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Discrete problem

m Continuous problem: Find (o, u) € H(curl; Q) x H(div; Q) s.t.

/U'T—/H'CIEIT:O VTEH(CUI'I;Q),
Q Q

/curla-v+/divudivv:/f~v Vv € H(div; Q)
Q Q Q

m The DDR problem reads: Find (o,,u,) € Lmlh X Xdlv n St
(@) Tpeurt,n — (1, C Th)dw h= VY, € X5
(Ch& sy )aiv +/ /f Phi v, Y2, € XGo e
_lh(Kh)

m Stability follows as in the continuous case using exactness properties of

k

—curl h Xle h Pk (7;1) {O}
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Inf-sup property

m The DDR problem reads: Find (o,,,u,) € Xfuﬂ,h Xlgiv,h s.t.
(@ Tpewth — (@, Ch Ty )aivan = 0 ¥z, € X o
(Che sV )divn + /Q Dju, Dyv, = 1n(v,) Vv, € X5
m Recast: Ay (@), 1), (),,v,,)) = ln(v),) with
An((@ ), (T, 21)) = (T30 Tpewtn — (g, ChT ) )div.h

k k k
+ (ghgh’ﬁh)div,h + ‘/sz Dyu,Dyv,.
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Inf-sup property

m Recast: Ap((a),.u,,), (x,,v,)) =1l(y,) with
An(@), ) (T,,2,)) = (T, Tpdeurth — (U, CR T, )ativ

k k k
+ (ghghaﬁh)div,h +[2Dh£hDhKh-

Theorem Di Pietro and Droniou, 2021b

ﬂh((ghvﬂh)v (Ih’ Kh))

I (Ih’ Kh) ||1,curl><div,h

sup 2 (g, uy)

k k
@ovp) €X g 1 ¥ X iy

1,curl xdiv,h

where

k
(@5 i)t curt x divn = 1T llewrt,n + 1€, T lldiv, n
k
+ v, llaiv.n + 1D3v, 29
and ”'”ih = (-, -)e.n for & = curl, div.

Notation: a < b for a < Cb with C independent of h.
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Proof of inf-sup property

ﬂh((ghv Eh)’ (zh’ Kh)) = (gh’ zh)curl,h - (Eh: g]]izh)div,h

ko ok
+(Ch0,.v )d1Vh+/QDhl_lhDhKh‘

Let

S= sup An(@yps 1), (24:2))

(t;,-v5) ”(Ehvzh)nl,curlxdiv,h )

m Make (7,.v,) = (0,.u,):

+||Dku

ey, ”curl h PL “LE(Q)

” (gh’ _h) ||1,6url><d1v,h
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Proof of inf-sup property

ﬂh((ghvzh)’ (Zh’ Kh)) = (gh»zh)curl,h - (Eh’gzzh)div,h

k k k
+(ghgh’zh)di"»h+/S;Dhl—lhDhKh‘

Let
S: Sup ﬂh((ghagh)a(zhazh))

@y 1@ )l xdiv,e

= Make (z,.v,) = (0,Cya,) and use Im C}; ¢ Ker DX:

k 2
“ghgh “div,h

" @y ) curtx divan
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Proof of inf-sup property

k
ﬂh((gwlh), (Zhalh)) = (ngh)curl,h = (u,,, €, 7 )div.n
+ (gl;lg],pzh)div,h +/Dllf<1£hDﬁKh
Q

Let
An (T uy,), (T,:v,))

S= .
@y 1@ 2l cur x div,h

m Write u;, = u} +u; € Ker DX ® (Ker D¥)* and use the
Poincaré inequality: |, [ldiv.n < ||DZZLI|L2(Q)
: kL _ pk
together with Dyu; = Dyu, to get

2 k 2
||£;1_”div,h < ”Dh£h|lL2(Q) <S ”(ghsﬂh)nl,curlxdiv,h
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Proof of inf-sup property

k
ﬂh((gh’lh)’ (Iha Kh)) = (ngh)curl,h - (Eh’ ghzh)div,h
k k k
+ (€05 v )div,n + / Dju,Dyyy,.
Q

Let
An((y,uy,), (T,7,))

(T,-vs) ” (Ih, Kh) ||1,cur1><div,h '

S=

m Use KerD,k; C Imgz to find éh € (Kerg’;)l s.t. gﬁéh =uj, and
notice the

Poincaré inequality: ||, [leurl.i < ||Q2£h||div’h.
Use (7,,,v,) = (—{h,Q) to deduce

S “(gh,ﬂh)nl,curlxdiv,h

2
> llujillgivn = g laivnll @ laiv.n = Cllay et kg laiv,h-
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Poincaré inequalities

Theorem (Poincaré inequality for D;‘; and g,ﬁ)

m The mapping Dﬁ . (Ker D’Z)l — PX(T) is an isomorphism, and
W), llaiv.n S IDfw,ll2@  Yw, € (Ker D).

m /f Q does not enclose any tunnel, then Q (KerC )+ — Ker Dk is
an isomorphism. If Q is moreover simply connected, then

1€, llews,i < ICKE, Nlaiv.n ¥, € (KerCp)*.

m Isomorphisms direct consequence of exactness of the discrete sequence.
m Poincaré for Dk: using the continuous equivalent and the
k .
commutation property Dk Ile = Tpp div.
m Poincaré for gfl relies on the low-order case (sole unknowns on the

edges); simple-connectedness probably not required.
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3rd Strang Lemma

m DDR problem: Find (o ,,u,) € Xfml,h X Xﬁiv’h s.t.

An((a),,1y,), (x),,v,) = n(¥).

m With (o, u) solution to the continuous problem, by inf-sup condition
the 3rd Strang Lemma [Di Pietro and Droniou, 2018] yields

En(z),v,)
k k ~h>Zh
”(gh_!curl’ho-aEh_!div,hu)||1,curl><div,h < sup

@) 1@ Yl curt x div,h

where the consistency error is

En(Tysvy) =n(yy,) - ﬂh((!(]:(url,ho.’!fiiv,hu)’ (Tp> )
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Consistency analysis [Di Pietro and Droniou, 2021a]

k k
En(Ty,vy) = /Qf P n¥in — Lo 40 T Deurl,n + (!Siv,h“’gilh)div,h

with

- (€02 = [ DY 0 Dl

=& p+Ep +E3

Ein = / curlo - Pﬁiv,hlh - (gﬁ(!furl,h"')’ﬁh)div,h’
Q

kyk k
_LDh(!div,hu)DhKh’

k k k
83,h == (!curl,ha-’ Ih)curl,h + (ldiv’hu»ghzh)div,h

Ean:
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Consistency analysis: &1 p,

We have
Eip= curlo - PX. v, —(CKUIF |, o), v, )i
Lh = o div,h=h ~h \=curl,h » Y )div,h

k k
= /chrl"' Py n¥y — Ly p(Curl o), v aiv

using:

Theorem (Commutation properties of differential operators)
We have

ck (gfuﬂ’hr) = !ﬁiv’h(curl ) V1 e HX(Q),
DI ,w) =n5 ,(divw)  Vwe H'(Q)>.

m Also for the gradient G315 ., =I5, , grad on C'(Q).
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Consistency analysis: &1 p,

Hence

Ein = /curlo‘ . Pﬁiv’hgh - (!giv’h(curlo),gh)div,h
Q

IA

Ch**!| curl ol i (o 119, lltiv.

using the consistency of the discrete inner product:

%
S W w19, laiv.n

k k
(!div,hwazh)div,h - ./g; L Pdiv,hﬁh

which follows from:

Theorem (Consistency of potential reconstruction and stabilisation)

There is C independent of h s.t., for w € H**1(Q)?,

k k k k 1 k+1
”Pdiv,hldiv,hw - w||L2(Q) + Sdiv,h (!div’hw, !div,hw)Q <h + |W|Hk+1 (Q)-
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Consistency analysis: &1 p,

Theorem (Consistency of potential reconstruction and stabilisation)

There is C independent of h s.t., for w € H**1(Q)?,
k k k k i k+1
IPaiv.nLaiv,n ¥ = Wiz @) + Saiv.n (Lgiy 5 Laiy n W) 2 S B W gt gy
: : . pk k -
m Comes from local polynomial consistency: Pg, 15, wr =wr and

saiv.r (L, 7w, ) = 0 if wr € PH(T)3.

H k k k+1 k . -
m Also valid for Pcurl,h!curl,h’ Pgrad,hlgrad,h’ Scurl,h and Sgrad, h -
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Consistency analysis: & p,

Since divu = 0, the commutation property D’Z!ﬁiv,h = ﬂ’;,,h div yields

Eop =— / Dy(I%,, ,u) D}y, =— / p p(diva) Dyy, = 0.
Q Q

In a more general case:

Theorem (Primal consistency of discrete div)

There is C independent of h s.t., for w € H'(Q)? s.t. divw € H*1(Q),

1D} (I, ) — divwllz2(q) S B divw| g q)-

m Primal consistency also for the other operators: commutation
properties and primal consistency of potential reconstructions.
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Consistency analysis: &3 p,

We have

k k k
Egn=— (lcurl,ha-’ zh)curl,h + (!div’hu’ghzh)div,h

k k k
- (lcurl,h (curlu), Ih)curl,h + (ldiv,hu’ ghzh)div,h

- / curlu - mel,hzh +0 (hk+1| curlu|p e ) ||Ih||cur1,h)
Q

k k
+ (L, 2, €37 )div,h

using the consistency of the discrete inner product (-, -)eurl, -

Note: slight change of norm if k = 0.
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Consistency analysis: &3 p,

To estimate

k
E3p=— / curlu -Pcurl’h‘rh + (IilV pls ChTh)dlv h
Q
+0 (hk+1| curlu|y ) llT), “curl,h)

we need the

Theorem (Adjoint consistency for C})

There is C independent of h s.t., forw € H*1(Q) s.t. wxngq =0 on
0Q, and for v, € Xk

—curl,h’

k k k _
Lcurlw Pt ¥ — Wiy 4> €V )div

< W (|W|Hk+1(g) + |W|Hk+2(g)) 1Y, llewrL, -

14 /19



Consistency analysis: &3 p,

Theorem (Adjoint consistency for C¥

There is C independent of h s.t., forw € H*'(Q) s.t. wxngg =0 on
0Q, and for v, € &

—curl,h’

k k k
Lcurlw “Pion¥n = Wiy 1, Ws €Yy )div,h

< (|W|Hk+1(g) + |W|Hk+2(g)) 1Y), llewrt, -

m Most challenging estimate (by far).

m Based on suitable liftings of discrete functions in X arl whose design
and analysis is based on fine compatibility condltlons and regularity
properties of div—curl problems.
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Error estimate

Theorem (Error estimate)

Assuming by = by = 0, it holds, with C independent of h,

||(£h - !i{url,ho-’ u; — !giv,hu)ul,curlxdiv,h

< hk+1 (l CllI‘l(T|Hk+1(Q) + |0'|Hk+1(g) + |u|Hk+1(Q) + |u|Hk+2(Q)) o
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Test case

Q = (0,1)2 and exact solution:

sin(mx1) cos(mxs) sin(mxs)
o(x)= 37r( 0 ),

— cos(mx) cos(mxo) sin(mxs)

—2sin(mx1) cos(mxs) sin(mxs)
sin(7x1) sin(mxs) cos(mxs)

cos(mxy) sin(mxs) sin(mxs)
u(x) = ( )

Implementation in the HArDCore library (C++ open-source):
https://github.com/jdroniou/HArD Core.
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Numerical examples
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Figure: Energy error versus mesh size h
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