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Main references for this presentation

O Key challenges and bridges among convergence analysis techniques for
polytopal methods. L. Beirdo da Veiga, D. A. Di Pietro, J. Droniou.
2026. https://arxiv.org/abs/2605.23405.

O Arbitrary-order pressure-robust DDR and VEM methods for the Stokes
problem on polyhedral meshes. L. Beirdo da Veiga, F. Dassi, D. A. Di
Pietro, J. Droniou. Comput. Methods Appl. Mech. Engrg. 397, Paper
No. 115061, 31p, 2022. doi: 10.1016/j.cma.2022.115061.
https://arxiv.org/abs/2112.09750.
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Continuous problem
O V Hilbert space with norm ||-||y.

O a:V XV — R continuous bilinear form, £ : V — R continuous linear
form.

O Continuous problem: Find u € V s.t.

a(u,v) =£€(v) Vv eV.
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Setting

Continuous problem
O V Hilbert space with norm ||-||y.

O a:V XV — R continuous bilinear form, £ : V — R continuous linear
form.

O Continuous problem: Find u € V s.t.
a(u,v) =£€(v) Vv eV.

Discrete problem
O Vi Euclidean space with norm |||y,
O ayp : Vp XV, — R bilinear form, £, : Vi, — R linear form
0 Discrete problem: Find uj € Vj, s.t.

an(up,vp) = h(va) Vv € Vp.
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Continuous problem
O V Hilbert space with norm ||-||y.

O a:V XV — R continuous bilinear form, £ : V — R continuous linear
form.

O Continuous problem: Find u € V s.t.
a(u,v) =£€(v) Vv eV.

Discrete problem
O Vi Euclidean space with norm |||y,
O ayp : Vp XV, — R bilinear form, £, : Vi, — R linear form
0 Discrete problem: Find uj € Vj, s.t.

anp(un,vi) = €(ve)  Vvp €Vp.
May have V), ¢ V (could even be V = H}(Q) and V), = RN ).
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Abstract error estimate

O Assume coercivity of the discrete form:

alwally, < an(wp, wh).

O Take Inu € Vy, “interpolate” of the solution u to the continuous problem.
O Simple algebra:

allun = Inully, < an(up—Inu, up—Ipu) = & (up = Ipw) = ap (I, = Iyw).
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Abstract error estimate

O Assume coercivity of the discrete form:

alwally, < an(wp, wh).

O Take Inu € Vy, “interpolate” of the solution u to the continuous problem.
O Simple algebra:

allun = Inully, < an(up—Inu, up—Ipu) = & (up = Ipw) = ap (I, = Iyw).

O Define the consistency error:

En(vn) = Cn(v) —an(Ipu,vyp)  Yvp €Vy

so that

allun = Inully, < En(un = ) < 1 Enllvy lun = Inully,.

Related to similar concept for non-conforming FE, see [10].
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Abstract error estimate

Consistency error: &y, (vy) =€, (vy) — ap(Ipu, vy) Vv € V.

This is the error obtained when plugging the (interpolate of) exact solution
into the scheme.

Theorem (Estimate of the approximation error)

If ay, is coercive with constant a then

llun = Inully, <@ |Enllv; .

Remark (The conforming case)

In the conforming case V), C V, the difference u — u,, makes sense and

llu —unlly < llu = Inully + llup — Iully < llu = wlly + e |Enllv-.
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Complexes and Hodge—Laplace problem

Commuting diagram of continuous and discrete complexes:

-1 _d7Tt i d vl
Vi > Vi > Vi

i—-1 di‘_l \ i d;' \ i+1
Vh > Vh > Vh

with discrete inner product (-,-); on V;.

V7 subspaces of V* with enough regularity for the interpolations I; to be
defined (or could use quasi-interpolators [12, 9, 1, 5]).

Discrete Hodge-Laplace: find (uy, pp) € V;;‘l X V;'l such that

(Unsvi)i-1,h = (Prsdi7 V)i =0 Vvy € Vi,

(dy " un, qn)in + (dypns dygn)isin = bulqn) — Yan €V,
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Complexes and Hodge—Laplace problem

Discrete Hodge-Laplace: find (uy, pn) € V;;‘l X V;; such that
(U, vi)i—t,h = (Prodly ' v)in = 0 Vvy € Vi,

(dy wnsqn)in + (d,pndjyqn)icin = tu(qn) — Yqn € Vj,.

Equivalent formulation: find (up, pn) € V;;_l X V;; such that
an((unspn)s Vo qn)) = Ca(qn)  Y(vn,qn) €V, ' XV},
where

an((uns pr)s Vi qn)) = (n, vi)i-1.0 = (Prs diy " vi)ion
+ (di un, qn)in + (dypns diyqn)ivt -
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Interpretation of the adjoint consistency error

0 Assume £4(qn) = (Il g, qn)in and recall g = d'~tu + 6" 1d'p.
O Use the commutation Ij,d = dy I, to write:

Ennsqn) = [ d= T, qn)in + (1,6 (d'p). qn)in]
= (I wvp)icin + (I pady R
- Wv an)in — (LA p), dyqn)ist,n
= (6" (d'p). qn)isn — (I (d' p). d}yqn)isrn
+ (I p,dy  i)in — (1716 povi)icin
= &;,(d'pian) = &7 (pivi)-

— . T
&) (w;w) = (I} 6" w,wi)jn — (I w, dywh) ja1n

~» Defect of the adjointness of §/*! and di through the discrete inner
products.

Quantities identified in Daniele’s talk.
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Virtual framework

From hereon, £(v) = (f,v)L for some f € L, with L — V.

O Virtual element space V,, C V on a mesh 7j,.

O Bilinear (symmetric) form ay (wp,vp) = Yreg, ar(wr, vr) with:
o Polynomial consistency: for some Pr C Vr,

ar(w,vr) = ajr(w, vr) Y(w,vr) € Pr x Vr.
o Coercivity and local boundedness:
a (Vi vi) 2 [Ivally ar(vr,vr) < Ivrlly,, VT € T

O Linear form: For some P C Pr and H% the L-orthogonal projection on
Pr (assumed computable on V7):

Gvi) = ) (F VD)L,

TeT,

Finite elements: take Pr = Pr = Vr.
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Estimate of consistency error

O Introduce —€(vy) + a(u,vy) = 0 to decompose the consistency error:

En(vn) = th(vh) = €(vy) + a(u, vy) — ap(Lpu, vy).

=&¢.n =Ea.n
O For w € Pr, properties of ar:
Consistency
air(u,vr) —ar(Iru,vr) = " ar(u—w,vr) +ar(w —Iru, vr)

1
Boundedness 2 2 3
< (= i, + =Tl ) vr v

O Estimate on &, 5:

[V

Ean s (Ilu—IhuII%+ E inf |lu—wl|, ) IVallv.
wePr Ir
TeTn

15/43



Estimate of consistency error

O Introduce —€(vy) + a(u,vy) = 0 to decompose the consistency error:

En(vn) = h(vh) = t(vy) +a(u, vy) — ap (L, vy).

=8¢ =8Ea,n

0O Estimate on &y, p:

N =

2 : 2
San S (Ilu — Thully + E inf |lu —WIIV,T) Ivallv.
wePr
TeTn

O Estimate on & p:

Een = Z (f, Nfvr = V1)L, = Z (MEf - f, VT) Ly

TeTn T,

(Zuf i f||L|T) vallv.

TeTn
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Theorem (Error estimate for the VEM scheme)

Assume the polynomial consistency, continuity and coercivity of the bilinear
form ay. Then,

1
2

lhas = Tnally ||u—1hu||v+lZ(wig;T||u Wiz, +1If - HfIILlT)l

TeT,

. . . . L
O Trzn;lates into rates of convergence, by approximation properties of I
an T-

O Also requires approximation properties of the interpolator to estimate
llu = Lnully .

Can be quite challenging to establish (especially for curl and div-based
problems)...
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Estimating the consistency error

m Through conforming lifting
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Fully discrete setting

O Discrete space V;, not necessarily subspace of V, could be made of vector
of DOFs.

O Bilinear (symmetric) form aj(Ws, Vi) = Yreq, ar(wr, vr) with:
o Coercivity and local boundedness:

ap(Vp, vp) 2 ||\Vh||§/h, ar(vr,vr) ||VT||§/T VT € Ty,.

O Linear form: Assume a reconstruction R% :Vr — L7 and set

bvn) = Y (Fs REVE)L

TeT,
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Conforming lifting

We assume the existence of Ly : V;, — V that satisfies:
O Polynomial consistency. For all T € 7y,
ar(lrw,vr) = ajir(w, (Lpva)ir)  Y(w,vi) € Pr X Vp;
O Projection on ﬁr. Forall T € 7,
1% (Lyvi) i = Rvr Yvr € Vr;
O Boundedness. For all v;, € V,,

ILavallv < lIvally,-

Remarks: [8]
¢ Lifting can be explicit (e.g., in a FE space on a submesh).

¢ Can be (relatively) easy to construct for problem based on grad, much
more challenging for problems based on curl, div.
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Estimate of the consistency error

Similar to the virtual approach, with lifting replacing virtual functions.

O Introduce —€(Lyvy) + a(u, Lpvy,) = 0 to decompose the consistency error:

En(vn) = th(vi) = €(Lpvp) +a(u, Lpvy) — ap(lpu, vi).

::8(,;, =38a,h
o For w € Pr,

Consistency Ly,

ajr(u, Lpvy) — ar(lru, vr) ajr(u—w, Lpvy) + ar(Ir(w —u), vr)

Boundedness ar

< lu = wllvig I Lavillviy + 17 (w = @) [lvg [[vr llvg-

0O Estimate on &,,5: by boundedness of Ly,

2
Ean < (Z Jnf (e =l + (- w>||%,,)) Ivnlly-

TeT,
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Estimate of the consistency error

O Introduce —€(Lyvy) +a(u, Lpvy,) = 0 to decompose the consistency error:

En(vn) = Ch(vp) — €(Lpvp) +a(u, Lpvy) — ap(lpu, vi).

=Er.n =8a,n

0O Estimate on &,,4: by boundedness of Ly,

N|=

. 2 2
Ean < (Z it (e = wli, + (- w)||\VT)) valy-

TeT,
O Estimate on & p:

Proj. on P;
Een = Z (f, REvr — Lypvr)ry o2t T Z (f, T (L) = LnVn)L;
77 77

< (Z If - H%fIIZT) Ivally

TeT,
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Error estimate

Theorem (Error estimate for the fully discrete scheme)

Assume the coercivity and continuity of ay, and the existence of an adapted
conforming lifting. Then,

lup = Dpully,
3
: 2 2 L 2
< L;r (w1?£7 (||u Sl N ‘,‘,-)||VT) +f - HTf”L'T)l
h

O No need for approximation properties of interpolator in V-norm, just
pure polynomial approximation properties.
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Estimating the consistency error
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Algebraic equivalence between schemes

O In virtual elements, there is a DOFs map isomorphism oy, : V), = V.
O Both schemes are therefore strictly equivalent if

an(-,-) = ap(on, on), T = Ry oo
Expresses that aj, and HIf are computable from the DOFs.

o Ly= 0'}:1 can be used as lifting, but more explicit approaches (e.g., FE
lifting on submesh) can be far easier to design and analyse.
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Continuous and discrete norms

Assume ay(-,-) = ap(op-, o).

O Two norms on the virtual space Vy:

continuous norm ||-|ly, and discrete norm |lo, - ||y, (computable).

O Virtual analysis based on ||-||v, fully discrete analysis based on ||oy, - ||y, -

Proposition (Continuous and discrete norm equivalence on virtual space)

Consider the properties (locally or globally)

ay, Is coercive and bounded for the V-norm, (Vcb)
ay, Is coercive and bounded for the Vj,-norm, (FDcb)
Continuous and discrete norms are equivalent. (E)

We have:
o If (Vcb) and (FDcb) hold, then (E) holds.
o If (E) holds, then (FDcb) and (Vcb) are equivalent.
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Continuous and discrete norms

ay, is continuous and coercive for the V-norm, (Vceb)
ay, is continuous and coercive for the Vj-norm, (FDcb)
Continuous and discrete norms are equivalent. (E)

O (E) can be very challenging to obtain, because virtual functions are not
polynomial functions (no obvious trace/inverse inequality, implicitly
defined by PDEs in the elements).

O (E) usually used to prove the continuity of the interpolator Ij, on virtual
space (defined through o7,), and thus its approximation properties.

O (Vcb) very often implicitly obtained through (FDcb) and (E).
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Application to DDR and VEM schemes for Stokes equations
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The Stokes problem in curl-curl formulation

O Given Q contractible, v > 0 constant and f € L?(Q), the Stokes
problem reads:

Find the velocity u : @ — R3 and pressure p : Q — R s.t.

-vAu
v(curl curlu — )+gradp=f inQ, (momentum conservation’
dive =0 inQ, (mass conservation)
curlu xn=0andu-n=0 on dQ, (boundary conditions)
Jap =0

0 Weak formulation: Find (u, p) € H(curl; Q) x H' () such that

v(curlu,curlv);2 + (grad p,v);2 = (f,v)2 Vv € H(curl; Q),
—(u,gradg);2 =0 Vg € H(Q),
(p, 1)L2 = O
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DDR scheme

0 Weak formulation: Find (u, p) € H(curl; Q) x H'(Q) s.t.

v(curlu, curlv);z + (grad p,v);2 = (f,v)r2 Vv € H(curl; Q),

—(u,gradq);> = 0 Vg € H'(Q),
(p, ].)L2 =0.
0 Scheme from the DDR method of [6]: set Vj, := X[, , XXgrad , and find

(lih,ph) eV, s.t., for all (gh,qh) eV,

k k
V(QZE;,? gzzh)div,h + (th—)h’ Kh)curl,h = (lcuﬂ‘/lfv Kh)curl,h’
k
_(thh’ Eh)curl,h =0,

(Eh’ lgrad,hl)grad,h =0.
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VEM scheme

0 Weak formulation: Find (u, p) € H(curl; Q) x H'(Q) s.t.
v(curlu,curlv);2 + (grad p,v);2 = (f,v)2 Vv € H(curl; Q),
—(u,gradq);2 =0 Vg € H(Q),
(p, 1)L2 = 0

O Scheme from the VEM method of [2]: set V}, := VZ x V| and find
(wp, pn) € Vy, s.t., for all (vy,qpn) € Vi,

[curluy, curlvy]ys + [grad pp.valve = [17 /. valve,
—[grad gp, up]ve =0,
(ph’ 1)L2 =0.

29/43



Stability and pressure-robustness

O Stability follows from exactness of the discrete complexes, together with
Poincaré inequalities for grad and curl [3, 4, 6, 7]

Same argument as for the analysis of the continuous model.

O Pressure-robustness achieved owing to a commutation property, which
leads to pressure invariance:

DDR VEM
G (Lf ) = Loy (grady) grad(Z"y) = I*(grad )

Usual FE approaches for robustness: H(div;Q)-conforming
reconstruction of the test functions. [11]
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Error estimates

Theorem (DDR)
Setting

2
”—h”curl Lh = ”vh”curlh +1C Gy 5 s

2
19, Waead 1. = 19, Izeaa o + 1G5, leurt s

we have:

”l_‘h - !ﬁurl,hu”curl,l,h + ||I_7h - Igrad,hp”grad,l,h < Cl(u)hr+1-

with C1(u) depending u and some of its derivatives, but not p.

Theorem (VEM)
We have:

lwn — Zfullg eusse) + 1pn — ' pllai @) S Co(u)h*.

with Cy(u) depending u and some of its derivatives, but not p.
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Adjoint consistency for the curl (global Stokes formula)

O Measure of defect in discrete integration-by-parts: for w € Hy(curl; Q) and
w, € X,

Zcurl,h’
— . r . r
8curl(ws mh) - ‘/g;w Chmh + Lcurlw Pcurl,hih

O Daniele’s claim:

|Ecwt(@, w,)| < B ([l grer @) 1€, ldiv.n + || curl || gre o) 1w, llou k)
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Adjoint consistency for the curl (global Stokes formula)

O Measure of defect in discrete integration-by-parts: for w € Hy(curl; Q) and
w, € X,

Zcurl,h’
— . r . r
8curl(ws mh) - ‘/g;w Chmh + [zcurlw Pcurl,hih

O Daniele’s claim:

|Ecwt(@, w,)| < B ([l grer @) 1€, ldiv.n + || curl || gre o) 1w, llou k)

O Proof by conforming lifing: with Ly, : X7 ., — H(curl;Q),
o Subtracting

/w ~eurl(Lw,) + / curlw - (Lpw,,) 2P 0,
Q Q
we have

Eewt(w, W) :/w-[Cth—curl(Lhmh)]+/curlw-[szlhmh—thh].
Q Q ’
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Adjoint consistency for the curl (global Stokes formula)

O Daniele’s claim:
1
|Ecurt(@, w,)| < B (loll grer @) IC,W ), ldiv.n + || curlo|| gres @) 1w, lleurt, i)

O Proof by conforming lifing: with Ly, : X{ ,, — H(curl; Q),
o We have

Eeurt(w, W) =/w-[Cth—curl(Lhmh)]+/curlw-[qurl wWh—Linw,].
Q Q ’

o Design Lj, with L2-projection properties on P’ (7)3:

Cow, =np (carl(Lyw,)),  Pry,w, =ng (Lpw,).
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Adjoint consistency for the curl (global Stokes formula)

O Daniele’s claim:
1
|Ecurt(@, w,)| < B (@l g @) 1€ W, laiv.n + | carl ol g @) 1w, llcurtn)

O Proof by conforming lifing: with Ly, : X7, — H(curl;Q),
o We have

Eeurt(w, W) =/w-[Cth—curl(Lhmh)]+/curlw-[qurl wWh—Linw,].
Q Q ’

o Design Lj, with L2-projection properties on P’ (7)3:

Cow, =np (carl(Lyw,)),  Pry,w, =ng (Lpw,).

o Substitute and use self-adjoint properties of n%l - 1Id:

Eewl(w, W) = /[(ﬂ'%’ - I(l)w]'curl(Lhmh)+/[(ﬁf'rh —ld)curlw]-Lyw,,.
Q Q

Et voilal
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Adjoint consistency for the divergence

Sometimes, direct manipulation can be much easier...

O Adjoint consistency error: for g € Ho(grad; ) and v, € X7, .

Saiv(q.v,) = /Q‘IDZKh +/Qgradq‘Pﬁiv,hKh-
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Adjoint consistency for the divergence

Sometimes, direct manipulation can be much easier...

O Adjoint consistency error: for g € Ho(grad; ) and v, € X7, .

Saiv(q.v,) = /Q‘IDZKh +/Qgradq‘Pﬁiv,hKh-

0 Definition of Pl ,: for all w € P71 (7)),

/Pgiv,hﬁh'gradhwz /th + Z Z wTF/VFWIT-
Q

TeTn, FeFr

O Subtract and use Yreq;, XFes WTF fF vrq =0 to get
Eaiv(q,v,) = .[2 (q—w)Dpy, + ‘/Qgrad(q =) Pl v,

+ Z Z a)TF/vF(/‘T—u)

TeT, FeFr

33/43



Adjoint consistency for the divergence

Sometimes, direct manipulation can be much easier...

O Adjoint consistency error: for g € Ho(grad; ) and v, € X7, .

Saiv(q.v,) = /Q‘IDZKh +/Qgradq‘Pﬁiv,hKh-

0 Definition of Pl ,: for all w € P71 (7)),

/Pgiv,hﬁh'gradhwz /th + Z Z wTF/VFWIT-
Q

TeTn, FeFr

O Subtract and use Yreq;, XFes WTF fF vrq =0 to get
Eaiv(q,v,) = .[2 (q—w)Dpy, + ‘/Qgrad(q =) Pl v,

+ Z Z wTF/VF(I‘T—l1).

TeT, FeFr

r+l1

7 q--- et voilal

Make w = 7
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Numerical tests

Slides:

34/43



Setting

0 Q=(0,1)3.

O Voronoi mesh families (similar results on tetrahedral meshes):

(a) Voronoi mesh
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Setting

O Exact solution: for some 1 > 0,

p(x,y,72) = Asin(27x) sin(2ny) sin(27z) ,
% sin(27x) cos(2my) cos(2rz)
u(x,y,z) = % cos(2mx) sin(2my) cos(27z) | .

— cos(2mx) cos(2my) sin(27z)

O Measured errors:

o Discrete, using interpolates of exact solutions, e.g.:
d k d
Ey = luy, = Loy p#llewrtin,  E, = | grad py — grad(Z,"p)llr2(q)

From the theorems, expected < C(u)h™*!.

o Continuous, using reconstructions from approximate solutions, e.g.:
d
E, = Clu;, —curlu||;2q), E), = | gradp, —gradpllr2(q)
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Setting

o DDR and VEM implemented in the HArDCore3D library!, using the Intel
MKL Pardiso solver?.

The HArDCore3D library also includes a serendipity version for DDR, which
leads to a reduction of more than 50% of the solving time.

https://github.com /jdroniou/HArDCore

2https:/ /software.intel.com /en-us/mkl
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Results: 4 =1, errors on u

——E°, r=0;,——E° r=1,—o-E° r=2
-+~ EY r=0;,-0-EY r=1;,-9-E r=2

F T T T T | § 7

I | 10t E

10° E E! r 1
I 1 0% ]
107t E ; ]
i I (S E
1072 E El E E
5 | | | | ] L | | | | ]

10—0.8 10—046 10—0.4 10—0.2 10—0.8 10—0.6 10—0.4 10—0.2
(a) DDR scheme (b) VEM scheme
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, €rrors on u

——E°, r=0;,——E° r=1,—o-E° r=2
-+~ EY r=0;,-0-EY r=1;,-9-E r=2

F T T T T | § 7

I | 10t E

10° E E! r 1
I 1 0% ]
107t E ; ]
i I (S E
1072 E El E E
5 | | | | ] L | | | | ]

10—0.8 10—046 10—0.4 10—0.2 10—0.8 10—0.6 10—0.4 10—0.2
(a) DDR scheme (b) VEM scheme
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Results: A =1, errors on p

——E°, r=0;,——E° r=1,—o-E° r=2
-+~ EY r=0;,-0-EY r=1;,-9-E r=2

T T
10t ¢ E 10t F E
10° E
[ 1 100 £ E
107 E
i 1wt ]
S | | | | E| L | | | |
10—0.8 10—046 10—0.4 10—0.2 10—0.8 10—0.6 10—0.4 10—0.2
(a) DDR scheme (b) VEM scheme
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, €rrors on p

EC

-%- E4d

r=0,—e—E°r=1,-<E° r=2

r=1;-9o Ed r=2

,r=0;-e Ed

1

108 [ E 106
10°
7 10*
10°
10% |- 102
10!

0l
10 100

107!

1072

1 1 1 1 1 1 1 1
10708 10706 10794 1070-2 10708 10796 10704 1079-2

(a) DDR scheme (b) VEM scheme
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Conclusions

O Notion of adjoint consistency error naturally arises in error analysis,
measures defect of discrete IBP (adjointness of discrete/continuous
operators).
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Conclusions

O Notion of adjoint consistency error naturally arises in error analysis,
measures defect of discrete IBP (adjointness of discrete/continuous
operators).

O Three approaches to analysing this error: virtual (FE-like), fully discrete
through lifting, direct estimate.

0 Comparing virtual and fully discrete highlights key norm equivalence,
which can drive the design of stabilisation terms.

Proof of nom equivalence (or coercivity/boundedness of virtual forms)
can be very tricky due to the non-polynomial nature of virtual functions.
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Conclusions

O Notion of adjoint consistency error naturally arises in error analysis,
measures defect of discrete IBP (adjointness of discrete/continuous
operators).

O Three approaches to analysing this error: virtual (FE-like), fully discrete
through lifting, direct estimate.

0 Comparing virtual and fully discrete highlights key norm equivalence,
which can drive the design of stabilisation terms.
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