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Résumé.

Ce mémoire de thése porte sur les solutions non nulles a I'infini de certaines équations
non linéaires dispersives.
On y établit des résultats d’existence de dark solitons pour des équations de Schrédinger
non linéaires et pour des systémes d’équations de Schrodinger couplées, en dimension 1.
On étudie la stabilité linéaire d’un type particulier de dark solitons des équations de Schré-
dinger non linéaires en dimension 1: les black solitons.
On étudie le probléme de Cauchy pour I’équation de Schrédinger, linéaire puis non linéaire,
dans les espaces de Zhidkov X*(R™).
On étudie ce méme probléme de Cauchy dans l'espace affine ¢ + H*, pour une fonction ¢
(non nulle a l'infini) réguliére et d’énergie finie.
On étudie le probléme de Cauchy pour des équations non linéaires dispersives de type
Korteweg-de Vries ou Benjamin-Ono, sur les espaces de Zhidkov X*(R).

Mots clefs. Equations non linéaires dispersives, Equation de Schrédinger, Dark soliton,
Probléme de Cauchy, Stabilité, Equation de Korteweg-de Vries, Equation de Benjamin-
Ono, Onde solitaire, Inegalités de Strichartz.

Abstract.

This PhD thesis is concerned with non-zero at infinity solutions of some nonlinear dis-
persive equations.
We establish existence results for dark solitons of nonlinear Schrédinger equations and of
system of two coupled nonlinear Schrédinger equations, in dimension 1.
We study the linear stability of a special kind of dark solitons of nonlinear Schrodinger
equations: the black solitons.
We study the Cauchy problem for the linear and for the nonlinear Schrédinger equations
on the Zhidkov spaces X*(R").
We study the same initial value problem on the affine space ¢ + H', where ¢ is a (non
-zero at infinity) regular function with finite energy.
We study the Cauchy problem for nonlinear dispersive equations which look like the
Korteweg-de Vries or the Benjamin-Ono equations, on the Zhidkov spaces X*(R).

Key words. Nonlinear dispersive equations, Schrodinger equation, Dark soliton, Cauchy
problem, Stability, Korteweg-de Vries equation, Benjamin-Ono equation, Solitary wave,
Strichartz estimates.

AMS Classification. 35Q55, 35Q53, 35Q51, 35A05, 35A07, 35B30, 35B35, 35E15, 34A05,
34B24.






Introduction.

1 Les équations non linéaires dispersives.

Les équations non linéaires dispersives peuvent s’écrire de fagon générique sous la forme

ou

ot
ol u est une fonction réelle ou complexe d’une variable de temps ¢ € R et d’une variable
d’espace x € R™, A est un opérateur anti-adjoint et F'(u) un terme non-linéaire. Souvent
(ce sera en particulier vrai pour toutes les équations non linéaires dispersives étudiées dans
cette these), A peut étre défini grace a sa transformée de Fourier par

Au(§) = ip(§)u(f), (2)
ou la fonction & valeur réelle p est appelée symbole de 'opérateur A.
Le caractére “dispersif” de 1’équation (1) n’est lié qu’a I’équation linéaire associée
ou
ot

= Au+ F(u), (1)

= Au. (3)

Il signifie que les modes de Fourier (ei””'g ) sont propagés par (3) a des vitesses dépendant

eR®
de . Plus précisément, en se restreignani aux cas oul 'opérateur A peut étre défini par (2),
la relation de dispersion de (3), obtenue en recherchant les ondes planes ¢®*¢~%* solutions
de (3), s’écrit w(&) = —p(€). (1) est dite dispersive si le déterminant de la matrice Hessienne
de w est non identiquement nul.

Du fait de la dispersion, les solutions localisées de 1’équation linéaire (3) ont tendance
a “s’étaler” quand t tend vers l'infini, et & converger uniformément vers 0. Vis & vis de
ce comportement, le rajout d'un terme non linéaire peut avoir deux effets complétement
différents. Soit il compense 'effet de la dispersion, permettant ainsi a I’équation non linéaire
(1) d’avoir des solutions de type “ondes progressives”, c’est a dire des profils se déplagant
sans se déformer cours du temps. A contrario, la non-linéarité peut renforcer 'effet de la
dispersion. Dans ce cas, (1) n’admet pas d’onde progressive localisée. Cependant, des ondes
progressives d’un autre type peuvent alors étre solution de (1). Il s’agit des dark solitons,
qui sont non nuls & I'infini.

Dans cette thése, nous nous intéresserons exclusivement a des équations non linéaires
dispersives admettant des solutions non nulles & l'infini. On considérera principalement
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des équations de Schrédinger non linéaires défocalisantes, et dans une moindre mesure des
équations de type Korteweg-de Vries ou Benjamin-Ono.

2 Utilisation d’équations de Schrodinger non linéaires
défocalisantes en physique: quelques exemples.

L’équation de Schrodinger modélise des phénoménes physiques aussi nombreux que
variés. Nous ne mentionnerons ici que deux d’entre eux, pour lesquels I'existence de dark
solitons et leur étude présente un intérét particulier. Ces deux exemples sont les condensats
de Bose-Einstein d’une part, et d’autre part la modulation de I'amplitude d’une onde quasi-
monochromatique dans un milieu non linéaire, en optique.

2.1 Condensat de Bose-Einstein et équation de Gross-Pitaevskii.

A trés basse température, dans un gaz de bosons sans interaction réciproque, une partie
des particules se condense dans ’état quantique d’énergie minimale, formant ce qu’on
appelle un condensat de Bose-Einstein. Leur existence a été prédite par A. Einstein en
1925, tandis que leur observation expérimentale a eu lieu pour la premiére fois en 1995 par
une équipe dirigée par E. Cornell et C. Wieman. E.P. Gross et L.P. Pitaevskii ont modélisé
ce phénomeéne par I’équation qui porte leur nom et qui s’écrit, aprés adimensionnement,

z% +Au+(1—|uf)u = 0. (4)
ot

u est ici une fonction des variables (¢, 7) € R x R3, qui représente (a I’adimensionnement,

prés) la fonction d’onde des bosons. |u(t,x)| tend vers 1 lorsque x tend vers l'infini. Le

condensat est décrit par une zone oil le module de u est petit par rapport a 1.

Les trés basses températures nécessaires a la formation d’un condensat sont obtenues
par piégeage laser. Considérant le faisceau laser cylindrique comme un obstacle au bord
duquel la fonction d’onde s’annule (voir [AB| et les références qui s’y trouvent), il est
également intéressant d’étudier I’équation de Gross-Pitaevskii (4) dans le complémentaire
de cet obstacle.

Parmi les équations de Schrodinger non linéaires, 1’équation de Gross-Pitaevskii est la
plus étudiée (c’est méme cette équation que certains auteurs désignent lorsqu’ils parlent
d’équation de Schrodinger non linéaire). Dans la suite, elle nous servira souvent de cas
modéle.

2.2 Equations de Schrodinger non linéaires défocalisantes en op-
tique.

On va ici montrer I'une des fagons par laquelle ’équation de Schrédinger non linéaire
est obtenue en optique. Il s’agit de modéliser la propagation d’'une onde quasi monochro-
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matique dans un milieu faiblement non linéaire. On part des équations de Maxwell pour
un isolant parfait:

divD = 0,
0B
tE = ——
ro %
divB = 0,
oD
tH = —
ro TR

ou D désigne le déplacement électrique, E le champ électrique, B I'induction magnétique et
H le champ magnétique. B et D s’expriment en fonction de E et H de la maniére suivante.

B =puH,

D =¢gE+ P,

ou p est la perméabilité magnétique du milieu, ¢y la permittivité du vide et P le vecteur
polarisation. Des équations de Maxwell, il vient

orotB  OrotH 0°D 0’°FE 0*P

ot Mo T Mor T e T ap

—AF + grad divE = rot rotE = —
Dans un milieu isotrope, le vecteur polarisation s’exprime
P = €DX0E7

ol Xo est la susceptibilité du milieu. En particulier, £ est colinéaire & D, et si yg est
constant, divE = 0. E est donc solution de I’équation des ondes

O’FE
AE — peo(l+x0) 55 =0,
qui se réécrit
n?0?E
AE-"22 7
ct ot? ’

N - p’(1+X0) 5e . , . oy - . .
oUN = 4/ T est I'indice de réfraction du milieu et ¢y = 1/,/Eopo la vitesse de la lumiére

dans le vide. Si n = ng est constant, les ondes planes
Eo = 2Re [ 2]

sont solutions de cette équation des ondes, ol £ = & est constant, € est la direction de
polarisation, orthogonale & la direction de propagation Z et £z le vecteur d’onde. On a

alors la relation
Co w

No k
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Si maintenant n = ng + ny(7), ol ny est une petite perturbation de ng, ne dépendant
que de l'intensité lumineuse I = |E|?, £ n’est plus constante, et vérifie au premier ordre
I’équation
0 0%t  09%¢ Nnl
2ike— + 5 + = + 2k =& =0.
0z  0x?  Oy? ng

On a ici négligé k4= devant g%, compte tenu du fait qu’une petite variation de n ne modifie

& que sur de grandes échelles d’espace.

La non-linéarité la plus employée dans ce cadre est la non-linéarité cubique, qui permet
de modéliser le comportement de la lumiére dans les milieux dits "Kerr". Dans ce cas,
nm = nzl = n3|€|?, et aprés adimensionnement des variables, on est amené a I’étude de
I’équation de Schrédinger non linéaire cubique & deux dimensions d’espace

9E
Oz

Ou

P + Au = Ju*u = 0. (5)

i

Avec un signe +, ’équation (5) est dite focalisante et n’admet que des ondes progressives
localisées, tandis qu’avec le signe —, elle est dite défocalisante, et est susceptible d’admettre
des dark solitons comme solutions. Dans ce dernier cas, on retrouve en fait I’équation de
Gross-Pitaevskii. (4) est en effet équivalente a (5) avec le signe —, quitte a remplacer la
variable d’espace dans la direction de propagation z par une variable temporelle ¢, et a
changer u en e~ %u.

Dans ce cadre, la non-linéarité cubique n’est cependant pas la seule interessante d’un
point de vue physique. Pour de fortes intensités lumineuses, certains milieux, comme cer-
tains polyméres ou certains semi-conducteurs (voir [KLD]), ne peuvent plus étre modélisés
de fagon satisfaisante par une non-linéarité "Kerr". Les physiciens considérent alors des
compétitions entre deux termes de type puissance:

2 <
nnl(I) = n2p+1fp + 7’L4p_|_1j p’ ou p> 0 et Nop+1M4p+1 < 0.

Parmi ces non-linéarités, la plus fréquemment employée est la non-linéarité dite cubique-
quintique
TLnl(I) = ngl + n5]2,

compétition entre un terme cubique focalisant (n3 > 0) et un terme quintique défocalisant
(ns < 0). Elle est par exemple utilisée pour les cristaux de p-toluéne-sulfonate (voir [KLD]).
En dehors de I'optique, sous certaines conditions supplémentaires sur les paramétres ng et
ns, cette non-linéarité est aussi trés utilisée pour décrire certains gaz de bosons (voir [B],
[BM], [BGMP] et les autres références qui s’y trouvent).

Pour de trés fortes puissances, il apparait souvent que la variation de I'indice du mi-
lieu ne peut pas dépasser une certaine valeur, d’oit I'introduction de non-linéarités avec
saturation, par exemple
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Indépendamment du fait de modifier la non-linéarité pour mieux prendre en compte
les propriétés de tel ou tel matériau, les physiciens sont aussi amenés & introduire des
variantes de 1’équation de Schrédinger non-linéaire. Par exemple, ’étude de 'interaction
d’ondes monochromatiques dans un guide d’onde a deux dimensions meéne a des systémes
du type

(6)

. 2 —
{z%—f—l—r%ﬁ’—w—l—vw——o

- _Ov 0%v w?

ZU&—FSW—OC’U—F?—O,

our,s==xlet o,a>0 (voir [ BK1|,[BK2|, [BDST]). Comme on le verra, pour certaines
valeurs des paramétres r, s, 0, a, (6) admet pour solution des dark solitons, ou plus exacte-
ment un couple de deux dark solitons, ou bien un couple formé d’un dark soliton et d'un
bright soliton.

Un autre exemple de systéme obtenu en optique est le systéme de Manakov ([SK|,[Man]),
qui décrit la propagation d’'une lumiére de polarisation quelconque dans un milieu défoca-
lisant

,8ui 82ui

"0z " 0a?
ol uy et u_ décrivent I'enveloppe du champ électrique dans deux directions transverses
(z étant la direction de propagation) et orthogonales entre elles. On verra que ce systéme

admet comme solution des dark-bright solitons.

(s [* + Ju—|*)us = 0, (7)

2.3 Equation de Korteweg-de Vries avec données non nulles a I’'in-
fini.

L’équation de Korteweg-de Vries

ou u B

ot "o e T
permet de décrire I’écoulement d’un liquide dans un canal ([HSe|,[ZG|). En particulier, en
en cherchant des solutions qui tendent vers des constantes différentes en 400 et en —oo, on
peut modéliser des phénoménes de type mascaret ([BRS],[BoSc|,[Pe|). Les mascarets sont
des vagues qui peuvent remonter le courant de certaines riviéres sur plusieurs kilométres,
a marée montante. Leur formation est liée a un niveau de ’eau qui devient supérieur du
coté de la mer qu’en amont de la riviére.

0 (8)

3 Dark solitons de I’équation de Schrodinger non li-
néaire et de ses variantes.

La littérature des physiciens est riche en conjectures concernant 1’existence ou la stabi-
lité de dark solitons pour les équations sus-mentionnées. D’otu le besoin de vérifier mathé-
matiquement ces conjectures. En particulier, pour I’équation de Schrodinger non linéaire
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en dimension 1, on va classifier les non-linéarités suivant les différents types de dark solitons
auxquels elles peuvent donner lieu.
Dans la suite, on considérera ’équation de Schrédinger non linéaire

du

o + Au+ f(Jul)u =0, (9)

7
no 9%
i=1 a2
laplacien sur R” et f : R, +— R est une fonction réguliére. On se donne de plus un réel py > 0
(avec la terminologie issue de I'optique, introduite en 1.2.2, il s’agit de I'intensité du fond
lumineux), et on suppose f(pg) = 0. Quitte & changer u en e®/(?)y, cette derniére condition
n’est pas restrictive. On suppose de plus f défocalisante, ce qui se traduit a minima par
I'hypothése f'(po) < 0, et la plupart du temps par f’(py) < 0. On ne s’intéressera dans ce
mémoire qu’a des solutions u de (9) dont 1’énergie

ou u est une fonction complexe des variables (t,z) € R x R", A = ) désigne le

E(u) = / Vuldz +/ V(|u2)dz (10)
est finie, ot V' est donné par:

VY= [ f(s)ds. (11)

T

Par exemple, lorsque po = 1 et f(r) = 1 —r, (9) n’est autre que 1'équation de Gross-
Pitaevskii (4).

3.1 Existence et stabilité de dark solitons en dimension n > 2.

Les ondes progressives de I’équation de Gross-Pitaevskii.

Dans leurs travaux de 1982 [JR] et 1986 [JPR], C.A. Jones, S.J. Putterman et P.H. Ro-
berts semblent étre les premiers a s’étre sérieusement posé, en dimensions 2 et 3, la question
de l'existence d’ondes progressives d’énergie finie pour ’equation de Gross-Pitaevskii, c’est
a dire des solutions non constantes de (4) qui s’écrivent sous la forme

w(zy, ... x,) =v(r) — ct,xo, ..., Tp),
ou v est solution de

e 9
— jo—— — = 12
iea +Av+o(l —|v]7) =0, (12)

et dont I’énergie
1
E(u) = / |Vul*dz + —/ (1 — |ul?)*dx

est finie. Dans ces articles est conjecturée 'existence d’ondes progressives pour toutes les
vitesses comprises entre 0 et v/2 (et seulement pour ces vitesses). Ils y décrivent aussi

14



le comportement & l'infini de ces ondes progressives, ainsi que la structure de leurs vor-
tex, pour des vitesses proches de 0. La vérification de leurs conjectures a nécessité de
nombreux travaux de la part des mathématiciens, dont va mentionner ici les principaux
résultats. Concernant I'existence d’ondes progressives en dimension 2, F. Béthuel et J.C.
Saut [BeSal|, [BeSa2| ont montré par des méthodes variationnelles les résultats suivants.

Théoréme 3.1.1 ([BeSal]) En dimension n = 2, il existe ¢ > 0 tel que pour toute vitesse
c € (0,¢p), ’équation (12) admet une solution v. non constante et d’énergie finie. De plus,
il existe des constantes Ay et Aq telles que

27| log c| + Ao < =E(v.) < 27|loge| + A.

N | —

Théoréme 3.1.2 (/BeSa2]) En dimension n = 2, il eziste une suite c¢; € (0,1/2) tendant
vers \/2 telle que pour tout entier j, I’équation (12) (ot ¢ = ¢;) admet une solution non
constante et d’énergie finie.

En dimension n > 3, également par des méthodes variationnelles, F. Béthuel, G. Orlandi
et D. Smets ([BOS]) ont obtenu le résultat suivant d’existence d’ondes progressives pour
des petites vitesses.

Théoréme 3.1.3 Pourn > 3, il existe une suite ¢; € (0, \/5) tendant vers 0 telle que pour
tout entier j, l'équation (12) (ot ¢ = ¢;) admet une solution non constante et d’énergie

finie.

D. Chiron (|C]) a par la suite complété ce résultat, afin d’obtenir I'existence d’ondes
progressive sur un intervalle de petites vitesses.

Théoréme 3.1.4 ([C]) Pourn > 3, il existe ¢y > 0 tel que pour tout ¢ € (0,c¢), I’équation
(12) admet une solution non constante et d’énergie finie.

En complément de ces résultats d’existence d’ondes progressives, ont été aussi obtenus
des résultats de non-existence. Ainsi, en dimension n > 2, F. Béthuel et J.C. Saut ont
montré la non-existence d’onde progressive non constante, d’énergie finie et de vitesse
nulle, tandis que P. Gravejat I’a montrée pour les vitesses supersoniques, grace a une étude
fine des noyaux de convolution apparaissant dans la formulation hydrodynamique de (12).
Plus précisément, on a les résultats suivants

Théoréme 3.1.5 ([BeSal]) En dimension n > 2, toute solution d’énergie finie de (12)
avec ¢ = 0 est une constante de module 1.

Théoréme 3.1.6 (/Gr2/,[Gr4]) En dimensionn > 2, toute solution d’énergie finie de (12)
avec ¢ > /2 est une constante de module 1.
En dimension n = 2 ce résultat reste vrai pour ¢ = V2.
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En dehors de la question de leur existence ou de leur non-existence, on dispose de
résultats donnant des éléments de description de ces ondes progressives. Notamment, A.
Farina ([F]) a donné une majoration de leur module.

Théoréme 3.1.7 ([F]) En dimension n > 1, si v. est solution de (12), alors pour tout

r € R",
2
lve()| <A1+ T

Le comportement & l'infini de ces ondes progressives est décrit par les deux résultats
suivants, qui confirment des conjectures échafaudées par C.A. Jones, S.J. Putterman et
P.H. Roberts ([JR],[JPR]). Le second, dit & P. Gravejat, affine le premier, di a F. Béthuel
et J.C. Saut (|BeSal],[BeSa2]), et le généralise a des dimensions autres que 2.

Théoréme 3.1.8 ([BeSall,[BeSa2]) En dimension n =2, siv est une solution d’énergie
finie de (12), ot c € (0,/2), alors, v(x) tend vers un compleve de module 1 lorsque x tend
vers l’infini.

Théoréme 3.1.9 ([Gr1],[Gr3],[Gr5]) En dimension n > 2, siv est une solution d’énergie

finie de (12), ou ¢ € (0,+/2), alors, & multiplication par un compleze de module 1 prés, v
admet le développement asymptotique
1 T

v(r) = 14+ ——0v (—) (14 0(1)),

e RN

0l Vs est une fonction réguliére définie sur la sphére, connue explicitement.

Enfin, notons que A. Aftalion et X. Blanc ont montré I'existence d’ondes progressives
pour I’équation de Gross-Pitaevskii (4) dans le complémentaire de la boule unité de R

Théoréme 3.1.10 (/AB]) 1l eziste ¢y > 0 tel que pour tout ¢ € (0,¢y), l’équation (12) sur
R*\B(0,1), avec conditions de Dirichlet au bord de B(0,1), admet une solution u. sans
vortez (c’est a dire |u.| > 0 sur R*\B(0,1)), ou B(0,1) désigne la boule unité de R?.

Ce dernier résultat permet & A. Aftalion et X. Blanc de montrer I'existence de solution
sans vortex pour une équation proche de I’équation de Gross-Pitaevskii, dans un domaine
de R? (voir [AB]).

La question de la stabilité de toutes ces ondes progressives pour 1’équation de Gross-
Pitaevskii en dimension n > 2, aussi bien sur R" que sur un domaine extérieur, est a ce
jour un probléme ouvert.

Les bulles stationnaires.

Contrairement & ce qui se produit pour ’équation de Gross-Pitaevskii, comme 'atteste
le Théoréme 3.1.5, il existe des non-linéarités pour lesquelles ’équation de Schrodinger
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non linéaire admet des solutions non nulles a l'infini, d’énergie finie, stationnaires et non
constantes.

Sous les hypothéses sur f et py faites au début de cette section, on désigne par bulle
stationnaire de (9) toute solution de (9) qui de plus est radiale, prend ses valeurs (réelles)
dans 'intervalle (0, /po), est strictement croissante sur toute demi-droite issue de 0 et tend
vers /po lorsque x tend vers l'infini.

L’existence et la stabilité de ce type de solution a fait 'objet de travaux de la part de
[.V. Barashenkov, A.D. Gocheva, V.G. Makhankov, I.V. Puzynin et E.Y. Panova ([BGMP],
[BP], |B]) d’une part, A. de Bouard ([dB]) d’autre part.

Ces travaux, finalisés par A. de Bouard, aboutissent d’une part & une condition suffisante
sur la non linéarité f assurant ’existence d’une bulle stationnaire, et d’autre part au fait
que ces bulles stationnaires sont toutes instables.

Théoréme 3.1.11 (/dB]) En dimension n > 2, si f € CY(R,) et f'(po) < 0, et s’il existe
p1 €10, po) tel que V(p1) <0, alors il existe une bulle stationnaire ¢ solution de (9).

De plus, si cette condition est vérifiée, alors ¢ est de classe C?, et |0%(p — p(l)/Q)(x)| tend
exponentiellement vers 0 quand x — oo pour tout multi-indice «, tel que |a| < 2.

Théoréme 3.1.12 ([dB]) Soit f € C™*(R,) vérifiant les hypothéses du Théoreme 3.1.11,
ot m >n/2. Soit ¢ la bulle stationnaire de (9) donnée par le Théoréme 3.1.11.

Alors ¢ est instable au sens suivant: il existe ¢ > 0 tel que pour tout § > 0, il existe
uy € H™(R™) avec ||ugllgr < 9 et tel que, si v(t) = ¢ + u(t) est 'unique solution v €
0+ C(T.,T*,H™) de (9) avec donnée initiale v(0) = ¢ + ug, alors il existe to € (0,1) tel
que ||u(to) || > €.

La preuve de ce résultat repose sur une analyse du spectre de 'opérateur obtenu par
linéarisation de (9) au voisinage de la bulle stationnaire ¢.

Les bulles progressives.

Sous des hypotheéses légérement plus restrictives sur la non-linéarité f que celles du
Théoréme 3.1.11 assurant lexistence de bulles stationnaires, M. Marig [Mar3] a montré,
en dimension n > 4, l'existence de bulles progressives de petites vitesses, solutions de
I'équation (9). Ces bulles progressives sont des solutions de (9) qui s’écrivent sous la forme

w(ry, ..., Tn) = V(1 — ct,Ta, ..., Ty),
admettant une symétrie radiale dans les variables x,, ..., x,.

Théoréme 3.1.13 (/Mar3]) Soit n > 4. Il existe ¢y > 0 tel que pour toute vitesse ¢ €
(—co, o), léquation (9) admet une unique bulle progressive de vitesse ¢ notée v. = \/pg +
Upe + iUge, 00 u. € HY(R™) et ug. € H(R™).

De plus, quand ¢ — 0, uy. — ¢ — \/po dans HY, ou ¢ est la bulle stationnaire solution de
(9) donnée par le Théoreme 3.1.11, et uy, — 0 dans H'.
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Ces bulles sont obtenues comme point critique d’une fonctionnelle E.. Les hypothéses
sur la non-linéarité f requises pour la démonstration sont en particulier vérifiées pour
la non-linéarité cubique-quintique f(r) = oy + aszr + asr?, ot ap < 0, az > 0, a5 < 0
et ajas/ai € (3/16,1/4), cette derniére condition étant celle sous laquelle 'équation de
Schrodinger cubique-quintique admet une bulle stationnaire.

3.2 Existence et stabilité des dark solitons en dimension 1.

En dimension 1, les questions concernant ’existence de dark solitons et leur stabilité,
pour des non-linéarités trés variées, est relativement bien comprise, en regard des nombreux
problémes restant ouverts a ce jour, ne serait-ce qu’en ce qui concerne les ondes progressives
de I’équation de Gross-Pitaevskii en dimensions supérieures ou égales a deux.

Les bulles stationnaires en dimension 1.

Concernant les bulles stationnaires en dimension 1, on dispose de résultats analogues a
ceux des dimensions supérieures. On dispose méme d’une condition nécessaire et suffisante
portant sur la non-linéarité f, assurant leur existence.

Théoréme 3.2.1 (/dB]) En dimension n =1, si f € C*(R,) et f'(po) < 0, il existe une
bulle stationnaire ¢ solution de (9) si et seulement si ny = sup{n € (0, po), V(n) = 0}
existe, no € (0, po) et f(no) < 0.
De plus, si cette condition est vérifiée et si f'(po) < 0, alors ¢ est de classe C?, et 0*(p —
pé/z)(fb) tend exponentiellement vers 0 quand x tend vers +o0o pour o < 2.

Comme en dimension n > 2, les bulles stationnaires en dimension 1 sont toutes in-
stables.

Théoréme 3.2.2 ([dB]) Soit f € C3(R..) vérifiant les hypotheéses du Théoreme 3.2.1. Soit
¢ la bulle stationnaire de (9) donnée par le Théoréme 3.2.1.
Alors ¢ est instable au sens spécifié au Théoreme 3.1.12, avec m = 1.

Les bulles progressives.

On appelle bulle progressive de (9), de vitesse v toute solution de (9) de la forme
u(t,z) = pu(z — vt),

dont le module |¢,| vérifie les propriétés caractérisant une bulle stationnaire (parité, po-
sitivité stricte sur R, croissance stricte vers ,/pg sur R, ). Notons qu’a la différence d’une
bulle stationnaire, une bulle progressive n’est pas supposée rélle (et de fait, elle ne le sera
jamais).

Ces bulles progressives ont été étudiées par Z. Lin (|L]). Comme pour les bulles sta-
tionnaires en dimension 1, on dispose d’une condition nécessaire et suffisante, portant sur
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la non-linéarité f et sur la vitesse v, assurant ’existence d’une bulle progressive de vitesse
.

Théoréme 3.2.3 ([L]) Sin =1 et f € CY(R,), il existe une bulle progressive ¢, de (9)
de vitesse v si et seulement si les conditions suivantes sont vérifiées:

- f(po) =0 2 2
- o :=sup{n € (0, po), Vi(n) 1= V() — =2 = 0} existe et no € (0, po)
- folmo) == flmo) + 5 (1 — B) = V(1) < 0.

o
De plus, si ces conditions sont vérifiées, o, est de classe C3. Sous la condition supplémen-
taire f'(po) < 0, @, ainsi que ses dérivées d’ordre 1 a4 3 convergent exponentiellement vers
leurs limites a l'infini.

Ce résultat appelle plusieurs commentaires. D’abord, & condition de voir les bulles
stationnaires comme des bulles progressives particuliéres, il englobe le Théoréme 3.2.1.
Ensuite, il est facile de voir qu’il interdit I'existence de bulle progressive pour les vitesses
supersoniques (c’est & dire les vitesses v vérifiant v? > —2po f'(po) = ¢?, oul ¢ est la vitesse
du son). Enfin, sous 'hypothése f'(pg) < 0, pour toutes les vitesses v € (0,¢), 19 € (0, po)
existe, et f,(ny) < 0. Pour des vitesses subsoniques non nulles, les seuls couples non-
linéarité/vitesse pour lesquels il peut ne pas exister de bulle progressive sont ceux qui
vérifient la condition f, (1) = 0. Ce cas est certes pathologique, mais tout a fait possible,
comme on le montre dans [Ga2|.

Théoréme 3.2.4 ([Ga2]) Si f € C(Ry) et f'(po) <0, 'ensemble
S =A{v e (0,0),V/(no(v)) =0}

est fermé et ne contient aucun intervalle non trivial.
1l existe des non-linéarités f pour lesquelles S est infini.

Dans [L|, Z. Lin donne également un critére de stabilité pour les bulles progressives. Ce
critére était énoncé a l’origine pour des non-linéarités admettant une bulle stationnaire.
Comme on le remarque dans [Ga2|, il s’étend en fait a d’autres non-linéarités, pour les
vitesses telles que les hypothéses du Théoréme 3.2.3 sont vérifiées. Avant d’énoncer ce
critére, commencons par donner la définition du moment P, d’une bulle progressive o,:

+o0 00
P, =TJm 0 Popu(1l — | |2)dx.
—o0 Po

Le critére de stabilité de Z. Lin pour les bulles progressives s’énonce alors comme suit.

Théoréme 3.2.5 ([L]) Soit f € C'(R,) telle que f'(py) < 0. Soient vy,vy tel que —c <
v1 < vy < c¢. On suppose que les hypothéses du théoreme 3.2.3 assurant [’existence d’une
bulle @, = a,e sont vérifiées pour tout v € (v1,v2).

Alors, pour tout v € (—vy,v9), cette bulle est stable si % > 0, et instable si % < 0.
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Dans le Théoreme 3.2.5, la stabilité est & comprendre au sens de la stabilité orbitale: pour

tout ¢ > 0, il existe & > 0 tel que si la donnée initiale ©° = %™’ vérifie

inf (||7,a”" — @l + [|70:6° — 0.0,112) <6 ,
se

alors
inf (|7sa(t)? — a2l + [7.0:0(t) — 0ubullz2) < < |

pour ¢ € (0,00), ot on a noté p(t) = a(t)e?® la solution de (9) de donnée initiale p(0) = ¢°,
et 75 la translation par s, a savoir 7, f(z) = f(x — s). Le soliton est dit instable s’il n’est
pas stable.

Pour établir ce résultat, Z. Lin travaille avec la formulation hydrodynamique de (9),
c’est & dire qu'il en écrit les solutions sous la forme (py — r)'/2¢?. Le systéme vérifié par
(r,0,) a une structure Hamiltonienne, il peut donc lui appliquer la théorie sur la stabilité
des ondes solitaires établie par M. Grillakis, J. Shatah et W.A. Strauss (|[GSS]).

Pour résumer, étant donné une non-linéarité f et po > 0, vérifiant f(py) = 0 et f'(po) <
0, pour les vitesses subsoniques non nulles, il existe le plus souvent (mais pas toujours)
une bulle progressive, dont la stabilité ou I'instabilité est donnée par le critére 3.2.5. Sans
tenir compte de cas trés particuliers détaillés dans [Ga2|, on peut séparer les non-linéarités
défocalisantes (au sens ou f’(pg) < 0) en deux grandes familles, suivant le type de dark
soliton auquel elles donnent lieu & vitesse nulle. Soit les conditions spécifiées au Théoréme
3.2.1 sont satisfaites, et (9) admet comme solution une bulle stationnaire, qu’on sait étre
instable grace au Théoréme 3.1.12, soit (encore une fois, a des cas trés particuliers prés) V'
est strictement positif sur [0, pg). Dans ce dernier cas, un autre type de solution stationnaire
est solution de (9): il s’agit d’'un black soliton.

Les black solitons.

Les black solitons sont des solutions stationnaires de (9), rélles, impaires, qui réalisent un
difféomorphisme de R sur (—/po, /o). A la différence des bulles décrites précédemment,
les black solitons s’annulent en un point (d’ott leur nom). A T'instar du Théoréme 3.2.1
pour les bulles stationnaires, on dispose d'une condition nécessaire et suffisante sur la
non-linéarité f assurant 1’existence d’un black soliton.

Théoréme 3.2.6 ([DMG],[Ga2]) On suppose que f € C*(R,) vérifie f(po) = 0. Il existe
un black soliton de (9) si et seulement si

V(r) > 0 pour tout r € [0, po).

Si de plus f'(po) <0, 0°(\/po — ) tend exponentiellement vers 0 lorsque x tend vers +oo,
pour o = 0,1, 2.

L’équation de Gross-Pitaevskii (4) est un exemple d’équation de Schrédinger non-
linéaire admettant un black soliton pour solution. En effet, V(r) = (1 — r)?/2, qui est
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strictement positif sur [0, 1). D’ailleurs, ses dark solitons sont explicitement donnés par

Do) = <1 _ ”;)1/2 tanh ((1 . %2)1/2%) + z\/% (13)

Pour v = 0, on obtient le black soliton 1y(z) = tanh(z/v/2).

Compte tenu de leur point d’annulation, la stabilité des black solitons ne peut pas,
comme pour les bulles, étre étudiée sur la formulation hydrodynamique de (9), puisque
largument et le module d'un black soliton présentent des singularités. Dans ([DMG]),
écrivant une solution de (9) sous la forme ¢ + u; + iug, ot ¢ est un black soliton, u; et
uo sont réelles, et linéarisant au voisinage de (uy,us) = (0,0), on se rameéne a 1’étude du

probléme linéaire
0 U1 Ui
el — A 14
silm)=2() (14

L
= 6)
Ly = -3 — f(¢),
Ly = —0; — f(¢") = 2¢°f'(¢") .
Avec ces notations, on montre dans ([DMG]) la condition suffisante suivante, assurant
la stabilité linéaire d'un black soliton.

ou

Théoréme 3.2.7 ([DMG/,[Ga2]) L, est un opérateur auto-adjoint sur L?, de domaine
H?. Son spectre essentiel est [0,+00), et L a une unique valeur propre négative Ny, qui
est simple.

La fonction de Vakhitov-Kolokolov

g = < (L= ¢ > (15)

qui est bien définie pour X € (X, 0), est de classe C', est croissante sur (X, 0), et g(\) —
—o0 lorsque A | Ag. Si la limite de g(\) quand X 1 0 est négative ou nulle, le spectre de A
est inclus dans iR, et ¢ est linéairement stable.

Pour une non-linéarité donnée, il est relativement facile de vérifier numériquement si
cette condition assurant la stabilité linéaire d’un black soliton est vérifiée, en calculant
celui-ci de maniére approchée, puis en calculant la fonction de Vakhitov-Kolokolov au
voisinage de 0. Il est en revanche nettement plus difficile de le montrer rigoureusement. On
y parvient cependant pour ’équation de Gross-Pitaevskii, pour laquelle le black soliton est
explicitement donné par (13), et les valeurs propres et vecteurs propres de I'opérateur L;
sont explicitement connues. Ainsi, on obtient le résultat suivant.

Théoréme 3.2.8 ([DMG]) Le black soliton p(z) = tanh(z/v/2) de I’équation de Gross-
Pitaevskii (4) est linéairement stable.
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On peut trouver des non-linéarités pour lesquelles la condition du Théoréme 3.2.7 n’est
pas vérifiée. Dans ce cas, des calculs numériques semblent indiquer que le black soliton est
linéairement instable®.

3.3 Existence de dark solitons pour des systémes dérivés des équa-
tions de Schrodinger non linéaire.

Dans [Marl| et [Mar2|, M. Marig montre I'existence de dark-bright solitons, solutions
du systéeme
. 2
2005 + 55 + 2 (¢l — K*)p =0,

ol €, q et k sont des constantes. Par dark-bright soliton on entend que v et ¢ s’écrivent
sous la forme (¢, z) = i (z —vt), o(t, x) = P(z —vt), avec [ (z)| — 1 et |p(z)| — 0 quand
x tend vers l'infini. La méthode consiste dans un premier temps & appliquer le théoréme
des fonctions implicites au voisinage de la solution triviale de (16) qu’est, pour v # 0, le
couple (¢, (ex — 2vet),0), out ¥, est une bulle progressive de Gross-Pitaevskii donnée par
(13). Dans un second temps, M. Marig décrit plus globalement la structure des courbes de
solutions obtenues, grace a un théoréme de bifurcation de Rabinowitz.

Grace aux conditions nécessaires et suffisantes sur la non linéarité assurant ’existence
d’une bulle stationnaire (Théoréme 3.2.1) ou progressive (Théoréme 3.2.3) pour I’équation
de Schrédinger non linéaire en dimension 1, cette méthode peut s’appliquer a des systémes
du méme type que (16), mais avec des non-linéarités plus générales. On montre ainsi dans
|Ga2| l'existence de dark-bright solitons pour le systéme

i% + 55+ P o) =0 -
1% + 22+ (g(|U?) + 0)p = 0,
ou f, g € C'(R?) vérifient
f(p()a O) = O,
0
a—i(p070> < O,

g(r,0) > g(po,0) pour r € [0, po).

Si la vitesse v est choisie de sorte que, notant ¢ = \/ —2p0§—:£(p0,0) la vitesse du son,

v € (—c,c) et il existe

0 2 _ 2
o(u) = sup {n N B o} <o,
n

1. A noter que, comme pour les bulles stationnaires ([dB]), lorsqu’un black soliton est linéairement
instable, il est aussi orbitalement instable.
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avec f(no(v),0) + %(1 - no?—i)z) < 0, alors I’équation

O

82
Za"‘w‘f‘fﬂ?ﬁﬁow:o (18)

admet une bulle @TU de vitesse v, et on peut appliquer le Théoréme des fonctions implicites
au voisinage de la solution triviale de (17) (4, 0), comme pour le systéme (16) étudié par
M. Maris. Notons que le systéme de Manakov (7) mentionné plus haut vérifie les hypothéses
ci-dessus.

Dans [BK1] (voir aussi [BK2], [Ki]), A.V. Buryak et Y.S. Kivshar étudient le systéme
(6). En particulier, ils en cherchent numériquement des solutions stationnaires. Ainsi, pour
r=—1,s=1et a >0, ils conjecturent I'existence d’une famille de dark-dark solitons,
avec les conditions & I'infini w(z) — +v2a et v(z) — 1 lorsque z — Fo0. Pour a > 8, ces
solitons sont monotones, tandis qu’ils ont des "queues oscillantes" pour o < 8. Dans [Ga4],
on vérifie une partie de ces conjectures, grace & une méthode de tir. Plus précisément, on
montre le résultat suivant.

Théoréme 3.3.1 Soit a > 8. Alors le systéme

w' = —w +vw

w? (19)

"no__ _ w*
v = Qv )

admet une solution réelle w,v € C*(R), telle que
(i) w est impaire,
(ii) w croit strictement sur R,
(iii) w(x) — +v2a,
(iv) v est positive et paire,
(v) v croit strictement sur R,
(vi) v(z) — 1.

r—+00

4 Le probléme de Cauchy pour des équations de Schro-
dinger avec données non nulles & I’infini.

Du fait de I'existence de dark soliton solutions de certaines équations de Schrédinger non
linéaires, se pose la question du probléme de Cauchy dans des espaces contenant ces dark
solitons. Savoir que le probléme de Cauchy est globalement bien posé dans un "voisinage"
(dans un sens a préciser) d'un dark soliton est en effet un renseignement précieux si on
veut étudier sa stabilité, ou bien si, le sachant instable, on veut essayer de comprendre
comment se manifeste cette instabilité.

On s’intéresse donc au probléme de cauchy

{ %% Au+ f(Jul)u=0, (t,z) €R x Q

u(0) = ug, ou |upl|? = Po;

(20)
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ou Q = R™ On suppose f réguliére, telle que f(py) = 0 et f'(py) < 0. On peut par
exemple choisir comme non-linéarité f 'une de celles mentionnées en 2: la non-linéarité
de Gross-Pitaevskii f(r) = 1 — r, ou bien une non-linéarité de type "saturation", comme
f(r)= m—ﬁ,ou encore une non-linéarité cubique-quintique f(r) = oy +asr+asr?,
ou az > 0, as < 0...

Pour montrer que le probléme de Cauchy (20) est globalement bien posé, il pourra étre
profitable de s’aider de deux des invariants de (20), conservés au moins formellement, que

sont la charge
1) = [ (@) = o] da

d’une part, et surtout I’énergie

g = [ [Vu@P +V(u(@)P)

d’autre part.

Historiquement, le premier résultat concernant un probléme de Cauchy de type (20)
semble étre celui de F. Béthuel et J.C. Saut (|[BeSal|) concernant 1'¢quation de Gross-
Pitaevskii dans 'espace affine 1 + H':

Théoréme 4.0.2 (/BeSall) En dimension 1,2 et 3, le probléme de Cauchy pour ’équation
de Gross-Pitaevskii est globalement bien posé dans 1+ H*.

Ce résultat, s’il est parfaitement satisfaisant en dimension 3, puisque les ondes progres-
sives de I’équation de Gross-Pitaevskii appartiennent bien & I’espace 1+ H*, I’est moins en
dimensions 1 et 2. En dimension 1 en effet, comme l'atteste leur explicitation (13), les dark
solitons résolvant ’équation de Gross-Pitaevskii ne tendent pas vers la méme constante en
—00 et en +o00; ils ne sont donc pas dans 1 + H'. En dimension 2, les ondes progressives
de léquation de Gross-Pitaevskii tendent bien vers 1 & l'infini (& multiplication par un
complexe de module 1 prés), mais, d’aprés leur développement asymptotique du Théoréme
3.1.9 du & P. Gravejat, ils ne sont pas dans 1 + L% Le probléme de Cauchy (20) doit donc
étre étudié dans un autre cadre fonctionnel.

En dimension 1, P.E. Zhidkov ([Z1],[Z2],|Z3],[Z4]) & étudié I’équation de Gross-Pitaevskii
dans lespace X' = {u € L>°,«/ € L?}. Dans |Gal], on étend & une dimension quelconque
la définition des espaces de Zhidkov

X¥R") = {u € L®(R"),Vu € H* " 1(R™)},

munis de leur norme naturelle. On commence par étudier le probléme de Cauchy pour
I'équation de Schrédinger lindaire sur X*(R™). On obtient le théoréme suivant.

Théoréme 4.0.3 ([Gal],[Gab]) L’équation de Schrodinger linéaire

Ou
’LE +Au=0 (21)
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est bien posée sur X*(R") des que k > n/2. Sous cette condition, il existe C' > 0 tel que
pour tout t € R, pour tout ug € X*(R"),

||€itAU0||X’€(R") < 0(1 + |t|>p||uo||Xk(Rn)’

|

De plus, pour n =1, p=1/6 est optimal.

ol

1
+1
11 St n est impaar.
+an

st n est pair,

= N
— =

Dans [Gal], on montre aussi que la condition k > n/2 est optimale, en exhibant une
donnée initiale ugp € L* N H L%J, telle que la solution u(t) de (21) avec donné initiale u,

qui reste dans H 5] pour tout temps t, explose en norme L*°.

La preuve du Théoréme 4.0.3 consiste & montrer, grace a des intégrations par partie, que
la formule qui donne u(t, z) = (e"®up) (¢, z) en fonction de uy via le noyau de Schrédinger
a bien un sens lorsque uy € X*, et & vérifier que u(t) est continue & valeurs dans L. Le
fait que Vu est continu & valeurs dans H*~! est quant & Iui évident. Notons qu’une preuve
plus simple, donnée dans [Ga3], donne le méme résultat, avec un moins bon p (p = 1/2).
Elle consiste & passer en variables de Fourier et & montrer que u(t) — ug € C(R, H").

Une fois établi ce résultat concernant ’équation de Schrodinger linéaire, la théorie
classique sur les équations d’évolution nous permet, dans [Gal|, de montrer que le probléme
de Cauchy pour I’équation non linéaire (20) est localement bien posé dans X*(R"), pour
k > n/2. Pour obtenir un résultat d’existence globale, on suppose que la donnée initiale,
en plus d’étre dans X*(R"), est d’énergie finie. Ainsi en dimension 1, on obtient le résultat
suivant.

Théoréme 4.0.4 (/Gal]) Soit n = k = 1. On suppose que [, en plus des conditions
mentionnées au début de la section 4, vérifie V(r) = C(py—r)?, oo C >0 et V est donné
par (11). On suppose que ug € X' (R) est d’énergie E(ug) finie. Alors il existeu € C(R, X1),
bornée dans X', solution de (20). De plus, I’énergie est conservée par le flot de Schrédinger.

Une fois montrée la conservation de I’énergie, ce résultat s’obtient en remarquant que
la norme H' de |u|?> — po est contrélée par I’énergie. Notons cependant que la condition
supplémentaire imposée & la non-linéarité est assez restrictive, puisque par exemple les
non-linéarités saturées ou cubique-quintique mentionnées plus haut ne la vérifient pas.

A la suite de ces travaux, en utilisant une méthode similaire & celle employée par H.
Brézis et T. Gallouét dans [BG], O. Goubet a montré que 'équation de Gross-Pitaevskii
est globalement bien posée dans X?(R?):

Théoréme 4.0.5 ([Go]) Le probléme de Cauchy pour l’équation de Gross-Pitaevskii est
globalement bien posé dans X*(R?) pour une donnée initiale uy dans cet espace ayant de

plus une énergie E(ug) finie.
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Plus récemment, P. Gérard a abordé sous un autre point de vue le probléme de Cauchy
(20), pour I’équation de Gross-Pitaevskii. Munissant 'espace d’énergie

E={ueH, Vuel? 1-uf €L
d’une structure d’espace métrique complet grace a la distance
dp(u,v) = [lu =l xiem + [[[ul® = [0 2,

il montre dans [Ge| que le probléme de Cauchy pour ’équation de Gross-Pitaevskii est
globalement bien posé dans F, en dimensions 2 et 3, et aussi en dimension 4 pour des
données initiales de petite énergie.

Théoréme 4.0.6 (/Ge/) Soit n = 2,3. Pour tout uy € E, il eriste une unique solution
u € C(R, E) de ’équation de Gross-Pitaevskii (4) de donnée initiale u(0) = ug. De plus,
- si Aug € L*(R"), alors Au € C(R, L*(R™)),
- pour tout temps t, E(u(t)) = E(uyp),
- u—e"Puy € C(R, HY(R")),
- pour tout R > 0 et tout T' > 0, il existe C > 0 tel que pour tout ug,ug € E tels que
E(up) < R et E(ug) < R, les solution u,u correspondantes vérifient

supdg(u(t),u(t)) < Cdg(ug, up).
tl<T

Pour n = 4, il existe 6 > 0 tel que pour tout ug € E vérifiant E(ug) < 0, il existe une
unique solution u € C(R, E) de (4) telle Vu € L3 (R, L*(R*)). Les propriétés de réqularité

loc
et le caractere lipshitzien du flot énoncés ci-dessus pour n = 2,3 sont vérifiés.

Lorsque l'on veut généraliser ce type de résultats & d’autres non-linéarités, on est
confronté a une difficulté liée au fait que V' n’est pas nécessairement positif. Pour 1'ex-
pliquer, revenons un instant au cas plus habituel ot py = 0, et ol u( est dans un espace de
Sobolev H*. Dans ce cas, pour montrer un résultat d’existence globale, on commence par
montrer que la norme H' de u ne peut pas exploser. Sa norme L? est conservée grace a
I'invariant (u), tandis que, si V est positif, la norme L? de son gradient est majorée (par
V&). Si V n’est pas positif, mais si sa partie négative ne décroit pas trop vite, on a toujours
un controle sur |Vu||zz, grace a 'inégalité de Gagliardo-Nirenberg et a la conservation de
I(u). Dans le cas qui nous occupe, ot py > 0, ce dernier argument n’est pas valable pour
au moins deux raisons. D’une part, il semble difficile d’établir la conservation de I(u) au-
trement que formellement, et d’autre part, /(u) n’est pas une norme, on ne risque donc
pas de la faire apparaitre dans le membre de droite d’une inégalité de Gagliardo-Nirenberg.
Dans ce qui suit, on va donc montrer un résultat d’existence global sans utiliser la quantité
I(u).

Dans une troisiéme approche du probléme de Cauchy (20), on travaille dans 1'espace
affine p + H', ol ¢ désigne une fonction réguliére d’énergie finie. ¢ peut par exemple étre
la donnée initiale ug si celle-ci est suffisamment réguliére, ou bien I'un des dark solitons
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de (9). On suppose qu’il existe a; > 1 et as € [a; — 1/2, a4] tels que la non-linéarité f
satisfasse I’hypothése

|f"(r)] < Cor™™® sin=1,2,3
|f"(r)] < Corr=* sin=4
si iy < 3/2, V est minoré inférieurement
siag >3/2, Vr > A, r*> < CyV(r)

Dans cette hypothése, la premiére assertion assure que la non-linéarité ne croit pas trop
violemment, la seconde impose & V(r) d’étre "plutot positif" pour r grand. Notons que
I'hypothése (H,, .o,) est satisfaite par I'équation de Gross-Pitaevskii pour a1 = ay = 2,
par la non-linéarité cubique-quintique pour a; = @y = 3 et pour la non-linéarité saturée
pour oy = oy = 1. Ainsi, le principal résultat que ’on obtient dans [Ga6] peut étre énoncé
comme suit.

‘v’r}l,{

4Cy > 0, A > 00, { (Hal,az)

Théoréme 4.0.7 ([Ga6]) Soit n =1,2,3 ot 4, po >0 et f € CFY(R,) (k=1sin=1,
k=2sin=23k=3sin=4) telle que f(po) =0 et f'(po) < 0. On suppose de plus
qu’il existe oy > 1, avec la condition supplémentaire iy < o sin = 3,4 (o0 of = 3 pour
n=3,a; =2pourn=4), et as € [a; — 1/2,a1] tel que (Hy, o,) soit vraie.

Alors pour toute fonction réguliére d’énergie finie @, c’est a dire

¢ € G (R™), Vo € HHYR™M™, |of? — py € L2(R™), (H,)

le probleme (20) est globalement bien-posée dans ¢ + H'(R"). Plus précisément, pour tout
wo € HY(R™), il existe un unique w € C(R, H*(R™)) tel que ¢ + w résolve (20), avec la
donnée initiale w(0) = wy.

Pour tout T > 0, le flot wy — w, H' — LFH" est Lipshitzien sur les bornés de H*.
L’énergie

E(w) = / |V (o +w)|*dz +/ V(| +w|?)dz
R’ﬂ n
est conservée par le flot.

Pour montrer ce résultat, on cherche une solution de (20) sous la forme ¢ + w, et on
étudie I”’équation relevée” que doit satisfaire w. La preuve peut alors se diviser en plusieurs
étapes. On commence par montrer, grace a la théorie classique sur les équations d’évolution,
que I’équation relevée est localement bien posée dans un espace de Sobolev H* pour k assez
grand. Pour ces solutions réguliéres, on montre grace a I'hypothése (H,, o,) une estimation
sur la norme H' de w, qui entraine que celle-ci n’explose pas sur lintervalle d’existence
dans H*. En utilisant un argument de point fixe dans les espaces de Strichartz de la méme
maniére que T. Kato dans [Ka2|, on montre ensuite que I’équation relevée est localement
bien posée dans H'. Un argument de persistance, lui aussi obtenu grace aux inégalités de
Strichartz, ainsi que I'estimation sur la norme H' assurent alors que les solutions locales
obtenues dans H* sont en fait globales. La théorie globale pour les solutions H' s’en déduit
alors aisément par régularisation.

27



Grace a 'étude de 'espace d’énergie E effectuée par P. Gérard dans [Ge|, on peut
remarquer que tout élément uy de F peut s’écrire sous la forme ¢ + wy, ol ¢ est réguliére
d’énergie finie, et wy € H'. On montre ainsi que pour toute donnée initiale ug € F, il existe
une unique solution de (20) dans uy + C(R, H'). De plus, reprenant des arguments de P.
Gérard dans |Ge|, on montre que c’est la seule solution continue a valeurs dans F, au sens
de la métrique dg introduite par P. Gérard.

Les ondes progressives pour I'équation de Gross-Pitaevskii sur R?\B(0,1) obtenues
par A. Aftalion et X. Blanc dans [AB]| (voir Théoréme 3.1.10), ainsi que les motivations
physiques sous-jacentes, mentionnées en 2.1, montrent l'intérét que peut présenter 1’étude
du probléme de Cauchy (20), ou 2 n’est plus l'espace R" tout entier, mais un domaine
extérieur inclus dans R™. La méthode utilisée pour montrer le Théoréme 4.0.7 a ’avantage
de bien s’adapter a ’étude de ce probléme de Cauchy, grace aux inégalités de Strichartz
montrées par N. Burq, P. Gérard et N. Tzvetkov (|[BGT]). On montre ainsi dans [Ga6| le
résultat suivant.

Théoréme 4.0.8 Soit n =2 ou 3, et Q C R" le complémentaire d’un obstacle K régulier,
compact, non captant et non vide. Soit aussi f € C3(Ry) telle que f(po) = 0 et f'(po) < 0.
On suppose qu’il existe oy > 1, as € [y — 1/2, 4] tel que (Hy, o,) est vraie. Sin =3, on
suppose de plus oy < 2.

Alors, pour tout @ vérifiant

¢ € C°(), Vo € H®(Q), Suppp C A\(V NQ), |¢> — po € L*(),

pour tout wy € H}(Q), il existe un unique w € C(R, H}(Q)) tel que ¢ + w soit solution de
(20) et w(0) = wy.

Pour tout T > 0, le flot wy — w, H} — L¥ H}, est Lipshitzien sur les bornés de H_.
L’énergie est conservée par le flot.

On a un résultat analogue dans le cas de conditions de Neumann au bord de €.

Comme pour le probléme de Cauchy sur R", toute donnée initiale uy, dans l’espace
d’énergie

Ep = {u € Ho,(Q), Vu € L*(Q), po — |ul” € L*(Q), xu € Hy ()},

ol y est une fonction C* a support compact sur R” qui vaut 1 sur un voisinage de I’obstacle
K, peut se décomposer sous la forme ug = ¢ + wp, ot ¢ est réguliére d’énergie finie, et
wy € Hy. D’ou lexistence d'une unique solution u € uy + C(R, Hj(£2)) au probléme de
Cauchy (20) sur le domaine extérieur 2. En revanche, I'unicité d’une solution continue &
valeurs dans Ep, au sens de I'analogue pour () de la distance dg introduite par P. Gérard
dans le cas de R", est quant & elle beaucoup moins claire (y compris pour ’équation de
Schrodinger linéaire).

28



5 Le probléme de Cauchy pour les équations de Korteweg-
de Vries et Benjamin-Ono avec données non nulles a
Pinfini.

Dans [ILS|, R. Iorio, F. Linares et M. Scialom étudient les problémes de Cauchy pour
les équations de Korteweg-de Vries (KdV) et de Benjamin-Ono (BO), soit respectivement

Ou+ Pu+udu=0, r€R, teR (22)
u(0) =g
et
ou+ HPu+ud,u=0, xR, teR
v (23)
u(0) =g

ol H designe la transformée de Hilbert, et g vérifie les conditions suivantes a I'infini:

i) ¢g(x) — C4 lorsque x — £o00 .
i) g eH tous>1. (24)
i) g—C € L*([0,00)), g — C_ € L*((—00,0]) .

Grace a une méthode de régularisation parabolique, ils établissent que les problémes
de Cauchy (22) et (23) avec une donnée initiale vérifiant (24) sont localement bien posés,
pourvu que s > 3/2. Plutoét que d’étudier directement (22) et (23), ils en cherchent une
solution sous la forme u = 1 + w, o ¥ est réguliére, c’est a dire ) € C>® et ¢ € H*, et
satisfait (24), et w est continu & valeurs dans H*. Ils étudient alors le systéme vérifié par
w, & savoir

{ Ow + 3w + whw + Oy (W) + Y’ + 9 =0, v €R, t€R
w(0)=g—1y=ypeH

au lieu de (22), et
{ dw + HO?w + wyw + O (wp) + ' + HY® =0, r €R, teR (26)
w(0) =g -t =ypeH

au lieu de (23).

Précisément, ils montrent le résultat suivant.

Théoréme 5.0.9 ([ILS]) Soit ¢ € H®, s > 3/2. Alors il existe T = T(s,||¢||ns) et une
unique solution w € C([0,T), H*)NC([0,T], H*3) (resp. C'([0,T], H*"?2)) solution de (25)
(resp. (26)). De plus, si p, — ¢ dans H® et w, est la solution de (25) (resp. (26)) avec
donnée initiale w,(0) = ¢,, alors pour tout T € (0,T), w, est défini sur [0,T"] pour n
assez grand, et w, — w dans L>([0,1"], H?).
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En utilisant les invariants respectivement de (KdV) et de (BO), ils en déduisent que si
s> 2, (25) et (26) sont globalement bien posés:

Théoréme 5.0.10 Si ¢ € H®, s > 2, alors la solution w obtenue au Théoréme 5.0.9 peut
étre étendue pour tout T' > 0.

Dans [Ga3|, on établit le méme type de résultats, en affaiblissant les hypothéses sur la
donnée initiale g: on suppose seulement g € X* et s > 1 pour (KdV), s > 5/4 pour (BO),
ou pour s > 1, X? désigne I'espace de Zhidkov

X*={fecL>®R), f € H'(R)}.

On commence par remarquer que si ¢ € X* on peut la décomposer sous la forme
g =1+, ol ¥ ales mémes propriétés que précédemment et v € H*. On est donc ramené
a l’étude des problémes de Cauchy (25) et (26) comme dans [ILS]. Ensuite, on adapte a
ces problémes de Cauchy la méthode utilisée par H. Koch et N. Tzvetkov dans [KoT| pour
montrer que I’équation de Benjamin-Ono est localement bien posée dans H®, s > 5/4.
Celle-ci peut étre décomposée en plusieurs étapes comme suit. D’abord, on établit des
inégalités de type Strichartz pour des versions linéarisées de (25) et (26), en utilisant les
inégalités de Strichartz montrées par C. Kenig, G. Ponce et L. Vega dans [KPV3|. Ensuite,
on établit une estimation non linéaire, en utilisant les inégalités de Strichartz obtenues
précédemment, appliquées & chaque terme de la décomposition de Littlewood-Paley d’une
solution réguliere de (25) ou (26). Cette estmation non linéaire permet de montrer une
estimation a priori sur la norme H*® d’une solution de (25) ou (26), et on conclue par
régularisation.

Cette méthode permet de traiter de la méme fagon les équations

{8tu+—D Ou+udu=0, R, teR (27)

w(0) =g € X°,

oit D = (=932 et a € [1,2] (pour a = 1, on retrouve (BO), tandis que pour o = 2, (27)
n’est autre que (KdV)). Ainsi, on montre le résultat suivant.

Théoréme 5.0.11 (/Ga3/)

Soit s > 3/2 — /4, g € X*. Alors il existe T = T(s, ||g||xs) > 0 et une unique solution u
de (27) telle que v € C([-T,T),X*), u—g € C([-T,T], H®) et u, € L*([-T,T], L*).

De plus, pour tout R > 0, l’application g — wu est continue depuis la boule de rayon R de
X® dans C([-T(s,R),T(s, R)], X®).

Comme on montre que ’équation (26) est localement bien posée dans H*® pour s > 5/4,
en utilisant I'invariant de I’équation de Benjamin-Ono associé & la norme H*/2, on montre
que (26) est globalement bien posée dans H® pour s > 3/2. On a donc le résultat qui suit.

Théoréme 5.0.12 ([Ga3]) Soit g € X*, s > 3/2. Alors la solution de (23) obtenue au
Théoréme 5.0.11 peut étre étendue a R.
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Il est intéressant de remarquer que la méthode employée par C. Kenig et K. Koenig
([KeK]) pour montrer que (BO) est localement bien posée dans H*, s > 9/8, n’est pas ap-
plicable ici, quoique trés voisine de celle développée par H. Koch et N. Tzvetkov dans [KoT].
En effet, 'ingrédient supplémentaire utilisé dans [KeK] par rapport a [KoT| est un argu-
ment de local smoothing. I intervient dans la majoration de la quantité ||uDZ0,ul|r2 (019,12
de la facon suivante:

1/2
||UD£3zU||L2([0,T],L2) = (Z||UDgaa:UH%2((j,j+1)x(o;r)))
J

1/2
< (ZHUH%OO((j,j—i-l)X(O,T))) SgPHDgaa:u|’L2((j7j+l)><(0,T))-(28)
J

Dans le membre de droite de (28), le second facteur est controlé par local smoothing tandis
que le premier n’est fini que parce que, en temps qu’élément de L2, “u est nulle & I’infini”.
Dans [Ga3], on a besoin de controler de la méme fagon le terme ||y DE0,ul|12(0,7),22). Or dés

/
que 1 n’est pas nulle a U'infini (c’est le cas qui nous intéresse), (Z] [kl j+1)> = 00,
et il n’y a pas d’espoir de controdler || DPd,ul|r2((jj+1)x(0,r)) Par local smoothing autrement
qu'uniformément en j.

6 Plan de la thése.

Ce mémoire de thése comporte 7 chapitres. Le premier fait le bilan des différents résul-
tats préexistant dans la littérature concernant ’existence et la stabilité des dark solitons des
équations de Schrodinger non linéaire en dimension 1, en y apportant quelques précisions
(notamment en ce qui concerne les bulles progressives). Ce chapitre comporte également
une application de ces résultats a la généralisation a d’autres non-linéarités d’un résul-
tat de M. Marig sur 'existence de dark-bright solitons pour un systéme d’équations de
Schrodinger couplées.

Le second chapitre est consacré & I’étude des conditions d’existence et de stabilité
des black solitons des équations de Schrodinger non linéaires en dimension 1. On montre
notamment un critére numériquement efficient déterminant s’ils sont linéairement stables
ou instables. On montre aussi grace & ce critére la stabilité linéaire des black solitons de
I’équation de Gross-Pitaevskii en dimension 1.

Dans le chapitre 3, on montre 'existence de dark-dark solitons solutions d’un systéme
d’équations de Schrédinger couplées issu de I'optique non linéaire.

Au chapitre 4 est étudié le probléme de Cauchy pour 1’équation de Schrodinger, linéaire
puis non linéaire, dans des espaces de fonctions non nécessairement nulles a I'infini que sont
les espaces de Zhidkov. Il s’agit d’un article paru dans la revue “Advances in Differential
Equations” sous le titre “Schrodinger group on Zhidkov spaces”.
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Le chapitre 5 est un complément du chapitre précédent. On y améliore I'estimation sur
le taux de croissance du groupe de Schrodinger sur les espaces de Zhidkov établi au chapitre
5. En dimension 1, on montre que I'estimation sur ce taux de croissance est optimale.

Le chapitre 6 développe une autre approche de 1’étude du probléme de Cauchy pour
les équations de Schrodinger non linéaires avec données non nulles & l'infini. Il s’agit de
résoudre ce probléme de Cauchy dans ¢ + H*', ol ¢ est une fonction réguliére d’énergie
finie.

Enfin, le dernier chapitre est consacré a I’étude du probléme de Cauchy pour des équa-
tions de type Korteweg-de Vries ou Benjamin-Ono, avec des conditions non nulles a 'infini.
Il est constitué d’'un article paru dans “Advances in Differential equations” sous le titre
“Korteweg-de Vries and Benjamin-Ono equations on Zhidkov spaces”.
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Chapitre 1

The dark solitons of the one-dimensional
nonlinear Schrodinger equation

Abstract. In this paper, we first give a review of the different rigorous ma-
thematical results that exist in the literature concerning existence and stability
of dark solitons of the one-dimensional nonlinear Schrédinger equation. This
results are precised with some new results, notably concerning the traveling
bubbles. Namely, we prove that there exists nonlinearities for which traveling
bubbles do not exist for every non-zero subsonic speed. Next, we use these re-
sults to generalize to other nonlinearities a result by M. Maris concerning the
existence of dark-bright solitons for a system of two coupled nonlinear Schré-
dinger equations.

1.1 Introduction

We consider here the one-dimensional nonlinear Schrédinger equation (NLS):

1%+ 2% + f(|ul)u =0, (t,2) € R? (1.1)
u(0) = ug |

where f is a real-valued function whose regularity properties will be specified along the
paper. We will concentrate on defocusing nonlinearities. Namely, we will assume throughout
this paper the existence of py > 0 such that f(po) = 0 and f'(py) < 0. For such a defocusing
nonlinear Schrédinger equation, there exists several kinds of solitary waves, which have the
special feature of not vanishing at infinity. These solitary waves are gathered under the
label “dark solitons”.

Dark solitons of the nonlinear Schrédinger equation are of great interest in many phy-
sical contexts. Just for the one-dimensional nonlinear Schrédinger equation, we mention
for instance the description of defectons, the theory of one-dimensional ferromagnetic and
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molecular chains. In both of these examples, f(r) = —a; + asr — asr?, where ay, as, a; are
constants, asz,a; > 0 (Cf [BGMP], [BP| and references therein). In non-linear optics, the
one-dimensional nonlinear Schrodinger equation (with various defocusing nonlinearities f)
is a model for the evolution of the complex amplitude envelope of the electric field in optical
fibers, as well as for the self-guided beams in planar waveguides. In the very last case, both
t and x are spatial variables (and “t” is often replaced by “z”). We refer to [KLD] and to the
references therein for a more developed discussion about the dark solitons of the nonlinear
Schrodinger equation in nonlinear optics, as well as for a list of physically relevant defocu-
sing nonlinearities f. Moreover, we believe that a good comprehension of the dark solitons
of the one-dimensional nonlinear Schrodinger equation could be useful to understand the
two and three dimensional cases, which have even more physical applications.

There exists several kinds of dark solitons of (1.1). Namely, in addition to the conti-
nuous waves p(t) = p(l)/ 2eif (ro)t we distinguish the kinks, which join two continuous wave
backgrounds of different intensity, and the traveling bubbles, the stationary bubbles and
the black solitons, which are all dark spots on a continuous wave background. Our purpose
in this paper is to classify the defocusing nonlinearities f, depending on which sort of dark
solitons it can give birth. We will specify the assumptions on the defocusing non-linearity
f which ensure the existence of each kind of dark solitons, and we will study the stability
of these solitons.

The results concerning the existence of non-kink dark solitons that are presented in this
paper may be sum up as follows. Let us first precise the definition of a dark soliton, if it is
not a kink.

Given py > 0, and if f is such that f(py) = 0 and f'(py) < 0, a (non-kink) dark soliton
of (1.1) moving on the continuous-wave background of intensity po (that is the sotution

¢ = py/? of (1.1)) is a solution of (1.1) which writes a,e™® (z — vt). There is no non-trivial

dark soliton (we mean by trivial dark soliton a solution such that a, = p(l)/ * and 6, is
constant) if |v| is larger than or equal to the sound speed ¢ = \/—2pof(po). If a,e is

such a dark soliton, a, must satisfy the ordinary differential equation

where V,(r) = [ f(s)ds — W. If V,, does not vanish on [0, pg) (a situation which
may occur only at v = 0), the only non-trivial dark soliton on the background of intensity
po is a black soliton, which means that it vanishes at one point. If V, admits a greatest
vanishing point on (0, py), and if moreover V, vanishes at order one at this point (this last
condition occurs in most of the cases, but not always), then the non-trivial dark soliton
of speed v moving on the background of intensity po is a traveling (stationary if v = 0)
bubble, namely a lower (but non-vanishing) intensity stain on the background of intensity
po. If this zero of V,, has order 2 or more, then there is no non-trivial dark soliton on the
continuous wave background, but only a kink-shaped solution, which joins this background
to 0.

In [Marl] (see also [Mar2]), M. Marig proves the existence of dark-bright solitons to the
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System

2% = G + SV + Flel 1y L9
205 = ~5F + H@WE -SR]

where ¢, 0, ¢,k are constants (the component ¢ is the dark soliton, while ¢ is the bright
soliton). His method consists in an application of the Implicit Function Theorem around
the “trivial” solution ¢ (x,t) = ¢, (x — vt), ¢(x,t) = 0, for |v| € (0, \/— ), where

Yy(z) = V1 — 2v2e2 tanh <\/ — 2e2—— ) + iV 2ue

eVv2

is the traveling bubble of the Gross-Pitaevskii equation

o 0% 2
20— = —— -1y 1.3
A 1LY (13)
We generalize this last result to other nonlinearities, using the above mentioned results
concerning the existence of traveling bubbles. Namely, we prove the existence of a couple

of dark-bright soliton to the system

W | 0% 9
o + o +f(|¢| |0l y
{ 165 + 55 + (vl el ) (1.4)

under the assumption on f which ensures that there exists a bubble solution of

oY 32¢ 2
i5r T3 509

In optics, system of type (1.4) may modelize the interaction of two continuous waves
of distinct frequencies. It is also a model for light pulses or 2D laser beams which take into
account the polarization (one equation for each polarization). We refer to [KLD], [HSh],
[SK], [Man| for more details.

The structure of this paper is as follows. In section 2, we are concerned with continuous
waves. The presented results are due to P.E. Zhidkov (|Z2], [Z3], [Z4]). Section 3 is devoted
to kinks, and the results are again due to P.E. Zhidkov. We study stationary bubbles
in section 4. In that section, the mentioned results are due to I.V. Barashenkov and his
collaborators (|[BGMP]) and A. de Bouard (|dB]). In section 5, we present results which
are mostly due to I.V. Barashenkov ([B]) and Z. Lin (|L]) concerning traveling bubbles. We
also give necessary and sufficient conditions on the non-linearity f ensuring the existence
of traveling bubbles, and we precise under which conditions the stability result of Z. Lin
may be applied. Section 6 deals with black solitons. The presented results are issued from
[DMG]|. We sum up the existence results of dark solitons in section 7. In section 8, we use
the existence result of section 5 to generalize the above mentioned result by M. Maris (see
[Marl|) concerning the existence of a dark-bright soliton to (1.2).
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1.2 The continuous waves

1.2.1 Existence

Without any regularity assumption on f, it is clear that for ap € R,
(t, ) — @(t) = age’/ (@)

solves (NLS).

1.2.2 Stability

We give here the stability result for the continuous waves which is proved by P.E.
Zhidkov in |Z2]| and [Z4].

Theorem 1.2.1 (/Z}]) Let f € C*(R™) be a real-valued function. Let us assume the exis-
tence of ag > 0 such that f'(a) < 0.
Let (thanks to the Sobolev embedding), 5y > 0 such that a € H' and ||a||z < &y implies
lallre < ao/2.
Then o(t) = age™ (@) is a stable solution of (1.1) in the following sense:
For every e € (0,0), there exists 6 € (0,0q) such that if ug € X' may be written under the
form

uo() = (ag + a(x))e™
with ||a||gr < & (and therefore a = |ug| — ap) and ||w'||12 < 0, then the solution u of (1.1)
with initial data uo is global in the Zhidkov space X'(R) := {u € L®(R), v’ € L*(R)},

does not vanish, and for every time t, it can be written as
u(t,z) = (ap + a(t,x))ei(tf(agH‘”(t’x)) ,
with a(t) € HY, ||a(t)||m < & and ||0,w(t)]| 12 < .
The proof of this theorem developed in [Z4] is based on the conservation of the energy

f(ag)
2

(lul” = ag) | dx

+o0
M) i= [ Gl - () + V) +
for a solution of (1.1) with initial data uy € X! satisfying the assumptions of the statement,
where U(r) := % for f(s)ds. In |Z4], P.E. Zhidkov formally differentiates the energy to justify
its conservation. For a rigorous justification of this computation, see |Gal].

Remark that the smallness of ||a|| g1 and ||w’]| 2 does not imply that ||(ag+a)e™ — agl| i
is small (not even that ||(ag + a)e™ — ag||L~ is small). Thus this result does not give the
stability of ¢ to H' perturbations.

The stable continuous waves are of great importance in the sequel of this paper. Indeed,
the dark solitons we will study in the next sections are dark spots which join two of these
stable bright backgrounds (which are the same, up to a phase change, in the non-kink

case).
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1.3 The kinks

Definition 1.3.1 The kinks are solutions of (1.1) of the form

u(t,x) = ()

where p(x) — v+ as x — +oo, and ¢ is a diffeomorphism from R on (v_,py) (up to a
change of x into —x, ¢ will always be assumed to be non-decreasing).

1.3.1 Existence

We first give a necessary and sufficient condition on f and ¢, which ensures that there
exists a kink solving (1.1), with ¢(x) — ¢4 as x — +o0.

Theorem 1.3.1 (/Z4]) We assume f € C(Ry). Let o < .. There exists a kink solving
(1.1) if and only if the following conditions are satisfied:

(@)  (—w+ f(¥2))p+=0
(b))  —%¢> +U(P%) = =862 + U(g2), where U(r) =}
(c)  foreverys € (o, 1), =55 +U(s*) < ‘5 U(sOQ_)

Remarks.

1. Condition (a) means that either ¢ = 0, or "¢ is a continuous wave.

2. In the case ¢ # 0, using (a), (b) and differentiating (c) twice, we get f/(¢%1) <
0, which is almost the assumption of Theorem 1.2.1 ensuring the stability of the bright
background e,

3. In the case ¢_ < 0 < ¢, conditions (b) and (c) imply p_ = —¢, and ¢ is odd.

twt

Proof. Let us assume that u(t,r) = ¢“!p(x) is a kink solving (1.1), with ¢(z) — ¢ as
x — £o00. Then ¢ satisfies

—wp+ "+ f(e*)e =0 (1.5)

Since ¢ is bounded on R and f is continuous, it follows that ¢” is bounded. Thus so is ¢'.
Letting x tend to +oo in (1.5), we get

" () — wpr — (1)L as & — Foo.

This implies, together with the boundedness of ¢’, that ¢”(x) tends to 0 as = tends to
infinity, and (a) follows. We deduce that ¢'(z) — 0 as  — +o0.
Multiplying (1.5) by ¢’ and integrating between two real numbers z; and x5, we obtain

2

)t P gl + Ulp(a?) - Ulp(e?) =0

Letting x5 tend to 400 and z; to —oo, we get (b). (c) follows from the fact that ¢ is a
diffeomorphism from R into (¢_, ¢4 ) and taking z; = —o0, 23 € R.
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Conversely, let us assume that (a), (b) and (c) are satisfied. Let ¢y € (p_, ¢ ), and ¢y,
given (thanks to (c)) by

1/2
0y = (—wp® +2U(¢%) +wpg — 2U () .
Let us (again thanks to (c)) denote by ¢ the solution of the Cauchy problem
@'(2) = (0h" — wigp + 2U () + we(x)* — 2U(p(2)?))
©(0) = o

It is clear that the solution of this equation is global, and that ¢(z) — ¢4+ as x — Foo.
Indeed, the Cauchy-Lipshitz Theorem ensures that the unique solution of our differential
equation, which can be written as

@(x) = \Jw — F(&2) — 2012 )e2 () — o] + oflpla) — pI) |

with initial data ¢(xg) = ¢_,is ¢ = p_. Since ¢(x) — ¢, as  — +oo, there can not exist
xo € R such that p(x¢) = ¢_. Derivating, it is clear that we get the wanted kink.

1/2

1.3.2 Stability

In |Z4], P.E. Zhidkov proves for the kinks a stability result similar to that obtained for
the continuous waves.

Theorem 1.3.2 ([Z}]) Let f € C*(R") be a real-valued function. We assume that the
properties (a),(b) and (c) are satisfied, and we make the supplementary assumptions

(d) @1 >p_>0

(e) —w+flel)+205f (1) <0
Then the kink u(t,z) = e*“*p(x) given by Theorem 1.3.1 is stable in the following sense:
For every € > 0 small enough, there exists 6 > 0 small enough such that if ug € X' writes

uo(z) = (p(a) + a(z))e™
with |||uo| — ¢llgr = [|a(0)]|gr < 6 and ||&'||2 < I, then the solution u of (1.1) with initial
data ug 1s global in time in X', does not vanish, and for every time t, it can be written as
ult, ) = (p(x) + alt,z))e’ @)
with a(t) € HY, ||la(t)||m < & and ||0,0(t)]|2 < €.

Remark.
Taking (a) and (d) into account, the assumption (e) just means that f’(p2) < 0. The
only kinks found in Theorem 1.3.1 for which Theorem 1.3.2 does not provide stability thus
satisfy one of the following conditions:
-p_=0o0rp;s =0
- p_ < 0 < ¢4, which implies as we have seen ¢_ = —p,. Such a soliton is called a
black soliton, and will be studied below.

- ¢ #£0,and f/(¢2) =0or f'(¢1) =0.
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1.4 The stationary bubbles

Definition 1.4.1 (/[BGMP]) Let f € C*(Ry), po > 0 such that f(py) = 0. A stationary
bubble of (1.1) tending to p(l)/2 at infinity is a solution of (1.1) of the form

u(t, z) = o(x)
where o 1is real and satisfies:

(i) ¢ is even
(it) O+ f(p*)p =0
(i1i)) 0 < p(x) < p(l)/2 for every x € R
() ¢(x) — pé/z as x tends to infinity
(v) 0=¢'(0) < ¢(x) for z € (0,+00).

1.4.1 Existence

In [dB], A. de Bouard states and proves the following necessray and sufficient condition
on the nonlinearity f ensuring the existence of a stationary bubble.

Theorem 1.4.1 ([dB]) Let f € C*(Ry), po > 0, and V(r) := —fpro f(s)ds. Then there

exists a stationary bubble of (1.1) tending to p(l)/2

assumptions are satisfied:
- f(po) =0
- o :=sup{n € (0,p0),V(n) = 0} exists, no € (0, po) and f(ny) < 0.

moreover, if these conditions are satisfied, if f'(py) < 0, then 0%(p — ,0(1)/2) tends exponen-
tially to 0 at infinity for o < 2.2

at infinity if and only if the following

1.4.2 Stability

In 1989, I.V. Barashenkov, A.D. Gocheva, V.G. Makhankov and I.V. Puzynin ([BGMP])
proved the linear instability of the stationary bubbles. In 1995, Anne de Bouard (|dB]) pre-
cised this result and deduced the instability of the stationary bubbles to H' perturbations.
More precisely, she proved the following Theorem. Note that her result was valuable in any
dimension. For consistency with the rest of the paper, we restrain it here to dimension one.

Theorem 1.4.2 ([dB]) Let py > 0, f € C*(Ry) such that the assumptions of Theorem
1.4.1 are satisfied and such that f'(py) < 0. Let ¢ be the stationary bubble of (1.1) tending
to p(l)/2 at infinity, given by Theorem 1.4.1.

Then ¢ is unstable in the following sense: there exists € > 0 such that for every 6 > 0,
there exists ug € H'(R) with ||uol|g < 0 and such that, if v(t) = u(t) + ¢ is the unique

1. The two other conditions already imply f’(po) < 0.
2. Precise asymptotics of ¢ and its derivatives are given in Theorem 1.5.1 below, with v = 0.
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solution v € C(T,,T*, X') of (1.1) with initial data v(0) = ug + @, then u(t) € H* for
t € (T,,T*), and there exists ty € (0,T*) such that ||u(ty)|| g > .3

1.5 The traveling bubbles

Definition 1.5.1 (/L]) Let py > 0. A traveling bubble of (1.1) is a solution of (1.1) of the
form
wv(

u(t,x) = pu(z — vt) = a,e” (x — vt)

where v € R, ¢, € CY(R), ay > 0, ay — py'%, Opay — 0, 8,0, — 0 as x — co.

1.5.1 Existence

In [L], Z. Lin gives a necessary and sufficient condition on the nonlinearity f and the
speed v, under which there exists a traveling bubble solving (1.1).

Theorem 1.5.1 ([/L]) Let f € C'(R4), po > 0, and V(r) := — [} f(s)ds. Then there

exists a traveling bubble of (1.1), with speed v and with modulus tending to p(l]/ 2

if and only if the following assumptions are satisfied:

- f(po) =0

- 10 = sup{n € (0, po), Va(n) = V(i) — =L = 0} emists, and g € (0, po)

- folmo) = flmo) + 5 (1 - %) —V,(no) <0.

Moreover, under these conditions, denoting by ¢, = a,e% this traveling bubble, a, and 0.
are even, and @, € C3(R). Under the supplementary assumption f'(py) < 0, @, converges
exponentially to its limits as v — —+00, as well as its derivatives of order 1,2,3. More
precisely, we have the asymptotics as v — +oo (a, is even, thus the asymptotics as v —
—o0o follow)

at infinity

o/ = aulw) = exp (—Ve = (1 +o(1))
dy(x) ~ V=2 (py* — a,(2)) |
d)(x) ~ —(c = v*)(py* — au(@))

y v
ev(x) ~ _P(p(l)/2 - a'v(x)) )

vVt —v? )
0, (x) ~ T(Po/ — ay(7)) .
0

3. As it was mentioned in [dB], we have in fact the instability modulo translations. Namely, inﬂfR lv(t) —
s€

©(. — 8)||g1 > €, even if it does not look like this form of instability has to be considered (see [dB]).
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Remark.

In particular, if v* > —2pf’(po) =: ¢, there is no bubble (for instance, it is the case
2

for every v if f'(po) > 0), since V,(r) ~ < (py—7)? < 0. If 0 < v? < 2, 7y exists,
T=P0

4po
since in this case, V(r) > 0 in a neighborhood of py and V,(r) — —oco as r — 0, r > 0. It
suffices then to see whether the condition on f, (1) is satisfied or not, in order to know if
there exists a bubble.

Contrary to Z. Lin’s affirmation in |L|, the fact that the assumptions of Theorem 1.5.1
ensuring the existence of a bubble are satisfied for v = 0 (which are also the assumptions of
Theorem 1.4.1 ensuring the existence of a stationary bubble), and the assumption f’(py) <
0 do not imply the existence of a traveling bubble for every speed v € (—¢, ¢). It can indeed
occur that there exists a speed vs € (—c,¢)\{0} such that f, () = 0. For this speed, we
do not observe a traveling bubble, but a “traveling kink”.

However, under the supplementary assumption that V" is non-decreasing, it becomes
true that there exists a traveling bubble for every v € (—c,c). Indeed, let us assume by
contradiction that V" is non-decreasing on [0, pg], and that there exists vy € (—c,c)\{0}
such that f, (n0) = =V () = 0. By definition of 19, V., (70) = 0, thus the Taylor formula
yields, for n > no,

v = [0 (v -58)

> [ (v - 55 ) i
= Vil(no)(n —m0)*/2 .

Now, for € (10, po), Vo, (1) > 0, and V,, (o) = V;_ (1n0) = 0, thus V;"(n9) > 0. We deduce
that V,_(po) > 0, which is a contradiction.

We next study the regularity properties of the function 7y. As we already noticed it,
no(v) is well defined for v € (—c¢, ¢), v # 0. On the other side, it is clear that ny(—v) = no(v),
in such a way that we only study 7, on [0, ¢).

Proposition 1.5.1 1y is strictly increasing on (0, ¢) (resp. on [0, c) if no(0) is well defined).
Ny s semi-continuous from above on (0,c) (resp. on [0, c)); if no(0) is not defined, no(v) — 0
as v | 0. If there exists a traveling bubble of speed v € (0,c), then ny is of class C* in a
neighborhood of v.

Proof. If 0 < vy <y < ¢, for every r € [no(vs), po), Vo, (r) > Vi, (r). Thus, by continuity
of Vi, mo(vy) (if it does exist) satisfies 1g(v1) < 19(v2). Therefore 7y is strictly increasing.
Let vo € [0,¢). By convention, we define ng(vy) = 0 if V,,;, > 0 on [0, pg) (which may
only occur in the case vy = 0). Let ¢ > 0 be such that € + ng(vg) < po. The function
r — Vi (r)/(r — po)? is continuous on the compact set [no(vo) + €, po|, thus it reaches its
infimum ¢ > 0 on this set. Indeed, V,,(r) > 0 for 7 € (no(vo), po), and Vi, (r)/(r — po)* —
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(? —v2)/4po > 0 as r — po. For v € (vg,¢) and r € [ny(vo) + €, pol,
Vo(r)  _ Vilr) v?—wg _ o v®— g
(r—po)?*  (r—po)? dr 7 d(mo(vo) +e)

If v is chosen such that v* < v3+26(no(vo)+¢), we get V,,(r) > 0 for every r € [no(vo)+e€, po),
and thus 79(vg) < no(v) < no(ve) + €. The semi-continuity from above of 7y follows, as well
as the fact that ng(v) — 0 as v | 0, in the case where V; > 0 on [0, po).

Let vy € (0,c¢) such that there exists a traveling bubble of speed vy. By definition of
no(vo) and by continuity of V,,, Vi, (n0(v0)) = 0. Thanks to Theorem 1.5.1, V] (no(vo)) > 0.
The map (0,¢) x R% — R, (v,7) — V,(r) is clearly of class C'. V] (10(vo)) # 0, thus,
thanks to the Implicit Function Theorem, there exists a neighborhood V € (0, ¢) of vg, a
neighborhood € of (vg, no(vp)) in (0,¢) x R% and a map ¢ : V — R* of class C', such that

{(v,7) € Q,Vo(r) = 0} = {(v,9(v)), v €V} .

From the semi-continuity from above of 79, we infer that if v is sufficiently close to vy
and v > vy, (v,1m0(v)) € Q. Similarly, if v € V and v < vy, we get V,(p(v)) = 0. Thus,
by definition of 1y(v) and since 7y is non-decreasing, p(v) < no(v) < 1o(vp). In particular,
no(v) — no(vo) as v — vy and v < vy. Therefore there exists a neighborhood of vy V' C V
such that (v,my(v)) € Q as soon as v € V. Since V, is continuous, V,(no(v)) = 0. Thus
no(v) = ¢(v) for v € V', and therefore 1 is of class C! on V. d

Proposition 1.5.2 The set S = {v € (0,¢), V. (no(v)) = 0} is closed and does not contain
any non-trivial interval.

Proof. We first show that the complementary set of S is open. I V;; (10(vo)) # 0, Theorem
1.5.1 and Proposition 1.5.1 ensure that 7 is continuous in a neighborhood of vy. Thus so
is v — V/(no(v)). It follows that S is closed.

Let us assume by contradiction that there exists v; < vq such that [vy, v9] C S. Then for
every v € [v1,v], V! (no(v)) = 0. Thanks to Proposition 1.5.1, 79 is semi-continuous from
above. Therefore there exists Uy > vy, U < vg such that 7y is continuous on [vy, Ts]. Up
to a change of vy, we may assume that 0y = vy. 1 is strictly increasing on [vy, vo], thus is
bijective from [vy, ve] onto [n(vy), no(ve)]. For every v € [vq,vs], Vi (no(v)) = Vi (no(v)) = 0,
thus for every r € [no(v1),n0(v2)], we have the relations

' (r)? (po —1)?

V(r) = 1 . (1.6)
and
Vir) = WQ—%). (1.7)

Let us differentiate (1.6) in D’(no(v1),n0(ve)):

V/(T) Mo (T)Q(l _ p_%) + (pO _ T)Qi( —1(7,)2> )
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Comparing with (1.7),
d, _
2. W) =0,

and thus 7, *(r)? is constant on (1o(v1), 7o(v2)), which is a contradiction with the bijectivity
of nyt. O
However, the closed set S of the speeds for which there does not exist a bubble is not
necessarily finite. That is what shows the following counter-example.
Let us fix pg = 1. Let @ > 0, @ < 1/2 such that 1/2—3(r—1/2)+8(r—1/2)*—(1—r)%/r >
0 for r € (1/2,1/2 + ] (a Taylor expansion at order 3 near 1/2 shows that such a « does
exist). We next define a function V on [0, 1] as

@_‘_(7"_%)681[17‘_% re(1/4,1/2)
V(r) = 5—3(r—3)+8(r—3)* rell/2,1/2+q]
A1 —r)? r€[3/44a/2,1].

By construction, we are ensured that V' is of class C* on [1/4,1/2 + a], and that V(r) —
(1—r)?/r > 0for r € (1/2,1/2 + a]. We extend V to [0,1] into a C*-function, such
that V(0) < 0, and V(r) — (1 — 7)?/r > 0 for every r € (1/2,1]. The sound speed is
c=+/2V"(1) = 4.

Proposition 1.5.3 If V is chosen as above, the set S is not finite.

Proof. For n € N*| we define r, =1/2 —1/(2n7 + 7/2) and s, = 1/2 — 1/(2n7 — 7/2).
rn, and s, are two sequences which are growing to 1/2, and for every v € (0, ¢), we have

V) = SR - Ty - - 30
Vo) = S22 0= 2 - 3

If there exists v > 0 such that 7y(v) = s,, necessarily, since V,(1ny(v)) = 0, v = wy,

where w,, > 0 is given by

Sn(Sn — %)6

(1= sn)?
Since 1 is strictly increasing, s, = no(w,) > no(2) = 1/2, which is a contradiction with
the fact that s,, < 1/2. Therefore 79 does not take the value s,,.

Let us define v, > 0 by:

w2 =4+ 4 >4 .



We are going to prove that ny(v,) = r,. We already know that V,, (r,) = 0, and no(v,) <
n0(2) = 1/2, thus ny(v,) € [rn, 1/2). Now, for r € (r,,1/2),

1 rn  (1—1)? 1 1

Vadlr) = (= ) gy (= ) sin( =)

g T lg (1—r)?
> (-l 0P )

It is easy to see that r — (r — %)6ﬁ is decreasing on an interval [rg, 1/2], which implies
that for n large enough, V,, (r) > 0 on (r,, 1/2]. This yields ng(v,) = .

For any n, s, € (r,_1,7,). For n large enough, 7, takes the values r,_; and r,, but not
the value s,. This means that 7, is not continuous on the interval (1, (r,_1), 75" (rn)) =
(Un—1,vp). It follows that there exists z, € (v,-1,v,) NS. The intervals (v,_1,v,) are two

by two disconnected, therefore S is not finite. O

1.5.2 Stability

In 1996, 1.V. Barashenkov ([B|) gave a criterion for the study of the stability of the
traveling bubbles. In 2002, Z. Lin (|L]) gave a more rigorous proof of the same criterion. We
mention in this section the result of [L]. We begin with the definition of the renormalized
momentum, and we precise its regularity properties.

Definition 1.5.2 The momentum of a traveling bubble p, of speed v, with modulus tending
12 ., o
to py'~ at infinity is defined by

+o0 0
—c0 Po

Remark. The so-defined momentum is the opposite of this used by Z. Lin in [L].

Proposition 1.5.4 The map v — P, is of class C' on the open set Q, where Q =
(—c,e)\(SU(=S)) if the assumptions of Theorem 1.4.1 ensuring the existence of a statio-
nary bubble are satisfied, Q2 = (—c,c)\(SU (=S5)U{0}) else.

Proof. We first give new expressions of P,, for v € [v1, v3], where [v1,vs] C Q. We denote

by ¢, = a,e?*, where a, > 0 and 6, is real-valued, the bubble of speed v. Using the system
satisfied by (a,,0,) (see [L]),

0,(x) = o (1 - 7225)
—al(@) = folan(@)au(e) = (flan(@)?) + 5 (1 = 45)) aylx)

we obtain
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i [ Bl — 0oy 2
P, = —/ Poe — PP 12 o
2 —00 ’@UP

S IR

00 _42)\2
_ _E/ (pO av) dr
2 ) o a?

/po (po — 7)%dr
_/l] _—
10 (v) 2r3/2 V;,(T)

_ _U/l (Po = mo(v))*(1 — £)%dt
o 2(tpo + (1 —t)mo(v))3/23/ Vi, (tpo + (1 — t)no(v))

where we recall that V,, is given by

— /po fo(s)ds =V (r) — YA~ Po) (T4_rp0>

We next use the Theorem of differentiation of an integral in the last expression of P,.
Thanks to Taylor’s formula,

Va(mo(v) +t(po = m0(v))) = t(po = no(v))V; (m0(v))
+t*(po — 77o(v))2/0 (1 =)V (mo(v) + ts(po — mo(v)))ds

The second term in the right-hand side is controlled by

£2(po — 10(v1))? (HV o000 + ( o )

1)?
Let us denote by C; > 0 the minimum of v — (py — 770( ))V.(no(v)) on the compact set
[v1, v2]. We may chose ¢y € (0, 1) small enough, such that V,(no(v) +t(po —n0(v))) = tC1 /2
for t € [0, ). Using once again the Taylor’s formula, since V,,(po) = V. (po) = 0, we have

Vi(mo(v) + t(po — 1m0(v)))
= (= 0 =m0 [ (1= V= 51~ )~ mle))is
Now, if s € [0, 1],
V) (po = s(L =) (po — mo(v))) -
S f V() — V2P0

r€[po—(1—t)(po—no0(v1)),p0] 2(00 - (1 - t) (pO - 770(111)))3
2

" _ v
1 — V (po) 200 :Cy >0

t—
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Therefore there exists t; € (tg, 1) such that for ¢ € [t1, 1], v € [v1, va],
Va(no(v) + tlpo = mo(v))) = (1 = )*(po — mo(v1))*Ca/4 .
We deduce that

(o — mo(v))*(L — £)°
2(tpo + (1 = t)mo(v))*2/ Vi (tpo + (1 — t)no(v))

< g(t)

where
o mto))* | e
g(t) =" 312 SUD 11 t € [to, ti]
27’]0(1}1) / (t,v)Elto,t1] X [v1,v2] \/Vv(tpo-l—( —t)m0(v))

2(po — m0(v1))/VC2 t € [ty, 1]

It is clear that g € L'(0,1). Similar computations, together with the equality n}(v) =
W’% (which is obtained by differentiation of the identity V,(no(v)) = 0), yield the
existence of g € L'(0,1) such that

d (90 — mo(0))°(1 — 1) <) .
dv 2(tpy + (1 = t)no(v))*2/Vy(tpo + (1 — t)no(v))

It follows from the theorem of differentiation of an integral with parameters that v — P,
is of class C! on [vy, vy). O

Next, the stability criterion of the traveling bubbles obtained by Z. Lin may be stated
as follows.

Theorem 1.5.2 ([L]) Let f € C'(Ry), po > 0, and V(r) := — [/ f(s)ds. The assump-
tions of Theorem 1.5.1 ensuring the existence of a bubble are assumed to be satisfied for

v € (—c,¢), where ¢ .= \/—2pof'(po) is the sound speed (we may assume for instance that
V" is non-decreasing; see the remark after Theorem 1.5.1).

Then, for every v € (—c,c), this bubble is stable if % > 0, and unstable if % < 0. The
stability shall be understood in the following sense: for every e > 0, there exists 6 > 0 such
that if the initial data @y = age’® satisfies

inﬂg(HTSag — a2l g+ ||760200 — 0p0,]|12) < 5,
se

then
inﬂg(HTsa(t)2 — CL?)HHl + ||750,0(t) — 0.0, 12) < €,
sE

for any t € (0,00). We have denoted here by p(t) = a(t)e®®®) the solution of (1.1) with

initial data (0) = @o, and by 75 the translation by s, namely 7f(x) = f(x — s). The
soliton is said to be unstable if it is not stable.
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The assumptions of this Theorem may in fact be weakened: if the assumptions of
Theorem 1.5.1 are satisfied for every v in an interval (v, v5), then the stability criterion of
Theorem 1.5.2 can be applied for all these values of v.

For instance, let us consider the one dimensional Gross-Pitaevskii equation
10+ 02u+ (1 — |ul*)u =0 . (1.8)

Here we have pg = 1, f(r) =1—r, V(r) = (1 — r)?/2, and thus V,(r) = %(1 — 2,
fo(r)=1—r+ %(1 — T%) The assumptions of Theorem 1.5.1 are not satisfied for v = 0,
but they are for every v € (—+/2,0) U (0,+/2). The criterion remains true on both this
intervals. The bubbles may in fact be explicitly computed: for v € (—v/2,v/2), @.(x — vt)

solves (1.8), where
polw) = (1= v2/2) 2 tanh (1= v2/2)22/v2) + 0/ V2. (1.9)
P, and his derivative with respect to v may also be explicitly computed:
P, = v(2 —v)Y? — 2arctan(2/v? — 1)¥/? |

dP,
dv

=2(2-v)?>0.

We deduce that for the one-dimensional Gross-Pitaevskii equation, the bubbles are stable
in the sense given in Theorem 1.5.2.

Let us remark that in the extreme cases v = 4++/2, (1.9) gives the trivial solutions of
(1.8) which are the constants of modulus 1. The case v = 0 is more interesting: as it has
already been said, Theorem 1.5.1 ensures that there is no stationary bubble in the sense
of definition 1.5.1. However, (1.9) gives a solution of (1.8) which vanishes at z = 0. Such
a soliton is called a black soliton, which can also been seen as a kink with p_ < 0 < ¢,.
Otherwise, its existence should have been predicted by Theorem 1.3.1.

1.6 The black solitons

Definition 1.6.1 Let py > 0. A black soliton of (1.1) is a solution of (1.1) of the form
u(t, z) = py(x — vt) = a,e (x — vt)

where v € R, ¢, € C}(R), a,(0) =0, a,(z) > 0 for x € R*, 0, is of class C' on R*, and

piecewise C' on R, with 0,(0,) = 7 + 60,(0_), and a, — p(l)/z, Ora, — 0, 0,60, — 0 as

Tr — OQ.
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1.6.1 Existence

In [DMG], we have proven the following Theorem concerning the existence of a black
soliton to (1.1).

Theorem 1.6.1 We assume f € C(R,). Let pg > 0. There exists a black soliton ¢ of
(1.1), of speed v € R, with modulus tending to p(l)/2 at infinity if and only if the following

conditions are satisfied: (we use the same notations as in Theorem 1.5.1)

(1) f(po) =
(1) v=0
(iii) V(r) = [ f(s)ds >0 forr € [0, po).

Moreover, if these conditions are satisfied, up to the multiplication by a constant of modulus
1, ¢ is unique, odd, and may be assumed to be real, positive for x > 0. Under the supple-
mentary assumption f'(po) < 0 (f'(po) < 0 is a consequence of the other assumptions), we

have
—cx(l—i—o 1))

Y

Voo — p(z) =
¢'(x) ~ c(y/po — p(x)) ,
@’ (x) ~ — o(x))

as x — +oo, where ¢ := \/—2pof'(po) is the sound speed.

('3
no
/\%
o
%
o

Remark. This result shows that the only black solitons of (1.1) are in fact kinks, with
w = 0 (up to the multiplication by factor ¢+).

1.6.2 Stability

The study of the stability of the bubbles by Z. Lin [L] presented in the last section
is based on the hydrodynamical formulation of (1.1). Namely, the bubble is written as
© = (py — r)"/?€?. The system satisfied by r, 6, has a Hamiltonian structure, and Z. Lin
can apply the theory of stability of solitary waves developed by M. Grillakis, J. Shatah
and W.A. Strauss (|GSS]). This method fails for the black solitons, because the vanishing
of ¢ yields singularities for r and . To our knowledge, the only rigorous stability result for
the black solitons is displayed in [DMG], where we prove a sufficient condition on ¢ which
ensures the linear stability of a black soliton. This condition is as follows.

We denote by ¢ the black soliton obtained under the conditions specified in Theorem
1.6.1. We make the the extra assumption f’'(py) < 0. We look for solutions to (1.1) under
the form ¢ + uy + iu9, where u; and uy are real, and we linearize the obtained system near
(u1,u2) = (0,0). The linearized system we obtain is

%(Z;):A(Z;>, (1.10)
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where

(0 L
=(L %)
Ll:_ai_f(SOQ)v

Ly = =82 — f(¢*) = 20° (%) .

Under this framework, we have the following stability result:

Theorem 1.6.2 L, is a self-adjoint operator on L* with domain H?, its essential spectrum
is [0,+00), and Ly has an unique negative eigenvalue Ay which is simple.
The Vakhitov-Kolokolov function

g \) = < (L= N7, > (1.11)

defined for \ € (X, 0), is of class C*, increases on (Ao, 0), and g(\) — —oo as X | \g. If
the limit of g(A) as A T 0 is non-positive, the spectrum of A is included in iR, and ¢ is
linearly stable.

Given a nonlinearity, it is not easy to prove rigorously whether the condition on the
sign of the limit of g(\) as A goes to zero is statisfied or not. Indeed, the only case for which
we know that the black soliton is linearly stable is the one-dimensional Gross-Pitaevskii
equation (see [DMG]). However, it is not so difficult to check numerically whether this
condition is satisfied or not. For precise examples, see [DMG].

1.7 Synthesis of the results of existence of non-kink dark
solitons

In this subsection, we fix py > 0, and we consider non-linearities f such that f(py) =0
and f'(po) < 0. We are going to describe, depending on the behaviour of V(r) := [ f(s)ds
between 0 and pg, which kind of solitons (traveling bubbles, stationary bubbles or black
solitons) may be obtained for speeds v € (—c,c), where ¢ := \/—2pof'(po) is the sound
speed.

1.7.1 Non-zero speeds.

As we mentioned in section 1.5.1, for each v € (—c,¢)\{0}, V, vanishes on (0, py), and
no is well-defined (we use the same notations that in Theorem 1.5.1), and f,(19) < 0. In
most cases, f,(n9) # 0 and there exists a traveling bubble of speed v. However, it may
occur that for some speeds v € (—c,¢)\{0}, f,(n0) = 0. We denote by S the set of these
particular speeds.
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Let us use the same notations that in Definition 1.5.1. The traveling bubbles a,e?
solves the system:

o Y _ P
0, = 2(1 ag) (1.12)
a? = V(a2 (1.13)

If v ¢ S (that is f,(n9) < 0), the solution of (1.13) with initial data a,(zo) = yo € (10, po),
al (xog) > 0 reaches 19 at —oo < x1 < xg, tends to py at +00, and is symmetric with respect
to z1. On the contrary, if v € S, f,(n9) = 0 and a, only reaches 7y at ;7 = —oo. For such
speeds, we do not have a bubble, but two solitons whose moduli behave like those of a
kink, but whose phase is not constant, contrary to kinks of the Definition 1.3.1.

Vi(r) ~_ Vi(r)
0 Tlo 7o
\I ]
0 o Po
V,(r) in the standard case v € S Vo(r) asv e S

1.7.2 v =0, V vanishes on (0, p).

As v = 0, the existence of 7y as in Theorem 1.5.1 is not automatic any more. However,
if such a 7 exists, the analysis is the same that for non-zero speeds: either V'(19) > 0, and
there is a stationary bubble, or V'(ny) = 0, and we have two solutions wich are real kinks
in the sense of Definition 1.3.1 (whose existence may have been deduced from Theorem
1.3.1).

1.7.3 v=0,V(r)>0on [0,p).

If V' does not vanish on [0, pg), 1o is not defined for v = 0. The assumptions of Theorem
1.3.1 ensuring the existence of a black soliton are satisfied in that case.

V(r)

0 Ao

1.74 v =0, V(r) >0 on (0,p), V(0) =0.

If V' does not vanish on (0, pg) and V' (0) = 0, whatever values V/(0) > 0, we have the
same kind of soliton as in the case V(n9) = V’'(n) = 0, namely there is no bubble for
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v = 0, but two kinks (indeed, the assumptions of Theorem 1.3.1 are satisfied).

V\/

1.8 Dark-Bright solitons for a system of two coupled
NLS equations

We are concerned with a system of two coupled NLS equations

& 4 T+ P 1) = (1.14)
w%+w+MWMww=, (1.15)

where 6 > 0 and f, g are real valued functions. We are looking for “dark-bright solitons” of
this system, that is solutions which can be written under the form

(o) = Pla—vt) , ol 1) = 3w — vt), (1.16)
with # € R and the boundary conditions
[P — po, [oP — O0asz — o0, (1.17)

where py > 0 is fixed.

In [Marl] and [Mar2|, M. Maris found such solutions in the case of a Gross-Pitaevskii-
Schrodinger system, which is up to a change of the time scale (1.14)-(1.15) with the non-
linearities

1 1 q*
f(z1,22) = 5—2(1 — 21— 5—25102)7 g(w1,72) = —5—2551 .
We will show here that his method can be generalized to a larger class of nonlinearities.

Our assumptions on the functions f, g € C*(R%) are as follows:

(Hf2) 2L (o, 0) < 0.

Denoting by ¢ = \/—2p0§—g£(po, 0) the sound speed, we also choose v € (—c,¢) which
satisfies the following conditions:

(Hv1) There exists ny(v) := sup{ fpo — W = 0} < po,
(Hv2) fo(no(v)) == f(ﬁo(v)a 0) + z(l - W) <0.
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Note that if v # 0, (Hvl) is automatically satisfied. From the results of the previous
sections, we deduce that the assumptions (Hf1), (Hf2), (Hv1), (Hv2) ensure that there exist
a stationary or traveling bubble ¢ (¢, z) = 1, (x — vt) solving

igs o (W 0g =0, (1.18)

with the boundary condition |¢,|*> — po at infinity. We deduce that (1,,0) is a trivial
solution to (1.14)-(1.15) with the required boundary conditions (1.17). We write

Uz — vt) = ag(1 + ry(z — vt))ePor@=t) (1.19)

where ag = /po, 7, € H'(R) N C®(R), r, takes its values in (—1,0) and ¢, € C*(R) is
real valued.
We make the following assumption on g:

(Hgl) g(r,0) > g(po,0) for r € [0, po) -
We reformulate the problem (1.14)-(1.15)-(1.16) as follows: we write
Y(z)=a
p(x)
where 1, o, 7, u are real-valued and r(z) — 0, u(x) — 0 as z — oc.
If (¢, ) solves (1.14)-(1.15), and if we assume moreover that 1)), — 0 as x — oo (which

is necessary if we want ¢, and not only || to have limits at +00) and that ¢, is bounded,
then the real functions vy, @q, r, ©v must satisfy

( )) “PO(JU)

o(L+7
= ufz)eto

o =1 (1 _ ﬁ) (1.20)

oo (1.21)

=1 = () (1= i) = flool1+ 7% w2) (1) =0 (122)
—u" = glpo(1+ )% u2)u— u=0, (1.23)

where \ := v?/4 + §6.
We define now our functional framework, which is the same that in [Marl] and [Mar2].
We denote
H:=H} = {ue H*R), u(z) =u(-z), Vo e R} ,

L:=L,={ue L’R), u(z) =u(-z), ae v €R} ,

V= {r € H'(R), infr(z) > _1} .
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Note that V is an open set in H'. Once we have found r and u, we deduce easily 1
and ¢ from (1.20) and (1.21). Therefore we will look for (r,u) € HNV x H. As in [Marl],
we define the functionals S: HNV x H — Land T: R x H x H — L by

Stru) = =" = 2(1+7) (1= e ) = Flo(1+ 7)) (1 +7) . (124)
T ru) = —u" — g(po(l +7r)% u?)u — Au . (1.25)
We also define the linear self-adjoint bounded from below operator on L?, A := —% —

9(po(1 +17,)%,0) (indeed, A > — sup g(r,0)).
r€[0,po]
With this new formalism, our problem reduces to find (A, r,u) € Rx HNV x H solving
S(ryu) =0, T(A\, r,u) = 0. It is clear that for all A € R, (A, 7,,0) is a solution. We call such

a solution a “trivial solution”, as well as (A, 0,0), and we look for non-trivial solutions.

1.8.1 Local curves of solutions

In a first step, following M. Marig in [Marl| (see also [Mar2]), we will use the Implicit
Function Theorem to find non trivial solutions in a neighborhood of the trivial solution of
(1.14)-(1.15) that is (¢/,,0). We first recall a proposition which is a variant of Proposition
2.1 in [Mar2|, about Schrédinger operators.

Proposition 1.8.1 Let g € C(R) be such that ¢ £ 0, q is even and q(z) — 0 as x — +o0.
For A <0, we denote by uy € C3(R) the (unique, global and even) solution to the Cauchy
problem,

{ —u"(z) + q(x)u(z) = Iu(x)
u(0) =1, «/(0) =0 .

We also denote by n(\) the number of zeroes of uy in (0,00).
Then the operator G := —%qu(x), considered either as an operator on L* with domain H>
or as an operator on L with domain H, is self-adjoint and satisfies the following properties:

1. The essential spectrum of G is 0.s(G) = [0, 00).

2. If ¢ <0, G has at least one negative eigenvalue.

3. Any eigenvalue of G is simple.

4. For any A <0 and € > 0, there exists C' > 0 such that

|uf\m)($)| < CeVAeElel for m=0,1,2.

If A < 0 is an eigenvalue of G, for any € € (0,—N\), there ezist positive constants
Ci, Cy, M such that

Cuem /1 < ()] < Cae T an M) for m 0,12

5. If |37 zlq(z)|dx < oo, then G has a finite number of negative eigenvalues.
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Proof. The assertions 1., 2., 3., 4. were proved in [Mar2|. The assumption ¢ < 0 was
not used (except for 2.) and the assumption ¢ € L? was not too. Assertion 5. is a direct
consequence of v) and vi) in Proposition 2.1 of [Mar2| and Proposition 3.1 p438 in [BeSc].
O]

As in [Marl] or [Mar2|, we prove the following lemmas

Lemma 1.8.1 d,5(r,,0) : H — L is invertible.

Proof. The proof was done in [Marl|. We recall the main arguments. We define h, :

v? 1
hy(x) = — 1 2.0)(1 - —(1 1——— .
(€)= ~Floul1 + 0,01+ 0) = 10 (1= )
The domain of the operator on L2, B := —%, + 1 (r,) is H?, and d,S(r,,0) = Byy.

We next show that Ker(B) = Span(r)). Indeed, we differentiate the relation —CZZ"; +
hy(r,) = 0 to obtain that r/ € Ker(B). Conversely, observing that r/ does not vanish on
R* and that <rﬂ/> =0 on (—00,0) and (0, +00) if w € Ker(B), and using the continuity
of w', we obtain w € Span(r]). This proves that d,.S(r,,0) is one to one, because 7/ is odd.

Let us now take z € L C (r/)t = Im(B), and r € H? such that Br = z. Denoting
7(z) = r(—x), Br = z,r —7 = Crl and r — Crl /2 € H, B(r — Cr]/2) = z. Therefore
d,.S(r,,0) is surjective from H onto L. O

Lemma 1.8.2 The domain of the operator on L* A = —% — g(po(1 + 1,)%,0) is H?.
The essential spectrum of A is 0es5(A) = [—g(po,0),00). A admits at least one eigenvalue
Ae < —9g(po,0). Let A\, be such an eigenvalue. Then X, is simple. Let u, be an associated
etgenvector. Then we have

1. Ker(d,T(\«,1y,0)) = Span(u,)
2. Im(d,T(\,,7,,0)) = LNut .

Proof. The first claims are direct consequences of Proposition 1.8.1 applied to the opera-
tor G = A+ g(po,0) (remark that ¢ = g(po, 0) — g(po(1+7,)?,0) < 0 because of assumption
(Hgl)).

Since d,T'(As,74,0) = (A — A)g and u, € H, it is clear that the kernel of d,T'(\.,ry,0)
is Span(u.). It is also clear that Im(d,T(\.,7,,0)) = (A= N)H C LNui. If 2 € LNuy,
let w € H? be such that (A — X\,)u = z. Then (A — \.)u = 2, (u+4)/2 € H and
(A—=X)(u+a)/2 == O

As in [Marl], we define now W := {T € H,sup|r(z)| < 1}, which is an open set in H,
z€R

I := (—a, ) where a := inf(1 +r,) > 0 (recall that 1 + r, = ||, where 1), is a bubble)
and F: I xRxW x (HNut)— LxL
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%S<Tv+5ra3(u*+u)) i
(vt s s ) if s # 0,
F(s,\,7,u) := ( s d.S(ry,0).r )

Ay T\ 7, 0). (s + 1) if s =0.

As in [Marl|, we show that F'is C'. F'(0, \,0,0) = 0 and

d.S(r,,0).r
d(A,r,u)F(O,)\*,O,O)()\% u) = ( —\u, —}—dTET()\*) - 0).u ) .

It follows from lemmas 1.8.1 and 1.8.2 that d(y .. F'(0, A\, 0,0) : Rx H x (HNut) — Lx L
is invertible. Thanks to the Implicit Functions Theorem, there exists 7 > 0 and C! functions

s +— (A(s),7(s),u(s)) € R x H x (HNu})
defined on (—n,n) such that A(0) = A, (0) =0, u(0) = 0 and

S(ry + sr(s), s(us +u(s))) =0

T(A(s), 1y + sr(s), s(usx +u(s))) =0 .

This gives the only non-trivial solutions to (1.22)-(1.23) in a neighborhood of (A, 7,,0) in
R x H x H. Indeed, using the same arguments that in the proof of Theorem 1.7 in [CR],
we prove that there exists a neighborhood U of (A, 7,,0) in R x H x H such that the
solutions of S(r,u) =0, T(\,r,u) = 0 in U are either trivial solutions (A, r,,0) or of the
form (A(s), 7, + sr(s), s(u« + u(s))), s € (—n,n).

The Theorem we have proved is as follows:

Theorem 1.8.1 Let us assume that (Hf1), (Hf2), (Hgl), (Hvl), (Hv2) are satisfied. Let
A < —9(po,0) be an eigenvalue of A and u. € H an associated eigenvector.
Then there exists n > 0 and C' functions

s +— (A(s),7(s),u(s)) € R x H x (HNu})
defined on (—n,n) such that A(0) = A, r(0) =0, w(0) =0 and

S(ry + sr(s), s(us +u(s))) =0

T(A(s), 7y + sr(s), s(us +u(s))) =0 .

Moreover, there exists a neighborhood U of (A, 1,,0) in R x H x H such that the solutions
of S(ryu) = 0, T(A\,r,u) = 0 in U are either trivial solutions (\,r,,0) or of the form
(A(s), 7y + s7(5), s(us +u(s))), s € (—n,n).
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1.8.2 Global branches of solutions

In the previous section, we have found local curves of solutions to (1.22)-(1.23) in a
neighborhood of the trivial solution (r,,0). In this section, we give a more global description
of the set of solutions to (1.22)-(1.23).

In all what follows, W : R —— R is a continuous, even function such that W > 1
and W(zr) — oo as x — oo, and there exists Cy > 0 such that for every a,b € R,
Wi(a+b) < Cw(W(a) + W(b)). As it was remarked in [Mar2], there exist then constants
K, s > 0 such that for |z| > 1, W(z) < K|x|*. We define the spaces

LW:{QOEL, W¢€L2}7

Hy ={pe H, Wp, W' W¢" € L} .

The main result of this section is the following theorem:

Theorem 1.8.2 Let us assume that (Hf1), (Hf2), (Hgl), (Hvl), (Hv2) are satisfied. Let
S be the set of non-trivial solutions (A\,r,u) € Rx HNV x H to (1.22)-(1.23). For any
eigenvalue N, < —g(po,0) of the operator A = —% — g(po(1 +1,)%0), SU (A, 70, 0)
contains a mazimal closed connected subset C,, in (—oo, —g(po,0)) X Hy x Hw such that
Com NCp =0 if m # p and C,, satisfies at least one of the three properties:

1. C,, is unbounded in R x HNV x H.
2. there exists a sequence (A, Ty, uy) € Cy, such that A\, — —g(po,0) as n — oo.

3. there exists a sequence (A, Ty, uy,) € Cpy, Such that inﬂgrn(x) — —1 asn — oo.
€

Our proof of Theorem 1.8.2, which is very close to that of Theorem 3.8 in [Mar2]|, is
based on the following Global Bifurcation Theorem of Rabinowitz.

Proposition 1.8.2 Let E be a real Banach space and 2 C Rx E an open set. Suppose that
G : Q — E is compact on closed, bounded subsets w C Q) such that dist(w,082) > 0 and is
of the form G(a,u) = L(a,u) + H(a,u), where L and H satisfy the following assumptions:
1. L(a,.) is linear, compact for any fired a and (a,u) — L(a,u) is continuous and
compact on closed, bounded subsets w C 0 such that dist(w, ) > 0.

2. For any closed, bounded subset w C Q) such that dist(w,08)) > 0, there erists a
function e, such that ¢,(s) — 0 as s — 0 and

1H (a, w)|| < llullew(llull) — for any (a,u) € w .

8. There exists ag and € > 0 such that
- (ap,0) € Q,
- for any a € [ag — €, a9 + ]\{ao}, we have Ker(Id — L(a,.)) = {0},
- if ay € [ag — €, a9) and ay € (ag, ag + €], then

ind(Id — L(ay,.),0) # ind(Id — L(as,.),0).
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Let
S :={(a,u) € Qu#0 and u=G(a,u)}

be the set of non-trivial solutions of the equation u = G(a,u). Then SU{(ap,0)} possesses
a mazimal closed connected subset C,, which contains (ag,0) and has one of the following
properties:

1. Cqy 1s unbounded,

2. dist(C,,,002) =0,

3. Cqy meets (ay,0), where ay # ag and Ker(Id — L(ay,.)) # {0}.

In order to bring our problem back to the framework of Proposition 1.8.2, we first

reformulate the problem. Using the function h, introduced in the proof of Lemma 1.8.1,
(1.22)-(1.23) can be rewritten as

= ho(r) + (f(po(1+7)%,0) = flpo(1 + 1), u?)) (1 +7) . (1.26)

' = (—g(po(1+7)%u?) = Nu . (1.27)

If (A, r,u) € (—00,—g(po,0)) x HNV x H solves (1.26)-(1.27), since r.! = h,(r,) and

h!(0) = ¢ —v? > 0, an easy calculation shows that (A\,w =1 —r,,u) € (—o0, —g(po,0)) x
HN(V —r,) x H solves the system

(2) -0 ()-(aiiy) o

where

Hy(w,0) = (=4 1,0)) " [(holro + ) = hufr) = K ro)u
+(fpo(1 + 7y +w)?,0) = flpo(1 + 7y +w)? u?)) (1 + 1, + w)]
HQ()\,QU,U) = <_% - g(p07 0) - /\> [(g<p0(1 + TU)Q’ O) - g(po(l + 7y + w)Q’ u2))u} .
)

Lemma 1.8.3 Let (A, r,u) € (—o00,—g(po,0)) x HNV x H be a solution of (1.26)-(1.27).
Then r,u € Hy .

Proof. Proposition 1.8.1 applied with q(z) = g(po, 0) — g(po(1+7(x))? u(z)?) yields that
if u # 0, then u, v’ and u” decay faster than e~V ~A=9(0.0=¢lzl for any e € (0, —A—g(po, 0)).
Hence u € Hy,.

To prove that » € Hy, we use the same arguments that in the proof of Lemma 3.5 in
[Mar2]. The only change is that the term wu(x)?, which was needed to decay exponentially
in [Mar2], is replaced here by

taf 2 2 2
Flpo(1+7(2))%,0) = fpo(1 +7(2))* u(z)?) = - i D, POl (@) tulz) ) dtu(z)”
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But since r and w are bounded and 88—;; is continuous, it is clear that this quantity also
decays exponentially at infinity. U
From Lemma 1.8.3 above, we deduce that (A, 7,u) € (—o0, —g(po,0)) x HNV x H
solves (1.26)-(1.27) if and only if (A, w,u) € (—o0, —g(po,0)) x Hy N (V —1,) x Hy solves
(1.28).
We can now introduce a functional framework adapted to Proposition 1.8.2. This fra-
mework is the same that in [Mar2|. Let E := Hy x Hy, Q := (—00, —g(p0,0)) x Hy N (V —

Ty) X Hyy, Ly = _OB _(1)4/\ >, H\ w,u) = ( _;[il(lg\w&)ub . In the next lemma, we

verify that L) and H satisfy the assumptions 1. and 2. in Proposition 1.8.2.

Lemma 1.8.4

1. For any A € (—00,—g(po,0)), Ax (resp. B) is linear and compact, and the map
(—00, —g(po,0)) X Hy —— Hy, (\,u) — Ayu (resp. (\,w) — Bw) is continuous
and compact on closed bounded subsets of [d,e] x Hy, for —oo < d < e < —g(po,0).

2. Hy: ((V —r,) N Hy) X Hy — Hy is continuous and compact on closed bounded
subsets wy of (V —r,) N Hw) x Hy such that dist(wy, (Hw\(V — 1)) x Hy) > 0
and

1 (w, u) |y < Clon (lullfyy, + 1wl ) - (1.29)

3. Hy : (—00,—¢(po,0)) x Hy x Hy — Hy is continuous and compact on closed
bounded subsets of [d,e] x Hy X Hy, for —oo < d < e < —g(po,0), and

2 (A, w, )| < CllullZr, + lwliz,) - (1.30)

Proof. The proof is similar to that of Lemma 3.6 in [Mar2]. O
Next, we verify that Assumption 3. in Proposition 1.8.2 is satisfied. We begin with the
following lemma, which is proved in [Mar2] (the proof is identical in our case).

Lemma 1.8.5 For any A < —g(po,0),
2

1. Ker(Idg,, + Ax) # {0} if and only if X is an eigenvalue of the operator A = —dd? —
g(po(1+71,)2,0). In this case, for any n € N*, Ker(Idy,, + Ax)" = Span(uy), where
uy s an eigenvector of A.

2. If X is not an eigenvalue of A, then ind(Idg,, + Ax,0) = (—=1)"N where n()\) is the
number of eigenvalues of A less than .

Corollary 1.8.1 If A\, < —g(po,0) is an eigenvalue of A, then there exists ¢ > 0 such that
1. (/\*7 07 0) € (—OO, —g(po, O)) X HW N (V - rv) X HW;
2. if A€ A — e, A +e]\{\:}, then Ker(Id — Ly) = {0},
3. if M€ A — e, A\) and Ay € (A, Ay + €], then ind(Id — Ly,,0) # ind(Id — L,,,0).
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Proof. Assertion 1. is true because r, € V.
A admits an eigenvalue A\, < —g(po,0) by Lemma 1.8.2. )\, is isolated in the spectrum of
A, therefore there exists € > 0 such that [A. — e, A\, +¢]No(A) = {\.}. By Lemma 1.8.1
and Proposition 1.8.1 , it is easy to see that w,u € Hy and w+ Bw = 0, u + Ayu = 0 if
and only if w,u € H and w = 0, Au = Au. This yields Assertion 2.

As in [Mar2], it follows from a result of Leray and Schauder and Lemma 1.8.5 that

- Idg,, + B 0 o »
ind {( 0 Tdu, + Ay, ) ,0] = ind(Idp, + B,0)ind(Idgy,, + Az, 0)
' ) — Idg,, + B 0
# ind(ldg,, + B,0)ind(Idy,, + Ay,,0) = ind l( g Ly, + Ay, ) ,O} _

U

Let Sp := {(\,w,u) € Q,(w,u) # (0,0) solves (1.28)}. Let A\; < Ay < ... < Ay <
—g(po,0) be the eigenvalues of A (which are in finite number because of Proposition 1.8.1
and because r, € Hy implies [, |z](g(po(1+7,)%,0) — g(po,0))dz < o0). We apply Propo-
sition 1.8.2: for m € {1..N}, SoU{(Am,0,0)} possesses a maximal closed subset D,,, which
contains (A, 0,0) and has at least one of the following properties:

1. D,, is unbounded in R x Hy x Hy .

2. there exists a sequence (A, Wy, u,) € Dy, such that \, — —g(po,0).

3. there exists a sequence (A, w,, u,) € D,, such that ;IellfR(wn(x) +7y(x)) — —1.

4. D,, meets (\,,0,0) with m # p.
Let us next define C,, = D,, + (0,7,,0). As in [Mar2|, we can show that there is a
neighborhood of (—o00, —¢(po,0)) x {(—r,,0)} in R x E which is not intersected by any
of the D,, sets. Thus the C,, sets do no contain any of the trivial solutions to (1.22)-
(1.23) of type (A,0,0), which means that C,, C S U U,{()\,,7,,0)}. The Alternative 4
can be eliminated as it is by M. Marig in [Mar2]. The argument is the continuity on
(So + (0,7,,0)) U Up{(Ap,74,0)} of the integer-valued function which maps (A,r,u) onto
the number of negative eigenvalues smaller than A of the operator —% —g(po(1+71)2 u?).
Since this number is not the same for (\,,r,,0) and (A, 7,,0) as soon as m # p, the
Assertion 4. is not possible.

On the contrary, it does not seem to be possible here to eliminate the alternative 3.,
which was shown not to occur in the particular case studied in [Mar2).
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Chapitre 2

The black solitons of the 1D NLS
equation

Ce chapitre est le fruit d’une collaboration avec Laurent di Menza.

Abstract. In this paper, we give a sufficient condition for the linear stability
of a black soliton solution to a one-dimensional nonlinear Schrodinger equa-
tion. We compute numerically the black soliton and evaluate the limit at O
of the Vakhitov-Kolokolov function. When the condition for linear stability is
not satisfied, numerical computations suggest that the black soliton is linearly
unstable. In the Gross-Pitaevskii case, we prove rigorously the linear stability
of the black soliton. Finally, we check the dynamical stability of these solutions
solving the partial differential equation with a finite differences algorithm.

2.1 Introduction

We consider here the Nonlinear Schrédinger equation in dimension 1:

{ i0u+ 0*u+ f(Jul*)u=0, (t,r) € R?
, @.1)
u(0) = ug
where f is a real valued function and |ug(x)|* — po as * — oo. We assume that f(pg) =0
and f'(pp) < 0. In nonlinear optics, this equation is a model for the evolution of the
complex amplitude envelope of a electric field in optical fibers, or for the self-guided beams
in planar waveguides. We refer to [KLD] for a list of physically relevant nonlinearities
f. Equation (2.1) also appears in the description of defectons or in the theory of one-
dimensional ferromagnetic or molecular chains (see [BGMP], [BP], [B]).
In this paper, we focus on stationary solutions u(t,z) = ¢(z) to (2.1). Thus we are

faced with the second-order differential equation

¢" + fllel)p = 0. (2.2)
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In [dB] (see also [BGMP], [BP]), A. de Bouard studies one special kind of these solutions:
the stationary bubbles, which may exist under some conditions on the nonlinearity f.
Namely, defining the potential V as V(r) = [ f(s)ds, if V vanishes in the interval (0, po)
and if the largest zero of V' in this interval is of multiplicity one, there does exist a stationary
bubble solving (2.1), that is a real, strictly positive, even function, growing on R, tending
to p(l)/ ? at infinity.

Now, if V' is positive on [0, py), (2.1) admits an other kind of stationary solutions: the
black solitons, which are real, odd functions tending to j:,oé/ * at +oo. For example, the
Gross-Pitaevskii equation, which is (2.1) with f(r) = 1—r, pg = 1, has V(r) = (1—-7r)?/2 >
0 on [0, pg) The terminology of black soliton comes from optics, where they describe black
spots on bright backgrounds (see [KLD], [KiK], [MS]).

In [dB], the stationary bubbles solving (2.1) are shown to be all unstable. The proof
is based on a subtle analysis of the spectrum of the operator obtained by linearization of
(2.1) near the bubble. On the contrary, it was first thought by physicists that the black
solitons were all stable (see [KLD], [MS]). However, Y.S. Kivshar and W. Krolikowski are
the first who observed numerically unsatble black solitons (|KiK]). In the same paper, they
justify by variational arguments a criterion determining if a dark soliton (and in particular,
a black soliton) is stable or not. We recall that a dark soliton solving (2.1) is a solution of
the form u(t,z) = u,(x — vt), where v € R is the speed of the soliton, and |u,(z)|?> — po
as x — oo (see [Ga2|). This criterion reduces to the analysis of the sign of the derivative
dP,/dv, where P, is the momentum of the dark soliton of speed v, given by

e Po
P, =Jm / O Upty | 1 — dx.
—00 |u’U|2

Namely, u, is stable if dP,/dv > 0, unstable if dP, /dv < 0. A rigorous proof of this criterion
has been done by Z. Lin (|L]). However, the proof is based on the hydrodynamical form
of Equation (2.1). A solution to (2.1) is written as u = (py — 7)/2¢, and Z. Lin makes
the analysis on the system satisfied by (r,6,), which has a Hamiltonian structure. This
analysis is valid for non-zero speeds (or for stationary bubbles), because the dark soliton
is in that case a traveling bubble, which in particular means that |u,(z)| > 0 for x € R.
This approach breaks down for the black solitons, which vanish at one point.

The goal of this paper is to fill as far as we can this gap concerning the study of the
stability of the black solitons. We revisit the spectral analysis which was done by A. de
Bouard on the stationary bubbles. Denoting by ¢ a black soliton solving (2.1), we look
for solutions to (2.1) under the form ¢ + uy + uy, where u; and usy are real valued. The
linearization of (2.1) near (uy,us) = (0,0) writes

S(uy-a(wy. 23)

where



L, = —8:% - f(SOQ) )
Ly = =02 — f(¢*) —20°f'(¢%) .

We will see that f(p?) and ©?f’(¢?) converge exponentially at infinity. It follows as in
[dB] that the essential spectrum o.(A) of A is contained in iR.

Under this framework, we establish the following sufficient condition for the linear
stability of the black solitons®.

Theorem 2.1.1 L, is a self-adjoint operator on L* with domain H?, its essential spectrum
is [0,400), and Ly has an unique negative eigenvalue Ao which is simple.
The Vakhitov-Kolokolov function

gV = < (L= ¢ >, (2.4)

defined for \ € (X, 0), is of class C*, increases on (Ao, 0), and g(\) — —o0 as X | \g. If
the limit of g(A) as A T 0 is non-positive, the spectrum of A is included in iR, and ¢ is
linearly stable.

As it will be seen, it is possible to verify numerically if the condition of Theorem 2.1.1
ensuring the linear stability of a black soliton is satisfied or not. Given a nonlinearity f
such that there exists a black soliton solving (2.1), it seems to be more difficult to prove
rigorously the linear stability of a black soliton. We can however do it for the black soliton
of the Gross-Pitaevskii equation, thanks to the explicit knowledge of the black soliton ¢,
of the negative eigenvalue \y of the operator L; and of the associated eigenvector:

Theorem 2.1.2 The black soliton o(z) = tanh(z/v/2) of the Gross-Pitaevskii equation is
linearly stable.

This paper is organized as follows. In section 2, we give a precise definition of the black
solitons, and we give a necessary and sufficient condition on the nonlinearity f ensuring
that there exists a black soliton. Section 3 is devoted to the proof of Theorem 2.1.1. In
section 4, we show that Theorem 2.1.1 is numerically efficient. That is, given a nonlinearity
f, we verify numerically if the condition in Theorem 2.1.1 is satisfied or not. Theorem 2.1.2
is proven in section 5. Finally, we numerically study in section 6 the dynamical stability
of the black solitons, for the pure power defocusing equation as well as for the saturated
equation.

2.2 Existence of a black soliton

We first give a precise definition of a black soliton. Even if that definition does not a
priori excludes the case where black solitons are traveling at a non-zero speed v, we will

1. The notion of linear stability we consider here is in fact spectral stability. That is, ¢ is said to be
linearly stable if the spectrum o (A) is a subset of {\, ReX < 0}, and linearly unstable in the other case.
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see thereafter that black solitons may only be stationary solutions (ie, v = 0).

Definition 2.2.1 Let py > 0. A black soliton of (2.1) is a solution of (2.1) of the form
u(t, z) = py(x — vt) = a,e’” (x — vt)

where v € R, ¢, € CY(R), a,(0) = 0, a,(x) > 0 for z € R*, 0, is of class C' on R*,
and piecewise C* on R, with 0,(0,) = 7= + 0,(0_), and a, — p(l)/Q, Ora, — 0, 9,0, — 0 as
T — Fo0.

Next, we give a necessary and sufficient condition on the nonlinearity f which ensure
the existence of a black soliton to (2.1).

Theorem 2.2.1 We assume f € C(R,). Let pg > 0. There exists a black soliton ¢ of
(2.1), of speed v € R, with modulus tending to p(l)/2

conditions are satisfied:

at infinity if and only if the following

(1) f(po) =0
(i) v= 0
(iiz) = [7 f(s)ds > 0 forr € [0, po).

Moreover ’Lf these condztwns are satisfied, up to the multiplication by a constant of modulus
1, ¢ is unique, odd, and may be assumed to be real, positive for x > 0. Under the supple-
mentary assumption f'(po) <0 (f'(po) < 0 is a consequence of the other assumptions),

\/__ g0(‘,17) 7cx(l+o 1)) :
¢'(z) ~ c(v/po — (@) ,
"(x) ~ =c*(\/po — p())
as x — +o00, where ¢ := \/—2pof'(po) is the sound speed.

Proof. Let us assume the existence of a black soliton ¢, = a,e” = ae® of (2.1), with

modulus tending to p(l)/ % at infinity.

¢! = (a' +iab)e? tends to 0 as x — +oo, and ¢, solves

_@U90v+90v+f(’90v| ) v =0, (2-5)

thus |¢!/(z)| — |f(p0)|p[1) /2 =i |y as * — +oo, and therefore f(po) = 0. Indeed, let us
assume by contradiction that lo > (. There exists A > (0 such that + > A 1mphes 3lp/4 <
| (x)] < Blo/4. py solves (2.5), thus, since ¢, and ¢! are bounded, ¢, and ¢! are uniformly
continuous, and so is ¢!. It follows that there exists 7 > 0 such that |z; — x| < 1 implies
|l (1) — gov(xg)] <lo/4. Uz, 29 > A and |z — xo] = 1,

[, (z1)| 4 [0y, ( $2)| |, (21) — oy (22)]

= | / 2)da| > | / (1)) — lo/4)de] > Lon/2 (2.6)



Let € € (0,lpn/4) and B > A such that x > B implies |¢](x)| < e. For 1,25 > B and
|z — x3] =1, (2.6) yields a contradiction.

For v € R*, ¢/(x) = (d'(x) + ia(x)0'(x))e?™@. Letting = tend to 0L in this equality
and using the regularity properties of ¢ and 6, it follows that ¢'(0+) = a’(0+)e?(*+). Since
0,(04) =7+ 6,(0_), we get a’(0_) = —a'(04).

Moreover, an elementary computation (see for instance [L|) yields that for x € R*,

0, () = %v (1 _ ﬁ) (2.7)

—ay.(x) = fola(z)?)a(z), (2.8)

where f,(r) :== f(r) + % (1 — ﬁ—é) We also define V,(r) := [ f,(s)ds = V(r) — 7”2(7;”0)2.
The multiplication of (2.8) by a, and its integration between z; and x5, where 1, x5 € R}
yields

—ay(21)" + ay(22)” = —Vi(a(@1)?) + Vi(a(z2)?) .
Letting x5 tend to £oo (depending on the sign of z;), we get

—d'(2)? = —V,(a(x)?), v € R*.

Therefore V,(r) > 0 for r € [0, py). In particular, v = 0.

Since a > 0 and a(0) = 0, we have a/(0;) > 0. Now, if a/(0;) = 0, a = 0 and ¢ would not
be a black soliton. Thus, in a neighborhood of 0 in R, a is the solution of the Cauchy
Problem

(s

Therefore a is strictly increasing as long as V (a?) > 0. Let us assume by contradiction that
there exists r € (0, pg) such that V' (r) = 0. Let ro := min{r € (0, py), V(r) =0} € (0, po).
Since V' = 0 on (0, py), we must have f(r¢) = —V’(ry) = 0. The intermediate value theorem
ensures that there exists zy € R% such that a(z) = r(l)/ ? /
contradiction to the fact that ¢ is a black soliton.

On the other side, if the assumptions of the statement are satisfied, we easily construct
a black soliton ¢ = ae? with modulus tending to pé/ > at infinity, in the following way:
we show that the solution a to (2.9) is global (a € C'(R,)). Indeed, let us denote by

[0, 7*) the maximal interval of existence of the solution to (2.9). If there exists zy > 0 such

2 C .
which is a

1
, and then a = ry'",

that a(xg) = p(l]/ *d (x9) = 0 and the uniqueness in the Cauchy-Lipshitz Theorem yields
a = p(l)/Q, which is a contradiction with a(0) = 0. Thus 0 < a(z) < p(l)/2 for z € [0,77),
T* = +o00, and a(z) T ,0(1)/2 as r — +o0o. Next, we extend a to R such that a is even, and
we choose 0 =0, € Ron R}, 0 =0_=7+60, on R*.

From now on, we assume f'(py) < 0. It follows from (2.9) that

d(z) ~ cypo—alz)), (2.10)

r—00
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which may be integrated as

Voo —a(r) = e et (2.11)
We inject (2.11) into a”(z) = —f(a(z)?)a(z) to obtain the other asymptotics. O

2.3 A sufficient condition for linear stability

In this section, we prove Theorem 2.1.1.

Let us denote by ¢ the soliton obtained under the conditions (i)-(ii)-(iii) of Theorem
2.2.1, with the extra assumption f’(py) < 0.

In our study of the linear stability of ¢, we use the same notations as in [dB]. The only
difference is that here, ¢ denotes a black soliton, whereas it denotes a stationary bubble
in [dB]. As we mentioned it in the introduction, the linearization of (2.1) near the black
soliton ¢ yields to the system (2.3).

Let us first inspect the spectra of the operators L; and L,. As for the stationary
bubbles studied in [dB], the assumption f’(pg) < 0 ensures that o.(L;) = [0, +00) and
oe(La) = [—2pof'(po),+00). The fact that ¢ is a solution of (2.1) writes L1 = 0. The
differentiation of this equality yields Loy’ = 0. ¢ admits exactly one zero, whereas ¢’ does
not vanish. Therefore Sturm’s theory (see [BeSc|) ensures that 0 is the lowest eigenvalue of
L, and that it is simple. It also suggest that L, has an unique strictly negative eigenvalue
which is simple. That is what we prove in the next lemma?.

Lemma 2.3.1 L, has an unique strictly negative eigenvalue \g, which is simple. The as-
sociated eigenvector uy may be chosen positive.

Proof of Lemma 2.3.1 Ifv e H?,
< Lyv,v >= / 10,01* — f(*)v? =: Q(v,v) ,
R

where @) is defined on H'. Since o.(L;) = [0,+00), the existence of v € H' such that
Q(v,v) < 0 will imply the existence of a negative eigenvalue Xy of L;. Let x € C5°(R)
supported in [—2,2], with x(0) = 1. For § > 0, we define the function ¢s; on R by

_J le@)] ifz[ >4
#5(z) '_{ o(6) if —5<a<s

and for n,d > 0,
@sn(®) == ws(x)x(x/n) .

2. Note that in the case of the stationary bubbles studied in [dB], ¢ was positive while ¢’ vanished
exactly once on R. Thus L; was positive, while Lo had an unique negative eigenvalue. This explains why
in the sequel, the roles of L; and Lo are upturned in comparison with [dB]
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It is clear that o5, € H 1 and

Qesnenn) = [ [ebePxtomp + 2est@)eitonte/my /)
s (/) = f(eaPheslolx(o/n)?] do
T [ [65@ = Fle(@))es(@)] do

In spite of the fact that ps € H', we will denote this very last quantity by Q(ps, ©s)-

Qlgs.os) = / (@ ot et + / ~ Flp(a)?)pl6)da

jol<s

é
+/6 [—QD’(Q;)Q +f(90($)2>(80(x)2 . (p(é)Q)] do
=, —20¢/(0)° +0(0)

where we have used the fact that Lip = 0. Thus we can choose 4 > 0 small enough such
that Q(ps, ps) < 0, and then n large enough such that Q(wsn,s.) < 0. Therefore L,
has a smallest eigenvalue A\g < 0. It is a classical result that )y is simple, and that there
exists a positive associated eigenvector ugy. Let us assume by contradiction that L; has an
other eigenvalue A\; € (A, 0), and let u; be an associated eigenvector. Then u; vanishes
at g € R (because uyLug > 0), and the Sturm-Liouville theory implies that ¢, which
solves L1y = 0 vanishes in both intervals (—oo, z¢) and (xg, +00), which is a contradiction,
because  vanishes only at 0. U

As we already mentioned it in the introduction, the essential spectrum of A is purely
imaginary. Moreover, if A is an eigenvalue of A with associated eigenvector (uq,us), —A\ is
also an eigenvalue, with associated eigenvector (—uq,us). Thus the linear instability of ¢
is equivalent to the existence of an eigenvalue of A with non-zero real part. If A (# 0) is
such an eigenvalue and if (uq,us) is an associated eigenvector, we have

Ll’lLQ = )\Ul
—L2U1 = )\UQ

In particular, since L, is self-adjoint, us € (ker L)+ = (') and u; € —)\Eg_lu2+Vect(gp’),
where we have denoted by L the restriction of Ly to (¢')* (it is clear that Ly is invertible).
Therefore, taking the scalar product with us (which is orthogonal to ¢’), and using the
fact that L, is a self-adjoint coercive operator, we obtain

< L1U2, U >

P

2=
< Lo Ug, Ug >
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We deduce that —\? € R, thus A € R UiR. Therefore, if \ is an eigenvalue of A with
non-zero real part, A € R*, and the quantity

_ < Liv,v >
inf e E—
ve@) D)0 < [y p >

. . . . ~ -1, i .
is strictly negative. Since Ly  is positive, so is

. < le,v >
Q= inf —
ve(p)tnD(L)v#0 V|72

We next prove that if a < 0, the infimum « is reached. Indeed, let (v,), be a sequence
of (o)X N D(Ly) = (¢')* N H? such that ||v,]|z2 = 1 and < Liv,, v, >— a.
/|8z’Un|2d3j = < Ll'U’rwvn > +/f(902)|’0n|2d$ < sup < lenvvn > +||f||L°°>

thus (v,), is bounded in H'. We can extract a subsequence (also denoted by wv,, for
convenience), such that v, — v, in H'. We have < v,, ¢ >= lim < Up, ¢’ >= 0, and the

fast decrease of f(¢?) at infinity ensures that [ f(¢?)|v,]* — f f(©*)|vs]?. On the other
side, [|0,v.*dx < liminf [ |0,v,|*dx, thus

< Lyv,, v, —/\8 v, |* — /f Yoa)? < hmmf/\(? vn|2—hm/f Yoal? =

Moreover, ||vi||z2 < liminf ||v,|/z2 = 1. Assume by contradiction that ||v.||r2 < 1. Then

< Lqvy, v, >
5 < <a<0,
0472 0472
which is a contradiction with the definition of «. Therefore ||v.||z2 = 1, % = a, and
the infimum « is reached at v,. Hence v, satisfies the Euler equation
Liv, = av, + B¢, where B €R. (2.12)

It can be easily seen that o > ). Indeed, it is clear that a > Ao, and if o = Ay, (2.12)
implies
0 =< vy, (Ll — )\O)UO >=< (Ll — )\Q)U*,UO >= ﬁ < QOI,'LL() >,

where uy denotes a positive eigenvector of L; associated with the eigenvalue \g. Since ¢’
and wug are both positive, it follows that § = 0. (2.12) with § = 0 implies that v, is colinear
to ug, because ) is a simple eigenvalue of L. This is a contradiction, because ug & (¢')*.

Since (L) N (Ao, 0) = 0, we can define on the interval (Ao, 0) the Vakhitov-Kolokolov
fonction g by

g\ = < (Li =N ¢ > . (2.13)
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We have just seen that if ¢ is linearly unstable, the infimum « € (0, po) of < Liv,v >
/l|lv]|2; is reached at some v, € (¢')* which satisfies the Euler equation (2.12). This last
equation can be rewritten as v, = 3(L; — a)~'¢’, and thus g(a) = 0.

Now, g is of class C' on ()\,0) and ¢'(\) = ||(L* — N\)71¢'||? > 0, thus g is increasing
on (\g, 0). Moreover, if we denote by II the orthogonal projection on g,

1 < Ug, . >

Li—\1'=
L =N = X TP

ug + II(Ly — \) 7T,

and thus

1 <wug, ¢ >2

= n Tl + < (Ly — A) I, Ty’ > . (2.14)

g(A)

Letting A\ decrease to A, the first term of the right-hand side tends to —oco, whereas the
second one remains bounded. It follows that g(A\) — —oo as A | Ay, and to study if
g vanishes or not on (Xg,0), it suffices to study the sign of the limit of g(\) as A T 0.
Theorem 2.1.1 follows. U

2.4 Numerical check of linear stability

First, it is possible to find an approximate value of the black soliton using a differential
solver, since ¢(0) = 0 and the value ¢'(0) is explicitly known. In fact, if we multiply (2.2)
by ¢' and integrate between 0 and infinity, it can be shown that

¢'(0) = vV(0).

For instance, for the pure power defocusing equation

Ou  0u oy _

which corresponds to f(r) =1 — r?, we have

¥'(0) = \/j

It is sufficient to compute the approximate solution of (2.2) on a sufficiently large domain
in such a way that the derivative almost vanishes at the boundary. For some prescribed A,
the Vakhitov-Kolokolov function is given by

g(AN) =< (L1 = M) 7', ¢ >i=< 1, ¢’ >,
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where 1) € L?(R) satisfies the differential equation (L; — Al;)1) = ¢'. This equation can
be solved with use of finite differences, seeking the approximate values 1); of the solu-
tion at gridpoints z; = jh where j = —J,---,J. In this case, the discretized linear
system can be written as AV = &, where ¥ = (¢Y_j,¢_ji1,--- 051,057 € RFL
D= (p_s,0_gi1,"* ,07-1,07)" and the matrix A is given by

2 -1 0 --- 0
1 -1 2 —1
A:ﬁ 0 0 +diag(q1(:1:j)—)\, J<]<J>
: .o—1 2 —1
0 --- 0 -1 2

The function ¢ is then given by g(\) =< ¥, ® >. In Figures 2.1 and 2.2 are respectively
plotted the profiles of black solitons obtained for different o (0 = 0.5, 1, 2 and 3) and for
each case the Vakhitov-Kolokolov function with respect to log (—X).

1

08

06

0.4

02f

oF

—02f

—04f

—0.6f

-0.8f

14 12
log(~lambda)

FIG. 2.1 — Black solitons for different — FI1G. 2.2 — g with respect to log(—\) for
values o. different values o.

It can be observed that the function ¢ is always strictly negative when \ tends to
zero and admits at each time a strictly negative limit at zero. This numerically checks the
linear stability in this case. It can be also observed that this limit seems to be an increasing
function of 0. Nevertheless, when o becomes large, it has been found that the limit value
[(0) when A tends to zero is always strictly negative. As indicated in Figure 2.3, it seems
that this [ ;= lim /(o) exists and remains strictly negative (we have [ = —1.133...). This

ag—

result suggests the linear stability of black solitons for any nonnegative value of o.
We then focus on the case of the saturated equation

u=0, (2.16)

Z§+8$2+ B

Ou  O*u 1 1
((1+a|u!2)2 (1+a)2>
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F1G. 2.3 — Plot of (o) versus o.

where a is a prescribed positive parameter. Here, the nonlinear term still vanishes for
lu|> = 1 and remains positive between the two values 0 and 1. The value at the origin of
the black soliton derivative is given in this case by the relation

Va

:1+a

©'(0)

and it is still possible here to compute the soliton and the Vakhitov-Kolokolov function.
In Figures 2.4 are shown the profiles of black solitons for different values of a. It can be
noticed that contrary to the first equation investigated, the black soliton derivative at
zero is no more a monotonous function of the parameter (in fact, the maximum value
obtained is reached for a, = 1). In figure 2.5 is plotted the value g(\g) for Ay = —107°
for different values of a. It clearly indicates that the black soliton is linearly stable when
a < a. ~ 7.4725 and may suggest instability when a > a.. This kind of instability threshold
has been already observed in the literature (see [KiK]).

2.5 The linear stability of the black soliton of the 1D
Gross-Pitaevskii equation

In the cubic defocusing case f(r) = 1 — r, the black soliton ¢ is explicitely known:

¢(x) = tanh L

V2
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Fic. 2.4 — Black solitons for different FI1G. 2.5 — g(\o) versus a.

a.
Thus 1
/
¢'(z) = a 12 2
V2 cosh %
1
Fe@?) = —5 .
cosh” 75
and P |
L= L]_ = —W — W .
x=  cosh” 7
We also know that the lowest eigenvalue of L is A\g = —1/2, and an associated eigenvector
is
1
up(x) = — .
cosh 7%

The explicit knowledge of this data enable us to prove the linear stability of the black
soliton of the Gross-Pitaevskii equation stated in Theorem 2.1.2.

Proof of Theorem 2.1.2. Let A\ € (—1/2,0), and

vi=(L-\N"' e H CL>®.
Then it is clear that v is even, v(z) — 0 as x — oo, and v solves
v(x) 1

— — - A ) 2.17
cosh? . /2cosh? % v(@) ( )

U” (x)

S
S

For every integere n > 1, let us define

wim [

Z_

2n
-« Ccosh NG
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and

+oo 1
Gy, ::/ 7}1271 p dz .
—oo COS E

Note that u; = v/2g(A). The strategy of the proof is as follows. Thanks to an induction
relation between wu, and w,,; as well as an asymptotic expansion of u, as n goes to
infinity, we first establish a link between u; and v(0). In particular, this relation implies
that v(0) > 0 as soon as u; > 0. Finally, we show that the condition v(0) > 0 is inconsistent
with the fact that v(z) — 0 as * — oc.

T

Multiplying (2.17) by 1/ cosh®” 75 and summing over R, we get

+oco U"(:L‘) 1
—————dr = —Upi1 — —=App1 — AUy, - 2.18
/oo cosh®" 2 v it \/ia i B ( )

V2
Using integration by parts, the left hand side of (2.18) can be expressed as
400 "
/ L;)da: = 2n%u, — (2n + D)nu,y (2.19)
« Ccosh %

From (2.18) and (2.19) we infer the following induction relation:

1+ 2n2 n41

o it 2.20
1+ L- L™ \/_2n2 tn—1 (2:20)

Un+1

(2.20) yields a relation between u,1 and uy:

~ 1+2l2 1+2l2 Ak41
tntt = H<1+———> 1+_ZH( Lok k—1 (2.21)

=1 22 k=1 I=k+1 212

We will next compute asymptotic expansions of each term in (2. 21) We begin with the
term containing u;. First remark that the product Py := [, (1 + ) converges. Thus

& A
E<1+2_l2) = Py +o(1),

with Py € (0,1) (because A € (—1/2,0)). On the other side, there exists a constant P > 0
such that

212

Therefore

ﬁ (1j—i) - 2 (L+0(1)) . (2.22)



We begin the computation of the asymptotic expansions of the two others terms in
(2.21) with the following lemma:

Lemma 2.5.1 Let p € C*(R), bounded, even, with ©(0) # 0. Then

= p(a) _9(0) e v
Km m%%xwhngﬁ—of7ﬂw1+dny

Proof. We write

“+o00 e’}
/ QO(ZE) dr = 2/ g0(1,>672nlncosha:dx ’
0

_« cosh®z
and we make the change of variables y = 2nIn cosh x, such that

s Ccosh™ e _ 1 2n

} f/ A5

@(y) := p(arccoshe?) %

and ¢(0) = ¢(0). ¢ is continuous on R, and the dominated convergence theorem yields

* _y.e y > e Y
sy — [0 S
/0 n f n—00 VY
and the lemma follows. O

We apply this lemma on the one side with o(z) = v(v/2x), on the other side with
() = 1. We obtain respectively

 V20(0) (e
B \/_/oo coshQ” VT A \/—d y(1+0o(1)) (2.23)

where for y > 0,

Nl

and

_ﬁ[@@ﬁfwm)ﬁmuwm' (2.24)

We next give an asymptotic expansion of the last term in (2.21). We rewrite it under

the form
1+2?2 Ak+1
SEI () wtis

k=1 l=k+1

_ 1 (ﬁ 1 + 212 ) i Q41
= . -
V2 + 21 212 k=1 Hl . (%) (2k* +k —1)
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The series in the right hand side converges, and we will denotes its sum by S,. Indeed, it
follows from (2.24) and (2.22) that

i1 CV2PVE [Cev 1 1
. o eV ﬁdyﬁ(l +o(1)) = O(ﬁ) :
I, <1+%2__i%2> (2k2+k—1) A

Therefore, using once again (2.22), we get

LT 1+ 3 Ajet 1 P\Sy
75 = 14+0(1)) . 2.25
ﬂZH(l_{_QLZ_L U2+ k—1 Pm( o(1)) (2.25)

k=1 l=k+1 212

We inject (2.23), (2.22) and (2.25) into (2.21), and we obtain the relation
eV P S
V20(0) [ == 2+ 2. 2.26
O [ =P (2.26)
For A € (—1/2,0), it is easy to see that Sy > Sy € (0,400). Therefore, if we assume by
contradiction that u; > —Sp/2v/2 > —5,/2v/2, (2.26) implies v(0) > 0.

In the sequel, A € (—1/2,0) is fixed, and we assume by contradiction that u; >
—S0/2v/2, and thus that v(0) > 0. We will show that this implies that v(z) — —oo
as x — —+o00, which is a contradiction, because we know that v(z) — 0 as z — +o0.

Let us first define

x
w(x) :=v(x)cosh— , for xR 2.27
(2) := v(x) NG (2.27)
Then for x € R, we have
oa) = AT
cosh 75
/ 1 tanh %
gy = L LA
cosh 75 \/2 cosh 7
RIERETE ST
cosh 75 /2 cos 7 cosh” = cosh 75
Since v satisfies (2.17), it follows that w solves
w"(z) = v/2tanh iu/(x) -t (l + Nw(z). (2.28)
V2 V2 cosh % 2

Remark that w(0) = v(0) > 0, w is even and w’(0) = 0. Evaluating (2.28) at = 0 and
using the fact that A\ > —1/2, we thus have



Therefore there exists 79 > 0 such that if z € [0,70], w”(z) < 0 and w(x) > 0. Thus we
can define

z1 :=sup{z > 0,w(y) > 0 and w"(y) < 0 for every y € [0, z]} .

If z; = 400, we have w”(y) < 0 on [0,00), w’ is strictly decreasing on Ry, and for
x> 1, w(x) < w(l) < w(0) = 0. Therefore for x > 1, w(z) < w'(1)(x — 1) + w(1).
In particular, w(z) < 0 for = large enough, which is a contradiction with the assumption
xr1 = —+00.

Thus x; < oo. It is clear that w(z;) = 0 or w”(x;) = 0. Indeed, if it was not the case,
thanks to the continuity of w and w”, there would exist a neighbourhood of z; in R, on
which w > 0 and w” < 0, which would yield a contradiction with the definition of x;. We
next prove that w”(z;) < 0, and thus w(z;) = 0. Indeed,

1 1
w"(xy) = V2tanh ﬂw’(xl) — (= + Nw(x)
V2 \/§COSh71§ 2
1
S —F=——-<0,
\/icosh\/—%

because w’ is strictly decreasing on [0, 2] (thus w'(z;) < «'(0) = 0), 1/2 4+ X > 0 and

w(xy) = 0. Therefore v(z;) = w(zy) = 0, and v'(z;) = % < 0. It follows that there
V3

exists 7, > 0 such that —1/v/2 < v(x) < 0 for & € (21,1 + n,]. Thus we can define
To = sup{z > 1, —1/\/§ <v(y)<O0fory e[z, 2)} Za1+m >z .
For x € [x1,75), since —\ > 0, v(x) < 0 and 1/v/2 + v(z) > 0, we have

(2) = —@ (% + v(a:)) ~ (@) <0

Therefore v’ is decreasing on [z, x2), and v(z) < v'(z1)(x — x1) if x € [21,29). V'(21) <O,
thus x5 < 00, v(x) = —1/v/2, v/(13) < v'(21) < 0.
From now on, we distinguish the two cases:

1. z9 > x) = \/ﬁarccosh\/%_w
2. x9 < Ty

In the first case, for x > x4, Coshﬁ + A < 0. v'(x2) < 0, therefore there exists 7, > 0,
vz

v'(z) < 0 for = € [xg, x5 + 12, and the definition of x5 > x4 as
x3 = sup{x > zq, V'(y) <0 for y € (x9,7)} > 9
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makes sense. v is decreasing on [y, z3), thus v(z) < —1/v/2 for every = € [z, z3). It follows

that for x € [z9,x3), — <Cosh2 — + )\) v(z) <0, and

o) =~ L e <L <o
V()= —————— — | ————— v(z) < ———
V2 cosh? % cosh? = V/2 cosh? %

Therefore v’ is decreasing on [z5, x3). This implies that 23 = 400, and for = > x5, v(z) <
v(xg) 4+ V' (x2)(z — o), thus v(z) — —o0 as r — +o0.
We are now concerned with the second case x5 < x,. We introduce

24 = sup{a € (22, 22),0/(y) < 0 for y € [22,2)}

and the open set Q := {x € (x9,24),v"(z) > 0}. Q is the disjointed union of its connex
parts w; = (a;, b;) for i € I, where [ is a finite or countable set. For = € w;, v"(x) > 0, and
thus integrating twice, for z € w;,

V() = v'(a)
v(z) —v(ai) = v'(a:)(r = a;) .

Using (2.17) and the fact that < z,, it follows that

1 1

" 1 /
v'(z) < (m +)\> (—v(a;) —v'(a;)(z — a;)) — ﬁ@ )

which may be integrated between a; and x. After an integration by parts, we obtain

v'(z) < v'(a;) — (V2v(a;) + 1)(tanh 7 tanh 7%) — \v(a;)(x — a;)

. T y
T —q a; V2 tanh —— (z —a;) +v'(a / V2tanh —=dy . (2.29
( )* = v'(a;)V2 \/5( ) + v'(ai) ; Mok (2.29)
For # € (w9,24), v'(x) < 0, thus v(z) < v(xy) = —1/v/2. In particular, v'(a;) < 0 and
v(a;) + 1/v/2 < 0 (indeed, a; > x5 because v”(z5) = A\/v/2 < 0 while v”(a;) = 0). For
T € w;, it follows from (2.29), the mean value theorem and the inequality tanh 75 < 1 that

' ' 1
V) < o) - [(( >+E>m+m<ai>]<x—ai>
:—U'?(;i)io-

v'(a;)

(z —a;)? — U/(ai)\@/x(l — tanh %)dy

= v'(a) {1 —V2 i (1 — tanh T)dy _ A(%“)Q}

< v(ay) [1 - \/5/ (1 — tanh E)dy} = v/(a;)(1 — 2In(1 4 e~ V2%2)).(2.30)
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We provisionnaly admit the fact that (1 — 2In(1 + e~ V2%2)) > 0. Let us assume by
contradiction that v'(z4) = 0.

If 2, ¢ Q, there exists » > 0 such that v”(z) < 0 for € [x4 — 1, 24], and thus
0 =0'(x4) < V(x4 —n) <0, which is a contradiction.

Thus x4, € Q. Let (¢n)n be a sequence in € such that ¢, — 4. For each n, ¢, € win),
and ¢, < bin) < 4. Thus b,y — x4. If by(,) was constant (equal to x4 = b;,) for n > ny,
we would have by (2.30)

0=/ (z4) = v'(biy) < V'(az,)(1 — 2In(1 4+ e V22)) <0,

which is a contradiction. Thus b;(,) takes infinitely many values. We next remark that if
y € (0,x,) satisfies v (y) = 0, it follows from (2.17) that

1
v(y) = _\/5(1+)\cosh2%) =: f(y) -

Here, we have 0 = v"(bi()) — v"(4), thus v"(x4) = 0, and v(z4) = f(z4). Next,

‘ol 24 z4
sinh \/icosh s

f(xg) = A <0=1'(x4) .

(1 + A cosh? %)2
This implies that there exists 7, > 0 such that v(z) < f(x) for x € [£4—n4, x4). For n large
enough, b,y € [T4 — N, T4), V" (bin)) = 0, thus v(b;n)) = f(biny). This is a contradiction.
If 24 < x,, the definition of x4 implies that we must have v'(x4) = 0, which we have
just seen to be impossible. Thus x; = z, and v'(z4) < 0. Then, we conclude as in the case
o = Ty, With xo replaced by 4.
To complete the proof, it remains to prove the estimate

21n (1 +e_‘/§””2> <1, (2.31)

in the case x5 < x,, which will be done by bounding xs from below. For = € [0, xs],

A+ ——= > 0, and we have seen that v is decreasing on [0, z,], thus v(z) < v = v(0) for
V2

x € [0, x9], and

V'(x) = — <A+7

> A+ L !
> - ——— |
cosh? Z 0 /2 cosh? =



because —Avg > 0. Integrating this inequality between 0 and = € [0, x|, we get

[V (z)| = —v'(x) < (1 + vpV/2) tanh 7 < (14 vV2) .

Using the mean value Theorem, it follows that

1
5+ = o) —v(0)] < L+ w0V,

Therefore x5 > 1/v/2 V2, and
2In(1+ e V?2) <2In(1+e ) < 1.

2.6 Dynamical stability

In this section, we wish to investigate the dynamical stability of the black solitons. For
this purpose, we use the finite differences in both time and space.

2.6.1 Description of the numerical method

Space and time steps h and 0t being given, all the computations will be made in a
rectangular grid at spatial points z; = jh and at discrete times ¢, = ndt. Let us define uj
as the approximate value of u(z;,t,). For any given smooth function w, we also define the
operators L, as

1 0w 9
(Law); = 35 (wJ-H 2w, +wj—1) = (@)j + O(Az7)

that can be seen as the discretization of the differential operator 9?/9z* with use of Taylor

formulas. We then consider the symmetric Crank-Nicolson discretization of (2.1): setting
u"/2 = (u™ + u"*1) /2, the system writes

?

n n n n 212\ n 2
™ = )+ (L™ %), + f (TP = 0
for n > 0 and |j| < J, with J given. This is a nonlinear algebraic discrete system that is

solved at each time step using a fixed point method. This way of discretizing the system
enables us to have the conservation of the discrete first invariant in the numerical domain

J
L=>3 (|u§\2 - 1) —Ip, Yn 0.

j=—J

The computations will be made in a numerical domain that is chosen in such a way
that the boundary will not generate artificial reflections of the numerical solution, setting
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2.6.2 The boundary problem

When dealing with asymptotic behaviour of time evolution problems, numerics may
become delicate since for computational cost reasons, computations have to be made in
a bounded interval of R. In this case, an inappropriate boundary condition can lead to
artificial reflection and may cause a wrong approximation of the exact solution. In all the
cases that will be investigated, the solutions under study are assumed to tend to different
limit values at +-00. The most natural way to proceed is to set these values for the numerical
approximation at each extremity of the computational domain. We show here that even in
the linear case

ou  *u
i—+— =0 2.32

ot + Ox? (2:32)
with boundary conditions —1 and 1 at —oo and oo, this treatment can seriously affect the
solution asymptotics. In order to avoid such problems, a numerical trick consists in adding

a diffusion term in (2.32), that will come into play near the boundary. We thus replace
(2.32) by

, ou  0%u

where the function « vanishes at the interior of the numerical domain. This means that
the original problem is turned into a diffusive-like equation where the diffusion term only
plays a role close to the boundary. Consequently, waves that could reflect on the boundary
are absorbed. The term « is referred in the literature as a sponge factor. Such a function
is plotted in Figure 2.6. Remark that since we deal with a modified equation, conservation
of invariants for initial problem no more holds.

We now show the results obtained for the numerical resolution of (2.32) considered with the
initial data ug(xz) = tanh x, for the following choice of grid parameters: h = 0.1, J = 200,
0t = 0.1 and a sponge factor given by

a(z) = exp(—((Jz| — L)/2)?),

where L = Jh. In Figures 2.7 and 2.8, we view the solution computed with the sponge
factor compared to both solution computed with nonhomogeneous Dirichlet conditions
u(t,—L) = —1, u(t, L) = 1 and solution considered in the larger domain | — 60, 60[. It can
be observed that the first solution is a much better approximation of the reference one
than the solution obtained with Dirichlet conditions.
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F1G. 2.6 — Plot of «.

re(u(tx)) at time t = 15

Fic. 2.7 — Profile of the real part of
the solutions of (2.32) with Dirichlet
boundary conditions, with sponge fac-
tor and computed on the larger do-
main [—60,60], plot on the small do-
main | — 20,20, T' = 15.

re(u(tx)) at time t = 15
T T

14 [ = Dirichlet conditions
onge factor

09

0.8

0.7

0.6

05

FiGc. 2.8 — Profile of the real part of
the solutions of (2.32) with Dirichlet
boundary conditions, with sponge fac-
tor and computed on the larger domain
[—60,60], T' = 15, zoom near the right
boundary.

2.6.3 The pure power defocusing equation

Since the stability condition stated in Theorem 2.1.1 deals with linear stability, we first
perform computations for the linearized equation
Ou  O%u

=+ 55
ot

e+ S (Pt 267 () Reu =,

(2.34)
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with f(r) =1 —r? (which is just an other way to write system (2.3)) in order to check if
a stability threshold occurs. We start from the initial condition

e(z) = e 001, (2.35)

that can be seen as a perturbation of zero. Note that due to the linearity of the equation,
this perturbation is not needed to be small. We numerically solved equation (2.34) and
plotted the evolution of the maximal amplitude in order to look for the generation of a
unstable mode. For the sake of clarity, we have preferred to view the profile of k(t) :=
log(1+ |Ju(t)||z=)/t: if k tends to zero as ¢ is large, then no exponential growth is obtained
and the black soliton can be considered as linearly stable. If k tends to some positive
constant A, then instability occurs with the corresponding growth rate given by A. We
have computed the evolution of k for different values of o (¢ = 1, 0 = 2 and o = 5) with
parameters J = 400, h = 0.125, 6t = 5 and N = 1000. Figure 2.9 indicates that & globally
decreases to 0, in spite of numerical oscillations: there is no positive eigenvalue for the
linearized operator, which illustrates linear stability for any value of o.

sigma =1
181 —-—- sigma=2|
| sigma =5

161 1

14H 4

12H; 1

oof

10 g

log (1 +[lu(tl )t

Ty ) . .
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
t

F1G. 2.9 — Plot of k versus time, 0 =1, 0 =2 and 0 = 5.

We then numerically solved problem (2.15), injecting the black soliton numerically cal-
culated as initial data. We took the following parameters: Ax = 0.05, J = 400, At = 0.05
in order to investigate long time asymptotics. Our first experiments showed the dynamic
stability of the solution as the persistence of the soliton structure through time. For this
aim, we plot in Figure 2.10 the evolution of the L? norm of the error between the black
soliton and the numerical solution with respect to time, for different values of nonlinear
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exponent o (o = 1, 2 and 3). It can be observed that this difference is bounded through
time, which is a grant of stability.

0.2 *

time

F1G. 2.10 — Plot of the L? error between the finite differences solution and the exact black
soliton versus time, c =1, 0 =2 and 0 = 3.

We then perturb the initial data with an oscillatory function e(z) = (14 0.5¢~*" sin 5z)
(that is we start with the initial data uwy = e¢ instead of ¢). Of course, the numerical
domain has to be large enough in order to avoid the generation of reflection waves caused
by the boundary condition u' ; = +1 that could become non-adapted for the computation
at late stages. In our test, we set J = 800, Az = At = 0.05 and for simulations performed
until final time 7" = 5. In Figures 2.11 is plotted the solution profile at successive times
t=1,t=3and ¢t = 5. It can be observed a propagation to the right of the wavetrain, with
a similar effect to the left side for negative x. Since its length seems quite constant through
time, the global L? error between the numerical solution and the black soliton will remain
bounded. Since it is worth investigating the behaviour at the left of the perturbed wave,
we also define the local L? error, that is computed around the origin (in our simulations,
we chose the domain D = [—10,10]). In Figure 2.12 are plotted the two errors and it can
be noticed that once the perturbation has left D, then the approximate solution mimics
the soliton profile and the L? error becomes small, while the global error stays bounded
since the traveling perturbation keeps the same amplitude. This effect could be referred
as local asymptotic stability, meaning that in compact domains of the real line, the black
soliton attracts the solutions for large times.
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Fic. 2.11 — Snapshots of the perturbed
solution at different times (t = 1, t =
3 and t = 5) around the black soliton
profile, o = 1.

2.6.4 The saturated equation

As in the previous section, we first investigate the linearized equation (2.34), injecting as
initial data the same perturbation as before. We used the following parameters: J = 400,
h = 0.075, 0t = 10 and N = 2000. The numerical experiments have shown that initial
perturbation (2.35) leads us to stability for a < a. and instability for a > a. (see Figure

0.15

— Whole domain
— - Small domain

011

F1a. 2.12 — Evolution of global and local
L? error between the perturbed solution
and the black soliton versus time.

2.13, where k has been plotted in the cases a =6, a =7, a = 8 and a = 9).
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Fia. 2.13 — Plot of k versus time, a =6, a =7, a =8 and a = 9.
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We also solved equation (2.16) starting from an Gaussian modulated initial perturbation

e(z) = q(1 +)e” """ cos 2. (2.36)

For any value of a, the numerical solution seems to travel with a velocity depending on a.
This may suggest that the black soliton is not stable. However, we translate the solution
in such a way that the real part changes its sign at the origin and we study the L> error
with respect to the black soliton. We found that taking a < a. leads us to a bounded
variation of the error, whereas for a > a. the error seems to increase with time. In our
computations, we chose 6t = 1, J = 400, h = 0.25, ¢ = 0.01 in the cases a = 5 and a = 8
(see Figures 2.14 and 2.16). In these plots, it can be noticed jumps of the error that are
caused by the discrete traveling jump of the vanishing point from one grid cell to another
one and the large value of the derivative of the black soliton at = 0. In the case a = 5 (see
Figure 2.15), one can observe that the soliton profile travels to the right with no alteration,
contrary to the solution computed with a = 8, where the black soliton profile is partially
lost at the left side (see Figure 2.17).

0.06 T T T T T T T T T 15

051

-05f

0 L L L L L L L L L _ L L L L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 —‘ 00 -80 -60 -40 -20
t

F1aG. 2.14 — Plot of the error between the F1aG. 2.15 — Profile of the real part of the
black soliton and the translated solution solution at final time T = 5000 compa-
of (2.16), a = 5. red with the black soliton, a = 5.

In order to see more precisely the influence of parameter a, we view in Figure 2.18 on the
same plot the errors between the black soliton and the translated solution of (2.16) obtained
for different values of a: a =6, a =7, a = 8 and a = 9. We have taken the same values of
the grid parameters and we chose a larger amplitude ¢ = 0.03 for the initial perturbation
(2.35). As in the previous test, this figure suggests the occurrence of a threshold value for
a>"T.
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F1G. 2.16 — Plot of the error between the  FI1G. 2.17 — Zoomed profile of the real
black soliton and the translated solution — part of the solution at final time T =

of (2.16), a = 8. 700 compared with the black soliton,
a=S8.
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F1G. 2.18 — Plot of the error between the black soliton and the translated solution of (2.16)
a=6,a=7,a=8 anda=9.
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Chapitre 3

Existence of dark-dark soliton to a
system of two coupled NLS equations

Abstract. We prove the existence of stationary dark-dark solitons with mono-
tonic tails to a system of two coupled nonlinear Schrédinger equations.

We are concerned with the system

: Qw w ey
{zﬁ—%rw—w—i—wv—o,

i - Ov Pu _ 1,2
105 + 852 —av + jw” =0,

(3.1)
with r,s = +1 and a > 0.

In [BK1| (see also [BK2|, [Ki]), A.V. Buryak and Y.S. Kivshar derive this system
from Maxwell equations with Y nonlinear susceptibility. They found numerically real
stationnary solutions to (3.1), for different values of r, s and . Namely, for r = -1, s = 1
and a > 0, they found a continuous family of dark solitons, with w(z) — £v/2a and
v(x) — 1 as © — =£o0, and with monotonic (resp. non-monotonic) tails for a > 8 (resp.
a < 8). For r = s = —1, they found a discrete set of values of o for which there exists
dark solitons to (3.1). For r = 1, s = &1, they found bright solitons to (3.1). We give here
a rigorous proof of the existence of dark solitons of (3.1) with monotonic tails, in the case
r=—1, s = 1. We use a shooting method inspired by [BLP]. Our main result is as follows:

Theorem 3.0.1 Let o > 8. Then the system

W' = —w + vw (3.2)
2
V' =av — % (3.3)

admits a real solution w,v € C*(R), such that
(i) w is odd,
(i1) w is strictly increasing on R,

(111) w(x) o +1/2a,
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(iv) v is positive and even,
(v) v is strictly increasing on R,

(vi) v(x) L

—+o0

Proof. If w,v € C*(R) solve (3.2)-(3.3) and satisfy (i)-(vi), multiplying (3.2) by w’, (3.3)
by v/, making the difference and integrating, we obtain the equality

w'(z)? = (z)? = (1-v(®)) [l +0v(z)) —w(x)]. (3.4)

Thus, taking into account that w(0) = 0, v/(0) = 0 and v(0) = vy € (0,1), we must have
w'(0)2 = a(1 — v2). For vy € (0,1), we will consider the Cauchy Problem

/ /

v v v Vo

v’ av — ¥ v’ 0

w - W' 2 ) w (0) - 0 . (3'5)
w’ —w(l —v) w’ a(l—vg)

Given vy € (0, 1), the solution of the Cauchy Problem (3.5) exists on a maximal interval
[0, 2*(vg)). In the sequel, we will always denote this solution by (v, w). Thus we are looking
for vy € (0,1) such that z*(vy) = co and v, w satisfy (i)-(vi). We define the following four
subsets of (0,1):

<

(o) =
v(:p) < 1 on [0, zo)

() > 0 on (0, | 1,
() < Va(l+wv(z)) on [0, 2]
() > 0 on [0, z]

[ w(z) = /a1l +v(xp))

x) < 1 on [0, x]

() > 0 on (0, z] 1

() < \/a(l+v(z)) on [0, xq)

() > 0 on [0, z]

( /(I )

r) < 1 on [0, x|

() > 0 on (0, zy) 1,

w(z) < v/a(l+v(x)) on [0, z]
w'(xz) > 0 on [0, z]

E, = {v € (0,1)|3zo € (0,2 (v0)),

g & <

S

Ey :={vy € (0,1)|3zo € (0,2 (vy)),

g & =

ST

By = {u € (0,1)[30 € (0,2" (w0)),

v(xz) < 1 on [0, x]
Ey = {v € (0,1)|3zo € (0,2%(vp)),{ v'(x) > 0 on (0, ] }.
w(z) < y/a(l +v(x)) on [0, ]

w'(z) > 0 on [0, z)
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We split the proof in four steps:

the sets E,, F,, E,, E, are disjoint two by two.

E, and F, are non empty.

ifvg ¢ E,U E,U EyU E,, then 2*(vg) = oo and v, w satisfy the conditions (i)-(vi).
4. the sets F,, F,, E,, E, are open.

Since (0, 1) is connex, it is clear that the theorem follows from these assertions.

W o=

15t step. It is quite clear that E,, E,, F,, E, are disjoint two by two. We show for
instance that £, N E,, = (). We argue by contradiction. If vy € E, N E,, let z¢, be as in the
definition of E,, x¢, as in the definition of E,,. Since v(zg,) = 1 and v(z) < 1 on [0, ¢ ],
Tow > Tou. In a similar way, since w(zow) = /(1 + v(zo,)) and w(z) < /a(l + v(z))
on [0,Z0u], Tow > Tow, Which is a contradiction. The proof of the emptnyness of the
intersection of any two sets chosen among F,, E,, F, and E,, is identical.

27d step. For any vy € (0,1), we define

xo(vg) :==sup{z > 0,z < z*(vy) | w%y;Q < a(l+v(y)) for y € (0,2)}.

We first remark that zo(vp) is defined as the supremum of a non-empty set. Indeed, v(0) < 1,
w'(0) > 0, a(1+v(0)) > w(0)? = 0, therefore by continuity, 1—v, w’ and a(1+v)—w? remain
strictly positive in a neighborhood of 0 in [0, z*(vg)). Moreover, v'(0) = 0, v"(0) = avy > 0,
therefore v'(x) > 0 for x > 0 and x small. Thus for y > 0 small enough, the four inequalities
in the definition of zo(vg) are satisfied.

We will show that if vy € (0,1) is chosen next to 1 (respectively next to 0), then
xo(vg) < x*(vy) and vy € E, (respectively vy € E,/). We begin with several estimations on
v, w and their derivates on [0, zo(vo)].

w > 0and v < 1 on [0,z¢(vg)), therefore w”’ = —w(1 —v) < 0 on [0,z0(vp)]. Thus,
integrating twice this inequality, we obtain that

Vz € 0,20(v)] , 0< w(z) < y/a(l—0vd)r. (3.6)

Therefore, for 2 € [0, zo(vo)],

Vi _ w(x)Q Oé(l B v(2)) 2
v"(z) = av(z) — 5 > auy — 5 (3.7)
V() = ax(vo— sz), (3.8)



and
v(r) > v+ —a®— —=a" . (3.9)

Let x1(vg) be the smallest positive root of the polynom 1 — vy — 20 z? + all—vf) 4 (it does

2 24
exist for vy sufficiently close to 1). Then

2
~ /=1 — )2
21(vo) ool a( vo)
In particular, we deduce that
,CE()(U()) < .2131(110) 7 0. (310)
Vo

From (3.6) and (3.9), we infer that for = € [0, zo(vo)],

w'(z) = —w(z)(1-v(z))

1 — 2
> —/Ja(l—vd)x(l — vy — Oégoxz - a 51 UO)az4) : (3.11)

and, integrating (3.11),

1— avy a(l —v?)
/ > a2 _ 2 4 _ 0 6 . .
w'(z) = /ol —v3) (1 5% + s ¥ "1 © (3.12)

For any fixed vy, the right hand side is a decreasing function of x on [0, z1(vg)], therefore
for x € [0, zo(v)],

W) yfal =) (1- 15 % w2 + ) - 0 wr). @as)

N J/
-

—1 as vg—1

In particular, if vy is choosen close enough to 1,

Va € [0,z0(v)] , w'(z)>0. (3.14)
In a similar way, we infer from (3.8) that if v, is sufficiently close to 1,

Vo € (0,29(vo)] , v'(x)>0. (3.15)
From (3.9) and (3.6), we deduce that for = € [0, zq(vo)],

a(l+v(z)) —w@)® = a(l+v+ %aﬂ - %ﬁ) —a(l —v})2®.  (3.16)

Now, since zo(vp) tends to 0 as vy T 1, the infimum of the right hand side of (3.16) as
describes the interval [0, zo(vg)] tends to 2a > 0 as vy T 1. Therefore, using (3.15), (3.16)
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and (3.14), if v, is choosen close enough to 1, we can ensure that v' > 0, a(1 +v) > w?
and w’ > 0 on (0, zo(vp)], which implies v(zo(vp)) = 1 (if it was not the case, using the
continuity of v, w, v and w’, we would obtain a contradiction with the definition of xy(vg)).
Hence vy belongs to E,, which is the a non-empty set.

We next prove that E, # (). More precisely, we will show that if v is sufficiently close
to 0, then vy € E,. For every vy € (0,1) and = € [0, zo(vo)], v"(z) = av(x)— %@2 < av(z).
Integrating this inequality, we deduce that

Vz € [0,20(vg)] , v(z) < wvgcoshy/azx . (3.17)

Integrating (3.12), we get

2

1 — Qg a(l —vg)
> R 2 4 0725 ). 1
w(x) o vo)x< A + 10" 008 ° (3.18)

We use (3.17) and (3.18) to bound v” from above. For = € [0, zo(vo)],

2
a(l —vg)x2 (1 1 ~ V.2 OV 4 a(l —U§)$6)
6 )

" < h _
v"(x) < awg cosh vax 5 0" 1008

which can be integrated into

V(z) < Vavgsinhvaz — Qu () (3.19)

where

a(l - vj) /m 2 L—w o owo 4 a(l—v) g ’
oo (@) 1= e 0) 1 SR 0e) ay
Quo () 5 Y AR s V) W

Since Qo(z) ~ $x* as x — 0, there exists z* > 0 such that Qy(z) > 0 for every z € [0, 2*].

Let zo < x*. We observe that

Vavgsinhvazy — Quy(r2) — —Qo(x2) <0,

vo—0

and that if vy € (0, 1) is fixed,
Vawg sinh vaxr — Q. (z) ~, QWoT > 0.

Therefore, by the intermediate value theorem, there exists vg(x2) > 0 such that if vy <
vo(x2), there exists x3(vg) € (0, z5] which solves

Vawg sinh vaws(vg) = Qu, (w3(v0)) -

We let 25 and (up to a change of the function vg(x2)) vo(x2) tend to 0. Then vy — 0
and xo > w3(vg) — 0. The right hand side in (3.19) vanishes at x4(vo) < x3(vg), with
I4(U0) 2 Io(v(]).
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We infer from (3.12) that lim ( inf )]w’(x)) > /a > 0, thus if we choose vy small
vo

vo—0 \ z€[0,20(
enough,

Va € [0,z0(vg)] , w'(z)>0. (3.20)

It follows from (3.17) that for z € [0, z¢(vo)], v(z) < v cosh \/axe(vg) — 0 as vy — 0.
Then, if we take vy sufficiently close to 0, we will have

Vo € [0,20(v0)] , v(z)<1. (3.21)
Finally, we use (3.6) to get, for x € [0, zo(vg)],

a(l+v(x)) —w(@)? = a(l +vy) — a(l — v3)zo(vo) — > 0. (3.22)
vo—
Thus, thanks to (3.20), (3.21) and (3.22), we can choose vy small enough such that w’ > 0,
v < 1and a(l +v) > w? on [0, xo(vp)]. This yields zo(vg) = x4(vy) and vy € E, # 0.

3" step. Let vy € (0,1), vo & E, U E, U E, U E,s. Two situations may occur: xo(vg) =
x*(vg) or xo(vg) < z*(vp). In the first case, if z¢(vy) = x*(vg) was finite, then (v, w,v’,w’)
would blow up at x¢(vg), which is impossible, as it can easily be seen. Thus z((vy) =
x*(vy) = 400, and we obtain in this case a soliton like in the Theorem.

We next prove by contradidtion that the second situation may in fact not occur. We
assume vy be such that zo(vg) < x*(vp). In particular, xy(vy) is finite. It follows from the
definition of xg(vg) that at least one of the four following inequalities is violated:

v(xo(vg)) < 1, w(we(vg))? < a1 + v(wo(vp))), v'(zo(v0)) >0, w'(zo(ve)) >0 .

By continuity of v, w, v, w’, the only way for one of these inequalities to be false, is to
be an equality. Moreover, if only one of these four inequalities was false, we see easily that
vo would belong to one of the sets F,, E,, E,, E,. Therefore at least two of them are
false. Thanks to (3.4), it follows that we are in one of the following situations:

1. v(zg) = 1, w'(x9) = 0 and v'(zy) = 0,
2. v(zg) = 1, w(zo) = /a(l +v(xy)) = vV2a and v'(z¢) = w'(z) =0,
3. w'(xg) =0, v'(xo) =0 and w(zg) = /a1l + v(xo)).

In the first case, since v(z) < 1 for < xy, we have
0= v"(z0) = av(zg) — w(zo)?/2 = av(zy) — a(l +v(x0))/2 = a(v(zg) —1)/2=0,

and then w(zy) = /a(l +v(xy)) = V2a. The “uniqueness part” in the Cauchy-Lipshitz
theorem implies that (v, w) = (1,v/2a), which is a contradiction.

In the second case, let us define § := v'(x9) = w'(zg) = 0. If B = 0, we are brought to
the first case. If 3 > 0, then v(z) = 14 B(x — ) + o(x — x0) and w(z) = V2a + B(z —
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7o) + o(x — x0) as x is close to 0. For z < z, we know that a(1 + v(x)) —w(z)? > 0. Near
xo, we have also

a(1+ (@) —w@)? = VaB(Va - 2v2)( - o) + ofx — zo)

Therefore, since a > 8, a(1 + v(x)) — w(x)? < 0 for z in a neighborhood of z and = < x,

which is a contradiction.
In the third case, w”(xo) = (v(xg) — 1)/ (1l 4+ v(xp)) and v"(zg) = Oz”(m) L Thus

a(l +v(z)) —wx)?® = a(v(rg) — 1)(% — (1 +v(m0))(z — 20) + o((z — 0)?). (3.23)

Since v(zp) < 1 and a > 8, a/4 — (1 +wv(zp)) > 0. For x < ¢, we know that a(1 +v(z)) —
w(z)?* > 0, therefore it follows from (3.23) that v(zg) — 1 > 0, thus v(zg) = 1, and we
conclude to a contradiction as in the other cases.

4% step. Let us next prove that E, is open. Let vy € FE,. We denote by (vvo,wvo) the
solution of the Cauchy Problem (3.5). Since vy € E,,, we have vy, (zo(vg)) = 1, v (x0(vg)) >
0

» Yo )
) =

0, Wy (20(v0)) < v/ (1 + vy, (wo(v9))) and wl, (z(vo)) > 0. Therefore there exists x5 (v
xo(vo) such that vy > 0, wy, < /(1 + vy,) and w;,, > 0 on [xo(vy), z5(vo)]. Since v), (0
awg > 0, there exists x6(vg) > 0 such that v}, = av —w?/2 > 0 on [0, z4(vo)].

The map vy — (vp, 0,0, v/a(l —v?)), (0,1) — R?* is continuous and the map

(v, dv, w, dw) — (dv, v — w?*/2, dw, —w(1 —v)), R* — R*

is Lipshitz-continuous. Thus a classical result of continuity of the flow ensures that there
exists 6 > 0, K > 0 such that if v; € (0,1), |vg — v1] < d, then x*(v1) > z5(vp) and

ooy = veoll + N, = vyl 4wy — wg || + fJwi, —wi |l < Kloo—woa|  (3.24)

where (v,,,w,,) is the solution of the Cauchy Problem (3.5) with vy replaced by vy, and
||.|| denotes the norm of the space L>°(0, x5(vg)). Let 6 > 0 be such that § < 0,

1

K < = inf o , 3.25
2xe[ol,£l5 (vo)]w”°<x) (3:25)

- 1 _ )
Ko < = inf v, (7) (3.26)

2 zelze(vo),5(vo)]

Ko+ gl + 52) < ot (=) )
Ki1+va) < ~ inf  (Va(l+on@) — wy(z)) (3.28)

2 z€[0,z5(vo)]
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and

K < %(Uvo(xg,(vo))—l). (3.29)

If v, € (0,1) satisfies |vg — v1| < 9, it follows from (3.24) and (3.25) that

1 .
wl, 2wl = [, —wl| > 5 inf wl,(@) >0 on [0,as(w)]

from (3.26) we infer that

1
s~ — vl > s b Wl (@) > 0 on [ae(v),as(eo)]
2 z€lwe(v0),w5(v0)]

on [0, z¢(vo)], (3.27) yields

2 2 2 2

v w
le = QUy; — 2“1 = QU — # — ||y, — % — (owy, — 2110)”
2

| o

> vy, — % —aK§ — 5(QHwUOH + K§KS

: Wy ()2
= inf v, (T) — Yo\ >0 ’
z€[0,z6(vo)] ( D( ) 2 )

and thus v} () > 0 on (0, z¢(vo)]. (3.28) implies that
a(l+vy,) —wy, = Va(l4uvy,) —wy, — Ko(1+a)

1
— inf a(l + vy () — wy, () >0 .
5ot (Vall o, (@) =y (x)

Finally, it follows from (3.29) that

WV

1+ vy, (25(v0))
2

Therefore xg(v1) < x5(vg), Ve, (xo(v1)) = 1 and v, € F,.

The proof of the openness of F,, E, and E,, is rather similar, and we will not give
the details here. We just mention that to prove the openness of E,, it is usefull to remark
that if vg € Eu, w”(x0(vg)) = —w(zo(vo))(1 — v(x0(vg))) < 0, and in order to prove that
E, is open, we can see that v"(z¢(vg)) < 0 as soon as vy € FE, . Indeed, it is clear that
v"(zo(vg)) < 0, because v(z) < 1 for x < z¢(vg). For the same reason, if v”(x¢(vy)) was
equal to 0, we would have

0 <v"(w0(v0)) = av'(wo(vo)) — w(wo(vo))w' (zo(vo))
= —(ww')(zo(vo)) <0,

>1.

Oy (75(v0)) 2

which is a contradiction.

Remark. A byproduct of the proof is that the sets E,, and F,, are empty. More precisely,
denoting by v. := v(0) € (0, 1), where(v, w) is the dark-dark soliton given by Theorem 3.0.1,
we have in fact £, = (v, 1), while E,, = (0, v,).
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Chapitre 4

Schrodinger group on Zhidkov spaces

Advances in Différential Equations, 9 (2004), 509-538.

Résumé. On considére le probléme de Cauchy pour I’équation de Schrodinger
non linéaire sur R"™, dans des espaces de fonctions non (nécessairement) nulles
a l'infini. Ce probléme se pose par exemple dans I’étude de la stabilité des “dark
solitons”. On montre que 'opérateur de Schrédinger génére un groupe sur les
espaces de Zhidkov X*(R") pour k > n/2, puis que le probléme de Cauchy
pour SNL est localement bien posé dans ces mémes espaces de Zhidkov. On
montre aussi la conservation des invariants classiques, et, dans certains cas, on
en déduit que le probléme de Cauchy est globalement bien posé.

Abstract. We consider the Cauchy problem for nonlinear Schrédinger equa-
tions on R™ with non zero boundary condition at infinity, a situation which
occurs in stability studies of dark solitons. We prove that the Schrodinger ope-
rator generates a group on Zhidkov spaces X*(R") for k > n/2, and that the
Cauchy problem for NLS is locally well-posed on the same Zhidkov spaces. We
justify the conservation of classical invariants which implies in some cases the
global well-posedness of the Cauchy problem.

4.1 Introduction

This paper is devoted to the Cauchy problem for the Nonlinear Schrédinger equation
(NLS)
iug + Au+ f(lul)u =0, (t,7) e R x R" (4.1)
u(0) = ug '

with non zero boundary condition at infinity. Such boundary conditions occur in the “de-
focusing” case (e.g. f(|ul*) = 1 — |u|?), and are pertinent to many physical contexts. In
nonlinear optics, the so-called dark soliton (see [KLD]) is a solution of (4.1) of the form
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I~

(x,t) = u,(z — vt). For instance, for n = 1 and f(r) = 1 — r, we can compute that, for
v € (—V2,v2), uy(x — vt) solves (4.1), where u, is given by:

uy(z) = \ll—gtanh ( 1—%2%) +i% (4.2)

The Gross-Pitaevskii equation (see [BeSal], [BeSa2| and references therein)
iy + Au+ (1 —|ul*)u =0

with the boundary condition u — 1 as |z| — oo is a model for Superfluid Helium II at a
temperature near zero and for Bose-Einstein condensation. More generally, NLS with the
boundary condition |u| — pg as |x| — oo where py is a positive constant such that f(p2) = 0
occurs in several physical contexts (see [BGMP]), an especially interesting particular case
being the cubic-quintic “¢/® — 1) NLS.

These nonlinear Schrodinger equations possess solitons or solitary waves (see [BeSal],
[dB], [Mar3], [KLD]) and it is natural to study the Cauchy problem in spaces the solitary
waves belongs to. Of course they can not be the usual Sobolev spaces H*(R™) because
of the boundary condition at infinity. A possibility would be to work in the affine space
1+ H*(R"), when v — 1 as |z| — oo, and this actually was done in [BeSal|. This approach
obviously fails when only |u| (but not u) tends to a constant at infinity, as it is the case for
the dark soliton (4.2). Also, the solitary wave ¢ could be only slowly decaying at infinity,
implying that o —1 & L*(R") (see [Gr3] for the travelling wave of Gross-Pitaevskii equation
in the 2-dimensional case).

In |Z1] Zhidkov introduces in the one-dimensional case the spaces X* (with k a natural
number), which consist of functions defined on R, bounded and uniformly continuous, with
derivatives up to order k in L?, and proved that the Cauchy problem for NLS is locally
well-posed in X*.

Our aim here is to complete and generalize Zhidkov results. We introduce the Zhidkov
spaces X*(R") in higher dimensions and prove that the linear Schrédinger equation defines
a strongly continuous group on X*(R") if and only if k¥ > n/2, and consequently that the
Cauchy problem for NLS is locally well-posed in X*(R") if k > n/2. We also justify
rigorously the conservation of natural invariants of the NLS yielding some global well-
posedness in X*(R") for some defocusing NLS. A byproduct is the complete justification
of the result of Zhiwu Lin in [L] that gives a criterion of stability for dark solitons of a
class of NLS equations.

This paper is organized as follows. In section 2, we define the Zhidkov spaces X*(R")
and state some useful properties of these spaces. In section 3, we prove that the linear
Schrédinger equation is well posed in X*(R") if and only if & > n/2. In section 4, we show
that the Cauchy problem for NLS is locally well-posed in X*(R"), if k > n/2. In section
5, we introduce the renormalized energy for (4.1) and prove its conservation, for n = 1 or
2, under some hypothesis on f and uy, and we show that in dimension 1, it implies the
globalness of the solution of (4.1) in a defocusing case.

96



Notations Throughout this paper, C' denotes a constant that can change from line to
line.

If j is a positive integer and u is a map of class CV from R" into C, and z, vy, ...,v; € R™,
we denote by D’u(x)(v;...v;) the ;™ differential of u at x applied to (vy, ..., v;).

If F is a Banach space, we denote by C,(R, E) the space of continuous bounded functions
from R into F.

4.2 Some properties of Zhidkov spaces

Definition 4.2.1 Let n, k € N*. We define the space X*(R") as the closure for the norm

lullxe@ny = llulle + > 10%ullr

1<l <k
of the space {u € C*(R"), bounded, uniformly continuous, with Vu € H*"1},
Note that a function in X* is uniformly continuous.

Proposition 4.2.1 Let n,k € N*. Then X*"(R") is dense in X*(R").

Proof. Let u € X*(R"), (p):>1 a mollifier sequence (i.e. p € C(R™), [ ot =1, pp =0,
Supp p; C B(0,1/1)). Then p; * u is a sequence in X**! that converges to u in X*, O

We show now a regularity result for functions in X*(R"), for k > n/2.
Proposition 4.2.2 Let n € N*, let k = [n/2| + 1, and p € R such that

p>n ifn is even
p=2n ifn is odd

Then Vu € LP(R") for u € X*(R") and there exists C' > 0 such that

[u(z) = u(y)| < Cle —y[* (| Vullr, 2,y €R™ . (4.3)

Proof. By our choice of p and &, Sobolev’s embedding implies that
||vu||LP(Rn) < CHquHk—l(R”) < C||U||Xk(Rn), u € Xk(Rn) . (44)

Following the proof of Morrey’s theorem given in [B|, we can show that there exists a
constant C' > 0 that depends only on n and p such that for any compact set KX C R", and
any cube ) = [—r,7]" containing K,

lu(z) —u(y)| < Clx — y|1_"/p||Vu||Lp(Q), r,ye K, ue HZIZC(R”) ) (4.5)

Since X*(R") C HF (R"), (4.4) and (4.5) prove the announced result. O
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Remark . In our proof, we did not use the fact that the elements of X*(IR") are uniformly
continuous. Therefore, for k > n/2, an equivalent definition for X* could be

XFR™) = {ue L®R"), Vuec H Y (R")} .

In particular, for k > n/2, H*(R") C X"*(R").

4.3 The Schrédinger group on X*(R")

In this section, we prove that if £ > n/2, the Schrodinger operator defines a group on
XF(R™). More precisely,

Theorem 4.3.1 Let n € N*, k > n/2 and uy € X*(R"). For t € R and z € R", the
quantity

efimr/4,n_fn/2hr% fRn e(ifs)\z|2u0(x + Qﬂz)dz th
E—>

>0
S(t = : . 4.
( )uo(iﬂ) { elnﬂ'/4ﬂ.fn/2111% fR" 6(7175)\42“0@_'_ 2\/—_tz)dz ift <0 ( 6)

makes sense, and the family of operators (S(t))icr defines a strongly continuous group on
XF(R).

Moreover, there exists a constant C' > 0 that depends only on n and k, such that for every
ug € X*(R") and t € R,

[1S@)uollxx < C(L+[¢7)][uollx (4.7)
where
| 1/2 ifnis even
p= 1/4 ifn is odd

For convenience, we also denote S(t)ug(z) by u(t, z).
All the computations below will be performed with ¢ > 0. The case t < 0 is similar.
Before starting the proof of the theorem itself, we need to prove some technical lemmas.

Lemma 4.3.1 Letn,k > 1, ug € X*(R*), 3>0, x € R" and t > 0.
We define g : (3,00) — C by

g(r) = /Snl uo(x + 2vtrv)dv (4.8)

then g € X*(B3,00) (the definition of which is clear), and for all j € {1..k}, ¢ €
L2(B3, 00, ™ Ydr) with

199N 28 00mm1ar) < 2VETIS™ 2 g ey - (4.9)
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Proof. For any r € (3,00),|g(r)] < |S"Y||uo||z~, hence g € L>=(3, o).

Let ¢ > 0. Since ug is uniformly continuous, there exists some ¢ > 0 such that |y—z| < §
implies |uo(y) — uo(2)] < e. Let 71,75 be such that |r; — ro| < §/(2v/). Then we get:
lg(r1) — g(r2)] < |S"'|e and ¢ is uniformly continuous.

For j € {1...k}, the Cauchy-Schwarz inequality and a change of variables yield:

[ a0mrr < @i [ D v ot
ﬁ Sn— 1
= (2VH)¥[s" 1I/ / | Diug(z + 10) (v..0) P
2vip Jen—1

< VP8 [luao e ey

"Ldvdr
(2Vt)

which is the announced inequality. U

We state next two elementary lemmas which are straightforward consequences of the
Leibniz formula

Lemma 4.3.2 Let k € N. There ezists constants (b )o<i<i Such that

(5() = Shin w10

Lemma 4.3.3 There exists constants (ay ;j)o<j<k Such that

d (1\\*, ., i 1 &
(5 (;)) (7‘ ) = Zak,jmﬁ- (4-11)

J=0

We are now ready to prove theorem 4.3.1. We fix n € N*, and we introduce a function
X € C®°(R™) such that:

— x is radial
— x increases along any half-line issued at 0
- x=0on {z,|z] <1}
- x=1lon{z[z]>2}
For any 5 > 0, we define xg = x(./). For convenience, we will also use the notation

xs(l1) = xs(.)-

Proof of theorem 4.3.1. We assume first that k£ = |n/2] + 1. The first step of the proof
is to show that the limit in formula (4.6) is well defined. Let us fix t > 0, 5 > 0 and € > 0.
We split the integral in (4.6) into two parts:
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/ Ny (z + 2vE2)dz = / (L = xa(2) o + 2V/E2)dz
RTL n

(D)
+/ e(i—a)"z'2xﬂ(z)uo(x + 2V/tz)dz
R”

(1)

We first consider the term (I):

= (1 — \5(2) Yuo(z + 2v/E2)

< luoll L~ 150,28 (2)

Then by Lebesgue’s theorem, the limit as ¢ — 0 of (I) exists and

< luollz= B0, D(26)" . (4.12)

e—0

lim/ e (1 — \5(2) )uo (@ + 2V/E2)dz

We now consider the term (IT). We compute it by using polar coordinates, and with the
notations of lemma 4.3.1, we integrate by parts (which is justified by the regularity results
on g proved in lemma 4.3.1) using lemma 4.3.3:

/ e(i—E)V‘QXﬁ(z)uo(:v +2Vtz)dz
— / e(i—s)TQXﬂ(r)Tn—l (/ uo(m + 2\/%’/’2})(&)) dr
0 gn-1

_ /B h (ﬁ%)k (49 xaryr ! ( /S oo+ 2\/1_5rv)dv> dr
_ (2(: 8))k /5 ® o éak,jﬁ% s(r)g(r)) dr

1 k k J ,] o , 1 .
_ ) (i—e)r (1) (G- n—ld 4.13
(79 ijoa’”z(zwﬁ s

=0

where we have used the Leibniz formula in the last equality. We will now apply Lebesgue’s
theorem to each term of this sum.
For [ =0, j € {0...k}, we have:

e L | 8l [ RS20
i rgk,jg(r)ng (r)yr™ 1 < — R %HXU)HLW if € {l..k} and r <20
0 if j € {1..k} and r > 20

S Hlluoll

r2k—n+1 2 HXU) =
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Since k > n/2, [;7dr/r** 7"+ = g7 /(2k —n) < oo and we can pass to the limit as
¢ — 0 by Lebesgue’s theorem. We obtain

o S luol| 2o 27| X 9| Lo
= (2k — n)p2k—

(4.14)

e—0 r2k—j

: - i—e)r? 1 n—
hm/ eli=e) -g(r )X(ﬁj)( ) tdr
B

For [ > 1, j € {l...k}, we have:

_ 11 o
< I g s Ol

6(‘

Notice that 2(2k — j) — (n — 1) > 1, so that r — 1/r*~7 € L*(3, 00, 7" 'dr). The Cauchy-
Schwarz inequality together with (4.9) lead to

<1 n— 1 -n n—
[ e O < e eV

So Lebesgue’s theorem can be applied, and

S M2 XY e 2vE) 2
(4k—2j—n)1/2 [[ol| [32h—1— T 32k—l-n/2

0~ 1 '7

. (4.15)
We fix now 3 = 1. There is a positive constant C' such that for j € {1...k},

(2\/7)] n/2 < C( (1-n/2) /2+t(k n/2)/2)

Therefore, using (4.12),(4.14) and (4.15), there exists a positive constant C' such that for
all ug € X%, for all t > 0,

u(t Lo (R < C(1 + t(l n/2)/2 + t(k n/2)/2 Uop Xk (R 4.16
(R") )

The second step of the proof consists in proving that u(t) — ug in L™ as t — 0. We
first introduce some definitions.

Definition 4.3.1 Forl € {0...k} and h € L*(3,00,r""'dr), we define
T, = / e(i_E)TZh(r)g(l) (r)yr"tdr
B

and we will say that such a uantzty is “of type TW”

If b can be written h(r) = x5’ (r)/r? with 2¢ —n > 0 we will say that the “order” of T}, in
Bisp+q—n/2.

If h is given as a linear combination of such terms, we define the “order” of T} as the
lowest order of non-zero monomials in the expression of h (remark that our “definition” of
the order of T} depends on the decomposition of h).
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Let a € (0,1/(2n+1)), and m > 0 such that m > (n/2 —1)/«. The following technical
lemma gives a new expression of the term (II). It consists in doing as much integration by
parts as necessary, in order to express (II) as a sum of terms of orders > m, which we are
able to estimate in an appropriate way (see estimate (4.19) below.

Lemma 4.3.4 (1) can be written as a linear combination of terms of type TW with | €
{0...k}, such that for | € {1..k — 1}, the order of the terms of type T in this linear
combination is > m.

Proof. Let I € {1..k — 1}, p,q € N such that 2¢ —n > 0 and h(r) = X/(gp)(r)rq. We
transform 7} by integrations by parts, as in (4.13). After some computations, we get (this
is actually (4.13) where we have replaced k by k — I, g by ¢ and x4 by X(ﬁp) (r)/r?):

r- () S jo VS () cotat-emv)

j= c= b=0

" dr (4.17)

i—e)r b c
2 =2y ) () g4l (1)
X 5 -2(k—1)+q—c—b

Since 2(2(k—10)+q—c—0b)—n > 2(k—1)+2¢—mn, k > [ and 2¢ —n > 0, we have written
T! as a linear combination of terms of types 7, TU+1). . T®) Moreover, the order of the
terms of type T (that correspond to ¢ = 0) in this sum is:

p+b+2k—0)4+q—b—n/2=p+qg—n/24+2(k—1) .
—_———— N

order of T} >1

The conclusion of this computation is that passing from the canonical expression of T} to
its new expression, the order of type T® terms increases at least by 2.

We now use the above calculation to show the result by induction on [ € {0...k — 1}.
Let us consider, for [ € {0...k — 1}, the induction hypothesis H;: “(II) can be written as a
sum of terms of type T, 0 < v < k, so that if 1 <~ < [, the term of type 7 in this
sum has order > m .”

Formula (4.13) implies that

d )
(II) =) _T}w, whith h(r) = Zak]( z) ol

1=0 J=l

We have 2(2k — j) —n > 2k —n > 0, so that Hy is true thanks to (4.13).
Let us now take [ € {1...k — 1} and suppose H, ;. The induction hypothesis implies that
(IT) can be written under the form: (/1) = Zi AT, where A, € C, h, is a linear combi-

nation of X(ﬁp ) (r)/r9, and for v € {1...l — 1}, T} ’s order is at least m. Applying the former
calculation to the term T,l”, we get a new expression of (II) where the terms of type T
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with v < [ — 1 are unchanged (in particular, the new expression still verifies H, 1), the
order of the term of type T™ has increased by 2(k — 1) > 2. We can start this process
again, as long as it is necessary (but with a finite number of steps) to ensure that the term
of type TW is of order > m, and hence H, is true.

So we have proved that Hj_; is true, which is the result of the lemma. Il

We give now an upper bound on |T}|, for I € {1...k}, with h(r) = X(ﬁp)(r)/rq and
29 —n > 0:

XNl [ 1 .
Ty < o, E|g(l)(r)|r Ldr

HX HOO ||U || |Sn 1|1/2 (2\/_>l—n/2
/ ﬁerq " Bpta—n/2

70

< (4.18)

where we have used the Cauchy-Schwarz inequality and lemma 4.3.1. If we assume that
B> 1and T}’s order is at least m, then

9 l—n/2
LV
Bm
We write 3 on the form g = B/(Qﬂ)“, for t <1 and 8 > 2%. Let us fix § > 0. The choice

of m and th~e fact that [ > 1 ensure that [ — n/2 4+ am > 0.
We choose 3 > 2% large enough such that for all £ < 1,

l—n/24+am
(2\/5)6 <

1T} < (4.19)

§,le{l. .k}

and

5" o oo X iy 5
(2k — n)ﬁ% n (2V1) <0, je{0...k}.

The property Hy_; proven in Lemma 4.3.4, (4.19) and (4.14) imply that there exists a
constant C' > 0 (which does not depend on 0) such that

i—e)|z|?
/n I\ 5 v (2ol + 2vE2)dz

Proposition 4.2.2 with p = 2n yields

Ve >0, < C6. (4.20)

lim /n e (1 — x5(2) )uo (@ + 2VE2)dz — llm e (1 — x5(2))uo(x)dz

e—0 —0 R
< [ =l + 2vE) - uo(o)ld:
< / C2VI28) 2| Vg | o d
|2|<28
< C(Zﬂ)1/26n+1/2 — 0(2\/£>1/27a(n+1/2)5n+1/2 ) (4.21)
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By the choice of «, 1/2 — a(n 4+ 1/2) > 0. So we can take t; < 1 such that

Therefore, for t < tg,

lim/ e oz + 2v/E2)dz — lim | e yg(2)dz

e—0 e—0 R
< ll_{%/ e\ (2)ug (@ + 2VE2)dz| + }:1_1%/ e\ (2 )ug () dz
+ liin/ eI (1 — x5(2)) (up( + 2V/22) — ug(2))dz
< Co+ 06+ 6 (4.23)

by (4.20), (4.20) applied to z — wug(z) instead of uy and (4.22).
Inequality (4.23) and the well-known identity

lim elt=elal® g, — gn/2ginm/4
e—0 R
imply that u(t) — up = u(0) in L* ast — 0, ¢t > 0. We could prove in the same way the left
continuity at 0, and this, combined with the group property S(t + s) = S(¢)S(s), t,s € R
(which is easy to verify) shows that for all ug € X*, S(.)uy € C(R, L=(R")).
We consider now the general case k > n/2. For any multi-index « such that 1 < |o| < &,
for any ¢ > 0 (we have a similar formula for ¢ < 0),

6—m7r/4

0%u(t) = lim [ e P00y (x + 2vE2)dz .

/2 250 .

Here, 0°uy € L2. Since (4.6) defines classically a unitary group on L?, the map t — 0%u(t)
belongs to C'(R, L*(R™)), with ||[0%u(t)| 2 = ||0%uq|| 2, t € R.

Therefore we can conclude that for all ug € X*, t — S(t)uy € C(R, X*(R™)). Moreover,
since for all ug € X*, S(.)ug is bounded on [—1, 1], the Banach-Steinhaus theorem implies
that ||S(t)[|z(x# is bounded on [—~1,1]. Combining this with (4.16), we get (4.7). O

We give now the infinitesimal generator of S(t).
Theorem 4.3.2 Let k > n/2. The generator of the group (S(t))ier on X*(R") defined in
theorem 4.3.1 is i/, its domain is X" 2(R").

Proof. We denote by A = 5'(0) the generator of (S(t));.
We split the proof into three steps. In the first step, we show that if vy € X*T4(R"),
(S(t)ug — up)/t P iAug in X¥(R"), and therefore (X**(R"),iA) C (D(A), A). In the

second step, we prove that (X**2(R"),iA) C (D(A), A). We conclude in the third step.
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15¢ step. Let up € X**(R") C C*(R™). We want to show that

w — iduy in X* (4.24)

We will prove (4.24) for t — 0, ¢ > 0. The proof is similar in the case t — 0, ¢t < 0.
By Taylor’s formula

uo(z + 2v/t2) — ug(x) = Vug(x).2vtz + /1(1 — 5)D%up(x + 2v12)(2Vtz, 2Vt 2)ds |
the fact that

/ N Tug(2).2Vtzdz = 0

and
1 efinﬂ/4

iAug(z) = —limi/ =P D2y (2)(2V/ 12, 2V/t2)d= |

o 25_,0 7'('"/2

we obtain

(75 (t)“f; — U _ iAu()) (2)

—inm/4 1 .
1t [ (1= s) [ O DR o 4 25VEz) - Do)z s
7'('77’ e 0 n
Next,
/ e(i—e)|z\2(D2u0(x 4 28\/7?2) — DZUO(ZL’))(Z, Z)dZ
1 2 .
- (2@ - e)) / I A g (1 4 25V/E2) (25V1)
1 ; 2
55 / = (Ao (z + 25v/E2) — Aug(x))dz |
hence

1
— iAu0> (x) = —4 [t/ (1 —5)s2S(ts*) A%ug(x)ds

0

1
—i—? (1 —5)(S(ts*)Aug — Aug)(x)ds| . (4.25)

tJo

Since k > n/2, A’ug € H"(R") C X*(R"). Therefore (S(ts*)A%uq); .o, 15 bounded in
X% and the first term in the right hand side of (4.25) tends to 0 in X* as ¢ — 0. Since
Aug € HM2(R™) € X*(R"), S(ts?)Aug — Aug P 0 in X*, uniformly in s € [0, 1]. Thus

(4.24) has been proven.
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Therefore, if ug € X*4(R"), ug € D(A) and Auy = iAug.

27d gtep. Let ug € X*"2(R"). Thanks to Proposition 4.2.1, there exists a sequence
(v8)ieny € XFH4(R™) such that vl — up in X*2 C X*. Hence iAv) — iAuy in H* € X%,
Therefore (ug,iAug) belongs to the closure of {(vy,iAuvg), vo € X*4(R")} in X* x X*,
and since the infinitesimal generator of a strongly continuous semigroup is a closed ope-
rator (see corollary 2.5 in [Pa] p5), this implies that uy € D(A) and Auy = iAuy, i.e.
(XF2(R"),iA) C (D(A), A).

3 step. Let ug € D(A). We want to show that Aug = iAug in D’. Since X*2(R") is
dense in X*(R"), there exists a sequence (vf)ien € X***(R") that tends to up in X*(R"),
and then

Avly = iAv) -~ iAug in D' .

Let us show that Av] — Aug in D'. Let p € C°(R"). We have

< Av(l), © >p p=< gp,Avé > (xky xk=< A*go,vé > (xk), X
— < A*Qp, Ug > (xky xk=< P, Aug > (xky xk=< Auy, Y >pD - (426)

To justify this calculation, we need to prove that ¢ € D(A*). Since the Schrodinger group
is continuous in the Schwartz space S, one has for any u € D(A),

S(t) —d
DD

t—0 t

. S(—t) —id_ .
= lim [ u(y) (%9@) (Y)dy = = <iAp,u>pp
— R"

and then
| < S"(0)u, o >prp | < |Apliflullxr, we D(A) .

It follows that ¢ € D(A*) and (4.26) is justified.
Therefore, Auy = iAug in D'. Now, ug € X*, Aug = iAug € X*, hence AVug € (H’“_l)n
and since Vg € (Hk_l)n, this yields Vug € (Hk“)n and we conclude that ug € X*+2. O

Finally, we show that the assumption & > n/2 we made in theorem 4.3.1 is sharp. More
precisely, we have:

Proposition 4.3.1 Let us take n € N*. For x € R", we define
efi‘x|2
(1+|z[2)2log /2 + [z]>

Then uo € X 2(R™), but if we define u(t,z) by formula (4.6), u(1/4,0) = co.

up(z) =
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Proof. It is clear that uy € L>°(R") and is uniformly continuous (because Vuq is boun-
ded). Let o be a multi-index with 1 < |a| < [n/2]. The “worst term” in 0%ug is the one
obtained by || successive differentiations of the factor e~ #* This term is

(=2iz)%e (1 + |2)2) 72/ log /2 + |z|2.

Plainly,

J.

( QZZE)Q —i|z|?

(1+ |z|2)"21log /2 + |z|?

2|a/ (Jz*)
re (1+ |z]?) nlog? \/2 + |SL’|2

|oz\|Sn 1| / p2lel+n=1qy
(1+72)nlog? V2412
The right hand side term in the above inequality is finite, because 2n — (2|a| +n—1) > 1
and f < 00. Therefore uy € X"/ (R™). Moreover, since ug € L?, ug € H/2/(R"),

and u € C(R, H"/?]) is a solution of the linear Schrédinger equation.
For t = 1/4, x =0,

rlog r

, —elyl’ g
(i)l _ Y
e ug(z + 2Vt2)dz = /
/n o ) rr (14 |y?)m/2 log \/2+ ly[?

_ ‘Sn 1‘/ e 1d7’
1+7“2 )2 log /2 + r?

which tends to +o0 as € — 0, by the monotone convergence theorem and since f
0.

An amusing fact is that for (¢t,2) # (1/4,0), u(t,z) is well defined by formula (4.6) and
then u is a continuous function of (¢,2) € R x R"\(1/4,0). O

rlogr -

Remark The “ill-posedness” result in proposition 4.3.1 pertains to the dispersive blow-
up phenomena described in [BoSal] for KdV type equations and in [BoSa2| for general
dispersive equations.

4.4 Local existence for NLS in X*(R")

We consider now the Cauchy problem (4.1) with a more general nonlinearity:

{ iug + Au+ F(u) =0

w(0) = up € XH(R™) (4.27)

where k > n/2 and F : X*(R") — X*(R") is of class C'. We have shown in section 3 that
the Schrédinger group S(t) defines a strongly continuous group on X*(R"). By a classical
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fixed point argument one obtains the local well-posedness of the Cauchy problem (4.27).
Namely, we have:

Theorem 4.4.1 Let M > 0. Then there ezists T}, (M) > 0 and T_ (M) < 0 such that for all
ug € XF(R™) with ||ug|| xx < M, there is an unique mild solution u € C([T_ (M), T, (M)], X*)
of (4.27). We recall that a mild solution of (4.27) is a solution of the integral equation

w(t) = S(tug + i /0 S(t— $)F(u(s))ds , t € [T_,T,] | (4.28)

We also recall (see [Pa] or [CH]) that if u solves (4.28), it is a solution of (4.27) in the space
C(R, H?), and that if ug € D(S'(0)) = X**2, u € C*([T_, T.], X*) N C([T_, T,], X*+?)

loc

is the classical solution of (4.27).

Proof. It is a direct application of proposition 4.3.3 in [CH]. O

‘We have furthermore

Theorem 4.4.2 For every uy € X*(R"), there exists T.(up) € [—00,0) and T*(uy) €
(0, 400] such that

— there exists a mazimal solution u € C(T,(ug), T*(ug), X*) which is the unique solution
of (4.28), for all Ty, Ti(ug) <T- <0< Ty < T*(u),

— either T*(up) = +00 or |Ju(t)||xx — o0,

17 (uo)
— either T, = — t .
either T, (up) oo or ||u(t)|| x» tlmo) +o0
Proof. It is a direct application of theorem 4.3.4 in [CHJ. O

Theorem 4.4.3 If uy € X*2(R"), the solution u € C(T.(up), T*(uo), X*) of (4.28) given
by theorems 4.4.1 and 4.4.2 is a classical solution of (4.27) in X*, which means that
u € C(T*(U0>,T*(Uo),Xk+2) mCl(T*(Uo),T*(UQ), Xk)

Proof. It is a direct application of theorem 1.5 in [Pa], because F': X* — X* is of class
C*', and because the domain of iA (which is the generator of the group S(t)) on X* is
X2, O

Here is a typical example where Theorem 4.4.1 applies.

Proposition 4.4.1 Let f : R, — R be of class C*™'. Then F : X*(R") — X*(R") defined
by F(u) = f(Ju|*)u is of class C".
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Proof. Let u € X¥(R"). It is clear that F'(u) € L*.

For any multi-index « such that 1 < |a] < k, 0*F(u) can be written as a linear
combination of terms of type u®@® fO(|u|?)0% w...0% ud*%...0%u, where a, b, v ,s, | are
integers and «;, 3; are multi-indices such that [ < |o| < k and ) o] + > |5;] < |of < k.

By Sobolev’s embeddings and generalized Hélder’s inequality, it can be shown easily
that 9“F(u) € L?, and hence F(u) € X*.

The proof that for u € X*, F'(u) maps X* into X* and that [’ is continuous is similar. (]

We end up this paragraph by proving the persistency of higher regularity.

Proposition 4.4.2 Let n € N*, k >n/2+ 1, and uy € X*(R").
We suppose f € C*1(R,). Forl € {|n/2]| + 1...k}, we denote by u € C(T.(1),T*(l), X"
the solution of (4.28) with F(u) = f(|u|*)u, where |T.(1), T*(1)[ is the mazimal existence
interval of u in X'(R").
Then

T :=T"(n/2] +1)=..=T"(k)
and similarly, T, = T.(|n/2] +1) = ... =T (k).

Proof. We make the proof for 7™, it is similar for 7.
A priori, for I > |n/2| + 1, T* > T*(I). We suppose by contradiction that 7% > T*(l). For
t €T, T,

u() = S(#)uo +z'/0 St — s) (F(lu(s)Puls)) ds
hence for t €]T.(1),T*(1)],
[u®) [l xe < SO cxr,xn l[uoll xe +/0 1S (t = $) [l cext, x| f ([uls) P)u(s)] xids

We know by (4.7) that ||S(t)|z(x: x) is bounded on [0,7%(l)], and that u is continuous
from [0, T*(1)] into X"/2¥1(R"), so there exists M > 0 such that for all ¢ € [0, T*(1)],
()| /201 < M . In particular, |[u(t)| s~ < M, which implies that there exists M > 0
such that || f(|u(s)|?)u(s)||x1 < M|u(s)| x:. Finally,

t
lu(®)llx < Clluollx: + / CNIffu(s)| xuds
0

and Gronwall’s lemma concludes as usual that ||u(t)|/x: can not blow up at 7%(l), which
is a contradiction with the definition of 7%(1). O

4.5 Conserved quantities and global well-posedness of
NLS in X*(R")

We first show the conservation of the renormalized energy for (4.1), for a “regular”
initial data in X*(R"), in the case n = 1 or 2.
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Proposition 4.5.1 Letn =k = 1,2, up € X*3(R"), f € CF(R,).

We denote by u € C(T,,T*, X**2(R")) N CY(T,,T*, X*(R™)) the solution to the Cauchy
problem (4.1) obtained in theorem 4.4.3, where (T, T*) is its mazimal existence interval.
Let V(r) := — [" f(s)ds. We assume that [5.V (|uo(z)|?)dz converges (in a sense we will
preczse in the proof).

Then for all't € (T..,T*), [on V(Ju(t,x)|*)dz converges (in the same sense), and the energy
is conserved:

/" [|Vu(t,x)|2 + V(|u(t,x)|2)] dr = / [|Vu0(a:)|2 + V(|u0(x)|2)} dx (4.29)

n

proof. Let us multiply (4.1) by u; and take the real part:
Q%Q(A’UXZL) = 8tV(”LL|2) .

We fix t € (T,,,T%), x € R" and integrate over [0, t]:
t
29%/ Au(s, 2 uy(s,x)ds = V(|lu(t,2)|*) = V(|uo(z)[*) (4.30)
0
We choose a non-increasing function § € C'°(R) such that:
(1 if z<1
9(“)_{ 0 if z>2
For R > 0, we define 0g(x) := 0(|z|/R), x € R". We have then:
1/2
P S UL
Rn
The last integral is finite because ¢'(|.|) € C2°(R"). In particular, {V8x}r>1 is bounded in

LA(R™).
We now multiply (4.30) by 0g(z) and integrate over R™:

20Re /Rn /Ot Au(s, x)u(s, r)dsOp(x)dx
= /n V(Ju(t, 2)|*)0r(x)dz — /n V(Jug(z)|*)0r(z)dx . (4.31)

Using Fubini’s theorem and an integration by parts, we calculate the left hand side of
(4.31):

Q%Q/n/o Au(s’x)ﬁt(&x)dsejz(l‘)dl‘ = —/Rn (|VU(t,JE)|2 _ |Vu0(x)|2) QR(ZE)CZ:E
—2%Re /t Vu(s, 2)VOgr(x)u(s, x)dzds
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For convenience, we assume t > 0. Since V6p is supported in {z, |z| > R}, the Cauchy
Schwarz inequality implies

¢
/ Vu(s, 2)VOr(x)us(s, z)dzds
0 Jrr

< WPWth</HWLHmmw )w%mmn,

s€[0,t]

and this last quantity converges to 0 as R — oo, because ||VOg||;2 is bounded. Moreover,
Jen (IVu(t, 2)? — [Vuo(z)[*) Or(x)dx clearly converges to || Vu(t)]|7. — || Vuol72 as R — oo.
Hence, if we assume that

/n V(|uo(2)|?)dz := lim V (|uo(2)]?)0g(z)dx

R—o0 R™

exists (it a priori depends on the choice of #), taking the limit in (4.31), for all ¢ € (7%, T™),
we obtain that

V(Ju(t, z)|*)dz := lim V(|u(t, 2)|?)0r(x)dx

exists, and the energy is conserved. U

Remark This proof does not seem to work for n > 3, because we have used the existence
of {0r}r>1 C C(R"), with Og(x) = 1 for |z| < R and VOg bounded in L*(R"), and it
can be shown that such a sequence does not exist for n > 3.

Next, we give a variant of theorem 4.5.1 in dimension 1, that will be useful later.

Proposition 4.5.2 Let ¢, ¢o: R — R non-increasing functions of class C*, such that
B 1 af <0
oa) =)= { § 25

For R > 0, we define px(x) = p(z — R)po(~x) and ¢p(z) = pi(-2).
Then if Jim fR (luo(2)[*)pr(z)dz ezists, so does lim [, V(|u(t,z)|*) ¢k (z)ds

R—o0

Proof. It suffices to replace 0 by gpﬁ in the proof of theorem 4.5.1. We obtain in the
same way that

/R [V (lu(t, 2)*) = V(Juo()]*) + (IVu(t, 2)[* = [Vuo(2)]*) | ¢r(x)do
= :FQERe/O /RVU(S, ) (Vo(tr — R)po(Fr) — o(+x — R)Vo(Fx))uw (s, x)dxds.
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Passing to the limit as R — oo, the fact that (V(+x — R))gso is bounded in L? and the
assumption that [, V(|uo(2)[*)¢Fk(z)dz converges as R — oo imply that the limit as R
goes to 0o of [ V(|u(t,z)[*)¢h(z)dx exists, with

lim [ V(Ju(t,2)[*)pp(z)de — lim [ V(ju(x)[*)op(x)dz

R—o00 R R—o0 R

_ —/R(|Vu(t,:p)|2— V(@) ) po(F)de
+2Re /OtAVU(S,x)Vwo(ZFx)u_t(s,x)da:ds.

Remark that the limit llm fR (Ju(t, z)|*)¢%(z)dz depends on ¢, but not on ¢ if the limit
Jim fR (Juo(2)|? )ng( )dx does not. O

We want now to improve Proposition 4.5.1, to make it work for uy € X*(R"), with
k > n/2, and not only k& > n/2 + 2. The price to pay is an extra assumption on the
nonlinearity f:

Theorem 4.5.1 Letn =k =1 or 2.
We suppose that f € C¥T(R,) and that there exists some py > 0 such that f(po) =0 and

F(po) < 0. We define
—/ f(s)ds
PO

If n = 1, we assume that {r, V(r) = 0} is discrete, and if n = 2, we assume that V is
non-negative on R .
Let 0 < Cy1 <1< Cy, and dg > 0 (89 < po) such that

V”(PO) V" (po)

2

(r—=po)* SV(r) < Cy

[ — po| < 0 = C (r = po)®

(the assumptions on [ ensure that such a 0y does exist).

Finally we assume that ug € X*(R"), v — V(|ug(z)|?) € L*(R™) and there exists 0 < §; <
8o and A > 0 such that |z| > A implies ||uo(z)|? — po| < d1.

Then, denoting (1., T*) the mazximal existence interval of the solution of (4.1) associated
to ug, the energy

Blu(t)) = / (Va2 + V(utt, )] da (4.32)
is finite and conserved for all t € (T, T*).

Examples. We give some examples for which Theorem 4.5.1 is valid
— the cubic defocusing NLS equation:

iug + Au+ (po — [uP)u =0, z€R", n=1or2. (4.33)
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In this case, f(r) = po—r, V(r) = (po —r)?/2 > 0, and the assumptions of theorem
4.5.1 are verified. In fact, here, the assumption of the existence of §; and A can be
relaxed, because it is a consequence of V (|ug|?) € L.

— more generally, the “pure power case”:
iy + Au+ a(ph — [ul)u=0, v €R", n=1or2. (4.34)

where « > 0 and p > 1/2if n=1,p > 1 if n = 2. Here, f(r) = a(pf —17), V(r) = 0
and V(r) = 0 if and only if r = py. The assumption f € C*¥*1(R") in Theorem 4.5.1
is verified only if p =1 or p > 2 in the one-dimensional case, and if p=1,2 0or p > 3
in the case n = 2. However, in other cases, X* > u — f(|u|*)u € X* is of class C*,
and it suffices for the conclusion of Theorem 4.5.1.

— the cubic-quintic NLS equation:
iy + Au — oaqu + azulul* — asulul* =0, r € R (4.35)

where a1, asz, as are positive constant such that 3/16 < ayas/a2 < 1/4. In this case,
using some scale transformations (see [BGMP]), (4.35) can be rewritten as

iy + Au + (Jul® — po)(2a + po — 3|ul*)u = 0 (4.36)
with 0 < a < pg. Here, f(r) = (r — po)(2a + po — 3r) and V(r) = (r — po)?(r — a),
and the assumptions of theorem 4.5.1 are verified. They are also verified for other

values of the parameters oy, as, s (for instance a < 0), but this seems to be less
interesting from a physical point of view (see [BGMP]).

Proof of theorem 4.5.1. Let us take a mollifier sequence (p);>1 (with [p = 1,
Supp pr C B(0,1/1) and p; > 0).
In a first step, we will control |pg — |p; * uo(x)|?| for [ large and |x| > A.

* — if * > 1
< () { ) > (e

— |py * up(x :
|0 = |p1 o uo ()] po — |1 * uo(w)] if [pr * uo(z)| < \/po (case 2)

In case 1, we have:

0<lprule) = v < [ e =)o) - VEy
< [ nle=luw)] - valdy. (4.37)
In case 2, note that for |z| > A,
> = po — [po — luo(x)*| = po — 61 > 0. (4.38)

|uo ()
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Let o := v/po—d; and v € C such that |v|] = 1 and vug(z) € iR. For y € R", the
decomposition of ug(y) on the R-basis (ug(z),v) of C can be written as

uo ()
|uo()[?

uo(y) = Reluo(y)uo(z)] + P(uo(y))v .

Then, because of Pythagoras’ theorem,

0 < v/io — I+ uol@)] < w——‘( /nplu_y)me[u()(y)m]dy) o)

[uo ()2

We choose p as in Proposition 4.2.2, and [, € N* such that
|z — y| < 1/ly implies |ug(x) — uo(y)| < Clz — y|* || Vuol|1r < /2 .
So for [ > Iy and y € B(z,1/1), we have

Reluo(y)uo(x)] = [uo(w)[* + Re[(uo(y) — uo(w))uo(2)]
> fuo(@)]* — [uo(y) — uo(@)|luo(x)| = a?/2> 0,

and therefore, for [ > [,
0 < v/Fo — o1 % o(@)
< Vo - / il = y)Refuo(y)uo ()] dy |uix)|
= Vpo — |uo(z)| + @] e pu(x — y)Re[(uo(x) — uo(y))uo(w)]dy

VB — luo(@)]| + / ol — 1) luo(z) — uo(y)|dy - (4.39)

n

N

Let ¢ > 0. Since p; * ug — ug in L, there exists [; > [y such that [ > [y implies
11 * uol* — |uo|?|| e < dp — 01 and then for |z| = A, ||pr * uo(z)|? — po| < do. Therefore, for
|z| > A and [ > [}, we have:

V//
0 < Vil ruw@P) < Pl sunf@)? o (4.40)
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Let B> A+ 1. (4.37), (4.39) and (4.40) imply, for [ > ;:
/ V(o1 * () 2)da
| >B

V//
< O (ot uollo)?

2
x/|>B [(/ pi(x = y)luo(y)| — \/[70|dy) Ljpreuo () /550

+ (|\/P_ — |uo ()| + /Rn pi(r —y)luo(y) — Uo(l’)|dy) 1pl*uo(:1:)|\/p_o<0] dx

< ol [ [ et - viray
+2llun(o)l = VAP +2 ([ oo = luo) — wfeay ] de. (A

We will now control each integral in the right hand side of (4.41). We begin by the first
one:

u 2 2
[ =l - varas < [ f _ plleldC = ool
[z|>B JR™ |:z:|>B ly|=B— 1/1 Po

Next,

< [luo(y)]* — pol*dy
Po ly|=B—1/1
2 / 2
< - V(|uol*)dy . 4.42
CoraV (o) S 1 (|uol”) (4.42)
2
[ avm-lw@lfe < = [ o ()PP
2| >B Po Jiz|>B
4 / 2
< — V(|ug|?)dz . 4.43
CipoV"(po) Jiui>8 (juol") (449)

It is a bit more difficult to find an upper bound to the third one. We provisionally admit
the following lemma:

Lemma 4.5.1 Let n € N*, k > n/2 and ug € X*(R"). Then for all (z,y), the function
[:]0,1] = C, t = up(x + t(y — x)) is absolutely continuous.

Thanks to this lemma, we can write:
1

) = wo(o)] = | [ (o~ 2).Fuo(a + tly — )]
0
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and

/lzl B(/ Az = y)luo(y) — uolz )|dy>2dx
/|:s>B/nplx_ Ny =l / Vuo(z + t(y — ) Pdtdyda

<L) Lo

Vu 2
< //n/npl )| Vuo(9) P dzdidt = | ZSHL (4.44)

(here we have made successively the changes of variables j =ty + (1 — t)r and T = *=¥).
By possibly enlarging B one may assume that

C
(vpo + HuoHoo)2C 2 [/ V (uo)?)dy + 2/ V(\uo\z)da:} < g/2.  (4.45)
100 LJjy|=B-1 [z|>B

We also choose Iy > [; such that
V”(Po)

]Vuo( )| —dacdt

VAN

2 [[Vuol| 2

(V7 ol < /2 (4.46)

Combining (4.41), (4.42), (4.43), (4.44), (4.45), (4.46), we obtain finally, for [ > Iy,

/| V)@ <<

In particular, V(|(p; * ug)|?) € L*(R™). By possibly enlarging B one may assume that

/||>B V(Jug(z)|*)dz < e .

Moreover, there exists l3 > [, such that for [ > I3,

/|<B |V(|(pl * UO)(g;)|2) — V(|U0<x)|2)|d]} < c

because p; * ug — ug in L. The last three inequalities and the triangular inequality show
that for [ > I3,

Ve uo) ()[*) = V(Juo(x)|*)|dz < 3¢
and therefore V' (|p; * upl?) — V (|ug]?) in L.
For | € N*, we denote by w;(t) the solution of (4.1) with initial data u;(0) = p; * ug, and

we denote by (7.(1), T*(l)) its maximal existence interval. Theorem 4.5.1 ensures that for
te (T.(1), 7))

/n [V @) +V(w®)|?)] de = /n [V % uo|® + V(| % uol?)] da . (4.47)
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Let T, < Ty < T, < T*. By continuity with respect to the initial data (see for example
[CH]), there exists K > 0, § > 0 such that ||p; *uo —uo||x+ < 6 implies T*(1) > Ty, T.(1) <
Tl, and L
lui(t) — w(t)||xr < K||pr * uo — wol|xr, fort € [Th,Ts] .

In particular, since p; * ug — up in X*, we have that Vu,(t) — Vu(t) in L2 Moreover,
Vo *ug = py * Vuyg — Vg in L? and we have already shown that V (|p; * u|?) — V (Juol?)
in L', In order to take the limit as [ — oo in (4.47), it remains to take care of the term
fR" (|uy(t)|?)dz. We distinguish the cases n = 2 and n = 1.

In the case n = 2 one has V' > 0 and for [ > I3, * — V(|u(¢)]?) is a L' function
and [, V(Ju(t)|*)dz has a limit as | — co. We apply Fatou’s lemma to the sequence
(V(|ui(t,.)]?))1en. We already know that it is bounded in L', and the continuity with respect
to the initial data ensures that w;(t) — u(t) in X*. Therefore V (|u;(t)[*) — V (Ju(t)|?) in
L>. Thus V(|u(t,.)|?) € L' and

/V(\u(t,x)]Q)da: < liminf/V(|ul(t,x)\2) .

l—o0

We can now pass to the limit in (4.47):

/n IVa()? + V([u@)P)] de < /R (1Vaol + V(Juof?)] da - (4.48)

By reversing time, we get the inverse inequality, and the conservation of the energy (4.29)
has been proved.

In the case n = 1, we also show that V(|w(t,.)]?) € L'. For [ > I3, we know that
V(|p1 * uo|?) € LY(R). Hence for all choice of ¢ as in Proposition 4.5.2,

Jim V(| uo(2)]*)p () d = / V(lpv* uo(@)*)po(Fa)d |
—JR R
and Proposition 4.5.2 ensures that hm fR (Jui(t, ©)|?) o (z)dw exists and does not depend

on the choice of . This implies that V(|ul(t r)|*) — 0 as z — +oo. Indeed, we have the
following lemma (we will prove it later):

Lemma 4.5.2 Let f : R — R an uniformly continuous function such that for all ¢ as in
Proposition 4.5.2, P}im Je f(@)p5(z)dx exists. Then f(z) — 0.

— oo

Since {r,V(r) = 0} is discrete and u;(t) € Cy(R), there exists !, (¢) such that
V(L) =0 and |u(t,2)]> — ri(t).

Let us show that 7Y is continuous on |7, (1), T*(1)[. Let t €]T.(1), T*(I)[, h so that t + h €
|T.(1), T*(1)[, e > 0 and = € R. One has

[ra(t+h) =i ()] < [ri(t+h) —wlt+h,2)| + [t + h,2) — w(t,2)] + lu(t, ) — i (t)] -
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w € C(|T.(0), T*(D)[, X*) c C(T.(1), T*(1)], L*), thus we can choose h small enough in
order that

et + ) = w(®)lle < /3.

We also choose |z| large enough such that
Pt +h) —w(t+ho) <e/3 and |u(t,x) —ri(t)] <e/3.

Hence |r!,(t+h) —r' (t)| < e. Therefore !, is continuous with value in a discrete set, which
means that it is constant. For [ > I3, the fact that |||p; * ug|* — |uo|?||z~ < do — 1 and the
assumption on uy imply that 7. (0) = po, hence

VI > 13, YVt e|T. (D), T*(D)], |w(t,z)]* — po.

r—Foo
We choose [, > I3 such that for [ > [,
()P = Ju(t) ]l o
< flw(t) — )|z (Jua(t) — w@®) [z + 2{|u(t) || ze)

< Kllprwuio — wollxs (Kl w0 — woll s +2 sup._JJuft)lxe) <
tE[Tl,TQ]

do — 01
2 .

Let D > 0 such that |x| > D implies ||uy, (¢, z)|*> — po| < 61. Then for [ > Iy, |z| > D,

||wi(t, ) > = pol
< gt @) = ult, @) |+ |ult, 2)]? = |w, (6 2)|?] + [Ju (¢ 2)]7 = pol
5o — &
< 222 1445 =4

This implies that V (|u;(¢,2)|) is non-negative on {z, |x| > D}, and now (4.47) yields:
/ V(Jw(t, )|*)dx
lz|2D
— / [V 1 % uol* + V(| pu % uol?)] dx—/ \Vul(t,x)\de—/ V(lw(t, z)[*)dx
R R |z| <D

l—o0

— g [[Vuol)* + V (Juol?)] d:v—/R|Vu(t,:v)|2d:B—/l|<D V(|u(t, z)]*)dx |

and (V (|u(t, '>|2)1{|Z‘\>D})z>z4 is bounded in L'. We apply Fatou’s lemma to this sequence,
and we can conclude similarly to the case n =2, V > 0. U

To complete the proof of theorem 4.5.1, it just remains to prove lemmas 4.5.1 and 4.5.2.
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Proof of lemma 4.5.2. We argue by contradiction. Assume that there exists ¢ > 0
such that for all A > 0, there exists # > A such that |f(z)| > e. Since f is uniformly
continuous, there exists § € (0,2), such that |z — y| < ¢ implies |f(z) — f(y)| < /2. We
may thus construct a sequence (x,),en such that =, — oo and |f(y)| > £/2 as soon as
ly — z,,| < . We may assume moreover that the intervals |x,, — 4, x,, + [ are disjoint, and
that for instance f(z,) > 0. We choose ¢ as in proposition 4.5.2, namely

(1 dif <0
S0(”“">_{0 if ©>4/2

Then
sy — / f(y)somn+a/2<y>dy' - / F@) (Carrs/2() — on—s())dy
R R
Tn+0/2
> / Fy)dy > 5¢/2
Tn—08/2
and this is a contradiction. O

Proof of lemma 4.5.1. Let us fix z,y € R® with + # y. It suffices to show that
f it e 0,1 — ug(z +t(y — x)) is absolutely continuous. By definition of X% wug is
the limit in X* of a sequence (v;);ey of functions of class C*. Therefore the functions
fi:t€]0,1] — v(x +t(y — x)) are absolutely continuous.

We are reduced to prove that the moduli of absolute continuity of f;’s are uniformly
bounded. Indeed, if we assume this fact, for all € > 0, there exists § > 0 such that for all
positive integer m, and for all choice of (a;, 3j)1<j<m With0 < aq < 1 < ... < oy < By < 1
and ) 7 (8 — ;) < J, we have for all ,

Zlfl (8;) — filey)] < /2.

Then
Z | (B Z |fi(B;) — filey)| + Z 1 (B;) = LB+ [f (o) = filay)]]

choosing [ large enough, ||f — fil|« < ;5. We infer that

D_IF8) = Flay)l <.,

and therefore f is absolutely continuous.
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We now prove that the moduli of absolute continuity of f;’s are uniformly bounded.
Since v; — ug in X*, vy is bounded in X*. We choose m, a;, 8; as above. For all [, we have:

m 8;
Z\fz 5~ el = S| [ e < [ (g
j=1 |/ ;9 JegBl
1/2 1/2
< fooas) [ imeres
AR ;9,15

1/2
f;(s)|2ds) . (4.49)

/N
VR
1]

>

|

QQ
~

B
N
o

Observe that

/0 fi(s)ds = / (y — 7).z + s(y — 2))|ds

ly—=| 2
< |y—x|/ Vu (x+s‘y x‘)‘ ds
y—z

Since Vug € H*1(R"), the trace theorem ensures that the mapping that sends a function of
H*=1(R™) on its trace on a line D of R" is continuous from H*~*(R") to H*~V=(=1/2(D)
L*(D) because k—1—(n—1)/2 > [n/2] —(n—1)/2 > 0. Therefore, there exists a constant
C > 0 such that

1 1/2
([ 10R) < = P10 s s s ey
< Cly = ol IPuliesan
< C’|y—:v|1/28111p|]vl\|xk(Rn). (4.50)

Finally, (4.49) and (4.50) ensure that f;’s absolute continuity moduli are uniformly boun-
ded. g

Remark. The only reason for which Theorem 4.5.1 in the case V' > 0 is not valid for
n > 3 is that we did not prove Proposition 4.5.1 for n > 3. The whole proof of Theorem
4.5.1 with V' > 0 would be valid for n > 3 if Proposition 4.5.1 was.

We justify next the conservation of the momentum, in the one dimensional case.

Theorem 4.5.2 Letn = k = 1. The assumptions on the nonlinearity f are as in Theorem

4.5.1.
Let ug € X'(R) such that V(|uo|*) € L' and |uo| > a > 0. o
Let 0 € (T.,T*) C (T., T*) be the maximal interval on which |u(t,x)| > 0, t € (T, T*),
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r eR.
Then Vt € (T,,T*), P(u(t)) = P(ug), where the renormalized momentum, is given by:

P = m | ) Pl = ) (4.51)

Proof. It follows from the proof of Theorem 4.5.1 that for ¢ € (T}, T*), |u(t)|? — py € L?
and that |u(t)] > a(t), where a(t) € R (because |u(t,z)[*> — po and |u(t,z)| > 0).

Moreover, u,(t,.) € L*. Hence P(u(t)) is well defined.

If uy € X3(R), the formal proof of the conservation of P on (T}, T*) (see [L], [GSS]) is
valid, since u € C(T.,T*, X3(R)) N CY(T., T*, X'(R)).

Proceeding as in the proof of theorem 4.5.1, we approach uy € X* by p; * ug € X?. Let
us fix t € (T, T*). Since w(t) — u(t) in X*, for [ large enough we have |u;(t)| > a(t)/2 >
0, and then (7.,7*) C (T.(1),T*(1)). It follows from the proof of Theorem 4.5.1 that
(Jur ()12 = po) — (Ju(t)|* = po) in L? and 0wy (t) — O u(t) in L2 Hence P(u(t)) — P(u(t)),
and the conservation of the momentum, which is true for u;, is also true for w. U

Remark. The above analysis fills a gap in the proof of Theorem 1.1 in [L]. Namely,
Zhiwu Lin proves a criterion of stability for the traveling bubbles solution of NLS in the
one dimensional case, for a nonlinearity f verifying:

(1) f(po) =0, mo =sup{n, 0 <n < py, V(n) =0} exists,
0 <m0 < po, f(no) <0
(2) f'(po) <0

This proof consists in applying Theorem 3 in [GSS] to the hydrodynamical problem corres-
ponding to (4.1) (i.e. with the complex unknown u replaced by (r,v) = (po— |u|?, 0, argu)).
Theorem 4.5.1 and 4.5.2 ensure that Assumption 1 of Theorem 3 in [GSS] is verified. Na-
mely, in a neighbourhood of the soliton, our results imply the following facts which were
not discussed in [LJ:

— the local existence for the hydrodynamical Cauchy problem with (r,v) € H' x L?
(and not only X' x L?) if the energy is finite at initial time

— the conservation of energy and momentum.

In dimension 1, we prove next that the conservation of energy implies a global existence
result for a solution of (4.1) in X*,

Theorem 4.5.3 Let n = k = 1. The assumptions on [ and ug are as in theorem 4.5.1,
and we assume moreover that there exists some C' > 0 such that V(r) > C(py — r)?.

Then u € Cy(R, X*).
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Proof. We define the energy at initial time

Ey = /n [|Vu0(x)|2 - V(|u0(x)|2)} dx .

We know by Theorem 4.5.1 that the energy is conserved for ¢ € (T,,7*) and that if T*
is finite, ||u(t)||x» — oo as t — T™ (and we have a similar result by replacing T* by T%)
(see [CH]). The conservation of the energy and the fact that V' > 0 imply that for all
t, Jol0zu(t)]Pdz < Eo. To prove that ||u(t)||x» can not blow up in finite time, it suffices

then to show that ||u(t)||L~ can not blow up in finite time. By the Sobolev embedding
H'(R) € L*(R),

@i < po+ @) — pollz~

<
< o+ Cllfu(®)* = pollre
= P+ C\/HIU(f)I2 = poll72 + 10 ([u(®)* = po)ll7

We now use the additional assumption that V(r) > C(1 — r)*:

lu@)lli~ < po+C\/Eo+4HU(t)H%oo/Iaa:U(t)Pdw

< Lo + C\/ Eo + QCHU(t)”Loo vV Ey .

Therefore ||u(t)|/z~ can not blow up in finite time, thus (u(t));cr is global. Moreover,
|u(t)| L is bounded on R and therefore (u(t))scr is bounded in X*(R). O

Example. In NLS with a pure defocusing power (4.34), with n = 1 and p > 1, we have
V(r) = aph ' (po — r)%/2, hence the assumptions of Theorem 4.5.3 are verified.

Acknowledgements. The author is grateful to Anne de Bouard and Jean-Claude Saut
for their precious help.
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Chapitre 5

The growth rate of the Schrodinger
group on Zhidkov spaces

Abstract. We give an upper bound on the growth rate of the Schrodinger
group on Zhidkov spaces. In dimension 1, we prove that this bound is sharp.

5.1 Introduction

This paper is devoted to the study of the linear Schrédinger equation

{i%+Au:O, (t,r) € R x R"

N (5.1)

with non-zero boundary conditions at infinity. In [Gal], we proved that (5.1) is well-posed
on the Zhidkov spaces

XFHR™) := {u € L®(R"), Vu € H*1(R™)},

under the condition k& > n /2. Moreover, we gave a superior bound on the growth rate of the
Schrédinger group on X*(R™), which will be denoted by S(t). More precisely, we proved
that there exists a constant C' > 0 such that

1S coxk@ny,xr@ny < C(1+[E°), (5.2)
where

| 1/2 ifnis even

P= { 1/4 if n is odd. (5:3)

The goal of this paper is to decrease as far as we can the upper bound on the growth rate
of S(t) given by (5.3), and to find the sharp exponent when it is possible .
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We will first give a much more simpler proof of the well-posedness of (5.1) in X*(R"),
which however yields to a worst estimation on the growth rate of S(t) (1/2 instead of the
exponent p given by (5.3)). It consists in seeing the well-posedness of (5.1) in X*(R") as a
corollary of the following result:

Theorem 5.1.1 For every ug € Y := {u € §'(R"), Vu € L*(R")},
e"ug € ug + C(R, H'(R™)),
and for every ug € Y, for everyt € R,
le"®ug — ol < 2(1 + [t/?)][Vuo | 2. (5.4)

Moreover, the growth rate 1/2 in (5.4) is sharp. Namely, for every p < 1/2, every C' > 0,
there exists a time T > 0 and uy, € Y such that

”eiﬂ-AuoT _ UOTHHl > C(l + Tp>||VUOT||L2.

The sharpness of p = 1/2 in (5.4) does not imply the sharpness of p = 1/2 in (5.2)
(hopefully, since it would be a contradiction with (5.2)-(5.3) for odd dimensions). Indeed,
we will improve our demonstration of the well-posedness of (5.1) in X*(R") given in [Gal],
and show the following result.

Theorem 5.1.2 Let k > d/2. There exists a constant C > 0 such that for every ug €
XF(R™),

15 () vl xn ey < O+ [£7) luoll xr @n), (5.5)

where

(5.6)

) I T if n is even
I T if n is odd.
Moreover, forn =1, p=1/6 is sharp.

Remark. The sharpness result in Theorem 5.1.2 should be understood as follows: for
every C' > 0, every p < 1/6, there exists 7 > 0 and uo, € X*(R") such that

HS(T)UOTHXk(RTL) 2 ||S(T)UOTHLOC(RTL) > C(l -+ Tp)HUOTHX’C(R”)-

The next section is devoted to the proof of Theorem 5.1.1, while Theorem 5.1.2 is
proven in the following one.

Notations. If f € S'(R"), fes (R™) denotes the Fourier transform of f.
In all this paper, C' denotes a harmless positive constant which can change from line to
line.
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5.2 The Schrodinger propagator on Y

In this section, we prove Theorem 5.1.1. We first prove (5.4), after what we show the
sharpness of exponent 1/2.

5.2.1 Proof of inequality (5.4).

Let up € Y, and u(t) = e“uq the solution to (5.1) with initial data ug. Then for every

t 0,
Ut —w(E) = (e —1)a(¢)

n(o-itlél?
Z( fmz”f’f &in(€) (5.7)

&g € L? because Vuy € L?, and it follows from the mean value theorem that

<€_it|£‘2 J— 1)

VIHIE]

Thus by the Cauchy-Schwarz inequality and the Plancherel theorem, we get that u(t)—ug €
L?, and

[u(t) = uoll 2 < 2v/[t][[Vuol| 2

#A g isometric on L2, it is clear that

Since e
IV (u(t) = o)l > < 2[[Vuol 2,
and (5.4) follows. O

From this result we easily recover the well-posedness of (5.1) on X*(R"), if k > n/2.

Corollary 5.2.1 If k > n/2 and ug € X*(R"), then u(t) = S(t)up = ¢®uy € C(R, X*),
with the estimate
1S (t)uo || xrmny < C(1+ |t|l/2)||uo||xk(Rn)7

for some positive constant C'.

Proof. Indeed, we have just seen that u(t) — uy € C(R, H*), with

[[u(t) = wollse < 2(1 + VIt Vol ze-1.

Since k > n/2, we have by Sobolev H* C X* with continuous embedding, and the announ-
ced estimate is true. O
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5.2.2 Proof of the sharpness of exponent 1/2 in (5.4)

We are going to prove the following fact: for every p < 1/2, there exists t, > 0, C, > 0

such that for every 7 > ¢,, there exists ug, € Y such that

lur(T) = wor |2y > CoT”||Vuor| L2@ny,

(5.8)

where u,(t) = euy,. Let us first show that (5.8) implies the wanted result. Let p < 1/2,
C > 0and p € (p,1/2). If (5.8) is true, then for every 7 > t; large enough, since p > p,

there exists ug, such that
|wr(T) = s ||z > C3m?||Vuor ||z = C(1 + 7°)|| Vo || 2,

which exactly means that 1/2 is sharp in (5.4). Let us next prove (5.8).

Let p < 1/2 and x € C(R™) be a radial function such that 0 < y < 1 and
= [ Ll <L,
XM= 0 i 2] > 2.
For 7 > 0, we define £(7) = 1/717°, as well as ug, € S(R"), by

@ (6) = m(r)x (%) ,

where m(7) > 0 is chosen such that ||Vug,||z2 = 1, which yields

1 1 C

o \/f|n|<2 2 (m)2dy § (T2 E(r)tn/2

Then, using the Plancherel theorem, a Taylor expansion and the definition of u,,

lun(r) — uos |2 = / IR 1P (6)Pde

1
= [ |-irlep = et [ - sge s
n 0

= m( [ lel (%)2%
trim ()’ \514[2%(”\51 [0 sgertas) g
=: Ay(7) + Bo(1).

2

[0 (€)[7dg

1
/(1 — 5)e Tl g
0
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We will see that Ag(7) > |Bo(7)| for 7 large. On the one side, passing in polar coordinates
and taking into account the definitions of m(7) and &(7),

&(7)
Ao(T) > TQm(T)2/ |§|4d§:TQm(7')2/ T4/ dvr™tdr
l€1<€(r) 0 snt

Sn—l 02
— ‘ n+‘4 7-26(7-)2
= C7t%(1)* = Or*. (5.10)

On the other side, our choice of m(7) and &(7) imply

| Bo(7)|

N

P (r)? / [2rle® + 72 F] de
|€]<2¢(T)

< (IS IE() 2re)l® + T
< O 757 = o), (5.11)

where we have used that p < 1/2. (5.8) follows from (5.10) and (5.11), and because
|Vug||z2 = 1. This completes the proof of Theorem 5.1.1. O

5.3 Growth rate of the Schrédinger propagator on X*.

This section is devoted to the proof of Theorem 5.1.2. First, we revisit and improve
the proof of the well-posedness of (5.1) on X*(R") we gave in [Gal], in order to verify
(5.5)-(5.6). Then, we show that the growth rate is 1/6 in dimension 1.

5.3.1 Proof of (5.5)-(5.6).

Given ug € X*(R"), the proof of (5.2)-(5.3) we gave in [Gal| consists in giving a sense
to the limit as € — 0 of

(for convenience, we will assume from now on ¢ > 0). Up to the multiplication by a harmless
constant, this limit is showed to be the solution u(t) to (5.1) with initial data wy.

Using the radial cut-off function y introduced in (5.9), we write ¢ = 1 — x, and we
define, for 8 > 0, xs(2) = x(2/0), ¥s(z) = ¥(z/B). For convenience, we will also use the

notation xs(|.|) = xs(.) and ¥(|.[) = ¥s(.).
We split I, into two parts: I, = A, + B., where
A = / e(i_aﬂz‘QXg(z)uo(x + 2Vtz)dz

and

B. = / e(i*‘f)'Z‘Qz/;g(z)uo(:c + 2V/tz)dz.
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Using Lebesgue’s convergence theorem, it is easy to see that A. has a limit as £ goes to 0,
and that

< JJuol[ £ (26)"1B(0, 1), (5.12)

lim A,
e—0

where B(0, 1) denotes the unit ball in R”. Next, passing in polar coordinates, defining
g(r) = / uo(x + 2vtrv)dv
S§n—1

and integrating by parts, we have (see [Gal] for more details)

B. = / e(i_e)Tszﬁ(r)r”_lg(r)dr
B

_]_ k k ,] [e%¢] ) ) 1 a
= — . (i—e)r @ (=0 n—1g4
(2<i - 5)) =0 zz e <l) /ﬁ ‘ r2—i9 (g (r)r™dr,

J
J =0

where the a; ; depend only on integers k& and j. We next apply Lebesgue’s theorem to each
term of this sum. For [ =0, j € {0...k}, we get

S" Mllwollze o5y
< WWW(J)HL%

i—e)r? 1 j n—
e(i—¢) g(r)wg)(r)r 1

and therefore the limit of these terms as € tends to 0 exists, and

S M[|uo | 227 |||
(2k — n)@2%—n

S G) /o ne1 |
iy [ 0 ir| <

(5.13)

Forl>1,j5€{l...k}, using
”g(j)HLQ(ﬁ,oo,r"—ldr) < (QVZ)jin/Q‘Snil‘1/2HUOHX’€(R")
(which has been established in [Gal]), we similarly obtain

[ etert L 1)y i i il 7 (2vt)2
hm/ﬂ e( ) T2k7jg(l)(r)wg )(7")7“ 1d7” < <4k—2]—n)1/2 HUOHX}CW(514)

e—0

Thanks to (5.12), (5.13) and (5.14), I. as a limit as ¢ tends to 0, and

—n/2
< Clluol| x* (5” + ﬁgi_n + g/gi_n/g (BVE+ (ﬁ\/%)k)> :

lim I,
e—0

We next choose # =t (and not § =1 as we did in [Gal]), where

Lk
C2k+ %

vy > 0.
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Taking into account this choice of v, it follows that

CHUOHXk (t'yn + t—'y(Qk:—n) + tv(1—2k+n/2)+1/2—n/4 + tv(—k+n/2)+k/2—n/4)

‘lin%[‘E <
< Clluol[xx (1 + ), (5.15)

where p = yn. When k = [2], we obtain the p given in (5.6). The rest of the proof is similar
to that of Theorem 3.1 in [Gal|. In particular, using the Banach-Steinhaus Theorem, we
deduce that for every integer k > n/2,

lu®) ey < Clluoll e (1 + ).

5.3.2 Proof of the sharpness of (5.6) in dimension 1.

Let £k > 1. For 7 > 1, let us define

_M T 7_2(k+1)/3
(7'2/3> xhtl

Then ug, € L™, with [Jug, ||~ = sup,>g :ﬁf—ﬁ Next, the derivatives from order 1 to k of ug,

are in L?, with L? norm uniformly bounded with respect to 7. Indeed, it is easy to see by
induction on m € {1...k} that u)"” is a linear combination of terms which look like

Q)= "y () 7

xd’

(a7

where ¢ > k+1—m (the only term with ¢ = k+1—m is obtained by differentiating m times
the exponential factor in ug,). ¢ = 1 because m < k, and since moreover = — 1/)(?’) (TZ%)

is uniformly bounded on R and supported in [r2/3,00), it follows that u™ € L2, for
m € {1...k}. Next, we easily compute

(p)
QU = 7o L2 (5.16)
L2
and
1T w2 x o\ T8 _ile? x T
Q'(z) = _EQ(I) + e~ A Pt (%) — = q)P) (W) T (5.17)

The L? norms of the three terms in the right hand side of (5.17) are respectively

17_(17172(1171)/34»1/3 ¢(p)($)
a7 ||
—amayz-aqszrs [PV (@)
x4 12
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and
¢(p) (x)

qTa72(q+1)/3+1/3

L2
Therefore there exists a constant C' > 0 such that [|Q'|;2 < C77Y3||Q||z2. Thus, for
me {1k}, Jul™|| 12 < Cr V3| ul™ || 2. Since ug, € L? and ||uo, |2 = C7/3, we get
the announced result: uy, € X* and |Jug, || x+» < C, where C' does not depend on .

On the other side, since z — x(z) and z +— ¥(2z/7'/6) have disjoint supports for 7
large enough,

k41
= i—e)z2 = i—€)2? 22 2z T 6
/ N (2)uor (2v/T2)dz = / e\ (2)e " (7_1/6) SR dz =0, (5.18)

while
. > (i—e)2? : > (i—e)2? —iz2 2z T%
lim . e Y(2)ug, (2y/72)dz = lim N e P(2)e " gyl T pom dz
_ 1/6 < P(2r)

As a conclusion, for 7 large enough, denoting by u, the solution to (5.1) with initial data

Uor,
lur () llxx = [l (T)lloe = ur(7,0)] = CTY0 = CTY0 ugy || .

This completes the proof of the sharpness of the exponent 1/6 in (5.6). O
Remark. We can also prove this sharpness result by using the initial conditions
iz? x
o (z) = ¢ ()

or
_ia? T
upr () = e 1y <m) )

and letting the parameter 6 > 0 tend to 0. In this two cases, taking the notations of section
3.1, the predominant part in /. is A. (on the contrary, in the proof we developed here,
B.(7) > A.(7) as 7 is large).
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Chapitre 6

The Cauchy Problem for defocusing
Nonlinear Schrodinger Equations with
non-vanishing initial data at infinity

Abstract. For rather general nonlinearities, we prove that defocusing nonlinear
Schrodinger equations in R™ (n < 4), with non-vanishing initial data at infinity
ug, are globally well-posed in ug + H'. The same result holds in an exterior
domain in R", n = 2, 3.

6.1 Introduction

This paper is devoted to the study of the Cauchy problem for defocusing nonlinear
Schrédinger equations in dimensions n < 4:

iS5+ Au+ f(lul®)u =0, (t,z) € R x Q ’ (6.1)
u(0) = ug
where {2 = R". The initial data uy has the boundary condition
lug(w)|* — po as & — oo , (6.2)

where py > 0 denotes the light intensity of the background. The real-valued function f is
assumed to be defocusing. Namely, f satisfies the following assumption:

f(po) =0 and f'(po) < 0. (Hy)

Under the same condition (Hy) on f, we also study the Cauchy Problem (6.1) where
is an exterior domain in R", n = 2,3, with a data uy which satisfies the same condition at
infinity (6.2).

Equation (6.1) with 2 = R™ admits many particular solutions with the boundary condi-
tion (6.2). These solutions may be gathered under the label “dark solitons”. For general
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nonlinearities, let us mention for instance the stationary and the travelling bubbles. A.
de Bouard [dB] gave a necessary and sufficient condition on the nonlinearity ensuring the
existence of a stationary bubble, in any dimension. She also proved that the stationary
bubbles are all unstable (see also [BGMP], [BP|). Z. Lin [L] studied the travelling bubbles
in dimension one. He gave a criterion on the variation of the momentum with respect
to the speed which determinates if these bubbles are stable or not. The Gross-Pitaevskii
equation, which is (6.1) with f(r) =1 —r (here, py = 1), has been the object of a deeper
study. F. Bethuel and J.C. Saut [BeSc| proved the existence of travelling waves for the
Gross-Pitaevskii equation for small non-zero speeds, in dimension two. Similar results have
been obtained by D. Chiron [C] in dimension three and more.

The existence of all these dark solitons makes relevant the study of the Cauchy problem
(6.1) with condition (6.2) at infinity. For example, it is a preliminary to the study of their
stability when it is not known whether these solitons are stable or not!. For unstable
dark solitons, the study of the Cauchy Problem (6.1) gives informations on the way this
unstability occurs: for instance, a global well posedness result prohibits blowing-up.

A first step in the study of this Cauchy Problem has been done in [BeSc|, where it was
shown that the Gross-Pitaevskii equation is globally well-posed in 1+ H'(R") for n = 2, 3.
However, this point of vue is not relevant in all cases. Indeed, in dimension one, most of
the travelling bubbles have different limits at +00 and —oo. Moreover, it was shown by P.
Gravejat |Grb| that the two dimensional travelling waves for the Gross-Pitaevskii equation
do not belong to the space 1+ H! (they do not even belong to 1+ L?), in spite of the fact
that they tend to 1 at infinity (up to the multiplication by a constant of modulus 1).

As a consequence, we need to find a more appropriate framework to study the Cauchy
Problem. In [Gal] (see also the works of P.E. Zhidkov [Z1], [Z22], [Z3], [Z4]), we worked in
the Zhidkov spaces

XFR™) := {u € L™(R"), Vu € H"(R")}.

We proved some global well-posedness results for (6.1) in dimension one, with condition
(6.2) at infinity. However, we assumed the potential

Vi) = / " F(s)ds

to be positive, a condition which is not satisfied for all the nonlinearities for which there
exists a stationary bubble (see [dB]). In the Gross-Pitaevskii case, as for the existence of
travelling waves, the Cauchy problem has been the object of deeper investigations. Using
a Brezis-Gallouét method, O. Goubet [Go] proved the global well-posedness for the Gross-
Pitaevskii equation in X?(IR?), if the initial data has finite energy. More recently, P. Gérard

1. As far as we know, the only dark solitons for which a stability result has been established are the
stationary bubbles (see [dB]) which are known to be unstable, the travelling bubbles in dimension 1 (see
[L]) and the black solitons in dimension 1, which are stationary solutions to (6.1)-(6.2) vanishing at one
point, in the contrary to the bubbles (see [DMG], [Ga2]).
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|Ge| obtained a global well-posedness result for the Gross-Pitaevskii equation in dimension
two and three in the energy space

{u€ HL,Vue L* 1~ |uf € L*.

In this paper, we generalize this results to a larger class of nonlinearities. In particular,
the potential is not assumed to be positive?. Qur main result is as follows.

Theorem 6.1.1 Let n = 1,2,3 or4, po >0, and f € C*"Y(R,) (k=1ifn=1k=2
ifn=2,3, k=23 1ifn=4 ) which satisfies (Hs). We assume moreover that there ezists
ay; = 1, with the supplementary condition o < of if n = 3,4 (where of = 3 if n = 3,
af =2ifn=4), and as € R with oy — oy < 1/2 such that
F) < Cor™ = ifn=1,2,3

VT’>1, { "i(p <Co’l“a1_4 ifn=4
ACo >0, A> po, if ag < 3‘;;,(\/)‘ is bounded fmfm below ’ (Ho0)°

{ if on >3/2, Vr > A, r*> < CoV(r)

Then for any regular function of finite energy @, which means
p € CHRY), Vp € HWH R, [of® — po € L*(R"), (H,)

equation (6.1) is globally well-posed in ¢ + H'(R™). Namely, for every wy € H'(R"),
there exists an unique w € C(R, H'(R™)) such that p +w solves (6.1), with the initial data
w(0) = wy.

For any T > 0, the flow map wy — w, H' — C([0,T], H') is Lipshitz continuous on the
bounded sets of H*.

The energy

E(w) = / V(¢ + w)|*dz + / V(| + w|?)da
s conserved by the flow.

For a very large class of defocusing nonlinearities, assumption (H,, o,) is satisfied for
some a1,y as required in Theorem 6.1.1. We give here some examples.

Examples.

1. The pure powers: f(r) = (pj — r*) where p is a positive integer if n = 1 or 2, p = 1 if
n = 3. In that case, V(r) > 0on R, V(r) ~ ﬁrp“ as T — oo and f"(r) = —p(p—1)rP2.
Thus (Hq, «,) is satisfied for oy = as = p + 1.

2. In the usual “0 at infinity” case, the boundedness of the H' norm may be deduced from the conser-
vation of the energy, the conservation of the charge and a Gagliardo-Nirenberg inequality. In our case, the
analoguous to the charge is the quantity [(|u|?> — po), the conservation of which is not so clear.

3. Remark that the first condition in (H,, o,) implies |V (r)| < r** for r > 1. Thus, in the case a; > 3/2,
(Hq, .,) may be satisfied only if as < o, so that s € [a — %, a1]. Remark also that in the case a; < 3/2,
a2 plays no role.
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2. Saturated nonlinearity: f(r) = (Htr)g - (HIG)Q. In this case, f"(r) = (12‘;27“)4 and V(r) =
a(l-r)?

Tranira? = 0. In particular, (Hy,4,) is satisfied for any as.

3. The cubic-quintic case: f(r) = (r — po)(2a + po — 3r), where 0 < a < pog. Then V (r) =
(r — po)?(r — a) and f”(r) = —6. In the contrary to the two previous examples, V' is not
positive on Ry, but (H,, 4,) is satisfied for oy = ay = 3. Thus Theorem 6.1.1 applies in
dimensions one and two (in dimension three, Theorem 6.1.3 below applies).

The global well-posedness for an initial data in the energy space
E={ueH.,VueL?p— |u® € L*}.

is a consequence of Theorem 6.1.1 and of the following proposition, which directly follows
from the results of P. Gérard in [Ge|.

Proposition 6.1.1 Let u € E. Then there ezists ¢ € C;°(R") N E such that Vo €
H>(R™)" and w € H'(R"™) such that u = ¢ + w.

From this Proposition we deduce:

Theorem 6.1.2 Under the same assumptions that in Theorem 6.1.1, for any vy € E,
there exists an unique w € C(R, H'(R™)) such that u := ug + w solves (6.1).

Proof. Given ug € F, let uy = ¢+wy be a decomposition as in Proposition 6.1.1. Thanks
to Theorem 6.1.1, there exists an unique w € C(R, H'(R™)) such that ¢ + w solves (6.1).
Therefore w = @ — wy is the unique element of C(R, H'(R™)) such that u := ug + w solves
(6.1). O

In particular, the solution v = ¢ 4+ w given by Theorem 6.1.1 does not depend on the
choice of the decomposition of ug € E into ¢ + wy.

In the critical case a3 = af, we obtain the following local result.

Theorem 6.1.3 Under the same assumptions on f and ¢ that in Theorem 6.1.1, if n =
3,4 and oy = af, there exists R > 0 and T > 0 such that, for wy € H' with ||wo|m < R,
there exists a unique w € C([0,T], H') such that ¢ + w solves (6.1).

For that T, the flow wy — w is locally Lipshitz continuous from the ball of radius R in H*
into C([0,T], H").

The energy is conserved on [0,T].

Similarly to the sub-critical case, we deduce from Theorem 6.1.3 and Proposition 6.1.1
the following result.

Theorem 6.1.4 Under the same assumptions on f that in Theorem 6.1.3, if ug € F
satisfies (H,), there exists T'(ug) > 0 and a unique w € C([0,T], H') such that up + w
solves (6.1).
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It was shown in [Ge] that in dimensions two and three, the Gross-Pitaevskii equation
is globally well-posed in the energy space E endowed with a structure of complete metric
space by the distance

d(u,v) = lu = vlxrem + [[Jul* = [P 2.

It is quite clear that for any 7' > 0 and uy € E, ug + C([0,T], H') is strictly included in
C([0, T, E). In particular, P. Gérard obtained in [Ge] the uniqueness of the solutions to (6.1)
in a bigger space than in Theorem 6.1.2. Using some of the arguments developed in [Ge|
we get the uniqueness in the energy space for other non-linearities than Gross-Pitaevskii.
More precisely, we have the following result.

Theorem 6.1.5 Letn = 2,3,4. Under the assumptions of Theorem 6.1.1, let T > 0, ug €
E and u € C([0,T], E) be a solution of (6.1) with u(0) = ug. Then u —ug € C([0,T], H'),
and therefore u is the solution of (6.1) given by Theorem 6.1.2.

Remarks.

1. In Theorem 6.1.3, R = R(y) depends on ¢. For general uy € E, it is not clear whether
we can find a function ¢ which satisfies (H,) and such that wy = ug—¢ € H' has H'-norm
less than R(yp). That is why we need to assume that u, satisfies (H,) in Theorem 6.1.4.
2. In dimension 4, the Gross-Pitaevskii equation is critical (that is oy = of). In [Ge], P.
Gérard proved that the four-dimensional Gross-Pitaevskii equation is globally well-posed
in the energy space E, provided the initial condition uy has small energy. In Theorem
6.1.3, we prove that for critical non-linearities (and in particular for Gross-Pitaevskii in
dimension 4), (6.1) is locally well-posed in uy + H*, for any regular initial condition g in
the energy space, without the smallness assumption on the energy. However, we do not
obtain any global well-posedness result, and we only prove the local Lipshitz continuity
of the flow on small intervals of time. The missing argument is a persistency result. The
reason of this missing is that for general non-linearities (in particular when the potential
V' is non-positive), the conservation of the energy does not imply the conservation of the
smallness of w in H!.

Our proof of Theorem 6.1.1 consists in looking for a solution of (6.1) under the form
¢ + w. Thus the equation satisfied by w writes

i%—qf + Aw = F(w(t))
{ w(0) = wy ’ (6.3)
where

Fw) = =Ap = f(l¢ +wl*) (¢ + w). (6.4)

We prove that (6.3) is locally well-posed in H*(R"), k =1forn =1,k =2forn=2,3
and k = 3 for n = 4, and we give estimations for the H'-norm of w on the interval of
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existence in H*. Next, for n = 2,3 or 4, using Strichartz inequalities, we prove that (6.3)
is locally well-posed in H!, and globally in H*. Finally, we approximate our (local) H'
solution by the (global) H* solution, and we deduce that its H'-norm may not blow up on
bounded intervals of time.

Using the Strichartz inequalities obtained by N. Burq, P. Gérard and N. Tzvetkov in
[BGT], the same method gives similar results, in dimensions two and three, when R" is
replaced by an exterior domain 2 = R™\ K, with either Dirichlet or Neumann boundary
conditions. More precisely, we consider the initial value problem

- u 2 _
{ iS¢+ Apu+ f(JuP)u =0, (t,z) eR xQ (6.5)

U(O) =ug € Ep ’

where the initial condition ug belongs to the energy space with Dirichlet boundary condi-
tions

Ep :={u€ H._(Q),Vu e L*(Q),po — [u|* € L*(Q), xu € Hy(Q)}.
Here, y € C°(R™) and x = 1 in a neighborhood V' of the obstacle K. We also consider

{ i%+ Ayu+ f(lu[Hu=0, (t,z) €R x Q

u(0) =uy € En ’ (6.6)

where the initial condition uy belongs to the energy space with Neumann boundary condi-
tions

Ey:={u € H..(Q),Vu € L*(Q), po — |u|* € L*(2), xu € Hx ()}

The result we prove is as follows.

Theorem 6.1.6 Letn = 2 or 3, and Q2 C R"™ be the exterior domain of a smooth, compact,
non-trapping, non-empty obstacle K, and f € C*(R.) which satisfies (Hy). We assume
moreover that there exists vy = 1, g € [a1 — 1/2, 1] such that (Ha, o,) is true. If n =3,
we assume moreover oy < 2.

Then, for every uy € Ep (resp. Ey), there erists an unique w € C(R, H}(2)) (resp.
C(R, HN(Q))) such that ug + w solves (6.5) (resp. (6.6)).

Given ) € Ep (resp. Ex), for any T > 0, the flow map wo — w, H} — C([0,T], H}) (resp
Hy — C([0,T],HY)), where w(0) = wy and ¥ + w solves (6.5) (resp. (6.6)), is Lipshitz
continuous on the bounded sets of Hy (resp Hy).

The energy is conserved by the flow.

In the critical case n = 3, a3 = 2, we obtain:

Theorem 6.1.7 Let Q2 C R? be the exterior domain of a smooth, compact, non-trapping,
non-empty obstacle K, and f € C*(R.) which satisfies (H;). We assume moreover that
there exists oy € [3/2,2] such that (Haa,) is true.

Then, for every o satisfying

0 €C(Q), Vi € H*(Q), Suppp C Q\(V NQ), |o|* — po € L*(Q)
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(in particular, ¢ € Ep N Ey), there exists R > 0 and T > 0 such that for every wy €
H (resp. Hy) with ||wollp) < R, there exists an unique w € C([0,T], Hj(2)) (resp.
C([0,T], Hx(Q))) such that w(0) = wy and ¢ + w solves (6.5) (resp. (6.6)).

For that T, the flow wy — w 1is locally Lipshitz continuous from the ball of radius R in
HY(Q) (resp. Hy(2)) into C([0,T], H} () (resp. C([0,T], Hy(Q))).

The energy is conserved by the flow.

Remark. In the case of an exterior domain, we only obtain uniqueness results in spaces
like ug 4+ C([0, T, Hy), and not in C([0, T], Ep) (the continuity in Fp should be understood
in the sense of the analogous to the distance dg for an exterior domain). Indeed, even for
the linear Schrédinger equation, the well-posedness in the energy space is not that clear.

Notations. If m € [0,00], C;*(R™) denotes the space of bounded functions of class C™
on R".
We denote H*(R") = QOHS(R”).

The notation A < B means that there exists a harmless constant C' > 0 such that A < C'B.
If T >0,p,q>1, LLL? denotes the Banach space LP([0, 7], L) equipped with its natural
norm.

If p € [1, 00|, we denote by p’ = -£- its conjugate exponent.

p—1

The structure of this paper is as follows. In section 2, we prove that (6.3) is globally
well-posed in a space H*(R") with k large. In section 3, we give an estimation on the H'!
norm of this solution on its maximal interval of existence in H*. In section 4, thanks to a
fixed point argument in C([0, 7], H') and Strichartz estimates, we prove that (6.3) is locally
well-posed in H'. In section 5, we prove a persistence result and obtain the global well-
posedness of equation (6.3) in H!, in the sub-critical case. Section 6 is devoted to the proofs
of Proposition 6.1.1 and Theorem 6.1.5. In that section, most of the arguments are due to
P. Gérard (see |Ge]). In section 7, we adapt the method to the case of an exterior domain
in R™ n = 2,3. Section 8 is devoted to the proof of some technical lemmas concerning the
L? + L7 spaces, stated and used in section 6.

6.2 Local theory for regular solutions

Lemma 6.2.1 We assume (n,k) = (1,1), (2,2), (3,2) or (4,3), f € C*(R,) satisfies
(Hy), ¢ satisfies (H,). Then F maps H*(R™) into itself.

Proof. Letw € H*(R")and ¢ € L*. Then p+w € L™ because of the Sobolev embedding

HE(R™) € L*>®(R"). Since f and f’ are continuous, it follows that f(|o+w|?), f'(Jo+w|?) €
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L*>. Next, we write
1
e +uwP)e+w) = (ol* = po) / F(po + (1l — po))ds(p + w)
1
+2Re {w/ o+ swf' (o + sw*)ds| (o +w) . (6.7)
0

Using (H,), it is easy to see that the right-hand side in (6.7) belongs to H*. Thus F(w) €
H* because Ap € HF, O

Lemma 6.2.2 We assume (n,k) = (1,1), (2,2), (3,2) or (4,3), f € C*Y(R,) satisfies
(H;), ¢ satisfies (H,). Then F : H*(R") — H*(R") is locally Lipshitz continuous.

Proof. Let us take R > 0 and wy,wy; € H* such that ||wy || gx, ||wa]/ g+ < R. Then

Flwn) — Flwy) = / [£(1p + wn + s(uwn — w1) ) (awn — wy)

+2%Re [(wg —wy)p + wy + s(wy — wl)}
% f'(| + w1 + s(wy — w1)[2) (9 + wy + s(wy — w))|ds. (6.8)

Next, for all x € R,

|o(@) + wi(2) + s(wa(z) — wi(2))] < llglle~ +20R ,

where C is the norm of the continuous Sobolev embedding H* C L*°. Thus there exists a
constant C'(R) > 0 such that || £ (Jp +w; + s(wy —w1)|*)|| 2= < C(R), for a =0, .., k+ 1.
Using again Sobolev embeddings H*(R™) C L*(R"), as well as H'(R™) C L*(R") for n = 2
or 3, HY(R*) c L*(R*) and H*(R*) C LP(R*) for every p € [2,00), it follows from (6.8)
and its differentiation that

[ F(w1) = F(w2)| e < C(R)[Jwr — wa g,
where C'(R) only depends on R, and not on wy, ws. O

Once these two lemmas have been established, we can apply the classical results of the
theory of nonlinear evolution equations (see for instance [Pa], Theorems 6.1.4 and 6.1.5,
and [CH]). We deduce the following local well-posedness result:

Theorem 6.2.1 (n,k) = (1,1), (2,2), (3,2) or (4,3), f € C*(R,) satisfies (Hy), ¢ sa-
tisfies (Hy,). For every wy € H*(R™), there exists T*(wo) > 0 such that (6 3’) has a unique
mild solution w € C([0,T*), H*(R™)), which means that w(t) = e wy—i f =2 (w(s))ds,
where €2 denotes the Schridinger group. If T* < oo, then ||Jw(t )“Hk T 400 ast 1 T*. Mo-
reover, the map T* : H* — R is semi continuous from below, and if wog € H**(R™), w is a
classical solution to (6.3), which means that w € C([0,T*), H*2(R™))NC((0,T*), H*(R™)).
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6.3 Estimate on the H' norm for regular solutions

We next prove under the supplementary assumption (H,, ,,) for some oy > 1, oy €
[y — 1/2, ;] that the norm of w(t) in H*(R™) (where w is the solution of (6.3) given
by Theorem 6.2.1) can not blow up on [0,7*(wy)). In particular, in the one-dimensional
case, this result and Theorem 6.2.1 imply that w is global. Namely, for every wy € H'(R),
T*(wp) = +00, and Theorem 6.1.1 is proven in the case n = 1. We first prove that the
energy is conserved on [0, 7™ (wy)).

Lemma 6.3.1 Let (n, k) = (1,1), (2,2), (3,2) or (4,3), f € C*"Y(R) satisfies (Hy), ¢
satisfies (H,), wo € H*(R™). Then for every t € [0,T*(wo)), the energy

Et) = |[Ve+ Vw(t)|3: +/ V(le(x) +w(t, 2)|*)dx (6.9)

n

is conserved: E(t) = £(0) =: &, where V(r) := [ f(s)ds.

Proof. It suffices to prove Lemma 6.3.1 for wy € H**2. Indeed, once this is established,
the lower semi-continuity of 7%, the continuity of the flow wy — w(t) from H* into H*
for every t < T* (see |CH]), the density of H*™2 into H*, and the continuity of the map
H% > w— V(Jp+wl?) € L* imply the Lemma in all its generality. Let us first verify that

( w = V(e +wl?)
HYR") — L'

is continuous. We write
1
Viip+ul) = ViigP) - [ 2ewpFsal
0

X (f(|g0]2) —|—/0 2Re [swp + sTw] f'(|o + srw|2)d7') ds.  (6.10)

We have already seen in the proof of Lemma 6.2.1 that f(|¢|*) € L% Thus, using the
Cauchy Schwarz inequality and the Sobolev embedding H* C L*°, it follows that the last
term in the right-hand side of (6.10) is continuous from H* into L'. In order to prove that
V(|¢|?) € L', we just write

V() = (9l - po)? / s / —F(po+ s7(lol? — po))drds,

and we use the assumption |p|?> — py € L?, as well as the boundedness of ¢ and the
continuity of f’.

We next prove the Lemma for wy € H**2, which will be assumed from now on. Let
t € [0,7*(wp)). Let us multiply (6.3) by dw(t), sum over R™ and take the real part. We
get

V(e +w(t))(@)]dz — / iV(I@(%’) +w(t,2)")dz =0

Cdt g e dt
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Next, w — V(|¢ + w|?) € C'(H*,L'), as is shown by the following expansion, which is
obtained by the Taylor formula. For every w, dw € H*,

V(e +w+w?) = V(g + wl*) — 2Re [bwp + w] f(|¢ + w]?)

1 1
—4/ / Re [wp + w] Re [sdwp + w + stéw] f'(|l¢ +w + sTéw|*)drds
o Jo
1
+2/ s|ow|*f (o + w + sdw|?)ds. (6.11)
0

Since moreover w € C*((0,7*), H*), the map t — V(o + w(t)[?), [0, T*(wo)) — L*(R") is
of class C'. Thus

d d
[ 5VUew) +uttn)Pde = 5 [ Vels) + ulta)P)ds
R™ R
and the lemma is proved. U

Lemma 6.3.2 (n,k) = (1,1), (2,2), (3,2) or (4,3), f € C*"(R,) satisfies (Hy), ¢ sa-
tisfies (H,). Let us write V as V =V, —V_, where V., V_ > 0 and V_ is assumed to be
bounded. Then there exists a constant Cy > 0 such that for every wy, € H*(R"), t € [0,T™),
we have

HVsﬁJrVw(t)H%mL/ Vi(le@) +w(t,z))dz < Ci(1+ Jw(@®)llz2) - (6.12)

n

Proof. Thanks to Lemma 6.3.1, it is clear that the left hand side in (6.12) equals

&+ - V_(|o(x) +w(t,z)]*)dx .

Next, the definition of V' and (Hy) imply V(pg) = 0, V'(po) = —f(po) = 0 and V" (py) =
—f'(po) > 0. It follows that there exists C, > 0 and § > 0 (for convenience, we assume
8§ < po) such that V(r) = Cy(py — r)? for every r € [py — 8, po + d]. In particular, V_ = 0
on [po — 9, po + 0]. Thus

[ Vollet@) +uttoP)de < V-l [+ w0 < oo = 6)
HIVo o (o o+ w(®F = po+ 8. (6.13)
Next, using the triangle inequality, {z, | +w|? < po— 3} is a subset of {z, |w| = |p| — (po—
1/2
§)/2}, which is itself included in the union of {z, |w| > |¢| — (po — 6)V/? > M}

1/2_ _
and {x, || — (po — 6)'/? < M}. Similarly, {z, |[p+w(t)[* = po+d} C {z, |w(t)] >
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1/2+p(1)/2

5Y1/2_,1/2 5
(po + 8)1/2 — || > XD Zp (g [ > ot en

}. Thus

[ vlota) + wt )i

4lw(t, x)|*d
guvHLw(/ 1/2|w(7:c)| v
R (pg " — (po — 0)1/2)?

dw(t, z)[2d V24 (o + 6)1/?
P [ Aol {%,Wpo (po +9)
ke ((po +8)1/2 — py'")? 2

1/2 _5\1/2
Po +(PO 5)
<
{x,lwl 5

The result follows, since (H,) implies |p(x)[* — po as & — oo. O

We next use the assumption (Hg, 4,) to control the L:-norm of w. It will then follow
that its H'-norm remains bounded on bounded intervals, because of Lemma, 6.3.2.

Lemma 6.3.3 Let us assume that (Hy), (H,) and (Hy, o,) are satisfied, for some ay > 1,
ag € [ag — 1/2, a]. Then there exists a constant C3 > 0 such that for every t € [0,T*), we
have

lo@®lz2@ey < 1+ lwollZagn))e™". (6.14)

Proof. Since Cy > 0, in the case oy > 3/2, (H,, o,) implies V() > 0, and thus V_(r) = 0
for r > A. Therefore V_ is bounded, as it is required to apply Lemma 6.3.2. This is also
true if a3 < 3/2. As in the proof of Lemma (6.3.1), the study may be reduced to the case
wo € H*2. Under this assumption, let us multiply (6.3) by w(t), sum over R" and take
the imaginary part. We get

Gle®lE: = =20m [ Ao+ fllp +wOR)e] wids,

where
flle+w®)P) = flel?) + /0 2Relw(t)p + sw(t)]f' (| + sw(t)|*)ds .

For any 3 > 0 we denote by As > 1 a constant such that for every a,b > 0, (a + b)? <
Ag(a® + b7). From the first assertion in (H,, ,), we deduce the existence of Cj) > 0 such
that for every r > 0, r'/2|f'(r)] < CH(1 + r*173/2) if ay > 3/2 and rV/2|f'(r)| < C} if
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a1 < 3/2. Then, in the case a; > 3/2,

d
FleOIE:
< 2018¢le + ell= 1o e o)
1
+ [t oPle@ICi1 + lota) + sult, o)) dsda
nJo

< 2(1A¢llzz + llellz= L F (o)) lw ()] 2
4|l 2o CpAna 3 (w1221 + ol 7277) + w(®)17585)
< Ci(l A+ w7 + lw®)[7505), (6.15)

where C is a positive constant. When a; < 3/2, we similarly obtain

d
Zle®lz: < G+ lw@®)]z)-

If oy < 3/2, the result follows by the Gronwall lemma with C5 = Cy. If oy > 3/2, it remains

to control the L?*~1 norm of w(t). In the sequel, a; > 3/2 is assumed. Using the second
assertion in (Hg, 4,) %, the assumption 2a; — 1 < 2a and Lemma 6.3.2 we get

lw(t, z)[*** dx

R

-/ wlt,n)Plutt o) o+ [ wlt,a) " da
{z,|p+w|<AL/2} {z,lp+w|>A1/2}

</ (e, ) Plut, )P~
{,Jw(t,z)|<AY 2+ @l oo }

A / (P + o + wP™ Ve
{z,|p+w|=>A1/2}
< (A2 4 gl [t 2)Pde + Asarpl22! / dz
R™ {z,|p+w|=A1/2}

+A201_100/ V+(|g0+w|2)da:
{,p+w|>A1/2)

2001 —1

Azay 1 [lepl| 7
< Al/2 )23 112 2011 L HII2
( + ||30||L ) ||’LU( )”L2 + (A1/2 . ||90||Loo)2||w( )HL2

+A20,-1CCr (1 + [w(t)][72) - (6.16)

Next, concatenating the estimations (6.15) and (6.16), there exists a constant C5 > 0
such that

d
Zle®lz: < G+ lw@)z2) -

4. Up to a change of A, we may assume in the sequel A > max(po, ||¢||2,1).
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We conclude by the Gronwall lemma. O

In the one-dimensional case, the global well-posedness of (6.3) in H' is a straightforward
consequence of Theorem 6.2.1, Lemma 6.3.2 and Lemma 6.3.3. More precisely, we have
proven:

Theorem 6.3.1 Ifn =1, under the conditions (Hy), (Hy, a,), (Hy), (6.3) is globally well
posed in H'(R). Namely, for every wy € H'(R), T*(wp) = +00.

Remarks.

1. In the one-dimensional case, the Lipshitz continuity of the flow from the bounded sets
of H' into C([0,T], H') for any T" > 0 may be obtained by classical methods (see [Pa],
|CH]), so that we will drop the proof.

2. In the case V' > 0, Lemma 6.3.1 gives a better information than Lemma 6.3.2. Indeed,
it says that for every ¢ > 0, |[Vw(t)||z2 < 501/2 + ||Vl 2. Coming back to the examples
presented in the introduction, this implies that ||Vw(t)|| 2 remains bounded on R, for the
pure powers and for the saturated nonlinearities.

3. In the one-dimensional case, if ¢, is one of the traveling bubbles studied by Zhiwu Lin
or a black soliton, ¢, satisfies the assumption (H,). Thus (6.1) is globally well-posed in
¢, + H'. In the cases where ¢, is unstable, one can not expect to prove instability by
blow-up and the mechanism of instability seems unknown so far.

6.4 Local theory for H' solutions

In this section, we prove that (6.3) is locally well-posed in H'(R™), for n = 2,3 or 4, in
both sub-critical and critical cases. Namely, we prove that for every wy € H*(R") (small in
H'ifn = 3,4 and a; = af), there exists T' > 0 and a unique solution w € C([0, T], H'(R™))
of

t
w = ety — z/ e =92 P (w(s))ds. (6.17)
0
We employ a fixed point argument for the map
t
d(w) = e™Pwy — z/ e =IAP (w(s))ds. (6.18)
0

in the space
Xp=LPH' N LBPWho
equipped with its natural norm [jwllx, = [|w|zm + |[w][Lrop14, Where (po,go) is an

admissible pair. A pair (p,q) € [2, 00| is said to be admissible if
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We fix (po, qo) = (2,6) for n = 3, (po,q) = (2,4) for n = 4, while for n = 2, gy may be
choosen large, but finite (and thus py > 2 is close to 2). We will use the Strichartz estimates
which we recall now (for a proof, we refer to [KeT]).

Proposition 6.4.1 For every admissible pairs (p,q) and (p, G), for every vy € L*(R™) and
f e L”(R,L7(R")),

€™ vo| Lo, Loy S llvoll r2eny (6.19)

and

t
||/ 6Z(t_T)Af(T)dT”Lf’(R,LQ(R")) S ||f||Lﬁ'(]R,L‘?'(R"))' (6.20)

The result we next prove is as follows.

Theorem 6.4.1 We assume that f satisfies (Hy, o,) for some oy > 1, with the supple-
mentary condition oy < af if n = 3,4 (where af =3 if n =3, af =2 if n =4), and some
as € [ag —1/2,04].

Ifn =2, orn =34 and oy < af, then for every R > 0, there exists T(R) > 0 such
that for every wy € H' with ||wo||g < R, there exists an unique w € Xpr) solving (6.17).
Moreover, w € C(|0, T(R)], H').

If for some T > 0, w € C([0,T],H") solves (6.17) then w € Xr, and w is the unique
solution to (6.17) in C([0,T], H').
The flow map is locally Lipshitz continuous.

Forn = 3,4 and a; = af, there exists R > 0 and T > 0 such that for every wy € H!
with ||wol| 1 < R, there ezists an unique w € X solving (6.17). It is the unique solution in
C([0,T),H"). The flow map wo — w, H' — Xp (with the same small T') is locally Lipshitz
continuous.

The next four lemmas give the estimates which will enable us to apply the fixed point
argument.

Lemma 6.4.1 LetT > 0 and w € Xp. Then

[@(w)llLgre + [ @(w)ll 2o a0 < lwollr2 + CT (L + [Jw|[Lge2)
/ max(2,2c1 —1
+OT1/p(||w||%%oH1—|—||w||L%OI({1 =y (6.21)

where C' is a positive constant.
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Proof. We first decompose F' in the following way:

F(w) = —A¢ — f(lo + w|*) (¢ + w)
= —Ap — f(le)e = flel)w — 2Re[w] f'(Jo*) ¢ } o= Fi(w)

—2 fol Re[wp + sw] f'(|p + sw]?)dsw — 2lw|*p fol sf'(le + sw|?)ds Fy(uw)
—4Re[wip]p fol fol Re[swe + sTw]f"(|p + sTw|?)drds. ’
The Strichartz inequalities (6.19) and (6.20) yield
[D(w)llzger> + 12wl z0p0 < lwollz2 + CllF (W)l g2 + CllE (W) e, (6.22)
T

where (p, q) is any admissible pair and C' > 0. For the sequel, we fix

(4/3,4/3) if n=2,
v,q¢d) = (2,6/5) if n=3, (6.23)
(2,4/3)  if n=4.

On the one hand,
[Fi(w)]lpie & T+ [lwllzgere), (6.24)

while on the other hand, using the first assertion in (Hy, a,),

[B(w)] S |wlP(1+ ]2, (6.25)
Thus,
1By S 0l + Nl e,
S T w3 + T ol o, (6.26)

because of the Holder inequality in time and Sobolev embeddings. Note that ¢’ max(2, 2c;; —
1) is finite if n = 2, and is not larger than 6 if n = 3, than 4 if n = 4, thanks to oy < .
Concatenating (6.22), (6.24) and (6.26), we obtain (6.21) (the constant C' may have
change). O

We next prove the same kind of estimation for VF(w).

Lemma 6.4.2 There exists 0 > 0, with 0 = 0 only if n = 3,4 and oy = of, such that for
everyT' > 0 and w € Xr,

VO ()l Lgerz + IV E(W)l pro a0 < [[Vwollzz + CT(1 + [[Vwl| 1z 2)
+O(L+ [Vl e 2) (TP |l e + Tl 52 7), (6.27)

where C > 0.
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Proof. Let us first write

VFE(w) = —VAp— f(lo+w]*)V(e+w) —2Re[V(p + w)p + w](p
= —VAp— f([¢P)V(p +w) = 2Re[V(p + w)P] [ (lp|*) ¢

+w) (|90+w| )
}
-2 [ %e[wm]f'ﬂw swl?)dsV (i + w) }

:Gl

—4ANRe[V (o + w)P|e fol Re[wp + sw]f"(|p + sw|*)ds
—2%Re[V (¢ + w)W](p 4+ w) f' (I + w]?)
—2Re[V (o + w)plw f' (| + w]?).

Next, thanks to the Strichartz inequalities (6.19) and (6.20),

IVE(w)lLgerz + [[VO(W)lzopa < [[Vwolliz + CllG (w) Ly 12 + CllGa(w)]l 1y 0 (6:28)
with the same choice of p/,¢" as in (6.23), and C' > 0. Next,
1Gr(w)llye S T+ [Vwlligre) (6.29)
and
Gao(w)] S [V(p+w)|[w] (1 + [w]yme©2e=s), (6.30)
which implies, thanks to the Holder inequality and Sobolev embeddings,
IGalwll g S 19+ e (g + Tl 25802 )
$ (U Vel (T ol pm + Tl =), (631)

where 1/¢' = 1/2 + 1/ (our choice of ¢’ gives f§ = 4 if n = 2or 4, § = 3 if n = 3),
=21 _— M and the pair (s, r) is chosen such that:

1
- (s,1) = ( 2) i 5~ 5 < Famizey
—else, r > 2 and
(i) 24 2 =2 (which means that (s,r) is an admissible pair),

(i) 1—1 < m (which gives the Sobolev embedding W ¢ [#max(1,201-2))
1

(lll) m 2 % (that is 2 O)
Such a choice of s and r is possible if and only if

n n 2 1
——1 < (5+—= . 6.32
2 (ﬂ * p’) max(1,2a; — 2) (6.32)

Indeed, if (6.32) is true, it suffices to choose n/r € [§ — m, 1+ m]

Moreover, if (6.32) is a strict inequality, » and s may be chosen in such a way that 6 > 0.

146



For n = 2, (6.32) is always satisfied and is strict, while for n = 3 or 4, (6.32) is equivalent
to oy < af, and is strict if and only if oy < af.

Since r € [2, qo] (taking gy large enough, this can always be assumed for n = 2, while for
n=3,4,n/r >2n/2—1=mn/q), and (s,r) is an admissible pair, we obtain by interpolation

lwllzgwr S lwllige mllwll e < Il (6.33)

where 6 € [0, 1]. We deduce (6.27) from (6.28), (6.29), (6.31) and (6.33). O

In the next two lemmas, we evaluate ®(w;) — ®(ws) in Xr, provided wq,wy € Xr.

Lemma 6.4.3 There exists 0y > 0 and 6, > 0 (with 6; = 0 only if n = 3,4 and oy, = of)
such that for every T > 0 and wy,wy € LY H' C LY L%,

[®(w:) — CI)(71)2)||L§9L2 + || P(wy) — CD(wQ)HL?OLqO
5 Tle - w2||L39L2 + (le — ’UJQHL%OLZ + le — wQ”L?pL‘IO)

X (T (lwill e + lwallzger) + TP (Jwillgern + lwe| g ) ™022172) (6.34)

Proof. First,

F(w) — F(w,)
= 2Re[(w2 — w1)P| ' (|01*)e + f(|p]?) (w2 — w1) For(wi, w)
+4Re[(wy — w1)P] fol fol Rel(wy + s(we — w1))e + 7(wy + s(we — wy))] )
X f"(|o + 7(wy + s(wy — wy))|?)dsdre
+2 fol Re[(we — w1)p + wi + s(wy — wy)]f/(Jp + wi + s(wy — wy)|*)dsws pdy(wy, wy)
+2 fy Rel(ws — wi)wr + s(ws = wi)]f' (| + w1 + s(wy — wn)2)dsp
+2 [ Re[wip T swilf(| + swi[?)ds(ws — wr). )

Next, with p',¢" as in (6.23), we get by the non-homogeneous Strichartz estimate (6.20)

|®(w1) — ®(ws)| g2 + [|P(w1) — D(ws)]| 20 a0
< [0n(wr, wa)llzg 2 + (182w, wa) [ - (6.35)

It can easily be seen that

[01(wr, w1z S Tlwr — wallzgere (6.36)

~Y

and
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6o (wr, wo)| S wr — wal(Jwi| + [wa|) (1 + [wi] + Jwy|)m>¥(O2e1=5) (6.37)

Thus, by Hélder and Sobolev,

192w, wa)l o S lwn = wall g o ([l e 2w + [l e p2or)

e | + s |[Pax2ea-2) (6.38)

+H7.U]_ — W2 H L%oLqQ max(1,2a1 —2) )

L2 Lo

where 1/¢' = 1/q1 + 1/qq, with (q1,¢q2) = (2,8) if n = 2 or n = 3 and ay < 2, whereas
¢2 = qo/ max(1,2a; —2) if n=3 and a; > 2 or n = 4. Thus, by Sobolev and Hélder in time,

i_1
H5z(wl,w2)|IL;%qu/ STV v |lwy — w2||L;3L2q’(Hw1||L%°H1 + Hw2\|L°T°H1)

1 _ 1 -
T 752 [y = wal| e s || + o] g™, (6.39)

where (ps,2¢’) and (ps,q1) are admissible pairs (¢, 2 have been chosen in sort that
2 < ¢1 < qo)- Moreover, 1/p’ —1/ps > 0, and our choice of ¢, ensures that 1/p’ —1/ps > 0
assoon as n =2orn = 3,4 and oy < of. An interpolation argument yields the announced
result as in the proof of Lemma 6.4.2. U

We next estimate V(®(w;) — ®(wsq)) in LF Ly N LY L.

Lemma 6.4.4 There exists 09,605 > 0, with 02 =0 and 05 = 0 only if n # 2 and a; = af,
such that for every T' > 0, wy,wy € X,

[VO(w1) = VO(ws)|rger2 + [[VO(wi) = VO(w2) || propae S T[[V(wr — w2)|[rge 12
ATV (1wl e i+ [Jwe| g )™ 272wy — wy| e g

max(1,2a1—2
- [l ey ) (6.40)
ax(0,2a1 —3) + ” ||max02a1 -3) )

T g — s ([

+T% |lwy — wa|x, (1 + llwi |l zze mr + lwall o) (lws [
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Proof. We first write

= 2Re[V(wz — w1)BLf (le[*)e + f(|0l*) V(w2 — w1) 3 7w, we)

+2Re[V (w — w1)P] f 2Relwsip T swa] f(|i0 + swsl?)dsy
+2Re[V (wa — w1)p + wa f' (| + wa|*)w,

+2Re[V (wy — w1 )Wa| /(| + wal*)

+2 [ Re[wip T swil f(|p + swi[?)dsV (wy — wy)

Ve

+2 [} Re[V (0 + w)wz — wi f' (| + wi + s(wy — w1)]2) (0 +wy + s(ws — w))ds )
+4 fol Re[V (o + wy)p + wy + s(we — wq)|Re[(wy — wy)p + wy + s(we — wy)]

72(101, wz)

X f"(| 4wy + s(wa — wy)?) (¢ + wy + s(wy —wy))ds 3wy, ws)

+2 fol Re[V (¢ +w1)p + wy + s(wy —w)]f' (| + wy + s(wy — wy)]?)(wy — wy)ds
+2 fol Re[(wy — wy)p + wy + s(wy — wi)] /(| + w1 + s(wy — w1)|?)dsV (¢ + wg).)

The non-homogeneous Strichartz inequality (6.20) implies

IV (@(w1) = ®(ws)) || g2 + [V (@(w1) = P(w2)) | 2o pao
< ACwn wo)llzy e + 2w w2) |l o + 1w, wo)ll o (6.41)

where (p/, ¢') is given by (6.23). Next,

[vi(wi,wo)llpie S TV (wr — wo)l[ngere, (6.42)
while
a(wi, we)| S [V (wa — w)|(Jwi| + [wa])(1 + [wa] + [ws]) 2178 (6.43)
and

s(wiwa)] S (V] 4 [Van| + [Vws|)[wr —ws| (14 [wr] + [wp )27, (6.44)
Using the Holder inequality, we get

la(w, wolll - S V(w1 = wa) g2

max(1,2a1 —2
i (ol + el + Mo+ a2 ) G

L 20072) (1,20 -2)
and
HVs(wlaW)HLg'Lq/ S O (IVellze + [[Vwr || pgerz + [ Vwa| zeor2)

X (le = W2l g+ (| (w1 —w2)un [rax(02e1=5) HLp 1o+ (w1 = wa) [y X213, m)

(6.46)
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Next, the Holder inequality in time and the Sobolev embeddings ensure that for j =1, 2,

||w]||LP L8 S Tl/p ||w]||L%°H1
and
max (1,201 —2) T92 max(1,2a1—2)
“ ] HLp / max(1,2a1— 2)LB max(1,2a7 —2) ™ ” ]‘ L%le’r )

with the same choice of s, r and f; = 6 we did to get (6.31). It follows then from (6.45) as
in the proof of Lemma 6.4.2 that

||72(w17w2)”y;’m' SO IV(wr —wo)[rser2
% <T1/p/(Hw1”L%>H1 + ||'I,U2”L§9H1) _|_T92(|| ”max(l 201 —2) + H 2Hmax (1,201 —2) ))(647)

Using the same arguments, we also have

< Tl/p ||'UJ1 — w2||L%oH1 (648)

[[wr — w2||L,, L8~

and, if fmax(1,2a; —2) < qo, for j = 1,2,

[ =) oy 02Dy < T

ITATRS [y — ws| [Jwj | 2‘“;@&1,3) if 20, — 3 > 0,

oo, T

€

{”wl—wg”LooHl lf2051—3<0

T

where ¢ = 3(2a; — 3)/qo (note that 2c; — 3 > 0 and ((2a; — 2) < g imply € € (0,1)). In
that case, it follows from the Sobolev embeddings that

|wj|max (0,21 —3) ||

[(on — o) ST = wsllggemn s 5" (6.49)

LB L~

Next, if fmax(1,2a; —2) > qo, since 3 < qo, we have 2a; —3 > 0 and the Holder inequality
yields

1wy = wa) ;P72 5 S Hlewn = wz!ly;lmijHi‘iééilfmmmrs),

where (p1,q1) = (2090 — 2)(p/, B) and (p2, ¢2) = gzi 2(p/, B). Then,

1

(s = )Py S 3 =l el 0> a0 g 5
J P 15 / — . .
Ee b2 TV |y —w2||L39H1||wj||i§3H? if 1 < qo

If n = 2, it is possible to choose ¢y large enough, such that ¢; < qo. If n = 3,4 and ¢; > qo,
r and s are chosen such that

(1) +__2,
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(ii) %—%gq%<qi0:%—%(thusr>2),

(iii) pil —-1>0.
These conditions may be satisfied if and only if & — p% <1+ qﬂl, which is true if oy < 3 for
n =3, a; < 2 for n = 4. Moreover, as in the proof of Lemma 6.4.2, if n = 2 or n = 3,4
and o < of, s and r may be chosen in such a way that 03 := 1% — 2“1—8_2 > 0.

As in the proof of Lemma 6.4.2, it follows from an interpolation argument and from
(6.46), (6.48), (6.49) and (6.50) that

’|73(w1,w2)||Lz:;’Lq/ N Tl/p/(l + Hw1||L§>9H1 + ||w2||L%°Hl)maX(1’2a1_2)||w1 - w2||L§9H1

max(0,2a1—3 max(0,2c1 —3
AT (1 + [Jwi || psemn + [wall zo ) [ — wallxp (Jon %27 4 g |21 7). (6.51)

for some 65 > 0, with 3 = 0 only if n = 3,4 and «; = aj. Concatenating (6.41), (6.42),
(6.47) and (6.51), we obtain the announced result. O

The fixed point argument in the sub-critical case. The last four lemmas enable us
to apply a fix-point argument to ® in X;. We first consider the cases n = 2 and n = 3,4
with a; < af. Let us take R > 0 and wy € H', ||wo|lg: < R. Let Bryy be the ball of radius
R+ 1in X7, for some T > 0. Thanks to Lemmas 6.4.1 and 6.4.2, since § > 0 in (6.27), ®
maps Bpg. into itself as soon as 7' is chosen small enough. Since 6, 61, 05,03 > 0, Lemmas
6.4.3 and 6.4.4 then ensure that ® defines a contraction on Bpr,i, taking if necessary T’
even smaller. Then, existence and uniqueness of a solution to (6.17) in Xy follows from
a fixed point argument. Revisiting all the arguments above with X7 = L H! N LYWW
replaced by C([0,T], H') N LEPW % we deduce that this solution belongs to C([0,T], H').

The fixed point argument in the critical case. Let us now take care of the case
n=3or4, ag = «aj. Since § =6, =0, = 03 = 0 in Lemmas 6.4.2, 6.4.3 and 6.4.4, the
argument we used for ay < aj breaks down. However, since max(1,2a; — 2) > 1, using
Lemmas 6.4.1 and 6.4.2, ® maps Bag into itself for every wy € H' with |Jwo|lg;n < R,
provided R and 7' are small enough. In a similar way, taking R and 7' even smaller if
necessary, ¢ defines a contraction on By, thanks to Lemmas 6.4.3 and 6.4.4, and because
max(0,2ay — 3) > 0.

In order to complete the proof of Theorem 6.4.1, it remains to show the uniqueness in
C([0,T],H"), as well as the Lipshitz-continuity of the flow. We first prove this in the case
n=2orn=3,4and oy < aj.

Proof of Theorem 6.1.1: the uniqueness. Let 7" > 0 and w;,ws € C([0,T], H') be
two solutions to (6.17) with initial data w;(0) = w2(0) = we € H'. Then by Lemma 6.4.3,
for T'< min(T, 1), defining 6 := min(1, 6y, 6;) > 0,
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[|wy — wzHL;_fm + [Jwr — wal| pro pa
T

<O (Jlur = wallagere + s — wall o)

x (14 w1l pge s + el Lser + ([Jwillpge n + ||w2||L%°H1)maX(1’2al_2)) :

Since 0 > 0, we can choose T small enough, in such a way that

CT? (14 |Jwil g + llwellzgem + (lwillzgen + [Jwa]| pge )22 72)) < 1,

which implies that w; = w, on [0, T]. Since T only depends on w1l s + [[wal| e s, we
can reiterate this argument on small intervals of length 7" until the whole interval [0, T] is
recovered. This proves the uniqueness of a solution to (6.17) in C([0,T], H*).

We next prove that if for some T > 0, w € C([0,T], H') solves (6.17), then w € Xr.
Let T > 0 and w € C([0,T], H') be a solution to (6.17). Let us define Ry := ||w|| e p1-
From the contraction argument developped above, we deduce that there exists T'(Ry) > 0
such that for every data in the ball of radius R, in H', there exists an unique solution
in Xr(gr,) with this initial condition. It is the unique solution in C([0,T'(Ry)], H') with
that initial data. Thanks to this argument, for every k € N such that I, := [kT(Ry), (k +
)T (Ro)] N[0,T] # 0, there exists wy € C(Iy, H') N LP° (I, WH%) which solves (6.17),
with wi(kT(Ry)) = w(kT(Ry)). The uniqueness of the solution in C(I;, H') implies that
w coincides with wy, on [;. In particular, wy;, € LP° (I}, W), and thus w € Xr.

Next, we prove the local Lipshitz continuity of the flow, in the sub-critical case.

Proof of the local Lipschitz continuity of the flow in the sub-critical case. We
first define R = ||w||zse 1 + 1. The contraction argument we employed above ensures that
there exists T(R) € (0,1) such that for every data wy in the ball of radius R in H', there
exists an unique solution to (6.17) (with wy replaced by ) in Xy g). This solution has
been obtained by a contraction argument in the ball of radius R+1 in Xp(g). In particular,
its Xp(g)-norm is less than R+ 1. Thus, if wyy € H' satisfies ||wor — w(kT(R))|| g < 1 for
some k € N such that KT'(R) < T, there exists wy, € Xp(g) solving (6.17) (with wg replaced
by wo ). Defining 64 = min(fy, 0y, 602, 603) > 0, slightly modified versions of Lemmas 6.4.3
and 6.4.4 yield

lwk = w(KT(R) + )l X7z,
< Cllwog — wkT(R) | + Cllwe — w(kT(R) + )y T(R)™ (1 + RE2070),

where C' > 0. Up to a change of T'(R), one may assume that
CT<R)6’4(1 + Rmax(1,2a171)> < 1/2’
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in such a way that

||lwr — w(kT(R) + .) < 20\ wo — w(kT(R))|| g1

||XT(R)

If wy satisfies ||wg —wpl| gz < (1/ max(1,2C)) [ 7w | , a solution @ to (6.17) with wy replaced
by @y may be constructed step by step by this argument, recovering [0, 7] by intervals of
length T'(R). We deduce that T*(wg) > T*(wg) > T. Moreover,

< o — wol| a1

Jw —w][x, S
which completes the proof of the local Lipshitz continuity of the flow if n =2 or n = 3,4

and o < of.

Proof of Theorem 6.1.3: the uniqueness. In the critical case n = 3,4 and oy = af,
let as before be T and R small enough such that ® defines a contraction on Byg. Let
wy,wy € C([0,T], H') be two solutions to (6.17) with the same initial condition wy € H',
which satisfies |Jwo ;1 < R. Defining § = min(1,6,), Lemma 6.4.3 provides, replacing T
by min(7}, 1),

lwr = walpger2 + [[wr — wallpropay < C[Jwr — wallrger2 + [Jwr — wa| 2o 4o )
X(T°(1+ [lwr| pgern + [Jwalrgern) + (4R)**172).
Taking 7" and R even smaller if necessary, one may assume that
C(T°(1 + lwillzger + lwallrgem) + (4R)*7%) <1,

which implies that w; = wy on [0, 7.

Proof of Theorem 6.1.3: the local Lipschitz continuity of the flow. Let w € X1 be
a solution to (6.17), with |lwol|; < R/2. Let wy € H' be such that ||wy — wol|m < R/2.
Previous results ensure that there exists w € X7 which is a solution to (6.17) with wy
replaced by wq. Then, taking § = min(1,1/p’,6), modified versions of Lemmas 6.4.3 and
6.4.4 yield

lw—@llx, < Cllwy = ol + CT?|Jw — @l xp (1 + [[wl| gt + [0 pge r)**5
+Clw — @ xp ([[wllxey + 0] x,) 2172
FClw — Wl xp (L + [wlzgemr + [0 e pr) (] xr + [[0]] 7

+CO||lw — @) x, (TP(1 + 4R)* 72 + (4R)*~2 4+ (1 + 4R)(4R)>173).

)20/1‘—3

Choosing T and R even smaller if necessary, one may assume that
C(T?(1+4R)* 72 4 (4R)*~2 4 (1 + 4R)(4R)*73) < 1/2.

Under this condition, (6.52) induces the Lipshitz continuity of the flow on small intervals
of time.
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6.5 The global well-posedness

As it was remarked at the end of section 3, Theorem 6.1.1 has already been proved in
the one-dimensional case. This section is devoted to the proof of a persistency result which,
once combined with the results of the previous sections, will give the global well-posedness
of (6.17) in H*, for dimensions n = 2, 3, 4, in the sub-critical case. In the following, (n,m) =
(2,2),(3,2) or (4,3).

Let wg € H™, and T (wp) > 0 be the maximal time of existence of a solution w to (6.3)
in H™(R™), given by Theorem 6.2.1, in such a way that |[w(t)| gm TT—(> : oo if T} (wp) is

t
finite. We also define
T (wo) = sup{T > 0, there exists a solution to (6.17) in Xr}.

Since C([0, T, H™) C X7, it is clear that T} (wo) < 17 (wp). Let us assume by contradiction
that T (wo) < T3 (wp). In particular, T7% (wg) < co. The uniqueness result in Theorem 6.4.1
ensures that w is the restriction to [0, T} (wg)) of a function which lives in X7 (), for
every ¢ € (0,7 (wy) — T;5(wp)). The results of section 3 ensure that ||w(t)||z: remains

bounded on [0, T (wg)). Therefore > ||0%w(t)||2 — oo as t T T (wo).

2<a|<m

Let us differentiate (6.3) twice, in directions z; and xj. Using also the Taylor formula,
it follows that 0% ,w solves

10,07 yw + AJ? pw
= =A% = fl9P)05k(0 + w) — 2Re [0, (0 + w)T] f'(l0*)e }oo(t)

—2]0 Re [we + sw] f'(|¢ + sw|*)dsd3 (¢ + w)
—2]01 Re [07.(¢ +w)w] (¢ + sw]?) (¢ + sw)ds
[

—4f01 Re (07, (¢ +w)p + o+ sw| Re [wo + sw] f(|o + sw|?) (¢ + sw)ds 9i(t)
=2 fy Re [02,(p + w)p T 5w] f(| + swl)uds
—2Re [Ok(p + w)o + w] 0(p + w) (|0 + wl?)
—2%Re [0; (¢ + w)p + w] Ok + w) f' (| + w]?)

7 N

~2%%e [9)(p + w)ilp T w)| (p + w) /(1 + wl?) ()
—4%Re [0;(p + w)p + w] Re [0k (¢ + w)o + w] f(l¢ + w]*) (¢ + w).
It follows from the Strichartz estimates (6.19) and (6.20) that for 7" < T7* (wy),
102 ywll e 2 < 103 gwoll 2 + lgollpar2 + ||91||L1;Lq/ + ||92||L9’Lq/7 (6.53)
where p/, ¢’ are given by (6.23). First,
lgoll sz S T+ 107 wllpgere) - (6.54)
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Next,

91(3)] S [wl (1 + Jw[C2 ) |02 (0 + w)],

while
lg2(s)] S (14 [w] ™20 720)[8; (0 + w)||Op (0 + ) (6.55)
S (1 w279 19;(0 4 w)[[O(p + w)]. (6.56)
Then, using arguments developped in the proof of Lemma 6.4.2 to control ||Ga(w)]| L
we obtain
max(1,2cc1 —2
loull e S 105e + w)llagere (Nl y o + 0l o)
S N95e + w)llagpre TV wller + T ool 3557, (657)
where (§ and 6 are the same as in Lemma 6.4.2. Using (6.56), we also have
g2l o < TY70105 (0 + )] oo o 1940 + 1) o 2
105 + w)k (0 + w2 (6.58)

From now on, we distinguish the cases n = 2, n = 3 and n = 4. For n = 2, thanks to
Holder, Sobolev and Gagliardo-Nirenberg inequalities, (6.58) yields

lg2ll oo s S T2+ Nlwllgern)*(1 + (| Aw]| )

max 1 2a1—3
T+ [Jw]| e ) (1 + HAwHme)HwHLmHl g (6.59)

For n = 3, the same arguments yield

lgall 2 zors S T2+ Nl )* (1 + | Aw]|pge2) 2

1 max(1,2a7—3)

T2 (L [wlgemn ) (L [ Aw] g ) [l Fi™ ™, (6.60)

Ls wlr

where s and r are chosen in such a way that
N 2.,3_3
0 S+i=3

1
= 6max(1,2a1—3)°

—~
e
—-

~

S =

W=

(i) § — mxl2ad)
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These conditions may be satisfied, provided a; < 3.
For n = 4, we deduce from (6.55) and the Gagliardo-Nirenberg inequality that if oy <
3/2,

92/l 22015 S TY2)0;(p + W) || e 13/ 10k (0 + w)|| oo /3
S TV [lwll e ) (1 + Z [0%w|| 5o 12), (6.61)

|a|=2

while if oy > 3/2 (and oy < 2),

lgallzzors S T+ wllpgenn) (1 + ) 10wl 1zr2)
|a|=2

+[19; (0 + w) (o + w) w17 12 pass. (6.62)

Let us fix € := 57— — 1 > 0. Then by Hélder,

105 (0 4 w0) I (p + w)[w[** 72| 12 ass
1 1+2¢
< V(e +w)[ 7= 2 paasa [[[V (@ + w) | 75

e || |w’2a1_3||L%°L4(1+5)

L%OL471+35
s T 2013
_ 14 +e [0 et
= V(e +w) HL;i_m V(e +w) ||L%OL41125 w75 s (6.63)

Next, the Holder inequality in time yields

14¢

BN 1 4 _e =
< Tl Q)HV(@JFUJ)H;TEM:TzumHv(gp+w)||;TEL4.(6.64)

1
\V/ T+e
|| (SO‘*‘U))HL;%M

It follows from the Gagliardo-Nirenberg inequality that

142 .
IVt wlll 7 e S IV +w)ligzrllAle +w)rpre, (6.65)
T
and by Sobolev
lwllZ? S lwllia. (6.66)

We deduce from (6.62), (6.63), (6.64), (6.65) and (6.66) that if oy > 3/2,

lgallzzres S T2+ wllzger) (1 + Y 10%wl rge )
|ar|=2

B 1 € _
+T20 [V (o + w)l| 5741V (0 + w)ll 552 A e + w) | e e [wll 75 1 (6.67)
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Concatenating (6.53), (6.54), (6.57), as well as (6.59), (6.60), (6.61) or (6.67), and
summing over the indices of length 2, we get

S0t wlpre § 3 10%wolle + T+ 3 10wl 12)

|a|=2 |a|=2 |ar|=2
’ max(1,2a1—2 fo'
T wllngs e+ Tl 27+ D 0w g 2)
|a|=2
T Jwlleg, )21+ Do 10wl 15 2) 2
Tk( 0) T
0 max(1,2a1—3) :
+9 AT wllg )l |IXT*<w . if n = 2,3%6.68)
max 02a -3) a :
+T7(1 + ||w||XT*(w0))|| ||XT*( A4 Y s 107wl gen2) i 0 = 4,

(wo)

where 0,60 > 0. Thus there exists a small Ty > 0 depending only on |jw|| Xrt (g < X such
that

Dol wlliz e < Cllwlixg,) +C D 19wl

|or|=2 |o|=2

where C' > 0 and C([|w|x,.,,,,) only depends on [wl|x,., - Recovering [0, 7} (wo)] by a
k k

finite number of intervals of length Ty, it follows that 3, _, [[0“w| 1512 remains bounded

as T' T T} (wp). This is a contradiction in dimensions n = 2 and n = 3.

For n = 4, we need to control the derivatives of order 3 of w. Denoting by 93w one of
these derivatives, 93w solves an equation which may be written as

i0,0°w + APw = fo+ fi + fo+ fa,

where

|fo®)] S 1A o] + 0P| £ (10110 (0 + w)| + | £ (|2|)]10* (¢ + w)],
A0 S 10+ w) [If (Ie + w) + o + wl[f(Je + w]?)] + [ + wl* [ f"(Je +w]?)]],

0] S 10%(e+w)llole +w)l [le +wllf (e +w*)| + | + wl*|f" (e +wl)]
S 1P (e + w)[|0(p + w)|(1 + [w[rex®2er=9)) (6.69)

and

1
FEIGT I |<93(<P+w)!/ [l + swllf' (| + swl*)| + [0 + sw’|f" (| + sw]*)[] ds|w]
0
< 10%(p + w)l[wl (1 + Jw[reO2e=2)), (6.70)

Thanks to the Strichartz estimates (6.19) and (6.20), for T < T3 (wy),
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1P wlegre S 10%wollee + [ follzyzo + [l filla s + [ foll 2 pass + | fall Lz pass. (6.71)
Next,
Ifolloyre S T+ [[0°w]pgr2)- (6.72)
Since a; < 2, (Ha, o,) implies that r — r2f"(r), r — rf”(r) and f’ are bounded. Thus
illzras < 11000 +w)lig e S TY?0(0 + w)lI2ee . (6.73)
Using (6.69), we get

[follzas S TY2|0% (¢ + W) rge 12|00 + w) | e 14

0 if aq < 3/2
U0 1 w000 + ol Slgpee Fors 3 - 67
where, by Holder and Sobolev, if oy > 3/2, choosing ¢ = 27 — 3 € (0, 1),
16% (¢ + )3 + w) [ w|* = 12 Lars
S TR+ wllgrlole + 0l o loP
S T2+ |0l g r2) | 0( + w)||L;°H2||w||i?ﬁ?1" (6.75)
Thanks to (6.70) and Sobolev,
||f3||L2TL4/3 N T1/2||83(90+w)||L°°L2 <||w||L°°L4 + [lw ||I£13<>XL41;3(:X1(121 2))
S TP 00wl ae) (el g + w75 ) (6.76)

Concatenating (6.71), (6.72), (6.73),(6.74), (6.75), (6.76) and summing over the indices of
length 3, we get

> 0 wllzger2 S > N0 wolle + T(L+ > 10%w]| pger2) + T2(1 + ||UJ||L;°;WO)H2)3

|a|=3 |o|=3 |a|=3
+TV2(1+ |07 w]| o, 12) (1 + lwllegs, . 2 + > 0% wlLzr2) (1 + Hw||L°° 2 ) X021
3 3 ( |a‘ 3 (wo)

o max(1,2a1 —2
A Y 0wl (ol + ol 250 2),
|a|=3

Therefore there exists 77 > 0 sufficiently small and C'(]|w|| L g2) > 0, both depen-
3 (wo

ding only on ||w||p= g2 < oo such that

T3 (wo)
S N0 wllzgre S D 0% wol|ze + Cllwlig,,, )
=3 =3
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We can recover [0,75(wg)] by a finite number of intervals of length T, and thus

> 10%w|| g2 remain bounded as T' T T (wo). We have obtained a contradiction in the
|ar|=3
four dimensional case.

We are now ready to prove the global well-posedness of (6.3). Let wy € H'(R"), n = 2,3
or 4, and T > 0 be such that there exists a solution w € C([0,T], H') to (6.3) with initial
data wy (such a T exists thanks to Theorem 6.4.1). Let us take a sequence (wp,,), C H"
(k = 2if n = 2,3, while k = 3 if n = 4) which converges to wy in H'. By the lower
semi-continuity of 77 (which is a byproduct of the local Lipshitz continuity of the flow
map), 17 (won) = T7(we) = T for n large. We have just seen that T} (wo,) = T3 (wo ).
Therefore for n large, the energy is conserved for w, on [0, T]. Namely, for all ¢t € [0, 7],
E(wy(t)) = E(wo ), where

ew) = [ Wi+ uwfde+ [ Vip+of)ds

Moreover, w,, — w in Xr. The map w — V(| + w|?) is continuous from H! into L', as it
can easily be deduced from (6.10), (6.11), Sobolev embeddings and the first condition in
(Ha, .0)- It follows that for every t € [0, 7], E(w(t)) = E(wp). Moreover, for every t € [0, 77,
Lemmas 6.3.2 and 6.3.3 give the estimates

lwa(®)72 < (1 + [lwonl72)e™
and
IV (¢ +wa ()72 < Cr(L+ (1 + [[woull72)e™).
Passing to the limit n — oo, these inequalities remains true for w,, replaced by w, for every

t € [0,T]. It follows that the H' norm of w remains bounded on bounded intervals.

The proof of Theorem 6.1.1 will be complete if we show the Lipshitz continuity of the
flow on bounded sets of H'. That is what we next do.

Proof of the Lipshitz continuity of the flow. Let 7" > 0, R > 0 and wy, W, € H*
with H' norm less than R. Let w,w € C([0,T], H') be the associated solutions to (6.3).
Then, as in the proof of the local Lipshitz continuity of the flow we gave in the previous
section, slightly modified versions of Lemmas 6.4.3 and 6.4.4 yield for T < T,

lw —wllx; < Cllwo —wol a
~ . . x(1,201 2 - max(1,201 —2
+OTlw = @l (1wl + Nl + ][5 4 a5 )
Thanks to our estimation on the H' norm of w, ||w||zecpr and [ g1 are majored by a
quantity which only depends on R and T'. So are |w|| x, and ||@0| x,, because of the same

arguments we used in the previous section to prove the local Lipshitz continuity of the
flow. Thus there exists h(R,T") > 0 such that

max(1,2a1 —2 max(1,2a1—2

lwllxr + l@llxr + lwllx, e [l [ < h(R,T),
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Choosing T > 0 small enough such that
CTh(R,T) < 1/2,

we obtain
|w — ’LD||XT < 2C||wo — Wol| g1

Next, recovering [0, 7] by small intervals of length T and repeating this argument on each
of these intervals, we get

T -
lw — @ e < 2C) 7wy — o)1,

which completes the proof. O

6.6 Well-posedness in the energy space

This section is devoted to the well-posedness in the energy space. We prove Proposition
6.1.1 and Theorem 6.1.5, using arguments developed in |Ge].

6.6.1 Decomposition of a data in the energy space

Here, following P. Gérard, we give a proof of Proposition 6.1.1.

Let us take u in the energy space
E = {u€ HL(R"),Vu e LA(R"), py — uf? € L2(R")}.

1At 2 <20
<1 x(z) = { 0 if |2 >3po We also choose

Let x € C*(C) be such that 0 < x
0 < p <1 and p is supported in the ball of radius 1.

p € C°(R") such that [, p=1,
We first decompose u as

u=(1-=x)(u)u+ x(u)u.

As it was mentioned by P. Gérard in [Ge|, we have on the one side (1 — x)(u)u € H'(R"),
and on the other side x(u)u € L®(R"), V(x(u)u) € L*(R"), and thus x(u)u € H. (R").
Moreover, the choice of x ensures

x()ul® = pol = Iluf? = pol if Jul? < 200,
while if |U‘2 = 2p0, one has

[Ix(wul* = po| = max(x(uw)’|ul* = po, po — x(w)*|ul?)
< max(|ul* — po, po) < |ul® = po.
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In all these cases, we have ||x(u)u|* — po| < ||u|* — po|. Therefore y(u)u € E.
Next, we split x(u)u as

x(wu = px (x(wu) + (x(w)u = p* (x(u)u)).
Since x(u)u € X'(R"), it is clear that 1 := p* (x(u)u) € C;°(R") and Vi € H*(R").
In order to prove Proposition 6.1.1, it remains to verify that [¢|*> — py € L*(R") and

x(w)u — ¢ € HY(R™). Since x(u)u € F, this is a consequence of the next two lemmas,
which have been proved in |Ge].

Lemma 6.6.1 Ifv e E, |p*v|*> — py € L?

Lemma 6.6.2 Ifvc E,v—pxve H.

Proof of Lemma 6.6.1. This was proved in [Ge|. We recall the arguments.

ro@P=m = [ [ ole=ole - DewE) - pdydi

= px |UI2—po)( )+ (),
—_———

where
@) = [ [ pla = wte = 5)el)) 50 dudi
= [ e wote =) [ G-Vt -+ 5(5 - w)dsdydi

1
= / / p(x plx —y—a)v(y) / aVu(y + sa)dsdyda
rn JRn 0

_ /01 /|a<2 0 (/R pal — y)0(y)VO(y + sa)dy> dads,

where p,(2) = p(z)p(z — a).
As it was mentioned in |Ge|, for every positive integer n, E C X'(R") + H!(R"). In
particular,
L™ ifn=1
E C L>® 4+ LS ifn=2
L®+Li ifn>3
since Vv € L?, the Holder inequality yields

L? ifn=1
V(. +sa) € L2+ L3 ifn=2 |
L2+ Lot ifn>3
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with the norm of vV7(.+sa) in the corresponding space uniformly bounded in s and a. Next,

:= %—i—%—l, with respectively ¢ = 2, 3/2, "7, yields respectively p = 1, 6/5, n2—f2 € [1, 00].
pa belongs to all these LP spaces, with norm uniformly bounded in a. Therefore the Young

inequality implies that the map

= | palz—y)uly)Vuly + sa)dy
Rn

belongs to L?(R™), and the Lemma has been proved. O

Proof of Lemma 6.6.2. It is clear that V(v—p*v) € L?. Let us verify that v—pxv € L2
Thanks to the properties of p,

2

[ Jpvta) ~vo)Par — (vl )~ vla))dy| do

2

1
p(y) / —yVu(z — sy)dsdy| dx
n 0

— S—

2

1
/ yVou(z — sy)ds| dydx
0

N

VAN
—— — —

—

=

s

1
[ o) [ 19ota = sy)Pasdyds < [Vl

6.6.2 Uniqueness in the energy space.

Using arguments introduced by P. Gérard in [Ge|, we prove here Theorem 6.1.5. In this
section, y denotes a cutoff function: y € C(C), 0 < x < 1, and

(2) = 1 for |z] < 1,
2= 0 for |z| > 2.

If 4 > 0, we also denote x,(z) = x(z/pn). We first state some elementary lemmas about
the L? 4+ L7 spaces. The proofs are in the appendix.

Lemma 6.6.3 Let1 <p<qg<ooand f e LP+ LY. Let f, € LP and f, € LY such that

f = fo+ fy. Then for every > 0 if ¢ < oo (resp. u > 2| fyllr if ¢ = 00), xu(f)f € L1
and (1 — x,)(f)f € L. Moreover, we have the estimates

Il s < 2NN+ 2 el < oo
! 21 if ¢ = o0,
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and

P q 1/ a/p
10—l < 4 W40 () W+ (2) 1030) ™ + L g < o0

I

31 foll o if g = oo.

In particular, if f, # 0, f, # 0, defining (o as follows,

Wfalllg 75
Mo = (llfpllip> qu < (677)
3| fall oo if ¢ = oo,
we have
Xuo (F) fllza < 6] fgllzs (6.78)
and
(1= Xuo) (D) flle < (24 22+ 29Y) | foll v (6.79)

Lemma 6.6.4 If |f| < |g| and g € L? + L? for some p,q € [1,00|, then f € L? + L9 with
1 fllzrsze < C@, )| gllr 24, where C(p,q) > 0.

Lemma 6.6.5 Let 1 < p; < p < py < 00. Then [P C LP* + LP?, with a continuous
embedding.

Lemma 6.6.6 Let 1 <p; <py <00, 1 <q1 <q <00, f=fi+ fo, where f; € L7 and
p14a p24g
g = g1+ g2, where g; € LY. Then fg € Lorvar + Lp22+§2, and

1fgll e 2ez < C|fllzorsreellgllo e,

LPi1tar 4 p2+a2

where C' > 0 depends only on the p; and the g;.

Proof of Theorem 6.1.5. Let "> 0, up € E, u € C([0,T], E) be as in the statement
of the theorem and v € ug + C(R, H') C C(R, E) the solution to (6.1) given by Theorem
6.1.2. Then, for every ¢t € [0, T,

o) utt) = i [ ¢ GO - Glals)] ds (6.50)
where G(u) = — f(|u[?)u. Next,
G0 =) = (ul? = pou=0) [ oo+ (0l = po)s
w0l [ 7o+ s(ul? = oPis. (681
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The Sobolev embeddings ensure that u,v € L> 4+ H' C L™ + L%, where gy > 2 is as large
as we want it to be if n = 2, ¢ = 6 if n = 3 and ¢y = 4 if n = 4. The first assertion in
(Ha,.0,) ensures that for s € [0,1], |f'(po + s(|u? — po))| < C(1 + |u?)m>*01=2) where
C > 0. Thus, thanks to Lemma 6.6.4, f'(po+ s(|u|*> —po)) € L™ + L7t In a similar
way, f'(|v]* + s(Jul®* — |v|?)) € L™ + LFm0a=2, It follows from Lemma 6.6.6 that

G(v) — G(u) € L* 4+ L7,
where 5 = % +34 qio. For n = 2, qo is chosen large enough such that ¢’ > 1. For
n =3, ¢ =6/ max(4,2a;) > 6/5 only if a; < 5/2, while for n = 4, ¢ = 4/3. From (6.81),
Lemma 6.6.6, Sobolev embeddings and Lemma 6.6.4 we deduce

IG(W) = Gl posre S (L + lullxrmn) 2w — vl x14 i dp(u, /po)
ol dip(u, ) (14 ullxiem + ol xem) 22O =2(6.82)

Since u,v € C([0,T], E), the right hand side in (6.82) is uniformly bounded on [0, T.
Therefore G(v) — G(u) € LLL? + LZ}I L7, where (p, q) is an admissible pair. Thus, it follows
from (6.80) and the non-homogeneous Strichartz estimate (6.20) that u—wv € C([0, T}, L?).
Since u,v € C([0,T], E), we already know that V(u — v) € C([0,T],L?). Thus u — v €
C([0,T], H'). The result follows for n = 2, n = 4, and n = 3 with the supplementary
condition oy < 5/2. Next, we prove the result for n = 3, a; € (5/2,3). In that case,
(6.82) remains true, but with ¢’ € (1,6/5), in sort that the non-homogeneous Strichartz
estimate may not be applied. However, we deduce from Lemma 6.6.3 and (6.82) that for
every p1 > 0, x,(G(v) — G(u))(G(v) = G(u)) € L? (and (1 = x,)(G(v) — G(u))(G(v) —
G(u)) € L), with an L? norm uniformly bounded on [0, 7] by a quantity @ which only
depends on 1, ', supyeio ()] v Uiy [0(8) s 1. Sprego ) de(u(t) o(1)) and
Supyejo.r) de(u(t), \/po). Thus

Ixu(G(v) = G(u)(G(v) = G(u))ll L2 (6.83)
< TQ(u,q's sup u()llxirmr, sup [[v(t)[[xiem, sup dp(u(t), v(t), sup dg(u(t), v/po))
t€[0,T] t€[0,T] t€[0,T] t€[0,T]

Next, the first assertion in (H,, o,) ensures |G(u)| < |ul(1 4+ |uf?)** 1. Since u € L™ + LS,
6
Lemma 6.6.4 implies G(u) € L™ 4 L21-1. The same is true for G(v), and we have
G) = G e SO+ fullxram + follrem)?
The right hand side is uniformly bounded on [0, 7], thus, thanks to Lemma 6.6.3, (1 —
X1)(G(v) — G(u))(G(v) — G(u)) € L?FIL‘?', where (p, ) is an admissible pair, and ¢ =
6 € (6/5,3/2) if ay € (5/2,3). We have shown that G(v) — G(u) € LLL? + LI LY.

2001 —1
As in the previous case, it follows from the non homogeneous Strichartz estimate that

u—wvec(0,T], HY). 0
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6.7 The case of an exterior domain

In this section, K denotes a smooth, compact, non-trapping, non-empty obstacle in R",
n = 2,3, and Q@ = R"\K. The Strichartz estimates we used in the previous sections on
R" fail when we are working on such an open set 2. However, N. Burq, P. Gérard and N.
Tzvetkov obtained in [BGT] the following Strichartz type estimates.

Proposition 6.7.1 For every pair (p,q) € [2,00] such that

n
yn_n 6.84
PR (6.84)
for every T > 0, there exists C(T) > 0 such that for every vy € L*(),
12200l g Lae) < C(T)][voll z2(9), (6.85)

and, if (p,q) satisfies (6.84) and moreover p > 2, p > 2, then for every f € LZ;IL‘?(Q),

t
I e fr)arligamay < CON g ooy (6.56)

where Ap denotes the Dirichlet Laplacian. This is also true if Ap is replaced by the Neu-
mann Laplacian Ay .

These Strichartz type inequalities are sufficient to prove the global well-posedness result
for the initial value problem (6.5) stated in Theorem 6.1.6.

Proof of Theorem 6.1.6. The proof is very similar to that we made in the case of R,
so that we will only indicate the main changes. We only do it in the Dirichlet case, exactly
the same arguments value for the Neumann case.

As in section 7, we remark that a data ug € Ep may be decomposed as ug = ¢ + wy,
where wy € Hj () and

p € C(Q), Vi € HX(Q), Suppp C Q\(V NQ), 4> — po € L*(Q) .
Indeed, defining g as the extension of uy to R™ by 0, the results of section 7 ensure that
o = ¢+ wo = (1 —Xx)p+ xP+ o ,

where ¢ satisfies (H,) and wy € H'(R™). Then ¢ := ((1 — x)@)j0 and wy := (X@ + Wo) 0
satisfy the required conditions.
As in the case 2 = R", we can look a solution to (6.5) as u = ¢ + w, where @ is as

above and w(t) € HJ(Q2). We are reduced to study the Cauchy problem

{ i% +8pw = F(w), (o) eRxQ (6.87)

w(0) = wy
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where F(w) = —App — f(|¢ + w|?)(¢ + w). Revisiting the arguments developped in the
proofs of Lemmas 6.2.1 and 6.2.2, it is easy to see that F' maps HZ(Q) into H?(Q) and
that it is locally Lipshitz continuous. Moreover, if w € HZ(Q2) and (w,), is a sequence
in C2°(Q) such that w, — w in H*(Q), F(w,) — F(w) in H* and F(w,) € C.(Q2). Thus
F(w) € HZ(Q)). Therefore F defines a locally Lipshitz continuous map from HZ({2) into
itself.

Next, we remark that the operator A on HZ(Q) defined by

{ D(A) ={w € HZ(Q),Apw € HZ(Q)},
Aw = iApw for w € D(A)

generates a strongly continuous group e which is the restriction of e*2> to H2(2). The-
refore the classical theory for nonlinear evolution equations implies that for every wy €
HZ(Q), there exists a maximal time of existence T™*(wy) such that (6.87) has an unique mild
solution w € C([0,T™*), HZ(2)). If wy € HF (), w € C([0,T*), D(A)) NC((0,T*), H(2)).

As in Lemma 6.3.1, we obtain the conservation of the energy first for wy € Hj(2) and
then for wy € HZ(2) by density of H}(Q2) into H3(€2). One may prove analogous results to
Lemmas 6.3.2 and 6.3.3 with identical proofs.

As in the R" case, the local well-posedness is obtained by a fixed point argument for
the functional

t
d(w) = oy — z/ ei(t_s)ADF(w(s))ds
0

in a space X7 = LPH' N LW where (po, qo) satisfies (6.84) and py > 2 is close to
2. We begin by giving the analogous of the estimates established in Lemmas 6.4.1, 6.4.2,
6.4.3 and 6.4.4.

In the sequel, g > and &’ > 0 satisfy the following conditions

eo<1, <1 if n=2,
e + max(1,2a; —2)ep < 1. (6.88)
, it n = 3,
e +eg <4 -2
and po, qo, P, ¢ are defined by
Po o 4 q
2 4 2 4
n=2| 7 >2 g <4 | o <255 >4/3 (6.89)
n=3| 1= >2| 5= <3| 1 < 2| 25 > 3/2

Lemma 6.7.1 Letn = 2,3, with oy < 2 if n =3, and let Ty > 0, wy € H* . Then there
exists C > 0 such that for every w € L¥H', T < Ty,

||q)<w)||L;9L2nL§0qu

/ max(2,2a1 —1
< wollzz + CT(+ [lwllzgez2) + CTY (ol s + o™ ™). (6.90)
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Lemma 6.7.2 Under the same assumptions, there exists C' > 0 and 0 > 0 such that for
every w € Xp, T < Ty,

VOl g r2rpora < [Vwollr2 + CT (1 + [[Vwl| g r2)
+CT’(1+ [Jwllep ) (lwllxp + w57, (6.91)

Lemma 6.7.3 Under the same assumptions that for Lemma 6.7.1, for every wy,ws €
Ly¥H', T < Ty,

[@(w1) = ®(w2) || pee2nrropar S Tllwr — wollrger

+TY7 wn — ws|age i ([wn | + wsllagemm + o [Fag® ™ + [l 7o ® ~)(6.92)
Lemma 6.7.4 Under the same assumptions that for Lemma 6.7.1, there exists 01,05 > 0
such that for every wi,wy € Xr, T < T,

IVO(w1) = VO(wa)l e r2rrzo a0 S TNV (w1 — wo)rger

Y
+T% lwi — wal|xp ([Jwr || xp + w2l x,)

max(0,2c1—3 max(0,2a1 —3)
T Jwy — wallxe, (14 [Jwr |, + Jwallx, ) (1 + o [[R @27 4 flay |21 72)),

(6.93)

Proof of Lemma 6.7.1. Taking into account the new choice of parameters po, qo, p’, ¢
given by (6.89) and the new Strichartz estimates given in Proposition 6.7.1, the proof is
similar to that of Lemma 6.4.1. In dimension 2, the Sobolev embedding H' C L?? and
H' ¢ L¥™2x(2201-1) gre true because 2¢/, ¢ max(2,2a; — 1) € [2,00). In dimension 3, they
are true because ¢’ < min(2,5 — 2ay ), which implies 2¢’, ¢’ max(2,2a; — 1) < 6. O

Proof of Lemma 6.7.2. The proof is rather similar to that of Lemma 6.4.2. VF may
still be decomposed as G; + Go. With the new parameters pg, qo, p', ¢, estimations (6.28),
(6.29) and (6.30) remain true. In the two-dimensional case, using (6.30) as we did it to
obtain (6.31), we easily get

1Ga(w)ll e S T (L ) (ol + lll 32 72). (6.94)

Let us give a little bit more details for the proof of a similar result in dimension three.
Using (6.30), an estimation on the L% L7 norm of G(w) may be reduced to estimations on
both V(¢ + w)w and V(p + w)|w|™*(1:221=2) for the same norm. Next, using the Holder
inequality and Sobolev embeddings and taking into account the value of parameters p’ and
q' given by (6.89), it follows that

IV +wul 2 o < IVe+w)ll 2,
Lite pa-¢ Lite 3=
S Ve +w)l 2
Lg L3~¢
S T [wllxp) |w]|xp- (6.95)

167



For the very last inequality, we used that the pair (%, SEE,) satisfies (6.84) and an inter-

polation argument as in Lemma 6.4.2. This can be done, provided % < ﬁ, which is

equivalent to ¢’ + g9 < 1. This is a consequence of (6.88). The same arguments yield

IV w2 S 0]y a0

6
L%OL max(1,2a] —2)

pp oo [l T ™

L,,_ max(1,2a1 —2
S TV T (1 (w2, (6.96)

i_ 1
Tr =1

N

V(e + w)

where (3; is given by 1/¢' = 1/3; + max(1,2a; —2)/6, and 1/s;+3/3; = 3/2. (6.88) ensures
that 2 < 81 < go. Moreover, 1/p' —1/s; = min(1,4 — 2a1)/2 > 0. Thanks to (6.28), (6.29),
(6.94), (6.95) and (6.96), the lemma easily follows as in Lemma 6.4.2. O

Proof of Lemma 6.7.3. We use the decomposition of F'(w;) — F'(ws) given in the proof
of Lemma 6.4.3. Inequalities (6.35), (6.36) and (6.37) are still valuable. Using the same
arguments that in the proof of Lemma 6.7.1 (in particular, ¢’ max(2,2cq — 1) < 6 in
dimension 3), we obtain, for j = 1,2,

[y — wzHU)j’HLz%'qu S Tﬁle - w2||L%°H1||ijL%°H1
and
s = w02y ST oy — wal e o [ s
The lemma follows. O

Proof of Lemma 6.7.4. We use the decomposition of VF(w;)—V F(ws) into v, +v2+73
written in the proof of Lemma 6.4.4. Using (6.41) and (6.42) (which remain true, with the
new value of p', ¢, po, qo), it suffices to control the L?F/Lq' norm of 7, and ~3. This will be
done thanks to estimates (6.43) and (6.44) as follows. As in the proof of Lemma 6.7.2, for
7 =1,2 we get

IV (w1 = wa)w;l|

S T lwy — wallxy lJwj | oo

2 e
1Vl + [Vwi| + [Vuwn|) (wr = w2)ll o S T w1 = wallxep (14wl + [lallx,),
1 (wr = wa) o |22 Ly ST — o [l 1% (22, (6.97)

as well as

1Vl + [Vawr| + [Vawal) (w1 — wa)(Jwn] + [ )" C2=3])

< T%wr = wsllxp (L + [[willxy + wallxg ) (Jwillxy + fJwsl| )22, (6.98)
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where 0; = 0, = 1/p' forn=2,6; =1/2and 0, =1/p' —1/s; = min(1,4 — 2c;)/2 > 0 for
n = 3. The Lemma easily follows. 0

The local well posedness in X7 may be deduced from Lemmas 6.7.1, 6.7.2, 6.7.3 and
6.7.4 as we did it in section 4 for the R™ subcritical case. The uniqueness of a solution to
(6.87) in C([0,T], H') and the Lipshitz continuity of the low may be proven as in section
4.

Next, we prove the global well-posedness result. The strategy is similar to that we
employed in Section 5 for the R™ case. As in Section 5, if w € C([0,T], H3(2)) solves
(6.87), then 97, w solves

i@tﬁikw + Aﬁikw =go+ g1+ 9o.

With the new choice of p’,¢" we made in (6.89), (6.53) and (6.54) are still valuable. It
remains to estimate [|g;||,,/,,, for j = 1,2. In dimension 2, (6.57) remains true (with

0 = 1/p), while it follows from the Gagliardo-Nirenberg inequality, (6.56) and Holder that

192() |y S VI +w) HLz L+ Y [0°w]la@) ¥

|af=2

+lw IIm?’;Lf{?&fg) IV (e + w21+ Y 10°wli2@),  (6.99)

1—¢’ |O¢‘2

which implies that

ool e S T+ folligpn)' A+ Y 10Mw]pe) s
lo|=2

max(1,2a1—3 a
+T7 |w HLooHl A+ wllger) 1+ Y 10w ger2). (6.100)
|a|=2

In dimension 3, for j,k € {1,2,3}, using the Holder inequality, Sobolev embeddings
and an interpolation argument, we get

107 + Wy S N05a(e + W)l ]l 0

< @+ D 0wl o) lwll e,

|a|=2
< TV + Z [0%wl|zger2) [lwl a2, (6.101)
=2 <l x
~ T

where 1/8=1/¢'—1/2 = (1-¢")/6,1/r1 =1/3+1/0 = (3—¢')/6and 1/s; =3/2—3/r1 =
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¢’ /2. In a similar way,

1031 + w) fuo 2D

(1,201 —2)
rS H k(gp + w) ||L<>OL2 ||w||r£1:XmaX(?;a1 Q)L/B max(1,2a1 —2)

S @+ Y 0wl e o) o] 2 2

p max(1,2a1 — 2)W1 ro
|a|=2

1 max(1,2a7—-2)

STV (1 Y 0wl el (6.102)
al|=2 —
| ‘ Sllwu;;ﬂx(l,Zal*Z)
with L = 1 4 L = 2max(l2o ==’ 5, € [2, g thanks to (6.88). M
72 3717 Bmax(l2a1-2) 6max(L2a;2) 2 o] thanks to )- Moreover,

1 - M = min(1,4 — 2a)/2 > 0, because oy < 2. We also have by Holder and

Gaghardo—Nlrenberg

V(e +w)Pll e S IV + w10 IV + W)l

l—eqg —¢! o 1+EO+EI
S V(e +w)l Lq0!|V(so+w)l|LooLz (L4 D 10%w]lpgre)
|a|=2
11 14eq+e’ 3—eg—e’
S TV Y 0wlpge) T (L fwllx,)F, (6.103)

|a|=2
where 1/¢' = 1/qo + 1/G and 1/p" — 1/py = (¢’ + £0)/2 > 0. Next, we have to estimate
11V (¢ + w)[?|w|max©:201=3) ||Lp Lo+ If ar < 3/2, this has just been done. Thus we assume

a; > 3/2. Provided 2a1 3) > 2, we have by Holder, Gagliardo-Nirenberg and Sobolev

11960 + )Pl =y S 1960 +w0) 1 190 + w)llgzolloP™ 3

LP Lq LZ,I)quO T L%OL 1—eg—e’
i _ 1 _
S TV w0 V(e + W) zopa (14 D 110%w]| g 2) ]l oza; o)
=2 LgL o<
< sote’ o 2c1—3
S T (L flwlx) T+ ) 10w agere) w]| 753 (6.104)
|a|=2

Note that (6.88) ensures (20‘1 S 6. On the other side, if 6(20‘; 3 < 2 the same arguments
imply

|||V(90+w)| [wl** =]

LP La’
S (et w)llowllVie+w) o w7 e
L%}Lll 6 —eg—¢ LTL 1
50+E _ o aq —
< T (1 fwll) (U [Vl 0+ 3 100wl e Tl (6.105)
|a|=2
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where v € (0, 1). Using the same arguments that in section 5, we can deduce from (6.36),
(6.37) as well as (6.57) and (6.100) in dimension 2, (6.101), (6.102), (6.103), (6.104), (6.105)
in dimension 3, that (6.87) is globally well-posed in X7.

Proof Theorem 6.1.7. In the critical case n = 3, a; = 2, a local well-posedness result
may also be obtained. Indeed, the proofs of lemmas 6.7.1, 6.7.2, 6.7.3 and 6.7.4 above also
work in that case, if we choose py = 2/(1 — &¢), p' = 2/(1 + &’), where €g,¢’ > 0 satisfy
o+ ¢ < 1 and 3gg + ¢’ < 2. The only difference is that we get # = 03 = 0 in Lemmas
6.7.2 and 6.7.4. Instead of (6.96), we use the following estimate, which we prove as usual
by Holder, Sobolev and an interpolation argument.

V(o + )l e S 196+ 0l ol

S ||V(90+w)||L§P/Ld‘|w‘|i;p’W1,q
1
S (T +lwllx,)llwl, . (6.106)

where ¢ and ¢ must satisfy 1/¢+2/¢ = 1/¢/, 1/3p' +3/G = 3/2 and 1/G — 1/3 = 1/q.
Thanks to our choice of pg, qo,p’, ¢ and to the condition we imposed on gy, &’ > 0, we
obtain ¢ = 18/(8 —¢’) € [2, qo], which is the condition under which the above mentioned
interpolation argument is valid. We similarly prove

IVl + [V + [Vawa|) (wi — wa) (Jwr] + |wa])]] 1y
1
S llwr = wollx (T + [[willxy + wellxg) (lwillx, + [lwellx,), — (6.107)
which we use instead of (6.98), and for j = 1,2,

IV (wr = wo) w Pl S = wallxp sl (6.108)

which will be used instead of (6.97). Thus, in the critical case, estimations (6.91) and (6.93)
may be replaced respectively by

IVO (W) oo ponpropae < |Vwollzz + CT(1 + [|[Vw| 1 r2)
+OT3 (1 + [lwl xp) 1wz + C(T + |l ) (o] + Jwl%,)  (6.109)
and
IVO(w1) = VO(w2)l| pee 2rpzo a0 S TNV (wi — wa)llpger
+T2|wy — wa| xp ([[wn ]| xy + [Jalx,)
Hlwr — wallxn (T + lwnllxy + llwa ) (w1l x + lwsllx,)- (6.110)

From Lemma 6.7.1 (which remains true for oy = 2) and (6.109), we deduce as in section 4
that for 7' and R small enough, if ||wg||zr < R, ® maps the ball of radius 2R of H! into
itself. Taking 7" and R even smaller if necessary, Lemma 6.7.3 and (6.110) ensures that this
map is a contraction. The rest of the proof is identical to that of Theorem 6.1.4 which was
done in section 4. U
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6.8 Appendix
Proof of Lemma 6.6.3. If u, f, and f, are chosen as in the statement,

{z, [f(0) > p} = Hoop <[f@)] <[fol@)] + [ fo(2)]}]
< Hoow/2 < fp@)H + Ha, 1/2 < [ fo(@)[3-

Next, since p < o0,
2 P 2\7?
a2 < U< [ (2n1) do=(2) 15 (6.111)
Similarly, if ¢ < oo,

(/2 < @) < (%) 1ol (6.112)

Thus
2\? 2\ ¢
(o lf @) > u}] < (;) ||fp||fzp+(;) 1l (6.113)

If g = o9, if ji > 2] f, ||, one has [{z,1/2 < |f,(x)[}] = 0, and

(o |f@) > )] < (%)pllfpllip- (6.114)

If ¢ < 00, using (6.111) with u replaced by 24, we have for p > 0,

1/q
(/tnrr)
1/q
< 1q
</{x7|f(ﬂf)<2u} T x)

1/q 1/q
< ([ apra) ([ i)
{z,|f(x)|<2u} {z,|f(x)|<2u}
1/q 1/q
< p q—p q .
< / o <o) o @PL @1 e |+ / oy <o) @1z | £l
(@) <n (@) = p
1/q 1/q

< T p/q q q ]
< WIS ff f(xlw}u( o)feda | + /{ |f(x)|<2u,}\fq<:c>rdx Al

fo(@)] > " fp(@)] > u
< TN LI+ 20l {a | fol2)] = Y+ 20 £yl e
<3 Y £ 125+ 201 foll (6.115)
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while for ¢ = oo, ||xu(f)fllzee < 2u. On the other side, using (6.113), if ¢ < oo,

(fio-sowmm)”

1/p 1/p
1/p
< p p P
h (/{w,fm‘gi(}x)’ d$> i /{x 'f(f”>l>u»}|fq(x)’ ol /{x | (a |>u}‘f‘1( z)[dz
" fo(@)] < p OEY
1/p
q
S r (@)
< Wllw + sl £ @) > 7 + /{ S| e
" fy@)| = p
2\" 2\° ||f||"/p
< ||fp||Lp+u<(—) Ipr\I’Zp+(—> IIqu%q> ol (6.116)
1 p W5

while if ¢ = 0o, we similarly obtain thanks to (6.114), and because p > 2|| fy|| £
1L = ) (F) f e < 3l foll 2o

Replacing p by 1 or by po, the estimates announced in the statement easily follow from

(6.115), (6.116) and their analogous in the case ¢ = cc. O

Proof of Lemma 6.6.4. Let g = g, + g, be a decomposition of g in L + L. If g, = 0
(resp. g, = 0), then g € L7 (resp. g € L), and the result is clear. Let py > 0 associated to
this decomposition by (6.77) (where f,, f, are replaced by g,, g,). Thanks to Lemma 6.6.3,
Xuo(9)g € L9 and (1—x,,)(9)g € L?, and the estimates (6.78) and (6.79) hold for g. Writing

f = Xuo(9)F +(1=Xu0)(9) f, we deduce that f € LV + L7, with || f[|o+ze < C(p, )9l rs1s.
where C(p, q) = max(6,2 + (27 + 29)/7). O

Proof of Lemma 6.6.5. Let f € LP f#0, and = ||f||z». Then

1/p2 1/p2 -
(/ Il f|”2) < [ plflp) < @B = 25
d

1/p1

=)< (1= (K™Y < g =
(/ ) </ ()

Therefore f € LP* + LP? and

[ Fllarsme < (12752 £l1o-
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Proof of Lemma 6.6.6. We erte fg = fig1 + f192 + f2g1 + f292. Thanks to Holder, it
is clear that for i,j = 1,2, fig; € Lpﬁqj and HfngH piai < | filleei || gsll £ - For @ # j, we

have 2L ¢ (PLL - P292 ) The lemma follows, thanks to Lemma 6.6.5. O
Pi+q; p1+q1’ p2+q2

Aknowledgements. I am grateful to Patrick Gérard, Jean-Claude Saut and Nikolay
Tzvetkov for helpfull discussions.
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Chapitre 7

Korteweg-de Vries and Benjamin-Ono
equations on Zhidkov spaces

Advances in Differential Equations, 10 (2005), 277-308.

Abstract. Motivated by the study of the Cauchy problem with bore-like initial
data, we show the “well-posedness” for Korteweg-de Vries and Benjamin-Ono
equations with initial data in Zhidkov spaces X*, with respectively s > 1 and
s > 5/4. Here, “well-posedness” includes local (global in some cases) existence,
uniqueness under a supplementary assumption and continuity with respect to
the initial data.

7.1 Introduction

In [ILS], the authors considered the Cauchy problems for Korteweg-de Vries (KdV) and
Benjamin-Ono (BO) equations with bore-like initial data, namely

Ou+ Pu+udu=0, r€R, teR (7.1)

u(z,0) = g(z) '
and

Ou+ HPu+ud,u=0, R, teR (7.2)

u(z,0) = g(x) '

where H denotes the Hilbert transform, and ¢ satisfies
i) g(x) » Cyasx — foo.
i) ¢ € H" ! where s > 1. (7.3)
iii) g—C. € L*([0,00)), g —C_ € L*((—00,0]) .
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They showed the local well-posedness of (7.1) and (7.2) with initial data g satisfying (7.3),
under the assumption s > 3/2. Global well-posedness was obtained for s > 2.

Our aim here is to improve this result by weakening the assumptions on the initial data
g: we replace (7.3) by

geX® (7.4)

where X*® denotes the Zhidkov space we introduced in |Gal| (see also |Z1]|) for integer
values of s:

Xs:={f €D (R), feL> fcH R} (7.5)

Moreover (and that is probably the most interesting improvement), we assume only that
s> 1in the KdV case, and s > 5/4 in the BO case, instead of s > 3/2.

We first consider the KdV equation (7.1). Our strategy is as follows. Thanks to Lemma
7.2.1 below, for g € X*, there exists a function ¢y € C*(R) with ¢/’ € H* such that
¢ =g—1 € H® (remark that it implies that ¢ is bounded, since s > 1). Similarly to [ILS],
we write a solution u of (7.1) as u = v + 1, and we study the Cauchy problem associated
with v, namely

o(,0) = p(x) = glz) — ¥(2) (7.6)

Our main result is as follows:

{ O + O30 + v0,v + Op(vp) — (B + ') , v €R, t€R

Theorem 7.1.1 Let ¢ € C;°(R) such that ' € H®, s > 1 and ¢ € H*(R).

Then there exists T = T(1, s, ||o|lgs) > 0 and a uniquev € C([-T,T|, H*)NC([-T,T), H*™3)
solving (7.6), and such that v, € L*([-T,T], L*).

Moreover, for any R > 0, the map ¢ — v is continuous from the ball of radius R in H*(R)
to C([-T(R),T(R)], H?).

From this local well-posedness result for (7.6) we deduce a local well-posedness result
for (7.1):

Theorem 7.1.2 Lets > 1, g € X°.

Then there exists T = T(s,||gl|xs) > 0 and a unique solution u of (7.1) such that u €
C([-T,T),X*), u—g € C([-T,T), H®) and u, € L*([~T,T], L*°).

Moreover, for any R > 0, the map g — w is continuous from the ball of radius R in X* to

C([=T(R), T(R)], X*).

Equation (7.6) is just KdV equation perturbed by some terms. In the case of KdV,
Kenig, Ponce and Vega ([KPV4]) showed the local well-posedness in H*, with s > —3/4,
by the contraction principle. As it was mentionned in [ILS], this method fails here. Indeed,
it does not seem to be possible to get an appropriate estimate on the H® norm of the
term ¢0,v, because 1) does not vanish at infinity. Bourgain’s method (see |Gi]) fails for
the same reason, as well as the method used by Kenig and Koenig in [KeK]. Iorio, Linares
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and Scialom ([ILS]) used a parabolic regularization and the Bona-Smith approximation. To
improve their result, we use here the method that was employed by Koch and Tzetvkov in
[KoT] to show the local well-posedness of BO in H®, s > 5/4. Namely, we show Strichartz
estimates for a linearized version of (7.6). Next we derive the crucial non-linear estimate,
using the Littlewood-Paley decomposition. To get an a priori estimate on the H® norm of a
solution of (7.6), a commutator lemma due to Kato ([Kal|) was used in [ILS|. This lemma
fails for s < 3/2. We use and prove here a new commutator lemma (Lemma 7.2.4 below),
which is a variant of a lemma due to Kato and Ponce (see Lemma 7.2.3 below or [KP]).
Our method gives similar results for the BO equation:

Theorem 7.1.3 Let ¢ € Ci°(R) such that ¢’ € H®, s > 5/4 and ¢ € H*(R).
Then there exists T = T(¢, s, ||¢||ms) and an unique solution v of

{ v+ H?v + 00,0 + 0y () = —(HP*p + 1)) , x € R, t € R (7.7)

v(@,0) = ¢(z) = g(z) —P(x) ’

such that v € C([-T,T), H*) N CY([-T,T|, H?) and v, € L'([-T, T}, L*™).
Moreover, for any R > 0, the map ¢ — v is continuous from the ball of radius R in H*(R)
to C([=T(R), T(R)], H*).

Theorem 7.1.4 Let s > 5/4, g € X*.

Then there exists T = T(s, ||g||xs) > 0 and a unique solution u of (7.2) such that u €
C([-T,T],X*%), u—g € C([-T,T), H*) and u, € L'([-T,T), L>).

Moreover, for any R > 0, the map g — u s continuous from the ball of radius R in X* to

C(-T(R), T(R)], X*).

In fact, it also works for all the dispersions between BO and KdV. Namely, for « € [1, 2],
the problem

0w — DYOpv 4+ v0,v + 0y (V) = D*Optp — Y’ | x € R, t €R
s , (7.8)
v(0)=pe H
where D = (—0%)1/2 is locally well posed in H* for s > 3/2 — a//4.
In [ILS], a global well-posedness result was obtained for (7.7) in H*® for s > 2. Since our
local well-posedness result goes underneath 3/2; using the invariant of the Benjamin-Ono
equation associated with the H®/? norm, we improve this result:

Theorem 7.1.5 Let ¢ € H®, s > 3/2. Then the solution of (7.7) obtained in Theorem
7.1.8 can be extended to R.

Corollary 7.1.1 Let g € X*, s > 3/2. Then the solution of (7.2) obtained in Theorem
7.1.83 can be extended to R.

Note that if Theorem 7.1.1 was true for s = 1, we would have a global well-posedness
result. We failed to show this for general ¢y € C;° with ¢/ € H*>. However, if ¢ = a is a
constant, a change of variables shows that v solves (7.6) if and only if w(x,t) := v(x +at, t)
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solves the classical KdV equation, which is known to be globally well-posed in H!. For
other dispersions, if we assume that v is constant, the results of Kenig and Koenig similarly
ensure that (7.8) is locally well-posed in H*®, s > 3/2 — 3a/8.

The proof of Theorem 7.1.3 (resp. 7.1.4) is similar and simpler to that of Theorem 7.1.1
(resp. 7.1.2), so that we will omit it.

This paper is organized as follows. In section 2, we state some preliminary results,
including the crucial commutator lemmas. In section 3, we prove Strichartz estimates for a
linearized version of (7.6). In section 4, we prove a non-linear estimate. The proof is based
on the Littlewood-Paley theory. In the last two sections, the main ideas are these of Koch
and Tzvetkov explained in [KoT|. In section 5 and 6, we prove Theorem 7.1.1. In section 7,
we derive Theorem 7.1.2. In section 8, we prove Theorem 7.1.5. Finally, we prove Lemma
7.2.4 in the appendix. The proof of this commutator lemma is inspired by that of Lemma
7.2.3 given in [KP].

Notations. Throughout this paper, the notation A < B means that there exists an
harmless constant ¢ > 0 such that A < ¢B.
We denote by H* the space H* = QOH %, Cp° the space of C° bounded functions and S

the space of Schwartz functions.

If X is a Banach space, T a positive number and I C R an interval, we define L. X :=
LP([-T,T],X) and LYX := LP(I, X) equipped with their natural norms.

We denote LY H>™ := N LFH®.

520
For o > 0, we denote J° := (1 — 92)7/2, D7 := (—0?)°/2.
The letters A and p will design dyadic integers. The notation ), f(\) should be understood
as > pe o [(25).
We call (¢,p) € R? an admissible pair if

6 2
(a:p) = (9(ﬁ+ 1)'1—6

Note that to prove theorems 7.1.3 and 7.1.4 dealing with the BO equation, we should
replace this definition by:

> , (0,8) €10,1] x [0,1/2] .

2 1 1
-4+ -==,q€(4,00), p€ (2,00) .
St =5 g€ (do0). pe (2.00)

We recall that the solution of the initial value problem

3, _
{&U—i—@zv—(),t,xER (7.9)

v(z,0) = vo(x)

is given by the unitary Airy group which will be denoted by {W(t)}icr, ie. v(.,t) =
W (t)vg = S; x vg where for ¢ > 0

Sy =t71BK(t713)
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and

7.2 Preliminary results

We now state a result that gives a decomposition of the initial data g, which is used to
reduce the study of (7.1) (resp. (7.2)) to that of (7.6) (resp. (7.7)).
Lemma 7.2.1 Let g € X%, s > 1. Then there exists 1 € C*°(R), ¢ € H*(R) such that
i) Y e H*(R).
i) g=1+¢.
Moreover, the maps g — v and g — ¢ can be defined as linear maps such that for every
s1 =1, g — ¥ is continuous from X® into X*' and g — ¢ is continuous from X° into H®.

Proof. Let k(z) = (4n) Y224 o) .=k x g.
Then ¢ € Cp°(R), ¢ = kx g € H*, therefore g — ¢ € L>* C & and

T = (G- D)) = (1— M)g(e) = > _;_5 €le) .
~

Hence g — v € L?, and g — ¢ € H".
Moreover, |[¢)]|z= < ||g[|z and

19|

o = / (14 €7 e gg(©)2dg < sup (146971 ) g3 |

£eR

which shows the continuity of g — ¢ from X* into X*'. Similarly,

2
Hs—1

Il :

2 2 1- 6_52 ; /

e <sup | (1+¢7) gl
£eR

gives the continuity of ¢ — ¢ from X* into H”. O

Lemma 7.2.2 Let (ay)y, (dy)a two sequences indezed on dyadic integers A = 27, j € N.

Let s > 0. Then 1/2 1/2
S audy S (Z Wi) (Z di) >
/\ A

u>A/8 A

and hence by duality

2
Z)\Qs Z a, | S Z)\Qsai )
A

A u=\/8
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Proof. Using the Cauchy-Schwarz inequality, we get

DN audy = D XD agada= Y 278 > (2°M)agd,
A A

p=)/8 I;Ii;? k=—3 Az2-k

1/2 1/2

< Y2 ST (@2N)an)” S &

k=-3 A>2-k A>2-k

o35 1/2 1/2
A A

Commutator and Bilinear Estimates

We will use in the sequel two commutator lemmas. The first one is due to Kato and
Ponce and is proved in [KP|.

Lemma 7.2.3 If s > 0,

L7 fgllee SN0z f el T gl + 177 f Il c2llgll e - (7.10)

The second commutator lemma is proved in the appendix.
Lemma 7.2.4 Let s > 0, let s > max(0,3 — s). Then

17, flgllze S 10 flpll T gllze + 1170 0u f | 2llgll 2o - (7.11)
Next lemmas (see [T]) will be used in the proof of Theorem 7.1.5.

Lemma 7.2.5 Let a,b,c € R such thata>c,b>c,a+b>0anda+b—c>n/2. Then
the map (f,g) — fg is a continuous bilinear form from H*(R"™) x H°(R"™) into H*(R").

Lemma 7.2.6 If s > 1, then there is a constant C' such that for all f € S(R"), g €
Hs—l(Rn);
IT7%, flgllze < CUF s llglme—r -

We will need a generalized version of Lemma 7.2.6.

Lemma 7.2.7 Let n = 1. In Lemma 7.2.6 above, the assumption f € S can be replaced
by f € X := N X°.

s>1
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Proof. Let f € X®. For ¢ > 0, f-(x) := e =" f(z) belongs to S, therefore we can apply
Lemma 7.2.6 to f.. Passing to the limit, we obtain Lemma 7.2.7. U

In sections 3 to 6 below, we are interested in solving (7.6) where the functions ¢ and ¢
are fixed.

7.3 The linear estimate

We first recall the Strichartz estimate with smoothing for the Airy group (see [KPV3|).

Lemma 7.3.1 For any admissible pair (q,p) = (6/(6(5 + 1)),2/(1 — 6)) with parameters
(0,3) € [0,1] x [0,1/2] and ug € L*(R), we have

0B
| D=2 W (t)uol| L2 oy S lluollzew)y -

As in [KoT|, we deduce next from Lemma 7.3.1 a Strichartz inequality for a linearized
version of (7.6).

Lemma 7.3.2 Let A\>1, T >0, 0 > 1/2. Let u: [-T,T] x R — R be a reqular solution
of

O+ Ou+ V10,u + Valyu + Vau = f (7.12)

where Vi € LYH, Vo € L¥YL™, V3 € LYH™ and f € LLL*.
We assume moreover that there exists a constant C > 0 such that

Supp(a(.,t)) C C[=\ N, t € [-T,T].

Then for every admissible pair (q,p) with parameter = 1/2 fized, for any interval I C
[—T,T) such that |[I| < \71,

1D ullggre S (14 1 Vallzre + IVallzgr + Vallzgo ) (Nllzere + 1 fllzyse ) - (7.13)
Moreover,
1D ull g e S (14 T)YINYS (1 + 1 Villgere + [Vallpgere + H%HL;LOQ)
x (lullegre + 1 lsgse). (714)

Proof. The solution v of the Cauchy problem

8{[) + 83’0 =he L1L2
v(0) = vy
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is given by

v(t) = W(t)vy + /0 W (t — s)h(s)ds.

Applying D%* to this equation, we obtain that for any ¢ € [T, T],

T
1D 4u(t) ez < 1D W ool + [ DWW (~5)h(s) e,
T

€T

hence Lemma 7.3.1 yields
1D %0l g 10 < llvoll 2 + (1|3, 22
We apply this to u:

||D0/4u||L‘}LP < ||U||L§°L2 + (||‘/1||LCI>OL00 + ||‘/2||L?°LOO)||81'U/||L}L2

Vsl pypeellull Loz + 11 F 1l 212
Now, as in [KT|, using the Sobolev embedding, we have

Villoseroe S NI J7Valpgor2,

Next using the assumptions on the support of (., t) and on the length of I and Plancherel’s

theorem, we get

||axu||L}L2 = ||fa||L}L2 N >‘|I|||a”L?°L2 S ||u||L?°L27

which completes the proof of (7.13). The proof of (7.14) is the same that in [KoT|: we write
[-T,T] = k61]k where |I;] < A7'. We may assume that n < 1+ 2AT < 2A\(1 + T, and

hence using:(7.13) applied to I and summing over k, we get (7.14).

7.4 The nonlinear estimate

In the sequel, we use the same notations that in [KoT] about the Littlewood-Paley

decomposition. Namely,
=Y
A

where u) := A u, and the Fourier multiplier A, is defined by

e JoeE/NauE) A=2Fk>1
Aau(€) = { WOiE)  A=1 ’

where y and ¢ are nonnegative, C'>° functions on R satisfying

X+ p(e/n) =1

A>1
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and

_J 0 if ¢ <5/80r ¢ >2
S0(5)_{1 if 1< |¢) <5/4 '

For a dyadic integer A\, we also define

A, — AA/2+AA+A2)\ ifA>1
AT AL+ A, ifa=1"

Let u be a regular solution of

{ O+ BPu + udpu + Yo,u + P'u = —(03 + '), r €R, t€R (7.15)

’LL(O) =uy € H*®

By “regular solution” we mean that v € N C(R, H®). Theorem 1.2 in [ILS] ensures that

s>0
such a solution does exist (throughout [ILS], the assumption (7.3) can be replaced by
“g € X*” for free).

Our aim in this section is to prove the following estimate on w.

Theorem 7.4.1 Let 0 > 1/2, 0 < T < 1, (¢,p) an admissible pair with parameters
6€(0,1), 6=1/2, s=0+1/q and u a regular solution of (7.15). Then

1D 1ull g 1 S (1 70l )3+ el )P [ TPl ) . (7.16)

We split the proof in several lemmas.

Lemma 7.4.1 Let (q,p) be an admissible pair with parameter 6 € [0,1) (i.e. p < o0), let
o> 1/2. Then

1/2
1D 7 g 1o S (Z V"IID@/%AH%;Lp) : (7.17)
A
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Proof. A similar lemma was stated in [KoT]. We recall the proof. We define v := D%*u.
We have

1/q
[0 pa e = / HZJUUA )7z dt)
- 1/2 1/q
< |/ (DJ%A@)F) 1 (7.19
, p/2 a/p 1/a
= / /(Z‘JUUA ) dx dt
T
T 2/p q/2 1/CI
< / Z( / 7 ()|2'p/2dx) dt (7.19)
T\ A
T q/2 1/(1
< / ZHJ%A |pr> dt
T
2/(1 1/2
< Z(/ 770 >u“/2dt) ) (7.20)
X -T
1/2
— Z“Jow”%w) . (7.21)
A

Here we have used the square functions theorem for the Littlewood-Paley decomposition
(see [S]) to obtain (7.18) (1 < p < o0), and the Minkowski inequality (see [LL|) to get
(7.19) and (7.20) (it works because p/2 > 1 and ¢/2 > 1, respectively). Next, using the
Mikhlin-Hérmander theorem (or more precisely Lemma 6.2.1 in [BL]), we get, for all ¢,

1 T70x ()| S A [[oa(@)][ 2o - (7.22)
(7.21) and (7.22) complete the proof of Lemma 7.4.1. O

Lemma 7.4.2 There exists a constant C' > 0 such that for all w € L? and v € Cy° such
that v, € H*,
ITAN, v0:] wl| 2 < Cllve[| o [|w]] 2.

Proof. By density of S in L?, it suffices to show it for w € S. As in the proof of Lemma
2 in [KoT], we write for A > 2

[A)\,’Ua / K ZL’ y dy )



where

Ko =c [ " @) [IN(0(y) — () — Aus)] d

[e.9]

Therefore, using the mean value theorem,
(K (2, y)| < eAllvzl=g(Ay — )

where ¢ is in L!. Hence

sup / K (2, 9)|dz + sup / K (2, 9)|dy < ||oallz~.

) —00 —00

and the Schur lemma completes the proof of the lemma in the case A\ > 2. The proof is
similar in the case A = 1. U

Lemma 7.4.3 There ezists a constant C > 0 such that for all v € C° and w € L?,

AN, v]wl|L2 < C|v][pee|w]| 2
Proof. The proof is similar and easier to that of Lemma 7.4.2:

B v]w(z) = cA / TSy — 2)(0(y) — v(@))wly)dy

—00

< 2oz~ / T M — o)l ()ldy,

oo

and the Schur lemma completes the proof similarly to Lemma 7.4.2. U

Lemma 7.4.4 Let 0 > 1/2, (q,p) an admissible pair, T > 0 and u a reqular solution of
(7.15). Then

loa o 2
D ATID usllgy S L+ T (1 170l ez + [0 + Tl || )
A

X

(14 D2y 1 + T2 N3 ) SN2y |2 o 1 el 1o
A

ST+ B0+ T2l o)

Proof. We apply A, to (7.15):

Opuy + Ouy + (u+ V)dpuy + P uy
= =D + i) — [Ay, (u+)0,] u — [Ax, 9] u. (7.23)
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Therefore we can apply Lemma 7.3.2 to uy, with Vi = u, Vo =, Vs =o', f = —Ax (03¢ +
') — [Ay, (u+ )0, ] u — [Ay, Y] u. Hence

g g 2
D ATID usllzg 1o S (L4 T)P (1 1%l gpre + [l + T | )
A
Xy AR (IIUAIIL;OB + TIANWY + 030) |2 + || [Ax, uds] ullpy 12
A

2
(A, 00 ullpy o + | 1B W ullpyse) - (7:24)

We give now a bound for each term in the right hand side parenthesis of (7.24).
Like in the Lemma 3 in [KoT], we write

[Ax00:] = (A5, 00:) By + By, (1 = A,)
where v = u or 1. Therefore, thanks to Lemma 7.4.2, we get
V[ ]l g g2 S ol | Brtilgre + D000y (1 = Baullpage (7.25)
and
AN 0, ully 2 S TN e [ Axull ez + 185801 = Ay)ul|y z2 - (7.26)
For v =u or ¢y and \ > 4,

Fla(oa-Bo)} = pen o (g0 e +ed) e,
Supp C{¢,58 <|¢|<2A}

/

~—
Supp CR\{¢,5 <[¢|<3}}

where F denotes the Fourier transform. If y < A\/16, Supp 0, C [-A/8,A/8], and

A A A
R\E 5 <l < 57} + [-A/8,)/8] C R\{¢, ‘% < €] < 2AL.

Therefore
F {80 (00u01 = Bgu) | = ole/0) 3 o (1601 = 5 + 05) + ol
p=A/8
and
Ay (0001 = B)u) = 3 Ax(00a(1 = By)u) | (7.27)
u=A/8

This equality trivially remains true in the cases A =1 or 2.
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In the case v = u, using the fact that A, defines an operator on L*°, with a norm
uniformly bounded in A (see Lemma I1.1.1.2 in [AG]), we get

185 (a1 = B)u) lgre < 3 Dellgera (1 = B3 )etal g

u=A/8

S Muellzyze Y lullog e (7.28)

uA/8

The case v = ) is a bit more difficult, because 1); & L?. Nevertheless, if u > 2, hence

nlE) = o€/ n)i(E) = @w@ e I?
because ¢ = 0 near 0 and ¢ € L?. Therefore ¢, € L? for p1 > 2, and if X > 16, we get
18 (90.00 = B ) loyre S uelligoe D lullie. (7.29)
u=X/8

If A e{1,2,4,8}, we write
Y1 =T + (1 = T)e,
whete TF(€) = R()/(€), 0 < ¥ < 1, ¥ = 1 on [~1/4,1/4] and Suppy C [~1/2,1/2]
Proceeding the same way as to obtain (7.27), we have
Ax (T, (1 = B3)u) =0,
and (1 — Ty, € L?, with ||(1 — T)v1||p2 < 4]|¢'|| 2. Therefore, like for (7.29), we have
180 (0,01 = ) gz £ Naelly o <||w'||m s ||wu||m> (730)
1>2
Similarly, we write
[Ax, 0] = [Ax, 0] Ay + Ase' (1 — Ay)
and the Lemma 7.4.3 yields
1A% 9 ulligze S 19 e 185wl g 22+ 145" (1 = AxJullzy e

Using the same arguments that for stating (7.28) and Sobolev embedding (o > 1/2), we
get

||AW'(1—KA)U||L1TL2 S Tlullegere > 1@l
p=X/8
S Tl J7ulsere Z (W) ull 22 (7.31)

pA/8
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Now, using (7.24), (7.25), (7.26), (7.28), (7.29), (7.30), (7.31), we obtain

S XD e S (14T (14 [0l ngen + [l e + T 1)
A

S g B+ T 0 + 0261
A
2

HllualFs oo [ IOl T2 + [ D Nuwpllogere + T2 oo [ Axu]| T 2
n=A/8
2

2
iy oo | | 32 Iulligee 1{A>16}+<|WHL2+ZH¢MHL2> 1ieacas)

u=A/8 u=2

2

T Tl T e | D @) ulligre : (7.32)

uA/8

We will now majorize each term of the sum in the right hand side of (7.32). We first
clearly have

DO Al S ) N fun [T o (7.33)
A A

Using the fact that ¢ vanishes near 0, if A\ > 2,

1 5 _
l9all72 = /€—2¢(€/>\)2§2|¢(§)I2d€ SAN@ANZe S N@WOAllze - (7.34)
We also use the properties of the support of ¢ to obtain that if v € H®, s € R,
D Nl < il - (7.35)
A
The lemma easily follows from (7.32), (7.33), (7.34), (7.35) and Lemma 7.2.2. O

To complete the proof of Theorem 7.4.1, it remains to control the quantity
Z /\QUH/QHUAH%%OLQ .
A

That is what we do in the following lemma.

Lemma 7.4.5 Let u be a regular solution of (7.15), let s > 1/2. Then, noting (uy) the
Littlewood-Paley decomposition of u,

SN ualre S 1wl s (14 Il g oo + T 1)
A

T ull e 2 (T(1 + 1y + 020 l[) + ¥

Ur“L,}FLw) . (7.36)

Hs
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Proof. During the proof of Lemma 7.4.4, we saw that u) solves (7.23). We multiply now
(7.23) by wy, we take the real part and we sum in = and ¢ variables, taking into account
the fact that v and 1) are real-valued:

lua(®)I72 = [[ur(0)]72 — /0 /_OO {(u+ ) (Oeuntix + OpTixun) + 29 |ua(s)
+2Re (AN(Y' + 030 un(s) + [Ax, (u+ ©)dJutiy + [Ax, Optlutiy)) } duds.  (7.37)

Therefore, integrating by parts, multipliying by A\?*, taking the supremum in the ¢ variable
and summing over A\, we get

YNl S Y A ua(0)l2

A A

T
+/ (laa ()l + 110 llzo) D A [fua(t) 172t

T
—l—/ Z)@sl‘AA(wW + 8P || 2| un(t) || 2t
/ Z)\Qs
/ Z)\Qs

We will now control each term in the right hand side of (7.38). We first use (7.35) to get
the following inequalities:

T
| S AN+ 0ot
- A

/ [Ay, (u+ )0, Jutxdz| dt

dt | (7.38)

/ (A, Ju(t)ax(t) do

| J5ul| oo 2

[ S Py R (NG
< 5 Z/\ [ Sl e p2 ANV + O30) |12 + 57— | di
_T )\

Ju(t)|%
— 2 | dt
||JSU||L°°L2

T
S / (IIJSUIIL;OBIIW’ + 03|
-T

Hs
S T ullgera (L + 00" + 9l 5) - (7.39)
D NNl S 17uO)7 < Pl (7.40)
A

and
T
[ Qe+ 1) 30 2 a0
- A
S (Iellzzm + T Nl ) 1Tl (7.41)
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Like in the proof of Lemma 7.4.4, we write

[, (u+ 0)0Ju(t) = [Ay, (u+ )0 Bxu(t) + Ax ((u+ )01 = Au(t))
Then, Lemma 7.4.2 and a simplified version of (7.28) yield

AN, (u+ )0 Ju(t)|> S (||ux(t)||Loo+||¢'||Lw)||&NU(t)IIL2
Hlua@)llze Y Nua®)llz + 122001 = Ax)u(t))| 2.

n=A/8

Next, we bound up the last term in the right hand side of the above inequality like in
(7.29) and (7.30)

AN (1 — Ay)u(t))] 2

S uallem | D0 ulleLasis + (IWHL2 +ZH¢HHL2> Dis

u=X/8 n=>2

Therefore

/ Z AZs dt
/—T ; )\28

+||ua(£) || 2o (Z (e + Y eull 2 Iasie

/ [Ay, (u + )0, Jutydx

(e ()l + 114 ] zoe) | Arut) | 12

u=A/8 n=M/8
+ (HWHL? ) ||¢u||L2> 1A<8)] [ux(®)|2dt . (7.42)
n=2

Using again (7.35), it is easy to see that

S N Au® e ua@)llz S ul®) - (7.43)

A

Lemma 7.2.2 with a, = |Ju,,(t)| 12, dx = X*||ur(t)]|z2 and (7.35) yield

DN M@ lezlua®lle S )z - (7.44)

A p>A/8
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Using once again Lemma 7.2.2, (7.35) and (7.34),

DN Il basie + (1912 + ) Iallze)Iags | llua(®)llze

A u=A/8 n>=2

1/2
(Z AQSII%HLQ) + <||¢’||L2 +> II¢HI|L2> [[u(®)]| 22

A2 12

S lu(t)

S lu(®)]
Thanks to (7.42), (7.43), (7.44), (7.45), we have

Hs

dt

[5+

~ (||uqu1TLm T e ) 11"l 2 + 1]
As in the proof of Lemma 7.4.4,

AT u@ e S 1 el D)z + lu@lle Y 1@ a2z

nu=A/8

/ Ay, (u+ )0, Jutiydx

ae ||ta || Ly pos || TP ul| Lo 2

and therefore, using also the Sobolev embedding (s > 1/2),

/ > / (A ()5 (1) da

T\Iw zoe | Tl oo 2+ 19 s Ml g poe Nl T*ull i 2
Tl e[| T ull e 12 -

dt

ANRIA

(7.45)

(7.46)

(7.47)

Concatenating (7.38), (7.39), (7.40), (7.41), (7.46) and (7.47), we finally obtain the an-

nounced inequality.

Theorem 7.4.1 directly follows from Lemmas 7.4.1, 7.4.4, 7.4.5.

g

7.5 The proof of Theorem 7.1.1 (existence and unique-

ness)

We begin the proof of Theorem 7.1.1 with a lemma that gives an a priori estimate on

the H*® norm of a regular solution of (7.6).

Lemma 7.5.1 Letug € H*, s > 1/2 andu € C([-T,T], H*) a regular solution of (7.15).

Then there exists C = C(¢) > 0 such that

)| b+ 1) exp (C(T + [l g+ )

i1 < ([luol
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Proof. We apply J° to (7.15), we multiply the obtained equation by J*u and we sum
over R:

d1
@5”‘]%”%2 +/ (u—;w)ax(ﬁu)2+/z//(ﬁu)2

= — / T (W + Op) Jou — /[JS, (u + )| 0put*u — /[JS,@//]UJSU
After an integration by parts, we get
Gl = [ate— v -2 [ 1w + o)
9 / 7%, (u+ )]t u — 2 / W
We use Lemma 7.2.3 to estimate the L? norms of [J*, u]0,u and [J*,¢']u. We get

1%, w)dpull 2 S (|0l 22 [|uall 2

and
[, Tull e S N0 e 177 ull 2 4 |70 | 2l oo

Since 1) does not belong to L?, it does not work to estimate the L? norms of [J*,]0,u.
Lemma 7.2.4 (note that Lemma 7.2.7 could also have been used) yields

117, 10zull 2 S (19| oo ]

we + [[¢]

Hso+s—1 ||U’CC ||Loo .

Using the Cauchy Schwarz inequality and Sobolev embedding (s > 1/2), we obtain

d
Zlullze S el (lealle + 101 + 14 18 1s + 187]12)
HYY' + 030 ll5s + Il 9 [Fagsar
which can be rewritten as
d
T+ [u®lz:) < CE)A + [[ua()le=) (1 + [u(@)llz), t € (=T.T) . (7.48)
Next, the Gronwall’s lemma concludes the proof of the lemma. U

We are now ready to begin the proof of Theorem 7.1.1 itself. Let s > 1, § € (0,1) such
that (1—-0)/2<s—1,p:=2/(1—0) and 0 := s—0/4 > 3/4. We also define q := 4/0 > 4
and a:= (1 —1/¢)/2 < 2. For T > 0, and u a regular solution of (7.15), we define

F(T) == [Jug |l zy Lo + T J7ul| pgo 2
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Our choice of p and Sobolev embedding ensure that Wo~0-0/4r — [ with continuous
embedding, because 0 — (1 — 0/4) = s — 1 > 1/p. Hence, using also the continuity of the
Hilbert transform on LP and Holder inequality in the ¢ variable,

||Ua:||L1TLo<> S ||D1_9/4HD6/4U||LlTWG—<1—9/4)»p S ||HD9/4‘]UU||L1TLP
S ||D9/4JUUHL1TLP N Tl_l/qHDHMJUU”LqTLp :
Thanks to Theorem 7.4.1, for T' < 1,
el g e S (TH0+ TV F(T))(1+ F(T)*2 (1 + |lull g ) -
Therefore, since o < s,
F(T) S T+ F(T)**(1+ llull g o) -
We control the quantity ||ul[zeps by Lemma 7.5.1:

lullLserrs S (1 + ||uol

e) exp(CF(T)) .
Finally, we obtain that there exists a constant C’ > 0 (which only depends on ) such that
F(T) < C'T*(1+ F(T))**(1 + ||Jug||gs) exp(CF(T)), T € [0,1] . (7.49)

We define g : Ry — R by

T
1 + x)5/2 exp(Cx)

, reR.

g(w) = (

Let T(uol

ms) € [0, 1] small enough such that
C"T(luoll =)™ (1 + lluolla+) < llgllos -

Then by continuity of g(F (7)), since g(F'(0)) = g(0) = 0, there exists some A > 0, which
does not depend on ug, such that

F(t) < A, t € [0, T([Juollas)] -

In particular, ||ug|| ;2 < A. Therefore, thanks to Lemma 7.5.1,

oo
T(llugl )

HUHL%O(IIuoHHs)HS < A(HUOHH“) < 0. (750)

Let now ug € H®, and ug,, — uy in H®, where ug,, is regular (ug, € H*). We denote
by u, the solution of (7.15) with initial data u,(0) = ug,. The results in [ILS| ensure that
uy, is global. Thanks to (7.50), we can extract a subsequence (that we also denote by w,,)
such that wu, converges for the weak x topology of L%O(HUOHHS +1)H s
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Now, if v and w are two solutions of (7.15), then

%%H(v—w)(t)”%z+/(v—w)28xv—%/(v—w)Qaww%—%/(v—w)Q@D’:O.

Therefore

4
dt

and the Gronwall lemma yields

(v —w)Olze S v = w) O (Joa ()l + wa ()l + ¢ ]l

Iv=w)®lZ: < (—w)(O)]L: exp (C(Hvx(t)HLlTLoo + wa WLy 2 + WHL&)) (7.51)

Applying this to v = w,, w = u,,, we get that for n and m large enough, |t| <
T(|luollms + 1),

HUN(t> - Um(t)H%? S ”uOn - u07m||%2 exXp (O(QF(T(”U0|

e+ 1)+ ¢ l<))

which shows that (u,), is a Cauchy sequence, and hence converges to u strongly in the
Banach space L¥L? because ug,, — u in L?. We deduce that the map t — u(t) is weakly
continuous from [—7',T] into H*. Indeed, if we choose some € > 0, if p € H®, let ¢ € H*
such that ||o — @[|gs < e/(2||ullsems). For t,7 € [-T,T],

(w(t) —u(r), )] < e+ [(ult) = ulr), @) |
< e+ 20un — ullpgrel|@ll a2 + [lun(t) — un (7|22 [|6[] 72
Choosing n large enough, and ¢ — 7 small enough, we have
|(u(t) = u(T), @) s
In order to show that u is continuous with value in H®, we define the norm

1/2
[ol]] = (ZAQSIIUAH%z) :

A

< 2e.

which is equivalent to the H® norm (indeed, (7.35) gives one of the inequalities, the proof
of the other one is similar). It suffices to show that |||v(t)]|| — l|llv(7)]|]. That is what we

do in the following lemma.

Lemma 7.5.2 Let u be as above the weak x limit in L H® of u,, and (uy), its Littlewood-
Paley decomposition, t,7 € [=T,T]. Then

>N fus®)3x < exp (Clluallzpe ) D A= llun(r)l3 + g(t.7) |
A A

where I = [7,1] or [t,7], depending on the sign of t — 7, and g(t, ) — 0.

t—7—0
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Proof. We first remark that u solves (7.6), since u,, solves (7.15). We assume for instance
that 7 < t. Like in the proof of Lemma 7.4.5, we show

oA ua®)llz: Z)\QS lua(T)l|Z2 + C(t = 7) + Clluall g 1o
A

+C/(1+Hux Ml e) ZA%HUA JI[2ado

We conclude by Gronwall lemma that

Z)‘QSHU/\@)H%? < (Z)\QSHUA HL2+C(t—7‘)>

x [14C (luallpye +t = 7) exp (Clllualligom + = 7))
= oxp (Ol ) 3o X Jun()le + o (1)

0
A

Coming back to te proof of Theorem 7.1.1, since ||ux||L}Loo e 0, using Lemma 7.5.2
and exchanging t and 7, we get that

S ua®l2: = 3 N () + o (1)

A A
To complete the first part of the proof of Theorem 7.1.1, it remains to show the uniqueness
result. It is a straightforward consequence of (7.51). U

7.6 The proof of Theorem 7.1.1 (continuous dependence
on the initial data).

We want now to prove the part of Theorem 7.1.1 about the continuous dependence on
the initial data of a solution of (7.6). We use the method presented in [KoT|. We begin
with two lemmas.

Lemma 7.6.1 Let u be a solution of (7.6) in D'. Let 1 < § < K, and (wy)x a Sequence

of positive numbers such that for every dyadic integer A\, dwy < won < kwy. Then for all
t,7e[-T,T],

Sl < (14 il + 1t =7D) exp (Clluall o + It = 7))
A

(Z wWillux(T)lI72 + Clt - TI)

where I = [1,t] or [t,T], depending on the sign of t — .
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Proof. The proof is identical to this of Lemma 7.5.2. The slight difference is that we use
a variant version of Lemma 7.2.2 which is obtained by replacing the sequence (A*) by (wy).
This works because >, w; ' is finite. O

The second lemma is proved in [KoT]|.
Lemma 7.6.2 Assume that v, — v in H®. Then there exists a sequence (wy) of positive

numbers which satisfies
25wy < way < 25Twy VA

and
wy/A* — oo

such that
sup Y wil|(va)all72 < o0 .
n
I\

Let wup, be a sequence such that ug, — uo in H®. Let u,,u € C([0,T], H®) be the
associated solutions of (7.6). Then

u, — u in C([-T(R),T(R)],L?) , (7.52)

because of (7.51) and ||(un)35||L1T(R)Loo < A, where R is such that R >

We define a sequence (wy)y like in Lemma 7.6.2, with v, = ug,. Lemma 7.6.1 with 7 = 0
yields

SUPZ% 1 Cun)AOIIZ + [[ua(®)]|Z2) < o0 (7.53)

Let

Up ‘= E Uy.

A<A

We first have
un — ullpse s < lJun — (un)alloserrs + [[(un)a — uallzse s + [lua — ullpsems.

Let € > 0.

s (50p ) 0) = (0500 a6~ ul0) -

1/2
<spr< » Sl + @2 )
n,t A>A ASA
_,_/

—0
A—oo

hence, because of (7.53), we can choose A large enough such that

max (sup 1) (8) =t (E) =, sup fJua(t) - U(t)HHs) Se/4.

n,t
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Next, thanks to (7.52), we can choose ng large enough such that for every n > ny and

[(un)a(t) = ua@)fms < CA[[(un)a(t) —ua(®)]l2 < /2.

This completes the proof of Theorem 7.1.1. U

7.7 The proof of Theorem 7.1.2

Existence. We first remark that in Theorem 7.1.1 above,

T, s, [lellus) =T(l]

where s; > 1 is large, and T' can be assumed to be non-increasing with respect to |||
and ||¢|| gs. Hence, if we define

T(|lg|

where Cy, (resp. C) is the norm of the bounded linear map g — v (resp. g — ) from X*
into X*! (resp H®) defined in Lemma 7.2.1, we have

T(|lgllx:) < T(||2| ) = T(, s, [|¢]

Let v € C([-T,T], H?) be the solution of (7.6) given in Theorem 7.1.1. Then u := v+ €
C([=T,T], X*) solves (7.1). Moreover, since ¢ —g € H*, u—g € C([-=T,T], H®). u, € LLL>
because v, does.

xo1, 8, |[ollms)

X1

X558, é||g| XS)

x+) 7= T(Cy lg]

XSUS?HQD‘ HS) :

Uniqueness. We choose 1 and T as above. Let u be a solution of (7.1) as required. Let
0 = u — 1. Tt is easy to see that ¥ solves (7.6), and the uniqueness in Theorem 7.1.1 yields
0 = v, where v is the solution of (7.6) we obtained in Theorem 7.1.1.

Continuity with respect to the initial data. Let R > 0 and g € X* with ||g|/x: < R.
Let (gn)n be a sequence in X*® such that g, — ¢ in X*. We assume that for all n, ||g,||xs <
R.

As in Lemma 7.2.1, we define k(z) = (47) Y2 "/4 p = kx g, ¥ = k% gn, p = g — U,
On =g — Yn.

Let v € C([-T,T)], H®) be the solution of (7.6), and v, € C([-T,T], H*) solving

{ dw + D3w 4+ whw + Oy(wWihy,) = — (2, +Pt,) , x€R, t €R
w(z,0) = @n(z)

Lemma 7.6.2 applied to the sequence ¢, — ¢ in H® and Lemma 7.6.1 yield

sutpzwi (o)A ®1Z2 + loa@®)]I72) < o0,
™A
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and we conclude as in section 7.6 that w, := v, —v — 0 in C([-T,T), H*). Since s > 1
and ¢, — ¢ in X*, we deduce that

Up —u= (v + 1) — (v+1) =0 in X°.

7.8 Global well-posedness of (7.7) in H®, s > 3/2.

The Benjamin-Ono equation possesses infinitely many invariants (for instance, see
[ABFS]). There is an invariant associated with each H® norm, s € N/2. Here are the
first ones.

L(u) = — /_ N [“; + uH(axu)] dz |

[e.o]

L(u) = /OO {“{ + glﬂH(f)mu) + 2(8ru)2] dz

I3(u) := /00 [—% - §U3H(8mu) — u?H (udpu) — 2uH (0,u)?

—6u(0,u)? + 4uH6§u] dr .
The first two following lemmas are proved in [ILS].

Lemma 7.8.1 Let ¢ € H* where sq is large. Let u € C(R, H*) be the solution of (7.7)
gwen in [ILS]. Then for allt € R,

lu@®lz: < @t llele). (7.54)
Lemma 7.8.2 Under the same assumptions that in Lemma 7.8.1, for all t € R,
lu@®lfn < k@t lellm). (7.55)

Here, h and k are valued in R, . They are even, non-decreasing functions of £ on R,
and continuous with respect to ¢ and ||¢||zz or ||| g

Our aim is now to prove a similar lemma, where the L? and H' norm are replaced by
the H*/? norm.

Lemma 7.8.3 Under the same assumptions that in Lemma 7.8.1 and 7.8.2,

g
— Is(u(t)) < —13(¢)+C(1/1)/0 (L +h(@, s, ollee) + k@, s, [ @llm)) ds

t
+C(¢)/O (L+ (W, s, lllce) + k@, s, [l ) lu(s) | s 2ds - (7.56)
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Proof. We will prove the lemma only for ¢ > 0. We remark as in [ILS| that (7.7) can be
rewritten as

O — 20,11 (u) + 0y (Yu) + (HY" + ¢') = 0
{ u(0) = : (7.57)

For convenience, we will denote in the sequel p := ¢y’ + Hv)". Using the properties of the
invariants of the Benjamin-Ono equation (see [ABFS]), we compute

Gh) = (1.~ 50u0i00 + 0,0 + )
= (L3(w), 0u(du)) + (I3(u), p) - (7.58)
We note that
Liu) = —u*—4(w*H(0uu) + uH (ud,u) + H(u*0u)) — 2H (0yu)?
—4H3,(uH (0yu)) + 6(9pu)* + 12ud?u + SHO u (7.59)

Using (7.59), the Cauchy-Schwarz inequality, Sobolev inequalities and integration by
parts, we first show that

(I3(w),p) < lulla ol + lullinllollce + lullfaellolle + lullz0lle
Hlullz llollze + llla (16 s llullzz + ol lull ) + lullz2 ]|z (7.60)

Next, we control the quantity (I}(u),0.(vu)). We will majorize separately each term
that we obtain as we substitute (7.59) into (I}(u), 0,(¢bu)). Our arguments are again the
Cauchy-Schwarz inequality, Sobolev inequalities, integration by parts and the continuity
of the Hilbert transform on LP, 1 < p < oo.

4
(—u",0x(vu)) = —= (@) 5 W= llullf (7.61)

—4 (v H(9,u) + uH (udyu) + H(u’yu), 0, (vu))
S Ml (1 e llullze + 1l llull ) (7.62)

(—2H (05u)* + 6(05u), Da (V) S Mullzrssa (19l lull 2 + 1| < Jull 1) - (7.63)

and

(u@iu, 8x(¢u)) = — (Qvu, 8z(¢'u2)) - % ((835’&)2, 8$(¢u))

S Ml (7 e + 1l + lullgsa (19 e ull 22 + [z llullze) - (7.64)
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It is a bit more delicate to estimate the two remaining terms, (H0,(uH (0,u)), 0.(Yu))
and (HO2u, d,(¢u)). We begin with the last one. Using the properties of the Hilbert trans-
form, the fact that D = HJ, and an integration by parts,

(HO2u, 0, (u)) = (8:D%2u, D2 (tpu))
— (D¥?u, D (/) + % ((D¥2u)?,¢') = (D*?u, [D*2,¢] Ozu) .
Using Lemma 7.2.5, we have

= (D*2u, D)) < Nullfre ¥ o2 (7.65)

~

and it is easy to see that

(D2u)?,0") S 1 e lul s 2 - (7.66)

DO | —

Next,
|:D3/2a 77Z)} a:cu = [J3/27 ¢} 8:8“ - [Rv ¢] axu
where R is defined by

~

— ~ 1
RHE) = [(1+ €)%~ 69 &) = I (1 + ) = 1) Fie)
In particular, R is bounded on L?, and

IR, ] Qullrz S ([0l zee llullm -
Using finally Lemma 7.2.7, we obtain

(HOzu, 0x(Yu)) < (10 llee + 10 o) [ullfgase + 1l el ull o - (7.67)
We now control the last term.
(HO,(uH(9,)), 8, () = (D' (uDu), D28, (yu)) .
Lemma 7.2.5 yields
| DY)z S lullan [ull o (7.68)

and with Lemma 7.2.7, we obtain that

IDY20, ()2 S 172 (Wu)] 2
< P ullze + || [722, 4] ull e
<

[0l oo Nl grara + 11 ozl e - (7.69)
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Bringing together (7.58) and the estimates (7.60-7.64), (7.67), (7.68) and (7.69), we get

d
Z(=I(w) S CW) [ +h+k)"+ (1+h+E)|ulis:] - (7.70)
Integrating with respect to time, we obtain the announced result. U

Lemma 7.8.4 Under the same assumptions that in Lemma 7.8.3,

u(t)]| gz < m(st, |10l 57) (7.71)

where m s an even positive function which growth with t on R, and which is continuous

with respect to t and ngH%Q m can be expressed in function of h and k, but we will omit
this expression, which is of low interest.

Proof. Using the conservation law I3, Lemma 7.8.3 and the Cauchy-Schwarz inequality,
t
[l S Cllell? + (1+k)°) + C) / (1+h+k)*ds
0

+O() / (L4 Bt B)|Ju(s)|ads

The result follows by applying the Gronwall’s lemma. U

Passing to the proof of Theorem 7.1.5, take now ¢ € H3/2. Since (7.7) has been shown
to be locally well-posed in H3/2, there exists 7% > 0 and a solution u € C([0,T*[, H3/?)
of (7.7). Moreover, either T* = oo or T* is finite and ||u(t)]| g3,z o +00. We assume by

contradiction that 7™ is finite. Let (¢;);en be a sequence of H*' functions such that ¢; — ¢
in H%?2 where s, is large. We denote by u; € C(R, H*) the solution of (7.7) with initial
data ¢;, which is given by the results of [ILS|. Then, using Theorem 7.1.3, it is easy to see
that for all T < T*, u; — u in C([0,T], H3/?). In particular,

[wll Lo > < Hminf [[ug| poe oz < Hhmm(, ¢, [0l gas2) = m(¥, L, (@]l sr2) -

Letting " — T™, we obtain a contradiction with the fact that ||u(¢)]| ;32 blows up as ¢ T T*.

We have shown that (7.7) is globally well-posed in H?/2. We next prove that it is globally
well-posed in H*, where s € (3/2,2).

Inequality (7.48) was shown for a regular solution of (7.6), but it clearly remains true
for a regular solution of (7.7).

Like in [Po|, we use the following inequality due to H. Brezis and T. Gallouét (see |[BG]):
if f € H*(R") with a > n/2, then

1Fllze < Can(L+ 1 f sz v/ 108 (2 + [ fll22)) - (7.72)
Since s — 1 > 1/2, it follows that
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10sullz= S 1+ ull a2 /log(2 + [lul

Hs)) - (7.73)

Thanks to (7.73) and (7.48), we obtain that there is C' > 0 such that for all ug € H°,
T>0,te|-T,T],

ie < C(L+ [Ju(t)]] gar2) log (3 + [lu(t)]

d 2 2
prlclO] o) 3+ w®)l7:)

using Lemma 7.8.4, we get

i < (34 Jluol

[u(®)] ir+) exp exp(C(L+m(¥, T, uol gs2))t) -

By continuity with respect to the initial data, this inequality remains true for ug € H”.
This shows that (7.7) is globally well-posed in H*® and the proof of Theorem 7.1.5 is
complete.

7.9 Appendix

The proof of Lemma 7.2.4 is similar and simpler to that of Lemma 7.2.3 which was
done in [KP]. It is based on the following result due to Coifman and Meyer (see [CM1],
[CM2]).

Theorem 7.9.1 Let o(n, &) € C((R")* x R"\(0,0)) satisfy
070(n,&)] < Co(lEl+ )™, (7.74)
where v = (v, ..., v), v; € N", and
V| =lvol+ ..+ || <K N:i=nk+1)+1.

Then
lo(D)(ar-.ar, Pllzz S laallzoe - Nlarll L=l ]2
where o(D)(a, f) = o(D)(ay...ax, f) is defined by

o(D)(a, f) == / / €€ (1, €)a() (€)dnde

a(z) = ar(xq)...ap(zg) , z; € R™,
N=m+ -+, 1= (0,0 -

In our case, n = k =1, hence N = 3.
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Proof of Lemma 7.2.4. We begin as in the proof of Lemma 7.2.3 in [KP|. We write
7 flo(e) = / / ) [(L (64 ) = (1)) F(gn)dnd
= CZO']'
j=1

where ¢
o3(€m) = [+ €+ )7 = 1+ ()
and the ¢; are positive even functions on R such that ¢; +¢> = 1 on R and Suppy; C

It was shown in [KP] that

lou(D)(f, )l < N0 f Nzl T gllre. (7.75)
Next, we define

09

/2 2\s/2 s
/ / e (1 f; 17>+>€2)s0+§11+77> a1+ )5 ¢ (€)atn)dnds

(0, f,9)(2) -

It suffices to prove that 7 satisfies the assumptions of Theorem 7.9.1 to obtain that

lo2(D)(f, 92z S T 0ufllrzllgllze (7.76)

which will complete the proof of Lemma 7.2.4, combined with (7.75).

It is clear that 6o € C*(R?\(0,0)) (because it vanishes if |¢| < |n|/4). In fact, 55 €
C>(R?). Indeed, if || < 1/8 and G9(&, 1) # 0, then |n| < 4[¢] < 1/2, and |€ + 7| < 5/8.
Therefore, using integer series, for || < 1/8, we can write

2r

1 00 2r
52(§,n)=mzcr(§+n)g : (’02(%)’
2 r=0

which is clearly of class C* on {(§,7), |¢| < 1/8}, thanks to the mean value theorem and
because the ray of convergence of > ¢, X" is 1, and 1/8+1/2 < 1.

Therefore 5 is bounded on the compact set K := {(£,7n), |£| <1, || < 4}, hence on the
set {(&,m), |£| < 1}, because it vanishes on {(£,7), || < 1}\K, and we have a similar
result for the derivates of 5.

It remains to see that the derivates of G5 of order less or equal to 3 are bounded on
{(&,m), |¢] = 1}. That is what we will do now.

203



Let v be a multiindex such that |v| < 3. Then by the Leibniz formula,

PoEm) = D Capsd (L €+ = (L+1)?)

o+B+vy+d=v
1 1 ¢
5 (1+€2) ()+2 1 @2(7}) ( )
We estimate now each derivate in the right hand side of (7.77).
a s s s=lal s=lal
0 ((L+ €+ m) 2 = 0 S A+ (E+0)) = + (A7) =
1 1
Bl <
7|
and
a,y 1 sgts—1 5 ]‘; +s—14|vy|]
(1+&2) (L+&)™"

If § =0, Pps(E/n) = pa(E/n) is bounded and vanishes on the set {(£,7), |£/n] < 1/4}.
Else, @,(&/) vanishes on {(&,1), |¢/n] < 1/4 o |¢/n| > 1/3}, and

Therefore, on the set {(£,n), |£| > 1},

G mI (el + D" S | Max Qagns (7.78)

where

(el + DM (@ + €+ 02 + (1))

apys = sgts—1+4]v|

[ HPIH(L + £2) 7
To control ()us,5, we distinguish two cases:

- if s—|al 20,
v 2)°3°
Ours < €A+ 1E°) :
[+ (1 -+ 2) 25
S 1+ ™51
because sg > 0.
—ifs—|a] <0,
vl
Qaﬁ’y(s /S ’5‘

sgts—1+|v|
2

[P 4 £2)
(1+ 52)(|0¢|—80—8)/2 <1

S
because || < 3 and 3 — sy — s < 0.

The proof of Lemma 7.2.4 is complete. U
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