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Chapitre 4

A uniqueness result for quasilinear elliptic equations with
measures as data

J. Droniou and T. Gallouét.

Abstract We prove here a uniqueness result for Solutions Obtained as the Limit of Approximations of
quasilinear elliptic equations with different kinds of boundary conditions and measures as data.

4.1 Introduction

4.1.1 Notations

In this paper, ) is a bounded domain in RN (N > 2), with a Lipschitz continuous boundary. The unit
normal to 02 outward to 2 is denoted by n. We denote by x-y the usual Euclidean product of two vectors
(z,y) € RY x RY; the associated Euclidean norm is written |.|. The Lebesgue measure of a measurable
subset E in RY is denoted by | E|; o is the Lebesgue measure on 952 (i.e. the (N—1)-dimensional Hausdorff
measure). I'y and I'y are measurable subsets of 92 such that 00 =Ty UTy and o(T'yNTy) = 0.

For g € [1,4+00], we denote by ¢' the conjugate exponent of ¢ (i.e. ¢' = ¢/(¢ — 1)). Wl’q(Q) is the usual
Sobolev space, endowed with the norm ||u||w.a(0) = ||ullza() + || |Vu||lLs(@). Wi 2(Q) is the space of
functions of W14(2) which have a null trace on Ty.

When ¢ = 2, we write H} () instead of Wll;q(ﬂ). The space of the traces of functions in H} (Q) is

denoted by Hllﬁ *(Q) and it is endowed with the norm

llull 22y = Wil llme) [ £ € Hy,(Q), fioo = u}.

The hypotheses on the function a that will define our quasilinear elliptic equation are the following;:

a:QxRxRY - RY is a Caratheodory function, (4.1)

3y >0, © € L1(Q) such that a(z,s,§) - §>fy|§|2 O(x) (4.2)
for a.e. z € Q, for all (s,&) € R x )

38 > 0 and h € L?*(Q) such that |a(z,s,&)| < ( )+/3| | + Bl¢| (4.3)
for a.e. z € , for all (s,&) € R x )

Ja > 0 such that (a(x,s, &) — a(z,s,n)) - (£ —n) > a|§ n|? (4.4)

for a.e. z € Q, for all (s,£,17) € R x RN x RV

3A > 0 such that |a(z,s,£) — a(z, s,n)| < Al — n|
for a.e. z € Q, for all (s,£,7) € R x RY x RV,

85



86 CHAPITRE 4. A UNIQUENESS RESULT FOR SOLA

36 > 0 such that
la(z, s,&) — a(z,t,£)| < d|s —t| for a.e. € Q, (4.6)
for all (s,t,£) e R x R x RV,

Remark 4.1 Hypotheses (4.1)—(4.3) are classical for the Leray-Lions operators in divergence form act-
ing on H(Q); Hypothesis (4.4) is a stronger form of the classical monotonicity hypothesis

(a(z,s,€) —a(z,s,n)) - (E—n) >0 for a.e. x €Q, for all (s,6,m) ERX RN x RN with £ #n.  (4.7)

of the Leray-Lions operators, but is nevertheless classical when we want to obtain a uniqueness result,
even in the variational case (see [11]). Hypothesis (4.5) is not really demanding, since, for example,
a(x, s, &) = a(s)€ (witha € L>™()) satisfies this hypothesis, but Hypothesis (4.6) is really strong and we
would rather like to impose a weaker hypothesis, of the kind

36 > 0 such that |a(a, 5,€) — (e, £, )] < dls — t](1 + Is| + |t + €]
for a.e. x € Q, for all (5,t,6) € R x R x RV

to handle the case a(x,s,&) = a(s)€ with @ Lipschitz continuous.

Remark 4.2 There are however many functions which satisfy Hypotheses (4.1)—(4.6). For example,
for M >0, a(z,s,€) = (1 +inf(M,In(1 + |s| + |€])))€ + ¢(z,5), with ¢ : Q@ x R — RN a Caratheodory
function, Lipschitz continuous with respect to s € R (with a Lipschitz constant not depending on x € Q)
and such that sup,cg |¢(.,s)| € L2(Q).

Consider the problem

u=0 on Of. (4.8)
It is well known (see [10]) that, when f is a bounded measure on 2 and a satisfies (4.1)—(4.3) and (4.7),
we can find a solution to this problem (even when we consider an operator acting on WO1 PQ),1<p<
— see also [4] when p < 1 — 2 —, not only on H}(Q)). The main idea of [10] is to approximate f by
regular functions, find estimates on the corresponding solutions and pass to the limit.

Moreover, when a does not depend on s and f is a function in L' (2), we can find (see [4]) a formulation
(so-called “entropy formulation”) for (4.8) which ensures the uniqueness of the solution (the existence is
still obtained by approximation).

{ —div(a(z,u,Vu)) = f in Q,

In [57], the author defines another sense of solution, the “solution by transposition”, which gives an
existence and uniqueness result when a still does not depend on s but f is a bounded measure. This
definition requires the introduction of a particular matrix-valued function M(.,.) : RN x RN — My (R)
satisfying a few properties (general algebraic properties, completely independent of a); the formulation
by transposition uses then the matrix M(Vu — Vv, a(.,Vu) — a(.,Vv)), where u is the solution by
transposition and v is any function in H}(Q). There can be many different possible choices of the matrix
M(.,.) (the matrix chosen by the author depends on a parameter A, which is any real number in ]0, o],
where « is given by (4.4)). The solution by transposition seems thus to depend on the particular choice of
M; however, an additional work allows to see that, with the methods of [57], we can prove the uniqueness
of the solution obtained as the limit of approximations (when « is independent of s).

When f is a bounded measure, a satisfies (4.1)—(4.5) but does not depend on s and is of class C! with
respect to &, the uniqueness of the solution obtained as the limit of approximations of Problem (4.8) is
proven in [6].

We will prove here that the ideas of [6] can lead to a uniqueness result when f is a bounded measure, a
depends on s (but satifies (4.6)) and is only Lipschitz continuous with respect to £. The main difficulty
brought by the dependence of a on s is in the resolution of the “dual equation” (4.19) in which the
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operator is not coercive (because of the convection term). We will also consider more general boundary
conditions; they bring a few more difficulties (in particular the regularity result we need on the solution
of (4.19)) which are solved by the results of [29].

The boundary conditions we consider are of the mixed or Fourier kind (that is to say a condition on u
on I'y and a condition on a(z,u, Vu) - n + Au on T'y).
To get the coercivity that will ensure the existence of a solution, we add the assumption

o(Tq) > 0and XA € L*(09Q), A > 0 o-a.e. on 00
or (4.9)
Tg=0and XA € L*(0Q), A > 0 c-a.e. on 0, o({zx € 02 | A(z) > 0}) #0.

Remark 4.3 Under Hypothesis (4.9), a classical reasoning shows that, for all g € [1,+00[, 7 € [1,4] and
p >0, there exists Kq7(p,Q,Ta, A) > 0 such that, for allv € WFI;Q(Q), we have

q/9
o |Vv|q+< / A|v|4da> > K (0,2 T V1ol %0 - (4.10)
Q ry

The proof of uniqueness we present here uses an existence and regularity result of a solution to a dual
problem. To obtain the required regularity result, we need some hypotheses on the way I'y and I'y are
distributed along 92.

Let us introduce two kinds of mapping of 92:

O is an open subset of RV
h:0 — B:={z € RV | |z| < 1} is a Lipschitz continuous
homeomorphism with a Lipschitz continuous inverse mapping, (4.11)
h(ONQN)=B; :={z € B|zy >0},
hMONON) =BV :={x€dB; |zny =0}

(since €2 has a Lipschitz continuous boundary, there exists a finite number of (O;, h;);ie[1,m], such that,
for all ¢ € [1,m], (O;, h;) satisfies (4.11) and 9Q C U, 0;) and

O is an open subset of RV,

h : O — B is a Lipschitz continuous homeomorphism
with a Lipschitz continuous inverse mapping,
h(ONQ)=Biy:={x€B|zny>0, zn_1 > 0},
h(O n Ff) =TI := {SL‘ S aB++ | TN_1 = 0},
h(O ﬂFd) =I5 := {.’L’ S 8.B++ | TN = 0}

(4.12)

The additional assumption we make on I'y and I'f is the following:

There exists a finite number of (Oj, h;)ic[1,m] such that
00 C U™, 0; and, for all ¢ € [1,m], (O;, h;) is of one of the following types:
(D) 0; NN =0; NIy and (O;, h;) satisfies (4.11) (4.13)
(F) 0;N0Q =0; NTy and (0, h;) satisfies (4.11)
(DF) (O, h;) satisfies (4.12).
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4.1.2 The SOLA and the main result

We recall here some facts about the solutions obtained as the limit of approximations for quasilinear
elliptic equations with measures as data.

We denote by M(Q) the space of bounded measures on 2 and M(99Q) the space of bounded measures
on 0.
If 4 € M(Q) and p® € M(05), we consider the problem

—div(a(z,u,Vu)) =p in Q,
u=0 on Ty (4.14)
a(z,u,Vu) -n+du=p? on Ty.

The technique of approximation introduced in [10] is the following: let (pn)n>1 € M(Q) N (H'(Q))'(*)
such that p1, — p for the weak-* topology of (C(Q))', (42)n>1 € M(OQ)N(H/?(8Q))' such that pud — u?
for the weak-* topology of M(99Q) and take u,, a solution to

Up € Hlld(ﬂ) ,
A a(x, Uy, Vuy,) - Vi + . Mo do = iy, QD)(H%d(Q))',Hlld(Q) (4.15)
s ©) 11312 o2y 1102 0+ VP € HE, (D)
We can prove that the sequence (uy,),>1 is bounded in Wllf(ﬂ) for all ¢ < N/(N — 1); thus, up to a

subsequence, u,, — u strongly in L7(Q2) and weakly in Wlldq(ﬂ), it is then possible to prove that, up to a
subsequence, Vu,, = Vu a.e. on 2, which allows us to pass to the limit in the equation of (4.15) to see
that u satisfies

we 1 W@,

a<N/(N-1)
/a(a:,u,Vu)-ch+/ /\ugoz/godu+/ wdu®, Yy € U W%;T(Q)
Q Ty Q o)

r>N

(4.16)

A Solution Obtained as the Limit of Approximations (a SOLA) for (4.14) is any u obtained by the method
detailed above.

Remark 4.4 In [10], where the SOLA (without this name, used for the first time in [22]) have been
introduced, the authors study the pure homogeneous Dirichlet case (with © = 0). But the adaptation of
their methods to the non-homogeneous mized or Fourier case is quite straightforward (see [66] for the
Fourier case with © =0), even with a non-null © € L1(Q).

When N > 3, the solution of (4.16) is not always unique; indeed, a counter-example by J. Serrin [68]
modified by A. Prignet [65] gives a non-null solution of (4.16) in the linear (a(z, s,§) = A(x)) Dirichlet
case when p = 1 = 0 (see also [29] for the adaptation of this counter-example to the mixed case).
However, there is uniqueness of the SOLA for this problem, and this is the main result of this paper:

Theorem 4.1 Under Hypotheses (4.1)—(4.6), (4.9) and (4.18), Problem (4.14) has one and only one
SOLA.

!This means that un is a measure on §2 such that there exists C > 0 satisfying, for all ¢ € C(Q) N H1(Q), | [ pdun| <
Cllellg1(q)y; by density of C(Q) N HY(Q) in H'(Q), there exists then a unique extension of u, as an element of (H!(Q))'.
The same kind of definition and consideration apply to u € M(8Q) N (H/2(8Q))’.
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Remark 4.5 In fact, the proof of the existence of a SOLA to (4.14) does not use all our hypotheses on a
(it only uses (4.1)—(4.3), (4.7) and (4.9)). Our proof of the uniqueness of the SOLA does not use all the
Hypotheses we put on a too; indeed, we will see that we do not use (4.2) and (4.3) in this paper, we only
use the fact that a SOLA exists. Thus, this result of uniqueness can be extented to other equations for
which we know a SOLA exists. For example, in [8], L. Boccardo proves a wide existence result (for a pure
Dirichlet problem — this is quite important — with a right-hand side in L' ) that entails the existence of
a SOLA for an operator defined by a function of the kind

a(a:, 875) = ag(a:,s,§) + (;5(8),

where ao satisfies (4.1)—(4.6) and ¢ : R = RV is a Lipschitz continuous function; the hypotheses on ¢
in [8] are in fact much weaker and require thus f € L' (), but our stronger hypotheses allow us to take
a right-hand side in M(Q). Thus, a satisfies (4.1), (4-4)—(4-6) and the existence and uniqueness result
of Theorem 4.1 is still valid for such an operator in the pure Dirichlet case.

We will also see that this uniqueness result implies the following (very simple) stability result.

Theorem 4.2 Let (jun)n>1 € M(Q) converges to p in (C(R))" weak-+ and (u2)n>1 € M(ON) converges
to u? in M(09Q) weak-+. Under Hypotheses (4.1)—(4.6), (4.9) and (4.13), if u,, is the SOLA of (4.14)
with (pin, u2) instead of (u,u®) and u is the SOLA of (4.14), then u,, — u strongly in Wlldq(ﬂ) for all

N
I<§N71

Remark 4.6 In fact, we will prove the following more general result: under Hypotheses (4.1)—(4.3),
(4.7) and (4.9), if un is a SOLA — of a slightly particular kind, see in the proof of Theorem 4.2 —
of (4.14) with (pn, u) instead of (u,pu®), there exists a subsequence (un, )k>1 and a SOLA u of (4.14)

such that uy, hogey, strongly in Wlldq(Q) for all ¢ < N/(N —1). The fact that we can, with stronger
hypotheses, get rid of the subsequence is of course due to the uniqueness of the SOLA in this case.

Remark 4.7 Once again, the proof of this stability result only uses the existence and uniqueness of the
SOLA, not all the hypotheses on a (especially, we do not use (4.2) and (4.3)); thus Theorem 4.2 is also
valid for other kinds of quasilinear equations for which we know o SOLA exists, such as the example given
in Remark 4.5.

A uniqueness result for a linear equation is very often linked to an existence result for a dual equation.
It is also the case here, although (4.14) is not a linear problem; so, before the proof of Theorem 4.1, we
study in Section 2 an equation which will appear as the dual equation of a problem coming from (4.14).

4.2 The “dual” equation

We make the following hypotheses:

A: Q- My(R) is a measurable matrix valued function which satisfies:
Ja > 0 such that A(z)¢ - & > alé|? for ae. £ € Q, for all £ € RY, (4.17)
3M > 0 such that ||A(z)|| :==sup {|A(z)¢|, E€RY, (| =1} < M for ae. z € Q,

v e (Le()N, (4.18)

and we take aa a coercivity constant for A, A4 an essential upper bound of ||A(.)|| on Q and A, an
upper bound of || [v] ||z (q)-

We will prove the following existence result:
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Theorem 4.3 Under Hypotheses (4.17), (4-18), (4.9) and (4.13), if 6 € L>=(Q) then, by denoting by
Ag an upper bound of ||0||L~(q), there exists k €]0,1[ depending on (2, aa,Aa, Ay, ), Co depending on
(QTa,a4,A4,Av, N\, Ap) and Cy depending on (Q,Ta, a4, Ay, Ag) such that there exists a solution to

{ f € HE, () NCo (Q),

/AVf-Vg0+/v-Vfcp+ )\fgodg:/g(p, Vo € HL () (4.19)
Q Q Q

Ly
satisfying || f||cox (@) < Co and || f[|m1 (@) < C1-
Remark 4.8 We have denoted by C%*(Q) the space of k-Hoélder continuous functions on ), endowed

with the norm
1)~ 1)|

||f||601~ Q) = ||f||L°° Q) + sup
() (@) oty |:L._y|n

Remark 4.9 Without Hypothesis (4.18), we obtain a solution of the equation in Problem (4.19) in the
space HE () N L*®(Q), with the same kind of estimates (we will notice it in the course of the proof);
Hypothesis (4.13) is only useful to apply the results of [29] in order to obtain the Holder continuity of the
solution.

To prove the existence result of Theorem 4.3, we need an a priori estimate on the solutions of (4.19) (an
L! estimate is enough). This is the aim of Lemma 4.1 for the proof of which the authors wish to thank
Lucio Boccardo (for having given them the key estimate of Step 2).

Lemma 4.1 Let A satisfy (4.17), w € (L®(Q))N and 7 € L>(Q); we denote by Ay an upper bound of
| |W| ||z () and A an upper bound of ||T||Le(q). Under Hypothesis (4.9), there exists Co depending on
(T4, a4, Aw, \,A;) and a solution to

g9 € Hp (QNL>(Q),
/ATVg-V<p+/gw-ch+ )\gcpda:/rcp, Vo € Hr () (4.20)
Q Q T, Q

such that ||g||m (@) + |19z () < Co.

Remark 4.10 Once we know that g satisfies (4.20), since p — [, gv -V is in (Wlld1 (Q))" (because g is
essentially bounded), the results of [29] show that, under Hypothesis (4.13), g is in fact Holder continuous
on ().

Remark 4.11 The conclusions of Theorem 4.3 and Lemma 4.1 also hold when 8 or T only belong to

UP>N(W§;”’ (Q))' (the proof of this uses the same ideas we present here; see [T0] or [29] for the details
concerning the treatment of right-hand sides of this kind).

Remark 4.12 (Lucio Boccardo [7]) A close examination of the second step of the proof of Lemma 4.1
shows that the bound we obtain on ||In(1 + |gn|)||m1 (o) depends on the L'-norm of the right-hand side
d

7. Thus, we can easily prove (by approximation) an existence result for

—div(ATVg) —div(gv) =7 in Q,
g=0 on Iy, (4.21)
ATVg-n+Ag=0 on Ty,

(this problem has, when T is regqular, (4.20) as variational formulation) when 7 is a bounded measure on

Q; we must however be careful with the formulation of (4.21) since we only obtain a “solution” g such

that, for all k >0, Ti(g) € HE (Q) (where Ty (s) = min(k, max(s, —k))).
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Remark 4.13 Using the results of Theorem 4.3 and Lemma 4.1 and the ideas of their proofs, we can
prove, when L € (H*(2))', the existence and uniqueness of solutions to

feH (9,
4.22
[ avi-ve+ [ v-Vie+ [ Mods = (Lo i, @ Ve € HEL ) (4.22)
i
and
g € Hf (),
4.2
A ATVg- Vo +/ng Vo + A Agp do = (L, o) @)y, m, (@) VP € HE (). (4.23)
f

Remark 4.14 In fact, to prove Lemma 4.1 and Theorem 4.3 (as well as the results of Remark 4.13), we
only need v € (L"(Q))N with a r > N. But since such an hypothesis on v would not allow us to consider
really better conditions in Theorem 4.1 (using the result of Theorem 4.3 with v € (L"(Q))N for ar > N
would allow us to weaken Hypothesis (4.6), but not enough to handle the case of functions of the form
a(s, &) = a(s)t), we prefer to consider the stronger Hypothesis (4.18), which is sufficient to our purpose
here.

Proof of Lemma 4.1

We will approximate Problem (4.20) by problems for which we have, thanks to the Schauder fixed point
theorem, a solution; then, by proving estimates on the solutions of these approximate problems, we will
obtain a solution to (4.20) (without passing to the limit!).

Step 1: the approximate problems.
For t > 0, define T}(s) = min(#, max(—t,s)). Let n be an integer and, if g € L?(2), define F(g) = g as
the unique solution to

g e Hr,, ,
T — (4.24)
A Vg - ch—}— Agpdo = Tcp gw-Vop, Vo€ Hrd(Q)
Ly

(the bilinear form is coercive on Hf () thanks to (4.10) applied to ¢ =7 = 2 and p = aa).
We notice that F : L2(Q) — LQ(Q) is continuous; indeed, if g,, = g, in L*(Q), and if (for m € N or
m = 00) Ly, is the linear form

(L, 92 (Q)y,HL (@) = / Tw—/Tn(ﬁm)W'V%
d d Q Q
then Ly, — Lo, in (Hf (Q))', so that gn = F(g,,) = goo = F(Jo,) in HE (), thus in L*(1).

Moreover, there exists R > 0 such that, for all g € L*(Q0), ||F(9)||m (@) < R; indeed, by taking g as a
test function in (4.24), we get

aall [Vglll7z) + / Mgl do < |7l llglla ) + 0l w22 gl (@),
which gives, thanks to (4.10),
Ka2(aa, 92, Ta, Mllgllar @) < I7llems @)y + nll Wl 22 @)

thus, R = Ks,2(aa,Q,Ta, )7 7|z @)y + Il W] l|L2(2)) satisfies the property.

F: L2(2) — L?() is thus a compact application (thanks to the Rellich theorem) which sends the whole
space L?(Q) in the ball of center 0 and radius R in L?(f2).
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By the Schauder fixed point theorem, F' has a fixed point in the ball of center 0 and radius R; we have
thus proven that there exists g, solution to

{ In € Hll‘d(Q)’

/ ATV g, Vi + / To(gn)w - Vo + | Agnpdo = / o, Yo € HE(Q) (4.25)
Q Q r; Q

satisfying

INA

K2,2(aa, Q,Fd;A)71(||T||(H;d @)y Tl [wlllz2@)
< Koplaa, 0,Ta, )7 AR +nAwl0)]).

[|gnll £ ()

Step 2: we prove that (In(1 + |gn|))n>1 is bounded in H{ (), using the technique introduced in [10].
Let us first prove an estimate on frf Agn|do. Take ¢ = Ty(gn)/k € Hf () as a test function in (4.25).
We obtain, since [Ty (s)/k| < 1 for all s € R and V(T}(gn)) = l{o<|g.|<k} VIn a.€. on Q (where 1g is the
characteristic function of a set E),

Tr(gn 1 Tr(gn
/ A ki;g )gn do < E/ ATv.gnv(Tk(gn)) +/ A k;;g )gn do
r, Q

Ty

Vgn
JCE R
Q {0<]gn|<k}

/|T|+|||w|||L2(Q) </ IVgn|2> : (4.26)
Q {0<lgn| <k}

But g,Tk(gn)/k — |gn| on 0Q as k — 0 (if gn(z) = 0, gn(2)Tk(gn(z))/k = 0 and, if gu(z) # O,
Tr(gn(z))/k — sgn(gn(z))) and |g.Tk(gn)/k| < |gn| € L'(09Q); thus, by the dominated convergence
theorem, frf Agn (T (gn)/k) do — frf A|gn|- Moreover, since Vg, € L?(Q) and |{0 < |g,| < k}| — 0 as
k — 0 (this is the non-increasing continuity of the measure, associated to the fact that Nk>0{0 < |gn| <
kt}) = (), we obtain f{0<‘gn|<k} |[Vgn|? = 0 as k — 0. Thus, passing to the limit ¥ — 0 in (4.26), we
obtain

A

IA

IA

[ Ama+ighdo < [ Nanldo < [ 1l <lia,. (4.27)
Ty

r; Q

Let us now prove an estimate on the derivatives of g,. Let k¥ € N and denote 7(s) = T1(s — Tk (s)), that
is to say

ri(s) = —1 ifs<-k-1
re(s)=s+k f-k—-1<s<—k
re(s) =0 if —k<s<k
re(s)=s—k fk<s<k+1
rp(s) =1 ifk+1<s.

We know that 1 (g,) € Hf,(Q) with V(rx(gn)) = 152 Vgn, where Bf = {zx € Q| k < |gn| <k +1}.
Using ri(gn) as a test function in (4.25), we get thus, since |g,| <k + 1 on B} and g,7k(gn) > 0 on 99,

aall Vre(ga)) [Bogay < / ATV (i (gn) - V(rs(gn)) + / Agari(gn) do

/QATVgn-V(rk(gn))ﬁL/F AgnTk(gn) do

_ /Q 71 (gm) — /Q To(gn)W - V(ri(gn))
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IN

il + [ 1wllgnlVrn(an)
k

< AQ A+ R+ DIWH 22l TV (e (gn) ] L2(0)

AN

I lw] ||%2(B;)
204

IN

[0
Arl@+ SV (ga)) 720y + (k +1)2.

Thus, we obtain
2A,|Q Il |w] ||%2(Bn)
19 (o (g |Bagqy < 2l DV g g2 (4.28)

We will use this to show that (V(In(1 + |gn|)))n>1 is bounded in L*(9).
We have, since ) is the disjoint union of (B}})r>0, and |gn| > k on B},

: V(P
[ 9 an+ lgal) T

= Z/ Vol
n 1+|gn

k>0

|v Tk gn
- k>0 1+k

Using (4.28), this gives

/ V(10 (1 + |ga])) P
Q

IN

24, |Q| 1
Z +k _ﬂg/

k>0
mAQ] 1wl IILz(Q)
3a4 aA

This last estimate, associated to (4.27) and to (4.10) (with ¢ = 2 and § = 1) gives

1 AL Q] AZ|Q
In(1 nl)|[Fr () < _ A O)2AZ ) =
1+l B < oy (as ok + 1PA2) =

3aa
(Cy depends on (Q,Tq, aa, Aw, A, AL)).

Step 3: we conclude by proving that (g,)n>1 is bounded in L*(Q).

Let Si(s) = s — Ti(s); we have S(gn) € Hf (Q) with V(Sk(9n)) = 152Vgn (where E} = {z €

Q| |gn(z)| > k}). Since Sk(gn) = 0 outside E} and since ¢,,5k(9n) = |9n||Sk(gn)| > |Sk(gn)|?, we have,
using Sk (g,) as a test function in (4.25),

Al IV (S () 2oy + / NSk(gn)? do
i

IN

/ ATV g, - V(Sk(gn)) + | AgnSi(gn) do
Q

Ty

IN

A, /Q 1Sk (gn)] + /Q w191V (Sk ()

IN

A ISk (gn) 1120 | BRI + /En (WI(ISk(gn)| + F)IV(Sk(gn))l

IN

Ar 1Sk (g2 | BR 1 + 1V (Sk ()] 112 kIl 1w 2qzp) + 1 1WISk (g0l 220p))

A ISk (gn) 1 @) | BR1E + kAw][ 1V (Sk (9a))] Il 2200y | ER |2
HV (Sk(ga) 20 Awl 1Sk (g0l 2257 - (4.29)

IN
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Thanks to the Holder inequality we have, when p > 2,

||Sk(gn)||L2(E;:) < ||Sk(gn)||LP(Q)|E£’|§_;‘

Since 2 < 2N/(N — 2), there exists, by the Sobolev injection, p > 2 and C3 only depending on Q such
that
1Sk (gn)l|ze () < Cal|Sk(gn)lla (0)-

Thus, with (4.29) and (4.10), we get

Kaa(ea, 0, Ta, WISk (9n)l7r @) < Arl[Sk(gn) | ()| ER1® + Awkl|Sk (gn) |11 o) | ER |2
+CoAw|E 277 |Sk(gn) |71 (0)- (4.30)

The Tchebycheff inequality reads
n 1 2
|E{| = {In(1+[ga]) > In(1+k)}| < WH In(1 +[gn))[|z2(o)
1
< ———||In(1 2
= (ln(l ¥ k))z || Il( + |gn|)||H1(Q)
S %
— (In(1+k))?
where C} is the constant given by Step 2. Since 1/2 > 1/p, there exists thus ko depending on Ca, Ay,
p, C1 and Ks2(aa,Q,Ag, A), ie. depending on (Q2,Tg, a4, Aw, A, A7), such that, for all k£ > k¢ and all

n>1, CoAy|EN|Z % < Kao(aa,Q,Ta, \)/2.
We obtain thus, for all k > kg, thanks to (4.30),

2A, + 2Awk
KZQ’Q(CMA,Q,Fd,)\) IC2,2(aA,Q,Fd,)\)

k(oo < ) IBzlE < Gaa+ B,

where C3 depends on (Q, T4, a4, Aw, A, Ar).

By noticing that, when h > k, |Sk(gn)| > (h — k) on E}}, we get, thanks to the Sobolev injection
wWH(Q) — LY/ ®-1(Q) (the norm of which, denoted by Cy, only depends on ),

(b — k)| ER|(N- DN 1Sk (gn)l|Lrv/ov- ()

C4||Sk(gn)||W111(Q)
C4|ER2||Sk(gn)l| 51 ()
C5Cy(1 + k)| EP|.

[VANVAN

INIA

Thus, as soon as h > k > kg, we have, with 8 = N/(N —1) > 1,

(C5C1)°P (1 + k)P
(h = k)?

(C5C4(1 + ko))’ (1 + k — ko)”
(h— k)P

|7 < B < 124
(because, when k > ko, (14 ko)(1+k — ko) > 1+ k). Lemma 4.2 given just after the end of this proof,
and applied to the non-increasing function Gy (k) = |E}, |, allows us to see that, if

Hy =exp 22%0304(1+k0)|ﬂ|% > exp 22%0304(1_}_%)6;"(0)%
e )TET e

(notice that Hy < 400 depends on (2, Tg, a4, Aw, A, A;)), then G,,(Hp) = 0, that is to say |gn| < Ho+ ko
a.e. on (2 for all n > 1.
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Thus, by taking ng an integer greater than Hy + ko (no depends on (Q,T4, a4, Aw, A, A;)) and letting
g = gno> we have a solution to (4.20) (because Th,(gn,) = gn, = g) which satisfies ||g||r~() < Ho + ko
and ||g||m1 @) = [|gnoll (@) < Ka2(aa,9Q,Tg, )" (A-|Q]7 + noAw|Q|7). This completes the proof of
Lemma 4.1.m

Lemma 4.2 Let G : Rt — R* be a non-increasing function. If there exist 8 > 1 and C > 0 such that

CP(1+ k)P

> <
Vh> k20, G(h) < =5 s

G (k)P

then, with

1 -1
H =exp (Z %) < +00,
=)

we have G(H) = 0.

For the proof of this lemma, which is a slight generalization of a lemma by G. Stampacchia ([70] Lemma
4.1, 1)), we refer the reader to Lemma 2.2 in [29].

Proof of Theorem 4.3
The proof of the existence of a solution to

{ f € Hy (Q),

/AVf-Vg0+/v-Vfc,0+ /\fgodo':/&p, Vo € HE (9), (4.31)
Q Q Q

Ty

(i.e. Problem (4.19) without the regularity f € C%%(£2)) uses the topological degree (see [26]); the proof
of the Holder continuity of the solution, as well as the estimates in the Holder space, uses a result of [29].

Step 1: on a cut-off problem.

Let n be an integer. Recall that T,(s) = min(n,max(—n,s)). We know that, for all p € H} (),
Tn(p) € Hi,(Q) with V(Tu(0)) = 1{j4<n} Ve

Let f € HE (Q); since v - V(Tn(f)) € L2() C (HE,())', there exists a unique solution f = F(f) to

feH (),

[avs-Vo+ [ Aedo= [ 09 [ v-VT.(P)e, Vo € B, @) (4:32)
Q Ty Q Q

This defines an application F : Hf. (Q) — Hp ().

We will prove, using the topological degree, that F' has a fixed point (conversely to the proof of Lemma
4.1, the Schauder fixed point theorem seems not applicable here).

Notice first that F' is continuous; indeed, if f,, — f in H{ (9), then T,,(f,,) = Tn(f) in H{ (), so that
v - V(To(fn) = v - V(Tn(f)) in L*(Q), thus also in (H} (€)' and the solution F(f,,) of (4.32) when
f is replaced by f,, tends thus in H} () to the solution F(f) of (4.32).

We will now prove that, if (f,,,)m>1 is a bounded sequence in H{ (Q), then there exists a subsequence (still
denoted (f,,)m>1) such that (F(f,,))m>1 converges in H{ (). Since (fm)m>1 is bounded in HE (),
(v- V(Tn(?m)))mzl_ is bounded in L?(2) and there exists thus a subsequence, still denoted (f,,)m>1,
such that v - V(T,,(f,,)) = ® weakly in L*(Q2).
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Since (F(f,,))m>1 is bounded in H} (Q) (because of the coercivity of the operator in (4.32) and of the

fact that (v - V(Tn(f,,)))m>1 is bounded in L*(2)), its trace is bounded in L?(99) and we can also
suppose that, up to a subsequence, (F(f,,))m>1 converges to Fy, weakly in Hf. (), strongly in L*(Q)
and its trace weakly in L2(0f2); we see then that Fy is the solution to

Fy € H%d (Q) ,
_ 1 (4.33)
AVE, -V + AFopdo = [ 0p— | B¢, Vo € Hp, ().
Q Ty Q Q

We have now to prove that the convergence of (F(f,,))m>1 to Fp is strong in H} (Q); to see this, we

subtract the equation satisfied by Fy from the equation satisfied by F(f,.) and we use the test function
©=F(f,)— Fy € H} (9) to find

aull [V EF ) = Fo)l sy + [ NET) = Fof do
Ly

< / AV(E(F,) = Fo) -V (EF) = Fo) + | AEF ) = Fo)(F(F o) - Fo) do

Ty
- / (@ = - VT ) (F(F o) — Fo)
< @ =v - V(TulFu))lL2@ |1F(F ) — Follz2 -

Since (v - V(Ty(f.n)))m>1 is bounded in L2(Q) and F(f,,) — Fo in L?(R), this inequality, associated to
(4.10), gives

1F(f ) — Follar ) — O
Thus, F': H. (Q) — H} () is a compact operator. To prove that F' has a fixed point by an application
of the Leray-Schauder topological degree, it remains to find R > 0 such that, if ¢ € [0,1] and f € Hlld(ﬂ)
satisfies f — tF(f) = 0, then ||f||H%d(Q) # R.
Suppose we have such a t € [0,1] and such a f € H{ (Q); then f satisfies

/ AVf-Vp+ Modo = t/ Op — t/ V- V(Tn(f))cp for all p € Hlld(ﬂ)
Q Ty Q Q

Take ¢ = f; since V(Tn(f)) = 17,y V.f» we find, with (4.10),

Koa(an QTa NFl@ < an [P+ [ AT do
Q T;
< ||9||(H11d(9))'||7||H1(Q) + /| ||zl V] 222
< (16l @y +nll ¥l ez ) WF s o),

which gives
Fle < OMa@r - all M)
@ = Kazlan, 0Ta, ) Kaz(aa, ,Ta,N)

Thus, by taking B = 1+ (||0][(mz () +nll V] ||z2(@))/K2,2(aa, 2, 4, A), we deduce from the properties
Ta

of the topological degree that F" has a fixed point in the ball of center 0 and radius R in Hf ().
We denote by f, such a fixed point, which satisfies

{ fn € Hfl‘d(Q)a

[ 45 Vo [ v @D+ [ Mapdo = [ 80, o € (@) (434
Q Q Q

Ty
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and || follgr@) <1+ ([10]lm () + 1A [Q]2)/K22(ca, 2,Ta, \).

Step 2: we prove an L! estimate for the sequence (f,)n>1 constructed in Step 1.
Let Wy, = 1(|5,|<n}V; We have, for all ¢ € H} (Q),

/Aan-Vgo+/wn-ancp+ )\fncpdaz/ego. (4.35)
Q Q Q

Ty

Since Ay is an upper bound for || [wy| ||~ (q), we can find, thanks to Lemma 4.1, a g,, € H} (Q) satisfying,
for all ¢ € H} (),

/ ATvg, - Vg0+/ InWn - Vo + Agntp do z/ sgn(frn)ep, (4.36)
Q Q Q

Ty

and such that ||gn||z=(q) < Ko, where Ko depends on (Q2,T4,a4,Ay, ) but not n (sgn denotes the sign
function, and we have thus ||sgn(fn)||p~@) < 1).
By putting ¢ = f,, in (4.36) and ¢ = g, in (4.35), we get

fullzicay = /Q sgn(fn) fn = /Q 8gn < Koll9ll11 (0)- (4.37)

Step 3: with the same methods as in Step 3 of the proof of Lemma 4.1, we prove an L estimate on

(fn)nZl -
Define Sy as in Step 3 of the proof of Lemma 4.1, and use Si(f5,) as a test function in (4.34): we get, by

denoting E = {z € Q| |fn(z)| > k}, and since f,Sk(frn) > |Sk(fn)|?,

aall VS ey + [ NSlF)P do (4.39
Ly

IA

/Q AV fo V(Sk(fa) + [ MnSk(fa) do

Ty

IA

MllSellez@ BRE + [ WIVAIS()

{lfnl<n}

IA

AollSe(F) |z | BRI E + /Q VIV SISk ()

Aol1Sk(F)llm @) BR 12 + [V (Se ()l 220 | 1V]Sk (£l 220
Aol1Sk(F)ll @) BR12 + [V (S ()l 2@ Av ISk (fn)ll (), (4.39)

because V f, = V(Sk(frn)) where Sk(fn) # 0.
As before, we notice that, thanks to the Sobolev injection of H', there exists p > 2 and K; only depending
on () such that

INIA

1

156 (nllz2@) < 11Sk(fa)llzoey | BRI* 7
< K|Sk ()l o | ERIF 7,
which gives, introduced in (4.39) and thanks to (4.10),
Ka2(aa, 0,Ta, NSk (fo) |71 (@)
< AglISk(ful e (@) | ER |2 + Ea Al BR LR 5 11Sk (fu)l i1 - (4.40)
But, with (4.37) and the Tchebycheff inequality, we see that

Ko|Q]As

1
E? < Zfnllziay <
BRI < Fl\falliae) < =2
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there exists thus ko depending on (K1, Av,p, Ko, Q, Ag, Ka2(aa,Q,T¢, A)) (.e. on (,Tq, a4, Ay, A, Ag)),
such that, for all n > 1 and all k& > ko, KlAv|E,?|%*zlJ < Kap(aa,,Tq,N)/2.
Returning to (4.40), we have then, for all k£ > ko,

2Ay

Ep|: = Ko|E]|?
}C2,2(C!A,Q,Fd,)\)| k| 2| k|

1Sk (fa)llmr (@) <

where K> depends on (2, T4, a4, A, Ag).
Then, reasoning as in the end of Step 3 of the proof of Lemma 4.1, we get, for all h > k > ko,

with § = N/(N —1) > 1 and M depending on .

Using Lemma 4.2 (or, more directly, Lemma 4.1 i) in [70]), we see thus that there exists Hy depending
on (2,8, M, K5), i.e. depending on (2,4, a4, A, Ag) [notice that a dependence on ) takes into account
a dependence on N] such that, for all n > 1, |Ef, = 0, that is to say |[fn||re(q) < K3 = Ho + ko,
where K3 depends on (Q,Tg, a4, Ay, A\, Ag).

+ko |

By taking any integer ng > K3 (such a choice of ng depends on K3, thus on (2,T4, a4, Ay, A, Ap)) and
letting f = fn,, we get a solution to

f e H ()
/AVf-Vgo+/v-Vf<p+ /\fgodaz/&p,V«peH%d(Q), (4.41)
Q Q ry Q
(because, since ng > K3 > || fno||L>(2)> Tno(frno) = fno = f) such that
1611z )y +noAy |02 Ag|Q|Z + ngAy|Q|2
fllar o) <1+ <1+ = (1,
IC2,2(01A,Q,Fd7)\) IC2,2(04A797Fd;)\)
where C; depends on (Q,T'y, @4, Ay, A, Ag); notice also that
1 f]|zes () < Ks. (4.42)

Since, up to now, we have not used Hypothesis (4.13), this proves what we have claimed in Remark 4.9.
Step 4: conclusion.
It remains to prove that the solution f € HE () of (4.41) we found in the preceding section is in fact in

C%%(Q) for a k > 0. This is the only part of the proof where we need Hypothesis (4.13).

We have, for all p € H(1),

A 2 A} 2
‘/Q<PV : V‘P‘ <1IVelllzz@Avliellzz@) < -1Vl @ + m”@”mm)-

2
Thus, by taking b=1+ 21(\1—‘;, the bilinear continuous form

1 - -
(0,0) € H (ﬂ)%/QAw w+/0v V90¢+/Qbsodf

is coercive (notice that the choice of b depends on (2, a4, Av)).
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f is the solution to

{ feH,(Q),

/AVf-ch+/v-Vf<p+ (4.43)
Q Q

)\fcpda+/bfcp=/590a V‘PEH%d(Q)a
Q Q

Ty

where § = 0 + bf € L>(Q).

Thus, 6 € (WE;I(Q))’ and, thanks to (4.42), the norm of 6 in (WFI;I(Q))' is bounded by K, depending
on (Q,T4,a4,Av, A\, Ap). With our choice of b, a slight adaptation of the methods of [70] and [29]
shows then that (thanks to Hypothesis (4.13)), there exists x €]0,1[ depending on (2, a4, A4, Ay, A, b),
i.e. depending on (2, aa,A4,Ay,)\) and K5 depending on (Q, a4, Aa, Ay, A, b, K4), i.e. depending on
(Q,Ty,aa,Aa,Av, A, Ag), such that the solution f of (4.43) is in C%*(2) with [|fllcor(a) < Ks. m

4.3 Proof of the uniqueness and stability theorems

We will use, in the course of this proof, the following result.

Lemma 4.3 Let f : Q@ - R, F: Q — RY and G : Q — RY be measurable functions such that
|F — G| € L'(Q). Under Hypotheses (4.1), (4.4) and (4.5), there exists a measurable matriz-valued
function M : Q — My (R) such that

M(z)T -7 > al|7|? for a.e. €, for all T € RN, (4.44)
[|M(2)|| <A for a.e. z€Q, (4.45)
a(z, f(z), F(x)) — a(z, f(z),G(z)) = M(x)(F(z) — G(x)) for a.e. z € (. (4.46)

Remark 4.15 Notice that o and A do not depend on f, F or G (only on a).

Proof of Lemma 4.3
When a is of class C! with respect to &, it is very simple: just take

1
0
M) = | 5o f(@) () +HG(x) = F(@)) dt
0
(where g—g, the partial derivative of a with respect to &, is identified to a N x N matrix; it is easy to see

that this partial derivative satisfies (4.44) and (4.45)).

When a is only Lipschitz continuous with respect to &, it has a partial derivative for a.e. £ € R, but we
cannot take the preceding expression since F(.) + t(G(.) — F(.)) could take (on the whole of Q and for
any t € [0,1]) its values where a is not derivable with respect to £.

We solve this problem by the following trick: by denoting (p,)n>1 a sequence of mollifiers in RV, we take
an(z,s,8) = (a(z,s,.) * pp)(€); a, is a Caratheodory function which is of class C! with respect to £&. We
have thus

an (2, f(2), F(2)) = an(z, f(2), G(z)) = Mn(2)(F(2) - G(2)), (4.47)

where M, (z) = fol %(m,f(m),F(x) + t(G(z) — F(z)) dt; by noticing that %(m,s,f) = (‘g—‘g(m,s, ) ®
pn)(€), we see that 85’5" — and thus M,, — satisfies (4.44) and (4.45) for all n > 1.

Thus, (M,)n,>1 being a bounded sequence in (L*®(2))N*¥ | there exists a subsequence, still denoted
(Mp)n>1, which converges to M in (L>(02))V*N weak-x; it is then quite clear that M satisfies (4.44) and
(4.45). Moreover, since |F — G| € L'(Q), M,,(F — G) = M(F — G) in the sense of distributions. Since
an(z, f(z), F(x)) — an(z, f(z),G(2)) = a(z, f(z), F(z)) — a(z, f(z),G(z)) for a.e. z € Q (for all z € Q
such that a(z,.,.) is continuous) and is dominated by A|F — G| € L'(Q2), the convergence is also true in
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(LY (2))N (and thus in the sense of distributions). By passing to the limit (in the sense of distributions)
in (4.47), and since the limits are functions, we get

a(z, f(z), F(z)) — a(z, f(z),G(z)) = M(z)(F(z) — G(z)) forae. z€Q,
and the measurable matrix valued function M is thus convenient.m

Proof of Theorem 4.1

Let u € M(Q), u® € M(09Q) and u, v two SOLA of (4.14).

By definition, there exists (fn,Vn)n>1 € M(Q) N (H1(Q))' satisfying p, — p and v, — p in (C(Q))’
weak-*, (u8,v0),>1 € M(OQ) N (HY2(Q))" satisfying ud — p® and v2 — p? in M(99) weak-*, u,, a
solution of (4.15) and v,, a solution of (4.15) with (v,v?) instead of (un,u?) such that u, — u and
v, — v in LY(Q) (in fact, the convergence is much stronger but we will not need it).

By substracting the equation satisfied by v,, from the equation satisfied by u,,, we have, for all ¢ € H%d (Q),

/ (a(z,upn, Vuy) — a(z,v,, Vv,)) - Vo + Aun, —vn)pdo
Q Ty

= {tn = vn, 001 @)y mE (@) + (g — 8, <P)(H;£2(Q)),,H;22(Q)- (4.48)

Let V:QxRxRxRY - RN defined, for all (z,s,t,£) € 2 x Rx R x RV, by

V(a,s,t,6) = Aottt 524,
V(z,s,t,£) =0 if s =1t.

Thanks to Hypothesis (4.1), V is Borel-measurable (it is Borel-measurable on the Borel set {s # t} and
on the Borel set {s = t}) and, by (4.6), |V(x,s,t,£)| < J for a.e. z € Q, for all (5,¢,€) € Rx R x RY; we
also have, for all (z,5,t,§) € A x Rx R x RV,

Cl(SU,S,f) - a(xaty‘s) = (8 - t)V(x,s,t,{).

V being Borel-measurable and u,,, v,, Vv, being measurable, v, (.) = V(.,un(.),vs(.), Vv, (.)) is measur-
able on Q and, for a.e. z € Q, we have |v,(z)| < 4.

By denoting M,, : @ — My (R) the measurable matrix-valued function given by Lemma 4.3 applied to
f =un, F = Vu, and G = Vv, (notice that |F — G| € L?(Q) C L'(Q)), we obtain, for a.e. z € Q,

G(SL', Un(IL'), VUH(SL')) - a(a:, Uﬂ(x)a VUH(IL'))
= a(w,un(m), Vun(w)) - a(.Z’,’u,n(Z'), V’Un(.'E)) + a($7 Un(.fL'), an(x)) - a(m, ’l)n(.fll'), VUn(.Z'))
= Mu(2)(Vun(z) — Vop(z)) + (un(z) — 00(2)) V().

By (4.48), w,, = u,, — v, is thus a solution to

Wy, € H%d(ﬂ) ,
/ anwn ) v‘P"'/ WnVnp - V(P+
Q Q s 3Ff L
+<:U’n - V"’(p)(HIl,‘/iz(EQ))’,HI{QZ(BQ) ) V(P € HI‘d(Q)‘

Mnp do = (pin = Vn, ) (H3 (@), HE, (@) (4.49)

MT is a measurable matrix-valued function which satisfies Properties (4.44) and (4.45) (notice that «
and A do not depend on n) and we have v, € L>(Q) with § > || |v,|||r=~(q) (notice that § does not
depend on n).
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Thanks to Theorem 4.3, since sgn(u — v) € L>®(f), there exists Kk > 0 and C > 0 depending on
(Q,T4,a,A,6,\) (i-e. K and C do not depend on n) and, for all n > 1, a solution to

fn € Hy (Q)NCO*(Q),
/M,Tan -ch+/ vn-an<,0+/ )\fncpda:/sgn(u—v)ap, Vo € Hlld(ﬂ) (4.50)
Q Q r; Q

such that || fn||cox ) < C.
Using f,, as a test function in (4.49) and w,, as a test function in (4.50), we obtain

/ wypsgn(u —v) = / M,NVw, -V f, + / Wy Vy - Vfn + Awy, fr, do
Q Q Q

Ty

= [ g =)+ [ fadul = o). (4.51)
Q aQ

Since (fn)n>1 is bounded in C%*(Q), it is relatively compact in C(£2) (thanks to the Ascoli-Arzela theorem)
and we can thus suppose that, up to a subsequence still denoted (f5.)n>1, we have f,, — f in C(€2). Since
pn, — vn — 0 in (C(Q)) weak-+ and ud — v2 — 0 in M(0Q) weak-x, we get

[ gt =)+ [l =2 0.
Q [o19)

Using the fact that w, — u — v in L'(2), we deduce then from (4.51), by passing to the limit n — oo,

that
0=/ngn(u—v)(u—v)=/9|u—v|,

which gives u = v a.e. on Q and concludes the proof.m

Proof of Theorem 4.2
We first prove the more general result stated in Remark 4.6. We suppose thus, to begin, only Hypotheses
(4.1)—(4.3), (4.7) and (4.9) and we take (un)n>1 satisfying: for all n > 1, there exists three sequences
(Bn,m)m>1 € M(Q) N (H(Q)), (18 )m>1 € M(O2)N (H'2(89))" and (unm)m>1 € H} (€) such that
finm =3 pi in (C(Q))' weak-x, pd . ™25 48 in M(9Q) weak-+,
3C > 0 such that |[tn,m|lmce) + |45 mllm@a) < C for alln > 1 and m > 1, (4.52)
Vm > 1, tnm is a solution of (4.15) with (pin,m, 43 ,) instead of (pin, p3),
Unm 5 U in Wp¥(Q) for all ¢ € [1, N/(N — 1)

((4.52) is the additional hypothesis we must make — see below for the reason).

Let {¢k, k > 1} (respectively {¢);, k¥ > 1}) be a countable dense subset of C(Q) (respectively C(092)).
For all n > 1, there exists m,, > 1 such that

. |fQ Ok Apin,m, — Jo Pk dun| <1/nforall k € [1,n],
o |[oq ¥k dud . — [oq ¥k dud| < 1/nfor all k € [1,n],

° ||un,mn - Un”WFl,N/(N—l)—l/n(Q) < l/n.
d

It is then quite clear that (vp)n>1 = (Unm.)n>1 € M(Q) N (HY(Q))" and (1/,‘2)”21 = (ug,mn)n21 €
M) N (H'/2(89Q)) converge respectively to p in (C(R)) weak-* and to u? in M(99) weak-*. Indeed,
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(Un)n>1 = (Bn,m, )n>1 is bounded in M(Q2) by C (this is where we need (4.52)) and, for all k£ > 1, if

n >k,
1
/wkdvn—/wkdu‘S—+‘/<pkdun—/<pkdu‘—>Oasn—>00-
Q Q n Q Q

The bound of (v,,)n>1 and this convergence on a dense subset of C () gives the weak-* convergence. We
can do the same for (v2),>1.

Thus, by definition of a SOLA, since vy, = up,m, is a solution of (4.15) with (v,,v9) instead of (tin, u2),
there exists a subsequence (v, )r>1 and a SOLA u of (4.14) such that v,, — u in Wlldq(ﬂ) for all
g €[1,N/(N—=1)[. Let g € [1, N/(N = 1)[; for all k > (N/(N — 1) — q)~!, since nj > k, we have then
(with rp, = N/(N = 1) = 1/n; > q),

lum, —ullwrag@) <l = vnllwra@) + llon, — ullwro@)
S |Q|1/q*1/rk||umC - 'Umc”Wl’Tk () + ||vnk - u”Wl’q(Q)
1,|Q
< sup(nﬁ + |[ony, — ullwroe) = 0 as k — oo,
k

which gives the convergence of (up,)r>1 to u in Wll;q(ﬂ), for all g € [1, N/(N —1)].

Suppose now that we add the hypotheses of Theorem 4.1, or that we are in the case of Remark 4.5. We
have then the uniqueness of the SOLA.

The SOLA u,, thus does not depend on the way we approximate (p,,u2), and we can always take
(kn,m> 18, ) m>1 Which approximate these measures and satisfy moreover ||tin m|lrm@) < I|#nllme) and
118l meoe) < B3]l mcon) for all m > 1; in this case, since (pin)n>1 is bounded in M(Q) and (ud)n>1
is bounded in M(0R) (they converge for the weak-* topology), we see that (fin,m, ug’m)nzl,mzl satisfy
(4.52).

By supposing that (u,),>1 does not converge to the SOLA u of (4.14), we would take ¢ > 0 and a
subsequence, still denoted (un)n>1, such that, for a go € [1, N/(N — 1), [[un — ul|w1.0 ) > € for all
n. Applying the preceding reasoning, we get a subsequence (uy,, )r>1 which converges in W%;q"(ﬂ) to a
SOLA v of (4.14). The SOLA being unique, we have in fact u = v and this leads to a contradiction, thus
proving Theorem 4.2 and Remark 4.7. m



Chapitre 5

Remarques sur ’unicité des SOLA

5.1 A propos de la définition des SOLA

Dans larticle originel [10], les mesures du second membre sont approximées par des fonctions de L!(Q) N
H~1(Q). Lorsque I’on cherche & obtenir uniquement I’existence de solutions & (4.14), il importe peu de
savoir avec quel genre d’outil (fonctions, mesures...) on approche le second membre.

Cependant, lorsque 'on s’intéresse a 'unicité des solutions ainsi approchées, il faut préciser exactement
de quelle maniére ces solutions ont étés approchées: a priori, on pourrait obtenir plus de solutions si ’on
se permet des approximations avec des mesures que si 'on se permet uniquement des approximations
avec des fonctions; c’est pourquoi nous avons choisi de permettre, dans la définition de SOLA, des
approximations du second membre les plus larges possibles, i.e. non seulement par des fonctions mais
aussi par des mesures.

La question qui se pose cependant, maintenant, est de savoir si tout le raisonnement de [10] est valable
avec le genre d’approximation que ’on a permis. C’est effectivement le cas.

Les seules propriétés utiles de 'approximation (Ly)n>1 de p+ pu? € M(Q), lorsque 'on veut pouvoir
appliquer le raisonnement de [10], sont les suivantes:

L. € (H'(Q)), (5.1)
Vi > N, Vi € W Q) (L 0 iars iy i (@) = /Q odu+ /8 pdu? (5.2)

et
3C > 0 tel que ,Vn > 1, Vo € HE () NL®(Q), [(Ln, 0) i)y a1 @] < CllellLe@)- (5.3)

Ces propriétés sont effectivement vérifiées pour le genre d’approximation que nous avons choisi.
En effet, notre approximation consiste a prendre L, = pn + ul avec pu, € M(Q) et u € M(09) telles
qu’il existe M > 0 vérifiant, pour tout ¢ € C(Q) N H(Q),

/«pdun+/ odul
Q o0

Cette inégalité et la densité de C(Q) N H'(Q)) dans H'(f2) impliquent que L, peut s’étendre de maniére
unique en une application de (H'(€2))’, de sorte que (5.1) est vérifée.

Par définition de p, — p dans M(Q) faible-x et de u2 — p® dans M(99) faible-, puisque ¢ € Wy ()
est continue sur Q lorsque r > N, on a(Ln, ©) (1 (@)y, 7' (@) = Jo @ Win+ [0 0 dud = [o @ du+ [5o ¢ du®,
ce qui prouve (5.2).

Comme (Ly),>1 converge dans M (Q) faible-x, elle est borné dans cet espace; notons C' un majorant
de [|Ln| vqq)- Soit ¢ € H'(2) N L=(R) et prenons ¢, € C*(Q) qui converge vers ¢ dans H'(Q); les

< Mllol| 1 (a)- (54)
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fonctions Ty o (g, (¢m) (01 Trr = min(M, max(—M, s))) sont dans C(Q) N H(Q) et convergent vers
Tjj || poocay () = ¢ dans HY(). Par définition de C, pour tout n > 1,

(L Tl g oo ey (Pm)) i@y 11 (@) | < CllT gl oo @) (Pl 2= () < Cll@llzee (-
En passant a la limite m — oo dans cette inégalité, on en déduit (5.3).

Remarque 5.1 Lorsque (comme c’est le cas quand on suppose Uhypothése (4.13)) C(Q) N HE () est
dense dans Hlld (), alors au lieu de prendre une approzvimation L, € M(Q) vérifiant (5.4) pour tout p €
C(U)NH' (), on peut se contenter d’une approzimation vérifiant cette inégalité pour o € C(Q)NHE, (Q);
Ly, s’étend alors en un élément de (Hy () (et ensuite en un élément de (H'(2))' par Hahn-Banach).

5.2 Contre-exemple a 'unicité des SOLA

Nous avons vu (théoréme 2.3) que ’hypotheése (4.13) de “bonne répartition” de T'y est essentielle au
résultat de régularité hoéldérienne jusqu’au bord des solutions de problémes elliptiques, résultat que nous
utilisons fortement pour prouver I'unicité de la SOLA.

Nous allons prouver ici que cette hypothese (4.13) est tout aussi essentielle & l'unicité de la SOLA (ou
tout du moins que, sans une hypothese de ce genre sur la répartition de I'; le long de 912, on n’a plus le
résultat d’unicité de la SOLA).

Soit © =)0, 1[*> (pour simplifier). On prend [y construit, pour ce {2, dans la sous-section 2.2.1.

Théoréme 5.1 Avec ce choiz de Ty, pour tout p € M(Q) et u® € M(0R), il eriste au moins deuz
SOLA a

—Av=p dans Q,
v=20 sur Ty, (5.5)
Vv-n=p° sur Ty.

Preuve du théoréme 5.1
Nous commencons par construire une mesure uj € M(92) particuliere, puis nous prouvons la non-unicité
de la SOLA de (5.5) avec u® = u et u = 0; enfin, nous concluons lorsque y et u? sont quelconques.

Etape 1: construction de pg particuliére.

Prenons L € C2° () positive non-nulle; on sait alors que la trace de la solution variationnelle u de (2.34)
n’est pas continue sur 9 (cf sous-section 2.2.2).

En particulier, u n’est pas nulle o-presque partout sur 9€2. Prenons alors zg € 99 tel que

zo € (]0,1[2x{0,1}) U (J0, 1[x{0,1}x]0, 1[) U ({0,1}x]0, 1[?)

(i-e. o est sur une des parties ouvertes planes de 92), 2o est un point de Lebesgue de u|sq et u(xo) # 0
(comme on a pris z¢ sur une partie plane de 912, la notion de point de Lebesgue est simplement la notion
classique pour des fonctions définies sur des ouverts de R2). Pour simplifier les notations, nous supposons
par exemple que zo €]0, 1[2x{0}.

La mesure particuliere que nous cherchons est u§ = 6, € M(99), la masse de Dirac située en z.

Etape 2: Non-unicité de la SOLA de (5.5) lorsque g =0 et u® = uf.

Une premiere SOLA de ce probleme est la fonction nulle.

Pour voir cela, on prend (yn)n>1 € I'q qui converge vers zo (c’est possible car I'y est dense dans 0f2).
zo étant dans ]0,1[>x{0}, on peut supposer que tous les (y,)n>1 sont aussi dans ]0,1[*x{0}; on notera
alors, pour r > 0, D(y,,7) = {2z € R% x {0} | |2 — yn| < r} (i-e. le disque dans R? x {0} de centre y,, et
de rayon r).
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T4 étant ouvert dans 012, il existe, pour tout n > 1, 8, €]0,1/n[ tel que D(yn,B) C (]0,1[2x{0}) N Ty.
Nous notons p, = mlp(ymgn) € L™(89) c M(8Q)N(HY?(0Q))'. Puisque y,, = xo et B, — 0,
on a clairement p, — u® = §,, dans M(0RQ) faible-*.

Soit v, la solution variationnelle de

—Av, =0 dans (,
v, =0 sur Ty, (5.6)
Vo, -n=p, sur  T'y.

On sait que, & une sous-suite pres, (v,)n>1 converge vers une SOLA de (5.5) avec p = 0 et p® = dy,.
Mais, pour tout n > 1, v, est, par définition, la seule fonction de Hlld(ﬂ) qui vérifie

/an-V<p=/ opn do
Q Ty

pour tout ¢ € H{ (9). Or p, = 0 sur T'y (car D(yn,B,) C '), donc frf ppn do = 0; ainsi, v, est la
seule fonction de H%d(Q) qui vérifie fQ Vv, - Vi = 0 pour tout ¢ € H%d (Q), ce qui signifie que v, est la
fonction nulle.

La fonction nulle est donc bien une SOLA de (5.5) avec p =0 et u® = 6,,.

Nous allons maintenant prouver qu’il existe une SOLA non-nulle de (5.5) avec u = 0 et u® = §,,, ce qui
concluera cette étape.

Soit, pour n assez grand (tel que D(zo,1/n) C]0,1[>%x{0}), v, = mlpwo,l/n) € L>*°(09Q). On a
Un = U8 = 6z, dans M(9Q) faible-x et la solution variationnelle de

—Aw, =0 dans (,
wy, =0 sur Ty, (5.7)
Vw,  -n=uy, sur Ty,

c’est & dire la fonction w, € Hf (Q) qui vérifie
/ Vw, - Vo = / vnpdo , Vo € Hyp (),
Q r,

converge & une sous-suite pres, encore notée (wy)n>1, dans L!(2) (et méme mieux) vers une SOLA de
(5.5) avec =0 et u® = 6,,. Notons w cette SOLA.

En utilisant u (la solution variationnelle de (2.34) fixée dans ’étape 1) dans I’équation satisfaite par w,,,
on obtient, puisque v = 0 sur Ty,

/ l/nudaz/ Vnuda:/Lwn.
a0 Iy Q

Mais, lorsque n — oo, par définition de v, = ml D(zo,1/n) €t du fait que zo est un point de
Lebesgue de u|aq, on a [, vpudo — u(xo) # 0 (par choix de zo). Ainsi, puisque w, — w dans L'(f),
on a

| 1= uaw) #0,

ce qui prouve que w n’est pas nulle.

Etape 3: linéarité du probleme.
Les SOLA de (5.5) “dépendent linéairement” de u et u?, c’est & dire que si, pour i = 1 et 2, u; € M(Q),
ud € M(09Q) et u; est une SOLA de (5.5) avec (u, u%) = (ui, u?), alors uy + ua est une SOLA de (5.5)

avec (p, u%) = (p1 + po, pf + p3).
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En effet, en prenant, pour i = 1 et 2, #gn) € M) N (H'(Q)) et ,u?’(") € M(OQ) n (H'/?(89))" qui
convergent respectivement vers y; dans M(Q) faible-x et vers u? dans M(0Q) faible-x, et telles que la
solution variationnelle de

—Au{™ = p{m dans Q,
ui™ =0 sur Ty, (5.8)
Vugn) -n u?’(") sur I’y

converge vers u;, alors g™ + p{™ € M(Q) N (HY(Q))' converge vers py + pp dans M(Q) faible-x,
pd™ 4 2™ e M0Q) N (HY2(09))' converge vers pd + pf dans M(89) faible-x, donc la solution
variationnelle de

—Au™ =y 4 dans
u™ =0 sur Ty, (5.9)
VU(H) n = Hf,(n) + ng(n) sur Ff7

) (n)

+ uy ', converge & une sous-suite prés vers une SOLA de (5.5) avec

) + ug") converge vers uy + u2, cela prouve que w1 + uy est, comme

qui n’est autre que u(™ = wu;"

(1, 1%) = (1 + po, pf, p3). Comme u;"
annoncé, une SOLA de ce probleme.

Etape 4: conclusion.

Soit maintenant p. € M() et u? € M(89) quelconques.

On prend » une SOLA de (5.5) pour ces données. Comme w et 0 sont des SOLA de (5.5) avec = 0 et
u? = ud (cf étape 2), ’étape 3 nous permet de voir que w — 0 = w est une SOLA de (5.5) avec =0 et
p? = 0; ainsi, toujours par ’étape 3, u + w est une SOLA de (5.5) avec pu = pu, et p® = pf. w n’étant
pas nulle, on a donc trouvé deux SOLA distinctes u et v + w de (5.5) avec u = ps et u? = u?, ce qui
conclut la preuve de ce théoréme. m



