
and leads to larger spaces.
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Discrete HA*(Q) spaces and interpolator

Vip= X o (nx X KL () XKL
feM(Mp) S €A1 (Mp)
n

X >< >< 7(;El+1k(f)><7(;d+1k L.
d=k+2 feAg(Mpy)
k 0
Ly@= ((”r £ 0) pren(py

(%] f,(*trf' w). ) f/(*trf' d0) rearen ()

K,d' —k
(m s, fr (xtrp w), o +1 f’ (*trf' dw))f’EA[k+z d](f))

Space | fo=V fi=E fo=F f3=T

VO, | R=PA% ) {0y xK2(f1) {0} x KL (f2) {0} x K2, (f3)
vl PAY(f) KL () XKD (f2)  KP 2 (f3) x K, +1(f3)
vz, PN (f2) K (f3) X KD (f3)
Ve, P, A (f3)
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Discrete HA*(Q) spaces and interpolator

VEi= X 2 (nx X KL (D XK
feA(Mp) SE€A 1 (Mp)
n

x XX KD )KL,
d=k+2 feAa (M)
Wy = ((wf)feAk(Mn)’ (Wr. D, f) feni (My)-

(@, Do, f) fenpmn..m (Mh))~

Space | fo=V fi=E fo=F f3=T

VO, | =20 {03 xKQ(fA) {0y x KL, (f2) {0} x K2, (f3)
Vi PANf) KL () X KR(f2) KE (f3) x KL (f3)
vz, P, A% (f2) KL, (f3) x KO (f3)
V3

vy, P,A(f3)
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Global discrete exterior derivative

m For f € Arai (Mp), define d* o . € P, AK1(f) by:

/df’fgf/\(u+v)=/ *71waf/\tr,9f,u+/*’1Dw,f/\v
f ’ of f

m VEM sequence:

V(i v) € PyA(f) X KO(F).

gs 1 7?711
Ve, =V, —— e —— vl v —— {0}
with
k — k
gr,hﬂh = ((*dr,fo)fEAAH (Mpn)> (Dw’f’ O)fEAH\+2..,r1|(MI1,))
Space | fo=sV fi=sE fo=F fz=T
Z‘{,h KL, (f2)
ngh KL, (f2) K, (f3)
vz, K (f)
VS

—r,h
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Polynomial consistency

m Discrete potentials Pff : Zf ;o SDrjrlAk(f) can be reconstructed from
Stokes’ formula.

m Discrete exterior derivative df*! : VX - — P A*1(f) also, for any
feAs(Mp) with d > k+1 (not just d =k +1).

Theorem (Polynomial consistency)

For all integers 0 < k < d < n and all f € Agz(My,), it holds
PY I jw=0w  YoeP A()),
and, ifd > k +1,

df (I o =dw Yo e P A(f).
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Cohomology

Theorem (Cohomology of the Discrete de Rham complex)

The VEM sequence is a complex and its cohomology is isomorphic to the
cohomology of the continuous de Rham complex, i.e., for all k,

Kerd) ,/Imdf;! = Kerd*/Imd*~".
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Comparison DDR-VEM-RTN

Discrete space | k=0 k=1 k=2

HY(T) 46904 15026010 32¢500¢20
H(cur,T) | 6061466 28047620 65698645
H(div;T) 46764 18026015 4446599 36

L%(T) 16161 46404 10¢10¢ 10

Table: Tetrahedron: dimensions of the local spaces in the DDR ¢ VEM ¢ RTN.

Discrete space | k=0 k=1 k=2
HY(T) 861508 27042627 54678¢64
H(curl;7) |[12¢22¢12 46669 ¢ 54 99 ¢ 138 ¢ 144
H(div;T) 60906 24632636 56¢71¢ 108
L3(T) 10161 46408 10 ¢ 10 ¢ 27

Table: Hexahedron: dimensions of the local spaces in the DDR ¢ VEM ¢ RTN.
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Comparison of serendipity DDR-VEM vs. RTN

Discrete space | k=0 k=1 k=2

HY(T) 46404 10010010 20 ¢ 20 ¢ 20
H(curl;T) 60906 230631020 53668945
H(div;T) 46704 18¢26¢15 44659 ¢ 36

L%(T) 16161 40404 100106 10

Table: Tetrahedron: dimensions of the local spaces in the sDDR ¢ sVEM ¢ RTN.

Discrete space | k=0 k=1 k=2
HY(T) 868¢8 20020¢27 32632064
H(curl;T) 12615012 39047654 77 ¢ 92 ¢ 144
H(div;T) 60906 24632636 56 ¢ 71¢ 108
L(T) 10101 46408 10 ¢ 10 ¢ 27

Table: Hexahedron: dimensions of the local spaces in the sDDR ¢ sVEM ¢ RTN.
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Conclusion

m Polytopal exterior calculus: framework for discrete polytopal complexes of
arbitrary order, in the langage of differential forms.

Unifies the analysis of all operators.

m Polynomial consistency and same cohomology as the continuous de Rham
complex.

Ensures accuracy and robustness of schemes.

m Ongoing work: Poincaré inequalities, analysis tools (adjoint consistency,
etc.).
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Conclusion

m Polytopal exterior calculus: framework for discrete polytopal complexes of
arbitrary order, in the langage of differential forms.

Unifies the analysis of all operators.

m Polynomial consistency and same cohomology as the continuous de Rham
complex.

Ensures accuracy and robustness of schemes.

m Ongoing work: Poincaré inequalities, analysis tools (adjoint consistency,
etc.).

Thanks!
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m Notes and series of introductory lectures to DDR (vector proxy form):
https://math.unice.fr/~massonr/Cours-DDR/Cours-DDR.html

p—

COURSE OF JEROME DRONIOU FROM MONASH UNIVERSITY, INVITED PROFESSOR AT UCA

» Introduction to Discrete De Rham complexes

Short description (in french)
Summary of notations and formulas

Part 1, first course: the de Rham complex and its usefulness in PDEs, 22/09/22 (video)
Part 1, second course: Low order case, 29/09/22 (video)
Part 1, third course: Design of the DDR complex in 2D, 07/10/22 (video)
Part 1, fourth course: Exactness of the DDR complex in 2D, 10/10/22 (videa)
Part 2, fifth course: DDR in 3D, analysis tools, 17/11/22 (video)
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