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The Stokes problem in curl-curl formulation

m Given Q contractible, v > 0 and f € L?(Q), the Stokes problem reads:
Find the velocity u : Q — R3 and pressure p : Q — R s.t.

—vAu
v(curlcurlu — )+gradp=f inQ, (momentum conservation)
divu=0 inQ, (mass conservation)
curlu xn=0andu-n=0 on dQ, (boundary conditions)
Jop=0

m Weak formulation: relevant Hilbert spaces:

HY(Q) ={q € L*(Q) : gradq € L*(Q) = L*(Q)*},
H(curl; Q) := {v € L*(Q) : curly € LQ(Q)} ,
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The Stokes problem in curl-curl formulation

m Given Q contractible, v > 0 and f € L?(Q), the Stokes problem reads:
Find the velocity u : Q — R3 and pressure p : Q — R s.t.

—vAu
v(curl curlu - )+gradp=f inQ, (momentum conservation)
divu=0 inQ, (mass conservation)
curlu xrn=0andu-n=0 ondQ, (boundary conditions)
Jap =0
m Weak formulation:  Find (u, p) € H(curl; Q) x H'(Q) s.t. /Qp =0

and

/vcurlu-curlv+/gradp~v=/f-v Vv € H(curl; Q),
Q Q Q

—/u-gradq:O Vg € HY(Q)
Q
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Sketch of stability analysis

/vcurlu-curlv+/gradp~v=/f-v Vv € H(curl; Q),
Q Q Q
—/u-gradqzo Vg € HY(Q)
Q

Make v = grad p ~» || grad p|| < || f]| (Il = L?-norms).
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Sketch of stability analysis

/vcurlu-curlv+/gradp~v=/f-v Vv € H(curl; Q),
Q Q Q
—/u-gradqzo Vg € HY(Q)
Q

Make v = grad p ~» || grad p|| < || f]| (Il = L?-norms).

Make v =u and g = p ~> || curlul||> < v=1|| f||[u].
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Make v = grad p ~» || grad p|| < || f]| (Il = L?-norms).
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Sketch of stability analysis

/vcurlu-curlv+/gradp~v=/f-v Vv € H(curl; Q),
Q Q Q
—/u-gradqzo Vg € HY(Q)
Q

Make v = grad p ~» || grad p|| < || f]| (Il = L?-norms).

Make v =u and g = p ~> || curlul||> < v=1|| f||[u].
Estimate ||u||:

m Write u = u®

+ut € ker curl & (ker curl)*.
Poincaré inequality: ||-|| < C|| curl-|| on (ker curl)*

m So |lut| < Cl|lcurlu’t|| = C| curlul||.
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Sketch of stability analysis

/vcurlu-curlv+/gradp~v=/f-v Vv € H(curl; Q),
Q Q Q
—/u-gradqzo Vg € HY(Q)
Q

Make v = grad p ~» || grad p|| < || f]| (Il = L?-norms).

Make v =u and g = p ~> || curlul||> < v=1|| f||[u].
Estimate ||u||:

m Write u = u®

+ut € ker curl & (ker curl)*.

Poincaré inequality: ||-|| < C|| curl-|| on (ker curl)*
m So ||ut| < C|lcurlut| = C| curlu]|.

No tunnel in Q = ker curl = Im grad

m So u¥ = grad g and thus [|u°|| < C|lut|| < C|| curlul|.
m Combine: |[u|| < C||curlul||.
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De Rham complex

m The de Rham sequence is
B —25 BY(Q) 25 H(ewlQ) - H(divi@) 1% 12 —2 (0}

m It is a complex: the range of each operator is included in the kernel of
the next one (i.e. gradig =0, curlgrad = 0, divcurl =0).
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De Rham complex

m The de Rham sequence is
B —25 BY(Q) 25 H(ewlQ) - H(divi@) 1% 12 —2 (0}

m It is a complex: the range of each operator is included in the kernel of
the next one (i.e. gradig =0, curlgrad = 0, divcurl =0).

m It is exact (inclusions ~» equalities) if Q has a trivial topology:

R = kergrad, Imgrad = ker curl, Im curl = ker div, Imdiv = L3(Q).
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De Rham complex

m The de Rham sequence is

gras

R —2% 5@ =Y H(cwl Q) < H(div;Q) 1Y 12(Q) —2 {0)

m It is a complex: the range of each operator is included in the kernel of
the next one (i.e. gradip =0, curlgrad = 0, div curl = 0).

m It is exact (inclusions ~» equalities) if Q has a trivial topology:

R = ker grad, , Im curl = ker div, Imdiv = L?(Q).

Im grad = ker curl

m Exactness = well-posedness of the Stokes problem in curl—curl form
(same for the Stokes problem in A form...).

Reproducing this exactness at the discrete level is instrumental to
designing stable numerical approximations.
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The (trimmed) Finite Element way

Local spaces

m Let T c R3? be a tetrahedron and set, for any k > —1,
PK(T) := {restrictions of 3-variate polynomials of degree < k to T’}

m Fix £k > 0 and write, denoting by x7 a point inside T,

G- (1) Gk (T)

PK(T)? = grad P**(T) & (x — x7) x PK1(T)3
= curl P N(T)3 @ (x — x )P 1(T)

RK(T) REK(T)
m Define the trimmed spaces that sit between P*(T)3 and P*1(T)3:
NU(T) = GX(T) ® GF(T) [Nédélec, 1980]
RT(T) = RY(T) @ REFU(T) [Raviart and Thomas, 1977]

m See also [Arnold, 2018]
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The (trimmed) Finite Element way

Global complex

m Let 7, = {T'} be a conforming tetrahedral mesh of Q and let £ > 0
m Local spaces can be glued together to form a global FE complex:

R s phri(qy) B2y kel (g _cwly gkl (qny Ay pk(qy 0y (o)

[ [ [

R H'(Q) —2% H(eurl; Q) —Ls H(div:Q) — s 12(Q) —2 {0}

m Gluing only works on conforming meshes!
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The Finite Element way

Shortcomings

m Approach limited to conforming meshes with standard elements

= local refinement requires to trade mesh size for mesh quality
= complex geometries may require a large number of elements
— the element shape cannot be adapted to the solution

m Need for (global) basis functions
= significant increase of DOFs on hexahedral elements
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Polytopal meshes |

m Local refinement (to capture geometry or solution features) is
seamless, and can preserve mesh regularity.

m Agglomerated elements are also easy to handle (and useful, e.g., in
multi-grid methods).

m High-level approach can lead to leaner methods (fewer DOFs).
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Polytopal meshes Il
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A practical example of efficency of a polytopal approach

Reissner—Mindlin plate problem.

Stabilised P2-(P! + B3) scheme DDR scheme

nb. DOFs Error nb. DOFs Error
2403 0.138 550 0.161
9603 6.82e-2 2121 6.77e-2
38402 3.40e-2 8329 3.1e-2
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High-level approach of polytopal methods: gains in DOFs

deg. | Disc. H' | Disc. H(curl;Q) | Disc. H(div;Q) | Disc. L?

0 4 (4) 6 (6) 4 (4) 1(1)
1 | 15(10) 28 (20) 18 (15) 4 (4)
2 | 32(20) 65 (45) 44 (36) 10 (10)

Table: Comparisons of DOFs between DDR and Raviart—Thomas—Nédélec (in
brackets) spaces: tetrahedras.

deg. | Disc. H' | Disc. H(curl;Q) | Disc. H(div;Q) | Disc. L?

0 8 (8) 12 (12) 6 (6) 1(1)
1 | 27 (27) 46 (54) 24 (36) 4 (8)
2 | 54 (64) 99 (144) 56 (108) 10 (27)

Table: Comparisons of DOFs between DDR and Raviart—Thomas—Nédélec (in
brackets) spaces: hexahedras.

Can actually be reduced further by serendipity DDR.
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m 2D, lowest order
m 3D, arbitrary order
m Properties
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The 2D de Rham complex

2D de Rham complex on a domain Q c R?:

R —2 H1(Q) % H(rot; Q) —4y L2(Q) —23 {0}
where

rotv = div(p_x/2v),
H(rot; Q) = {v € L>(Q)? :rotv € L*(Q)}.
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Mesh notations

m Mesh My, = (Fp, Ep, Vi) of faces/edges/vertices (edges are oriented).
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Pl consistent approximation of differential operators
Gradient

mlfrePland E €&y,

r(xy,) —r(xy,)

gradr - tg =
|E|

with V4, Vy vertices of E oriented in the direction 7.
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Pl consistent approximation of differential operators
Gradient

mlfrePland E €&y,

r(xv,) —r(xv,)

gradr - tg =
|E|

with V4, Vy vertices of E oriented in the direction 7.
m Discrete H'(Q) space:

Xgrad h — { = (('IV)VE(V/, 1 gy € R}

and interpolator 1 I0 ad b’ :COQ) - X0, st

“—grad,

Lowant = (Fxv))vew,.
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Pl consistent approximation of differential operators
Gradient

mlfrePland E €&y,

r(xv,) —r(xv,)

gradr - tg =
|E]
with V4, Vy vertices of E oriented in the direction 7.

m Discrete H'(Q) space:

Xgrad h — { = (('IV)VE(V/, 1 gy € R}

and interpolator 1 I0 ad b’ :COQ) - X0, st

“—grad,

Lowant = (Fxv))vew,.

m Discrete gradient: GY) = (G%)geg, with G, Xgmd , — Rsit.

qvy, —4qv,

Ghq =
E4y = g
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Pl consistent approximation of differential operators
Scalar curl (rot)

miIfve(PH? and F € 7,

rotv = — wFE/v~tE.
Joror == 35 wre |,

Ec&EF
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Pl consistent approximation of differential operators
Scalar curl (rot)

milfve(PH?and FeF,

rotv = — wFE/v~tE.
Joror == 35 wre |,

Ec&EF

m Discrete H(rot; Q) space:
Xioon = {24y = VE)Ece, : vE €R}
and interpolator !(r)ot’h L CY(Q)2 - X?ot,h s.t.
Lo of = @y o (f - te)Ecw,.

with 73, . orthogonal projector onto PY(E) (i.e., average).
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Pl consistent approximation of differential operators

Scalar curl (rot)

milfve(PH?and FeF,

rotv = — wFE/v~tE.
Joror == 35 wre |,

Ec&EF

m Discrete H(rot; Q) space:
l(r)ot,h = {Kh = (VE)Ees, : VE € R}

and interpolator !?ot,h L CY(Q)2 - X?ot,h s.t.

!?ot,h = (”%E(f “tE))EeV, -

with 73, . orthogonal projector onto PY(E) (i.e., average).

m Discrete rot: €% = (C%)peg;, with CY. :X?ot,h — Rs.t.

1
COV = - wFE|E|vE.
FZh |17| l;g;;F
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Discrete De Rham complex in 2D

Continuous de Rham:

grad

R —23% H1(Q) &% H(rot; Q) —2% 12(Q) —2 {0}

Discrete De Rham:
7g1adh

R gradh 1 rot h 7h 7 PO(E) ) {0}

where PY(7;,) space of piecewise constant functions on 7.
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Discrete De Rham complex in 2D

Continuous de Rham:

R 23 H1(Q) 2% H(rot; Q) —2% 12(Q) —2 {0}

Discrete De Rham:

7g1 ad,h 7},

R—mmX gradh —> roth — PO(E) —> {0}

where PY(7;,) space of piecewise constant functions on 7.

m This is a complex.
m If Q is connected without holes, it is exact.
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m 2D, lowest order
m 3D, arbitrary order
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Mesh notations

m Mesh My, = (Tn, Fi, En, Vi) of elements/faces/edges/vertices, with
intrinsic orientations (tangent, normal).

B wrfp € {+1,-1} such that wrgFnrf outer normal to 7.
m wpg € {+1,-1} such that wpgtg clockwise on F.

nr

b

tp
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Pk_consistent gradient
Edge E

m IBP is the starting point: if g € P**1(E) and r € P¥(E),
/Q'VZ_/‘I r' o+ q(xvy)r(xy,) = q(xv,)r(xy,)
E E ——

ePk-1(E)

with derivatives in the direction ¢g.
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Pk_consistent gradient
Edge E

m IBP is the starting point: if g € P**1(E) and r € P¥(E),
/CI"’ = _/ mppd T +qxv)r(xv,) - qlxv)rxy,)
E E ~——
ePk-1(E)

with 7/, the L?-projection on P*~1(E).
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Pk_consistent gradient
Edge E

m IBP is the starting point: if g € P**1(E) and r € P¥(E),
[ar=-[xhta ' +aturv) - gty
ePk-1(E)
m Space and interpolator:
Klg(rad,E = {QE = (qe. (qv)vevy) : qe € PYHE), qv € R},

I apd = (05 pa, (q(xv)vevy) Vg€ C(E).
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Pk_consistent gradient
Edge E

m IBP is the starting point: if g € P**1(E) and r € P¥(E),
[ar=-[xhta ' +aturv) - gty
ePk-1(E)
m Space and interpolator:

K{;rad,E = {QE = (qe, (qv)vevy) : qe € PXH(E), qv € R},

m Edge gradient les : — PK(E) s.t., for all r € PX(E),

k
: Xgrad, E

/Glf;qEV=—/CIEV'+6]VJ(XV2)—CIVlr(xvl)-
E = E
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Pk_consistent gradient
Edge E

m IBP is the starting point: if g € P**1(E) and r € P¥(E),
[ar=-[xhta ' +aturv) - gty
ePk-1(E)
m Space and interpolator:

K{;rad,E = {QE = (qe, (qv)vevy) : qe € PXH(E), qv € R},

m Edge gradient Gg : — PK(E) s.t., for all r € PX(E),

k
'Xgrad,E
/Glf;qEV=—/CIEV'+6]VJ(XV2)—CIVlr(xvl)-
E - E

m Potential reconstruction yk+! :X{g‘radE — PHIUE) s.t., for all
k+2 H —
ZEP (E)Wlth/Ez—O,

/ 72+12EZ, = _/ GIEQEZ, + QV2Z(xV2) - qV1Z(xV1)‘
E E
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Pk_consistent gradient
Face F

m IBP is the starting point: if g € P**1(F) and v € PX(F)?,

/gradpq-v:—/q divpv + Z wFE/qv-nFE.
F F ~—— E

EESF
ePk-1(F)
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Pk_consistent gradient
Face F

m IBP is the starting point: if g € P**1(F) and v € PX(F)?,

/Fgradpq-v:—/n';{}q divpvy + Z wFE/qv~nFE.
F E

EESF
ePk-1(F)
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Pk_consistent gradient
Face F

m IBP is the starting point: if g € P**1(F) and v € PX(F)?,

/gradpq-v:—/n';{}q divpvy + Z wFE/qv~nFE.
F F E

EESF
ePk-1(F)

m Space and interpolator:
X;‘rad,p = {gF = (qr. (gE)Ecer (qv)vey,) :
gr € PXUF), qp € PUE), v € R},

!f;rad,Fq = (ﬂ’g(»}q, (ﬂl,é_,émE)EesF, (g(xv))vevy) Vg € C(F).
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Pk_consistent gradient
Face F

m IBP is the starting point: if g € P**1(F) and v € PX(F)?,

/gradpq-v:—/n';{}q divpvy + Z wFE/qv~nFE.
F F E

EESF
ePk-1(F)

m Space and interpolator:
X{;rad,p = {gF = (qr. (gE)Ecer (qv)vew,) :

gr € PUE), qp € PUE), v € R},

m Face gradient lep :X’g‘rad P Pr(F)? s.t., for all v € P¥(F)?,

k i k+1
/FGFQF-V:—‘/Fquva+ Z cuws/E}/E+ 4,V nFE.

EE(SF
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Pk_consistent gradient
Face F

m Space and interpolator:

Xraar = {4, = @r @p)pcse (@Ivew,)

qr € Pk_l(F), qE € Pk_l(E), qy € R},

m Face gradient G% :X]g‘radF — PK(F)? s.t., for all v € P¥(F)?,

k Ly =— i k+1 .
/FGFQF V= /FQFdlvFv+ Z wFE/)/E 4,V MFE.

EEE/F E

m Potential reconstruction 71’,‘,” :X{;radF — PKL(F) s.t., for all

z € ROM*2(F) = (x —xp)PHL(F),
/y§+1ngisz=—/G§gF-z+ Z lUFE/)’}k;lgEZ'nFE
F F Ecer F

(divp : REK+2(F) — PL(F) s an isomorphism.)
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P*_consistent gradient
Element T

Same principle! Based on IBP we determine:

m An additional unknown (g7 € P*~1(T)) to get the space X*
its meaning to get the interpolator I*

—grad,T"’ and

—grad,T"
. k . yk k(T3
m A formula for the element gradient G : X, — P*(T)".
m A potential reconstruction PX*L . xk s pkel(T),

grad,7 * —grad,T
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Principles of the Discrete de Rham method

Contrary to FE, do not seek explicit (or any!) basis functions.

Replace continuous spaces by fully discrete ones made of vectors of
polynomials,

m Polynomials attached to geometric entities to emulate expected
continuity properties of each space,

Create discrete operators between them.

E

DDR complex:

15 Gk ck Dk
R =R xk wn —= XA, /= XK PR(T) —25 {0}.

“—gra curl,h =
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Xt the discrete H(curl; Q) space

—curl,A’

m For P=F,T, set

k 2
O I L ]

m Discrete H(curl; Q) space:

Xin = {Kh = (vr1. VR )T VR VR pFer, (VE)EEE,)
vrr € RYH(T) and vl 7 € ROK(T) for all T € Ty,
vr.r € R (F) and vl . € RO¥(F) for all F € 7,

and vy € PX(E) for all E € ah},
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Xt the discrete H(curl; Q) space

—curl,A’
m For P=F,T, set

k 2
R = LI RAE) = @ anp P

m Discrete H(curl; Q) space:
Xin = {Zh = ((vR1> VR P)TeThs (VRF VR p)Fes,» VE)Ees,)
vr.r € R¥1(T) and Ve € REK(T) for all T € Ty,
vr.r € RE-1(F) and Ve € REK(F) for all F € F,

and vi; € PX(E) for all E € ah},

m Interpolator: lfuﬂ nY =V, with
vg = L2-projection on PKE) of v - tE,
VRF, VR p = L>-projections on Rk_l(F), REK(F) of Vi.F,
VRT» Vg = L2-projections on R*"1(T), R“K(T) of v.
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Xt the discrete H(curl; Q) space

—curl,A’

m For P=F,T, set

k 2
O I ]

m Discrete H(curl; Q) space:

Xin = {Kh = (vr1. VR )T VR VR p)Fer, (VE)EEE,)
vrr € R1(T) and Ve € REK(T) for all T € T,
vr.r € R(F) and vl . € RO¥(F) for all F € 7,

and vy € PE(E) for all E € ah},

m Potential reconstructions for X* :
curl, T

m tangent trace yi‘F :X’C‘uﬂ F Pk(F)2,
m element potential PX - : Xk . — Pk(T)3.
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Discrete gradient

DDR complex:

—h

ad Dk
R gr ] gradh —> curlh —> 1vh —h> Pk((iil) —O> {0}

Discrete gradient: project the face/element/edge gradients
G!I(" : X]g(rad T Pk(T)B’ Gk grad F Pk(F)Q’
k . yk k
GE . Xgrad,E - P (E)

onto the proper spaces.
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Discrete gradient

DDR complex:

—h

ad Dk
R gr ] gradh —> curlh —> d1vh —h> Pk(ﬁ) —O> {0}

Discrete gradient: project the face/element/edge gradients
Gk grad T Pk(T)d’ Gk grad F Pk(F)Q’
GE grad E Pk(E)

onto the proper spaces. A vector v, € Xcurl nl

v,=(C ver , var )ren.( VRE » Vap Jres,»( VE )Eecs,)
——

S~—— —— S~—— ——
eREUT) ek (T) eRNU(F) eRek (F) €PH(E)
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Discrete gradient

DDR complex:

—h

ad Dk
R gr ] gradh —> curlh —> d1vh —h> Pk(ﬁ) —O> {O}

Discrete gradient: project the face/element/edge gradients
Gk grad T Pk(T)B’ Gk grad F Pk(F)Q’
GE grad E Pk(E)

onto the proper spaces. A vector v, € Xcurl nl

v,=(C ver , var )ren.( VRE » Vap Jres,»( VE )Eecs,)
—_ — —_— —_——
eRKTI(T) cRek(T) eRNL(F) ek (F) ePH(E)
So:
Qﬁgf((ﬂﬁg}qu 7 G ) Ted
(75 +Grd, 15 GEq rer,» (GEq )Eea,,q)
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Discrete De Rham complex
m 2D, lowest order
m 3D, arbitrary order
m Properties

Pressure-robust scheme for Stokes equations

Numerical tests
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Algebraic properties

DDR complex:
lérad If Gt k C;( k DZ k 0
R ’ X{g(rad,h — Xcurl,h 715 Xdiv,h 1 P (771) 1 {0}

m It is a complex.
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Algebraic properties

DDR complex:
Lgrad,l k G} k ch k Dj; k 0
R ? Xorad,n > Xewn — Xy — P75 () — {0}

m It is a complex.

m If Q has a trivial topology, it is exact
[Di Pietro et al., 2020, Di Pietro and Droniou, 2021a].
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Algebraic properties

DDR complex:
Lf;rad,l k Qt k QZ k DZ k 0
R ? Xorad,n > Xewn — Xy — P75 () — {0}

m It is a complex.

m If Q has a trivial topology, it is exact
[Di Pietro et al., 2020, Di Pietro and Droniou, 2021a].

m For a general Q, it has the same cohomology as the continuous de
Rham complex [Di Pietro et al., 2022].
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L?-like inner products

m Local L2-like inner product on the DDR spaces: for
(e,¢) = (grad, k + 1), (curl, k) or (div, k),

(7, y1)o.T = /Pf’TxT Pl oyr+ser(xr.yr)  Var.yr € X5 o
T
(se.7 penalises differences on the boundary between element and face
potentials).

m Global L2-like product by standard assembly of local ones.

~> schemes for PDEs by replacing continuous spaces/operators/inner
products with the DDR spaces/operators/inner products.
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Analytical properties

co(Q) H2%(Q)3 H(Q)3

k k k
llgrad.h llcurl, h lld iv,h
k ck

Xk —>Q” Xk — 5 xk —>D’ﬁ P(Tn
—grad,h Zcurl,h Zdiv,h ( h)

(* )grad,h (> Deurl,h (* )div.h ()2

m For stability, Poincaré inequalities: control of x;, € (ker dlg)i by dﬁxh
k _ 1k k k
(for dh = Qh,gh,Dh).
m For consistency:
m Primal consistency for potentials: approximation properties of
Pf,h Olf,h; gives consistency of discrete L2-inner products.
m Primal consistency for differential operators: approximation properties
of dﬁ ozlf h (comes from commutation properties).
m Adjoint consistency: control error in discrete integration-by-parts.
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Poincaré inequalities

Notation: a < b if a < Cb for C only depending on k and the mesh
regularity factor.

Theorem (Poincaré inequality for D¥

Di Pietro and Droniou, 2021b, Di Pletro and Droniou, 2021a
It holds:

”gh”grad,h < ”Qigh”cml,h VC] € (KerG )L

k
W, llaiv.n < 1D3w,ll2@) YW, € (Ker Dj)*,
and, if Q is simply connected and does not enclose any void,

1§, Nlewt.n S IC4E, llaivn V&, € (Ker €)™

m Essential to use the complex exactness to get stability of numerical
discretisations.
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Primal consistency

Theorem (Consistency of potential reconstruction and stabilisation

Di Pietro and Droniou, 2021a
It holds, for (e,) = (grad, k + 1), (curl, k) or (div, k),

1P 1

Sof = Flleey +serE o f 18 1) < RGP Flen )

Vf e HY(T)
(caveat for e = curl).

m Comes from local polynomial consistency: P’ T[’: X1 = x7 and
se.r(IX px7,7) = 0 if xp € PU(T).

m Gives consistency of discrete L? inner products.
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Commutation properties

Theorem (Commutation properties of differential operators

Di Pietro and Droniou, 2021a
We have

Gr(Isan®) = Ly p(gradr) — Vre CY(Q),

Crll 7)) =15, (curlt) V1 e H(Q)®,

h(ldiv’hw) = ﬂp’h(dlvw) vw € H (Q)3.

grad

cl(Q) = Q)

k k
lzgmdh lgm,h
k

Qh
—grad h cu.rl h
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Commutation properties

Theorem (Commutation properties of differential operators

Di Pietro and Droniou, 2021a
We have

Gfl(lk adnl) = _Curl ,(gradr) Vr e CH(Q),
Crlb n7) =I5, (curlt) V1 e HY(Q)®,
h(Idw WW) = np’h(dlv w) Yw € Hl(Q)g.

m Together with the consistency of potential reconstruction, provides
optimal approximation properties of the differential operators.

m Essential for robust approximations (e.g. pressure-robust for Stokes,

locking-free for Reissner-Mindlin...).
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Adjoint consistency

Theorem (Adjoint consistency for the discrete gradient

Di Pietro and Droniou, 2021a

For all v € C°(Q) N Hy(div; Q) N H™&x(k+1.2) () and q, € XE an

(!cur] hv th )C“rl ht / div Pgrad hq

1
< WY e (g ||Q£gh lleurt, -

m Similar adjoint consistencies for the curl, divergence.

m Essential for error estimates when IBP are involved in the weak
formulations.
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Stokes in curl—curl formulation and de Rham complex

Finite element complexes, and the need for polytopal complexes

Discrete De Rham complex
m 2D, lowest order
m 3D, arbitrary order
m Properties

Pressure-robust scheme for Stokes equations

Numerical tests
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Discrete weak curl—curl formulations of Stokes

m Weak formulation: Find (u, p) € H(curl; Q) x H'(Q) s.t. fgp =0 and

/vcurlu-curlv+/gradp-v:/f~v Vv € H(curl; Q),
Q Q Q

—/u~gradq=0 Vg € HY(Q)
o)
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Discrete weak curl—curl formulations of Stokes

m Weak formulation: Find (u, p) € H(curl; Q) x H'(Q) s.t. fgp =0 and

/vcurlu - curly +/gradp v = / f-v Vv e H(curl; Q),
Q Q Q
—/u~gradq=0 Vg € HY(Q)
Q
m Set
k . k . k —
Xgrad,h,o T {Z/ € Xgrad,h . (Z ’lgrad,hl)grﬂd’h - 0} :

m DDR scheme: Find 1, € X il @Nd p, € Xk such that

grad,h,0
v(Cru,, C*v Vaiv.n + (GEp ,v,) =I*  fov) vy, € X¥
CnlbpEp¥p)divn TGP s Vi Jeurlh = Loy pJ > ¥p)ewrlh - V¥V € Xoyp o
k _
_(thh’ Eh)curl,h =0 Vq € Xgrad h,0°

Choice of discrete source term & commutation properties of DDR
operators ensures pressure robustness...
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Error estimates

Theorem (Pressure-robust estimates [Beirdo da Veiga et al., 2022
Setting the graph norms

k 12 k
” ”curllh - “ “curlh+||gh.”divh on Xcurlh’
2
I12aa, 1.0 = 1 12aa s + 1G s llewrth 00 X5 1o

we have:
k k k+1
”Eh _!cuﬂ,hu”curl,l,h + ”Bh -1 rad,hl’”grad,l,h S Ci(u)h .

=g

with C1(u) depending u and some of its derivatives, but not p.
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Stokes in curl—curl formulation and de Rham complex

Finite element complexes, and the need for polytopal complexes

Discrete De Rham complex
m 2D, lowest order

m 3D, arbitrary order

m Properties

Pressure-robust scheme for Stokes equations

Numerical tests
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Setting |

= Q=(0,1)3

m Voronoi mesh families (similar results on tetrahedral meshes):

(a) Voronoi mesh
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Setting I

m Exact solution: for some A4 > 0,

p(x,y,2) = Asin(27x) sin(2xy) sin(27z) ,
% sin(2mx) cos(2my) cos(27z)
1

u(x,y,z) = |5 cos(2zx) sin(2my) cos(27z) | .

— cos(2mx) cos(2my) sin(2nz)

m Measured errors:

m Discrete norms as in the theorem:

d k
E, = ”Eh - !curl,hu”curl,l,h >

d k
Ep = ||I_7h _Lgrad,hp”grad,l,h'

m Continuous norms between reconstructed potentials and solutions:

k k
Ey = IPgyy plty —ullL2() +1ICLu,, — curlullz2 (g,

Ej, = |IG}p, —gradpll 2 (q)-
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Setting IlI

m Implementation in the HArDCore3D library!, using the Intel MKL
Pardiso solver?.

The HArDCore3D library also includes a serendipity version for DDR
[Di Pietro and Droniou, 2022b], which leads to a reduction of more than
50% of the solving time.

Thttps://github.com /jdroniou/HArDCore
2https:/ /software.intel.com /en-us/mkI
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Results; 1 =1

—+—FE¢ k=0——E° k=1, E°, k=2
~x- EY k=0;,-e Ed k=1;-9 E k=2

F T T E|
g 10t E
100 | E L ]
[ 1 100 E
1071 E i i
10-2 ; ' : 107! E
i 1 1 i ]
L 1 1 1 1 1 E 1 1 1 1 E|

10-98  10-06 1004 1002 10-98  10-06 1004 1002
(a) Errors on u (b) Errors on p
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Results: 1 = 10°

—+—E° k=0;,——E° k=1, E° k=2
-+~ EY k=0;,-e EY k=19 EY k=2

é 1wl 1
100 3 10% ¢ 8
I | 102 .
107 F E
: : 10() - |
1072 E
£ - L L L ] 102 | | | L
10708 10706 10704 10792 10708 10706 10704 10702
(a) Errors on u (b) Errors on p
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Conclusion: Discrete De Rham

m Discrete exact sequences yield stable schemes even for models with
“incomplete” differential operators.

m Support of polytopal meshes and arbitrary degree of accuracy.

m Full set of analysis results: Poincaré inequalities, primal and adjoint
consistency, commutation properties, etc.

m Systematic serendipity reduction of number of DOFs (on any polytopal
mesh).

m Analysis of cohomology for generic topologies (future work: construct
generators of cohomology groups).
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Conclusion: Discrete De Rham

m Discrete exact sequences yield stable schemes even for models with
“incomplete” differential operators.

m Support of polytopal meshes and arbitrary degree of accuracy.

m Full set of analysis results: Poincaré inequalities, primal and adjoint
consistency, commutation properties, etc.

m Systematic serendipity reduction of number of DOFs (on any polytopal
mesh).

m Analysis of cohomology for generic topologies (future work: construct
generators of cohomology groups).

m Other applications/complexes:

Magnetostatics equations [Di Pietro and Droniou, 2021b].
m Reissner—Mindlin plates [Di Pietro and Droniou, 2021c].

m Yang—Mills equations [Droniou et al., 2022].
]
u

Stokes complex [Hanot, 2021].
Plates complex [Di Pietro and Droniou, 2022a].
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m Notes and series of lectures:

https://math.unice.fr/~massonr/Cours-DDR/Cours-DDR.html

COURSE OF JEROME DRONIOU FROM MONASH UNIVERSITY, INVITED PROFESSOR AT UCA

« Introduction to Discrete De Rham complexes

Short description (in french)
summary of notations and formulas

Part 1, first course: the de Rham complex and its usefulness in PDEs, 22/09/22 (video)
Part 1, second course: Low order case, 29/09/22 (video)

Part 1, third course: Design of the DDR complex in 2D, 07/10/22 (video)

Part 1, fourth course: Exactness of the DDR complex in 2D, 10/10/22 (video)

Part 2, fifth course: DDR in 3D, analysis tools, 17/11/22 (video)
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https://math.unice.fr/~massonr/Cours-DDR/Cours-DDR.html

Thank you!
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