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The Stokes problem in curl-curl formulation

m Given Q contractible, v > 0 and f € L?(Q), the Stokes problem reads:

Find the velocity u : @ — R3 and pressure p : Q — R s.t.

—-vAu
v(curl curlu — )+gradp = f inQ, (momentum conservation)
divu=0 inQ, (mass conservation)
curlu xn=0andu-n=0 on dQ, (boundary conditions)
Jap =0

m Weak formulation: relevant Hilbert spaces:

HY Q) = {q € L%(Q) : gradg € L*(Q) = L2(Q)3} ,
H(cur; Q) == {v € L*(Q) : curlv € L*(Q)},
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The Stokes problem in curl-curl formulation

m Given Q contractible, v > 0 and f € L?(Q), the Stokes problem reads:

Find the velocity u : Q — R3 and pressure p : Q — R s.t.

-vAu
v(curlcurlu — )+gradp =f in Q, (momentum conservation)
divu=0 inQ, (mass conservation)
curluxnrn=0andu-n=0 ondQ, (boundary conditions)
Jap =0
m Weak formulation:  Find (u, p) € H(curl; Q) x H'(Q) s.t. fgp =0

and

/vcurlu-curlv+/gradp-v:/f-v Vv € H(curl; Q),
Q Q Q
—/u-gradq:O Vg € HY(Q)
Q
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Sketch of stability analysis

/vcurlu-curlv+/gradp~v=/f-v Vv € H(curl; Q),
Q Q Q
—/u-gradqzo Vg € HY(Q)
Q

Make v =u and g = p ~> || curlul||®> < v || f]| |||
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/vcurlu-curlv+/gradp~v=/f-v Vv € H(curl; Q),
Q Q Q
—/u-gradqzo Vg € HY(Q)
Q

Make v =u and g = p ~> || curlul||®> < v || f]| |||
Estimate ||u||:

m Write u = u®

+ut € ker curl ®(ker curl)*.
Poincaré inequality: || - || < C|| curl:|| on (ker curl)*

m So |lut| < C|lcurlut| = C|| curlul|.
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Sketch of stability analysis

/vcurlu-curlv+/gradp~v=/f-v Vv € H(curl; Q),
Q Q Q
—/u-gradqzo Vg € HY(Q)
Q

Make v =u and g = p ~> || curlul||®> < v || f]| |||
Estimate ||u||:

m Write u = u®

+ut € ker curl ®(ker curl)*.
Poincaré inequality: || - || < C|| curl:|| on (ker curl)*
m So |lut| < C|lcurlut| = C|| curlul|.

No tunnel in Q = ker curl = Im grad

m So u? = grad g and thus ||u°| < Cllut|| < C|| curlul]].
m Combine: |u|| < C|| curlu]||.

Make v = grad p ~ || grad p|| < || f]l.
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De Rham complex

m The de Rham sequence is
R~ 1Y@ % Hiewl Q) < H(div;Q) ~% £2(@) — (0}

m It is a complex: the range of each operator is included in the kernel of
the next one.
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De Rham complex

m The de Rham sequence is
R~ 1Y@ % Hiewl Q) < H(div;Q) ~% £2(@) — (0}

m It is a complex: the range of each operator is included in the kernel of
the next one.
m Exact complex (inclusions ~» equalities) if Q has a trivial topology:

R = kergrad, Imgrad = ker curl, Imcurl = kerdiv, Imdiv = L%(Q).
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De Rham complex

m The de Rham sequence is

grad,

R —23% gl(Q) 2% H(curl;0) <2 H(div;Q) % 12(Q) —2 (0}

m It is a complex: the range of each operator is included in the kernel of
the next one.

m Exact complex (inclusions ~» equalities) if Q has a trivial topology:

R = ker grad, , Imcurl = ker div, Imdiv = LQ(Q).

Im grad = ker curl

m Exactness = well-posedness of the Stokes problem in curl—curl form
(same for the Stokes problem in A form...).

Reproducing this exactness at the discrete level is instrumental
to designing stable numerical approximations.
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Mesh notations

m Mesh My, = (Tn, Fn, En, Vi) where:
m 7}, set of elements,
m Fy, set of faces, with Fr faces attached to T € 7}, and each F € F,
oriented by the choice of a normal nf,
m &), set of edges, with Ef edges attached to F € ¥, and each E € &,
oriented by the choice of a tangent ¢,
m V), set of vertices.

m wrp € {+1, -1} orientation of F € Fr w.r.t. T, such that wrpnpg
outer normal to T.

m wrg € {+1,—1} orientation of E € E w.r.t. F, such that wrgtg
clockwise on F.
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Overview: Discrete de Rham

Principle:

m Replace continuous spaces by fully discrete ones made of vectors of
polynomials,

m Polynomials attached to geometric entities to emulate expected
continuity properties of each space,

m Create discrete operators between them.

E

DDR complex:

k

I, G ci D
R =% XK n — > XE, —— X5, — PRI —— {0}
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Overview: Discrete de Rham

DDR complex:

Ikm i Ql; Qk Dk
R s Xgrad,h ’ l(I:(url,h . Xﬁiv,h h; Pk(ﬁ) . 1 {0}
Example: For P=F,T, set

REL(P) = curlPX(P),  RYK(P) = (x —xp) P (P).

Discrete H(curl; Q) space:

Xfurl,h = {Kh = (R VR )T eTns VRF VR p)Fers (VE)EEE),)
vrr € REHT) and v, o € ROK(T) for all T € 75,
vr.r € R*(F) and v o € ROK(F) for all F e 7,

and vi € PX(E) for all E € ah},

m vg ~ projection of tangential component to E.
® VR p, Vi p ~ Projections on REL(P), ROK(P).
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Overview: Discrete de Rham

Restriction to a face:

Xfurl,F = {KF = (vRF VR p> VE)EeSE)
vr.r € RE(F) and v, . € RO4(F),

and vg € PX(E) for all E € SF},

m Integration-by-parts: for a smooth v,

/(rotp V) rpz/v-rotprp— Z wFE/(v~tE)rp.
F F E

EcéEF
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Overview: Discrete de Rham

Restriction to a face:
k .
Xewlr = {KF = (vRF VR p> VE)EeSE)
ver € RK(F) and vs, . € ROF(F),

and vg € PX(E) for all E € SF},

m Integration-by-parts: for a smooth v,

/(rotpv) er/v-rotFrF— Z wFE/(v~tE)rp.
F F E

EcéEF

m ~> discrete face curl Ck : X* .~ — PK¥(F) such that

F ' Z—curLF

/C?KFFFz'/‘V'R’F'I"OtFrF— Z wFE/vErp.
F F E

EcEr

ko k. yk k
Cy. = face component of € : X, — X§,
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Overview: Discrete de Rham

m Potential reconstructions for X* :
curl, T

m tangent trace yX . : XK - PE(F),

. k k k
m element potential P . Xewrr 2P (T).

LT °

2 |ike i koo
m [-like inner product on X¢ ) 7

_ k k
Yy Wpdewl,r = /T PorVr  PoirWr +Scun,r (Y, W),

(Seurl,r penalises differences on the boundary between element and
face potentials).
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Overview: Virtual Element Method

Principle:

m Replace continuous spaces by finite-dimensional subspaces of functions
that are not fully known,

m Select spaces and DOFs to ensure that key quantities (projections) are
computable,

m These quantities should allow the computation of the relevant DOFs
of the grad, curl, div of the functions.

VEM complex:

i grad curl div 0
R—= Vo * Vi > Vi » Vi > 0,
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Overview: Virtual Element Method

VEM complex:

i grad curl div 0
R— V2., > Ve A > VY 5 0,

Example:
Vi = {v € H(curl; @) such that vy € V{(T) VT € Ty},
with
VE(T) = {v € LX(T) : divy € PEH(T), curl(curly) € PX(T),
ver € VE(F) VF € Fr, v-tg single valued on E € ST},

VE(F) = {v € L2(F) : divpv € PX(F), rotr v € Pk(F),}
v-tg € PX(E) VE € Ep.
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Overview: Virtual Element Method

VE(T) = {v € LX(T) : divy € PEH(T), curl(curly) € PX(T),
ver € VE(F) VF € Fr, v-tg single valued on E € ST},

VE(F) = {v € L(F) : divpv € PX(F), rots v € Pk(F),}
v-tg € PX(E) VE € &p.

m Degrees of freedom (DOFs) — known quantities on v € Vi(T):
m [.(v-tg)p for all p € PK(E), for all E € &,
[ /F v-(x —xp)p for all p e PK(F), for all F € Fr,
m [ rotpv p forall p e PK(F) with [, p=0, forall F € 7.
m [ov-(x—xp)p forall p e PAI(T),
u fT(curlv) -((x—x7)xp) forall pe Pk(T).
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Overview: Virtual Element Method

m Degrees of freedom (DOFs) — known quantities on v € V¢(T):
w [.(v-tp)p for all p € PX(E), for all E € &,
u /F v-(x —xp)p for all p e PX(F), for all F € Fr,
m [ rotpv p forall p e PK(F) with [, p=0, forall F € 7.
[ /T v (x —x7)p for all p e PE-1(T),
m [ (curly) - ((x —x7) x p) for all p € P¥(T).

m Computable projection: n';;;vt,p e PHL(F) given by

/ 71'].;;:1 vi - (rotpr+ (x —xp)p)
F

= ‘/Frot,:v r+ Z wFE/E(V'tE)r"'/FV’((x_xF)P)

EcEp
Vr € PK2(F), Vp € PR(F).
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Overview: Virtual Element Method

m Also computable: n’;)’Tv and all the DOFs of curly in V/.
m L2-like inner product on Vi(T), computable from the DOFs:
vr.wrlvea) = /T ﬂ];J’TVT'ﬂl;J’TWT +ST((1—7T’;>,T)KT,(1—”’%,7)£T),

for suitable s .
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Two complementary visions |

Virtualising DDR: there exists
X, cHY(Q), X;{cH(cwrlQ), XicH(div;Q)
such that the following diagram commutes:

grad

curl div
Xe, > X¢ > X! > P (Th)

lzz (DoF) \LH (DoF) ln (DoF) lld
k

g/’l

k Qﬁ} k k Dy .
Xgrad,h Xcurl,h — Xdiv,h — P (771)
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Two complementary visions |l

Fully discretising VEM: let

Vi, . Ve, Vi = spaces gathering the DOFs of Vi',,, V¢, V}.
Discrete operators can be created such that the following diagram
commutes:

d .
V]?_,_l gra N Vke curl> V;: d1v> Pk(ﬁ,)

\L?Z (DoF) \LZI (DoF) \LU (DoF) lld
.k Ce,k Df,k

Via = Vi == Vi —= PH(T)
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Discrete weak curl—curl formulations of Stokes

m Weak formulation: Find (u, p) € H(curl; Q) x H*(Q) s.t. /Qp =0 and

/vcurluocurlv+/gradp'v=/fov Vv € H(curl; Q),
Q Q Q
—/u-gradq:() Vg € H'(Q)
Q

m Set
k k —
Xgrad h, 0- {q € Xgrad h * (Zh’ Zgrad,h]‘)grad,h - O} .

m DDR scheme: Find u, € Xmlﬁ and p, € X{g{rad,h,o such that

k
V(gﬁﬂh,gzzh)div,h + (Qil_jh’ Kh)curl,h = (lcurl,hf’ Kh)curl,h \/vh € Xcurl he

_(Q;’(lgh’ Eh)curl,h =0 Vzh € Kgrad,h,()'
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Discrete weak curl—curl formulations of Stokes

m Weak formulation: Find (u, p) € H(curl; Q) x H*(Q) s.t. fgp =0 and

/vcurlu-curlv+/gradp'v:/f-v Vv € H(curl; Q),
Q Q Q
—/u~gradq=0 Vg € HY(Q)
Q

m Set
Viro = {q € Vi /Qq = 0}'

m VEM scheme: Find u,, € Vi and pj € Viiio such that
[curluh,curlvh]ka +[grad pu,vilve = [Z f.vnlve Vv, € Vi,

—[grad gp, uplve =0 Yan € Vi o-
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Stability and pressure-robustness

m Stability follows from exactness of the discrete complexes, as for the
analysis of the continuous model.

m Pressure-robustness achieved owing to a commutation property, which
leads to pressure invariance (as in Daniele’s presentation):

DDR VEM
G (LK an) = Ly, (grad ) grad(1"y) = I (grady)

Usual FE approaches for robustness: H(div;Q)-conforming
reconstruction of the test functions.
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Error estimates

Theorem (DDR)
Setting

Kk, 12
||Kh||cur1 Lh = ||Kh||cur1 n F NGV i s
k
||61 ”grad 1,h — ”q ”grad h + ”thh”curl,h»

we have:

hk+1

k k
”Eh - _cmhhu”curl,l,h + ”Eh - Igrad‘hP”grad,l,h S Ci(u)
with C1(u) depending u and some of its derivatives, but not p.

Theorem (VEM)
We have:

len — Zeu b curr) + lpn — Il @) < Co(u)RE*L

with Co(u) depending u and some of its derivatives, but not p.
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Setting

m Q=(0,1)3
m Voronoi mesh families (similar results on tetrahedral meshes):

(a) Voronoi mesh
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Setting

m Exact solution: for some 4 > 0,

p(x,y,2) = Asin(2nx) sin(27y) sin(27z) ,
% sin(27x) cos(2my) cos(2nz)

u(x,y,z) = % cos(2nx) sin(2ny) cos(27z)
— cos(2mx) cos(2my) sin(27z)

m Measured errors:

m EJ and E;l in discrete norms between the approximate solutions and
the interpolates of the exact solution (as in the theorems).

E.g.’ E,(l1 = ”Zh _L]:(url’hu”curl,l,h-

m E; and £}, in continuous norms between reconstructed
potentials/projections of the approximate solutions and the exact
solution.

Eg: E} =llpn - plai(q)-
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Setting

m DDR and VEM implemented in the HArDCore3D library?, using the
Intel MKL Pardiso solver?.

The HArDCore3D library also includes a serendipity version for DDR, which
leads to a reduction of more than 50% of the solving time.

Thttps://github.com /jdroniou/HArDCore

2https:/ /software.intel.com /en-us/mkI
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Results; 1 = 1, errors on u

—+—FE¢ k=0——E° k=1, E°, k=2
~x- EY k=0;,-e Ed k=1;-9 E k=2

10° E

107! E

1 El [ o 1

L 1 1 1 1 1 1 1 1
10798 1070-6 10704 1070-2 10708 1070-6 10704 10792

(a) DDR scheme (b) VEM scheme
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Results; 4 =1, errors on p

—+—FE¢ k=0——E° k=1, E°, k=2
~x- EY k=0;,-e Ed k=1;-9 E k=2

10t | 4 10t E
100 |- E |
r 1 10° F -
107 E r / 1
F 1 1 10 5 1 E

1 1 1 1 1 1 1 1
10798 1070-6 10704 1070-2 10708 1070-6 10704 10702

(a) DDR scheme (b) VEM scheme
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Results: 1 = 10°, errors on u

—+—FE¢ k=0——E° k=1, E°, k=2
~x- EY k=0;,-e Ed k=1;-9 E k=2

10° E

107! E

L 1 1 1 1 | 1 1 1 1
10798 1070-6 10704 1070-2 10708 1070-6 10704 10792

(a) DDR scheme (b) VEM scheme
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Results: 1 = 10°, errors on p

106

10*

10%

10°

1072

,k=0,——FE° k=1,—-E° k=2
 k=0;-0EY k=1;-9 E9 k=2

| 106
10°
1 10t
10°

10%

= L

T Tl

1 1
10708 10706 1070
(a) DDR scheme

1 1 1 1
.4 10702 10708 1070-6 10704

(b) VEM scheme

L
10702
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Conclusion

m Discrete exact sequences yield stable schemes even for models with
“incomplete” differential operators.

m DDR and VEM are two examples of discrete exact sequences
applicable on polytopal meshes and of arbitrary degree of accuracy.

m The two approaches (fully discrete, and virtual) are complementary
views.

m Commutation property key to obtaining pressure-independent
estimates for Stokes.
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Conclusion

m Discrete exact sequences yield stable schemes even for models with
“incomplete” differential operators.

m DDR and VEM are two examples of discrete exact sequences
applicable on polytopal meshes and of arbitrary degree of accuracy.

m The two approaches (fully discrete, and virtual) are complementary
views.

m Commutation property key to obtaining pressure-independent
estimates for Stokes.

Thank you!

26 /27



References |

@ Beirdo da Veiga, L., Brezzi, F., Dassi, F., Marini, L. D., and Russo, A. (2018).
A family of three-dimensional virtual elements with applications to magnetostatics.
SIAM J. Numer. Anal., 56(5):2940-2962.

@ Beirdo da Veiga, L., Dassi, F., Di Pietro, D. A., and Droniou, J. (2022).
Arbitrary-order pressure-robust DDR and VEM methods for the Stokes problem on
polyhedral meshes.

Comput. Meth. Appl. Mech. Engrg., 397(115061).

@ Di Pietro, D. A. and Droniou, J. (2021).

An arbitrary-order discrete de rham complex on polyhedral meshes: Exactness, poincaré
inequalities, and consistency.
Found. Comput. Math., page 80p.

@ Di Pietro, D. A. and Droniou, J. (2022).
Homological- and analytical-preserving serendipity framework for polytopal complexes, with
application to the DDR method.
Submitted.

@ Di Pietro, D. A., Droniou, J., and Rapetti, F. (2020).

Fully discrete polynomial de Rham sequences of arbitrary degree on polygons and polyhedra.
Math. Models Methods Appl. Sci., 30(9):1809-1855.

27 /27



	Stokes in curl–curl formulation and de Rham complex
	The DDR and VEM complexes
	Pressure-robust scheme for Stokes equations
	Numerical tests

