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 ¢JªMÚ�EÊS�D�TMNOAÜàsI>C�P­C�I>=¬H�LMAGCB=Ä¥JS�EGNOHJD�CÊ®M<*?B=@NO¦5CBDsE4SUPOC	SgCBIÙPON­CBIÙ<*HJI>=¬PzSR<>=¨CB¦5N Æ =@C�ÖÇH�NOA¬CBD � 
D
 ªR<wS�=
I>D>CK?�àsI>NO<*C�TMNO=@NOQ�?�C�<wS�= 
 ± «¬HJ=@D>CBPOP�C�EÜ« ± k N­C�¦ÙSUD ± 
 ± ��± ¼	=@HJA@AÛC¯E ¿ ± ��±F� NáEÊS�C�¥ÃA@»�NON�H�DsEq¦5HÃTM?BPONOA@?º�Cg< ³ ?BD>HJ¦ Æ D>Cg<wSU=´P � ?�àsIwS{EGNOH�DlàsI>Nä<*H�=ÄEGCgP­C�I>=KD>H�¦ÌC�E�àsI>NäA � ?�º�=¨NOE�ÚwS�<>= Æ A�SJTÃN­¦5C�D>AGNOHJD>D>CB¦5CBDFEÁÚ

i
∂u

∂t
+ ∆u+ (1− |u|2)u = 0.

t êdu
u CBA¨EÉNzº�NoI>D>C£Ö H�D>º¯EGNOH�D�TMCBA�¥JS�=@NzSULMP­CBA (t, x) ∈ R × R3 Ú*àsIMN�=¨CB<>=@?BA@CBDsE@C t ×5P � SJTMNO¦5CBD>A@NOHJD>D>CB¦5CBDsE<>= Æ A�uRPzSâÖ HJD�º¯EGNOHJD-T � HJD�TMC(TMCBA§L*H�A@HJD>A ± |u(t, x)| EGCBD�Tj¥FCB=¨A 1 POH�=¨A4àFI>C x E@CBD�T�¥�CB=@A§P � NODMí�D>N ± ¿ Cº�HJD�TMCBD>A4S{E�CBA¨E�TM?Bº�=@NáE�<wS�=KI>D>CgãBHJD>CRHD±
P­Cg¦5H�TMI>POC£TMC u CBA¨E�<*C�EGNáE�<wS�=K=4S�<><*HJ=¨EÉ× 1

±
¿ C�A	EG= Æ A�LwS�AGA@CBA	E@CB¦5<*?B=GS�E@I>=@CBA	D>?�º�CBA@A4SUNO=@CBAR×ÙPzSÙÖ HJ=@¦ÙS{EGNOH�D�T � I>D�º�HJD�TMCBD>A4S�EgA@HJDsE�HJLMEGCBD�IMCBA<wS�=£<>N­?�Q�CÁS�QJC�PzS�A@CB= ± «¬H�D>A@N­TM?B=4S�DsE�POCÙÖ�SUNOAGº�CÁS�I�PzSUA@CB=�º¯µÃPONOD�TM=@N­àsI>C�º�HJ¦5¦5C�IMD�HJL>A¨EÊSUº�POC�S�I�L*HJ=GT

TMI�àsI>C�P	PzSjÖÇH�D�ºÊEGNOH�D+T � HJD�TMC�A � S�D>D�I>POC t ¥FHJN­=�è ¶�æ�é	C�E�POCBA�=¨?BÖ ?B=¨CBD�º�CBA(àFI>NÉA � µ&E@=@HJIM¥FCBDsEju¯ÚÛN­P�CBA¨E?BQFSUPOCB¦5CBDFE�NODsE@?B=@CBA@A4SUDFEÉT � ?�EGI�TMNOCB=KP � ?�àsIwS{EGNOHJDâTMC§¼É=@H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON t êduÜT�S�D>A�P­CRº�HJ¦5<>PO?B¦5CBDsE4SUNO=@C
TMCRº�C�E�HJL>A¨EÊSUº�POC ±� S�=@¦5N�P­CBA�?�àsIwS{EGNOH�D>AÉTÃC ¡ º ³ =��ÃTMNOD>QJCB=�D>HJDâPONOD>?ÁS�N­=¨CBA�ÚwP � ?�àsIwS{EGNOHJDaTMCØ¼É=@H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON#CBA¨E�PzS<>POI>A£?�EGI�TÃN­?BC t º � CBA¨E£¦5ÝB¦5C�º�C¯E@EGC5?�àsIwS{EGNOH�D�àsI>C�º�CB=¨E4SUNOD>A§S�IMEGCBI>=¨A�TM?BA@N­QJD>CBDsE�POHJ=@AGàsI � N­POA£<wSU=¨P­C�DsET � ?BàsIwS{EGNOH�D&TMC ¡ º ³ =���TMNOD>Q�CB=�D>H�D-PON­DM?ÁSUNO=@C	u ± � S�D>A5PzS�A@I>NáEGC�Ú C�P­POC
D>HJI>A5A@CB=Ä¥ÃNO=4S�A@HJIM¥FCBDsE5TMC
º�SUA¦5H�T Æ POC ±
È3ÉêÈ ÚHÞ3ß¨ÒÔÓBÛ¾ÌÇÍ"ÐëÎ¨Ïyì3í8î"ãBï3Î"Û¹Í"ðGÏ�ã`Í¨ÌÇÍKñ¹Û¹Í¨Ý�ÒÇÛ¾ãBÏ�ÐëÎ¨Ý�òóÌ3í�ÒÇñ¹Û¾Ð/ÒÇÍÇÓPÏ�ÐôÏ�ÍõÌ�ö3Ù

ÓBÛ¹Þ¸ß"ÏÇÉ
� Da¥JSÙN­º�N�¦5HJDsEG=¨CB=ÉP � I>D>CØTMCBA	ÖxS°¯�HJD>A�<wS�=ÉPzSJàsIMCBP­POCØP � ?�àFIwS�E@N­HJD�TMC ¡ º ³ =��ÃTMNOD>QJCB=	D>H�DaP­NOD>?ÁS�NO=@CCBA¨EÉHJLMEGCBD�I>C�CBDâH�<ME@N­àsI>C ± 2 PoA � S�QJNOE	TMC�¦5H�TM?BPONOAGCB=�PÇS5<>=¨H�<wS�QFS�E@N­HJD�T � I>D>C�HJD�TMC§àsIwS�A@No¦5H�D>H�º ³ =¨HUÂ

� ©



¦ÙS{EGN­àsI>C�T�SUDMAgI>D!¦5NOPON­C�I!ÖxS�N­LMP­CB¦�CBDsERDMH�D!PONOD>?ÁS�N­=¨C ± � D�<wSU=ÄERTMCBAg?�àFIwS�E@N­HJD>ARTMC ° SÁ®/�ÜCBPOPç<*HJI>=
I>D
NOA@H�PzSUDFE�<wS�=@Ö�SUNáE �

TMNá¥ D = 0,

=@HUE E = −∂B
∂t
,

TMNO¥ B = 0,

=¨HJE H =
∂D

∂t
,

HD± D TM?BA@NOQ�D>C·POC´TM?�<>PÇSUº�CB¦5C�DsE ?BP­C�ºÊEG=@N­àsI>C�Ú E P­CÜº ³ S�¦5<§?BPOC�º¯E@=@N­àsI>C�Ú B P � NOD�TMI�º¯E@N­HJDØ¦ÙS�Q�DM?�EGN­àsI>C·C�E
H POC�º ³ S�¦5<�¦ÙS�Q�D>?�E@NzàFI>C ± B C�E D A � C¯®M<>=¨NO¦5CBDsEqCBD5ÖÇH�D�ºÊEGNOH�D�TMC E C¯E H TÃCKPÇS	¦ÙS�D>N Æ =@C´AGI>Ná¥JSUDFEGC ±

B = µH,

D = ε0E + P,

HD± µ CBA¨E	PzS�<*CB=@¦5?�SUL>NOPONOE@?§¦ÙSUQJD>?�E@NzàFI>CØTMIa¦5NOP­NOCBI�Ú ε0
PzS�<*CB=@¦5NáE@E@Ná¥ÃNOE@?ØTMIâ¥�NzTMC�C�E P POC£¥FC�º¯E@CBI>=

<*HJPÇS�=@NOA4S�E@N­HJD ± � CBAK?�àsIwS{EGNOH�D>A�TMC ° S{®/�ÜCBPOPåÚ>NOPä¥�N­CBDFE
−∆E + QJ=4SUT
TMNO¥ E = =¨HJEK=@HUE E = −∂

=¨HJE B
∂t

= −µ∂
=@HUE H
∂t

= −µ∂
2D

∂t2
= −µε0

∂2E

∂t2
− µ∂

2P

∂t2
.

� SUD>AKI>D
¦5NOP­NOCBI
N­A@HUEG=@HJ<*C�Ú>POC�¥FC�º¯E@CBI>=K<*HJPÇS�=@NOA4S�E@N­HJDlA � C¯®Ã<>=@NO¦5C
P = ε0χ0E,

HD± χ0
CBA¨E�PzS A@I>AGº�CB<ME@N­L>NOPONOE@?�TMId¦5NOP­NOCBI ± 
 Dd<�SU=¨E@N­º�I>P­NOCB=BÚ E CBA¨E�º�HJPON­D>?ÁS�NO=@C�× D ÚqC�E�A@N χ0

CBA@E
º�HJD>A¨EÊS�DsEÁÚ�TÃNO¥ E = 0

±
E C�A@E�TMHJD�ºgA@HJP­IÃEGNOH�DlTMCRP � ?BàsIwS{EGNOH�DlTMCBA�HJD�TMCBA

∆E − µε0(1 + χ0)
∂2E

∂t2
= 0,

àsI>NäAGCg=¨?B?�º�=@NáE
∆E − n2

c2
0

∂2E

∂t2
= 0,

HD± n =
√

µ(1+χ0)
µ0

CBA¨E P � N­D�TMN­º�CÜTMC·=@?BÖÇ=4SUº¯EGNOH�DØTMI§¦5NOPONOCBIØC¯E c0 = 1/
√
ε0µ0

PzSK¥ÃNáEGCBA@A@CÜTMC·PzS�POI>¦5N Æ =@C
T�S�D>A�POC�¥ÃN­TMC ± ¡ N n ≡ n0

CBA¨E�º�HJD>A¨EÊS�DsEÁÚMP­C�A�HJD�TMCBA�<>PzS�D>CBA
E0 = 2Re

[
Eeikz−iωt−→e

]

A@H�DFE	A@HJP­IME@NOH�D>A	TMC§º�C¯E@EGC�?BàsIwS�E@NOH�D�TMCBAÉHJD�TMCBA�Ú*HD± E ≡ E0
CBA¨E	º�HJD>A@E4SUDFEÁÚ −→e CBA¨EÉPzSÙTÃN­=¨C�º¯EGNOH�D�TMC

<*HJPÇS�=@NOA4S�E@N­HJD�ÚwHJ=¨E ³ H�QJHJDwSUPOC§×�PzS5TMNO=@C�º¯E@NOH�DaTMCR<>=¨H�<wS�QsS{EGNOHJD −→z C�E k−→z POCR¥�C�º¯EGCBI>=�T � HJD�TMC ± � DaSS�P­HJ=@AKPÇS§=@CBPzS{EGNOH�D
c0

n0

=
ω

k
.

�D�



¡ N·¦ÙS�NODsEGCBDwS�DsE n = n0 + n ÷Mø (I) Ú�HD± n ÷óø CBA¨EØI>D>C�<*C�E@NOE@C�<*CB=¨E@I>=@LwS{EGNOHJD-TMC n0
Ú�DMC(TM?B<*CBD�T>SUDsE

àsI>C5TMC�P � NODsE@CBD>A@NOE@?5POI>¦5NOD>CBI>A@C I = |E|2 Ú E D � CBA¨Eg<>POI>A£º�HJD>A¨EÊS�DsEGC�ÚäC¯Eg¥F?B=¨NOí�C�S�I!<>=@CB¦�N­CB=�H�=@TM=@CP � ?�àsI�S�EGNOHJD
2ik

∂E
∂z

+
∂2E
∂x2

+
∂2E
∂y2

+ 2k2n ÷óø
n0

E = 0.

� D5S�Nzº¯NMD>?�Q�PONOQ�? k ∂E
∂z
TMC�¥�S�DsE ∂2E

∂z2
ÚUº�HJ¦5<MEGC¬EGCBDsI�TMI§ÖxS�NOEçàsI � I>D>CÜ<*C�E@NOE@C·¥JS�=@NzS�E@N­HJD�TMC n D>C·¦5H�TMNOí�C

E àsIMCgAGI>=KTMCgQ�=GSUD�TÃCBA�?�º ³ CBP­POCBA�T � C�AG<wSUº�C ±¿ S�D>HJDÃÂ P­NOD>?ÁS�=@NáEG?�PÇS�<>POI>A¬C�¦5<>POH{µ�?BC�T�S�D>A·º¯C�º�SUTM=@C�CBA¨E¬PzS�D>H�D�Â PONOD>?ÁS�=@NáEG?�º�I>L>N­àsI>C�ÚsàsI>N�<*CB=@¦�C�ETMC(¦5HÃTM?�P­NOA@CB=5POClº�HJ¦5<*HJ=¨EGC�¦5CBDsE�TMC(PzS�P­I>¦�N Æ =¨ClT�S�D>A5POCBA5¦5NOPON­CBIÃ®-TMNáEGA�ù È CB=@=	ù ± � SUD>A5º�Clº�S�A�Ú
n ÷óø = n3I = n3|E|2 ÚäC�E�SU<>= Æ A�SJTMNO¦5CBD>A@NOHJD>D>CB¦5CBDsE�TMCBAg¥JS�=@NzSUL>POCBA�Ú�HJD CBA¨E§S�¦5CBD>?�×(P � ?�E@I�TMC�TMCP � ?�àsI�S�EGNOHJDâTMC ¡ º ³ =��ÃTMNOD>QJCB=KD>H�D
PON­D>?ÁS�NO=@C£º�IML>NzàsIMC�×�TMCBI�®
TMN­¦�CBD>A@N­HJD>A�T � CBAG<�SJº�C

i
∂u

∂z
+ ∆u± |u|2u = 0.

t ª%u
¶o¥FC�ºqI>D£A@NOQ�D>C + Ú�P � ?�àsIwS{EGNOH�D t ª%uäC�A@E�TMNOE@CÛÖ HÃº�S�PON­A4S�DsEGCÛC�E�D � SJTM¦�C�EÐàsI>C¬TÃCBA�HJD�TMCBAo<>=@HJQ�=¨CBA@A@NO¥�CBAPOHÃº�S�PON­A@?BCBA�Ú�E4SUD�TMNOA àsI � S�¥�C�º¬POCÜA@NOQ�DMC − Ú{CBPOPOCÜCBA¨E TMNOE@CÜTM?BÖ H�º�SUPONOAÊS�DsE@C�ÚUC�EÐCBA¨E A@I>AGº�CB<ME@N­L>POC´T � SJTM¦�C�E@EG=¨CTMCBAV{�|9}M~V�!�D��� �4�9���Øº�HJ¦5¦5C§A@HJP­IME@NOH�D>A ± � SUD>A�º�CØTMC�=@D>NOCB=�º�SUA�Ú*H�D�=¨C�EG=@HJIM¥FC�CBD�ÖxS�NOE	P � ?�àsIwS{EGNOHJD!TMC¼	=¨H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON ± t ê/uÉCBA¨ERCBD CJº C¯E£?�àsI>Ná¥JSUPOCBDsE@C�× t ª%ugSB¥�C�º�POC�A@NOQJD>C − Ú�àsI>NáE@E@CÙ×�=@CB¦5<MPÇSUº�CB=RPzS¥JSU=¨NÇS�L>POC(T � C�AG<wSUº�C�T�SUDMAØPzSaTMNO=@C�º¯E@N­HJD-TÃC�<>=¨H�<�SUQFS�E@N­HJD z <wS�=§I>DMC�¥JS�=@NzSUL>POC�E@CB¦5<*HJ=@CBPOP­C t Ú�C�E�×º ³ S�D>QJCB= u CBD e−itu ±� S�D>Agº�C�ºBSJTM=¨C�Ú PzSÙD>HJDÃÂ P­NOD>?ÁS�=@NáEG?�º�I>L>N­àsI>CØD � CBA¨Egº�CB<*CBD�T�S�DsEg<wS�A�PzSÙAGCBIMP­CØNODsE@CB=@CBA@A4SUDFEGC�T � I>D<*HJN­DsEÉTMCR¥ÃI>CR< ³ µÃA@N­àsI>C ±�� H�IM=ÉTMCRÖ HJ=¨EGC�A�N­DsE@CBD>A@NOE@?BA�POI>¦5NOD>CBI>A@CBA�Ú*º�CB=¨E4SUNOD>A�¦5NOPON­CBIÃ® Ú*º�HJ¦5¦5C£º�CB=ÄÂ

EÊS�NOD>A¬<*H�PáµÃ¦ Æ =¨CBA¬H�I�º¯CB=¨EÊS�NOD>A·A@CB¦�NáÂ º�HJD�TMI�º¯E@CBI>=@A t ¥�H�NO=Ñè È ¿o� é u¯ÚFDMCÉ<*C�IM¥FCBDsE¬<>POI>A·Ý�E@=@C�¦5HÃTÃ?BP­NOA@?BA
TMC�ÖxS°¯�HJD�A4S{EGNOA@ÖxSUNOA4SUDFEGC�<wSU=�I>D>C�D>H�DÃÂ PONOD>?ÁSU=¨NOE@?qù È CB=@=	ù ± ¿ C�AØ< ³ µÃA@Nzº�NOCBD>A�º¯H�D>A@N­T Æ =@CBDFE�S�POH�=¨A�TMCBAº�HJ¦5<*?�EGNáEGNOHJD>A�CBDsE@=@CRTMCBIÃ®�E@CB=@¦5C�A�TMCgE µÃ<*Cg<>I>NOA@AÊS�D�º�C �

n ÷óø (I) = n2p+1I
p + n4p+1I

2p, HD± p > 0 C�E n2p+1n4p+1 < 0.

� S�=@¦�NÐº�CBA	D>H�D�Â PONOD>?ÁS�=@NáEG?BA�Ú�PÇS�<>POI>A�ÖÇ=@?�àsIMCB¦5¦5CBDsEÉCB¦5<>POH{µ�?BC§CBA¨E�PzS�D>H�DÃÂ PONOD>?ÁSU=¨NOE@?�TMNáEGCØº¯I>L>NzàFI>C¯Â
àsI>NODsE@NzàsIMC

n ÷óø (I) = n3I + n5I
2,

º�HJ¦5<*?�EGNáEGNOHJD�CBDsEG=¨CÉI>D�E@CB=@¦5C	º�I>L>N­àsI>C	ÖÇHÃº�S�PON­A4S�DsE t
n3 > 0 uÛC¯EÜI>D�E@CB=@¦5C	àFI>N­DFEGN­àsI>C�TM?BÖÇHÃº�S�P­NOA4SUDFEt

n5 < 0 u ± 
 POPOC·CBA¨EÐ<wS�=�C¯®MCB¦�<>P­C¬IMEGNOPON­A@?BC·<*HJI>=�P­C�A º�=@NOA¨EÊS�IÃ®�TMC·<ÃÂåE@H�POI Æ D>C¯Â A@I>POÖ HJDwS�E@C t ¥FHJN­=gè È ¿o� é^u ±

 D(TMC ³ HJ=@A´TMC�P � H�<ME@NzàsIMC�ÚMA@HJI>AKº�C�=¨EÊS�NOD>CBAKº�HJD�TMNOE@N­HJD>A´A@I><><>P­?�¦5CBDsEÊS�NO=@CBA´A@I>=ÜPOCBA´<wS�=4S�¦ Æ E@=@CBA n3

C�E
n5
Ú*º�C�E@E@C�D>HJDÃÂ P­NOD>?ÁS�=@NáEG?�CBA¨E�SUIMAGA@N#EG= Æ AÉIME@N­PONOAG?�C§<*HJI>=ÉTM?�º�=@NO=@C§º¯CB=¨EÊS�NOD>AÉQsS�ã§TMC£L*H�A@HJD>A t ¥FHJN­=�è æÇé Úè æ ° éåÚ�è æ´¼ °a� é�C�E�POCBA�SUIME@=@CBAK=@?BÖÇ?B=@CBD�º�C�A�àsI>N�A � µ�EG=¨H�IM¥�CBDsE�u ±� HJI>=RTMC�E@= Æ AgÖ HJ=¨EGC�AR<>I>NOA@AÊS�D�º�CBA�Ú�NOPÛS�<><wS�=4S�úzERAGHJIM¥FC�DsE£àsI>C�PzS�¥�S�=@NzS�E@NOH�DjTMC�P � NOD�TMN­º�C�TMI ¦5N ÂPON­CBI D>C�<*CBIMEØ<wS�A�TM?B<wS�A@A@CB=ØI>D>C�º�CB=ÄEÊSUNOD>CÙ¥�S�POCBI>=�ÚÐT � HD±�P � N­DsE@=@H�TMI�º¯EGNOHJD&TMC�D>HJDÃÂ P­NOD>?ÁS�=@NáEG?�A�SB¥FC�ºA4S�E@I>=4S{EGNOH�DäÚ><wSU=KCÊ®MCB¦5<>POC

n ÷óø (I) = n∞


1− 1(

1 + I
I ûýü
þ
)p


 .

� ¢



2 D�TM?�<*CBD�T�SU¦�¦5CBDsEØTMI�ÖxSUNáEØTMCÙ¦5H�TMNOí>CB=�PÇSlD>HJDÃÂ PON­DM?ÁSU=¨NOE@?�<*HJI>=�¦5NOCBIÃ®j<>=¨CBD�TM=@CÙCBD º�H�¦�<MEGC
POCBA�<>=¨H�<>=¨N­?�E@?BA�TMClE@CBP�HJIdE@CBP�¦�S�E@?B=@NzSUIäÚÛP­C�A�< ³ µÃA@N­º�NOCBD>A�A@H�DsE�SUIMAGA@N	S�¦5CBD>?�A(× NODsE@=@H�TMI>N­=¨C�TMCBA
¥JSU=¨NÇS�DsE@CBA�TMC5P � ?�àFIwS�E@N­HJDjTMC ¡ º ³ =���TMNOD>Q�C�=£D>HJDÃÂ P­NOD>?ÁS�NO=@C ±�� S�=RC¯®ÃCB¦5<>POC�Ú�P � ?�EGI�TMC�TMC5P � N­DsE@CB=4SUº¯EGNOHJDT � HJD�TMCBAK¦5H�D>H�º ³ =¨H�¦ÙS{EGN­àsI>CBA�T�SUD>A�IMDlQJI>NzTMCRT � HJD�TMC�×�TÃCBIÃ®lTMNO¦5CBDMAGNOHJD>A�¦ Æ D>C£×�TMCBA�A¨µÃA¨E Æ ¦5CBATMI(E µÃ<*C

{
i∂w
∂z

+ r ∂
2w
∂x2 − w + vw = 0

iσ ∂v
∂z

+ s ∂
2v
∂x2 − αv + w2

2
= 0,

tê� u
HD± r, s = ±1 C�E σ, α > 0

t ¥�H�NO=;è æ È � é Úÿè æ È ¢	é Ú�è æ � ¡ ² é^u ± «¬H�¦�¦5C§H�D�P­C�¥FCB=¨=4SÃÚ�<*H�I>=�º�CB=¨E4SUNOD>CBA
¥JSUPOCBI>=¨A´TMC�A·<wSU=GSU¦ Æ EG=@C�A r, s, σ, α Ú tê� u¬SUTM¦5C�E·<*HJI>=·A@HJPOIMEGNOH�D�TMCBA³{%|9}j~³�!�D��� �4�9���ÊÚ�HJI�<MP­I>A·C¯®�SUº¯E@C¯Â
¦5CBDFEÉI>D�º�H�IM<>P­C§TMC§TMCBIÃ® {�|9}M~s�!�D���^�4�9���¯ÚwHJIaL>NOCBDaI>D�º�HJI><>POC§Ö HJ=@¦�?§T � I>DÕ{�|9}M~s�!�D��� �4�9�!C�E�T � I>D��}j�����/�G�!�D���^�4�9� ±

Å�D£SUIME@=@CçC¯®MC�¦5<>POCÛTMCçA¨µÃA¨E Æ ¦�CçHJLMEGCBD�IgCBDgHJ<MEGN­àsI>CçCBA¨E#POCqA¨µÃA¨E Æ ¦5CqTMC ° S�DwS�»�HÁ¥ t è ¡ È é Ú è ° SUDBé uÊÚ
àsI>NäTM?�º�=¨NOEKPzS�<>=@HJ<wS�QsS{EGNOH�D
T � I>D>C�POI>¦5N Æ =¨CRTÃC�<*H�PzS�=@NOAÊS{EGNOHJDlàsI>CBP­º�HJD�àsI>CRT>SUD>A´I>D(¦5NOP­NOCBI
TM?BÖÇHÃº�SÁÂPON­A4S�DsE

i
∂u±
∂z

+
∂2u±
∂x2

− (|u+|2 + |u−|2)u± = 0,
t û u

HD± u+
C¯E u− TM?�º�=¨NO¥�CBDsE§P � C�Ds¥FCBPOHJ<><*C�TMI º ³ S�¦5<�?BPOC�º¯E@=@N­àsI>C�T�SUD>A§TMC�IÃ®�TMN­=¨C�º¯EGNOHJD>A�EG=GSUDMA@¥�CB=@A@CBAt ãR?�EÊS�DsE�PÇS5TMNO=@CBº¯EGNOH�DaTMC£<>=¨H�<wS�QsS{EGNOHJD'u´C�E�H�=ÄE ³ HJQ�HJDwS�P­CBA�CBDsEG=¨C£CBPOPOCBA ± � Dl¥FCB=¨=4S5àsIMC�º�C£A¨µÃA¨E Æ ¦5CSUTM¦5C�E�º�HJ¦5¦5C�AGHJPOIMEGNOHJDâTMCBA�{�|9}M~�����}j�����d���!�°��� �4�9�B� ±

È3É�� ÚHÞ3ß¨ÒÔÓBÛ¾ÌÇÍ�Î"Ï	�\Ì�ã/ÓPÏ�
ØÏ+ð�Ù°Î¨Ï
�7ã�Û¾Ï�Ð�Ò�æÇÏ�ífÎ¨ÌÇÍÑÍ¨Ý�Ï�ÐnÍ"Ì�Í Í¸ßÑñ¹ñ4Ï�Ð��ëñ�� Û¹Í¸Ù
� Í"ÛJÉ
¿Û� ?�àsIwS{EGNOH�DlTMC È HJ=¨EGCj�´CBQ�Â TMC�¹Û=¨N­C�A

∂u

∂t
+
∂3u

∂x3
+ u

∂u

∂x
= 0

t ¤�u
<*CB=@¦�C�E�TMCgTM?�º�=¨N­=¨CgP � ?�º�HJI>POCB¦5CBDsE�T � I>D(PON­àsI>N­TMCRT�SUD>A´I>Dlº�S�DwS�P t è�· ¡ CJé Úÿè ¸ä¼Ñé u ± 
 D
<�SU=ÄEGN­º�I>P­NOCB=BÚ>CBDCBD�º ³ C�=Gº ³ S�DsE¬TMCBAqA@H�POIME@N­HJD>A¬àsI>NMEGCBD�TMC�DsEq¥FCB=¨AÛTMCBAÛº�H�D>A¨E4SUDsE@CBAÛTMN�º�?B=@C�DsEGCBAqCBD +∞ C�EqCBD −∞ ÚJH�D<*CBIME�¦5HÃTÃ?BP­NOA@CB=ÉTMCBA�< ³ ?BD>HJ¦ Æ D>C�A	TMCgEßµÃ<*CR¦ÙSUAGº�S�=@C¯E t è æ � ¡ éåÚ è æÛH ¡ º�éåÚ è � C�é u ± ¿ CBA�¦�SUAGº�S�=@C�E@A�A@H�DFETMCBA�¥JSUQJI>CBA	àsI>No<�C�IM¥FCBDsEÉ=@CB¦5HJDsE@CB=ÉPOC§º�HJI>=4S�DsE�TÃC§º�CB=¨E4SUNOD>CBAÉ=@Ná¥ÃN Æ =@CBAÉA@I>=É<>POI>A@NOCBI>=@AÉ»�N­POHJ¦ Æ EG=¨CBA�Ú
×Ù¦ÙSU=¨?BCØ¦�H�DsE4SUDFEGC ± ¿ CBI>=�ÖÇH�=¨¦ÙS�E@N­HJD�CBA¨E�PON­?BC5SÙI>D�D>Ná¥FCÁS�I!TMCØP � CÁSUI!àsIMNçTMC¯¥ÃN­C�DsEgA@I><*?B=@NOCBI>=gTMIº��UEG?RTMCgPzSØ¦5CB=KàsI � CBDâS�¦5HJDsE�TMCgPÇS§=@Ná¥ÃN Æ =@C ±

� 0à�£Î�� Ô�ª�«BÑ4Ó(ª�Ò(Ô ¬�Ë «F14x¿§szH�gÓ�ÑJª�Ò ¬�Ë ��ÏGÀ�Î(ÁV¬(ÑBÒ©Â£Ë´Î Ò©ª�Ò «BÑ��
Ò©x3��Ñ�Î�Ë�ËÜÓ ¬�Ë Ô�ËKÔb®¼�£ÎÐÑ���ÒØÓoËKÔ¬Õ

¿ SRPONOE¨EG?B=GS�E@I>=@C	TMCBA·< ³ µ�AGN­º�NOCBD>AÜCBA¨E·=@N­º ³ CÉC�D�º�H�DJÞ C�º¯EGI>=¨CBA´º�HJD�º�CB=¨DwSUDFEÜP � C¯®MNOA@E@CBD�º�CÉH�I�PzSRA¨EÊSULMNáÂPONOE@?RTMCe{%|9}j~��!�D��� �4�9�B�R<*HJI>=KPOCBAK?�àFIwS�E@N­HJD>AKAGIMA¨Â ¦5C�DsEGNOH�D>DM?BCBA ± ��� HD±
POCgL*CBA@H�NODlTMC�¥�?B=@Náí�CB=´¦ÙS�E ³ ?¯Â
¦ÙS{EGN­àsI>CB¦5C�DsERº�CBAgº�HJDJÞßC�º¯EGIM=@CBA ± 
 D!<�SU=¨E@N­º�I>P­NOCB=BÚä<*HJI>=�P � ?�àsIwS{EGNOH�D!TMC ¡ º ³ =��ÃTÃN­D>QJCB=gD>HJD�P­NOD>?ÁS�NO=@C

� ë



CBDØTMNO¦5CBD>A@NOH�D � Ú�HJD�¥JS�º�PÇS�A@A@NOí�C�=ÐP­CBAÐD>HJDÃÂ PON­D>?ÁS�=@NáEG?�A A@I>NO¥JS�DsE POCBA TMN�º�?B=¨CBDsEGA�E µÃ<*CBA TMC³{%|9}j~"�!�°��� �4�	���
S�IÃ®>àsI>CBPOA�CBPOPOCBA�<*CBIM¥�CBDsE�TMHJD>D>CB=KPON­CBI ±

� S�D>A�PzSØA@I>NáEGC�ÚMH�Dlº�HJD>A@NzT Æ =@CB=4SØP � ?�àFIwS�E@N­HJDâTMC ¡ º ³ =��ÃTMNOD>QJCB=KD>H�D
PON­D>?�SUNO=@C
i
∂u

∂t
+ ∆u+ f(|u|2)u = 0,

t 
 u
HD± u CBA¨E§I>D>CÙÖ HJD�º¯EGNOH�D º�H�¦�<>P­CÊ®MC�TÃCBA�¥JSU=¨NÇS�L>POCBA (t, x) ∈ R × Rn Ú ∆ =

∑n
j=1

∂2

∂x2
j

TM?BA@NOQ�D>CÙP­C
PzSU<>PzSUº�N­C�D£A@I>= Rn C�E f : R+ 7→ R CBA¨E#I>DMCqÖÇH�D�º¯E@N­HJDR=¨?BQ�I>PON Æ =@C ± � DgA@CqTMH�D>DMCÛTMCç<>POI>A#I>Dg=@?�CBP ρ0 > 0t SB¥FCBºRPzSØE@CB=@¦5NOD>HJP­HJQ�NOC£NOA@A@I>C�TÃC£P � HJ<MEGN­àsI>C�Ú�NODsEG=¨HÃTMI>NáEGCRCBD � ± ¢ ± ¢MÚ�NOP#A � S�Q�NáEÉTMCRP � NODsEGCBD>A@NáEG?�TÃIâÖÇH�D�TPOI>¦5NOD>CBIÃ®ZuÊÚ�C�EÐH�D�A@I><><*H�A@C f(ρ0) = 0

± �ÉI>NáE@E@C´×�º ³ S�D>Q�CB= u CBD eitf(ρ0)u ÚUº¯C�E@EGC·TMCB=@D>N Æ =¨CÜº�H�D>TMNOE@N­HJDD � C�A@Eg<wS�Ag=@CBA¨E@=@N­º¯EGNá¥FC ± � D!A@I><><*HJA@C5TMC�<>POI>A f TM?BÖ H�º�S�P­NOA4SUDFEGC�Ú�º�C5àsI>N A@C§EG=4SUTMI>NáE�S�¦5NOD>NO¦ÙS�<wS�=P � ³ µÃ<*HUE ³MÆ AGC f ′(ρ0) 6 0 Ú>C�E�PzS�<MP­I><wS�=¨E�TMI
EGCB¦�<>A�<wS�= f ′(ρ0) < 0
± � DlDMCRA � NODsEG?B=¨CBA@AGCB=GS�T�SUDMAÉº�C¦5?B¦�H�NO=@CRàFI � ×ØTMCBA�A@HJP­IME@N­HJD>A u TMC t 
 uÜTMHJDsE�P � ?�D>CB=@QJN­C

E(u) :=

∫

Rn
|∇u|2dx+

∫

Rn
V (|u|2)dx

t�� ©�u
CBA¨EKí�D>NOC�Ú>HD± V CBA@E�TMH�D>DM?R<wS�= �

V (r) :=

∫ ρ0

r

f(s)ds.
t¹�%� u

� S�=�C¯®MCB¦5<>POC�ÚçPOHJ=@AGàsI>C ρ0 = 1 C�E f(r) = 1 − r Ú t 
 u�D � CBA@EÙSUIME@=@ClàFI>C
P � ?�àsIwS{EGNOH�DìTMCa¼	=@HJA@A¨Â� NáEÊS�C�¥ÃA@»�NON t êdu ±
�¿É¹Ê Ú��"Û¾Ð�ÓPÏ�Í"í�Ï×Ï�ÓÕÐ�ÓPÒ��ÑÛ¹ñ¹ÛcÓPÝ�Î¨Ï�� �"!$#&%('*),+.-/'*01%ëÏ�ÍàÎ"Û32 Ï�ÍÑÐ/Û¾ÌÇÍ

n > 2
É

@Ç� �;��ý�� � �sO�ÿ��Z-*ÿ � �!���
[ � �s� � �5476 . ���>þ	�
��ýW� �98 ÿ��'�!� $ a*�zþ!� � [��!��� ���
� S�D>A¬POCBI>=¨AÛE@=4SB¥�S�IÃ®�TMC � 
 ¤�¢Vè À � éwC�E � 
 ¤ � è À�� � é Ú�« ± ¶ ±�À H�D>CBA�Ú ¡ ± ÀM±�� IÃE@EGCB=¨¦ÙS�D�C�E ��± · ± � H�ÂL*CB=¨E@AÐA@CB¦§L>POCBDsEÐÝ�E@=@C¬POCBAÐ<>=@C�¦5N­C�=@Aç×�A � Ý�EG=@C¬A@?B=@NOCBI>A@CB¦5C�DsEÐ<*H�A@?�Ú�C�DØTMNO¦5CBD>A@NOH�DMAq¢�C¯EçëMÚ{PzSÉàFI>CBA¨EGNOH�DTMC�P � C¯®MNOA¨EGCBD�º¯CÉT � H�D�TMCBAÛ<>=@HJQJ=@CBA@A@NO¥�CBA·T � ?BD>CB=¨Q�NOC�í�DMN­C�<*H�I>=ÛP � C�àsIwS{EGNOH�DÙTMC	¼	=@HJA@A¨Â � NOE4SUC�¥�AG»sN­NbÚsº � CBA¨E×�TÃN­=¨C£TMC�A�A@HJP­IME@N­HJD>A�D>HJDlº�H�D>A¨E4SUDsE@CBA�TMC t ê/u·àsI>N�A � ?�º�=@Ná¥FCBDFE�A@HJI>A�PzSØÖ HJ=@¦�C

u(x1, . . . , xn) = v(x1 − ct, x2, . . . , xn),

HD± v CBA@EKA@H�POIME@N­HJDâTMC
− ic ∂v

∂x1

+ ∆v + v(1− |v|2) = 0,
t¹� ¢%u

C�E�TMHJDsEKP � ?BD>CB=@QJNOC
E(u) =

∫

Rn
|∇u|2dx+

1

2

∫

Rn
(1− |u|2)2dx

CBA¨EÉí�D>NOC ± � SUD>A�º¯CBAgSU=ÄEGN­º�POCBA	CBA¨Egº¯H�DJÞ C�º¯EGI>=¨?BCØP � C¯®MNOA@E@CBD�º�CØT � HJD�TMCBA	<>=@HJQJ=@CBA@A@NO¥�CBA	<*H�I>=�EGHJIMEGC�A	POCBA¥ÃNáEGCBA@A@CBA�º�HJ¦5<>=@NOA@CBAÙCBDFEG=@C 0 C�E √2
t C�EÙA@CBI>POCB¦5C�DsE�<*HJI>=�º¯CBA�¥ÃNáEGCBA@A@CBAju ± 2 POA�µ&TM?�º�=¨NO¥�CBDsE�SUI>A@A@N

� ê



POC�º�HJ¦5<*H�=ÄEGCB¦5C�DsEØ×lP � NODMí�D>N·TÃC�º�CBA�HJD�TMCBA§<M=@HJQ�=@C�AGA@Ná¥FCBA�Ú�SUNOD>A@N·àsIMCÙPÇS
A¨EG=¨I�º¯EGI>=¨C�TMC�P­CBI>=¨A£¥FHJ=ÄÂEGC¯® Ú¬<*H�I>=�TMCBA�¥ÃNáEGCBA@A@CBA�<>=@H�º ³ CBA(TMC 0
± ¿ S ¥�?B=@Náíwº�S{EGNOH�D+TMC�POCBI>=@A(º¯H�DJÞ C�º¯EGI>=¨CBAl×jD>?�º¯CBAGA@NáEG?�TMCD>HJ¦§L>=@C�IÃ®!EG=4SB¥JSUIÃ® TMCÙPzS
<wS�=¨E§TMCBA£¦ÙS{E ³ ?B¦ÙS{EGN­º�NOCBD>A�ÚoTMH�DFE£¥�S(¦5CBDsE@N­HJD>D>CB=£N­º�NÛP­C�A�<>=@NOD�º�NO<wS�IÃ®

=@?BA@I>PáEÊS{EGA ± «¬H�D>º�CB=@DwS�DsEgP � C¯®MNOA¨EGCBD�º�C5T � H�D>TMCBAg<>=@HJQ�=¨CBA@AGNá¥FC�AgCBD!TMN­¦�CBD>A@N­HJDj¢ÃÚ+² ± æÛ?�E ³ I>CBP C�E ÀM± « ±¡ S�IME�è æÛC ¡ S � é Ú�è æ¬C ¡ SJ¢9é�H�DsEK¦5H�DFEG=@?�<wS�=�TMCBA�¦�?�E ³ H�TMCBA´¥�S�=@NzS{EGNOH�D>D>C�P­POCBA�POCBAK=@?BA@I>PáEÊS{EGAKA@I>NO¥JS�DsEGA ±
��� 6/�*ÿ/:P& � 0+� � � �<;>=�?A@.B |DCFEHGJI¶�N{9�LK @ ���j�c�	� n = 2 M � � @ON �
��� @ c0 > 0 � @ �QPSR @UT ��RP}¿����RB� @WV � � @ �M� @
c ∈ (0, c0) M �YX Z[PSR8|°� �c�	� ; C/\]GV|�{�K @ �"RP� @ �!�°�^RB� �ê�9� vc �T�9� �M�	�����4|9�Z� @_@ �¶{`X Z�� @ }5�9� @"a �8� @cb�d_@eT �^Rd� M� � @ON �
��� @ { @ ���M�9�����4|	�Z� @ � Λ0

@ � Λ1
� @ �^� @ �fPSR @

2π| log c|+ Λ0 6
1

2
E(vc) 6 2π| log c|+ Λ1.

��� 6/�*ÿ/:P& � 0+� � � 5g;>=�?A@.B |�\[EHGhI¶�<{9�iK @ �B�j�c�9� n = 2 M � � @ON � ��� @ R/� @ �.R/� � @ cj ∈ (0,
√

2) � @ �T{�|	�Z�
Vj@ }M� √2 � @ �^� @ PSR @JT ��R/}s�4�kRB� @ �Z� � @ } j M �YX Z�PSRZ|°� �ê�9� ; Ck\�G ; ��l c = cj

G7|%{�K @ �WRP� @ �!�D�^RB� �c�9�<�T�	��M�9�B���4|9�Z� @m@ �3{nX Z�� @ },�°� @ a �8� @/b

 D£TMNO¦5CBD>A@NOH�D n > 3 ÚB?BQFSUPOCB¦5CBDFEo<wSU=#TMCBA#¦5?�E ³ H�TMCBA�¥�S�=@NzS{EGNOH�D>DMCBP­POCBA�Ú	² ± æÛ?�E ³ I>C�PåÚ�¼ ± � =¨PÇS�D�TMNC�E � ± ¡ ¦5C¯EGA t è æ � ¡ é u�HJDsEgHJLMEGC�D�I!POC�=¨?BA@I>POE4S�E�AGI>Ná¥JSUDFERT � C¯®MNOA¨EGCBD�º¯C5T � HJD�TMCBAg<>=¨H�QJ=@CBA@A@Ná¥FCBAg<*HJI>=TMCBAK<*C�EGNáEGC�AK¥ÃNáEGCBA@A@CBA ±

��� 6/�*ÿ/:P& � 0+� � �ÿ0po ��R/} n > 3 M � � @ON �
��� @ R/� @ �.RP� � @ cj ∈ (0,
√

2) � @ �T{�|9�8� Vj@ }M� 0 � @ �
� @ P.R @"T ��RP}�4��RP� @ �Z� � @ } j M �YX Z[PSR8|°� �c�	� ; Ck\]G ; ��l c = cj
G |�{�K @ �ARP� @ �!�D�qRB� �c�	�:���9�W�M�9���j�4|9�Z� @r@ � {`X Z�� @ }5�°� @

a �8� @/b
� ± « ³ NO=@HJD t è «Çé ugS�<wSU=RPzS(A@I>NáEGC�º�HJ¦5<>P­?¯EG?�º�C�=¨?BA@I>POE4S�E�ÚoS{í�D�T � H�LME@CBD>NO=RP � C¯®MNOA@E@CBD�º�CÙT � H�D�TÃCBA<>=@HJQJ=@CBA@A@NO¥�CRA@I>=´I>D
N­DFEGCB=¨¥JS�P­POCRTMCg<*C�EGNáEGCBA´¥ÃNáEGCBA@A@CBA ±

��� 6/�*ÿ/:P& � 0+� � � Us;>=�t E�G o ��RP} n > 3 M � � @ON �
��� @ c0 > 0 � @ �$PSR @*T �kRP}¨�4��RP� c ∈ (0, c0) M �YX Z[PSRZ|°� �c�9�
; Ck\]Ge|�{�K @ � R/� @ ���D�^RB� �ê�9���T�9�Ø�M�9���j�4|9�Z� @m@ �¸{`X Z�� @ }5�°� @ a ��� @/b

 D
º�HJ¦5<>PO?B¦5CBDFE�TMC�º�CBA´=@?BA@I>PáEÊS{EGAKT � C¯®MNOA¨EGCBD�º�CgT � H�D�TMC�AK<>=¨H�QJ=@CBA@A@Ná¥FCBA�ÚÃH�DsE´?�EG?gS�I>AGA@N H�LÃEGCBD�I>ATMCBA�=¨?BA@I>POE4S�E@A5TMC(D>HJDÃÂ C¯®MNOA@E@CBD�º�C ± ¶ÉNOD>A@NåÚÐCBD&TMNO¦5CBD>A@NOHJD n > 2 ÚÔ² ± æÛ?�E ³ I>C�P´C�E ÀM± « ± ¡ SUIÃE5HJDsE

¦5HJDsEG=¨?�PzS D>HJDÃÂ C¯®MNOA¨EGCBD�º�C!T � HJD�TMC�<>=@HJQ�=¨CBAGA@Ná¥FC�D>HJD�º�H�D>A¨E4SUDsE@C�Ú´T � ?BD>CB=@QJNOC�í�D>NOC�C�ElTMC�¥ÃNáEGCBA@A@CD�I>POPOC�Ú�E4SUD>TMN­A¬àFI>C ��± ¼	=4SB¥FC¨ÞÄS�EÛP � S�¦5HJDsE@=@?BCK<*HJI>=ÛPOCBAq¥ÃNáE@CBAGA@CBAqA@I><*CB=@A@H�DMNzàsIMCBAÁÚ�Q�=G×Jº¯CÉ×�I>D>CK?�EGI�TMCí�D>C�TMCBAÜD>HÁµ�S�IÃ®�TMC�º�HJDs¥FHJP­IÃEGNOH�D
SU<M<wSU=GSUNOA@AÊS�DsEKT>SUD>AÜPzS�ÖÇH�=¨¦§I>PzS�E@N­HJD ³ µMTM=¨HÃTÃµ�DwSU¦5N­àsI>C�TMC t�� ¢%u ±� POI>AK<>=@?�º�NOA@?B¦5CBDFEÁÚ>HJDâSØPOCBA�=¨?BA@I>POE4S�E@A�A@I>Ná¥JSUDsE@A
��� 6/�*ÿ/:P& � 0+� � � ] ;>=�?A@.B |DCFEHGuIg�ä{9�iK @ �B�j�c�9� n > 2 M �4��RB� @ �!�D�qRB� �c�	�Y{`X Z�� @ },�°� @1a �8� @ { @v; C/\]G| Vj@ � c = 0

@ ����RP� @ �M�9�����4|	�Z� @ { @ KV��{�R�� @ C b
��� 6/�*ÿ/:P& � 0+� � �ÿA ;>=�w }S\.E M =�w }YxcEHG1I¶�H{9�LK @ ���j�ê�9� n > 2 M �4��RB� @ �!�D�qRB� �c�	�N{`X Z�� @ },�°� @�a �8� @ { @y; C/\]G| Vj@ � c > √2

@ �j� RP� @ �M�9������|9�Z� @ { @ K ��{�RB� @ C b
I¶�q{9�iK @ �B�j�c�9� n = 2 � @ }�Zj�.RB�ý�4|°�Ç} @ ��� @zV }ó|9� T ��RP} c =

√
2
b

� ª




 D7TMC ³ HJ=@A�TMCaPzS�àsI>CBA¨E@N­HJD7TMCaPOCBI>=�C¯®MNOA¨EGCBD�º�CaHJI7TMCaPOCBI>=�D>HJDÃÂ C¯®MNOA@E@CBD�º�C�Ú¬HJD+TÃN­A@<*HJAGC�TMC=@?BA@I>PáEÊS{EGA£TMHJD>DwS�DsE�TMCBAR?BPO?B¦5CBDFEGA£TMC�TMCBAGº�=@NO<ME@N­HJD�TÃC�º�CBARH�D�TMCBAR<>=¨H�QJ=@CBA@A@NO¥�CBA ±o� HUEÊS�¦5¦5CBDFEÁÚä¶ ±²*S�=@NODwS t èv²�é uÜS�TMHJD>D>?gI>D>Cg¦ÙS�ÞßHJ=4S{EGNOHJDâTMCgPOCBI>=K¦5H�TMI>POC ±
��� 6/�*ÿ/:P& � 0+� � �
S ;>=>{ EHGuI¶�ä{9�LK @ ���j�ê�9� n > 1 M �j� vc @ ���"�!�D�^RP� �c�9�ä{ @|; Ck\]G M |D���9}M� T ��RP} �4�kRB�
x ∈ Rn M

|vc(x)| 6
√

1 +
c2

4
.

¿ C5º�H�¦�<*H�=¨E@CB¦5CBDFE§×�P � NODMí�D>NÛTÃC�º�CBARH�D>TMCBA£<>=¨H�QJ=@CBA@A@Ná¥FCBARCBA¨E£TM?�º�=@NáER<wSU=gP­C�A�TMC�IÃ®!=@?BA@I>PáEÊS{EGAA@I>Ná¥�S�DsEGA�Ú àFI>N´º�HJDMí�=¨¦5CBDsE5TMCBA�º�HJDJÞßC�º¯E@I>=@CBA�?Bº ³ S�ÖxSUI>TM?BCBA�<wSU=5« ± ¶ ±qÀ HJD>CBA�Ú ¡ ± À>± � IME¨EGCB=@¦�SUD C�E��± · ± � H�L*CB=ÄEGA t è À � éåÚ è À�� � é u ± ¿ C�AGCBº�H�D�T Ú�T~}l× ��± ¼	=GS�¥�C¨Þ¨S{EÁÚ�S	C�D>C�POCg<>=@C�¦5N­C�=�Ú>T~}l×�² ± æ¬?�E ³ I>CBP
C�E ÀM± « ± ¡ SUIÃE t è æ¬C ¡ S � é Ú è æ¬C ¡ SJ¢9é^u¯ÚMC�E�POCgQ�?BD>?�=4S�P­NOA@C�×�TMC�A�TMNO¦5CBD>A@NOHJD>AÉSUIME@=@CBA�àsI>C£¢ ±
��� 6/�*ÿ/:P& � 0+� � �ÿQ ;>=�?A@.B |DCFE M =>?A@.B |�\.EHGhIg�q{9�LK @ ���j�c�9� n = 2 M �j� v @ ���eR/� @ �!�D�^RP� �c�9�<{`X Z�� @ }5�9� @
a �8� @ { @�; Ck\]G M ��l c ∈ (0,

√
2) M |D���	}j� M v(x) � @ �T{ Vj@ }M�ARP���M��K T � @ON�@ { @ K ��{�RB� @ C����9}M�cPSR @ x � @ �T{

Vj@ }M�*�3X �^� a �8� b
��� 6/�*ÿ/:P& � 0+� � �ÿ� ;>=�w }kC3E M =�w }���E M =�w }]�OEHGzI¶�7{	�LK @ �B�j�c�9� n > 2 M �j� v @ �j��RP� @ �!�D�qRB� �c�	�7{`X Zj� @ },�°� @
a �8� @ { @r; Ck\]G M ��l c ∈ (0,

√
2) M |D���	}j� M�� KmR��ý� � T ���c�M|9� �c�9� T |9}_RP�f�M��K T � @ON�@ { @ KV��{�R�� @ C T }��j� M v|�{�K @ �g� @ {�Z Vj@ ��� T�TQ@ K @ �Z�¸|	�.��K T �4�9� �,PSR @

v(x) =
x→∞

1 +
i

|x|n−1
v∞

(
x

|x|

)
(1 + o(1)),

��l v∞ @ ��� R/� @ � �	�T�J� �c�	��}�Z5��R����H��} @ {�Z a ��� @ �[RP}*��|;� T �~��} @ M �ó�9�8�QR @�@ONST ���c��� � @ K @ �8� b

 DMí�D�Ú*D>HUEGHJD>A	àsI>C�¶ ± ¶ÉÖÇEÊS�PON­HJDaC�E1� ± æ¬PzS�D�º�HJDsE	¦�H�DsE@=@?£P � C¯®MNOA¨EGCBD�º�C§T � HJD�TMCBAÉ<>=@HJQ�=¨CBA@A@NO¥�CBA<*HJI>=KP � ?�àsIwS{EGNOH�DlTMC�¼	=@HJA@A¨Â � NOE4SUC�¥�AG»sN­N t ê/u·T�S�D>A�POCRº�HJ¦5<>PO?B¦5CBDsE4SUNO=@CRTMCgPÇS§L*H�I>POCRIMD>NOE@?£TMC R2 ±

��� 6/�*ÿ/:P& � 0+� � � �Pw�;L=L�J? EHG_�j� @ON �
��� @ c0 > 0 � @ ��PSR @eT �kRP}¼�4�kRB� c ∈ (0, c0) M �YX Z[PSR8|°� �c�	� ; C/\]G��.RP}
R2\B(0, 1) M | V�@ �N�M�9�T{9�^� �c�9���H{ @�d �^}j�c�.�P� @ �*|�RÕ�M�	}M{h{ @ B(0, 1) M |�{�K @ �JR/� @ �!�D�^RB� �c�9� uc

�!|	���
V �9}�� @ON|; �$X @ �j� � {9�^} @ |uc| > 0 �.RP} R2\B(0, 1) G M ��l B(0, 1) {�Zj�j���°� @ �»|©�M��R�� @ RP�8�^��Z�{ @ R2 b
«·C	TÃCB=@D>NOCB=·=¨?BA@I>POE4S�E·<*CB=@¦�C�E´×R¶ ± ¶ÉÖÇE4SUPONOH�D�C¯E�� ± æ¬PÇS�D�ºÉTMC�¦5HJDsEG=¨CB=¬P � C¯®MNOA¨EGCBD�º�C	TMC�A@H�POIMEGNOHJDA4SUD>AÜ¥FHJ=¨EGCÊ®(<*HJI>=´I>D>Cg?�àsI�S�EGNOHJD
<>=@H�º ³ CRTMC�P � ?�àsIwS{EGNOH�DlTÃC�¼	=@HJA@AÄÂ � NOE4SUC¯¥ÃA@»�N­NbÚ>T�SUD>A´I>DlTMHJ¦ÙS�N­D>CTMC R3 t ¥FH�NO=³è ¶�æ�é u ±
¿ S�àsIMCBA@E@N­HJD TMCØPÇS�A¨EÊS�L>NOP­NáEG?5TMCØE@H�IÃEGCBARº�C�AgH�D�TMC�AR<>=¨H�QJ=@CBA@A@Ná¥FCBAg<*HJI>=gP � ?BàsIwS�E@NOH�D TMCÙ¼	=¨H�A@AÄÂ� NáEÊS�C�¥ÃA@»�NON CBD TMNO¦5CBD>A@N­HJD n > 2 Ú#S�I>A@AGN L>NOCBD!A@I>= Rn àFI>C�A@I>=�I>D TMHJ¦ÙS�N­D>CØC¯®ÃEG?B=¨N­C�I>=�ÚäCBA¨E£×�º�CÞßHJI>=KI>D
<>=¨H�L>P Æ ¦5CgH�IÃ¥FCB=¨E ±

@Ç� � 6 �(� � � �s��þ��Mþ	�
��ý�ý��'� ÿ � �D�
«·HJDsEG=GSUNO=@CB¦�CBDsE´×Rº�CÉàsI>NwA@C�<>=@H�TMI>NOE·<*HJI>=¬P � ?�àFIwS�E@N­HJD�TMC�¼É=@H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NONbÚ�º�HJ¦5¦5C�P � S{E@E@CBA¨EGCPOC ²´³ ?BHJ= Æ ¦�Câë ± � ± ªMÚçN­PKC¯®MNOA¨EGCâTMCBA�D>H�D�Â PONOD>?ÁS�=@NáEG?BAÙ<*HJI>=�POCBA4àFI>CBPOP­CBAÙP � ?BàsIwS�E@N­HJDdTMC ¡ º ³ =��ÃTMNOD>QJCB=

���



D>HJD�PON­DM?ÁSUNO=@C5SUTM¦5C�EgTMCBA�A@HJP­IÃEGNOH�D>A�D>HJD�D�I>POPOCBAR×ÙP � N­DMí>D>NåÚäT � ?BD>CB=¨Q�NOC§í�D>NOC�Ú A¨EÊS{EGNOHJD>DwS�N­=¨CBA�C�E�D>H�Dº�HJD>A¨EÊS�DsEGCBA ±¡ H�I>AgPOCBA ³ µÃ<*HUE ³>Æ A@CBAgA@I>= f C�E ρ0
ÖxS�NáEGCBA£S�I TM?BL>IMERTMC5º�C¯E@EGCØAGCBº¯EGNOH�D�Ú H�D!TM?BA@N­QJD>C�<wSU=�L>I>POPOC

A¨EÊS{EGNOH�DMDwSUNO=@CRTMC t 
 uÛEGHJIME@CgA@H�POIMEGNOHJDlTMC t 
 u·àsI>N�TMCg<>POI>AKCBA¨E�=GSJTMNzS�P­C�ÚM<>=@CBD�T(A@CBAÜ¥�S�POCBI>=@A t =¨?BCBP­POCBAju
T�S�D>AçP � N­DFEGCB=¨¥JS�P­POC (0,

√
ρ0) ÚUCBA¨EqA¨EG=¨Nzº¯E@CB¦5CBDsEçº�=@HJN­A@A4S�DsEGC´A@I>=ÐEGHJIMEGC´TMCB¦5N Â TM=@HJNáEGC´NOA@AGI>C´TMC 0 C�E EGCBD�T¥FCB=¨A √ρ0

POHJ=@AGàsI>C x E@CBD�T�¥FCB=¨AKP � N­DMí�DMN ±¿Û� C¯®MNOA¨EGCBD�º�CRC�E�PzS�A¨EÊS�L>N­PONáEG?�TÃC�º¯CRE µÃ<*C£TMCRAGHJPOIMEGNOH�Da×�ÖxS�NáEÉP � H�LMÞßC�EÉTMCgEG=GS�¥JS�IÃ®lTMCRPÇSØ<wSU=ÄEÉTMC2 ± ¹ ± æÜS�=4S�A ³ CBD>»�HÁ¥ ÚÁ¶ ± � ± ¼	HÃº ³ C�¥JSMÚÁ¹ ± ¼ ±�° SU» ³ SUD>»JH{¥�Ú 2 ± ¹ ±�� I>ã�µ�D>N­D�C�E 
 ± ¾�±U� SUDMH{¥JS t è æÜ¼ °a� é Úè æ � é Ú�è æ�é u·T � I>D>Cg<wS�=¨EÁÚM¶ ± TMC£æ¬H�I�SU=@T t è T�æÇé^uÜT � SUIME@=@Cg<wS�=¨E ±«¬CBAKEG=4SB¥JS�IÃ®äÚMí�DwS�P­NOA@?BA�<�SU=K¶ ± TMC�æÛH�IwS�=GTäÚwS�L*H�IME@N­A@A@CBDsE�T � I>D>Cg<wSU=ÄE	×ØI>D>CRº�HJD�TMNOE@NOH�DlAGIPC�A4SUDFEGC
A@I>=�PzS�DMH�DâP­NOD>?ÁS�=@NáEG? f S�A@AGI>=GSUDFEÉP � C¯®MNOA¨EGCBD�º�C§T � I>D>C�L>I>POPOC�A¨EÊS{EGNOH�D>D�SUNO=@C�ÚwC�E	T � S�IMEG=¨C�<wS�=¨E�S�IaÖ�SUNáEàsI>CRº�C�A�L>I>POP­C�A�A¨EÊS�E@NOH�D>DwS�NO=@CBA�A@HJDsEKE@H�IME@CBAKN­D>A¨EÊS�L>POCBA ±
��� 6/�*ÿ/:P& � 0+� � � �'�<;L= { ? EHG�I¶�q{9�LK @ ���j�ê�9� n > 2 M �j� f ∈ C1(R+)

@ � f ′(ρ0) < 0 M @ �G�QX � � @ON � ��� @
ρ1 ∈ [0, ρ0) � @ �`PSR @ V (ρ1) < 0 M |D���9}M� � � @ON �
��� @ RP� @ �SR��
� @ ���4|9� �c�9�8��|9�^} @ ϕ �!�D�^RB� �c�9�q{ @�;F� G b
d_@1T �^Rd� M �j�¨� @ �ê� @ �M�9�T{9�^� �c�9� @ ��� V Z�}j� a Z @ M |D���	}j� ϕ @ ���Ñ{ @ ���»|	�M� @ C2 M @ � |∂α(ϕ − ρ1/2

0 )(x)| � @ �T{
@ONST �	� @ �Z� � @ �^� @ K @ �Z� Vj@ }M�m��PSRZ|9��{ x→∞ T ��RP}³�4��RP� K�RB�ý� �>���
�T{9�c� @ α M � @ ��PSR @ |α| 6 2

b
��� 6/�*ÿ/:P& � 0+� � � �B5g;L= { ? EHG B �	� � f ∈ Cm+2(R+)

V Z�}j� a |9�Z��� @ ����� T �°�>�~�j� @ �¨{�R�����ZM�9}��SK @ � b C b C�C M��l m > n/2
b`B �9� � ϕ ��|©�.R��^� @ ���4|°� �ê�9�8�T|9�
} @ { @�;�� G©{��	�8��Z @�T |9}*� @ �n��ZM�9}��SK @ � b C b C�C b

� �»�9}j� ϕ @ �j�*�^�����4|%��� @ |�RÕ� @ ���H�.RP� V |9�Z���"� � @YN �
��� @ ε > 0 � @ �APSR @hT ��R/}n�4�kRB� δ > 0 M � � @ON �
��� @
u0 ∈ Hm(Rn) | Vj@ � ‖u0‖H1 < δ

@ �³� @ ��PSR @ M �j� v(t) = ϕ + u(t)
@ ���³�YX RP�8�HPSR @ ���D�^RB� �ê�9� v ∈

ϕ+ C(T?, T ?, Hm) { @�;F� G©| Vj@ ��{��	�8��Z @ �
�8� � �c|°� @ v(0) = ϕ+ u0 M |D���9}M�¼� � @ON �
�j� @ t0 ∈ (0, T ?) � @ �
PSR @ ‖u(t0)‖H1 > ε

b

¿ SÙ<>=@CBIM¥�C�TMC�º�CØ=@?BA@I>PáEÊS{Eg=@CB<*HJA@C�A@I>=	I>D>C5SUDwS�PáµÃA@C5TMI�A@<*C�º¯E@=@C�TMCØP � H�<*?B=GS�E@CBI>=�H�LÃEGCBD�I�<wS�=PON­D>?�SU=¨N­A4S{EGNOH�DâTMC t 
 u´S�I(¥FHJNOAGNODwS�Q�CRTMCgPÇS§L>I>P­POCgA@E4S�E@N­HJD>DwS�N­=¨C ϕ ±
@Ç� � 6 �(� � � �sO�ÿ��Z-�ÿ � �!��� [ � �D�

¡ H�I>A5TMCBA ³ µÃ<*HUE ³MÆ AGC�A5PO?BQ Æ =@CB¦5CBDFE5<>P­IMA5=¨CBA¨EG=@N­º¯EGNá¥FC�A�AGIM=�PzS�DMH�DÃÂ PON­DM?ÁSU=¨NOE@? f àsI>C
º�CBPOPOCBA�TMI²Ü³ ?BH�= Æ ¦5CÙë ± � ± �%� SUA@A@I>=GSUDsE�P � CÊ®MN­A¨E@CBD�º�C�TMCÙL>I>POPOCBA§A¨E4S�E@N­HJD>DwS�N­=¨CBA�Ú °j±�° S�=@NOèHè ° SU=@ë°éÜS
¦�H�DsE@=@?�Ú
CBD7TMNO¦5CBD>A@NOH�D n > 4 Ú¬P � CÊ®MN­A¨E@CBD�º�C�TMCaL>I>POP­CBA�<>=@HJQ�=¨CBA@AGNá¥FC�A(TMCâ<*C�EGNáEGCBAÙ¥ÃNáEGCBA@A@CBA�Ú¬A@H�POIME@N­HJD>A(TMCP � ?�àsI�S�EGNOHJD t 
 u ± «¬CBA·L>I>POPOCBAÜ<>=¨H�QJ=@CBA@A@Ná¥FCBA·A@HJDsEÜTMCBA·A@HJPOIMEGNOH�D>AÜTMC t 
 uqàsI>N*A � ?�º¯=@Ná¥FCBDsE·A@HJI>A·PÇSRÖÇH�=¨¦5C

u(x1, . . . , xn) = vc(x1 − ct, x2, . . . , xn),

SUTM¦5C�E@E4SUDFE�I>D>CgA¨µÃ¦5?�E@=@NOCg=4SUTMNzSUPOC£T>SUD>AKP­CBA´¥JSU=¨NÇS�L>POCBA x2, . . . , xn
±

��� 6/�*ÿ/:P& � 0+� � � � 0 ;L=�� |9}���E�G B �9� � n > 4
b �j� @ON �
�j� @ c0 > 0 � @ ��PSR @_T ��R/}©�4��RP� @�V � � @ �ó� @ c ∈

(−c0, c0) M �YX Z[PSRZ|°� �ê�9� ;F� GH|�{�K @ �eRP� @ RP���,PSR @ �SRB�^� @�T }M�O�°} @ �ó�j� Vj@ { @_V � � @ �ó� @ c �T�°��Z @ vc =
√
ρ0 +

u1c + iu2c M ��l u1c ∈ H1(Rn)
@ � u2c ∈ Ḣ1(Rn)

b
d_@�T �qR/� M PSRZ|9�T{ c→ 0 M u1c → ϕ−√ρ0

{�|	��� H1 M �kl ϕ @ ���g��|H�SRB�^� @ ���4|°� �ê�9�8�T|9�
} @ �!�D�^RP� �c�9�q{ @
;F� Ge{��9�8��Z @WT |9}*� @ ����ZM�9}��SK @ � b C b C�C M @ � u2c → 0 {�|9�B� Ḣ1 b

� û



«·CBA�L>I>P­POCBAÉA@HJDsEÉH�LME@CBD�I>CBA	º¯H�¦5¦�C£<*H�NODsE	º�=¨NOE@NzàsIMC§T � I>D>C£Ö HJD�º¯E@N­HJD>D>CBPOPOC Ec ± ¿ CBA ³ µ�<*HJE ³MÆ A@CBAA@I>=�PÇSjD>HJDÃÂ P­NOD>?ÁS�=@NáEG? f =@CBàsI>NOAGCBA�<*HJI>=�PÇS�TM?B¦5HJD>A¨EG=GS�E@N­HJD7A@H�DsE�CBD7<wS�=¨EGN­º�I>PONOCB=�¥F?B=¨NOí�?BC�A(<*HJI>=
PzSaD>HJDÃÂ PON­DM?ÁSU=¨NOE@?
º�I>L>N­àsI>C¯Â àsI>NODsE@NzàsIMC f(r) = α1 + α3r + α5r

2 Ú�HD± α1 < 0 Ú α3 > 0 Ú α5 < 0C�E α1α5/α
2
3 ∈ (3/16, 1/4) Úoº�C�E@E@CÙTMCB=@D>N Æ =@CÙº�HJD�TMNáEGNOH�D�?¯EÊSUDFE§º�C�P­POCÙA@HJI>A�PzSUàsI>CBPOP­C�P � ?�àsIwS{EGNOH�D�TMC¡ º ³ =��ÃTMNOD>QJCB=�º�I>LMNzàsIMC¯Â àsI>NODsEGN­àsI>C�SUTM¦5C�E�IMD>CRL>IMP­POCRA¨E4S�EGNOHJD>DwS�N­=¨C ±

�¿ÉêÈ Ú��"Û¾Ð�ÓPÏ�Í"í�Ï×Ï�ÓÕÐ�ÓPÒ��ÑÛ¹ñ¹ÛcÓPÝ�Î¨Ï�Ð�� �"!$#&%('*),+.-k'"01%ëÏ�Í�Î"Û32�Ï�ÍÑÐ/Û¾ÌÇÍ
1

É

 D�TÃN­¦5C�D>AGNOHJD � Ú*POCBA�àFI>CBA¨EGNOH�D>A�º�HJD�º�CB=¨DwSUDFE�P � C¯®ÃN­A¨EGC�D�º�CØTMC�{�|	}j~s�!�D���^�4�9���§C�E	POCBI>=ÉA¨EÊS�L>N­PONáEG?�Ú

<*HJI>=ÐTMCBAÐD>HJDÃÂ PON­D>?�SU=¨NOE@?BAÐE@= Æ Ao¥JSU=¨N­?BC�AÁÚ{CBA¨EÐ=¨CBPzS�E@NO¥�CB¦5CBDsEÐL>NOCBD§º�HJ¦5<>=@NOA@C�Ú{CBD�=@CBQFSU=@T§TÃCBAÐD>HJ¦§L>=¨CBIÃ®
<>=@HJL>P Æ ¦5CBA�=@CBA¨E4SUDsE�HJIM¥FCB=ÄEGA ×�º�CoÞßHJI>=�ÚÁD>C¬AGC�=4S�NOEÄÂ º�C·àsI � CBD§º�C·àsI>N�º�H�D>º�CB=@D>C¬P­CBA�HJD�TMCBA�<>=@HJQ�=¨CBA@A@NO¥�CBATMCgP � ?�àFIwS�E@N­HJDâTMC�¼	=¨H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON�CBDlTMNO¦5CBD>A@N­HJD>AKAGI><*?�=@NOCBI>=@CBA�HJI
?BQsS�POCBAÉ×�TÃCBIÃ® ±
@Ç� � 6 �(� � � �s��þ��Mþ	�
��ý�ý��'� ÿ � � � ýW��� & � ý����
��ý � �

«·HJD�º�CB=@DwS�DsEÜPOCBA·L>I>POP­C�AÜA¨EÊS{EGNOH�D>DwS�NO=@CBA·CBD�TMNO¦5CBD>A@NOH�D � ÚsHJD�TMNOAG<*HJA@C	TMCÉ=@?BA@I>PáEÊS{EGA´S�DwSUPOH�QJI>CBA´×
º�CBIÃ®ÙTMC�A·TMN­¦�CBD>A@N­HJD>A·A@I><*?B=¨N­CBI>=¨CBA ± � D�TMN­A@<*HJA@CÉ¦�ÝB¦5CÉT � I>D>CÉº�HJD�TMNáEGNOH�DÙD>?�º�CBA@A4SUNO=@C�C�E¬AGIPC�A4SUDFEGC
<*HJ=¨EÊS�DsE�A@I>=´PÇS§D>H�DÃÂ PONOD>?ÁS�=@NáEG? f ÚwS�A@AGI>=GSUDFE�POCBI>=KC¯®MNOA¨EGCBD�º�C ±
��� 6/�*ÿ/:P& � 0+� 5 � �<;>= { ? EHG�I¶� {9�iK @ ���M�c�9� n = 1 M �j� f ∈ C1(R+)

@ � f ′(ρ0) 6 0 M � � @YN �
��� @ RP� @�SR��
� @ ���4|°� �ê�9�8�T|	�^} @ ϕ �!�D�^RB� �c�9�Y{ @v;F� Gn�j� @ �Ñ� @ RB� @ K @ �Z�Ñ�j� η0 := sup{η ∈ (0, ρ0), V (η) = 0}@ON � ��� @ M η0 ∈ (0, ρ0)
@ � f(η0) < 0

b
d_@WT �^Rd� M �j�g� @ �ê� @ �M�9��{9� � �ê�9� @ ��� V Z�}�� a Z @m@ ���j� f ′(ρ0) < 0 M |D���9}M� ϕ @ �j�3{ @ �J��|	�M� @ C2 M @ � ∂α(ϕ−
ρ

1/2
0 )(x) � @ �T{ @ONST �	� @ �Z� � @ �^� @ K @ �Z� Vj@ }M�m��PSRZ|9��{ x � @ �T{ Vj@ }M� +∞ T ��R/} α 6 2

b
«·HJ¦5¦5C�CBD&TMNO¦5CBD>A@NOH�D n > 2 ÚÐPOCBA�L>I>POP­C�A5A¨EÊS{EGNOH�DMDwSUNO=@CBA�CBD-TMN­¦�CBD>A@N­HJD � AGHJDsEØEGHJIME@CBA�N­DÃÂ

A¨EÊS�L>POCBA ±
��� 6/�*ÿ/:P& � 0+� 5 � 5g;>= { ? EHG B �9� � f ∈ C3(R+)

V Zj}�� a |9�Z�Ô� @ ���D� T �9�>���j� @ �¼{�R��n�~ZM�9}��SK @ � b \ b C b�B �9� �
ϕ ��|©�SRB�^� @ ����|°� �c�9���T|9�^} @ { @�;F� Ge{��9�8��Z @WT |	}*� @ �n�~ZM�9}[�.K @ � b \ b C b
� �»�9}j� ϕ @ �����^���j�4|���� @ |kRN� @ �B�¼� T Zó��� a Z�|�R
�n��ZM�9}��SK @ � b C b Ck\ M | Vj@ � m = 1

b

@Ç� � 6 �(� � � �sO�ÿ��Z-�ÿ � �!��� [ � �D�
� DaS�<><*CBPOP­CgL>I>P­POCg<>=@HJQ�=¨CBAGA@Ná¥FCRTMC t 
 u¯Ú>TMC�¥ÃNáEGCBA@A@C v EGHJIMEGCgA@HJP­IME@N­HJDâTMC t 
 u·TMCgPÇS§Ö HJ=@¦5C

u(t, x) = ϕv(x− vt),
TMHJDsEgP­CØ¦5HÃTÃI>P­C |ϕv| ¥F?B=¨Náí�C�POCBAg<>=@HJ<>=@NO?�EG?�ARº�SU=GSJº¯E@?B=@NOA4SUDFERI>D>CØL>I>P­POC�A¨EÊS{EGNOHJD>DwSUNO=@C t <wSU=¨NOE@?�Ú <*HUÂ
A@NOE@Ná¥ÃNOE@?�A¨EG=@N­º¯E@C�A@I>= R Ú*º�=@HJNOA@AÊS�D�º�C�A¨EG=¨Nzº¯E@C£¥�CB=@A √ρ0

A@I>= R+
u ±�� HUEGHJD>A	àsI � ×5PzS�TMN»º ?B=¨CBD�º�C§T � I>D>CL>I>POPOC£A¨EÊS{EGNOH�D>DwS�NO=@C�Ú�I>D>CRL>I>POPOC£<>=¨H�QJ=@CBA@A@Ná¥FCRD � C�A@E�<wSUA�A@I><><*H�A@?BCR=@?BPOPOC t C�EÉTMCRÖ�SUNáEÁÚ>CBP­POCRD>CRP­CRA@CB=GS

Þ¨S�¦ÙS�N­Aju ±
«·CBA£L>I>POP­CBA�<>=¨H�QJ=@CBA@A@Ná¥FCBA�HJDsE�?�E@?�?�EGI�TMNO?BCBA�<�SU=Ø¸ ± ¿ N­D t è ¿ é u ± «¬H�¦5¦�C�<*HJI>=�POCBA£L>I>POP­CBA�A¨EÊSÁÂ

EGNOHJD>DwSUNO=@C�A�CBDâTMNO¦5CBDMAGNOHJD � Ú>HJDâTMNOAG<*HJA@C£T � I>D>C£º¯H�D�TMNáEGNOHJDâD>?�º¯CBA@AÊS�NO=@CRC�E�AGIPC�A4SUDFEGC�Ú><*H�=ÄEÊS�DsE�AGIM=
� ¤



PzS�D>HJDÃÂ P­NOD>?ÁS�=@NáEG? f C�E´A@I>=ÜPzSR¥ÃNOE@CBA@A@C v ÚMSUA@A@I>=GSUDsEÜP � C¯®MNOA@E@CBD�º�C�T � I>D>C	L>I>POP­C	<>=@HJQJ=@CBA@A@NO¥�CgTMCÉ¥ÃNáEGC�AGA@C
v
±

��� 6/�*ÿ/:P& � 0+� 5 �ÿ0 ;>=>  EHG B � n = 1
@ � f ∈ C1(R+) M � � @ON �
��� @ R/� @ �SRB�^� @AT }M���9} @ �ó�j� Vj@ ϕv { @u;�� G{ @zV � � @ �M� @ v �M� @ �G� @ R�� @ K @ �Z�G�j�Ç� @ ���M�9�T{	� � �c�9�B�¼�.R/� V |9�Z� @ �¼�!�9�8� V Z�}j� a Z @ �c�

� f(ρ0) = 0
� η0 := sup{η ∈ (0, ρ0), Vv(η) := V (η)− v2(η−ρ0)2

4η
= 0} @ON �
��� @�@ � η0 ∈ (0, ρ0)

� fv(η0) := f(η0) + v2

4
(1− ρ2

0

η2
0
) = −V ′v(η0) < 0

b
d_@�T �^Rd� M �j�¶� @ �*�M�9��{9� � �c�	�����!�9�Z� V Z�}j� a Z @ � M ϕv @ �j�¸{ @ �J��|	�M� @ C3 b�B ��R/�³�»|e�M�9�T{9�^� �c�9���.R T�T �¡ZSK @ �$��4|9�
} @ f ′(ρ0) < 0 M ϕv |9�^���M�ePSR @ � @ ��{�Z�}j� V Z @ ��{`X �9}ó{9} @ C � �H�M�	� Vj@ },� @ �Z� @ONST �9� @ �Z� � @ �^� @ K @ �Z� Vj@ }M�� @ R/}j�³���LK�� � @ � � �YX �^� a �8� b
«·C�=¨?BAGIMPOE4S�ElSU<><*CBPOPOC!<>POI>AGNOCBI>=¨Alº�HJ¦5¦5C�DsEÊS�N­=¨CBA ± ��� S�L*H�=@TäÚK× º�HJD�TMNOE@NOH�DXTMCa¥FHJN­=�P­CBA(L>I>POPOCBAA¨EÊS{EGNOH�DMDwSUNO=@CBA�º�HJ¦5¦5CaTMCBAÙL>I>P­POCBA�<>=@HJQ�=¨CBA@A@NO¥�CBA�<wS�=¨EGN­º�I>PON Æ =@CBA�Ú¬NOP�CBD>Q�POHJL*CaP­C ²´³ ?BHJ= Æ ¦5C�ë ± ¢ ± � ±


 D>A@I>NáEGC�ÚwNOP�CBA¨EÉÖxSUº�N­POC§TMC£¥FHJNO=	àsI � NOP�NODsE@CB=GTMNáE	P � C¯®ÃN­A¨E@CBD�º�CØTÃC�L>I>POP­C�<>=@HJQJ=@CBA@A@NO¥�C�<*H�I>=�P­CBA�¥ÃNáE@CBAGA@CBAA@I><*CB=@A@HJD>N­àsI>CBA t º � CBA¨EÉ×�TMNO=@CgPOCBAK¥ÃNáEGCBA@A@CBA v ¥�?B=@Náí*SUDFE v2 > −2ρ0f
′(ρ0) = c2 ÚMH%± c CBA¨E�PzS§¥ÃNáEGCBA@A@CTMIlA@H�D'u ± 
 DMí�D�Ú�A@H�I>A�P � ³ µÃ<*HUE ³MÆ AGC f ′(ρ0) < 0 Ú><*H�I>=KE@H�IME@CBA�POCBAK¥ÃNOE@CBA@AGC�A v ∈ (0, c) Ú η0 ∈ (0, ρ0)C¯®MNOA¨EGC�Ú·C�E fv(η0) 6 0

±´� HJI>=(TMCBA�¥ÃNáEGCBA@A@CBA(A@I>L>A@H�D>N­àsI>C�A
D>H�D7D�I>POP­CBA�Ú·P­CBA(A@CBI>POA
º�H�IM<>P­CBA(D>H�DÃÂ
PON­D>?�SU=¨NOE@?k¢{¥�NOE@CBA@AGCa<*H�I>=ÙPOCBAGàsI>CBPOA�NOP�<�C�IME�D>Câ<wSUA�C¯®ÃN­A¨E@CB=�TMCâL>I>POP­Ca<>=¨H�QJ=@CBA@A@Ná¥FCaA@H�DFE�º�CBIÃ® àsI>N
¥F?B=¨NOí>CBDsE�PÇS5º�HJD�TMNáEGNOH�D fv(η0) = 0

± «·C£º�SUA�CBA¨E	º¯CB=¨EGC�A�<wS{E ³ HJP­HJQ�N­àsI>CJÚw¦ÙSUNOA�E@H�IMEÉ×�ÖxSUNáE�<*H�A@A@NOL>P­C�Ú
º�HJ¦5¦5CgHJD
P­Cg¦�H�DsE@=@CRT>SUD>A*è ¼gSJ¢9é ±
��� 6/�*ÿ/:P& � 0+� 5 � Us;>=�w |�\.E�G B � f ∈ C1(R+)

@ � f ′(ρ0) < 0 M �YX @ ��� @ KV��� @
S = {v ∈ (0, c), V ′v(η0(v)) = 0}

@ ��� �]@ }.K�Z @ �Ç� @ �M�9�Z� � @ �Z�3|kRZ�SRP�7�^�8� @ } V |D�^� @ �T�9��� }�� V �c|D� b
�j� @ON � ��� @ { @ � ���9�$�¾���^��ZM|9}j� ��Zj� f T ��RP}*� @ �cPSR @ �
� @ � S @ ���Ç�^� a �8� b
� S�D>A�è ¿ é Ú�¸ ± ¿ NOD�TMHJD>D>C�?BQsS�POCB¦5CBDsEÛI>DÙº�=@NáE Æ =¨C�TMC�A¨EÊSULMN­PONáEG?�<�HJI>=ÛPOCBAÛL>I>POP­C�A¬<>=@HJQ�=¨CBA@AGNá¥FC�A ± «¬Cº�=@NáE Æ =@CÙ?�EÊS�NOE§?BDMH�D�º�?(×
P � H�=¨N­QJNOD>C�<*H�I>=§TMCBA�D>H�DÃÂ PONOD>?ÁSU=¨NáEG?BA�SJTM¦�C�E@E4SUDsE§IMD>C�L>I>POPOC�A¨EÊS{EGNOH�D>D�SUNO=@C ±«¬H�¦5¦�C�H�D�POC�=@CB¦ÙS�=GàFI>C(T�SUD>ANè ¼�S�¢9éåÚÐNOPÜA � ?¯EGCBD�T CBD�ÖxS�NOE�×aT � S�IMEG=¨CBA�DMH�DÃÂ PON­DM?ÁSU=¨NOE@?BA�Ú <*HJI>=ØPOCBA¥ÃNáEGCBA@A@CBA�EGC�P­POCBA(àsI>CaP­CBA ³ µÃ<*HJE ³>Æ A@CBA
TÃI ²´³ ?�H�= Æ ¦5C�ë ± ¢ ± ë�A@H�DFE�¥F?B=@Náí�?BCBA ± ¶o¥�S�DsE(T � ?BD>HJD�º�CB=(º�Cº�=@NáE Æ =@C�Ú�º¯H�¦5¦�CBD8¯�HJD>A�<wS�=�TMHJD>D>CB=KPzS�TM?�í�D>NáEGNOHJDâTMI
¦5H�¦�CBDsE Pv T � I>D>CgL>I>POP­Cg<>=@HJQ�=¨CBA@AGNá¥FC ϕv �

Pv = Im

∫ +∞

−∞
∂xϕvϕv(1−

ρ0

|ϕv|2
)dx.

¿ CRº�=@NáE Æ =@CRTMCgA¨EÊSULMN­PONáEG?£TÃC�¸ ± ¿ NOD
<*H�I>=KPOCBAKL>I>POP­CBAK<>=@HJQ�=¨CBAGA@Ná¥FCBAKA � ?BD>HJD�º�C�S�POH�=¨A�º¯H�¦5¦�CgA@I>NOE ±
��� 6/�*ÿ/:P& � 0+� 5 � ] ;>=>  EHG B �9�^� f ∈ C1(R+) � @ �^� @ PSR @ f ′(ρ0) < 0

b"B �9� @ �Z� v1, v2
� @ �*PSR @ −c <

v1 < v2 < c
bA£ �q�.R T�T �	� @ PSR @ � @ �m�D� T �°�>���j� @ � {�RØ�L��ZM�9}��SK @ � b \ b � |	�M�[RP}ó|9�Z�"�YX @ON �
��� @ �T� @ {`X R/� @�SR��
� @ ϕv = ave
iθv ���9�Z� V Z�}�� a Z @ � T ��R/}*�4�kRB� v ∈ (v1, v2)

b
� �»�9}j� M T ��RP}³�4�kRB� v ∈ (−v1, v2) M � @ � � @ �SRB�^� @m@ �������4|%��� @ �j� dPv

dv
> 0 M @ �Ç�^�B���4|���� @ �j� dPv

dv
< 0

b

� 




� SUD>AÜPOC ²´³ ?BHJ= Æ ¦5Cgë ± ¢ ± ªMÚ�PÇS£A¨EÊS�L>N­PONáEG?	CBA@EK×§º¯H�¦5<>=¨CBD�TM=@CgS�I�A@CBD>A´TMC	PÇS£A¨EÊS�L>N­PONáEG?	HJ=@L>NáEÊS�P­C � <*HJI>=EGHJIME ε > 0 Ú>NOP�C¯®ÃN­A¨EGC δ > 0 EGC�P#àsI>CgA@NäPÇS�TÃH�D>D>?BCgNOD>NOE@NÇS�POC ϕ0 = a0eiθ
0 ¥F?B=¨NOí�C

inf
s∈R

(‖τsa02 − a2
v‖H1 + ‖τs∂xθ0 − ∂xθv‖L2) < δ ,

S�P­HJ=@A
inf
s∈R

(‖τsa(t)2 − a2
v‖H1 + ‖τs∂xθ(t)− ∂xθv‖L2) < ε ,

<*HJI>= t ∈ (0,∞) ÚBHD±RHJD£SÜD>HUEG? ϕ(t) = a(t)eiθ(t) PzSÜA@H�POIMEGNOHJD£TMC t 
 u�TMCqTMH�D>D>?�CqN­D>NáE@NÇS�POC ϕ(0) = ϕ0 ÚC�E τs PzS�EG=GSUD>A@PzS�E@NOH�D�<wSU= s Ú ×ÙA4SB¥FHJN­= τsf(x) = f(x − s) ± ¿ C§A@H�PONáEGHJD�CBA¨EgTMNáE�NOD>A¨EÊS�L>P­C§A � N­P�D � CBA¨E<wS�A�A¨E4SUL>POC ±� HJI>=�?¯EÊS�L>P­NO=§º�C�=@?BA@I>PáEÊS{EÁÚÐ¸ ± ¿ NODjEG=4SB¥JS�N­POPOC�S�¥�C�º�PzS
Ö H�=¨¦§I>PzS{EGNOH�D ³ µMTM=@H�TÃµÃDwS�¦5N­àsI>C�TMC t 
 u¯Ú
º � CBA@ER×�TMNO=@C�àFI � NOP CBD�?�º�=¨NOE�P­CBA�A@H�POIMEGNOHJD>AgA@H�I>A�PzS�ÖÇH�=¨¦5C (ρ0 − r)1/2eiθ

± ¿ CØA@µ�A@E Æ ¦5C�¥F?B=@Náí�?Ø<wS�=
(r, θx)

SØI>D>C£A¨EG=¨I�º¯EGI>=¨C�·ÉS�¦5NOPáEGHJD>N­C�D>D>C�ÚwNOP#<*CBIME	TMHJD�ºRPOI>N�S�<><>PONzàsIMCB=�PzS�E ³ ?BHJ=@NOC£A@I>=�PÇS�A¨E4SUL>NOPONOE@?
TMCBAKH�D>TMCBA�A@HJP­NáEÊS�NO=@CBA�?�E4SUL>PONOCR<wS�= °j± ¼	=¨N­POPzSU»sN­A�Ú ÀM± ¡ ³ S�EÊS ³ C¯E k ± ¶ ± ¡ EG=GSUIMAGA t è ¼ ¡>¡ é^u ±� HJI>=q=¨?BA@I>¦5CB=BÚJ?�EÊS�DsEÛTMH�D>DM?KI>D>CKD>HJDÃÂ PON­D>?ÁS�=@NáEG? f C�E ρ0 > 0 ÚU¥�?B=@Náí*SUDFE f(ρ0) = 0 C�E f ′(ρ0) <
0 Ú�<*HJI>=§POCBA�¥ÃNOE@CBA@A@CBAØA@I>L>A@HJD>N­àsI>CBAØDMH�D D�I>POPOCBAÁÚoNOP·C¯®MNOA¨EGC�POC�<>POI>AØA@HJIM¥FCBDsE t ¦�SUNOA§<wS�A�EGHJIJÞßHJI>=@Aju
I>D>CgL>I>P­POCR<>=@HJQJ=@CBA@A@NO¥�C�Ú�TMH�DFE�PzSØA¨EÊS�L>NOP­NáEG?RHJI
P � N­D>A¨E4SUL>NOPONOE@?£CBA¨E�TMHJD>D>?BCR<wS�=KP­CRº�=@NáE Æ =¨C£ë ± ¢ ± ª ± ¡ S�D>AEGCBDMN­=¬º�HJ¦5<MEGC�TMC�º�S�AÛEG= Æ A¬<�SU=ÄEGN­º�I>P­NOCB=¨A·TM?�EÊS�N­POPO?BAÜT�S�D>A�è ¼gS�¢	é Ú�H�D�<*CBIME¬A@?B<wS�=@CB=ÛP­C�A¬D>HJDÃÂ PONOD>?ÁS�=@NáEG?BA
TM?BÖ H�º�S�P­NOA4SUDFEGCBA t S�IjA@CBD>A£H%± f ′(ρ0) < 0 u�CBD�TMC�IÃ® Q�=4S�D�TMCBA£ÖxS�¦5NOP­POCBA�Ú#A@I>Ná¥�S�DsE�POC5E µÃ<*CÙTMCÙT�S�=@»
A@H�PONáEGHJDlSUI>àsI>CBP CBP­POCBAKTMHJD>D>CBDsE´PON­CBI
×£¥ÃNáEGCBA@A@C�D�I>POPOC ± ¡ H�NáE´P­CBA´º�H�D�TMNáE@N­HJD>AKA@<*?�º�Náí�?BCBA�S�I ²Ü³ ?BHJ= Æ ¦5C
ë ± ¢ ± � A@HJDsE	A4S�E@N­A@ÖxS�NáEGCBA�Ú*C�E t 
 u�SJTM¦5C¯E�º�H�¦�¦5C�AGHJPOIMEGNOH�DaI>D>C§L>I>POPOC§A@E4S�E@NOH�D>DwS�NO=@C�Ú àFI � HJD�A4S�NOE	Ý�E@=@CNOD>A¨EÊS�L>P­CÉQJ=4éUº�C�S�I ²´³ ?BHJ= Æ ¦5C	ë ± � ± � ¢MÚsA@H�NáE t CBD�º�HJ=@CÉI>D>C�Ö H�NOA�ÚÃ×£TMCBAÜº�SUA¬E@= Æ A¬<wSU=ÄEGN­º�I>PON­CB=¨AÜ<>= Æ A�u VCBA¨EÐA¨EG=¨Nzº¯E@CB¦5CBDsE�<*H�A@NáEGNOÖ>AGI>= [0, ρ0)

± � S�D>A º�C·TMCB=¨D>N­C�= º�S�A�Ú{I>DØSUIME@=@CÛEßµ�<*C·TMC·A@HJP­IME@NOH�D§A¨E4S�E@N­HJD>DwS�N­=¨CCBA¨E�A@HJP­IME@N­HJDâTMC t 
 u � NOP�A � SUQJNOE�T � I>Df����|%�j~��!�D��� �4�9� ±
@Ç� �|¤�¥>¦�§j¨�©�ªQ¥¬«F­�ª�®"©	�

¿ C�A3�J��|��j~3�!�D��� �4�9�B�ÛA@HJDsE�TÃCBA#A@H�POIMEGNOHJD>AoA¨EÊS{EGNOHJD>DwS�N­=¨CBA�TMC t 
 u¯ÚB=@?BPOPOCBA�Ú�NO¦5<wSUNO=¨CBAÁÚ�àsI>N�=¨?ÁSUPONOAGC�DsEoI>D
TMN»º ?�H�¦5HJ=@< ³ N­A@¦5CRTMC R A@I>= (−√ρ0,

√
ρ0)
± ¶ñPzS�TMN»º�?B=@CBD�º¯C£TMCBAKL>I>POP­CBA�TÃ?�º�=@NáEGCBAK<>=@?�º�?BTMCB¦5¦5CBDsE�Ú

POCBAn����|%�j~��!�D��� ���9����A � S�D>D�I>POCBDsE�C�D�I>D <*H�NODsE t T � HD± P­CBI>=§D>HJ¦eu ± ¶iP � NOD>A¨EÊS�=ØTMI ²Ü³ ?BHJ= Æ ¦5C�ë ± ¢ ± �<*HJI>=(POCBA(L>I>POPOCBA
A¨EÊS{EGNOHJD>DwSUNO=@C�AÁÚÜHJD�TÃN­A@<*HJAGC!T � I>D>C!º�HJD�TMNáEGNOH�D+D>?�º¯CBAGA4S�NO=@C!C¯E(AGIBC5A4SUDFEGC�A@I>=�PzS
D>HJDÃÂ P­NOD>?ÁS�=@NáEG? f SUA@A@I>=4S�DsEKP � C¯®MNOA¨EGCBD�º�CRT � I>Df����|%�j~��!�°��� �4�9� ±
��� 6/�*ÿ/:P& � 0+� 5 �ÿA ;>=�d1�¯w E M =�w |�\.EHG £ � �.R T�T ��� @ PSR @ f ∈ C1(R+)

V Z�}j� ae@ f(ρ0) = 0
b �j� @ON � ��� @

RP�Ø����|��j~��!�D���^�4�9�q{ @�;F� G��j� @ �G� @ R�� @ K @ �8���j�
V (r) > 0

T ��R/}³�4��RB� r ∈ [0, ρ0).

B ��{ @eT �^Rd� f ′(ρ0) < 0 M ∂α(
√
ρ0−ϕ) � @ �T{ @ON.T �9� @ �Z� � @ �^� @ K @ �8� Vj@ }M�y�����9}M�cPSR @ x � @ �T{ Vj@ }j� +∞ MT ��R/} α = 0, 1, 2

b

¿Û� ?�àsIwS{EGNOH�DZTMC�¼	=@HJA@A¨Â � NOE4SUC�¥�AG»sN­N t ê/u�CBA¨EaI>D�C¯®MCB¦�<>P­C�T � ?�àsIwS{EGNOH�DñTMC ¡ º ³ =��ÃTÃN­D>QJCB=aDMH�DÃÂPON­D>?�SUNO=@CaSUTM¦5C�E@E4SUDFE�I>DR����|%�j~��!�D��� �4�9�7<*H�IM=�A@HJP­IME@N­HJD ± 
 DìCJº�C�EÁÚ V (r) = (1 − r)2/2 ÚÛàFI>NKCBA¨E
¢U©



A¨EG=¨Nzº¯E@CB¦5CBDsEK<*H�A@NáEGNOÖ�AGI>= [0, 1)
± ��� S�NOP­POCBI>=¨AÁÚ>A@CBA�{�|9}M~����D��� �4�	���RA@H�DsEKC¯®M<>PON­º�NáEGCB¦5CBDFEÉTMHJD>D>?BA�<�SU=

ψv(x) =

(
1− v2

2

)1/2

tanh

(
(1− v2

2
)1/2 x√

2

)
+ i

v√
2
.

t�� ë�u
� HJI>= v = 0 Ú>HJD
H�LME@N­C�DsE�P­Ce�J��|��j~��!�D��� ���9� ψ0(x) = tanh(x/

√
2)
±

«·HJ¦5<MEGC�EGCBD�IìTÃC
POCBI>=5<*H�NODsE�T � S�D>D�I>PzS�E@N­HJD�ÚçPÇS�A¨EÊS�L>NOP­NáEG?lTMCBA����»|��j~7�!�D��� ���9���
D>C
<*CBIME�<wS�A�Ú
º�HJ¦5¦5C�<*H�I>=ØPOCBAØL>I>POP­CBA�ÚÐÝ�E@=@C�?�E@I�TMNO?BC(A@I>=§PÇSâÖ HJ=@¦§I>PzS{EGNOH�D ³ µMTM=@H�TÃµÃDwS�¦5N­àsI>C
TÃC t 
 uÊÚ�<>I>NOA4àFI>C
P � S�=@QJI>¦5CBDsE(C�E�P­C�¦5HÃTMIMP­C�T � I>D�����|��j~Ø�!�D���^�4�9��<>=¨?BA@CBDsEGCBDFE
TMCBA(A@NOD>Q�I>PzS�=@NáEG?BA ± � S�D>A t è � ° ¼Ñé^u¯Ú
?�º�=¨NO¥JS�DsE�IMD>C�A@H�POIMEGNOHJD�TMC t 
 u	A@H�IMA£PÇS(Ö HJ=@¦�C ϕ + u1 + iu2

Ú�HD± ϕ CBA¨E£I>Dô�J��|��j~©�!�D��� ���9�wÚ u1
C�E

u2
AGHJDsEg=¨?BCBPOP­CBA�Ú C�EgP­NOD>?ÁS�=@NOA4SUDsE£SUI�¥FH�NOA@NODwSUQJC5TMC (u1, u2) = (0, 0) Ú HJD!A@CØ=4SU¦ Æ D>C5×�P � ?�EGI�TMC5TÃI<>=@HJL>P Æ ¦5CgPON­D>?ÁS�NO=@C

∂

∂t

(
u1

u2

)
= A

(
u1

u2

)
,

t�� êdu
HD±

A =

(
0 L1

−L2 0

)
,

L1 = −∂2
x − f(ϕ2) ,

L2 = −∂2
x − f(ϕ2)− 2ϕ2f ′(ϕ2) .

¶o¥FC�ºRº�CBA�D>HUEÊS�E@NOH�D>A�Ú�H�Dl¦�H�DsE@=@CRT�SUD>A t è � ° ¼Ñé u·PzS5º�HJD�TMNOE@NOH�DâA@IBC5A4SUDsE@CRAGI>Ná¥JSUDFEGC�Ú*S�AGA@I>=GSUDFE
PzSØA¨EÊS�L>N­PONáEG?gP­NOD>?ÁS�N­=¨C£T � IMDf����|��j~��!�D���^�4�9� ±
��� 6/�*ÿ/:P& � 0+� 5 �
S ;>=�d1�¯w E M =�w |�\.EHG L1

@ ���fR/�×� T Z�}ó|°� @ RP}�|�RB������|�{F°!�	�^�Z�³�.R/} L2 M { @ {��kK |9�^� @
H2 b�B �9�<� TQ@ ��� } @�@ �M� @ �Z� � @ � @ ��� [0,+∞) M @ � L1

|uRP� @ RP�8�HPSR @±V |D� @ R/} T }M� T } @ ��Z5�d|°� � V�@ λ0 M P.RP�
@ ���G�j�LK T � @/b
  | � �	�T�J� �c�	�q{ @|² |	~/�d�^�4� V �H³��°���	~%�D��� V

g(λ) := < (L1 − λ)−1ϕ′, ϕ′ > ,
t�� ª%u

PSRP� @ ���3��� @ �Ø{�Z a �8� @WT ��RP} λ ∈ (λ0, 0) M @ ���3{ @ ���»|	�M� @ C1 M @ ���3��}ó�9�
�M��|9�Z� @ �.RP} (λ0, 0) M @ � g(λ)→
−∞ �»�9}j�]PSR @ λ ↓ λ0

b`B �Ç��| ���iK�� � @ { @ g(λ) PSR8|9�T{ λ ↑ 0
@ ���Ç��Z5�d|°� � Vj@ ��R��QRB�^� @ M � @ � TQ@ �J� } @ { @ A@ �����^�T���qR/��{�|	��� iR M @ � ϕ @ �j�g���
��ZM|9�^} @ K @ �Z������|���� @/b

� HJI>=RI>D>C�D>HJDÃÂ P­NOD>?ÁS�=@NáEG?ÙTMHJD>D>?BC�Ú�N­PqCBA¨E£=@CBPzS{EGNá¥FCB¦5C�DsE£ÖxSUº�N­POCÙTMC�¥F?B=@Náí�CB=RD�I>¦�?B=@N­àsI>CB¦5C�DsE£AGN
º�C�E¨EGCâº�HJD�TMNáEGNOH�D SUA@A@I>=4S�DsE�PzS!A¨EÊS�L>N­PONáEG?lPON­DM?ÁSUNO=@CâT � I>DR���»|��j~��!�D���^�4�9�7CBA@E5¥F?�=@Náí�?BC�ÚqCBDìº�SUP­º�I>PzSUDFE
º�CBPOI>N Â º�N£TÃC!¦ÙSUD>N Æ =¨CjSU<><>=¨HÃº ³ ?BC�Ú´<>I>N­A
CBDXº�S�P­º�I>PzSUDsElPzS�Ö HJD�º¯E@N­HJD�TMC�¹¬S�» ³ NáEGHÁ¥sÂ È HJP­HJ»�HJPOH{¥�S�I
¥FHJNOAGNODwS�Q�C�TMCÉ© ± 2 PwCBA¨E¬C�DÙ=¨C�¥JSUD�º ³ C�D>C�E@E@CB¦5CBDsEÛ<>POI>A·TMN»CÙº¯N­POCÉTMC�POC�¦5HJDsEG=¨CB=Û=¨NOQ�HJI>=@CBI>A@CB¦�CBDsE ± � Dµ�<wS�=¨¥ÃNOCBDsE·º�CB<*CBD�T�S�DsE¬<�HJI>=ÛP � ?�àsIwS{EGNOHJD�TMC	¼	=@HJAGAÄÂ � NOE4SUC�¥ÃA@»�NONbÚF<*H�I>=ÛPzSJàFI>CBPOP­C�POC;���»|��j~ �!�D��� ���9�(CBA¨E
C¯®M<>PON­º�NáEGCB¦5CBDFE�TMH�DMD>?�<wSU= t¹� ë�u¯ÚwC�EÉPOCBA�¥JS�P­CBI>=¨AÉ<>=@HJ<>=@CBAÉC�E�¥�C�º¯EGC�I>=@AÉ<>=¨H�<>=¨CBA	TMC�P � HJ<*?B=GS�E@CBI>= L1A@H�DFE�C¯®M<MP­N­º�NáEGCB¦5C�DsEÉº¯H�D>D�IMCBA ± ¶ÉNOD>A@NbÚ>H�D
HJLMEGNOCBDsE�POCg=@?BA@I>PáEÊS{E�A@I>Ná¥�S�DsE ±
��� 6/�*ÿ/:P& � 0+� 5 �ÿQ ;>=�d1�¯w EHG  `@ �J��|��j~©�!�D���^�4�9� ϕ(x) = tanh(x/

√
2) { @ �YX Z[PSRZ|°� �c�9�W{ @�w }M���M�S�

o � �4| @SV �M~	�^� ; xkG @ ���g���
��ZM|9�^} @ K @ �Z������|���� @/b
¢ �



� DÙ<*CBIÃE¬E@=@HJIM¥FCB=ÛTMCBA¬D>HJDÃÂ PON­D>?ÁS�=@NáEG?�A·<*HJI>=ÛPOCBAGàsI>CBPOP­CBA¬PzSRº�HJD�TMNáEGNOH�D�TMI ²Ü³ ?BHJ= Æ ¦5C�ë ± ¢ ± û D � CBA¨E<wS�AÜ¥F?�=@Náí�?BC ± � SUD>A´º�C�º�SUA�ÚMTMCBA´º�SUP­º�I>POA´D�I>¦5?B=¨NzàFI>CBA´A@CB¦§LMP­CBDFE´N­D>TMNzàFI>CB=KàFI>C�POCV����|��j~��!�°��� �4�	�âCBA¨E
PON­D>?�SUNO=@CB¦�CBDsE�N­D>A¨E4SUL>POC�´ ±
�¿É�� Ú��"Û¾Ð�ÓPÏ�Í"í�Ï<Î¨Ïµ� �"!Q#¶%�'*)H+S-/'"0J% ö³ÌÇß¨ã�Î"Ï�Ð©Ð�·¿Ð�Ó¹¸`2 Ï�ÐeÎ"Ý�ã�Û�æÇÝ�Ð©Î¨Ï�ÐeÝ�Þ¸ß"Ò(Ù

ÓBÛ¾ÌÇÍ"Ð:Î¨Ïâì3í8î"ãBï3Î"Û¹Í"ðGÏ�ã\Í"ÌÇÍ�ñ¹Û¾Í"Ý�ÒÇÛ4ãBÏÇÉ
� S�D>A è ° S�= � éqC�E è ° S�=4¢	é Ú °j±#° S�=@NOèR¦5HJDsE@=@C�P � CÊ®MN­A¨E@CBD�º�C�TMC7{�|9}M~�����}j�����/�3�!�D��� �4�9�B�¯ÚäA@H�POIME@N­HJD>A

TMI
A¨µÃA¨E Æ ¦�C
{

2i∂ψ
∂t

+ ∂2ψ
∂x2 + 1

ε2
(|ψ|2 + 1

ε2
|ϕ|2 − 1)ψ = 0

2iδ ∂ϕ
∂t

+ ∂2ϕ
∂x2 + 1

ε2
(q2|ψ|2 − ε2k2)ϕ = 0,

t���� u
HD± ε Ú q C�E k A@HJDsERTMCBARº�HJD>A@E4SUDFEGCBA ±�� S�=e{%|9}M~�����}j�����/�¸�!�D��� ���9� HJD!CBDsE@CBD�T!àsI>C ψ C�E ϕ A � ?�º�=¨Ná¥FCBDsEA@H�I>AqPÇS�Ö HJ=@¦�C ψ(t, x) = ψ̃(x−vt) Ú ϕ(t, x) = ϕ̃(x−vt) ÚsSB¥FC�º |ψ̃(x)| → 1 C�E |ϕ̃(x)| → 0 àFIwSUD�T
x E@CBD�Ta¥FCB=@A�P � NODMí�D>N ± ¿ SÙ¦5?�E ³ HÃTMC�º�HJD>AGNOA¨EGC�T�S�D>AgI>D�<>=@C�¦5N­C�=	EGCB¦5<>AR×�SU<><MP­N­àsI>CB=�POCØE ³ ?BH�= Æ ¦5CTMCBA�Ö HJD�º¯E@N­HJD>AgNO¦5<>PON­º�NOE@CBA£S�I�¥FHJNOAGNODwS�Q�C�TMCØPzS�A@HJP­IME@N­HJD�EG=@Ná¥ÃNzS�P­C�TMC t¹�!� uÉàFI � CBA¨EÁÚ�<*HJI>= v 6= 0 Ú�P­Cº�HJI><>POC (ψv(εx − 2vεt), 0) Ú*H%± ψv

CBA¨E�IMD>C§L>I>P­POC§<>=@HJQJ=@CBA@A@NO¥�CØTMC5¼	=¨H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON TMHJD>D>?BC§<wS�=t�� ë�u ± � S�D>AÜI>D�AGCBº�H�D�TÙEGCB¦�<>A�Ú °j±M° SU=¨N­è´TM?�º�=¨NOEÜ<>P­I>AÜQ�POHJLwSUPOCB¦5C�DsE´PÇS£A@E@=@I�º¯E@I>=@C�TMC�A´º�H�I>=¨L*CBAKTMCA@H�POIME@N­HJD>A�HJLMEGCBD�I>C�AÁÚ>QJ=4éUº�C£×ØI>D(E ³ ?BHJ= Æ ¦5CRTMCgL>NOÖ I>=@º�S�E@N­HJDâTMC � S�L>N­D>H!��NOE@ã ±¼	=4éUº�C§S�IÃ®lº�HJD�TMNáEGNOH�D>A�D>?Bº�CBA@AÊS�NO=@CBA�C�E�AGIPC�A4SUDFEGCBA�AGIM=�PzS�D>HJDlP­NOD>?ÁS�=@NáEG?§S�A@AGI>=GSUDFE�P � C¯®MNOA¨EGCBD�º¯CT � IMD>CÉL>I>POP­CÉA¨EÊS{EGNOHJD>DwSUNO=@C t ²´³ ?BH�= Æ ¦5C	ë ± ¢ ± � uçH�IÙ<>=@HJQ�=¨CBA@AGNá¥FC t ²´³ ?�H�= Æ ¦5C	ë ± ¢ ± ë�uç<*H�IM=·P � ?�àsIwS{EGNOHJDTMC ¡ º ³ =��ÃTMNOD>QJCB=¬D>HJDÙPONOD>?ÁSUNO=@C�C�D�TMNO¦5CBDMAGNOHJD � ÚFº�C�E@EGC�¦�?�E ³ H�TMC�<*CBIME¬A � S�<><>PON­àsI>CB=Ü×gTMCBA¬A¨µÃA¨E Æ ¦5CBATMI�¦5ÝB¦5CÉE µÃ<*C�àsI>C t���� uÊÚÃ¦ÙS�N­AKS�¥�C�º	TMCBA´D>HJDÃÂ PON­D>?ÁS�=@NáEG?�AK<>POI>A´QJ?BD>?B=GSUPOCBA ± � D�¦5HJDsEG=¨CgSUNOD>A@NäT�S�D>Aè ¼�S�¢	é#P � C¯®MNOA¨EGCBD>º�C£TMCe{�|9}M~�����}j�����d���!�°��� �4�	���R<*HJI>=KP­CgA¨µÃA¨E Æ ¦�C
{
i∂ψ
∂t

+ ∂2ψ
∂x2 + f(|ψ|2, |ϕ|2)ψ = 0

i∂ϕ
∂t

+ ∂2ϕ
∂x2 + (g(|ψ|2) + θ)ϕ = 0,

t�� û u
HD± f, g ∈ C1(R2

+) ¥F?�=@Náí�CBDsE
f(ρ0, 0) = 0,

∂f

∂x1

(ρ0, 0) < 0,

g(r, 0) > g(ρ0, 0) <*H�IM= r ∈ [0, ρ0).

¡ N�PzS�¥ÃNáEGCBA@A@C v CBA¨E�º ³ HJNOAGNOCaTMClAGHJ=¨E@CâàsI>C�ÚqD>HUEÊS�DsE c =
√
−2ρ0

∂f
∂x1

(ρ0, 0) PÇS�¥�NOE@CBA@AGCâTMIdA@HJD�Ú
v ∈ (−c, c) C�EKN­PäC¯®MNOA@E@C

η0(v) = sup

{
η ∈ (0, ρ0),

∫ ρ0

η

f(s, 0)ds− v2(η − ρ0)2

4η
= 0

}
< ρ0,

ºS»�¼¾½/¿.À,Á3ÂAÃ]Ä/Á�Å�ÆF¿�Ç�Ç�ÁÉÈj¿�Ä/ÂAÊËÁYÌ�Í�ÄkÊqÊqÁYÌÎÌ>À�Ï�À5ÐË¿�½�½�Ï.ÐËÂHÁOÌzÑHÒ ÓkÔ(Õ¡Ö�Å�ÊË¿SÂ,Ì,Ã]Ä�× Äk½9Ø3ÙqÚ�ÛFÜ_ÝFÞSÙàß¡á¬Þ.âãÁYÌ�ÀAÊqÐ^½/äOÏ.ÐqÂHÁYÇ�ÁO½SÀ
Ðq½�Ì>À�Ï[Í�ÊqÁSÅ�ÐqÊDÁYÌ>À�Ï.ÄkÌHÌ,Ð�¿.Â,Í�ÐàÀ�Ï.ÊqÁYÇ�ÁY½�À�Ðq½�Ì>À�Ï[Í�ÊËÁ�»

¢J¢



SB¥FC�º f(η0(v), 0) + v2

4
(1− ρ2

0

η0(v)2 ) < 0 Ú�SUPOHJ=@A�P � ?BàsIwS�E@N­HJD

i
∂ψ

∂t
+
∂2ψ

∂x2
+ f(|ψ|2, 0)ψ = 0

t¹� ¤�u
SUTM¦5C�EÜI>DMCÉL>I>POP­C ψ̃v TÃCÉ¥�NOE@CBA@AGC v Ú�C�E·H�D�<*C�IMEKSU<><MP­N­àsI>CB=·P­C ²Ü³ ?BHJ= Æ ¦5C	TMCBA·ÖÇH�D�º¯E@N­HJD>AÜNO¦5<>PON­º�NOE@CBAS�I(¥FHJNOA@N­DwS�QJC£TMC�PÇS§A@HJP­IÃEGNOH�D(E@=@Ná¥ÃNÇS�POCRTMC t¹� û u (ψ̃v, 0) Ú>º�HJ¦5¦5C�<*H�I>=´POCgA¨µÃA¨E Æ ¦5C t¹�!� u¬?�EGI>TMN­?g<wS�=°j±U° S�=@NOè ±U� HUEGHJD>AÐàsI>C¬POC¬A@µ�A@E Æ ¦5C¬TMC ° S�DwS�»�HÁ¥ t û uä¦5CBDsEGNOHJD>D>?¬<>POI>A ³ S�IME�¥�?B=@Náí�C¬P­C�A ³ µ�<*HJE ³>Æ A@CBA
º�N Â TMCBA@AGIMA ±

� S�D>A�è æ È � é t ¥�H�NO=	S�I>AGA@Ngè æ È ¢9éåÚ(è È N»é uÊÚw¶ ± ¹ ± æ¬I>=¨µsSU»(C�E ¾�± ¡ ±*È Ná¥ÃA ³ SU=�?�E@I�TMN­CBDFE	POC�A¨µÃA¨E Æ ¦5Ctê� u ± 
 D�<wS�=¨EGN­º�I>PONOCB=�ÚFNOP­AÛCBDÙº ³ CB=Gº ³ C�DsE¬DsI>¦5?B=@N­àsI>C�¦5CBDsE¬TMCBAÛAGHJPOIMEGNOHJD>A¬A¨EÊS{EGNOHJD>DwSUNO=@CBA ± ¶ÉNOD>A@NbÚF<*HJI>=
r = −1 Ú s = 1 C�E α > 0 Ú#NOPOA�º�H�DJÞ C�º¯EGI>=¨CBDsE�P � CÊ®MN­A¨E@CBD�º�CÙT � I>D>C5ÖxS�¦5NOP­POCÙTMC {�|	}j~���{%|9}j~©�!�°��� �4�	���¯Ú
SB¥FC�ºÉPOCBA´º�HJD�TMNáEGNOH�D>A�×£P � NODMí�D>N w(x)→ ±

√
2α C�E v(x)→ 1 POH�=¨AGàsI>C x→ ±∞ ±M� HJI>= α > 8 ÚÃº�CBAA@H�PONáEGHJD>AÛA@H�DsEq¦5HJD>HJE@H�D>CBA�ÚJE4SUD�TÃN­AÛàsI � NOPOAÛH�DFE¬TMCBA�ù¯àsI>C�I>CBAÛH�AGº�NOPOPÇS�DsE@CBA9ùÜ<*HJI>= α < 8

± � S�D>AÑè ¼gS�êDéåÚ
HJDl¥F?B=¨NOí�C£IMD>C£<wS�=¨EGNOC�TMC�º¯CBA	º¯H�DJÞ C�º¯EGI>=¨CBA�ÚwQ�=GéJº¯C§×5I>DMC£¦5?�E ³ HÃTMC�TMCgEGNO= ±*� POI>A�<>=@?�º�NOA@?B¦5CBDFEÁÚwHJD
¦5HJDsEG=¨CgPOCg=@?BA@I>PáEÊS{E�A@I>NO¥JS�DsE ±
��� 6/�*ÿ/:P& � 0+� 0+� ��B �9� � α > 8

b�� �»�9}j�³� @ �.�9���5�SK @
w′′ = −w + vw

v′′ = αv − w2

2

t�� 
 u
|�{�K @ � R/� @ �!�°�^RB� �ê�9��}�Z @ �^� @ w, v ∈ C2(R) M � @ �^� @ PSR @

; �^G w @ �j�Ç�LK T |9�^} @ M; �^�qG w ��}ó��å^����� }j�c�J� @ K @ �8���.RP} R M; �^�
�^G w(x) −→
x→±∞

±
√

2α M
; � V G v @ ��� T ���j� � � V�@�@ � T |	�^} @ M;,V G v ��}ó��å �G��� }j�c�J� @ K @ �Z�G�.RP} R+ M;,V �^G v(x) −→

x→±∞
1
b

æ ¥ Ë ­
Î�ª*��«SçKÍ Ë ¬�Ë 'â��z(ÏÔÀ�Ä ­�ª�z�Î¦¬�Ë�Ô x¿§sz©�gÓÐÑ�ª�Ò
Ô ¬�Ë �ÙÏÔÀ�Î(ÁJ�
¬(ÑBÒ©Â£Ë´Îy�¨®§ËKÏ¢¬©ª�Ò(Ò©x´Ë�Ô/Ò©ª�Ò ÒszH«�«�ËKÔéè «�1ÄÑBÒ�êlÒ(ÑFÕ

� IRÖ�SUNáEoTMCqP � C¯®MNOA¨EGCBD�º¯C¬TÃC�{�|9}M~3�!�D���^�4�9�§A@H�POIMEGNOHJD>A�TMCqº�CB=¨E4SUNOD>CBA#?�àsIwS{EGNOHJD>A�TMC ¡ º ³ =���TMNOD>Q�C�=#D>H�D
PON­D>?�SUNO=@CBA�Ú�A@C£<*HJA@C£PzS5àsI>C�A@E@N­HJDâTMIâ<M=@HJL>P Æ ¦�C�TMC§«ÜSUI�º ³ µ
T�SUDMAÉTMCBA�CBA@<wSJº�CBA�º�H�DFEGCBDwS�DsEÉº�CBA�{�|9}M~�!�D��� �4�9��� ± ¡ SB¥FH�NO=´àsI>C	P­C	<>=@HJL>P Æ ¦5CgTMCR«´S�I�º ³ µÙCBA¨E´QJP­HJLwS�P­CB¦�CBDsEKL>NOCBD(<*HJAG?�T�S�D>A´I>D<ùG¥FHJN­A@NODwS�Q�C/ùt T�S�D>A�I>DjAGC�D>A�×
<M=@?�º�NOA@CB=juRT � I>Dë{%|9}j~H�!�D���^�4�9�-CBA¨E§CBDjCJº C¯E§I>Dj=@CBD>A@CBNOQ�D>C�¦5CBDsE§<>=¨?�º�NOCBIÃ®jA@N¬HJD
¥FCBIÃE�?�EGI>TMN­CB=ØA4SâA@E4SUL>NOPONáEG?�ÚÐH�I�L>NOCBD-A@NbÚÐPOC�A4SJº ³ SUDsEØN­D>A¨EÊS�L>POC�ÚÐH�D ¥FC�IME�CBA@A4S�µ�CB=�TMC(º�HJ¦5<>=¨CBD�TM=@C
º�HJ¦5¦5CBDsEKA@Cg¦ÙS�D>N­ÖÇCBA¨EGCRº�C�E¨EGCgN­D>A¨E4SUL>NOPONOE@? ±

� DlA � NODsE@?B=@CBA@A@CRTMHJD�º£S�I
<>=@HJL>P Æ ¦5CRTMCRº�SUI�º ³ µ
{
i∂u
∂t

+ ∆u+ f(|u|2)u = 0, (t, x) ∈ R× Ω
u(0) = u0,

H%± |u0|2 −→
x→∞

ρ0,
t ¢U©du

¢Uë



HD± Ω = Rn
± � D A@I><><*HJA@C f =@?�Q�I>PON Æ =@C�ÚÛEGC�P­POC�àsI>C f(ρ0) = 0 C�E f ′(ρ0) < 0

± � D <*CBIME�<wS�=C¯®MCB¦�<>P­C�º ³ H�NOA@N­=§º�HJ¦5¦�CÙD>HJDÃÂ P­NOD>?ÁS�=@NáEG? f P � I>D>C�TÃC�º¯CBP­POCBA§¦5C�DsEGNOH�DMD>?BCBA§C�D-¢ � PÇS
D>H�DÃÂ PONOD>?ÁS�=@NáEG?TMC5¼É=@HJAGAÄÂ � NáEÊS�C�¥ÃA@»�NON f(r) = 1 − r Ú*HJI�L>NOCBD�I>D>C�D>H�DÃÂ PONOD>?ÁSU=¨NOE@?�TMC£EßµÃ<*CNù4AÊS{EGI>=GS�E@N­HJD(ù{Ú º�HJ¦5¦5C
f(r) = 1

(1+ar)2− 1
(1+a)2

Ú H�I£CBD�º�H�=¨C·I>D>C¬D>HJDÃÂ PON­D>?�SU=¨NOE@?Üº�I>L>N­àsI>C¯Â àsI>NODsEGN­àsI>C f(r) = α1+α3r+α5r
2 ÚHD± α3 > 0 Ú α5 < 0

±­±O±
� HJI>=¬¦5H�DFEG=@CB=¬àsI>C�POCÉ<>=¨H�L>P Æ ¦5CÉTMCg«ÜS�I�º ³ µ t ¢U©duçCBA¨E·QJPOH�LwS�POCB¦5CBDsE·L>N­CBDÙ<*H�A@?�ÚsNOP*<*H�I>=¨=4SRÝ�E@=@C

<>=@HUí>E4SUL>POCRTMC�A � SUN­TMCB=KTMCRTMCBIÃ®(TMCBAKNODs¥JS�=@NzSUDsE@A�TMC t ¢J©�u¯Ú>º¯H�D>A@CB=Ä¥F?BA�S�I
¦5HJNOD>AKÖ HJ=@¦5CBPOPOCB¦5CBDFEÁÚ>àsI>C
A@H�DFE�PzS�º ³ S�=@QJC

I(u) =

∫

Rn

[
|u(x)|2 − ρ0

]
dx

T � IMD>CR<wS�=¨E�Ú>C�EKA@I>=¨EGHJIMEKP � ?BD>CB=@QJNOC

E(u) =

∫

Rn

[
|∇u(x)|2 + V (|u(x)|2)

]

T � S�IME@=@Cg<wS�=¨E ±·�N­A¨E@H�=@N­àsI>C�¦5CBDsEÁÚoPOCÙ<>=@CB¦�N­CB=�=¨?BA@I>POE4S�EØº�HJD�º�CB=¨DwSUDsE§I>D <M=@HJL>P Æ ¦�C�TMC(«´S�I�º ³ µjTMC�EßµÃ<*C t ¢U©�u
A@CB¦§L>POClÝ¯EG=@Clº�CBPOI>N�TMC�² ± æÛ?�E ³ I>CBPKC�E ÀM± « ± ¡ SUIME t è æ¬C ¡ S � é^uØº�H�D�º�C�=@DwS�DsEÙP � ?�àFIwS�E@N­HJDdTMC�¼	=¨H�A@AÄÂ� NáEÊS�C�¥ÃA@»�NON#T�S�D>A�P � CBAG<�SJº�C£S9C5D>C 1 +H1 �
��� 6/�*ÿ/:P& �nU � w � 5g;>=�?A@.B |DCFEHGJIg�N{9�LK @ ���j�c�9�ëC M \ @ ��� M � @"T }ó�����7�SK @ { @_t |�R8�.�D� T ��RP}¨�YX Z[PSRZ|°� �ê�9�{ @�w }ó�	�M�S� o � �4| @SV �M~	�^� @ ���U�%���%�M|D� @ K @ �Z�3��� @ � T �	�cZ�{%|9��� 1 +H1 b

«·C�=@?BA@I>PáEÊS{EÁÚFA � NOPwCBA¨E¬<wS�=@ÖxS�NáEGCB¦5C�DsE¬AÊS{EGNOA@ÖxS�N­A4S�DsE·C�D�TMNO¦5CBD>A@NOH�DÙë>ÚF<>I>NOAGàsI>C�POCBA¬HJD�TMCBA¬<>=¨H�QJ=@CBAÄÂA@NO¥�CBA·TMC�P � ?�àsIwS{EGNOH�D�TMC	¼	=@HJAGAÄÂ � NáE4SUC�¥ÃA@»�NON�SU<><wS�=¨E@N­C�D>D>CBDsE·L>NOCBD�×gP � CBA@<wSUº�C 1 +H1 ÚFP � CBA¨E·¦�H�NOD>A¬CBDTMNO¦5CBD>A@NOH�D>A 1 C�E 2
± 
 DÙTMNO¦5CBD>A@NOH�D � CBD�CJº C¯EÁÚFº�H�¦5¦�C�P � S{E@EGC�A@E@C�POCBI>=ÛCÊ®M<>PONzº�NáEÊS{EGNOHJD t�� ëduÊÚFPOCBA¼{�|9}M~�!�D��� �4�9����=@?BA@HJPO¥JS�DsE·P � ?�àsI�S�EGNOHJD�TMC�¼	=@HJA@AÄÂ � NáEÊS�C�¥ÃA@»�NON*D>C�EGCBD�TÃCBDsE·<wS�A¬¥�CB=@A¬PzSR¦5ÝB¦�CÉº�HJD>A¨EÊS�DsEGC�CBD

−∞ C�EÉCBD +∞ ì NOP­AÉD>C�A@HJDsE	TMH�D�º£<wS�A	T�S�D>A 1 + H1 ± 
 D�TÃN­¦5C�D>AGNOHJD!¢ÃÚwP­CBAÉHJD�TMCBAÉ<>=@HJQ�=¨CBA@A@NO¥�CBATMC(P � ?�àFIwS�E@N­HJDìTÃCa¼É=@H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON·EGCBD�TMCBDFE5L>N­C�D-¥�CB=@A � ×aP � N­DÃí�D>N t ×a¦§I>PáEGNO<>PONzº�S{EGNOHJD&<wS�=�I>D
º�HJ¦5<>POC¯®MC�TMCK¦5HÃTMI>POC � <M= Æ Aju¯Ú�¦�SUNOA�ÚFT � S�<>= Æ AÛPOCBI>=ÛTM?�¥FC�P­HJ<><*CB¦5CBDFEÜS�A@µ�¦5<MEGHUEGN­àsI>C�TMI ²Ü³ ?BHJ= Æ ¦5Cë ± � ±�
 T~}l× ��± ¼	=4SB¥FC¨ÞÄS�E�ÚÃN­POA´D>C�A@H�DFEK<wS�AKT�S�D>A 1 + L2 ± ¿ C�<>=¨H�L>P Æ ¦5CgTMCR«´S�I�º ³ µ t ¢J©�u¬TMH�NáEKTMH�D�º
Ý�EG=¨Cg?�EGI�TÃN­?RT�S�D>A�I>DâS�IMEG=¨CRº�SJTM=¨CRÖÇH�D�ºÊEGNOH�D>D>C�P ±


 DRTMNO¦5CBD>A@NOH�D � Ú ��± 
 ± ¸ ³ NzTM»JH{¥ t è ¸ � éåÚ è ¸ ¢	é Úÿè ¸�ë°éåÚ è ¸*ê°é u ×Ü?�E@I�TMN­?çP � ?�àsIwS{EGNOHJD£TMC¬¼	=@HJA@AÄÂ � NáEÊS�C�¥ÃA@»�NONT�S�D>A�P � C�AG<wSUº�C X1 = {u ∈ L∞, u′ ∈ L2} ± � SUD>A�è ¼gS � é Ú�HJDl?�E@CBD�Ta×ØI>D>C£TMNO¦5CBD>A@NOH�DâàsI>CBP­º�HJD�àsI>C
PzS�TM?�í�D>NáEGNOHJDâTMCBAKCBA@<wSJº�CBA�TMC�¸ ³ N­TM»�HÁ¥

Xk(Rn) = {u ∈ L∞(Rn),∇u ∈ Hk−1(Rn)},
¦§I>D>NOA�TMC
P­CBI>=5D>HJ=@¦�C
DwS�E@I>=@CBPOPOC ± � Dìº�HJ¦5¦5CBD�º¯Cl<wS�=5?�EGI�TÃN­CB=5POCl<>=¨H�LMP Æ ¦�CâTMCa«ÜSUI�º ³ µ-<*HJI>=P � ?�àsI�S�EGNOHJDâTMC ¡ º ³ =��ÃTMNOD>QJCB=KP­NOD>?ÁS�N­=¨CRA@I>= Xk(Rn)

± � D
HJLMEGNOCBDsE�POC�E ³ ?BHJ= Æ ¦�CgAGI>Ná¥JSUDFE ±
��� 6/�*ÿ/:P& �nU � w �ÿ0 ;>=�w |DC3E M =�w |��OEHG   X Z[PSR8|°� �c�	�q{ @zB �.�d}�í�{9�^��� @ }*���
��ZM|9�^} @

i
∂u

∂t
+ ∆u = 0

t ¢ � u
¢�ê



@ ���Ñ�j� @ � T �	�]Z @ �.R/} Xk(Rn) {��j��PSR @ k > n/2
b"B ��R/�V� @ � � @ �M�9��{9� � �c�	� M � � @ON � ��� @ C > 0 � @ �*PSR @

T ��R/}³�4��RB� t ∈ R M T ��R/}³�4��RB� u0 ∈ Xk(Rn) M
‖eit∆u0‖Xk(Rn) 6 C(1 + |t|)ρ‖u0‖Xk(Rn),

��l
ρ =

{
1
2

1
1+ 1

n

�M� n @ �j� T |9�
} M
1
4

1
1+ 1

2n

�M� n @ �j�Ç�LK T |9�^} b
d_@WT �^Rd� M T �kRP} n = 1 M ρ = 1/6

@ ���¸� T � �iK |D� b
� S�D>A è ¼gS � éåÚäHJD!¦5HJDsEG=¨C�S�I>A@AGNçàsI>C�PzS(º�HJD�TMNáEGNOHJD k > n/2 CBA¨EgH�<ME@N­¦�SUPOC�ÚäCBD!CÊ® ³ NOLwSUDsERIMD>CTMHJD>D>?BC§NOD>NOE@NzSUPOC u0 ∈ L∞ ∩Hb

n
2 c ÚwEGCBPOPOCØàsI>C�PzS�A@H�POIMEGNOHJD u(t) TMC t ¢ � u�SB¥FC�º�TMHJD>D>?§NOD>NáEGNzSUPOC u0

Ú
àsI>Nä=@CBA¨EGCgT�SUD>A Hbn2 c <*HJI>=´EGHJIMEKE@CB¦5<>A t Ú>CÊ®M<>POH�A@CRC�DlDMH�=¨¦5C L∞ ±¿ SK<>=¨CBIM¥FC·TMI ²´³ ?BHJ= Æ ¦�C¬ê ± © ± ë�º�H�D>A@NOA¨EGCÜ×K¦5H�DFEG=@CB=BÚÁQ�=GéJº¯CÜ×�TÃCBA�N­DsE@?BQJ=4S{EGNOH�D>A�<wS�=�<wS�=¨EGNOC�Ú{àsI>CPzS£Ö HJ=@¦�I>P­C	àFI>N TÃH�D>D>C u(t, x) =

(
eit∆u0

)
(t, x) CBD�Ö HJD�º¯E@N­HJD(TMC u0

¥ÃNzS£POCÉD>HÁµ�SUI�TMC ¡ º ³ =��ÃTMNOD>QJCB=
S�L>NOCBD�I>DaAGC�D>A	POH�=¨A4àFI>C u0 ∈ Xk Ú*C�Eg×5¥�?B=@Náí�CB=	àsI>C u(t) CBA¨E�º¯H�DsE@N­DsI>C�×5¥JSUPOCBI>=¨A�T�SUD>A L∞ ± ¿ CÖxS�NáE´àsIMC ∇u CBA¨EÜº�H�DFEGNOD�I(×g¥JSUPOCBI>=@AÜT�S�D>A Hk−1 CBA¨EÜàsIwSUDFEK×RPOI>N*?�¥ÃN­TMCBDsE ±Ã� HUEGHJD>AÜàsI � I>D>CÉ<>=@C�IM¥FC<>POI>A	A@NO¦5<>POC�Ú�TÃH�D>D>?BC§T�S�D>A;è ¼gSUë°éåÚ�TMHJD>D>C�P­C�¦�ÝB¦5C£=@?BA@I>PáEÊS{EÁÚ SB¥�C�º£I>Da¦5HJNOD>A	L*HJD ρ t

ρ = 1/2 u ±

 POPOC£º¯H�D>A@NOA¨EGC�×§<wS�AGA@CB=KC�D(¥�S�=@NzS�L>P­CBA�TMC³²>H�I>=¨NOCB=KC�EÉ×Ø¦�H�DsE@=@CB=KàsI>C u(t)− u0 ∈ C(R, Hk)

±
Å�D>C!ÖÇH�NOA
?¯EÊS�L>P­Ngº�C�=@?BA@I>PáEÊS{Elº�HJD�º�CB=@D�SUDsE
P � ?�àsIwS{EGNOHJDXTMC ¡ º ³ =���TMNOD>Q�CB=(P­NOD>?ÁS�NO=@C�Ú´PzS�E ³ ?BH�=¨N­Cº�PzSUA@A@N­àsI>C·A@I>=�POCBAÐ?�àsIwS{EGNOHJD>A T � ?�¥�H�POIMEGNOHJD§D>H�IMAÐ<*CB=@¦5C�E�Ú�T�S�D>A3è ¼gS � é Ú�TMC¬¦5HJDsEG=¨CB=ÐàsI>C¬POC·<>=¨H�L>P Æ ¦5C

TMC5«´S�I�º ³ µâ<*H�I>=	P � ?�àFIwS�E@N­HJD�DMH�D�PON­D>?ÁS�NO=@C t ¢J©�u�C�A@E	P­H�º�S�P­CB¦�CBDsE�L>N­C�D�<*HJAG?ØT�S�D>A Xk(Rn) Ú�<*HJI>=
k > n/2

±ä� H�I>=	HJLMEGC�D>N­=	I>D�=@?BA@I>PáEÊS{ERT � C¯®MNOA¨EGCBD�º�C§Q�POH�LwS�POC�Ú H�D�A@I><><*HJAGC�àFI>CØPzS�TMH�DMD>?BCØNOD>NOE@NÇS�POC�ÚCBDÙ<>POI>A·T � Ý�E@=@CÉT>SUD>A Xk(Rn) ÚFCBA¨E·T � ?BD>CB=@QJN­C�í�D>NOC ± ¶ÉNOD>A@NwCBD�TMN­¦�CBD>A@N­HJD � ÚFHJDÙH�LME@N­CBDFE·POC�=@?BA@I>PáEÊS{E
A@I>Ná¥�S�DsE ±
��� 6/�*ÿ/:P& �nU � w � Us;>=�w |DC3E�G B �	� � n = k = 1

bh£ �ô�.R T�T �	� @ PSR @ f M @ � T �qR/�h{ @ �h�M�	�T{9� � �ê�9���
K @ �Z� �c�9����Z @ �*|�R�{�Z!�SRB�g{ @ ��|�� @ �J� �ê�9�ãx M V Z�}j� a�@ V (r) > C(ρ0 − r)2 M ��l C > 0

@ � V @ ���g{��9����Z
T |9} ; C�C�G bn£ �;�.R T�T �	� @ PSR @ u0 ∈ X1(R)

@ ����{`X Z�� @ }5�°� @ E(u0)
a �8� @cb�� ���9}M�¶� � @YN �
��� @ u ∈ C(R, X1) M�M�9}j��Z @ {�|9��� X1 M �!�D�^RP� �c�9�H{ @É; \~�[G b¹df@�T �^R/� M �3X Z�� @ },�°� @A@ ���(�M�9�B� @ } V Z @�T |	}¿� @�î �°�({ @eB �.�d}�í�{9�^��� @ } b

Å�D>C�Ö HJN­AÉ¦5HJDsEG=¨?BC�PÇS�º�H�D>A@CB=Ä¥�S{EGNOHJD�TMC�P � ?BD>CB=¨Q�NOC�Ú�º�C�=@?BA@I>PáEÊS{E	A � HJLMEGNOCBDsEÉCBDa=@CB¦ÙS�=GàsI�SUDsE	àsI>CPzS
D>HJ=@¦5C H1 TMC |u|2 − ρ0
CBA¨E§º�HJDsE@=O�JP­?BC�<wS�=£P � ?BD>CB=@QJNOC ±Ð� HUEGHJD>A�º�CB<*CBD�T�S�DsE§àsI>C�PÇS
º�H�D�TÃNOE@N­HJDA@I><><>PO?B¦5CBDsE4SUNO=@ClNO¦5<*HJA@?BC�×�PzS�D>H�DÃÂ PONOD>?ÁSU=¨NáEG?âCBA¨E�SUA@A@CBãl=¨CBA@E@=@N­º¯EGNá¥FC�Úç<>I>NOAGàsI>Cl<wS�=�C¯®ÃCB¦5<>POClPOCBA

D>HJDÃÂ P­NOD>?ÁS�=@NáEG?BA�A4S{EGI>=@?�CBA�HJIlº�I>L>N­àsI>C¯Â àsI>NODsEGN­àsI>CR¦�CBDsEGNOHJD>D>?BCBA�<>POI>A ³ SUIMEKD>CRPzS�¥F?B=@Náí�CBDFE�<�SUA ±
¶ PzS(A@I>NáEGC�TMC�º�C�ARE@=4SB¥JSUIÃ®äÚäCBD!IMEGNOP­NOA4SUDFE£I>D>C5¦5?�E ³ HÃTMC5A@NO¦5NOPÇS�NO=@CÙ×
º¯CBP­POC5CB¦5<>POHÁµF?BC5<wS�=�· ±

æ¬=¨?BãBNOAgC¯E ²�± ¼�SUPOPOH�I�ï�ERT�S�D>Asè æ´¼Ñé Ú � ± ¼	HJI>L*C�E£SÙ¦5HJDsE@=@?ØàsI>CØP � ?�àFIwS�E@N­HJD!TMC�¼	=¨H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NONCBA¨E�QJP­HJLwS�P­C�¦5CBDsE�L>NOCBDl<*HJA@?BC£T�S�D>A X2(R2) �
��� 6/�*ÿ/:P& �nU � w � ] ;>=�w �YEHG  `@yT }ó�����¡�.K @ { @�t |�R8�.�D� T �kRP}e�YX Z[PSR8|°� �c�	�ä{ @�w }M�	�ó�S� o �^�4| @SV �M~��^� @ ���
�%���%�M|D� @ K @ �Z�Ñ��� @ � T ���cZ {�|9��� X2(R2)

T ��R/}�RP� @ {��	�8��Z @ �^��� � �c|°� @ u0
{�|9���V� @ � @ � T |%� @ |��d|	�Z�Ñ{ @

T �^Rd�zRP� @ Z�� @ }5�°� @ E(u0)
a �8� @/b

¢Jª



� POI>A¬=¨?�º�CB¦5¦5CBDFEÁÚ ��± ¼	?B=GSU=@TÙS£S�L*H�=@TM?�A@HJI>A¬IMD�S�IMEG=¨C�<*H�NODsE·TMCK¥ÃI>C�POC�<>=@HJL>P Æ ¦5CÉTMC	«ÜSUI�º ³ µt ¢U©�u¯ÚM<�HJI>=KP � ?�àFIwS�E@N­HJDâTMC�¼	=¨H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON ±�° I>D>N­A@A4S�DsE�P � CBA@<wSJº¯C£T � ?BD>C�=@QJN­C
E = {u ∈ H1ø ðYñ ∇u ∈ L2, 1− |u|2 ∈ L2}

T � IMD>CRA¨E@=@I�º¯EGIM=@CRT � CBA@<wSJº�Cg¦5?�E@=@N­àsI>CRº�HJ¦5<>POC�E�Q�=GéJº�C£×§PÇSØTMNOA@E4SUD�º¯C
dE(u, v) = ‖u− v‖X1+H1 + ‖|u|2 − |v|2‖L2 ,

NOP´¦�H�DsE@=@C(T�SUDMAnè ¼	CJéKàsI>C(POC(<>=@HJL>P Æ ¦5C
TMCâ«ÜSUI�º ³ µ <*HJI>=�P � ?�àsIwS{EGNOHJDìTMCl¼	=@HJA@A¨Â � NOE4SUC�¥�AG»sN­NÜCBA¨EQJP­HJLwS�P­CB¦�CBDsE5L>N­C�D&<*HJAG?
T�S�D>A E ÚÐCBD&TMNO¦5CBD>A@NOH�D>A�¢�C�E5ë>ÚÐC�EÙS�I>A@A@N´CBD&TMNO¦5CBD>A@NOH�D-ê!<*HJI>=5TMCBATMHJD>D>?BCBA�NOD>NáEGNzSUPOCBA�TMCg<*C�EGNáEGCg?BD>CB=¨Q�NOC ±
��� 6/�*ÿ/:P& �nU � w �ÿA ;>=�wÎ@ EHG B �9� � n = 2, 3

b o ��RP}e�4�kRB� u0 ∈ E M � � @ON �
��� @ RP� @ RP�8�HPSR @ ���D�^RB� �c�9�
u ∈ C(R, E) { @ �YX Z[PSRZ|°� �c�9�q{ @�w }ó�	�M�S� o � �4| @SV �M~	�^� ; xkG©{ @ {��9�8��Z @ �
�8� � �ê|D� @ u(0) = u0

b`d_@WT �^R/� M�s�j� ∆u0 ∈ L2(Rn) M |D���	}j� ∆u ∈ C(R, L2(Rn)) M� T ��RP}³�4�kRB�¶� @ K T � t M E(u(t)) = E(u0) M� u− eit∆u0 ∈ C(R, H1(Rn)) M� T ��RP}*�4��RP� R > 0
@ �g�4�kRB� T > 0 M � � @ON �
��� @ C > 0 � @ ��PSR @WT ��R/}�����RB� u0, ũ0 ∈ E � @ ����PSR @

E(u0) 6 R
@ � E(ũ0) 6 R M � @ ���!�D�^RP� �c�9� u, ũ �M�9}j} @ � T �9��{�|9�Z� @ � V Z�}j� a�@ �8�

sup
|t|6T

dE(u(t), ũ(t)) 6 CdE(u0, ũ0).

o ��RP} n = 4 M � � @ON �
��� @ δ > 0 � @ ��PSR @yT ��RP} �4��RB� u0 ∈ E
V Z�}j� a |9�Z� E(u0) 6 δ M � � @ON �
�j� @ RP� @

RP���,PSR @ �!�D�qRB� �c�	� u ∈ C(R, E) { @h; xkG�� @ �^� @ ∇u ∈ L2òôóHõ (R, L4(R4))
b� �@ � T }M� T }��,Z���Zj�³{ @ }�Z5��RB��|9}j� ��Z

@ �¶� @ �M|9}ó|��J���j} @ ��� T �[�d� �Löj� @ �q{�R î �°��Z��T�9�T��Zj���j�>��{ @ �M�.Rd� T ��RP} n = 2, 3 �!�9�Z� V Z�}j� a Zj� b
¿ HJ=@AGàsI>CjP � HJD�¥�CBIMEaQJ?BD>?B=4S�PON­A@CB=aº�C EßµÃ<*C�TMCj=¨?BAGIMPOE4S�E@A�×ìT � SUIME@=@CBAâD>HJDÃÂ P­NOD>?ÁS�=@NáEG?BA�Ú�HJD�CBA¨Eº�HJD>Ö =@HJDsE@?l×�I>D>C(TMN�C�º�I>PáEG?(PON­?BClS�I-ÖxS�NáE�àsI>C V D � CBA¨E5<�SUA�D>?�º�CBA@A4S�N­=¨CB¦5CBDsE�<*H�A@NáEGNOÖ ±q� H�I>=ØP � C¯®�Â<>PONzàFI>CB=�Ús=@C�¥FC�D>H�D>A·I>DÙN­D>A¨E4SUDsE´S�I�º�S�A·<>POI>A ³ SUL>NáEGI>CBP*H%± ρ0 = 0 ÚsC�E·HD± u0

C�A@EÜT�S�D>A·I>D�CBA@<wSUº�C	TMC¡ HJL*H�POC�¥ Hk ± � S�D>AÉº�C£º�S�A�Ú�<*H�IM=�¦�H�DsE@=@CB=KI>Dl=@?BA@I>PáEÊS{EÉT � CÊ®MNOA@E@CBD�º�CRQ�POH�L�SUPOC�ÚwHJDâº�H�¦�¦5CBD�º�CR<wS�=¦5HJDsEG=¨CB=RàsI>C�PÇS�D>HJ=@¦5C H1 TMC u D>C5<*C�IME£<wS�ARC¯®M<>POHJAGC�= ± ¡ S�D>HJ=@¦5C L2 CBA¨E£º�HJD>A@CB=¨¥�?BC5Q�=GéJº�C�×P � NODs¥JSU=¨NÇS�DsE I(u) ÚME4SUD�TÃN­A�àsI>C�ÚMAGN V CBA¨E�<*HJA@NOE@N­Ö Ú>PÇS§D>HJ=@¦5C L2 TMCgA@HJD
Q�=GSJTMNOCBDsE�CBA¨EK¦ÙS�ÞßHJ=@?BC t <wS�=
√E0

u ± ¡ N V D � C�A@EÐ<wS�AÐ<*HJA@NOE@N­Ö Ú�¦�SUNOAÐA@N�A4S�<wS�=¨EGNOC¬D>?BQsS{EGNá¥FC·D>C·TM?�º�=¨H�NáEÐ<wSUA�E@=@HJ<£¥ÃNáEGC�Ú{HJD�SKEGHJIJÞßHJI>=@AI>D
º�HJDsEG=Y��POCgA@I>= ‖∇u‖L2
ÚMQJ=4éUº�C£×�P � NOD>?BQFSUPONáEG?RTMC£¼gSUQJPONÇS�=GTMH�Â � NO=@CBD�L*CB=¨Q5C�E�×§PzSØº�H�D>A@CB=Ä¥�S{EGNOHJDlTMC

I(u)
± � S�D>AÉP­C�º�SUA	àFI>N�DMH�I>AÉH�ºBº�I><*C�Ú*HD± ρ0 > 0 Ú*º�C§TÃCB=@D>NOCB=�S�=@QJI>¦5CBDFE	D � CBA¨EÉ<wSUA�¥JS�PÇS�L>POC§<*HJI>=S�Iâ¦5HJNOD>AÉTMCBI�®l=GSUNOA@H�D>A ± ��� I>D>CR<wS�=¨EÁÚ>N­P�AGC�¦§L>POC�TMN»CÙº¯N­POC�T � ?¯EÊS�L>P­NO=�PÇS5º�HJD>A@CB=¨¥JS{EGNOH�DâTMC I(u) SUI�ÂEG=¨CB¦5CBDsE�àsI>C�Ö HJ=@¦�CBP­POCB¦5CBDFEÁÚ#C�E�T � S�IMEG=@C�<wS�=¨E�Ú I(u) D � CBA¨E�<wS�A�I>D>C�D>HJ=@¦5CJÚ#HJD�D>C�=@NOAGàsI>CÙTMH�D>º<wS�AÛTMC´PzS	ÖxS�NO=@C�SU<><wS�=4S�ú­EG=@CKT�SUDMAqPOC´¦5CB¦§L>=¨CKTMCKTM=@HJNáEGCKT � I>DMCKNOD>?BQFSUPONáEG?�TMC�¼gS�Q�PONÇS�=GTÃHUÂ � NO=@CBDsL*CB=@Q ±

� SUD>AÛº�C�àsI>N�A@I>NáEÁÚ�HJD5¥JS�TMH�D�º´¦5HJDsEG=¨CB=qIMD�=¨?BAGIMPOE4S�E¬T � C¯®MNOA@E@CBD�º�CKQ�POH�L�SUP�A4SUD>AqIMEGNOP­NOA@CB=qPzSgàsIwSUDFEGNáEG?
I(u)

±
� S�D>A£I>D>C�EG=@HJNOA@N Æ ¦�C�S�<><>=@H�º ³ C�TMIj<>=¨H�L>P Æ ¦5C�TMC�«´S�I�º ³ µ t ¢J©�u¯Ú�HJD E@=4SB¥JSUNOPOP­C�T�SUD>ARP � CBA@<wSJº¯CS	C�D>C ϕ+H1 ÚMHD± ϕ TM?BA@N­QJD>C�I>D>C�ÖÇH�D�º¯E@N­HJD(=@?BQJI>PON Æ =@CgT � ?BD>CB=¨Q�NOC	í�D>NOC ± ϕ <*CBIMEK<wS�=ÜC¯®MCB¦5<>POC�Ý�E@=@CPzSâTMHJD>D>?BCÙNOD>NOE@NzSUPOC u0

A@N·º¯CBP­POC¯Â º�N¬CBA¨E�A@IBC�A4S�¦5¦5CBDsE£=@?BQJI>PON Æ =¨C�ÚoH�IjL>N­CBD�P � IMD TMCBAN{�|9}M~N�!�°��� �4�	���
¢ �



TMC t 
 u ± � DjA@I><><*HJA@CÙàsI � NOPqC¯®MNOA@E@C α1 > 1 C�E α2 ∈ [α1 − 1/2, α1] E@CBP­A�àFI>C�PÇS(D>HJDÃÂ P­NOD>?ÁS�=@NáEG? fA4S�E@N­A@Ö�SUA@A@CRP � ³ µÃ<*HUE ³>Æ A@C

∃C0 > 0 Ú A > ρ0
Ú




∀r > 1,

{
|f ′′(r)| 6 C0r

α1−3 A@N n = 1, 2, 3
|f ′′′(r)| 6 C0r

α1−4 A@N n = 4{ AGN α1 6 3/2, V CBA¨E�¦5NOD>HJ=@?gNOD>Ö ?B=¨N­CBIM=@CB¦5CBDFE
AGN α1 > 3/2, ∀r > A, rα2 6 C0V (r)

± t ·
α1,α2

u

� SUD>A£º�C¯E@EGC ³ µÃ<*HJE ³>Æ A@C�Ú�PzS(<>=¨CB¦5N Æ =@CÙS�A@A@CB=¨EGNOHJD�SUA@A@I>=@C�àFI>C5PzS(D>HJDÃÂ P­NOD>?ÁS�=@NáEG?5D>C�º�=@H9ú­E£<wS�ARE@=@HJ<
¥ÃNOH�POCB¦�¦5CBDsEÁÚoPzSlA@C�º�HJD�TMC�N­¦�<*H�A@C(× V (r) T � Ý�E@=@ChùÊ<>POIMEO�JE§<*H�A@NáEGNOÖ�ù�<*H�I>= r QJ=4S�D�T ±Ð� HUEGHJD>AØàsI>CP � ³ µÃ<*HUE ³MÆ AGC t ·

α1,α2

ugCBA@E§A4S�E@N­A@ÖxS�NáEGC�<�SU=§P � ?�àFIwS�E@N­HJD-TMC
¼	=¨H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON·<*HJI>= α1 = α2 = 2 Ú<wS�=gPzS�D>HJDÃÂ PON­D>?ÁS�=@NáEG?5º�I>L>N­àsI>C¯Â àsIMN­DsE@NzàFI>C5<*H�I>= α1 = α2 = 3 C�ER<*HJI>=gPzS�D>HJDÃÂ PON­D>?�SU=@NáE@?5A4S�E@I>=@?BC<*HJI>= α1 = α2 = 1
± ¶ÉNOD>A@NåÚ�POC	<>=@NOD�º�NO<wS�P =@?BA@I>PáEÊS{EKàFI>C	P � HJD�H�LÃEGNOCBDsEKT>SUD>A è ¼gS � é <*CBIME´Ý�E@=@CÉ?BD>H�D>º�?

º�HJ¦5¦5CgA@I>NáE ±
��� 6/�*ÿ/:P& �nU � w �
S ;>=�w |D÷3E�G B �9� � n = 1, 2, 3 ��l 4 M ρ0 > 0

@ � f ∈ Ck+1(R+)
;
k = 1 �j� n = 1 M

k = 2 �j� n = 2, 3 M k = 3 �j� n = 4 Ge� @ �
� @ PSR @ f(ρ0) = 0
@ � f ′(ρ0) < 0

b�£ � �.R T�T ��� @ { @AT �^R/�
PSR X � � @ON �
��� @ α1 > 1 M | V�@ ����|N�M�	�T{9� � �ê�9� �.R T�T �¡ZSK @ �Z�4|	�^} @ α1 < α∗1

�j� n = 3, 4
; ��l α∗1 = 3

T ��RP}
n = 3 M α∗1 = 2

T �kRP} n = 4 G M @ � α2 ∈ [α1 − 1/2, α1] � @ ��PSR @�;�ø
α1,α2

G;�!�	� � V }ó|9� @/b
� �»�9}j� T ��RP}³�4��RP� @ � �9�T�J� �ê�9��}�Z5��R����,��} @ {`X Z�� @ }5�9� @ a �8� @ ϕ M �$X @ ��� � {9�^} @

ϕ ∈ Ck+1
b (Rn), ∇ϕ ∈ Hk+1(Rn)n, |ϕ|2 − ρ0 ∈ L2(Rn), (

ø
ϕ)

� @�T }M�%���¡�SK @�; \~��G @ �����%���%�M|D� @ K @ �Z�¸�j� @ �$� T ���cZ @ {�|9��� ϕ+H1(Rn)
b o �^R/� T }[ZM�j�
�cZSK @ �Z� M T ��RP} ����RB�

w0 ∈ H1(Rn) M � � @ON �
��� @ R/�
RP�8�HPSR @ w ∈ C(R, H1(Rn)) � @ �ePSR @ ϕ + w }�Zj�!�D� V�@|; \~�[G M | Vj@ �e��|{��9����Z @ �^�8�^� �c|D� @ w(0) = w0
b

o ��RP}³�4�kRB� T > 0 M � @ î �°� w0 7→ w M H1 7→ L∞T H
1 @ ���   � T �[�d�^�Lö�� @ �7�[RP}*� @ ���ó�9}���Zj��{ @ H1 b  X Z�� @ },�°� @

E(w) =

∫

Rn
|∇(ϕ+ w)|2dx+

∫

Rn
V (|ϕ+ w|2)dx

@ ���¸�M�9��� @ } V Z @�T |9}�� @ î �°� b
� HJI>=�¦5HJDsEG=¨CB=�º�CØ=@?BA@I>PáEÊS{EÁÚ�H�D!º ³ C�=Gº ³ CØI>D>CØA@H�POIMEGNOHJD TMC t ¢U©�u�A@H�IMAgPzS�ÖÇH�=¨¦5C ϕ + w Ú C�E�H�D?�EGI>TMN­CÜP µ � ?�àsIwS{EGNOHJD�=¨CBP­C¯¥F?BC�µÜàsI>C´TMHJNáEçAÊS{EGNOA@ÖxS�NO=@C w ± ¿ SÉ<>=¨CBIM¥FC·<*CBIMEÛSUPOHJ=@A AGC´TMNá¥ÃNOA@CB= CBDØ<>POI>A@N­C�I>=@A?�EÊS�<*CBA ± � D£º�H�¦�¦5CBD�º�CÛ<wS�=o¦�H�DsE@=@CB=BÚ�Q�=GéJº¯C·×KPzSÜE ³ ?BHJ=@NOC¬º�PzSUA@A@N­àsI>CÛA@I>=oPOCBAo?�àsIwS{EGNOH�DMAÐT � ?�¥FHJP­IÃEGNOH�D�ÚàsI>CÜP � ?�àFIwS�E@N­HJDØ=@CBPOC�¥F?BCÜCBA¨E P­H�º�S�P­CB¦�CBDsEçL>N­CBDØ<*HJA@?BC´T�SUD>A I>DØCBA@<wSUº�CKTMC ¡ H�L*HJPOC�¥ Hk <*H�I>= k S�AGA@CBãQJ=4S�D�T ±�� H�I>=Ûº�CBAÛA@HJP­IME@N­HJD>A¬=¨?BQ�IMP­N Æ =@C�AÁÚFHJD�¦5HJDsEG=¨CKQ�=4éUº�CÉ×�P � ³ µÃ<*HJE ³>Æ A@C t ·

α1,α2

uÐI>D>C�CBA¨EGNO¦ÙS{EGNOH�D
A@I>=£PzS
DMH�=@¦�C H1 TMC w ÚoàFI>NÛCBDsE@=4S�úÇDMC�àFI>CÙº�CBPOP­C¯Â º�NÛD � C¯®M<>POH�A@C�<wSUA£A@I>=RP � N­DFEGCB=¨¥JS�P­POCÙT � C¯®MNOA¨EGCBD>º�CT�S�D>A Hk ± 
 DÙIMEGNOPON­A4S�DsE·I>D�S�=@QJI>¦5CBDsE·TMC�<*HJN­DsE¬íÃ®MCÉT�SUD>A¬POCBA¬CBAG<�SJº�CBA·TMC ¡ EG=¨Nzº ³ SU=ÄEGãÉTMC�PzSR¦5Ý�¦5C¦ÙS�D>N Æ =@C�àsI>C ²�±*È S{EGH�T�S�D>A�è È S�¢	é ÚwHJDa¦5HJDsE@=@C£CBD>A@I>NáEGC�àsI>C�P � ?BàsIwS�E@NOH�Da=@CBPOC�¥�?BC�CBA¨EÉPOHÃº�S�POCB¦5CBDsEL>NOCBDl<*H�A@?BC£T�S�D>A H1 ± Å�DaS�=@QJI>¦5CBDsE�TMCR<*CB=¨AGNOA¨EÊS�D�º�C�Ú�POI>N�S�I>A@A@N#HJLMEGCBDsIâQJ=4éUº�C�S�IÃ®
NOD>?BQsS�PONOE@?BAÉTMC¡ EG=¨Nzº ³ SU=ÄEGã�ÚäS�N­D>A@N àsI>C§P � CBA¨EGNO¦ÙS{EGNOH�D�AGIM=	PÇSÙD>HJ=@¦5C H1 S�AGA@I>=¨CBDsERSUPOHJ=@AgàsIMCØPOCBA�A@H�POIMEGNOHJD>AgPOH�º�SUPOCBAHJLMEGCBD�I>C�AÛT�SUDMA Hk A@HJDsEqCBD�Ö�SUNáEqQ�POHJLwSUPOCBA ± ¿ S�E ³ ?BHJ=@NOC´Q�POH�LwS�POCK<*H�I>=çPOCBAqA@HJPOIMEGNOH�D>A H1 A � CBD5TM?�TMI>NáES�P­HJ=@A�SUNOA@?B¦5CBDsEK<wSU=´=@?BQJI>PÇS�=@NOA4S{EGNOH�D ±

¢ û



¼	=4éUº�C�×!P � ?�E@I�TMC�TMCâP � CBAG<�SJº�CaT � ?BD>C�=@QJN­C E CJº�C�º¯EGIM?BCa<wS�= ��± ¼	?B=4S�=GTdT�S�D>A�è ¼	CJéåÚÛHJDd<*CBIME
=@CB¦�SU=@àsI>CB=KàFI>C	EGHJIMEK?BPO?B¦5CBDFE u0

TMC E <*CBIMEKA � ?�º�=@NO=@C�A@HJI>AKPzS§Ö HJ=@¦�C ϕ+w0
ÚÃHD± ϕ CBA¨EK=@?BQJI>P­N Æ =¨CT � ?�D>CB=@QJN­CÜí�D>NOC�ÚUC�E w0 ∈ H1 ± � DØ¦5HJDsEG=¨C�S�NOD>A@N�àsI>CÜ<*H�I>=ÐEGHJIMEGCKTÃH�D>D>?BC´NOD>NáEGNzSUPOC u0 ∈ E ÚUN­PMC¯®MNOA¨EGCI>D>CØI>DMNzàsIMC�A@HJPOIMEGNOH�D!TMC t ¢U©du�T�S�D>A u0 + C(R, H1)

± � CØ<>POI>A�Ú =¨CB<>=@CBDwS�DsEgTMCBARS�=@QJI>¦5CBDFEGAgTMC ��±¼	?B=GSU=@T�T�S�D>A è ¼	CJéåÚ�H�D�¦5H�DFEG=@C	àsI>C	º � CBA¨EÜPzS�A@CBI>POC	A@HJP­IME@N­HJD(º�HJDsEGNOD�I>Cg×R¥JSUPOCBI>=¨AKT>SUD>A E ÚÃSUI�A@CBD>ATMCgPzSØ¦5?�E@=@N­àsI>C dE N­DFEG=@H�TMI>NáEGCg<wSU= �Ð± ¼	?B=GSU=@T ±¿ C�A
HJD�TMCBA(<>=¨H�QJ=@CBA@A@NO¥�CBA(<*H�I>=�P � ?�àsIwS{EGNOHJDXTMC ¼	=@HJA@A¨Â � NOE4SUC�¥�AG»sN­N	A@I>= R2\B(0, 1) HJLME@CBD�I>CBA<wS�=R¶ ± ¶ÉÖÇE4SUPONOH�D C�Ez� ± æ¬PzS�D�º�T�S�D>A è ¶�æ�é t ¥FHJN­= ²´³ ?�H�= Æ ¦5C�ë ± � ± � ©duÊÚoS�N­DMAGNqàsI>C5POCBAR¦5HUEGNá¥�S{EGNOHJD>A
< ³ µÃA@N­àsI>CBAKAGHJI>AÄÂzÞ¨SUº�CBDsEGC�AÁÚ>¦�CBDsEGNOH�DMD>?BCBA�CBDâ¢ ± � ÚM¦5HJDsEG=@C�DsE�P � NODsE@?B=@Ý�E�àsIMCR<*CBIME�<>=¨?BA@CBDsEGC�=KP � ?�EGI�TMCTMI <>=¨H�L>P Æ ¦5C�TMC
«ÜSUI�º ³ µ t ¢U©�u¯ÚoHD± Ω D � CBA¨EØ<>POI>A§P � CBA@<wSJº�C Rn E@H�IÃEØCBDsE@NOCB=�Ú�¦�SUNOA§I>D�TMHJ¦ÙS�N­D>CC¯®ÃE@?B=@NOCBI>=¬N­D�º¯P­I>AÜT�S�D>A Rn ± ¿ SR¦5?�E ³ HÃTMCÉIME@NOP­NOA@?BCÉ<*H�I>=¬¦5HJDsEG=¨CB=¬POC ²Ü³ ?BH�= Æ ¦5C�ê ± © ± û SRP � SB¥JS�DsEÊS�Q�CTMC�L>NOCBD A � SJT�S�<MEGC�=£×�P � ?¯EGI�TMC5TMC5º�C�<>=@HJL>P Æ ¦5C5TMCÙ«´S�I�º ³ µFÚ Q�=GéJº¯CÙS�IÃ®�NOD>?BQFSUPONáEG?BA£TMC ¡ EG=¨Nzº ³ SU=ÄEGã¦5HJDsEG=¨?BCBAÉ<wS�= �£± æ¬I>=GàwÚ ��± ¼	?B=4S�=GTâC�E �£±*² ã¯¥FC�EG»JH{¥ t è æ´¼ ² é^u ± � Da¦5HJDsEG=¨C§SUNOD>A@NÐT>SUD>A�è ¼gS � é�P­C
=@?BA@I>PáEÊS{E�A@I>Ná¥JSUDsE ±
��� 6/�*ÿ/:P& �nU � w �ÿQ B �9� � n = 2 ��l 3 M @ � Ω ⊂ Rn � @ �M��K T �¡ZSK @ �Z�4|	�^} @ {`X RP�����j���4|%��� @ K }�Z5��RB��� @ } M�M��K T |��J� M ���9�h�M| T �4|9�Z� @ �G�T�9� V �ê{ @/b�B �9� �¶|�R/�M�M� f ∈ C3(R+) � @ �^� @ PSR @ f(ρ0) = 0

@ � f ′(ρ0) < 0
b

£ �n�.R T�T �	� @ P.R X � � @ON �
��� @ α1 > 1, α2 ∈ [α1 − 1/2, α1] � @ ��P.R @�;�ø
α1,α2

G @ ��� V }M|9� @/bnB � n = 3 M �9��.R T�T �	� @ { @WT �qR/� α1 < 2
b

� �»�9}j� M T ��RP}³�4�kRB� ϕ V Z�}j� a |9�8�

ϕ ∈ C∞b (Ω), ∇ϕ ∈ H∞(Ω),
B R T�T ϕ ⊂ Ω\(V ∩ Ω), |ϕ|2 − ρ0 ∈ L2(Ω),

T ��R/}*�4��RP� w0 ∈ H1
0 (Ω) M � � @ON �
�j� @ RP��R/�8�,PSR @ w ∈ C(R, H1

0 (Ω)) � @ ��PSR @ ϕ+ w �!�9�^�Ç���D�^RB� �c�9�q{ @
; \~�[G @ � w(0) = w0

b
o ��RP}³�4�kRB� T > 0 M � @ î �°� w0 7→ w M H1

0 7→ L∞T H
1
0 M @ ���   � T �[�d�^�Lö�� @ �n�.RP}*� @ ���M�9}j��Zj��{ @ H1

0

b
  X Z�� @ },�°� @m@ ���¸�M�9��� @ } V Z @�T |	}*� @ î �°� b

� DaS§I>D
=@?BA@I>PáEÊS{EÉS�DwSUPOHJQ�I>C£T>SUD>AKP­CRº�S�A�TÃC£º�HJD�TMNáEGNOHJD>AÉTÃC � CBI>¦ÙS�D>DâSUI
L*HJ=GT
TMC Ω
±

«·HJ¦5¦5Cl<*HJI>=�P­Cl<>=¨H�L>P Æ ¦5CâTMC�«´S�I�º ³ µ-A@I>= Rn ÚçE@H�IME@CaTMHJD>D>?BClNOD>NOE@NÇS�POC u0
T>SUD>A�P � CBA@<wSJº¯CT � ?�D>CB=@QJN­C

ED := {u ∈ H1ø ðYñ (Ω),∇u ∈ L2(Ω), ρ0 − |u|2 ∈ L2(Ω), χu ∈ H1
0 (Ω)},

HD± χ CBA¨EÐI>D>C·ÖÇH�D�º¯E@NOH�D C∞ ×�A@I><><*HJ=¨E º�H�¦�<wSJº¯EÐA@I>= Rn àsI>Ns¥JSUIME � A@I>=�I>D£¥FHJN­A@NODwSUQJCÜTMC·P � HJL>A¨EÊSUº�POC
K Ú#<*CBIÃE�A@CÙTM?�º�HJ¦5<*H�A@CB=£A@HJI>A£PÇS(Ö HJ=@¦5C u0 = ϕ + w0

Ú�H%± ϕ CBA¨E�=@?BQJI>PON Æ =@C�T � ?BD>CB=¨Q�NOC5í�D>NOC�Ú#C�E
w0 ∈ H1

0

± ��� H%± P � C¯®MNOA¨EGCBD�º¯C(T � I>D>C�I>D>N­àsI>C�AGHJPOIMEGNOH�D u ∈ u0 + C(R, H1
0 (Ω)) S�I <>=@HJL>P Æ ¦5C(TMC«ÜSUI�º ³ µ t ¢J©�u�A@I>=	POC�TMHJ¦ÙS�NOD>CØC¯®ÃE@?B=@NOCBI>= Ω

± 
 D�=@C�¥JSUD>º ³ C�Ú�P � I>D>N­º�NOE@?�T � I>D>C§A@H�POIMEGNOHJD!º�HJDsEGNOD�I>C�×¥JSUPOCBI>=¨A�T�S�D>A ED ÚwS�IlA@CBD>A�TMCgP � S�DwS�P­HJQJI>C£<*HJI>= Ω TMCRPzS�TMNOA¨EÊS�D�º�C dE NODsEG=¨HÃTMI>NáE@CR<wS�= ��± ¼É?B=4S�=GTT�S�D>A£POCÙºBSUA£TMC Rn Ú�CBA¨E�àFIwSUDFE§×(CBPOPOC�L*CÁS�I�º�H�IM<�¦�H�NOD>A�º¯PÇS�NO=@C t µ!º�HJ¦5<>=@NOAR<*H�I>=RP � ?�àFIwS�E@N­HJD�TMC¡ º ³ =��ÃTMNOD>QJCB=�PONOD>?ÁSUNO=@C�u ±
¢U¤



ù ¥ Ë`­(Î(ª*�N«�ç´Í Ë`¬�Ë 'â��z
ÏÔÀ�Ä ­�ª�z�ÎÕ«�ËKÔfx¿§sz©�gÓ�ÑJª�Ò(Ôf¬�Ëûú�ª£Î#ÓoË�ü Ë3ÂJ�
¬�Ë �ñÎÐÑ�ËKÔ Ë·Óþý ËKÒ1ÿ+�£Í ÑBÒ±�ä3/Ò©ª �¨®§ËKÏ1¬Hª�Ò(Ò©x´ËKÔ�Ò©ª�Ò ÒszH«�«�ËKÔ è
«F1ßÑBÒ�êlÒ
Ñ�Õ

� S�D>A�è 2 ¿ ¡ éåÚ � ± 2 H�=¨N­H>Ú'² ± ¿ N­D�SU=¨CBAÉC�E °j± ¡ º�NzSUPOHJ¦ ?�E@I�TMNOCBDsEÉPOCBAÉ<>=¨H�L>P Æ ¦5CBAÉTMCØ«´S�I�º ³ µ
<*HJI>=
POCBA�?�àFIwS�E@N­HJD>A�TMC È HJ=¨E@C��´C�QUÂ TMC�¹q=@NOCBA t È TÃ¹ u·C�E�TÃC£æ¬CBDJÞ¨S�¦5NODÃÂ � D>H t æ � uÊÚ>A@HJNOEK=@CBA@<*C�º¯E@NO¥�CB¦5CBDsE

{
∂tu+ ∂3

xu+ u∂xu = 0 , x ∈ R, t ∈ R
u(0) = g

t ¢J¢�u
C�E

{
∂tu+H∂2

xu+ u∂xu = 0 , x ∈ R, t ∈ R
u(0) = g

t ¢Uëdu
HD± H TMCBA@NOQJD>CRPzS§EG=GSUD>A@Ö HJ=@¦�?BCRTMC*·�NOP­L*CB=ÄEÁÚ>C�E g ¥�?B=@Náí�CgPOCBA�º�HJD�TMNáEGNOH�DMA�A@I>Ná¥JSUDsE@CBAÉ×§P � NODMí�D>N �





� ) g(x)→ C±
POHJ=@AGàsI>C x→ ±∞ .�^� ) g′ ∈ Hs−1 HD± s > 1 .�^�^� ) g − C+ ∈ L2([0,∞)), g − C− ∈ L2((−∞, 0]) .

t ¢�ê/u

¼	=4éUº�C�×(I>D>C�¦5?�E ³ H�TMCÙTMC�=@?BQJI>PÇS�=@NOA4S�E@NOH�D�<wS�=4S�L*H�PON­àsI>C�ÚoNOPOA�?�EÊS�L>PON­A@A@CBDsE§àsI>C�POCBA�<>=¨H�L>P Æ ¦�CBA
TMCØ«ÜS�I�º ³ µ t ¢J¢�uÜC�E t ¢Uë�u�SB¥�C�ºRI>D>C£TMH�DMD>?BC£N­DMNOE@NÇS�POC£¥F?B=¨Náí*SUDsE t ¢UêduÜAGHJDsE�POH�º�SUPOCB¦5CBDFEÉL>N­CBDl<*H�A@?BA�Ú
<*HJI>=¨¥ÃIjàsI>C s > 3/2

±o� POIME��UE�àsIMCÙT � ?�EGI>TMN­CB=£TMNO=@CBº¯EGCB¦5C�DsE t ¢J¢�uÉC�E t ¢UëduÊÚ�NOPOA£CBDjº ³ CB=@º ³ CBDsE£I>DMC
A@H�POIME@N­HJD�A@HJI>AÉPÇS5Ö HJ=@¦5C u = ψ + w ÚwH%± ψ CBA¨E	=¨?BQ�I>PON Æ =@C�Ú�º � CBA¨Eg×�TMNO=@C ψ ∈ C∞ C�E ψ′ ∈ H∞ ÚwC�EA4S�E@N­A@Ö�SUNáE t ¢�êdu¯ÚwC�E w CBA¨E	º�HJDsEGNOD�I�×�¥�S�POCBI>=@A�T�S�D>A Hs ± 2 POA	?�E@I�TMNOCBDsEgS�P­HJ=@AÉPOC�A@µ�A@E Æ ¦5CR¥F?B=@Náí�?�<wS�=
w Ú�×ØA4SB¥FHJN­=

{
∂tw + ∂3

xw + w∂xw + ∂x(wψ) + ψψ′ + ψ(3) = 0 , x ∈ R, t ∈ R
w(0) = g − ψ = ϕ ∈ Hs

t ¢Jª�u
S�I
P­NOCBIâTÃC t ¢�¢%u¯ÚMC�E

{
∂tw +H∂2

xw + w∂xw + ∂x(wψ) + ψψ′ +Hψ(2) = 0 , x ∈ R, t ∈ R
w(0) = g − ψ = ϕ ∈ Hs

t ¢ � u
S�I
P­NOCBIâTÃC t ¢Jë�u ±� =@?�º�NOA@?B¦5CBDFEÁÚ>NOPOA�¦5HJDsEG=¨CBDsEKPOCR=¨?BA@I>POE4S�EKAGI>Ná¥JS�DsE ±
��� 6/�*ÿ/:P& � ]T� w �ÿ� ;>= �  �B EHG B �9� � ϕ ∈ Hs M s > 3/2

b*� �»�9}M�s� � @ON �
��� @ T = T (s, ‖ϕ‖Hs)
@ �ÎR/� @

RP���,PSR @ �!�D�qRB� �c�	� w ∈ C([0, T ], Hs)∩C1([0, T ], Hs−3)
; } @ � Tnb C1([0, T ], Hs−2) G³�!�°�^RB� �ê�9�7{ @m; \¹�[G

; } @ � TnbÎ; \~÷�G[G b"d_@1T �^Rd� M �M� ϕn → ϕ {�|9�B� Hs @ � wn @ ���¨��|e�!�D�qRB� �c�	�Õ{ @u; \��.G ; } @ � TnbÎ; \~÷�G[Gn| Vj@ �{��9����Z @ �
�8� � �ê|D� @ wn(0) = ϕn M |D���	}j� T ��RP} �4�kRB� T ′ ∈ (0, T ) M wn @ �j�³{�Z a �8�3�.RP} [0, T ′]
T ��RP} n|	�M� @ öJ�°}ó|9�T{ M @ � wn → w {�|9�B� L∞([0, T ′], Hs)

b

¢ 





 D(IME@N­PONOA4SUDsE´P­C�A´N­DF¥�S�=@NzS�DsEGA´=@CBA@<*C�º¯E@NO¥�CB¦5CBDsEKTMC t È TÃ¹³uÛC¯E�TMC t æ � uÊÚÃN­POA´CBD(TM?�TMI>NOA@CBDsE�àsI>C	AGN
s > 2 Ú t ¢�ª%u¬C�E t ¢ � u·A@H�DsEKQJP­HJLwS�P­CB¦�CBDsE�L>N­CBD
<*H�A@?BA �
��� 6/�*ÿ/:P& � ]T� w � �PwpB � ϕ ∈ Hs M s > 2 M |D���9}M� ��|��!�D�^RP� �c�9� w ���J� @ �QR @ |�R¯�n��ZM�	}[�SK @ � b � bi�ÉTQ@ RB�� � } @ Z�� @ �T{�R @WT ��R/}³�4��RP� T > 0

b
� S�D>A*è ¼gSUë°éåÚMH�D
?¯EÊS�L>P­NáE�POCg¦5Ý�¦5C�E µÃ<*CgTMCg=@?BA@I>PáEÊS{EGA�ÚMCBDâS	º�S�NOL>P­NOA@A4SUDFE�P­CBA ³ µ�<*HJE ³>Æ A@CBA�A@I>=´PzS

TMHJD>D>?BCRNOD>NáEGNzS�P­C g � H�D
A@I><><*HJA@CRA@CBI>POCB¦5CBDFE g ∈ Xs C�E s > 1 <*HJI>= t È T�¹³u¯Ú s > 5/4 <*H�IM= t æ � uÊÚ
HD±
<*H�I>= s > 1 Ú Xs TM?BA@NOQ�D>CgP � CBA@<wSJº¯C£TMC�¸ ³ N­TM»JH{¥

Xs = {f ∈ L∞(R), f ′ ∈ Hs−1(R)}.
� D7º�HJ¦5¦5CBD>º�Ca<wS�=Ù=¨CB¦ÙS�=GàsI>CB=ÙàsI>CâA@N g ∈ Xs ÚqHJD <*CBIME�PzSjTM?�º¯H�¦5<*HJA@CB=ÙAGHJI>A�PzS ÖÇH�=¨¦5C

g = ψ+ v Ú�HD± ψ SRP­CBA·¦5ÝB¦5C�A·<>=@HJ<>=@NO?�EG?BAÜàsI>CÉ<>=@?�º¯?�TMCB¦5¦5CBDFEÜC�E v ∈ Hs ± � D�CBA¨E´TMHJD�º�=4S�¦5CBD>?×�P � ?�E@I�TMC�TMCBAR<>=@HJL>P Æ ¦5CBA£TMCÙ«´S�I�º ³ µ t ¢Jª�uÉC�E t ¢ � u�º¯H�¦5¦�C�T�S�D>A è 2 ¿ ¡ é ± 
 D>A@I>NáEGC�ÚäH�DjSJT�S�<MEGC�×º�CBAÜ<M=@HJL>P Æ ¦�CBA´TMCg«´S�I�º ³ µÙPzS£¦5?�E ³ HÃTMCÉIMEGNOPON­A@?BC	<wS�=3· ±�È HÃº ³ C�E �R±Ã² ã�¥�C�EG»�HÁ¥ÙT�S�D>A è È H ² é <*HJI>=
¦5HJDsEG=¨CB=�àFI>ClP � ?�àsI�S�E@N­HJDdTMCaæÛCBDJÞ¨S�¦5NODÃÂ � D>HjCBA¨E�POH�º�SUPOCB¦5CBDFEÙL>N­C�Dì<*H�A@?BClT�SUD>A Hs Ú s > 5/4

±
«¬CBP­POC¯Â º�N�<*CBIME�Ý�E@=@CaTM?�º�HJ¦5<*HJA@?BCaCBDd<>POI>A@NOCBI>=@A�?�E4SU<*CBA�º�HJ¦5¦5CâA@I>NáE ± ��� S�L*HJ=GTäÚÛHJDd?�EÊS�L>PONOE�TMCBANOD>?BQFSUPONOE@?BA£TMC§E µÃ<*C ¡ EG=@N­º ³ SU=¨E@ãØ<*H�I>=gTMCBA	¥FCB=¨AGNOHJD>AgPONOD>?ÁS�=@NOAG?BC�A£TMC t ¢Jª�u�C¯E t ¢ � u¯Ú CBD�IMEGNOPON­A4S�DsEgPOCBA
NOD>?BQFSUPONOE@?BA·TMC ¡ E@=@N­º ³ S�=¨E@ã�¦5HJDsEG=¨?BCBAÛ<wS�=Ü« ±FÈ CBD>NOQ�Ú�¼ ±s� HJD�º�C�C�E ¿ ± ¹qCBQFSgT�S�D>A�è ÈR� ¹�ë9é ± 
 D>AGIMNOE@C�ÚHJD&?�E4SUL>PONáE�I>D>C(CBA@E@NO¦ÙS�E@N­HJD&D>HJD&PON­DM?ÁSUNO=@C�Ú CBD&IME@N­PONOAÊS�DsE5P­CBA�N­D>?�QsS�P­NáE@?BAÙTMC ¡ E@=@N­º ³ S�=¨E@ã
HJLMEGCBD�IMCBA
<>=@?Bº�?�TMCB¦5¦5C�DsEÁÚ>SU<><>PON­àsI>?BCBA�×§º ³ SUàsI>C	EGCB=¨¦5CgTMC�PzS§TM?�º�HJ¦5<*H�A@NáEGNOHJDâTÃC ¿ NOE¨EGPOC��´HsHÃTsÂ � SUPOC�µ�T � I>D>CA@H�POIME@N­HJD-=@?BQJI>PON Æ =@C
TMC t ¢�ª%u£HJI t ¢ � u ± «¬C�E@EGC�CBA¨EG¦�S�E@N­HJD�D>H�D�P­NOD>?ÁS�N­=¨C
<*CB=¨¦5C�E5TMC�¦5HJDsEG=¨CB=ØI>D>C
CBA¨EGNO¦ÙS{EGNOH�D7S!<>=@NOHJ=@N�A@I>=�PzS D>HJ=@¦5C Hs T � I>D>CâA@HJP­IME@N­HJD7TMC t ¢�ª%uØH�I t ¢ � u¯ÚqC�E�HJD º�HJD�º�POI>Ca<wS�=
=@?BQJI>PzSU=¨NOAÊS{EGNOHJD ±

«·C�E¨EGCg¦5?�E ³ HÃTMCg<*CB=@¦�C�E�TMC�EG=GSUNáE@CB=�TMCgPzSØ¦5ÝB¦5C�ÖxS°¯�H�D
POCBA�?�àFIwS�E@N­HJD>A
{
∂tu+−Dα∂xu+ u∂xu = 0 , x ∈ R, t ∈ R
w(0) = g ∈ Xs,

t ¢ û u
HD± D = (−∂2

x)
1/2 C�E α ∈ [1, 2]

t <*HJI>= α = 1 Ú>HJDl=¨C�EG=¨H�IM¥�C t æ � u¯ÚÃEÊS�D�TMNOA�àsI>Cg<*H�IM= α = 2 Ú t ¢ û u
D � C�A@E�SUIME@=@CRàsI>C t È TÃ¹³u�u ± ¶ÉN­D>A@NbÚ>HJDl¦�H�DFEG=@C�P­Cg=¨?BA@I>POE4S�E�A@I>Ná¥JSUDFE ±
��� 6/�*ÿ/:P& � ]T� w � �'�<;L=�w |���EHG
B �9�^� s > 3/2 − α/4 M g ∈ Xs bn� ���9}M�³� � @ON � ��� @ T = T (s, ‖g‖Xs) > 0

@ �eR/� @ RP���,PSR @ �!�°�^RB� �ê�9� u{ @�; \��3Gs� @ �^� @ PSR @ u ∈ C([−T, T ], Xs) M u− g ∈ C([−T, T ], Hs)
@ � ux ∈ L1([−T, T ], L∞)

b
d_@ÎT �^Rd� M T ��R/}�����RB� R > 0 M �YX | T�T ���c�M|°� �ê�9� g 7→ u

@ ���¿�M�9�Z� �^��R @ { @5T RP�
���»|N�M��R�� @ { @ }ó|��d�	� R { @
Xs {�|9��� C([−T (s,R), T (s,R)], Xs)

b
«·HJ¦5¦5C´H�D5¦�H�DsE@=@CKàsI>C´P � ?�àsIwS{EGNOH�D t ¢ � u�CBA¨EqPOHÃº�S�POCB¦5CBDsEÛL>NOCBD5<*H�A@?BC�T�S�D>A Hs <*H�I>= s > 5/4 ÚCBD�IMEGNOPON­A4S�DsE´P � N­DF¥�S�=@NzS�DsEKTMC�P � ?�àsIwS{EGNOH�D
TMCgæ¬CBDUÞ¨SU¦�N­DÃÂ � D>H5S�A@A@HÃº�NO?R×�PzS�D>HJ=@¦5C H3/2 ÚÃHJD�¦5HJDsEG=¨CàsI>C t ¢ � uÛCBA@E´QJPOH�LwS�POCB¦5CBDsE´L>N­C�D(<*HJAG?BC�T�SUD>A Hs <*H�IM= s > 3/2

± � DlS�TMH�D�º	POC	=@?BA@I>PáEÊS{EKàsI>N A@I>NáE ±
��� 6/�*ÿ/:P& � ]T� w � �B5g;L=�w |���EHG B �9� � g ∈ Xs M s > 3/2

b � ���9}M�e��|��!�D�qRB� �c�	�ä{ @�; \��.Gh���J� @ �QR @ |�R
�n�~ZM�9}[�.K @ � b � b C�C TQ@ RP� � � } @ Z�� @ �T{�R @ � R b

ëJ©



2 PÛCBA¨E§NODsEG?�=@CBA@A4SUDsE§TMCÙ=@CB¦�SU=@àsI>CB=§àFI>CÙPÇS
¦5?�E ³ HÃTMCÙCB¦5<MP­HÁµF?BCÙ<wS�=�« ±�È C�D>N­QâC�E È�±oÈ H�CBD>NOQt è È C È é uq<*H�I>=Ü¦�H�DsE@=@CB=ÜàsI>C t æ � uÛCBA¨E´POH�º�SUPOCB¦5CBDFEKL>NOCBD(<*HJA@?BCgT�S�D>A Hs Ú s > 9/8 ÚÃD � CBA¨E´<�SUAKSU<ÃÂ<>PONzºBSUL>POC·N­º�NbÚUàFI>H�N­àsI>CÛEG= Æ Ao¥FHJNOAGNOD>C·TMC·º�CBPOP­C·TM?�¥FCBPOHJ<><*?BC·<wS�=Ô· ±{È H�º ³ C�E �R±�² ã¯¥FC�EG»JH{¥RT�S�D>A3è È H ² é ±

 D�CJº�C�E�Ú�P � NOD>QJ=@?�TMNOCBDsE�A@I><><>P­?�¦5CBDsEÊS�NO=@C§IMEGNOPON­A@?ØT�SUD>A;è È C È éÐ<wS�=	=4S�<><*HJ=¨ER×7è È H ² é CBA¨E	I>D!SU=¨Q�IÃÂ
¦5CBDFEqTMC �����ó|D�/�.KV���°�>���^�¹� ± 2 PMNODsEGCB=Ä¥ÃNOCBDsEqT�S�D>AçPzSÉ¦ÙS�Þ H�=GS�E@N­HJD�TMCÜPÇS	àFIwSUDFEGNáEG? ‖uDβ

x∂xu‖L2([0,T ],L2)TMCgPzSØÖxS°¯�HJDlA@I>Ná¥�S�DsEGC �

‖uDβ
x∂xu‖L2([0,T ],L2) =

(∑

j

‖uDβ
x∂xu‖2

L2((j,j+1)×(0,T ))

)1/2

6
(∑

j

‖u‖2
L∞((j,j+1)×(0,T ))

)1/2

sup
j
‖Dβ

x∂xu‖L2((j,j+1)×(0,T )) .
t ¢U¤�u

� SUD>AÛPOC�¦5CB¦�L>=@C�TMC�TM=@HJNáEGCÉTÃC t ¢J¤�u¯Ú�P­C�A@C�º�HJD�T�Ö�SJº¯E@CBI>=ÛCBA¨E·º�HJDsEG=Y��PO?�<wS�=Ñ�����M|D�B�.KV���°�>���^�¹��EÊS�D�TMNOA
àsI>CgPOCg<>=@C�¦5N­C�=KD � CBA¨EKí�DMN#àsI>Cg<wS�=Gº¯CRàsI>C�ÚMCBD(EGCB¦5<>AKàsI � ?BPO?B¦�CBDsE�TMC L2 Ú�´ u CBA¨EKD�I>POP­C£×§P � NODMí�D>N»µ ±� SUD>A¿è ¼gSJë9é Ú�HJD5S�L*CBA@H�NOD�TMC´º�HJDsEG=Y��POCB=çTÃCÜPÇS�¦5ÝB¦5C·ÖxS°¯�HJDØP­C¬EGCB=@¦�C ‖ψDβ

x∂xu‖L2([0,T ],L2)

± � = T Æ A
àsI>C ψ D � CBA¨EK<�SUA´D�IMP­POCR×�P � NODMí�D>N t º � CBA¨EKPOC�º�SUAKàFI>N D>H�I>AÜN­DsE@?B=@CBA@A@C	uÊÚ (∑

j ‖ψ‖2
L∞(j,j+1)

)1/2

=∞ ÚC�E�N­P�D � µlSØ<wS�A�T � CBA@<*HJN­=�TÃC£º�H�DFEG=O�JPOCB= ‖Dβ
x∂xu‖L2((j,j+1)×(0,T ))

<wSU=*�����M|°�T�.KV���°�>���^�¹�(S�IMEG=¨CB¦5CBDFE
àsI � I>D>NOÖ H�=¨¦5?B¦5CBDFE�CBD j ±

� �`«J��Ò ¬�ËK«J� Ó(ÀrçKÔ�Ë�Õ
«·CÉ¦5?�¦5H�NO=@CÉTMC�E ³>Æ A@C	º�HJ¦5<*HJ=¨EGC û º ³ SU<>NáEG=¨CBA ± ¿ CÉ<>=¨CB¦5NOCB=¬ÖxSUNáE·P­C�L>N­PzS�D(TÃCBA´TÃN�º�?B=@C�DsEGA·=¨?BAGIMPáÂEÊS{EGA#<>=@?BCÊ®MNOA@E4SUDsE�T�S�D>AoPzS´PONOE¨EG?B=GS�EGIM=@CÛº�H�D�º¯CB=@DwS�DsE�P � C¯®ÃN­A¨EGC�D�º�CÛC�EoPzS´A@E4SUL>NOPONáEG?¬TMCBA3{%|9}M~¿�!�D���^�4�9���¬TMCBA

?�àsIwS{EGNOHJD>AÉTMC ¡ º ³ =��ÃTMNOD>QJCB=�D>HJDâPONOD>?ÁSUNO=@C£C�DaTMNO¦5CBD>A@NOH�D � Ú�CBD
µlSU<><*HJ=¨E4SUDsEÉàsI>C�PzàsIMCBAÉ<>=¨?�º�NOA@N­HJD>At D>HUEÊS�¦5¦5C�DsEgCBD º�C5àsI>Nçº�H�D�º¯CB=@D>C�P­CBAgL>I>POPOCBAR<>=@HJQJ=@CBA@A@NO¥�CBAju ± «¬C5º ³ S�<>NáEG=@C5º�HJ¦5<*HJ=¨EGC�?�QsS�P­C�¦5CBDsE
I>D>CâS�<><>PON­º�S�E@N­HJDdTMClº¯CBA5=@?BA@I>PáEÊS{EGAÙ×�PzS�QJ?BD>?B=GSUPONOAÊS{EGNOHJD ×�T � S�IMEG=¨CBA5D>HJDÃÂ P­NOD>?ÁS�=@NáEG?BAÙT � I>D&=¨?BAGIMPáÂEÊS{EÙTÃC °�±q° SU=¨N­è5A@I>=5P � CÊ®MNOA@E@CBD�º�CâTMCf{%|9}M~�����}j�����/�¼�!�D��� �4�9���
<*H�I>=�I>D&A@µ�A@E Æ ¦5C
T � ?�àsI�S�EGNOHJD>AÙTMC¡ º ³ =��ÃTMNOD>QJCB=�º�HJI><>PO?BCBA ±

¿ C!A@C�º�HJD�T�º ³ S�<>NOE@=@C!CBA¨Eâº�HJD>A4SJº¯=@?�× P � ?�EGI>TMCjTMC�Aâº�HJD�TMNáEGNOH�DMAaT � C¯®MNOA¨EGCBD�º�C!C�EâTMC!A¨EÊS�L>NOPONOE@?TMCBA ���»|��j~V�!�D��� ���9����TMCBA�?BàsIwS�E@N­HJD>AgTMC ¡ º ³ =���TMNOD>Q�CB=	D>H�D�P­NOD>?ÁS�NO=@CBA�CBD!TMNO¦5CBD>A@NOH�D � ± � D�¦5HJDsEG=@CD>HUEÊS�¦5¦5CBDsE�I>D�º�=¨NOE Æ =@C�DsI>¦5?B=@N­àsI>CB¦�CBDsEÉCJC�º�N­C�DsE�TM?�E@CB=@¦5NODwS�DsEÉA � NOP­AÉA@HJDsEÉPON­D>?�SUNO=@CB¦�CBDsE	A¨EÊS�L>POCBAHJI!NOD>A@E4SULMP­CBA ± � D!¦�H�DFEG=@C5SUIMAGA@N Q�=GéJº�C5×(º�C�º�=@NáE Æ =¨C�PzS�A¨EÊS�L>NOP­NáEG?�PONOD>?ÁSUNO=@C5TMCBAe����|%�j~e�!�D��� �4�9�B��TMC
P � ?�àsI�S�EGNOHJDâTMC�¼	=@HJA@AÄÂ � NáEÊS�C�¥ÃA@»�NON�CBDlTMNO¦5CBD>A@NOH�D � ±

� S�D>A�POC£º ³ SU<>NáEG=¨C£ë>Ú>H�Dl¦�H�DsE@=@CgP � C¯®MNOA@E@CBD�º�C£TMC©{�|9}M~���{�|	}j~��!�D��� �4�	���£A@HJP­IÃEGNOH�D>A�T � I>DlA¨µÃA¨E Æ ¦5CT � ?BàsIwS{EGNOH�D>A�TMC ¡ º ³ =���TMN­DMQ�CB=�º�H�IM<>P­?BC�A�NOA@A@IlTMCRP � H�<ME@NzàsIMCRD>HJD
P­NOD>?ÁS�NO=@C ±
¶ÉI�º ³ SU<>NáE@=@CKê�CBA¨Eq?�EGI>TMN­?´P­C´<>=@HJL>P Æ ¦5C�TÃCÉ«ÜSUI>º ³ µ§<*H�IM=qP � ?BàsIwS�E@N­HJD�TMC ¡ º ³ =��ÃTMNOD>QJCB=�ÚJP­NOD>?ÁS�NO=@C<>I>NOAçDMH�DØPON­DM?ÁSUNO=@C�ÚJT�S�D>AqTÃCBAçCBA@<wSUº�CBAçTMCÜÖ HJD�º¯EGNOHJD>AçD>H�DØD>?Bº�CBA@AÊS�NO=@CB¦5CBDFEçD�I>POPOCBAÛ×�P � N­DÃí�D>N>àsI>CÜA@H�DFEPOCBA�CBA@<wSJº�C�ARTMC�¸ ³ N­TM»�HÁ¥ ± 2 PÐA � S�Q�NáEgT � I>D S�=¨E@Nzº�POCØ<wS�=@I!T�S�D>A�PzS�=@C�¥�I>C³´ß¶�TÃ¥JSUD>º�CBA�N­D � N»º�CB=@CBDsE@NÇS�P


 àFIwS�E@N­HJD>A¹µ�AGHJI>AKP­C�E@NOE@=@C"´ ¡ º ³ =��ÃTMNOD>QJCB=�QJ=@HJI><
H�Da¸ ³ N­TM»�HÁ¥�AG<wSUº�CBA¹µ ±
ë �



¿ CÉº ³ S�<>NáEG=@C�ªgCBA@E·I>D�º�HJ¦5<>PO?B¦5CBDsEÜTMI�º ³ S�<>NOE@=@CÉ<>=¨?�º�?�TMCBDsE ± � D�µÙSU¦5?�P­NOHJ=@CÉP � CBA¨EGNO¦ÙS{EGNOHJD�AGIM=POC¬EÊS�IÃ®�TMCÜº�=¨H�NOA@A4SUD�º�C·TMI§QJ=@HJI><*CÜTMC ¡ º ³ =���TMN­DMQ�CB=ÐA@I>=�POCBAÐCBA@<wSUº�CBA TMCK¸ ³ N­TM»�HÁ¥£?¯EÊS�L>P­NMS�IØº ³ S�<>NáEG=@C
ª ± 
 DlTMNO¦5CBD>A@NOH�D � ÚMHJDl¦�H�DsE@=@CgàsI>CgP � CBA¨EGNO¦ÙS{EGNOH�D
A@I>=�º�C�E4SUIÃ®
TMCRº¯=@H�NOA@A4SUD�º¯CRCBA¨E�HJ<MEGNO¦ÙS�P­C ±

¿ CÙº ³ SU<>NáE@=@C � TM?�¥�CBPOH�<><*CÙIMD>C�SUIME@=@C�S�<><>=@H�º ³ CÙTMC�P � ?�EGI�TÃC�TMIj<M=@HJL>P Æ ¦�C�TÃC�«´S�I�º ³ µ!<*HJI>=POCBA�?�àsIwS{EGNOH�D>A§TMC ¡ º ³ =���TMNOD>Q�C�=§D>HJD�PONOD>?ÁSUNO=¨CBA�SB¥FC�º�TMH�D>DM?BCBA§D>HJD�D�IMP­POCBAØ×
P � N­DMí>D>N ± 2 PÛA � SUQJNOE§TMC=@?BA@HJI�TM=@CÙº¯CÙ<>=¨H�LMP Æ ¦�CÙTMC�«´S�I�º ³ µ!T�SUD>A ϕ + H1 Ú�H%± ϕ CBA¨E�I>D>C�ÖÇH�D�ºÊEGNOH�Dj=@?BQJI>P­N Æ =¨C�T � ?BD>CB=@QJNOCí�D>NOC ±

 DMí�D�Ú�POC	TMCB=@D>NOCB=Üº ³ SU<>NáEG=¨C	CBA¨EÜº�HJD>A4SJº�=¨?g×£P � ?�EGI�TMC	TMI�<>=@HJL>P Æ ¦5C	TMCg«´S�I�º ³ µ�<*H�I>=·TMCBAÜ?�àFIwS{ÂEGNOHJD>AqTMC´E µÃ<*C È H�=ÄEGC��ÜCBQUÂ TMCÜ¹q=¨N­CBAçHJI�æ¬CBDJÞÄSU¦5NODÃÂ � D>H>ÚFSB¥FC�º´TMCBAqº�HJD�TMNáEGNOH�D>AqD>HJD�D�I>POP­C�A¬×ÉP � N­DMí>D>N ±2 PÜCBA¨E5º�HJD>A¨EGNáEGI>?(T � I>D&SU=¨E@N­º�P­C�<wSU=¨I&T>SUD>A³´Ä¶KTÃ¥�S�D�º�CBAØN­D � N�º�CB=@CBDFEGNzSUPÜC�àsIwS{EGNOHJD>A¹µ�A@H�IMA�POC�EGNáEG=¨C´ È HJ=¨EGC��ÜCBQ�Â TMC�¹q=@NOCBA�SUD�Tlæ¬CBDUÞ¨SU¦�N­DÃÂ � D>H5C�àFIwS�E@N­HJD>A�HJDa¸ ³ N­TM»JH{¥�A@<wSUº�CBA¹µ ±

ë�¢
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� ÷ � ó � � ó��£ô�ø�ö ó � õ�ø�� � ï)ò
� � � ò#ø � ódïñú � ¡ � ú��iô�ø ��� ó-ú ó��y�,ï�÷lø+� �

� 6 ��þÁÿ��8�Jþ%� 2 DaE ³ NOA	<wSU<*C�=�Ú8�´C£í�=@A¨E	Q�Ná¥FCØS�=@C�¥�N­C��)HJÖ E ³ C§TMN�º�CB=¨CBDsE�=¨N­QJHJ=@HJI>A	¦ÙSÁÂ
E ³ CB¦ÙS{EGN­º�S�Pw=¨CBA@I>POE@AqE ³ S�EÛC¯®MNOA¨E¬NOD�E ³ CKP­NáEGC�=4S�E@I>=@C�º¯H�D�º�CB=¨D>NOD>Q£C¯®MNOA¨EGCBD�º¯C	S�D�T5A¨E4SUL>NOPONOE µ
HJÖ�T�S�=@»!A@H�PONáEGHJD>AØHJÖ´E ³ CÙH�D>C¯Â TMNO¦5CBD>A@NOH�D�SUP·D>HJD>P­NOD>CÁS�= ¡ º ³ =���TMN­DMQ�CB=§C�àsIwS{EGNOHJD ±Ð²´³ NOA
=¨CBA@I>PáEGAÙSU=¨C
<>=¨C�º�NOAGCBTf��NáE ³ A@HJ¦5C
DMC�� =¨CBA@I>POE@A�ÚçD>HUEÊS�L>Páµ-º�HJD�º�CB=@D>NOD>Q!E ³ C�EG=GS�¥�CBPON­D>Q
LMI>L>L>P­C�A ±ä� SU¦�CBPOµFÚZ�ÜCØ<>=¨H{¥�C§E ³ S�E	E ³ CB=@CØCÊ®MNOA@E@A�D>H�DMP­NOD>CÁS�=@NáEGNOCBAgÖ HJ=Ñ� ³ N­º ³ EG=GS�¥�CBPON­D>Q
LMI>L>L>P­C�AÉTMH�D>HUE�CÊ®MN­A¨E�Ö HJ=�C�¥FCB=Äµ(D>HJDÃÂ ãBCB=@H5A@I>L>AGHJD>N­ºRA@<*CBC�T ±�� C¯®ÃEÁÚP�ÜCRI>A@CgE ³ CBA@CR=¨C¯Â
A@I>PáEGA�EGHÙQJCBD>CB=4S�PON­ãBC�E@H�HUE ³ C�=ÉD>HJD>P­NOD>CÁS�=@NáEGNOCBAgS�=@C�AGI>PáE	LFµ °j± ° S�=@NOè�º�HJD�º�CB=¨D>NOD>Q�E ³ C
CÊ®MN­A¨E@CBD�º�CØH�ÖÛT�S�=@»FÂ L>=¨N­Q ³ E�A@HJP­NáEGHJD>A�Ö HJ=gSÙA¨µÃA¨EGCB¦�HJÖçE4�ÜH(º�HJI><>POC�T�D>H�D>PONOD>CÁS�= ¡ º ³ =���Â
TÃN­D>QJCB=KC�àsIwS{EGNOH�D>A ±

¤ Õ ¤ ��Ò§Ó�Î�ª ¬Hz(ÏqÓÐÑJª�Ò
k CRº�HJD>A@NzTMC�= ³ CB=¨CgE ³ CgHJD>C¯Â TMN­¦�CBD>A@N­HJDwS�P#D>HJD>PON­D>CÁS�= ¡ º ³ =���TMN­DMQ�CB=KC�àsIwS{EGNOH�D t � ¿ ¡ u �

{
i∂u
∂t

+ ∂2u
∂x2 + f(|u|2)u = 0, (t, x) ∈ R2

u(0) = u0

t�� ± � u
� ³ CB=@C f NOA�S
=@CÁS�P Â ¥JS�P­IMC�T�Ö I>D�º¯E@N­HJDq� ³ HJAGCÙ=@CBQJI>PzSU=¨NOE µ <>=@HJ<*CB=¨E@N­CBA³��NOPOP¬L�CÙA@<*C�º�Náí�C�T�SUPOHJD>QâE ³ C
<wS�<*CB= ± k CÔ��NOPOPsº�HJD�º�CBDsEG=GS�E@CÛHJD£TMCBÖ H�º�I>A@NOD>Q�D>HJD>PON­D>C�SU=¨NOE@N­CBA ±{� SU¦5C�POµFÚ��´CÔ��NOP­P�S�A@A@I>¦5CçE ³ =@HJI>Q ³ HJIME
E ³ NOA <wS�<*CB=�E ³ C·C¯®MNOA¨EGCBD�º�C·H�Ö ρ0 > 0 A@I�º ³ E ³ S{E f(ρ0) = 0 S�D�T f ′(ρ0) < 0

± ²>H�=ÐA@I�º ³ SÉTMCBÖÇHÃº�I>A@NOD>Q
D>HJD>P­NOD>CÁS�= ¡ º ³ =��ÃTMNOD>QJCB=qC�àsIwS{EGNOHJD�ÚJE ³ C�=@CKCÊ®MN­A¨E@AqA@C�¥FCB=GSUP>»�NOD�TMAqHJÖ*A@H�PONáEÊSU=Äµ��KSB¥FCBA�Ú9� ³ Nzº ³5³ SB¥FCÜE ³ C
A@<*C�º�NzSUP·ÖÇCÁS�E@I>=@C�HJÖKD>HUE§¥JS�D>NOA ³ NOD>Q!S{EØNODMí�D>NáE µ ±�²´³ CBA@C�A@HJP­NáEÊS�=¨µh�KSB¥FCBA�S�=@CÙQsS{E ³ C�=@C�T�I>D�TMCB=£E ³ C
PzSUL*CBP'´ÄT�S�=@»�A@HJP­NáE@H�D>A¹µ ±

� S�=@»ÙAGHJPONOE@H�D>AKH�Ö#E ³ C�D>H�D>PONOD>CÁS�= ¡ º ³ =���TMN­D>QJCB=KC�àsIwS{EGNOHJDaS�=@C�H�Ö�QJ=@C�S�EKN­DFEGCB=@C�A@EKNOD
¦ÙS�Dsµ�< ³ µsÂA@NzºBSUP¬º�H�DFEGC¯®ÃE@A ±ÐÀ I>A¨E�Ö HJ=£E ³ CÙHJD>C¯Â TMNO¦5CBD>A@N­HJDwS�P·DMH�D>PONOD>CÁSU= ¡ º ³ =���TMN­D>QJCB=�C�àsIwS{EGNOH�DäÚ��´C�¦5CBDsE@N­HJD
Ö HJ=´NOD>A¨EÊS�D�º�C�E ³ CgTMC�A4º�=¨NO<MEGNOH�D(H�Ö�TMCBÖÇC�º¯EGHJD>A�ÚME ³ C	E ³ CBHJ=¨µ�HJÖoH�D>CÊÂßTMNO¦5C�D>AGNOHJDwSUPäÖ CB=@=¨H�¦�SUQJD>C�EGN­ºgSUD�T

ëJë



¦5HJP­CBº�I>PzSU=·º ³ SUNOD>A ± 2 DÙL*HUE ³ H�Ö�E ³ CBA@C�CÊ®�SU¦�<>P­C�AÁÚ f(r) = −α1 +α3r−α5r
2 Ú°� ³ CB=¨C α1, α3, α5

S�=@C
º�HJD>A¨EÊS�DsEGA�Ú α3, α5 > 0

t «¬Ö¨è æ´¼ °a� é Ú�è æ � é SUD�Tâ=@CBÖÇCB=@CBD�º�C�AÉE ³ CB=@C�N­D'u ± 2 DaD>HJDÃÂ P­NOD>CÁS�=	HJ<MEGN­º�A�ÚwE ³ C
HJD>C¯Â TMN­¦�CBD>A@N­HJDwS�P�D>H�D>PONOD>CÁSU= ¡ º ³ =���TMNOD>Q�CB=·C�àFIwS�E@N­HJD t ��NOE ³ ¥JS�=@NOH�I>AÜTMCBÖÇHÃº�I>A@NOD>Q§D>HJD>P­NOD>CÁS�=@NáEGNOCBA f u
NOAçS�¦5H�TMCBP�Ö HJ=�E ³ C¬C�¥FHJP­IME@N­HJD§HJÖ>E ³ C·º�H�¦�<>P­C¯®§SU¦5<>PONáEGI�TMC¬CBDs¥FC�P­HJ<*C·H�ÖME ³ C¬CBPOC�º¯EG=¨N­ºÛí�CBP­T�N­D�H�<ME@Nzº�S�P
í�L*CB=¨AÁÚsS�AG�ÜCBP­P*S�AÛÖÇH�=çE ³ C�A@CBPOÖzÂ QJI>NzTMCBT�L*C�SU¦5AÛNOD�<MPÇS�DwSU=Ô�KS�¥�CBQJI>NzTMC�A ± 2 D�E ³ CK¥�CB=¨µØPzSUA¨E¬º�S�AGC�Ú�L*HUE ³
t S�D�T x S�=@C´A@<wS{EGNzS�PM¥JS�=@NzSUL>POCBA t S�D�T³´ t µÜNOAçHJÖÇEGC�D�=@CB<>PzSUº�C�TØLsµ ´ z µ¹u ± k CÜ=@CBÖ CB=ÐEGH;è È ¿o� é*S�D�T§E@H	E ³ C
=@CBÖÇCB=@CBD�º¯CBA·E ³ CB=@CBNOD�Ö HJ=ÜS£¦5HJ=@CÉTMC�¥�CBP­HJ<*C�T�TMNOAGº�I>A@A@N­HJD(SUL*HJIME·E ³ C	T�S�=@»5A@HJP­NáEGHJD>A·HJÖäE ³ C�D>H�D>PONOD>CÁS�=¡ º ³ =��ÃTMNOD>QJCB=ÜC�àsI�S�EGNOHJD�NOD�D>HJD>PON­D>C�SU=ÜHJ<MEGN­º�A�ÚMS�A¶�ÜCBP­P SUA·Ö HJ=´S£PON­A¨EÜHJÖ�< ³ µÃA@N­º�SUPOPáµÙ=@CBPOC�¥JS�DsE´TMCBÖ H�º�IÃÂ
A@N­DMQ§D>HJD>P­NOD>CÁS�=@NáEGNOCBA f ±Ã° HJ=@CBHÁ¥FCB=BÚ��ÜCÉL*CBPONOC�¥FCÉE ³ S�E´SRQ�HsHÃT�º�H�¦�<>=@C ³ CBDMAGNOHJD�HJÖäE ³ C	T�SU=¨»5A@H�PONáEGHJD>A
HJÖçE ³ C§HJD>C¯Â TMNO¦5CBD>A@NOH�DwS�PÐD>HJD>PON­D>CÁS�= ¡ º ³ =���TMN­DMQ�CB=	C�àFIwS�E@N­HJD�º�HJI>PzTâL*C§I>A@CBÖ I>PoEGHÙI>D�TMCB=@A¨E4SUD�TlE ³ C
E4�ÜH�S�D�T(E ³ =@CBCRTMNO¦5CBD>A@NOH�D�SUP#º�S�AGC�AÁÚ/� ³ N­º ³
³ SB¥FCgC�¥FC�Dl¦5HJ=@C�< ³ µÃA@N­º�SUPoS�<><>PON­º�S�E@N­HJD>A ±²´³ CB=¨C�C¯®MNOA¨EGA£A@C�¥�CB=4S�Pq»�NOD�TMA£HJÖ´T�S�=@»�A@HJP­NáEGHJD>A£H�Ö t¹� ± � u ±o� S�¦5CBPáµsÚäN­D�SJT>TMNáEGNOHJD EGH
E ³ CÙº�HJDsE@NáÂ
D�I>HJI>A"�KSB¥FCBA ϕ(t) = ρ

1/2
0 eif(ρ0)t Ú8�ÜC§TMN­A¨EGNOD>QJI>NOA ³ E ³ C�»�NOD>»�A�Ú8� ³ N­º ³ Þ H�NODâE4�ÜH�º�HJDsEGNOD�I>HJI>A"�KS�¥�C

LwSUº4»�QJ=@HJI>D�TMARHJÖ·TMN»º�CB=@CBDFERN­DsE@CBD>A@NOE µFÚ#S�D�T�E ³ C§EG=4SB¥FC�P­NOD>Q
L>I>L>LMP­CBA�Ú E ³ C�A¨EÊS�E@NOH�DwS�=¨µ�L>IML>L>P­CBA£SUD�T
E ³ CKL>PzSJº4»§AGHJPONOE@H�D>A�Ú°� ³ N­º ³ S�=@C�SUPOP*T�S�=@»§A@<*HUEGAÛHJD�SRº¯H�DsE@N­DsI>H�I>AG�KSB¥FCKLwSJºG»�Q�=¨H�I>D�T ± � I>=Û<>IM=@<*HJAGCNOD�E ³ NOA¬<wS�<*CB=¬NOAÛEGH�º�PzSUA@A@NOÖÇµ�E ³ C�TMCBÖ H�º�I>A@N­D>Q�D>HJD>PONOD>CÁSU=¨NOE@N­C�A f ÚsTMCB<*CBD�TMNOD>Q�H�D;� ³ N­º ³ A@HJ=¨E¬HJÖ�T�S�=@»
A@H�PONáEGHJD>A�NOE�º�S�DlQJNá¥FCRLMN­=ÄE ³�± k C���NOPOP�AG<*C�º¯N­Özµ�E ³ C£SUA@A@I>¦5<ME@N­HJD>A�HJD
E ³ C£TMC�Ö HÃº�I>A@NOD>Q�D>HJDÃÂ P­NOD>CÁS�=@NáE µ
f � ³ N­º ³ CBD>A@I>=@C�E ³ CgC¯®MNOA@E@CBD�º�CRHJÖ�CÁSUº ³ »�NOD�T
HJÖÐT�S�=@»�A@HJP­NáEGHJD>A�ÚwSUD>T©�ÜC���NOPOP�A¨EGI�TÃµ�E ³ CgA¨EÊS�L>N­PONáEßµ
HJÖoE ³ CBA@CgA@H�PONáEGHJD>A ±²´³ C´=¨CBA@I>POE@Aqº�H�D>º�CB=@D>NOD>Q�E ³ CÜC¯®MNOA¨EGCBD�º�C´HJÖ*D>HJDÃÂ »�NOD>»§T�S�=@»�A@HJP­NáEGHJD>A E ³ S{EÛSU=¨C´<>=@C�AGCBDFEGC�TØNODØE ³ N­A
<wS�<*CB=Ü¦�S�µ�L*CÉAGIM¦/IM<
S�AÜÖ HJP­POH!��A ± ¿ C�EÜI>A·í�=¨A@EÜ<M=@C�º�NOA@CÉE ³ C	TMC�í�D>NáEGNOHJD(HJÖoS�T�SU=¨»�A@HJP­NáE@H�D�Ú�N­Ö�NáEÜN­AD>HUEÉSØ»sN­D>» ±

¼	NO¥�CBD ρ0 > 0 Ú�S�D�T�NOÖ f NOA´A@I�º ³ E ³ S{E f(ρ0) = 0 SUD�T f ′(ρ0) < 0 Ú�S t D>H�DÃÂ »sN­D>»Bu·T�S�=@»�A@H�PONáEGHJD
HJÖ t�� ± � u�¦5H{¥�N­D>QlH�D E ³ C�º�HJDsE@N­DsI>H�I>AÄÂê�KS�¥�CÙLwSUº4»�QJ=@HJI>D�TjHJÖÜN­DsE@CBD>A@NOE µ ρ0

t E ³ S�E�NOARE ³ C�A@HJE@IMEGNOH�D
ϕ ≡ ρ

1/2
0
H�Ö t�� ± � u�u·NOA�S§AGHJPOIMEGNOH�D
H�Ö t�� ± � uÇ� ³ N­º ³ ��=¨NOE@CBA aveiθv(x− vt) ±>²´³ CB=¨CgN­AKD>H�D>H�D�Â E@=@Ná¥ÃNzSUPT�S�=@» A@H�PONáEGHJD t �ÜCl¦�CÁSUD&Lsµ EG=¨NO¥ÃNzS�P�T�SU=¨» AGHJPONOE@H�D S�AGHJPOIMEGNOH�DìA@I�º ³ E ³ S{E av ≡ ρ

1/2
0

SUD�T θv N­Aº�HJD>A¨EÊS�DsE�u�NOÖ |v| NOA£PÇS�=@QJCB=RE ³ S�DjHJ=£C�àsIwS�PqEGH
E ³ C�A@H�I>D�T A@<*CBC�T c =
√
−2ρ0f ′(ρ0)

± 2 Ö aveiθv N­AA@I�º ³ SØT�SU=¨»�A@H�PONOE@H�DäÚ av ¦§I>A¨EKA4S�E@N­A@ÖÇµÙE ³ CgHJ=GTMNODwSU=Äµ(TMN�º�CB=¨CBDsEGNzSUPäC�àsIwS{EGNOH�D
a′v

2
= Vv(a

2
v) ,

� ³ CB=@C Vv(r) :=
∫ ρ0

r
f(s)ds − v2(ρ0−r)2

4r

± 2 Ö Vv TMHsCBA£D>HJER¥JS�D>N­A ³ HJD [0, ρ0)
t S(AGNáE@IwS�E@N­HJDh� ³ N­º ³

¦ÙSBµÙHÃº�º�I>=´HJD>Páµ(S�E v = 0 u¯Ú�E ³ C�HJD>POµÙD>HJDÃÂåEG=@Ná¥ÃNzSUPäT�S�=@»�A@H�PONOE@H�D�H�D�E ³ C�L�SJº4»sQ�=¨H�I>D�T�HJÖ#N­DFEGCBD>A@NáEßµ
ρ0
N­A§S
LMPÇSUº4»�A@H�PONáEGHJD�Ú+� ³ N­º ³ ¦5CÁS�D>ARE ³ S{E�NáER¥�S�D>NOA ³ CBAØS�E£HJD>C�<�HJNODsE ± 2 Ö Vv SUTM¦5NáEGA§S(Q�=¨CÁS�E@CBA¨E¥JSUD>NOA ³ NOD>Q�<*HJN­DFE´H�D (0, ρ0) Ú>S�D�T�NOÖ#¦5HJ=@CBHÁ¥FCB= Vv ¥JSUD>NOA ³ CBA�S{E´H�=@TMCB=ÜHJD>CRS{EÜE ³ NOA´<*HJNODsE t E ³ NOAÜPÇS�A¨E

º�HJD�TMNáEGNOH�DjHÃº�º�I>=@A£NODj¦5HJA¨E£HJÖ·E ³ CÙºBSUA@CBA�Ú�L>IME£D>HUEØS�P ��SBµÃAju¯Ú E ³ CBD!E ³ C5D>H�DÃÂåE@=@Ná¥ÃNzSUPÛT�S�=@»�A@H�PONáEGHJD
HJÖÜA@<*CBC�T v ¦�H{¥�N­D>QlHJD E ³ C�LwSUº4»�QJ=@HJI>D�T H�Ö·N­DFEGCBD>A@NáEßµ ρ0

NOA§S�EG=GS�¥�CBP­NOD>Q t A¨EÊS{EGNOHJDwSU=Äµ!NOÖ v = 0 u
L>I>L>L>POC�ÚÃDwSU¦5C�POµ�S�P­H!�ÜCB= t L>IME´D>HJDÃÂå¥JSUD>NOA ³ NOD>Q/u¬NODsE@CBD>A@NOE µ�A¨E4SUNOD(HJD�E ³ C�LwSUº4»�QJ=@HJI>D�T�HJÖ#N­DsE@CBD>A@NOE µ
ρ0
± 2 ÖÐE ³ N­AÉãBCB=@HÙH�Ö Vv ³ SUAÉHJ=GTMCB= 2 HJ=É¦5HJ=@CJÚwE ³ C�DâE ³ CB=¨C�NOA	D>HÙD>HJDÃÂ E@=@Ná¥ÃNzSUPÐT�S�=@»(AGHJPONOE@H�DaHJDâE ³ Cº�HJDsEGNOD�I>HJI>AÔ�KS�¥�C´LwSJºG»�Q�=¨H�I>D>TäÚ�LMIMEqH�D>Páµ�S	»�NOD>»FÂ A ³ SU<*CBT�A@H�POIMEGNOHJD�Ú°� ³ N­º ³ Þ H�NOD>AçE ³ N­AçLwSJºG»�Q�=¨H�IMD�T

EGH 0
±
2 Dnè ° S�= � é t AGCBC�SUPOA@H è ° S�=4¢9é^u¯Ú °j±s° SU=¨N­èÛ<M=@HÁ¥FCBAqE ³ C�C¯®ÃN­A¨EGC�D�º�C�H�Ö T�SU=¨»FÂ L>=@NOQ ³ EÛA@H�PONáEGH�DMAÛEGH�E ³ C

ëUê



A¨µÃA¨EGCB¦
{

2i∂ψ
∂t

= −∂2ψ
∂x2 + 1

ε2
(|ψ|2 + 1

ε2
|ϕ|2 − 1)ψ

2iδ ∂ϕ
∂t

= −∂2ϕ
∂x2 + 1

ε2
(q2|ψ|2 − ε2k2)ϕ

,
t�� ± ¢%u

� ³ CB=@C q, δ, ε, k SU=¨C�º�H�D>A¨E4SUDsE@A t E ³ C5º�H�¦�<*H�D>CBDFE ψ NOAgE ³ C�T�S�=@»aAGHJPONOE@H�DäÚT� ³ NOPOC ϕ N­AgE ³ C�L>=@NOQ ³ EA@H�PONáEGHJD'u ± ·�N­A	¦5C�E ³ HÃT�º�H�D>A@NOA¨EGA�NOD S�D S�<><>PONzº�S{EGNOHJD!HJÖqE ³ C 2 ¦5<>PONzº¯NOE ²�I>D>º¯EGNOH�D ²Ü³ CBHJ=@CB¦�SU=¨H�I>D�T
E ³ C"´ E@=@Ná¥ÃNzSUP µ�A@H�POIMEGNOHJD ψ(x, t) = ψv(x− vt) Ú ϕ(x, t) ≡ 0 ÚMÖ HJ= |v| ∈ (0, 1√

2ε
) ÚP� ³ CB=@C

ψv(x) =
√

1− 2v2ε2 tanh

(√
1− 2v2ε2

x

ε
√

2

)
+ i
√

2vε

NOAKE ³ C�EG=GS�¥�CBP­NOD>Q5L>IML>L>P­CgH�Ö#E ³ C�¼	=@HJA@AÄÂ � NOE4SUC¯¥ÃA@»�N­NäC�àsIwS{EGNOH�D

2i
∂ψ

∂t
= −∂

2ψ

∂x2
+

1

ε2
(|ψ|2 − 1)ψ .

t�� ± ë�u
k C�QJCBD>CB=4S�PON­ãBC�E ³ N­A¬PÇS�A¨E·=@CBA@I>PáE¬E@H�HUE ³ CB=¬DMH�D>PONOD>CÁSU=¨NáEGNOCBAÁÚsI>AGNOD>Q£E ³ C	SUL*HÁ¥FC�¦5CBDsE@N­HJD>C�T�=@CBA@I>PáEGA

º�HJD�º�CB=@DMN­D>QÙE ³ C£C¯®MNOA@E@CBD�º�C�HJÖÐEG=4SB¥�CBP­NOD>QÙL>I>L>L>POCBA ± � S�¦5CBPáµFÚ��ÜC�<M=@HÁ¥FCRE ³ C£C¯®MNOA¨EGCBD�º�C£H�ÖqS�º�HJI><>POC
HJÖÐT�SU=¨»FÂ L>=@NOQ ³ E�A@HJP­NáEGHJD
E@H�E ³ CgA@µ�A@E@CB¦

{
i∂ψ
∂t

+ ∂2ψ
∂x2 + f(|ψ|2, |ϕ|2)ψ = 0

iδ ∂ϕ
∂t

+ ∂2ϕ
∂x2 + g(|ψ|2, |ϕ|2)ϕ = 0 ,

t�� ± ê/u
I>D�TMCB=´E ³ C£SUA@A@I>¦5<ME@N­HJD
HJD f � ³ Nzº ³ CBD>A@I>=¨CBAKE ³ S�E´E ³ CB=¨CRCÊ®MN­A¨E@AÉS§L>I>L>L>POCRA@HJP­IME@N­HJDlHJÖ

i
∂ψ

∂t
+
∂2ψ

∂x2
+ f(|ψ|2, 0)ψ = 0.

2 D�H�<ME@Nzº�A�Ú A¨µÃA¨EGCB¦�HJÖqEßµÃ<*C t�� ± êdu�¦ÙSBµa¦5HÃTMCBPONOãBCØE ³ CØN­DFEGCB=GSJº¯E@N­HJD!HJÖÛE��´H(º�H�DsE@NOD�I>H�IMA¼�KSB¥FCBA
HJÖ�TMNOA@E@N­D�ºÊEÜÖÇ=@C�àsIMCBD�º�NOCBA ± 2 E·NOAÜSUPOA@HØSg¦5HÃTÃCBP*Ö HJ=¬PONOQ ³ EÜ<MI>P­A@CBA¬H�=·¢ � PzSUA@CB=¬L*CÁS�¦5A�� ³ N­º ³ EÊS�»�C�NODsE@H
SUºBº�H�IMDsERE ³ C5<*HJPÇS�=@NOãÁS{EGNOH�D t HJD>C5C�àsIwS{EGNOHJDjÖ HJ=RCÁSUº ³ <*HJPÇS�=@NOãÁS{EGNOH�D'u ± k C5=¨CBÖ CB=gE@H<è È ¿o� éåÚÇèv· ¡ ³ é Úè ¡ È éåÚ�è ° SUDBé�Ö HJ=K¦5HJ=@CRTMC¯EÊSUNOPOA ±²´³ CKA¨EG=@I�ºÊEGI>=@C´H�Ö*E ³ N­Aq<wS�<�C�=qN­A¬SUAqÖ HJPOP­H!��A ± 2 D5A@C�º¯EGNOHJD�¢ÃÚ°�ÜC�SU=¨C�º�H�D>º�CB=@D>C�T���NáE ³ º�H�DFEGNOD�I>HJI>A�KS�¥�CBA ±F²´³ CK<>=@CBA@CBDFEGC�T�=@CBA@I>PáEGA·S�=@C�TMI>CKE@H ��± 
 ± ¸ ³ NzTÃ»�HÁ¥ t è ¸ ¢9éåÚZè ¸�ë°éåÚZè ¸*êDé^u ± ¡ C�º¯EGNOH�D�ëgN­AÛTMC�¥FHUEGC�T
EGH »sN­D>»sAÁÚÜS�D�TdE ³ C�=¨CBA@I>PáEGA
S�=@C�SUQFSUNOD+TMI>CâEGH ��± 
 ± ¸ ³ NzTÃ»�HÁ¥ ± k CaA@E@I�TÃµìA@E4S�E@N­HJDwS�=¨µìL>I>L>L>POCBA
NODjA@C�º¯EGNOH�Djê ± 2 D!E ³ S{E£AGCBº¯EGNOH�D�ÚäE ³ C5¦5CBDsE@N­HJD>C�T =@C�AGI>PáEGA�SU=@C�TMI>C5EGH 2 ± ¹ ± æÜS�=4S�A ³ C�D>»�HÁ¥jSUD>T ³ N­A
º�HJP­PzS�L*H�=GS�E@H�=¨A t è æÜ¼ °a� é^ugS�D�T!¶ ± TMCÙæÛH�IwS�=GT t è T�æ�é u ± 2 D A@C�º¯E@N­HJD�ªMÚ��ÜC5<>=¨CBAGC�DsER=@CBA@I>PáEGA¼� ³ N­º ³
S�=@CK¦�H�A¨EGPáµØTMI>CÜEGH 2 ± ¹ ± æÜS�=4S�A ³ CBD>»�HÁ¥ t è æ�é u S�D�TÙ¸ ± ¿ N­D t è ¿ é uÐº�HJD�º�CB=¨D>N­DMQgEG=GS�¥�CBPON­D>QgL>I>L>L>POCBA ± k C
S�P­A@HÙQJNO¥�C�D>CBº�CBA@AÊS�=¨µâS�D�TâA@IBC�º�NOCBDsE	º�HJD�TMNOE@N­HJD>AÉHJDâE ³ C�DMH�DÃÂ PONOD>CÁSU=¨NOE µ f CBD>A@I>=@NOD>Q�E ³ C£C¯®MNOA¨EGCBD>º�CHJÖqEG=4SB¥FC�P­NOD>Q(L>IML>L>P­C�AÁÚ�S�D�Tn�´CØ<>=¨C�º�NOA@C�I>D�TMC�=�� ³ N­º ³ º�HJD�TMNOE@N­HJD>A�E ³ C§A@E4SUL>NOPONOE µa=@CBA@I>PáEgH�Ö·¸ ± ¿ N­D¦ÙSBµ�L*C£S�<><>PONOC�T ± ¡ C�º¯EGNOHJD � TMCÁS�POA3��NOE ³ L>PzSUº4»�A@HJP­NáEGHJD>A ±>²´³ C�<>=@CBA@CBDsE@C�T(=¨CBAGIMPOE@A�S�=@C�N­A@A@I>C�T(ÖÇ=@HJ¦è � ° ¼Ñé ± k C�A@I>¦ÌI><(E ³ C�C¯®MNOA¨EGCBD�º�Cg=¨CBA@I>POE@AKHJÖ�T�SU=¨»�A@HJP­NáEGHJD>AKNOD
A@C�º¯E@N­HJD û�± 2 D
A@C�º¯E@N­HJDl¤MÚ/�ÜCgI>A@C
E ³ CÉC¯®MNOA¨EGCBD�º�C	=@CBA@I>PáE´HJÖ#A@C�º¯E@N­HJD
ª£E@H§Q�CBD>CB=GSUPONOãBC	E ³ CgSUL*HÁ¥FC	¦�CBDsEGNOHJD>C�T�=@CBA@I>PáE´LFµ °j±M° S�=@NOè t A@CBCè ° S�= � é u·º�H�D>º�CB=@D>NOD>Q5E ³ CgC¯®MNOA¨EGCBD�º�CgH�ÖÐS�T�S�=@»FÂ L>=¨N­Q ³ E�A@HJP­NáE@H�D(EGH t�� ± ¢%u ±

ë�ª



¤ Õ ½ �âÀ(Ë Ï¶ª�Ò§Ó�ÑBÒszHª�z(Ô ü��¨®§ËKÔ
Ê�ÉêÈ3É¾Ê Ú��¨Û¹Ð%ÓPÏ�ÍÑí�Ï

k NáE ³ HJIMEÉS�Dsµ�=@C�Q�I>PzS�=@NáEßµ
SUA@A@I>¦5<ME@N­HJD
HJD f Ú>NáE�NOA�º�P­C�SU=´E ³ S�E�ÖÇH�= a0 ∈ R Ú
(t, x) −→ ϕ(t) = a0e

itf(a2
0)

A@H�Pá¥FC�A t � ¿ ¡ u ±
Ê�ÉêÈ3É È ìgÓPÒ��ÑÛ¹ñ¹ÛcÓj·

k CaQ�Ná¥FC ³ CB=@CâE ³ C�A¨EÊS�L>NOP­NáE µd=¨CBAGIMPOE�ÖÇH�=ÙE ³ C�º�HJDsE@N­DsI>H�I>A �KSB¥FCBAV� ³ Nzº ³ NOA�<>=@HÁ¥FCBT LFµ ��± 
 ±¸ ³ NzTM»JH{¥�NODqè ¸ ¢9éoSUD�TØè ¸�ê°é ±
����� �*ÿ � & � � 5 � �<;>=�� xcEHG  �@ � f ∈ C2(R+) � @ |s} @ |D� � V |D�qR @ { � R/�T�J� �c�	� b` `@ � R/��|	�M�.R�K @ �>� @�@ON �
�S�� @ ��� @ � � a0 > 0 �.R8�.�N�>�B|°� f ′(a2

0) < 0
b

 `@ � ; �>��|9��~!���4�©�>� @fB ���M�°� @SVã@ K � @ {�{9�^���.G M δ0 > 0 �.R8�.�7�>��|°� a ∈ H1 |9�T{ ‖a‖H1 < δ0
�iK T ��� @ �

‖a‖L∞ < a0/2
b

�n� @ � ϕ(t) = a0e
itf(a2

0) �
��|;�j�4|���� @ �!�D�^RP� �c�9�Ø� �±; C b C�Gs�
� �>� @�� �D�^�»���G�^���s� @ ��� @ �
{ �9} @SVj@ }.� ε ∈ (0, δ0) M �>� @ } @_@ON �
���^� δ ∈ (0, δ0) �.RZ�.�e�>��|°�Ô� � u0 ∈ X1 KV|�� � @ �G}j� �ê� @ ��R/�T{ @ }¼�L� @
� �9}.K

u0(x) = (a0 + ā(x))eiω(x) ,�G�^�>� ‖ā‖H1 < δ
; |9�T{ �>� @ } @�� �9} @ ā = |u0| − a0

GH|	�T{ ‖ω′‖L2 < δ M �>� @ �h�>� @ �!�°�^RB� �ê�9� u � ��; C b C�G�G�^�>�Ø�^��� � �c|°�g{�|°�4| u0
�
�m�%�����M|D�Ô�^�:�>� @�� �d�c{�~%� V � T |�� @ X1(R) := {u ∈ L∞(R), u′ ∈ L2(R)} M{�� @ �¼�T�°� V |9�8� �[� M |9�T{ � �9} @SVj@ }.� � �LK @ t M �^�3�M|9�Ø� @ �Ô}��^�ê� @ �q|��

u(t, x) = (a0 + a(t, x))ei(tf(a2
0)+ω(t,x)) ,

�G�^�>� a(t) ∈ H1 M ‖a(t)‖H1 < ε |9��{ ‖∂xω(t)‖L2 < ε
b

²´³ C�<>=@HsH�ÖoHJÖ#E ³ NOA´E ³ C�H�=¨CB¦"TMC�¥FC�P­HJ<*C�T(NODqè ¸�ê°é�NOAKLwS�A@C�T(HJD(E ³ Cgº�H�D>A@CB=Ä¥�S{EGNOHJD
HJÖ#E ³ C�CBD>CB=¨QJµ
M(u) :=

∫ +∞

−∞

[
1

2
|ux|2 − U(|u|2) + U(a2

0) +
f(a2

0)

2
(|u|2 − a2

0)

]
dx

Ö HJ=çS�A@H�POIMEGNOHJDØHJÖ t�� ± � u+��NOE ³ N­D>NáEGNzS�P>T>S�EÊS u0 ∈ X1 A4S�E@N­A@ÖÇµ�N­D>Q�E ³ C´SUA@A@I>¦5<ME@N­HJD>AÐHJÖ�E ³ C·A¨EÊS{EGCB¦5C�DsEÁÚ� ³ CB=@C U(r) := 1
2

∫ r
0
f(s)ds

± 2 Deè ¸�êDéåÚ ��± 
 ± ¸ ³ NzTM»JH{¥�Ö HJ=@¦ÙS�POPOµgTMN»º CB=¨CBDsEGNzS{EGCBA#E ³ CqCBD>CB=@QUµ�E@HqÞßI>A¨EGNOÖÇµNáEGA�º�H�DMAGCB=Ä¥JS�E@N­HJD ± ²�HJ=�S§=@NOQ�HJ=@HJI>AqÞ I>A¨EGNáíwº�S�E@N­HJDlHJÖoE ³ NOA�º�H�¦�<>IMEÊS{EGNOH�DäÚ>AGCBCVè ¼gS � é ±
� CB¦�SU=¨»RE ³ S�EÐE ³ CÜA@¦ÙSUPOPOD>CBA@AçHJÖ ‖a‖H1

S�D�T ‖ω′‖L2
TMH�CBA D>HUEçNO¦5<>Páµ£E ³ S�E ‖(a0 +a)eiω−a0‖H1NOA	AG¦�SUPOP t D>HUE�C¯¥FCBDaE ³ S{E ‖(a0 + a)eiω − a0‖L∞ NOA	A@¦ÙSUPOP
u ±�²´³ IMAÉE ³ NOA	=@CBA@I>PáEgTMHsCBA	D>HJE	QJNO¥�C�E ³ C

A¨EÊS�L>NOP­NáEßµ�HJÖ ϕ E@H H1 <*CB=¨E@I>=@LwS{EGNOH�D>A ±²´³ CÜA@E4SUL>POCKº¯H�DsE@N­DsI>H�I>A��KSB¥FCBAqSU=¨CÜH�ÖwQJ=@CÁS{EçN­¦5<*HJ=¨E4SUD�º¯C´N­D§E ³ CÜA@C�àsI>CBPMHJÖwE ³ NOAç<wS�<*CB= ± 2 D�TMCBC�TäÚ
E ³ CgT�S�=@»ÙA@H�PONáEGH�DMA3�ÜC���NOP­PäA¨EGI�TÃµ�NOD(E ³ C�D>C¯®ÃEKA@C�º¯E@N­HJD>A�SU=¨CRT�S�=@»ÙA@<*HJE@A¸� ³ N­º ³ Þ H�NOD(E��´HØH�Ö#E ³ CBA@C
A¨EÊS�L>POClL>=¨N­Q ³ E�LwSUº4»sQ�=@HJI>D�TMA t � ³ N­º ³ S�=@C(E ³ C
A4S�¦5C�Ú I><-EGH�S�< ³ S�AGClº ³ S�D>QJC�ÚçNOD&E ³ C
D>H�DÃÂ »�NOD>»
º�S�A@C	u ±

ë �



¤ Õ � �âÀ(Ë ��ÑBÒr��Ô
=©� i ý(�zþ	�^��ý � �ÿ0+� � �n� @ ~��^��~���|9} @ �!�D�^RP� �c�9�B��� �±; C b C�Ge� � �>� @ � �9}.K

u(t, x) = eiωtϕ(x)

�"� @ } @ ϕ(x) → ϕ±
|	� x → ±∞ M |9�T{ ϕ �
�V|n{9��� @ ��K �9} T �d� �.K � }ó��K R �9� (ϕ−, ϕ+)

; R T �4�n|�.��|	�¹� @ � � x �^�Z�4� −x M ϕ �Ô� �^��|D���g|��9��� @ |	�M�[R¹K @ {s�4�e� @ �T�	�$��{ @ ��} @ |	�j�
�¹�.G b
Ê�É��¿É¾Ê Ú��¨Û¹Ð%ÓPÏ�ÍÑí�Ï

k C�í�=@A¨E¬QJNO¥�C	SRD>CBº�CBA@AÊS�=¨µÙS�D�T�A@IBCÙº¯N­CBDFEÜº�H�D>TMNOE@N­HJD�HJD f SUD�T ϕ± � ³ N­º ³ CBDMAGI>=¨CBAÛE ³ S{E¬E ³ CB=@C
C¯®MNOA¨EGA�SØ»sN­D>»�A@HJPO¥�N­D>Q t¹� ± � uÊÚP��NáE ³ ϕ(x)→ ϕ±

S�A x→ ±∞ ±����� �*ÿ � & � � 0+� �<;>=�� xcEHG�� @ |	�M�.R¹K @ f ∈ C(R+)
b� `@ � ϕ− < ϕ+

b ��� @ } @h@ON �
��� ��|V~��^��~;�!�D� V �^���
; C b C�Gs� � |9�T{©�	�'�^�V� � �>� @�� �D�
�����G�
�¹�H�M�9�T{	� � �c�9�B��|9} @ �!|°� �
� a�@ {��

; |[G (−ω + f(ϕ2
±))ϕ± = 0; ��G −ω

2
ϕ2
− + U(ϕ2

−) = −ω
2
ϕ2

+ + U(ϕ2
+) M �U� @ } @ U(r) = 1

2

∫ r
0
f(s)ds; ��G � �9} @SVj@ }.� s ∈ (ϕ−, ϕ+) M −ω

2
s2 + U(s2) < −ω

2
ϕ2
− + U(ϕ2

−)
b

 � &h��ÿ	�+�D�� � «·HJD�TMNáEGNOH�D t S%u·¦5CÁS�D>A´E ³ S{E�CBNáE ³ CB= ϕ± = 0 ÚMH�= eiωtϕ± NOAÉSØº�H�DFEGNOD�I>HJI>A3��SB¥FC ±5 � 2 D�E ³ C�º�S�A@C ϕ± 6= 0 Ú�I>A@NOD>Q t S%u¯Ú t L'u�S�D�T TMN»º CB=¨CBDsE@NÇS{EGNOD>Q t º�u�E4��Nzº¯C�Ú��ÜC�QJC�E f ′(ϕ2
±) 6

0 Ú�� ³ N­º ³ NOA�S�P­¦�H�A¨E�E ³ C�SUA@A@I>¦5<ME@N­HJD HJÖ ²´³ C�H�=@C�¦ � ± ¢ ± � CBD>A@I>=¨N­D>QâE ³ CÙA¨EÊS�L>N­PONáEßµ H�ÖÜE ³ CÙL>=@NOQ ³ E
LwSUº4»�QJ=@HJI>D�T eiωtϕ± ±0�� 2 D(E ³ CRº�S�A@C ϕ− < 0 < ϕ+

Ú�º�HJD�TMNáEGNOH�D>A t L'u´S�D�T t º�u¬N­¦�<>POµ ϕ− = −ϕ+
ÚwS�D�T ϕ NOA�H�T>T ±

aRÿ��+�'#�� ¿ C¯E�IMAÉSUA@A@I>¦5C�E ³ S{E u(t, x) = eiωtϕ(x) NOAÉSØ»sN­D>»�A@H�Pá¥ÃNOD>Q t¹� ± � uÊÚP��NáE ³ ϕ(x)→ ϕ±
SUA

x→ ±∞ ±>²´³ CBD ϕ A4S{EGNOA¨í�CBA
− ωϕ+ ϕ′′ + f(ϕ2)ϕ = 0

t�� ± ª%u
¡ NOD�º�C ϕ NOA´L*HJI>D�TMC�T�HJD R SUD�T f NOAKº�HJDsEGNOD�I>HJI>A�ÚMNáE´Ö HJPOP­H!��A´E ³ S�E ϕ′′ N­AÜL*H�I>D�TMCBT ±>²´³ I>A´A@HØNOA ϕ′ ±¿ C�E@E@N­D>Q x E@CBD�T�EGH ±∞ NOD t�� ± ª%u¯Ú/�´CgQJC�E

ϕ′′(x)→ ωϕ± − f(ϕ2
±)ϕ±

S�A x→ ±∞.
²Ü³ N­AØNO¦5<>PONOCBAÁÚoEGHJQ�C�E ³ CB=���NáE ³ E ³ C�L*HJI>D�TMC�TMD>CBA@A�HJÖ ϕ′ ÚoE ³ S{E ϕ′′(x) EGC�D�TMA§EGH 0 S�A x EGCBD�TMA§E@HNODMí�D>NáEßµFÚwS�D�T t S%u·Ö HJPOP­H!��A ± k CRTMC�TMI�º�C�E ³ S{E ϕ′(x)→ 0 SUA x→ ±∞ ±° I>PáEGNO<>POµ�N­D>Q t�� ± ª%u·Lsµ ϕ′ S�D�T(N­DsE@CBQ�=GS�E@NOD>Q5L�C¯E4�ÜCBCBD(E4�ÜH�=@CÁS�P�D�IM¦§L*CB=@A x1

S�D�T x2
ÚP�ÜCgHJLMEÊS�N­D

ϕ′(x1)2

2
− ϕ′(x2)2

2
− ω

2
(ϕ(x1)2 − ϕ(x2)2) + U(ϕ(x1)2)− U(ϕ(x2)2) = 0

¿ C�E@E@N­D>Q x2
E@CBD�T�EGH +∞ S�D�T x1

EGH −∞ Ú��´C5QJC�E t L'u ± t º�u	Ö HJP­POH!��A£ÖÇ=@HJ¦�E ³ C5ÖxSUº¯ERE ³ S�E ϕ NOA�STMN»º C�H�¦5HJ=@< ³ N­A@¦"Ö =@HJ¦ R NODsEGH (ϕ−, ϕ+) S�D�T�EÊS�»�NOD>Q x1 = −∞ Ú x2 ∈ R
±

ë û



«·HJDs¥FCB=¨AGC�POµFÚÃPOC�E´I>A�S�AGA@I>¦�C	E ³ S�E t S�uÊÚ t L'u·S�D�T t º�u·SU=¨C�A4S{EGNOA¨í�C�T ± ¿ C�E ϕ0 ∈ (ϕ−, ϕ+) Ú>S�D�T ϕ′0QJNO¥�CBD t E ³ S�D>»�A´EGH t º�u�u·LFµ
ϕ′0 :=

(
−ωϕ2

− + 2U(ϕ2
−) + ωϕ2

0 − 2U(ϕ2
0)
)1/2

.

¿ C�E�I>A t SUQFSUNOD(E ³ S�D>»�A´EGH t º�u�u·TMCBD>HUEGCgLsµ ϕ E ³ CgA@HJP­IME@N­HJDlHJÖoE ³ C�«ÜS�I�º ³ µ�<>=¨H�L>POCB¦
{
ϕ′(x) =

(
ϕ′0

2 − ωϕ2
0 + 2U(ϕ2

0) + ωϕ(x)2 − 2U(ϕ(x)2)
)1/2

ϕ(0) = ϕ02 EgNOAgº�POCÁS�=	E ³ S{E�E ³ CØA@H�POIMEGNOHJD!HJÖqE ³ N­A�C�àFIwS�E@N­HJD!NOA�QJP­HJLwS�PåÚ�S�D�TaE ³ S{E ϕ(x) → ϕ±
S�A x → ±∞ ±2 D�TMCBC�TäÚwE ³ C5«ÜSUI�º ³ µsÂ ¿ NO<>A ³ NáE@ã ²´³ C�H�=¨CB¦ CBD>A@I>=@CBA�E ³ S{EÉE ³ C�I>DMNzàsI>C�A@H�POIMEGNOHJD�HJÖqHJI>=	TMN»º�CB=@CBDsE@NÇS�P

C�àsIwS{EGNOHJD�ÚB� ³ N­º ³ º�SUD
L*C���=¨NOE¨EGCBDâS�A
ϕ′(x) =

√
ω − f(ϕ2

−)− 2f ′(ϕ2
−)ϕ2

−|ϕ(x)− ϕ−|+ o(|ϕ(x)− ϕ−|) ,��NOE ³ NOD>NáEGNzSUP*T�S{EÊS ϕ(x0) = ϕ−
ÚFNOA ϕ ≡ ϕ−

± ¡ NOD�º�C ϕ(x)→ ϕ+
S�A x→ +∞ Ú�E ³ CB=@C�º�S�DÙD>HUE¬C¯®MNOA¨E

x0 ∈ R A@I�º ³ E ³ S{E ϕ(x0) = ϕ−
± � CB=@Ná¥JS�E@N­D>Q>Ú>NáE�NOA�º�POCÁS�=KE ³ S�E¸�ÜCgQ�C�E´E ³ C��KSUDFEGC�T(»�NOD>» ±

Ê�É��¿É È ìgÓPÒ��ÑÛ¹ñ¹ÛcÓj·
2 Dhè ¸�ê°é Ú ��± 
 ± ¸ ³ NzTM»JHÁ¥�<>=¨H{¥�CBAÜÖ HJ=·E ³ C	»sN­D>»sA�S�A¨E4SUL>NOPONOE µÙ=@CBA@I>PáE´A@N­¦�N­PzS�=·EGH�E ³ S{E´HJLMEÊS�N­D>CBT�Ö HJ=E ³ CRº¯H�DsE@N­DsI>H�I>A¸��SB¥FCBA ±

����� �*ÿ � & � � 0+� 5g;>=�� xcEHG  `@ � f ∈ C2(R+) � @ |q} @ |°� � V |D�qR @ { � RP�T�J� �ê�9� b � @ |��M�.R¹K @ �>��|°���L� @
T }ó� TQ@ }�� � @ � ; |�G M ; ��Ge|9�T{ ; ��G©|	} @ �!|°� � � a�@ { M |	�T{!� @ KV|	~ @ �L� @ �.R T�T � @ K @ �Z�4|9}.�©|	�M�.R¹K T � �ê�9���

; {[G ϕ+ > ϕ− > 0;3@ G −ω + f(ϕ2
±) + 2ϕ2

±f
′(ϕ2
±) < 0�n� @ � �>� @ ~	�
��~ u(t, x) = eiωtϕ(x) �°� Vj@ �Ø�S�9��� @ �9} @ K C b � b C;�
�����4|���� @ �^���>� @ � �D�^���"�G�^�¹�s� @ ��� @ �

{ �9} @SVj@ }.� ε > 0 �.KV|D�^� @ �T��R���� M �>� @ } @m@ON �
���^� δ > 0 �.K |°�^� @ �T��R��k�©�.R8�.�H�>��|°��� � u0 ∈ X1 �G}j� � @ �
u0(x) = (ϕ(x) + a(x))eiω(x)

�G�^�>� ‖|u0| − ϕ‖H1 = ‖a(0)‖H1 < δ |9�T{ ‖ω′‖L2 < δ M �>� @ ���>� @ �!�D�^RP� �c�9� u � �h; C b C�G#�G�^�>�©�^�8�^� �c|D�{�|°��| u0
�
�A�%�»���M|D���^�7� �LK @ �^� X1 M {�� @ ���T�°� V |9���
�[� M |9�T{ � �9} @SV�@ }S�s� �LK @ t M � �¸�M|9�Ø� @ �G}j� �ê� @ �h|	�

u(t, x) = (ϕ(x) + a(t, x))ei(ωt+ω̄(t,x)) ,�G�^�>� a(t) ∈ H1 M ‖a(t)‖H1 < ε |9��{ ‖∂xω̄(t)‖L2 < ε
b

 � &h��ÿ	���
² S�»�NOD>Q t S%u�S�D�T t TZu§NODsE@H�SUºBº�HJI>DsEÁÚ E ³ CâSUA@A@I>¦5<MEGNOHJD t C	uÉÞßIMA@E5¦5CÁS�D>A5E ³ S{E f ′(ϕ2

±) < 0
±q²´³ C

HJD>POµ5»sN­D>»sA¬Ö HJI>D�T�NOD ²´³ CBHJ=@C�¦ � ± ë ± � Ö HJ=�� ³ N­º ³�²´³ C�H�=¨CB¦ � ± ë ± ¢RTMH�CBA¬D>HUE¬<>=@HÁ¥ÃN­TMC�A¨EÊS�L>NOP­NáEßµ�E ³ I>A
A4S�E@N­A@Özµ�H�D>CgHJÖoE ³ CgÖÇH�POPOH���N­DMQÙº�HJD�TMNáEGNOH�DMA �

Â ϕ− = 0 HJ= ϕ+ = 0Â ϕ− < 0 < ϕ+
ÚZ� ³ Nzº ³ N­¦�<>P­NOCBARS�AÑ�´C ³ SB¥FC§A@CBCBD ϕ− = −ϕ+

± ¡ I�º ³ SÙA@H�PONOE@H�D�N­AgºBSUPOPOC�T!S
LMPÇSUº4»�A@H�PONáEGHJD�Ú*S�D�Te��NOPOP�L*CgA@E@I�TMNOC�T
L*CBPOH!� ±

Â ϕ± 6= 0 ÚwS�D�T f ′(ϕ2
−) = 0 HJ= f ′(ϕ2

+) = 0
±

ëJ¤



¤ Õ æ �âÀ(Ë Ô Ó��gÓ�ÑJª�Ò©�£Î�Ä ��z©�H�N«�ËKÔ
=©� i ý(�zþ	�^��ý � � U � � ;>=�?zw�� o EHG  `@ � f ∈ C1(R+) M ρ0 > 0 �.RZ�.� �>�B|°� f(ρ0) = 0

bU� ���4|°� �c�	�T|9}.�
�SRZ�!��� @ � �±; C b C�GV� @ ��{9�^�¹�V�4� ρ1/2

0
|°���^� a ��� ���V� ��|;�!�°�^RB� �ê�9�q� �h; C b C�Ge� � �L� @ � �	}SK

u(t, x) = ϕ(x)

�"� @ } @ ϕ � � } @ |°��|9��{;�!|°� �
� a�@ �c�
; �^G ϕ �
� @SVj@ �
; �
�^G ∂2

xϕ+ f(ϕ2)ϕ = 0; �
�^�^G 0 < ϕ(x) < ρ
1/2
0

� �9} @SVj@ }.� x ∈ R; � V G ϕ(x)→ ρ
1/2
0

|	� x � @ �T{	�³���s�^� a �8� ���
;,V G 0 = ϕ′(0) < ϕ′(x)

� �9} x ∈ (0,+∞)
b

Ê�É%$"É¾Ê Ú��¨Û¹Ð%ÓPÏ�ÍÑí�Ï
2 Dnè T�æÇéåÚ�¶ ± TMC�æ¬H�IwS�=GT�A¨EÊS{EGCBA·S�D�T5<M=@HÁ¥FCBAqE ³ CKÖ H�POPOH!��NOD>Q£D>C�º�CBA@A@=4SBµ�S�D�T�AGIBC�º�NOCBDsE¬º�H�D�TÃNOE@N­HJD

HJD(E ³ CgD>HJD>P­NOD>CÁS�=@NáE µ f C�D>AGIM=@NOD>Q�E ³ CgC¯®MNOA¨EGCBD�º¯CRHJÖ SØA¨EÊS{EGNOHJDwSU=Äµ�L>I>L>L>POC ±����� �*ÿ � & � � U � �<;>= { ? EHG  �@ � f ∈ C1(R+) M ρ0 > 0 M |	�T{ V (r) := −
∫ r
ρ0
f(s)ds

b �n� @ �:�>� @ } @
@ON � ��� �N|����4|°� �c�9�T|9}.�Ø�SRZ�!��� @ � �|; C b C�G7� @ �T{9�
�¹� ��� ρ1/2

0
|°�Ñ�^� a �8� ���7� � |9��{Ø�	�'�^�7� � �>� @J� �D�^�����Ô�^�¹�|	�M�.R�K T � �c�9����|9} @ �!|°� � � a�@ {��

� f(ρ0) = 0� η0 := sup{η ∈ (0, ρ0), V (η) = 0} @ON �
�j� � M η0 ∈ (0, ρ0) |9�T{ f(η0) < 0
b

K �	} @ � Vj@ } M � � �>� @ � @ �M�9�T{9�^� �c�9���¼|9} @ �!|°� �
� ae@ { M � � f ′(ρ0) < 0 M ´ �>� @ � ∂α(ϕ− ρ1/2
0 ) � @ �T{	� @YNST �9� @ �Q�� �c|°�^�^� �4���©|°���^� a �8� ��� � �9} α 6 2

b'&
Ê�É%$"É È ìgÓPÒ��ÑÛ¹ñ¹ÛcÓj·

2 D � 
 ¤ 
 Ú 2 ± ¹ ± æÜS�=4S�A ³ CBD>»�HÁ¥ ÚB¶ ± � ± ¼	H�º ³ C�¥JSÃÚB¹ ± ¼ ±Á° S�» ³ SUDM»�HÁ¥£S�D�T 2 ± ¹ ±Á� I>ã�µÃD>NOD t è æ´¼ °a� é^u
<>=@HÁ¥FCBT§E ³ C´PONOD>CÁSU=çNOD>A¨EÊS�L>NOP­NáE µØHJÖwE ³ C´A@E4S�E@N­HJDwS�=¨µ§L>I>LML>P­CBA ± 2 D � 
D
 ªMÚJ¶ÉDMD>CKTMC�æ¬H�I�SU=@T t è T�æÇé^uo<>=@C¯Â
º�NOA@C�T�E ³ NOAÛ=@CBA@I>PáE·SUD�T�TÃC�TMI�º�C�T�E ³ CKN­D>A¨E4SUL>NOPONOE µ�H�Ö*E ³ CKA¨EÊS{EGNOH�DwS�=¨µØL>I>L>L>POCBAÛE@H H1 <�C�=¨EGI>=¨LwS�E@NOH�D>A ±° H�=¨CK<>=@C�º�NOA@CBPáµFÚ�A ³ CK<>=¨H{¥�C�TØE ³ CKÖÇH�POPOH���NOD>Q ²Ü³ CBHJ=@CB¦ ±F� HJE@C´E ³ S{E ³ CB=ç=@CBA@I>PáEG��S�Aç¥JSUPOIwS�L>P­CKN­DÙS�Dsµ
TMNO¦5CBD>A@NOH�D ± ²>H�=qº�H�D>A@NOA¨EGCBD�º¯µ���NáE ³ E ³ CK=@CBA¨EÛHJÖ*E ³ CK<wS�<*CB=�Ú°�ÜCK=@CBA¨EG=GSUNOD5NOE ³ CB=¨CKE@H£TMNO¦5CBD>A@NOHJD�HJD>C ±
����� �*ÿ � & � � U � 5g;>= { ? EHG  `@ � ρ0 > 0 M f ∈ C3(R+) �.RZ�.�q�>��|9���>� @ |	�M�.R¹K T � �c�	���H� � �n� @ �9} @ K
C b x b CV|	} @ �!|9� �
� a�@ {V|9��{��[RZ�.�e�>��|9� f ′(ρ0) < 0

b� �@ � ϕ � @ �>� @ ���4|°� �ê�9�T|9}.�e�.RZ����� @ � �m; C b C�G�� @ �T{9�
�¹�
�4� ρ1/2

0
|°���^� a �8� ��� M �°� Vj@ �Ø�S�v�n� @ �9} @ K C b x b C b

�n� @ � ϕ � ��RP�B���4|���� @ �^�:�>� @A� �D�
�����G�
�¹�n� @ �B� @ �g�>� @ } @ã@ON �
���^� ε > 0 �.R8�.�q�L��|°� � �9} @SVj@ }.� δ > 0 M�>� @ } @�@ON � ��� � u0 ∈ H1(R) �G� �>� ‖u0‖H1 < δ |9��{©�.RZ�.� �L��|°� M � � v(t) = u(t) + ϕ �
�;�>� @ R/�8�,PSR @
ºS»)(+*/Á"À%,�¿�¿.À'*/Á3Â`Æ3¿�½kÓkÐËÀ,Ðq¿�½kÌ�Ï.ÊËÂHÁOÏ.Ó.-AÐ^Ç�È�Ê/-

f ′(ρ0) 6 0
»0c»)1$ÂHÁYÆ3Ð^Ì�Á Ï.Ì2-kÇ�È/À,¿.À5ÐqÆYÌ�¿43

ϕ
Ï.½kÓJÐàÀ5Ì`Ó/Á3Â,Ð65SÏ�À,Ð65SÁOÌ�Ï[ÂHÁ87�Ð65SÁY½JÐ^½9(+*kÁ3¿SÂHÁYÇ¾ºS»/:c»^ºUÍjÁYÊq¿;,�Å.,�ÐËÀ'*

v = 0
»

ë 




�!�D�qRB� �c�	� v ∈ C(T?, T
?, X1) � ��; C b C�G<�Ô� �>�Ø�^�8� � �c|D�g{�|°�4| v(0) = u0 + ϕ M �L� @ � u(t) ∈ H1 � �9}

t ∈ (T?, T
?) M |	�T{V�L� @ } @�@ON � ��� � t0 ∈ (0, T ?) �.RZ�.�H�>��|°� ‖u(t0)‖H1 > ε

b>=
¤ Õ ù �âÀ(Ë�ÓoÎ(�¨®§Ë¿«BÑBÒ©Â �Nz©�H�N«�ËKÔ
=©� i ý(�zþ	�^��ý � � ]T� � ;>=>  EHG  `@ � ρ0 > 0

b(� � }M| Vj@ ���^���e�SR8����� @ � �m; C b COG��
�*|��!�D�qRB� �c�	�h� �m; C b C�GV� � �L� @
� �9}.K

u(t, x) = ϕv(x− vt) = ave
iθv(x− vt)

�"� @ } @ v ∈ R M ϕv ∈ C1(R) M av > 0 M av → ρ
1/2
0 M ∂xav → 0 M ∂xθv → 0 |	� x→∞ b

Ê�É@?3É¾Ê Ú��¨Û¹Ð%ÓPÏ�ÍÑí�Ï
2 D:è ¿ é Úä¸ ± ¿ NOD�Q�Ná¥FCBAgS�D>C�º�CBA@A4SU=Äµ�S�D�TaAGIPCÙº�NOCBDsEgº�HJD�TMNáEGNOH�D�H�DaE ³ C§D>HJD>PON­D>C�SU=¨NOE µ f S�D�TâE ³ CA@<*CBC�T v ÚMI>D�TMCB=¸� ³ N­º ³ E ³ CB=¨CgC¯®MNOA@E@AÉS�EG=GS�¥�CBPON­D>Q5LMI>L>L>POCRA@H�Pá¥ÃNOD>Q t�� ± � u ±

����� �*ÿ � & � �
]T� �<;>=L  EHG  �@ � f ∈ C1(R+) M ρ0 > 0 M |9�T{ V (r) := −
∫ r
ρ0
f(s)ds

b �n� @ �ä�>� @ } @
@ON � ��� ��|s� }ó| Vj@ ���
�¹�©�SRZ�!��� @ � �h; C b C�G M �G� �L�©� TQ@[@ { v |9��{#�G� �L�ãKV��{�R��qR/� � @ �T{	�^�¹�V�4� ρ1/2

0
|9���^� a ��� ���� � |	�T{©�9�Z�^�V� � �>� @�� �D�^�»���G�
�¹�H|	�M�.R¹K T � �ê�9����|	} @ �!|°� �
� ae@ {��

� f(ρ0) = 0
� η0 := sup{η ∈ (0, ρ0), Vv(η) := V (η)− v2(η−ρ0)2

4η
= 0} @ON �
���^� M |	�T{ η0 ∈ (0, ρ0)

� fv(η0) := f(η0) + v2

4
(1− ρ2

0

η2
0
) = −V ′v(η0) < 0

b
� �9} @ � Vj@ } M R/�T{ @ }*�>� @ � @ �M�9�T{	� � �c�9�B� M { @ �T�°� �^���N�S� ϕv = ave

iθv �>�d� �*� }ó| Vj@ ���^�¹�H�SRZ�!��� @ M av |9�T{ θ′v|9} @±@SV�@ � M |9�T{ ϕv ∈ C3(R)
bBA ��{ @ }��>� @ �[R T�T � @ K @ �8�4|9}.��|	�ó�.R¹K T � �c�9� f ′(ρ0) < 0 M ϕv �ó�9� Vj@ },� @ �

@ONST �	� @ �Z� �ê|D�^�^�Ø�4�h�^� �����iK�� � �7|�� x → +∞ M |	�C� @ �^�¨|��H� � �7{ @ }�� V |°� � Vj@ �7� � �9}ó{ @ } 1, 2, 3
b�� �	} @

T } @ ���
� @ �^� M � @ ��| Vj@ �>� @ |	�.��K T �4�°� �c�j�V|�� x → +∞ ;
av

�
� @SVj@ � M �>�DRd���>� @ |	�.��K T �4�9� �c�j�s|	� x →
−∞ � �D�
������G

ρ
1/2
0 − av(x) = exp

(
−
√
c2 − v2x(1 + o(1))

)
,

a′v(x) ∼
√
c2 − v2(ρ

1/2
0 − av(x)) ,

a′′v(x) ∼ −(c2 − v2)(ρ
1/2
0 − av(x)) ,

θ′v(x) ∼ − v

ρ
1/2
0

(ρ
1/2
0 − av(x)) ,

θ′′v(x) ∼ v
√
c2 − v2

ρ
1/2
0

(ρ
1/2
0 − av(x)) .

D/»�¼�Ì�ÐËÀE,`Ï[ÌnÇ�ÁY½�À5ÐË¿�½/ÁOÓAÐq½fÒ Ó�Ô(ÕiÅF,�Á8*�ÏG5�Á*Ðq½937Ï.Æ�À�À>*kÁ"Ðq½�Ì>À�Ï[Í�Ð^ÊqÐËÀ%-AÇ�¿/ÓkÄkÊq¿ À,Â5Ï.½�ÌHÊ^Ï�À5Ðq¿�½kÌ3».HUÏ.Ç�ÁYÊ/-�Å
inf
s∈R
‖v(t)−

ϕ(.− s)‖H1 > ε
ÅkÁI5�ÁY½JÐ�3~ÐËÀ�Ó/¿cÁYÌn½k¿.À�ÊË¿c¿4JÎÊ^Ð6JSÁ"À'*kÐqÌK3 ¿SÂ,Ç
¿43~Ðq½�Ì>À�Ï[Í�Ð^ÊqÐËÀ%-9*�Ï.Ì�ÀH¿�Í�Á*ÆF¿�½kÌ,ÐqÓ/ÁYÂHÁYÓmÑ�Ì�Á3ÁWÒ ÓkÔ�Õ¡Ö�»

ê�©



 � &h��ÿ	���2 D�<wSU=ÄEGN­º�I>PzSU=BÚ NOÖ v2 > −2ρ0f
′(ρ0) =: c2 Ú*E ³ C�=@CØNOA	D>H�L>I>L>L>POC t Ö HJ=	N­D>A¨E4SUD�º�CJÚ NáE�N­AÉE ³ CØº�S�AGC

Ö HJ=£C¯¥FCB=¨µ v NOÖ f ′(ρ0) > 0 u¯Ú�A@NOD�º�C Vv(r) ∼
r→ρ0

c2−v2

4ρ0
(ρ0 − r)2 < 0

± 2 Ö 0 < v2 < c2 Ú η0
C¯®MNOA¨EGA�Ú

A@N­D>º�CRNOD
E ³ NOA�º�S�AGCJÚ V (r) > 0 NODaSØD>CBNOQ ³ L*H�= ³ H�H�TlH�Ö ρ0
S�D�T Vv(r)→ −∞ SUA r → 0, r > 0

± 2 E
A@IBCÙº�C�A�E ³ CBD
EGH5A@CBC¼� ³ C�E ³ CB=KE ³ C£º�HJD�TMNáEGNOH�DâHJD fv(η0) NOA�A4S�E@N­A¨í�C�T
H�=KD>HUEÁÚ>N­DlHJ=GTMCB=´EGH5»�D>H!�ñNOÖE ³ C�=@CgC¯®MNOA¨EGA�SØL>I>LML>P­C ±

«·HJDsEG=GSU=Äµ�EGH�¸ ± ¿ NOD � AKS9C5=@¦ÙS{EGNOHJD(NODhè ¿ é ÚsE ³ C	ÖxSUº¯EÜE ³ S{EÜE ³ CgSUA@A@I>¦5<ME@N­HJD>A´HJÖ ²´³ CBH�=¨CB¦ � ± ª ± �
CBD>A@I>=@NOD>Q�E ³ CKCÊ®MNOA@E@CBD�º�CKHJÖ S	L>IML>L>P­C�SU=¨CKA4S{EGNOA¨í�C�T�ÖÇH�= v = 0

t � ³ Nzº ³ S�=@C�S�P­A@H�E ³ C�SUA@A@I>¦5<MEGNOHJD>AqHJÖ²Ü³ CBH�=¨CB¦ � ± ê ± � CBD>A@I>=¨N­D>QgE ³ CKC¯®MNOA@E@CBD�º�C�HJÖäS�A¨E4S�EGNOHJDwSU=ÄµØL>I>L>L>POC	u¯ÚsSUD�TØE ³ C�SUA@A@I>¦5<MEGNOHJD f ′(ρ0) <
0 TMHgD>HUEÛNO¦5<>Páµ�E ³ CKC¯®ÃN­A¨EGC�D�º�CKH�Ö SÉEG=GSB¥FCBPON­D>QgL>I>L>L>POCKÖ HJ=çC�¥FCB=ÄµØA@<*CBC�T v ∈ (−c, c) ± 2 EÛº�S�D5NOD�TMCBC�THÃº�º�I>=�E ³ S�E�E ³ CB=@C£C¯®MNOA¨EGA	S�A@<*CBC�T vs ∈ (−c, c)\{0} A@I�º ³ E ³ S{E fvs(η0) = 0

± ²>H�=�E ³ NOAÉAG<*C�C�TäÚ��´C
TMH�D>HJEKH�L>A@CB=¨¥�C£S§EG=GS�¥�CBPON­D>Q�L>I>L>L>POC�Ú>L>IMEÉS ´ EG=4SB¥FCBPONOD>Q5»�NOD>»�µ ±·�H��ÜC�¥FC�=�Ú�I>D�TMCB=ÉE ³ C§A@I><><>P­C�¦5CBDsEÊS�=¨µ�SUA@A@I>¦5<ME@N­HJD�E ³ S�E V ′′ NOA�D>HJDÃÂ TMC�º�=¨CÁSUA@NOD>Q�Ú NáEgL*CBº�H�¦�CBAEG=¨I>C5E ³ S{ERE ³ CB=@C5C¯®MNOA@E@AØS�EG=GS�¥�CBPON­D>QlL>I>L>L>POCÙÖ HJ=£C�¥�CB=¨µ v ∈ (−c, c) ± 2 D�TMCBC�T ÚoPOC�E�IMAØS�A@A@I>¦5C�Lsµ
º�HJDsEG=GSJTMN­º¯E@N­HJD!E ³ S{E V ′′ NOAgD>HJDÃÂßTÃC�º�=@CÁS�A@N­D>Q
H�D [0, ρ0] Ú#S�D�T�E ³ S{E�E ³ CB=@C�CÊ®MNOA@E@A vs ∈ (−c, c)\{0}A@I�º ³ E ³ S�E fvs(η0) = −V ′vs(η0) = 0

± æÛµ�TMC¯í�D>NOE@NOH�D(HJÖ η0
Ú Vvs(η0) = 0 Ú�E ³ I>A·E ³ C ² S�µ�P­HJ=ÜÖÇH�=¨¦§I>PzSµÃNOCBP­TMA�Ú>Ö H�= η > η0

Ú

Vvs(η) =

∫ η

η0

(η − t)
(
V ′′(t)− v2

sρ
2
0

2t3

)
dt

>

∫ η

η0

(η − t)
(
V ′′(η0)− v2

sρ
2
0

2η3
0

)
dt

= V ′′vs(η0)(η − η0)2/2 .

� H!��Ú�Ö HJ= η ∈ (η0, ρ0) Ú Vvs(η) > 0 Ú*SUD�T Vvs(η0) = V ′vs(η0) = 0 Ú�E ³ I>A V ′′vs(η0) > 0
± k C§TMCBTMI�º�C

E ³ S{E Vvs(ρ0) > 0 ÚP� ³ N­º ³ NOAÉSØº�HJDsEG=GSJTMN­º¯EGNOHJD ±k C5D>C¯®�E£A¨EGI�TÃµaE ³ C�=@CBQJI>PÇS�=@NáE µ�<>=@HJ<*CB=¨EGNOCBARH�ÖÛE ³ C�Ö I>D�º¯EGNOHJD η0

± ¶ÉA¼�ÜCÙS�PO=@CÁSUTÃµ�D>HUEGN­º�C�T NáEÁÚ
η0(v) N­A��ÜCBPOPMTÃC�í�D>C�T�Ö HJ= v ∈ (−c, c) Ú v 6= 0

± � D�E ³ C¬HJE ³ CB=�AGN­TMC�Ú{NáE NOA º�POCÁSU=oE ³ S{E η0(−v) = η0(v) ÚNODlA@I�º ³ S*�KS�µÙE ³ S{E3�ÜCgH�D>Páµ�A¨EGI�TÃµ η0
HJD [0, c)

±
aRÿ��'OG�'���zþ	�
��ý � � ]T� �

η0
� ����� }��ê�J�c�^�Ñ�
�T��} @ |	�j�^���³�9� (0, c)

; } @ � Tnb �9� [0, c) � � η0(0) �
�L� @ �
�P{ @�a � @ {[G b
η0

� �¶� @ K��L���M�9�Z� �
�QRZ�kR/� � }M��K |��M� Vj@ �9� (0, c)
; } @ � T�b �	� [0, c) G"M�� � η0(0) � �g�T�°��{ @�a � @ { M η0(v)→ 0|	� v ↓ 0

b � � �>� @ } @r@ON �
�j� �e|n� }ó| Vj@ ���^�¹� �SRZ�!��� @ � � � TQ@[@ { v ∈ (0, c) M �>� @ � η0
�
�©� � ���»|	�M� C1 �^�\|� @ �¡�����M�9}[������{e� � v b

aRÿ��+�'#�� 2 Ö 0 6 v1 < v2 < c ÚMÖÇH�=ÜC�¥FCB=Äµ r ∈ [η0(v2), ρ0) Ú Vv1(r) > Vv2(r)
±M²´³ I>A�ÚMLsµ�º�HJDsEGNOD�I>NáEßµ

HJÖ Vv1

Ú η0(v1)
t N­Ö�NáE�TMHsCBA�CÊ®MN­A¨Eju·A4S�E@N­A¨í�CBA η0(v1) < η0(v2)

±>²´³ C�=@CBÖ HJ=@C η0
N­AKA¨EG=¨Nzº¯E@POµ�N­D�º�=¨CÁS�AGNOD>Q ±

¿ C¯E v0 ∈ [0, c)
± æÛµ!º�HJDs¥FCBDsE@N­HJD�ÚT�´C�TMC�í�D>C η0(v0) = 0 NOÖ Vv0 > 0 H�D [0, ρ0)

t � ³ Nzº ³ ¦ÙS�µ
HJD>POµ HÃºBº�IM=5NOD-E ³ ClºBSUA@C v0 = 0 u ± ¿ C�E ε > 0 L*C(AGI�º ³ E ³ S�E ε + η0(v0) < ρ0

±ç²Ü³ C
ÖÇI>D�º¯EGNOHJD
r −→ Vv0(r)/(r − ρ0)2 NOA�º�HJDsEGNOD�I>HJI>A�H�D(E ³ CRº�HJ¦5<wSUº¯E�AGC¯E [η0(v0) + ε, ρ0] ÚME ³ I>A�NáE�=@CÁSUº ³ CBA�NáEGANODMí�¦§I>¦ δ > 0 HJDâE ³ N­A�A@C�E ± 2 D>TMCBC�TäÚ Vv0(r) > 0 ÖÇH�= r ∈ (η0(v0), ρ0) Ú*SUD�T Vv0(r)/(r − ρ0)2 →

ê �



(c2 − v2
0)/4ρ0 > 0 S�A r → ρ0

± ²>H�= v ∈ (v0, c)
S�D�T r ∈ [η0(v0) + ε, ρ0] Ú

Vv(r)

(r − ρ0)2
=

Vv0(r)

(r − ρ0)2
− v2 − v2

0

4r
> δ − v2 − v2

0

4(η0(v0) + ε)
.

2 Ö v NOA�º ³ HJA@CBD£A@I�º ³ E ³ S�E v2 6 v2
0+2δ(η0(v0)+ε) ÚJ�´CqQJC�E Vv(r) > 0 Ö HJ=oC¯¥FCB=¨µ r ∈ [η0(v0)+ε, ρ0) ÚS�D�TÙE ³ I>A η0(v0) < η0(v) < η0(v0) + ε

±Ã²Ü³ CÉAGC�¦5NáÂ º�HJDsE@N­DsI>NOE µÙÖÇ=@HJ¦ÌSUL*HÁ¥FCÉHJÖ η0
ÖÇH�POPOH���A�Ú>S�A¶�ÜCBPOP

S�AKE ³ CgÖxSUº¯EKE ³ S{E η0(v)→ 0 S�A v ↓ 0 ÚMN­D(E ³ CRº�S�A@C�� ³ CB=¨C V0 > 0 H�D [0, ρ0)
±

¿ C¯E v0 ∈ (0, c) A@I�º ³ E ³ S{E£E ³ CB=@C5C¯®MNOA¨EGA§S�EG=4SB¥FCBPONOD>QlL>I>L>L>POC�H�Ö·A@<*CBC�T v0
± æÛµ!TMC�í�D>NáEGNOHJD�HJÖ

η0(v0) SUD>T�Lsµ5º�HJDsEGNOD�I>NáE µ5HJÖ Vv0

Ú Vv0(η0(v0)) = 0
±s²Ü³ SUDM»�AÛEGH ²´³ CBHJ=@CB¦ � ± ª ± � Ú V ′v0

(η0(v0)) > 0
±

²Ü³ C
¦ÙS�< (0, c) × R∗+ 7→ R Ú (v, r) 7→ Vv(r)
NOA�º�POCÁSU=¨POµ H�ÖÉº�PzSUA@A C1 ± V ′v0

(η0(v0)) 6= 0 ÚÐE ³ I>A�ÚE ³ S�D>»�AÉEGHÙE ³ C 2 ¦5<>PON­º�NOE ²�IMD�º¯EGNOH�D ²´³ C�H�=¨CB¦lÚ*E ³ C�=@C§C¯®MNOA¨EGAgSÙD>CBNOQ ³ L*H�= ³ H�H�T V ∈ (0, c) HJÖ v0
Ú S

D>CBNOQ ³ L*H�= ³ H�H�T Ω HJÖ (v0, η0(v0)) N­D (0, c)×R∗+ S�D�TlS�¦ÙS�< ϕ : V → R∗+
H�Ö�º¯PÇS�A@A C1 ÚMA@I�º ³ E ³ S�E

{(v, r) ∈ Ω, Vv(r) = 0} = {(v, ϕ(v)), v ∈ V} .
²�=@HJ¦iE ³ C£A@CB¦�NáÂ º�HJDsEGNOD�I>NáE µlÖÇ=@HJ¦�SUL*HÁ¥FC£HJÖ η0

ÚB�ÜC�NOD>Ö C�=�E ³ S{EÉN­Ö v NOA�AGIBC�º�NOCBDsEGPáµâº¯P­HJA@C£EGH v0S�D�T v > v0
Ú (v, η0(v)) ∈ Ω

± ¡ N­¦5NOPzSU=¨POµFÚ#N­Ö v ∈ V S�D�T v < v0
Ú+�ÜCÙQJC�E Vv(ϕ(v)) = 0

±�²Ü³ I>A�Ú
Lsµ
TMC�í�DMNOE@N­HJDâH�Ö η0(v) S�D�TlA@NOD�º�C η0

NOA�D>HJDÃÂ TMC�º�=@CÁS�A@N­DMQ�Ú ϕ(v) 6 η0(v) < η0(v0)
± 2 Dâ<wS�=¨E@Nzº�I>PzS�=�Ú

η0(v)→ η0(v0) S�A v → v0
S�D�T v < v0

±w²´³ C�=@CBÖ HJ=@CgE ³ CB=¨C£C¯®MNOA¨EGA	S�D>CBNOQ ³ L*H�= ³ H�H�TâHJÖ v0 V ′ ⊂ VA@I�º ³ E ³ S{E (v, η0(v)) ∈ Ω S�A�A@HsH�D�S�A v ∈ V ′ ± ¡ N­D�º¯C Vv NOA§º�HJDsEGNOD�I>HJI>A�Ú Vv(η0(v)) = 0
±o²´³ I>A

η0(v) = ϕ(v) ÖÇH�= v ∈ V ′ Ú�SUD�T�E ³ C�=@CBÖ HJ=@C η0
NOA�HJÖÐº�PzSUA@A C1 HJD V ′ ± �aRÿ��'OG�'���zþ	�
��ý � � ]T� 5 �n� @ � @ � S = {v ∈ (0, c), V ′v(η0(v)) = 0} �
�*�J���	� @ {V|9��{V{�� @ �Ñ�T�°�¶�M�9�Z��|9�^�|9�Q�s�T�9�$�4� }�� V �c|D���^�Z� @ } V |°� b

aRÿ��+�'#�� k CÛí>=@A¨E�A ³ H�� E ³ S�EoE ³ C¬º�H�¦�<>P­C�¦5CBDsEÊS�=¨µgA@C�E�H�Ö S NOA�HJ<*CBD ± 2 V ′v0
(η0(v0)) 6= 0 Ú ²Ü³ CBHJ=@CB¦� ± ª ± � SUD�T � =¨H�<*HJA@NOE@N­HJD � ± ª ± � CBD>A@I>=@CRE ³ S�E η0

N­AÉº�HJDsEGNOD�I>HJI>AÉNOD�S5D>C�N­Q ³ L*HJ= ³ HsHÃTâH�Ö v0

±*²Ü³ I>A�A@H
NOA v → V ′v(η0(v))

± 2 E�ÖÇH�POPOH���AKE ³ S{E S NOA�º�POH�A@C�T ±¿ C¯EçI>AÛS�A@A@I>¦5CÜLsµ§º�HJDsEG=GSJTMN­º¯E@N­HJDØE ³ S�E E ³ CB=@CÜC¯®ÃN­A¨E@A v1 < v2
AGI�º ³ E ³ S{E [v1, v2] ⊂ S

±U²´³ CBDØÖ HJ=
C�¥FC�=¨µ v ∈ [v1, v2] Ú V ′v(η0(v)) = 0

± ²Ü³ S�D>»�AÉEGH � =¨H�<*HJA@NOE@N­HJD � ± ª ± � Ú η0
NOA	A@CB¦5N Â º�H�DFEGNOD�I>HJI>A�ÖÇ=@HJ¦

S�L*H{¥�C ±o²Ü³ CB=@CBÖÇH�=¨C�E ³ CB=@C5C¯®MNOA@E@A ṽ2 > v1
Ú ṽ2 6 v2

AGI�º ³ E ³ S{E η0
N­A�º�HJDsEGNOD�I>HJI>A£H�D [v1, ṽ2]

± Å�<
EGH�S�º ³ SUDMQ�C£HJÖ v2

ÚB�ÜC£¦ÙSBµlS�A@A@I>¦5CRE ³ S�E ṽ2 = v2

±
η0
N­A�A¨EG=@N­º¯EGPáµ(N­D>º�=@CÁS�A@N­D>Q�H�D [v1, v2] ÚME ³ I>A�N­AL>N ÞßC�º¯E@NO¥�CÉÖ =¨H�¦ [v1, v2] HJDsE@H [η0(v1), η0(v2)]

± ²>H�=¬C¯¥FCB=¨µ v ∈ [v1, v2] Ú Vv(η0(v)) = V ′v(η0(v)) = 0 ÚE ³ I>AKÖ HJ=KC�¥FCB=Äµ r ∈ [η0(v1), η0(v2)] Ú/�ÜC ³ S�¥�C�E ³ Cg=¨CBPÇS{EGNOHJD>A
V (r) =

η−1
0 (r)2

4

(ρ0 − r)2

r

t�� ± � u
S�D�T

V ′(r) =
η−1

0 (r)2

4
(1− ρ2

0

r2
) .

t�� ±�û u
¿ C�E�I>A�TMN»º�CB=@CBDFEGNzS�E@C t�� ± � u¬N­D D′(η0(v1), η0(v2)) �

V ′(r) =
η−1

0 (r)2

4
(1− ρ2

0

r2
) +

(ρ0 − r)2

4r

d

dr
(η−1

0 (r)2) .

êF¢



«¬H�¦5<wS�=@NOD>Q���NáE ³ t�� ±�û u¯Ú
d

dr
(η−1

0 (r)2) = 0 ,

S�D�T�E ³ I>A η−1
0 (r)2 NOAçº�HJD>A¨EÊS�DsE H�D (η0(v1), η0(v2)) Ú�� ³ Nzº ³ NOAqSÉº¯H�DsE@=4SUTMNzºÊEGNOH�D���NáE ³ E ³ C·L>N ÞßC�º¯E@NO¥�NOE µ

HJÖ η−1
0

± �·�H��ÜC�¥FC�=�Ú>E ³ C£º�P­HJA@C�TâA@C�E S HJÖÐE ³ C£A@<*CBC�TMA�Ö H�=3� ³ Nzº ³ E ³ CB=@C�TÃH�CBA�D>HUEÉC¯®MNOA¨E�S�L>I>L>L>POC�NOA�D>HUE
D>C�º�CBA@A4S�=@NOPOµ�í�D>NáEGC ±�²Ü³ S�EKN­A¸� ³ S{E�A ³ H!��A´E ³ CgÖ H�POPOH!��NOD>QÙº¯H�I>DsE@CB=ÄÂ C¯®>SU¦5<>POC ±

¿ C¯EoI>A#íM® ρ0 = 1
± ¿ C�E α > 0 Ú α < 1/2 A@I�º ³ E ³ S{E 1/2−3(r−1/2)+8(r−1/2)2−(1−r)2/r >

0 ÖÇH�= r ∈ (1/2, 1/2 + α]
t S ² S�µ�P­HJ=KC¯®M<wS�D>A@N­HJDaS{E�H�=@TMCB=�ë�D>CÁS�= 1/2 A ³ H���AKE ³ S�EKAGI>º ³ S α TMH�C�AC¯®MNOA¨E�u ± k CgD>C¯®ÃE�TMC�í>D>C�S§Ö I>D�º¯EGNOHJD V HJD [0, 1] S�A

V (r) =





(1−r)2

r
+ (r − 1

2
)6 sin 1

r− 1
2

r ∈ [1/4, 1/2)
1
2
− 3(r − 1

2
) + 8(r − 1

2
)2 r ∈ [1/2, 1/2 + α]

4(1− r)2 r ∈ [3/4 + α/2, 1].

æÛµaº�HJD>A¨EG=@I�ºÊEGNOH�D�ÚZ�´C�S�=@C§CBD>A@I>=@CBTaE ³ S{E V NOA�HJÖÛº�PÇS�A@A C2 HJD [1/4, 1/2 + α] ÚäS�D�TaE ³ S�E V (r) −
(1 − r)2/r > 0 ÖÇH�= r ∈ (1/2, 1/2 + α]

± k CaC¯®�EGCBD�T V EGH [0, 1] NODsEGH�S C2 Â Ö I>D�º¯E@N­HJD�Ú¬A@I�º ³E ³ S{E V (0) < 0 ÚÛS�D�T V (r) − (1 − r)2/r > 0 Ö HJ=�C�¥�CB=¨µ r ∈ (1/2, 1]
±Û²Ü³ ClA@H�IMD�TìA@<*CBC�T&NOA

c =
√

2V ′′(1) = 4
±

aRÿ��'OG�'���zþ	�
��ý � � ]T� 0 � � V �
���[���	� @ �Ø|	��|��M� Vj@ M �>� @ � @ � S �
� �T�9� a �8�^� @/b
aRÿ��+�'#�� ²�HJ= n ∈ N∗ ÚP�ÜC£TMC¯í�D>C rn = 1/2− 1/(2nπ + π/2) S�D�T sn = 1/2− 1/(2nπ − π/2)

±
rn
SUD�T sn SU=¨C�E4�ÜH�A@C�àsI>CBD�º�CBA¸� ³ N­º ³ SU=¨CRQJ=@H!��N­D>QØEGH 1/2 ÚwSUD�T(Ö HJ=KC�¥�CB=¨µ v ∈ (0, c) Ú/�ÜC ³ SB¥FC

Vv(rn) =
(1− rn)2

rn
(1− v2

4
)− (rn −

1

2
)6

Vv(sn) =
(1− sn)2

sn
(1− v2

4
) + (sn −

1

2
)6 .

2 Ö·E ³ CB=¨CÙC¯®MNOA¨EGA v > 0 A@I�º ³ E ³ S�E η0(v) = sn
Ú#D>C�º�CBA@A4SU=¨N­PáµFÚoA@N­D�º¯C Vv(η0(v)) = 0 Ú v = wn

Ú� ³ CB=@C wn > 0 NOA�QJNO¥�CBD
Lsµ
w2
n = 4 + 4

sn(sn − 1
2
)6

(1− sn)2
> 4 .

¡ NOD�º�C η0
NOARA¨EG=¨NzºÊEGPáµ�NOD�º�=@C�SUA@NOD>Q�Ú sn = η0(wn) > η0(2) = 1/2 Ú�� ³ Nzº ³ N­A�S(º¯H�DsE@=4SUTMN­º¯EGNOH�D ��NáE ³

E ³ CgÖ�SJº¯E´E ³ S{E sn < 1/2
±�²Ü³ CB=@C�Ö H�=¨C η0

TMHsCBA�D>HUEKEÊS�»�C�E ³ C�¥JSUPOI>C sn ±¿ C¯E�I>A�TMC�í�D>C vn > 0 LFµ �

v2
n = 4− 4

rn(rn − 1
2
)6

(1− rn)2
< 4 .

ê�ë



k C�SU=¨C£QJHJN­D>Q5EGH�<>=@HÁ¥FCgE ³ S{E η0(vn) = rn
± k C§S�PO=@CÁSUTÃµ
»�D>H!�ZE ³ S{E Vvn(rn) = 0 Ú�S�D�T η0(vn) <

η0(2) = 1/2 ÚME ³ I>A η0(vn) ∈ [rn, 1/2)
±w� H!��ÚMÖ H�= r ∈ (rn, 1/2) Ú

Vvn(r) = (rn −
1

2
)6 rn

(1− rn)2

(1− r)2

r
+ (r − 1

2
)6 sin(

1

r − 1
2

)

>
(

(rn −
1

2
)6 rn

(1− rn)2
− (r − 1

2
)6 r

(1− r)2

)
(1− r)2

r

2 EÜNOA·CÁSUA¨µ5E@H§A@CBC�E ³ S�E r → (r− 1
2
)6 r

(1−r)2
NOAÜTMC�º�=@CÁS�A@N­DMQØHJD(SUD�NODsE@CB=¨¥JSUP [r0, 1/2] Ú�� ³ N­º ³ NO¦5<>PONOCBA

E ³ S{E�ÖÇH�= n PzSU=¨Q�CgCBD>H�IMQ ³ Ú Vvn(r) > 0 HJD (rn, 1/2]
±�²´³ NOAKµÃNOCBP­TMA η0(vn) = rn

±
²�HJ=KS�Dsµ n Ú sn ∈ (rn−1, rn)

± ²>H�= n PzS�=@QJC	CBD>HJI>Q ³ Ú η0
EÊS�»�CBA¬E ³ CÉ¥JS�P­I>C�A rn−1

S�D�T rn Ú�L>IMEÜD>HUEE ³ C£¥�S�POI>C sn ±�²´³ NOA	¦5CÁS�D>AÉE ³ S{E η0
N­A	DMHJE�º�H�DFEGNOD�I>HJI>A�HJDaE ³ C§NODsE@CB=¨¥JS�P (η−1

0 (rn−1), η−1
0 (rn)) =

(vn−1, vn)
± 2 EÉÖ HJPOP­H!��A�E ³ S{E�E ³ C�=@C£C¯®MNOA¨EGA zn ∈ (vn−1, vn) ∩ S ±w²´³ C£NODsEGCB=Ä¥�S�POA (vn−1, vn) S�=@CRE��´HLsµÙE4�ÜH�TÃN­AGº�HJD>D>C�º¯E@C�TäÚ>E ³ CB=¨CBÖ HJ=@C S NOA�DMHJEKí�DMNOE@C ± �

Ê�É@?3É È ìgÓPÒ��ÑÛ¹ñ¹ÛcÓj·
2 D � 
D
 � Ú 2 ± ¹ ± æÜSU=GSUA ³ CBDM»�HÁ¥ t è æÇé ugQFSB¥FC(Sâº�=¨NOE@CB=@NOHJD Ö H�=£E ³ C�A¨EGI�TÃµ HJÖ´E ³ C�A¨EÊS�L>N­PONáEßµjHJÖÜE ³ C

EG=GS�¥�CBPON­D>Q	L>I>L>L>POCBA ± 2 D5¢U©J©F¢ÃÚF¸ ± ¿ N­D t è ¿ é u#QFS�¥�CKSÉ¦�H�=@C·=@NOQ�HJ=@HJI>A <>=@HsH�ÖwHJÖ�E ³ CÜA4S�¦5C´º�=¨NOE@CB=@NOHJD ± k C
¦5CBDFEGNOH�DlNOD
E ³ NOA�A@C�º¯E@N­HJDlE ³ CR=@CBA@I>PáE�HJÖ3è ¿ é ± k CRL*CBQJNODN��NáE ³ E ³ C£TMC�í�D>NáEGNOH�DlH�Ö�E ³ CR=@CBD>HJ=@¦ÙS�PON­ã�C�T
¦5HJ¦5CBDsE@I>¦lÚ�S�D�Te�´Cg<>=¨C�º�NOAGCgNáEGAK=@CBQJI>PzSU=¨NOE µ�<>=@HJ<*CB=¨EGNOCBA ±
=©� i ý(�zþ	�^��ý � � ]T� 5 �n� @ K ��K @ �Z��R�Kb� � |�� }M| Vj@ ���^�����.RZ����� @ ϕv � � � T�@[@ { v M �G�^�>�_K ��{�RB�^R/�¸� @ �T{9�
�¹��4� ρ1/2

0
|°���^� a �8� ���V� ��{ @�a � @ {e�S�

Pv := Im

∫ +∞

−∞
∂xϕvϕv(1−

ρ0

|ϕv|2
)dx

 � &h��ÿ	��� ²´³ CgA@HUÂ TMC�í>D>C�T
¦5HJ¦5CBDFEGI>¦ÌNOAKE ³ CgH�<><*HJA@NOE@CRHJÖoE ³ NOAKI>AGCBT
Lsµ
¸ ± ¿ N­D
NODqè ¿ é ±
aRÿ��'OG�'���zþ	�
��ý � � ]T� U �n� @ KV| T v 7→ Pv

�
�:� � ���»|	�M� C1 �9� �>� @ � TQ@ �R� @ � Ω M �"� @ } @ Ω =
(−c, c)\(S ∪ (−S)) � � �L� @ |	�M�.R�K T � �c�9���*� � ��� @ �9} @ K C b x b C @ �B�.RP}j�^�¹�s�>� @f@ON �
��� @ �T� @ � � |����4|°� �ê����T|9}.�H�.RZ����� @ |9} @ �!|9� �
� a�@ { M Ω = (−c, c)\(S ∪ (−S) ∪ {0}) @ ��� @/b
aRÿ��+�'#�� k CKí�=@A¨E¬Q�Ná¥FC�D>C��7C¯®M<>=¨CBA@AGNOHJD>A¬H�Ö Pv ÚFÖÇH�= v ∈ [v1, v2] ÚD� ³ C�=@C [v1, v2] ⊂ Ω

± k CÉTMCBDMHJE@C
Lsµ ϕv = ave

iθv Ú°� ³ CB=@C av > 0 S�D�T θv NOAÛ=@CÁS�P Âå¥�S�POI>C�TäÚ�E ³ CKL>I>L>L>POC�H�Ö�A@<*CBC�T v ± Å�A@N­D>QgE ³ C�A¨µÃA¨EGCB¦A4S�E@N­A¨í�C�T(Lsµ (av, θv)
t A@CBCVè ¿ é u¯Ú





θ′v(x) = 1
2
v
(

1− ρ0

av(x)2

)

−a′′v(x) = fv(av(x)2)av(x) =
(
f(av(x)2) + v2

4
(1− ρ2

0

av(x)4 )
)
av(x)

,

�ÜCgH�LME4SUNOD
êJê



Pv =
i

2

∫ ∞

−∞

ϕvϕ
′
v − ϕvϕv ′
|ϕv|2

(|ϕv|2 − ρ0)dx

= −
∫ ∞

−∞
θ′v(|ϕv|2 − ρ0)dx

= −v
2

∫ ∞

−∞

(ρ0 − a2
v)

2

a2
v

dx

= −v
∫ ∞

0

(ρ0 − a2
v)

2

a2
v

dx

= −v
∫ ρ0

η0(v)

(ρ0 − r)2dr

2r3/2
√
Vv(r)

= −v
∫ 1

0

(ρ0 − η0(v))3(1− t)2dt

2(tρ0 + (1− t)η0(v))3/2
√
Vv(tρ0 + (1− t)η0(v))

,

� ³ CB=@C��´Cg=¨C�º�S�P­PäE ³ S�E Vv NOAKQ�Ná¥FC�DlLsµ
Vv(r) =

∫ ρ0

r

fv(s)ds = V (r)− v2(r − ρ0)2

4r
.

k C£D>C¯®ÃE�I>A@CRE ³ C ²Ü³ CBH�=¨CB¦ HJÖçTMN»º�CB=@CBDsE@NÇS{EGNOHJDaH�ÖçSUDâNODsEGC�Q�=GSUPoNODlE ³ CRPÇS�A¨EÉC¯®M<>=¨CBA@AGNOHJDaHJÖ Pv ±²Ü³ SUD>»sAKEGH ² SBµÃPOH�= � AKÖ HJ=@¦§IMPÇSÃÚ
Vv(η0(v) + t(ρ0 − η0(v))) = t(ρ0 − η0(v))V ′v(η0(v))

+t2(ρ0 − η0(v))2

∫ 1

0

(1− s)V ′′v (η0(v) + ts(ρ0 − η0(v)))ds .

²Ü³ CRA@C�º�HJD�T�EGCB=¨¦"NOD(E ³ Cg=@NOQ ³ E¨Â ³ S�D�T(AGN­TMCgNOA�º�HJDsE@=@HJP­POC�T
Lsµ
t2(ρ0 − η0(v1))2

(
‖V ′′‖L∞(0,ρ0) +

v2
2ρ

2
0

2η0(v1)2

)
.

¿ C�EgI>ARTMCBD>HUEGC�Lsµ C1 > 0 E ³ CØ¦5N­DMN­¦�I>¦�H�Ö v → (ρ0 − η0(v))V ′v(η0(v)) H�D�E ³ C�º�H�¦5<�SJº¯EgA@C�E
[v1, v2]

± k C�¦ÙSBµ�º ³ H�A@C t0 ∈ (0, 1) A@¦ÙS�P­PwCBD>HJI>Q ³ ÚsA@I�º ³ E ³ S�E Vv(η0(v) + t(ρ0− η0(v))) > tC1/2Ö HJ= t ∈ [0, t0]
± Å�A@N­D>Q�H�D>º�C�S�QsS�NOD
E ³ C ² S�µ�P­HJ= � AKÖ H�=¨¦§I>PzSÃÚ>A@N­D�º¯C Vv(ρ0) = V ′v(ρ0) = 0 ÚP�ÜC ³ SB¥FC

Vv(η0(v) + t(ρ0 − η0(v)))

= (1− t)2(ρ0 − η0(v))2

∫ 1

0

(1− s)V ′′v (ρ0 − s(1− t)(ρ0 − η0(v)))ds .

� H!��ÚMNOÖ s ∈ [0, 1] Ú
V ′′v (ρ0 − s(1− t)(ρ0 − η0(v)))

> inf
r∈[ρ0−(1−t)(ρ0−η0(v1)),ρ0]

V ′′(r)− v2
2ρ

2
0

2(ρ0 − (1− t)(ρ0 − η0(v1)))3

→
t→1

V ′′(ρ0)− v2
2

2ρ0

=: C2 > 0

êFª



²´³ CB=¨CBÖ HJ=@CgE ³ CB=@CgCÊ®MN­A¨E@A t1 ∈ (t0, 1) A@I�º ³ E ³ S�EKÖ H�= t ∈ [t1, 1] Ú v ∈ [v1, v2] Ú
Vv(η0(v) + t(ρ0 − η0(v))) > (1− t)2(ρ0 − η0(v1))2C2/4 .

k CRTMC�TMI�º¯CgE ³ S{E
(ρ0 − η0(v))3(1− t)2

2(tρ0 + (1− t)η0(v))3/2
√
Vv(tρ0 + (1− t)η0(v))

6 g(t)

� ³ CB=@C

g(t) :=
(ρ0 − η0(v1))3

2η0(v1)3/2





√
2/C1

t1/2
t ∈ [0, t0]

sup
(t,v)∈[t0,t1]×[v1,v2]

1√
Vv(tρ0+(1−t)η0(v))

t ∈ [t0, t1]

2(ρ0 − η0(v1))/
√
C2 t ∈ [t1, 1]2 EÙNOAÙº�P­C�SU=5E ³ S{E g ∈ L1(0, 1)

± ¡ NO¦5NOPzSU=Ùº�HJ¦5<>IME4S�E@N­HJD>A�ÚçEGHJQ�C�E ³ CB=;��NOE ³ E ³ ClC�àsIwS�PONOE µ η′0(v) =
v(ρ0−η0(v))2

2η0(v)V ′v(η0(v))

t � ³ N­º ³ NOAÉHJLMEÊS�NOD>C�TâLFµlTMN»º CB=¨CBDsE@NÇS{EGNOH�DâH�Ö�E ³ C£N­TMCBDsE@NOE µ Vv(η0(v)) ≡ 0 u¯Ú>µÃN­C�PzT
E ³ C
C¯®MNOA¨EGCBD�º¯CRHJÖ g̃ ∈ L1(0, 1) A@I�º ³ E ³ S�E

∣∣∣∣∣
d

dv

(ρ0 − η0(v))3(1− t)2

2(tρ0 + (1− t)η0(v))3/2
√
Vv(tρ0 + (1− t)η0(v))

∣∣∣∣∣ 6 g̃(t) .

2 EÉÖ HJP­POH!��AÉÖ =¨H�¦iE ³ C£E ³ CBHJ=@CB¦ H�ÖçTMN»º�CB=@CBDsE@NÇS{EGNOHJDaH�ÖqSUDâN­DFEGCBQJ=4S�P���NáE ³ <�SU=4S�¦5C�E@CB=@A�E ³ S{E v 7→ PvNOA�HJÖÐº�PzS�AGA C1 HJD [v1, v2]
± �� C¯®ÃEÁÚÃE ³ CgA¨E4SUL>NOPONOE µ(º�=@NáEGCB=¨N­HJD
H�ÖoE ³ C�EG=GS�¥�CBP­NOD>Q5L>IML>L>P­C�A�H�LME4SUNOD>C�T(Lsµl¸ ± ¿ NOD
¦ÙS�µ�L*CgA¨EÊS{EGC�TS�A�ÖÇH�POPOH���A ±

����� �*ÿ � & � �
]T� 5g;>=L  EHG  `@ � f ∈ C1(R+) M ρ0 > 0 M |9�T{ V (r) := −
∫ r
ρ0
f(s)ds

b �n� @ |	�M�.R�K T �� �c�	���e� � �n� @ �	} @ K C b � b C @ ���.RP}j�^���n�>� @r@ON � ��� @ �T� @ � � |��SRZ���J� @ |9} @ |	�M�.R¹K @ {������ @ �!|°� �
� ae@ { � �9}
v ∈ (−c, c) M �"� @ } @ c :=

√
−2ρ0f ′(ρ0) � �³�>� @ �!��R/�T{�� TQ@[@ { ; � @ K |k�H|	�M�.R�K @�� �9} �^�B���4|9�T� @ �>�B|°�

V ′′ �
�¼�T�9�$��{ @ ��} @ |��j�^�¹��MÔ� @�@ �>� @ } @ K |9}M~e| � � @ }r�n� @ �9} @ K C b � b C�G b
�n� @ � M � �	} @SVj@ }.� v ∈ (−c, c) M �L�d�
�s�SR8����� @ � �*���4|���� @ � � dPv

dv
> 0 M |9�T{�R/�����4|��J� @ � � dPv

dv
< 0

b ��� @���4|��j� ��� �>���[��|D�
��� @ R/�T{ @ }M���4���!{��
�7�>� @*� �°�^�����Ô�^�¹��� @ ��� @ � � �9} @SVj@ }.� ε > 0 M �>� @ } @_@ON � ��� � δ > 0 �[RZ�.��>��|9�Ç� � �L� @ �^��� � �c|°��{�|°�4| ϕ0 = a0e
iθ0 ��|°� �
� ae@ �

inf
s∈R

(‖τsa2
0 − a2

v‖H1 + ‖τs∂xθ0 − ∂xθv‖L2) < δ ,

�>� @ �
inf
s∈R

(‖τsa(t)2 − a2
v‖H1 + ‖τs∂xθ(t)− ∂xθv‖L2) < ε ,

� �9}N|	�Q� t ∈ (0,∞)
b � @ �B| Vj@ { @ �T�9� @ {ë� @ } @ �S� ϕ(t) = a(t)eiθ(t) �>� @ �!�D�^RP� �c�9�ä� ��; C b COGN�Ô� �>��^��� � �c|D�¿{%|°�4| ϕ(0) = ϕ0 M |9��{<�S� τs �>� @ � }M|	���J��|°� �ê�9�ë�.� s M �T|kK @ �q� τsf(x) = f(x − s)

b �n� @�!�D��� �4�9��� �¼�!|9�ê{V�4�e� @ R/�����4|���� @ � � �^�Ç�
� ���°������|���� @/b
ê �



²´³ CjSUA@A@I>¦5<ME@N­HJD>AlHJÖ£E ³ N­A ²´³ CBHJ=@CB¦ ¦ÙS�µ NODXÖxSUº¯ElL*C��´CÁS�»�CBDMC�T � N­Ö£E ³ CjSUA@A@I>¦5<MEGNOHJD>AlHJÖ²Ü³ CBH�=¨CB¦ � ± ª ± � SU=¨CÉA4S�E@N­A¨í�C�TÙÖ HJ=·C�¥�CB=¨µ v N­D(S�D�NODsEGCB=Ä¥�S�P (v1, v2) ÚFE ³ C�D�E ³ CÉA¨EÊS�L>N­PONáEßµÙº�=¨NOE@CB=@NOHJD�HJÖ²Ü³ CBH�=¨CB¦ � ± ª ± ¢�ºBSUD
L*C£SU<><>PONOC�T
Ö HJ=�S�P­PäE ³ CBA@C�¥�S�POI>CBA�HJÖ v ±²�HJ=KN­DMA@E4SUD�º¯C�Ú�POC�E�IMA�º�HJD>A@NzTÃCB=KE ³ CgH�DMC£TMNO¦5CBD>A@NOHJDwSUP�¼	=@HJA@AÄÂ � NáEÊS�C�¥ÃA@»�NON�C�àsIwS{EGNOHJD
i∂tu+ ∂2

xu+ (1− |u|2)u = 0 .
t�� ± ¤�u

·�CB=¨C��´C ³ SB¥FC ρ0 = 1 Ú f(r) = 1 − r Ú V (r) = (1 − r)2/2 Ú#S�D�T�E ³ I>A Vv(r) = (1−r)2

2
(1 − v2

2r
) Ú

fv(r) = 1 − r + v2

4
(1− 1

r2 )
±w²Ü³ C§SUA@A@I>¦5<ME@N­HJD>A�H�Ö ²´³ CBH�=¨CB¦ � ± ª ± � SU=¨C£D>HJE�A4S�E@N­A¨í�C�TlÖ HJ= v = 0 ÚL>IMEØE ³ C�µ�S�=@C�Ö HJ=ØC�¥�CB=¨µ v ∈ (−

√
2, 0) ∪ (0,

√
2)
± ²Ü³ C(º�=@NáEGCB=¨N­HJD�=@CB¦ÙS�NOD>AØE@=@I>C�HJD�L*HJE ³ E ³ N­A

NODsEGCB=Ä¥�S�POA ±w²´³ CRL>I>L>LMP­CBA�¦�S�µ�N­DlÖxSUº¯E�L*CRC¯®M<>PON­º�NáEGPáµlº�H�¦�<>IMEGC�T � Ö H�= v ∈ (−
√

2,
√

2) Ú ϕv(x− vt)A@H�Pá¥FC�A t¹� ± ¤duÊÚP� ³ CB=@C

ϕv(x) = (1− v2/2)1/2 tanh
(

(1− v2/2)1/2x/
√

2
)

+ iv/
√

2.
t�� ±�
 u

Pv
S�D�T ³ NOA�TMCB=¨Ná¥�S{EGNá¥FC���NáE ³ =¨CBAG<*CBº¯EKEGH v ¦ÙSBµ
S�POAGH�L*CRC¯®Ã<>P­N­º�NáEGPáµ
º�HJ¦5<>IME@C�T �

Pv = v(2− v2)1/2 − 2 arctan(2/v2 − 1)1/2 ,

dPv
dv

= 2(2− v2)1/2 > 0 .

k CRTÃC�TMI�º�CgE ³ S�EKÖ HJ=´E ³ CgH�D>C¯Â TMNO¦5CBD>A@NOHJDwSUP�¼	=@HJA@A¨Â � NOE4SUC�¥�AG»sN­NäC�àsIwS{EGNOH�D�ÚME ³ CgL>I>L>L>POCBAÉSU=¨CgA¨EÊS�L>P­C
NOD
E ³ CgA@CBD>A@CgQ�Ná¥FCBD
NOD ²Ü³ CBHJ=@CB¦ � ± ª ± ¢ ±

¿ C¯EgI>A�=@CB¦�SU=¨»lE ³ S�E�NOD�E ³ CØC¯®ÃE@=@CB¦5CØº�S�AGC�A v = ±
√

2 Ú t�� ±�
 u�Q�Ná¥FC�A�E ³ C§EG=@Ná¥ÃNzS�P A@HJP­IME@N­HJD>AgHJÖt�� ± ¤�u¸� ³ N­º ³ S�=@C�E ³ CØº�HJD>A¨EÊS�DsEGA	HJÖq¦�HÃTMI>POI>A 1
±�²´³ C§º�SUA@C v = 0 NOA�¦�H�=¨C§NODsEGC�=@CBA¨EGNOD>Q � S�A	NOE ³ S�AS�P­=¨CÁSJTÃµaL*CBCBD�AÊS�N­TäÚ ²Ü³ CBH�=¨CB¦ � ± ª ± � CBD>A@I>=¨CBA�E ³ S�E	E ³ CB=¨CØN­A�D>H(A¨E4S�E@N­HJDwS�=¨µaL>I>L>L>POCØN­D�E ³ C§AGCBDMAGC

HJÖÛTMC�í�D>NáEGNOHJD � ± ª ± � ± ·�H!�ÜC�¥FCB=BÚ t¹� ±v
 uKQJNO¥�CBAgSÙA@HJP­IME@NOH�D�H�Ö t�� ± ¤�u3� ³ N­º ³ ¥�S�D>NOA ³ CBARS{E x = 0
± ¡ I�º ³

S�A@HJP­NáE@H�DaN­A	º�S�P­POC�T�S5L>PzSJº4»
A@HJP­NáE@H�D�Ú8� ³ Nzº ³ º�S�D�SUPOA@H�L*CBCBD�A@CBC�D!S�A�S�»�NOD>»©��NOE ³ ϕ− < 0 < ϕ+

±
� E ³ C�=¹��NOA@C�Ú>NáEGAKC¯®MNOA¨EGCBD�º¯CRA ³ HJI>PzT ³ SB¥FCgL*CBCBDl<M=@C�TMN­º¯EGC�T(Lsµ ²Ü³ CBHJ=@CB¦ � ± ë ± � ±

¤ Õ � �âÀ(Ëõ�N«J��ÏU� Ô�ª�«BÑÊÓ(ª£Ò
Ô
=©� i ý(�zþ	�^��ý � �ÿA+� �µ �@ � ρ0 > 0

b�� ����|��M~��!�D��� �4�9�q� �±; C b C�Gs�
��|;�!�D�qRB� �c�	�q� �±; C b C�Ge� � �>� @�� �9}.K
u(t, x) = ϕv(x− vt) = ave

iθv(x− vt)

�"� @ } @ v ∈ R M ϕv ∈ C1(R) M av(0) = 0 M av(x) > 0
� �9} x ∈ R? M θv �
�V� � �J��|	�M� C1 �9� R? M |9��{

T � @ � @ �G�
� @ C1 �9� R M �G�^�>� θv(0+) = π + θv(0−) M |9�T{ av → ρ
1/2
0 M ∂xav → 0 M ∂xθv → 0 |	�

x→∞ b

ê û



Ê�É�O¿É¾Ê Ú��¨Û¹Ð%ÓPÏ�ÍÑí�Ï
2 D:è � ° ¼ÑéåÚ8�´C ³ S�¥�C§<>=¨H{¥�CBDaE ³ C�Ö H�POPOH!��NOD>Q ²´³ C�H�=@C�¦�º�HJD�º�CB=@DMN­D>Q�E ³ C�C¯®MNOA¨EGCBD�º�C§HJÖ¬S�L>PÇSUº4»

A@H�PONáEGHJD
E@H t¹� ± � u ±
����� �*ÿ � & � � A+� � � @ |	�M�.R�K @ f ∈ C(R+)

bW `@ � ρ0 > 0
b ��� @ } @|@ON �
��� �n|<���»|��j~7�!�D���^�4�9� ϕ � �

; C b C�G M � � � TQ@[@ { v ∈ R M �G� �>�ëK �!{�R��^Rd��� @ ��{9�^�¹�©�4� ρ1/2
0

|°�g�^� a �8� ���e� � |9�T{N�9�'�q�©� � �>� @�� �D�^�����Ô�^�¹��M�9��{9� � �c�	����|9} @ �!|°� �
� ae@ {�� ; � @ Rd� @ �>� @ �!|�K @ �T�9�4|°� �c�	����|	�¼�^� ��� @ �9} @ K C b � b C�G

(i) f(ρ0) = 0
(ii) v = 0

(iii) V (r) :=
∫ ρ0

r
f(s)ds > 0

� �9} r ∈ [0, ρ0).

� �9} @ � Vj@ } M � � �>� @ � @ �M�9��{9� � �ê�9���¨|9} @ �!|°� �
� a�@ { M R T �4�¼�>� @ K�RB�ý� � T ���c�M|°� �ê�9�N�S��|*�M�9�����4|	�Z�(� � KV��{�R��qR/�
1 M ϕ � �_RP���,PSR @ M ��{�{ M |	�T{�KV|���� @ |	�M�.R�K @ { �4�H� @ } @ |D� M T �	�j� � � Vj@�� �9} x > 0

bPA �T{ @ }��>� @ �.R T�T � @ �
K @ �Z�4|9}.�V|	�M�.R¹K T � �c�	� f ′(ρ0) < 0

;
f ′(ρ0) 6 0 � �³|s�M�9��� @ PSR @ �T� @ � � �L� @ �°�>� @ }³|��M�.R¹K T � �c�9�B�5G M � @��| V�@
√
ρ0 − ϕ(x) = e−cx(1+o(1)) ,

ϕ′(x) ∼ c(
√
ρ0 − ϕ(x)) ,

ϕ′′(x) ∼ −c2(
√
ρ0 − ϕ(x))

|	� x→ +∞ M �"� @ } @ c :=
√
−2ρ0f ′(ρ0) �
�³�>� @ �!��RP��{;� TQ@[@ { b

 � &h��ÿ	��� ²´³ NOA�=¨CBA@I>POE�A ³ H!��A	E ³ S{E	E ³ CØHJD>PáµaLMPÇSUº4»lA@H�PONáEGHJD>A�H�Ö t�� ± � uÉS�=@C§NOD�Ö�SJº¯E�»sN­D>»sAÁÚZ��NáE ³
ω = 0

t I><(E@H�E ³ Cg¦§I>PáEGNO<>PONzºBS�E@N­HJDlLsµ�Ö�SJº¯E@H�= eiθ+ u ±
Ê�É�O¿É È ìgÓPÒ��ÑÛ¹ñ¹ÛcÓj·
²´³ C�A¨E@I�TÃµ�HJÖ´E ³ C�A@E4SUL>NOPONOE µ�HJÖKE ³ C�L>I>L>LMP­CBAØLsµ�¸ ± ¿ NODëè ¿ éÜ<>=@CBA@CBDsE@C�T NOD E ³ C�PzSUA¨EØAGCBº¯EGNOH�D

NOAÙL�SUA@C�T&H�D-E ³ C ³ µMTM=@H�TÃµÃDwS�¦5N­º�SUP�ÖÇH�=¨¦§I>PzS�E@N­HJDìH�Ö t�� ± � u ±Û� S�¦5CBPáµsÚ E ³ ClL>I>L>L>POCâNOA;��=¨NáE@EGCBDdSUA
ϕ = (ρ0 − r)1/2eiθ

± ²´³ C§A@µ�A@E@CB¦�AÊS{EGNOA¨í�C�T�Lsµ r, θx ³ S�ARSH·�SU¦5NOPáEGHJD>NÇS�D�A¨EG=@I>º¯EGI>=@CJÚäSUD�T ¸ ± ¿ N­Dº�S�D-S�<><>Páµ E ³ C�E ³ CBHJ=¨µ HJÖKA¨E4SUL>NOPONOE µjHJÖ´A@H�PONáEÊSU=Äµh�KSB¥FCBA§TMC�¥FCBPOHJ<*C�T�Lsµ °j± ¼	=¨N­POPzSU»sN­A�Ú ÀM± ¡ ³ S�E4S ³
S�D�T k ± ¶ ± ¡ EG=GSUI>A@A t è ¼ ¡>¡ é^u ±>²Ü³ N­AK¦5C�E ³ HÃT(Ö�SUNOPOA�ÖÇH�=ÜE ³ CgL>PzSUº4»�A@H�PONáEGHJD>AÁÚML*C�º�S�I>AGC�E ³ C	¥�S�D>NOA ³ N­D>Q
HJÖ ϕ µÃNOCBP­TMA¬AGNOD>QJI>PÇS�=@NáE@N­CBA¬Ö HJ= r S�D�T θ ±s² H£HJI>=Û»�D>H!��P­C�TÃQ�C�Ú�E ³ C�HJD>POµ�=@NOQJH�=¨H�I>AÛA@E4SUL>NOPONOE µ�=@CBA@I>PáE¬Ö HJ=E ³ CÉL>PÇSUº4»�A@HJPONOE@H�D>AÜN­A´TMNOA@<>PzS�µ�C�T�NODhè � ° ¼ÑéåÚd� ³ CB=¨C"�´CÉ<>=@HÁ¥FC�S�A@IBC�º�N­C�DsEKº�HJD�TMNáEGNOH�D�H�D ϕ � ³ N­º ³
CBD>A@I>=@C�AKE ³ CgPONOD>CÁS�=�A¨EÊS�L>NOPONOE µ�H�Ö S§L>PzSJº4»�A@HJP­NáEGHJD ±�²Ü³ N­A�º�H�D>TMNOE@N­HJDlNOAÉS�AKÖ HJP­POH!��A ±k C§TMCBD>HUEGC�LFµ ϕ E ³ C£L>PÇSUº4»
A@HJPONOE@H�DaHJLMEÊS�N­D>CBTaI>D�TMC�=�E ³ C�º�H�D�TMNáE@N­HJD>A	A@<*C�º�Náí�C�TaNOD ²Ü³ CBHJ=@CB¦� ± � ± � ± k CR¦ÙS�»�CgE ³ CgE ³ CRC¯®ÃE@=4S�S�A@A@I>¦5<MEGNOHJD f ′(ρ0) < 0

± k CRP­HsH�»(ÖÇH�=�A@HJPOIMEGNOH�D>A�EGH t�� ± � uÜI>D�TMCB=
E ³ C�Ö H�=¨¦ ϕ+ u1 + iu2

Ú%� ³ CB=¨C u1
SUD>T u2

SU=¨CÉ=@CÁS�PbÚMSUD�Ts�ÜCÉPONOD>CÁSU=¨N­ã�CÉE ³ CÉHJLMEÊS�N­DMC�T�A¨µÃA¨EGCB¦ D>CÁS�=
(u1, u2) = (0, 0)

±>²´³ CgPON­D>C�SU=@NOãBC�T
A¨µÃA¨EGC�¦ �ÜCgH�LÃEÊS�N­D
NOA
∂

∂t

(
u1

u2

)
= A

(
u1

u2

)
,

t¹� ± � ©�u
ê�¤



� ³ CB=@C

A =

(
0 L1

−L2 0

)
,

L1 = −∂2
x − f(ϕ2) ,

L2 = −∂2
x − f(ϕ2)− 2ϕ2f ′(ϕ2) .

Å�D�TMCB=ÜE ³ NOA�ÖÇ=4S�¦5C��ÜH�=¨»�ÚP�ÜC ³ SB¥�C�E ³ CgÖ HJPOP­H!��N­D>Q5A@E4SUL>NOPONáEßµ�=@C�AGI>PáE �
����� �*ÿ � & � � A+� 5

L1
� �¨|Ñ� @ � � ��|�{F°!�9�
�Z�(� TQ@ }ó|°�4�	}¨�9� L2 �Ô� �>�s{��kK |9�
� H2 M �^� � @ �M� @ �8� �c|D�%� TQ@ �J� }.R¹K�
� [0,+∞) M |	�T{ L1
�B|	��|9�|RP���,PSR @ � @ �d|°� � Vj@m@ �¡� @ � V |D�qR @ λ0

�"�d�ê�.�H�
���j�LK T � @/b
�n� @|² |�~/�d� �4� V �H³��D���	~D�D��� V�� RP���J� �c�9�

g(λ) := < (L1 − λ)−1ϕ′, ϕ′ > ,
t¹� ± �%� u

{ @�a � @ { � �9} λ ∈ (λ0, 0) M �
�s� � �J��|	�M� C1 M �^�T�j} @ |	� @ �V�	� (λ0, 0) M |9�T{ g(λ) → −∞ |�� λ ↓ λ0
b � ��>� @ ���iK�� � � � g(λ) |	� λ ↑ 0 � �s���9�$� T �	�j�^� � Vj@ M �>� @ � T�@ �J� }.R¹K?� � A � �s�
�T���^RZ{ @ {��^� iR M |	�T{ ϕ � ����
� @ |9}J�^�s���4|��J� @/b

¼	NO¥�CBD�S(D>HJD>P­NOD>CÁS�=@NáEßµFÚ#NOE�NOA£D>HJE£CÁSUA¨µ�EGHl<>=@HÁ¥FC�=@NOQJH�=¨H�I>A@Páµ�� ³ C�E ³ CB=RE ³ CÙº�HJD�TMNáEGNOH�D�HJD E ³ C
A@N­QJD�HJÖwE ³ C´PON­¦5NáEçH�Ö g(λ) SUA λ QJH�C�AçE@H�ãBCB=@H�N­AçA¨E4S�E@N­A¨í�C�TØHJ= D>HJE ± 2 D�TMCBC�T ÚUE ³ C´HJD>PáµØº�S�A@C´Ö HJ=�� ³ Nzº ³�ÜC�»�DMH�� E ³ S�ERE ³ C�L>PzSJºG»�A@HJP­NáEGHJDjNOA£P­NOD>CÁS�=@Páµ!A¨EÊSULMP­C5N­AgE ³ C�HJD>C¯Â TMNO¦5CBD>A@NOH�DwS�PÜ¼	=¨H�A@AÄÂ � NáEÊS�C�¥ÃA@»�NON
C�àsIwS{EGNOHJD t A@CBCØè � ° ¼Ñé u ± ·�H!�´C�¥�CB=�Ú NáE5NOA5D>HUE5A@H TMN�C�º�I>PáE5E@H º ³ C�ºG» DsI>¦5CB=@N­º�S�P­Páµ<� ³ C�E ³ CB=ØE ³ N­A
º�HJD�TMNáEGNOH�DlNOAKA4S�EGNOA¨í�C�T(H�=´D>HJE ± ²�HJ=´<>=@C�º�NOA@CRC¯®>SU¦5<>POCBA�Ú>A@CBCVè � ° ¼Ñé ±

¤ ÕRQ ��Ä�ÒØÓ(À�ËKÔ#ÑBÔ:ª*Ã�Ó(À(Ë�Î�ËKÔ�zH«ÊÓÐÔ:ª*Ã�ËÇÆ(ÑBÔ Ó�ËKÒ(Ï¬Ëâª*Ã�Ò©ª�Ò±�Q��ÑBÒr� ¬©�£Î��
Ô�ª�«BÑÊÓ�ª�Ò
Ô

2 D�E ³ NOA´A@I>L>A@C�º¯E@NOH�D�Úd�´CÉíM® ρ0 > 0 Ú�S�D�TV�´C�º�HJD>A@NzTMCB=ÜD>HJDÃÂ PONOD>CÁS�=@NáEGNOCBA f AGI�º ³ E ³ S�E f(ρ0) = 0S�D�T f ′(ρ0) < 0
± k CÜS�=@C¬Q�HJNOD>QÉE@H	TMCBAGº�=@NOL*C�ÚUTMC�<*CBD�TMNOD>Q�HJD£E ³ C¬L*C ³ SB¥ÃN­HJI>=ÐHJÖ V (r) :=

∫ ρ0

r
f(s)dsL*C�E��´CBCBD 0 SUD>T ρ0

ÚT� ³ Nzº ³ »�NOD�T!H�Ö¬A@H�PONáEGHJD>A t E@=4SB¥FCBPONOD>QlL>I>L>L>POCBA�Ú�A¨EÊS{EGNOH�DwS�=¨µ�L>IML>L>P­C�A£H�=gL>PÇSUº4»
A@H�PONáEGHJD>Ajug¦ÙSBµ!L*CÙHJLMEÊS�NOD>C�TjÖ H�=£A@<*CBC�TÃA v ∈ (−c, c) Ú+� ³ CB=¨C c :=

√
−2ρ0f ′(ρ0) NOA£E ³ C�A@H�I>D�TA@<*CBC�T ±

Ê�É>S¸É¾Ê TôÌÇÍ3Ù�UTÏ+ãBÌbÐdö³Ï�Ï�Î"ÐTÉ
¶ÉA¿�ÜCR¦5C�DsEGNOH�DMC�TlNODlA@C�º¯EGNOH�D � ± ª ± � Ú>Ö HJ=�CÁSUº ³ v ∈ (−c, c)\{0} Ú Vv ¥JS�D>N­A ³ CBA�HJD (0, ρ0) ÚwSUD�T

η0
NOA��ÜCBP­P Â TMC�í�D>C�T t �´CØI>A@C§E ³ C�A4S�¦5CØD>HUEÊS{EGNOH�D>A�E ³ S�E�NOD ²Ü³ CBHJ=@CB¦ � ± ª ± � uÊÚ�S�D�T fv(η0) 6 0

± 2 D
¦5HJA¨E�º�S�AGC�AÁÚ fv(η0) 6= 0 SUD>T�E ³ C�=@C�CÊ®MN­A¨E@A5SlEG=GSB¥FCBPON­D>Q�LMI>L>L>P­C�HJÖKA@<*CBC�T v ± ·KH��ÜC�¥FCB=BÚ�NáEØ¦ÙSBµ
HÃº�º�I>=	E ³ S{EgÖÇH�=	A@H�¦�CØA@<*CBC�TMA v ∈ (−c, c)\{0} Ú fv(η0) = 0

± k CØTMCBD>HUEGCØLsµ S E ³ C§AGC�E�H�ÖçE ³ CBA@C<wS�=¨EGN­º�I>PzS�=�A@<*CBC�TMA ±
ê 




¿ C¯E5I>A5I>A@C�E ³ C(A4SU¦5C(D>HUEÊS{EGNOHJD>A�E ³ S{E5NOD � C�í�D>NáEGNOHJD � ± ª ± � ±ç²Ü³ C(E@=4SB¥FCBPONOD>Q!L>I>L>L>POCBA aveiθvA@H�Pá¥FC�AKE ³ CgA@µ�A@E@CB¦ �
θ′v =

v

2
(1− ρ0

a2
v

)
t¹� ± � ¢%u

a′v
2

= Vv(a
2
v)

t¹� ± � ë�u
2 Ö v 6∈ S t E ³ S�EKNOA fv(η0) < 0 u¯ÚÃE ³ CgA@H�POIMEGNOHJDlHJÖ t¹� ± � ë�u���NáE ³ NOD>NáEGNzS�P#T�S�E4S av(x0) = y0 ∈ (η0, ρ0) Ú
a′v(x0) > 0 =@CÁSUº ³ CBA η0

S{E −∞ < x1 < x0
Ú�E@CBD�TMAqEGH ρ0

S{E +∞ Ú�S�D�T5NOA¬A¨µÃ¦�¦5C�EG=¨Nzºg��NOE ³ =@CBA@<*C�º¯E
EGH x1

± � D
E ³ C£º�HJDsEG=4S�=¨µFÚ>N­Ö v ∈ S Ú fv(η0) = 0 SUD�T av HJD>POµ(=@CÁSUº ³ C�A η0
S{E x1 = −∞ ± ²�HJ=�A@I�º ³A@<*CBC�TMA�Ú��´C�TÃH�D>HJE ³ S�¥�C
SlL>I>L>L>POC�Ú�L>IME§E��´HaA@H�PONáEGHJD>A�� ³ H�A@C�¦�HÃTMI>PON·L*C ³ SB¥FC�PON­»JC�E ³ H�A@C�HJÖ�S

»�NOD>»�Ú>LMIME3� ³ HJA@Cg< ³ SUA@CgNOA�D>HUE�º�HJD>A¨EÊS�DsEÁÚ>º�H�DFEG=4S�=¨µ�E@H�»�N­D>»sA�HJÖoE ³ C � C�í�D>NáEGNOHJD � ± ë ± � ±

0 η0 ρ0

Vv(r)

Vv(r)
NOD(E ³ CgA¨EÊS�D�T�S�=GT
º�S�AGC v 6∈ S 0 η0 ρ0

Vv(r)

Vv(r)
S�A v ∈ SÊ�É>S¸É È

v = 0 V V æ�ÒÇÍ"Û¹Ð/î"Ï�Ð Ì�Í
(0, ρ0)

É
¶ÉA v = 0 Ú�E ³ C	C¯®ÃN­A¨EGCBD>º�C�H�Ö η0

S�A´NOD ²´³ CBHJ=@CB¦ � ± ª ± � NOA´DMHJE�S�IMEGHJ¦ÙS{EGN­ºgS�DsµÙ¦5HJ=@C ± ·�H!�´C�¥�CB=�Ú
NOÖäA@I�º ³ S η0

C¯®MNOA¨EGA�ÚFE ³ C	S�DwSUPáµÃA@NOA·NOA¬E ³ C�A4S�¦5C�E ³ S{E¬Ö H�=ÛD>HJDÃÂ ãBCB=@H£AG<*C�C�TMA � CBNOE ³ CB= V ′(η0) > 0 Ú�SUD�TE ³ C�=@CRNOAÉS�A¨EÊS{EGNOHJDwSU=Äµ(L>I>L>L>POC�Ú�HJ= V ′(η0) = 0 Ú*S�D�TH�ÜC ³ S�¥�CgE4�ÜH5A@H�POIMEGNOHJD>A¿��N­º ³ SU=¨CR=@CÁS�P#»sN­D>»sA
NOD�E ³ CÙAGC�D>AGCÙHJÖ � C�í�DMNOE@N­HJD � ± ë ± ��t � ³ HJAGCÙCÊ®MN­A¨E@CBD�º�C�¦ÙSBµ ³ SB¥FCÙL*CBC�D�TMC�TMI�º�CBT�Ö =@HJ¦ ²Ü³ CBH�=¨CB¦� ± ë ± � u ±
Ê�É>S¸É>�

v = 0 V V (r) > 0
Ì�Í

[0, ρ0)
É

2 Ö V TMH�C�AÛD>HUEq¥JSUD>NOA ³ HJD [0, ρ0) Ú η0
NOAÛD>HUE¬TMC�í�D>C�T�Ö HJ= v = 0

±�²´³ C�SUA@A@I>¦5<ME@N­HJD>AÛHJÖ ²Ü³ CBHJ=@CB¦� ± ë ± � CBD>A@I>=@NOD>Q�E ³ CgC¯®MNOA¨EGCBD�º¯CRHJÖ SØL>PzSUº4»�A@H�PONáEGH�DâS�=@CgA4S�E@N­A¨í�C�T(NOD
E ³ S�E�º�SUA@C ±

0 ρ0

V (r)

Ê�É>S¸ÉW$
v = 0 V V (r) > 0

Ì�Í
(0, ρ0) V V (0) = 0

É
2 Ö V TMH�CBA�D>HJE�¥�S�D>NOA ³ H�D (0, ρ0) S�D�T V (0) = 0 Ú�� ³ S{EGC¯¥FCB=�¥JSUPOI>CBA V ′(0) > 0 Ú��ÜC ³ SB¥FCRE ³ C

A4SU¦�C�»�NOD�T�HJÖ�A@H�PONáEGHJDìS�A�NOD E ³ C(º�S�A@C V (η0) = V ′(η0) = 0 ÚÐD�SU¦5CBPáµjE ³ CB=@C�NOA�D>H�L>I>L>L>POC(Ö HJ=
ªU©



v = 0 ÚML>IMEKE��´H�»�NOD>»�A t NOD�TMCBC�TäÚME ³ C£SUA@A@I>¦5<ME@N­HJD>AKH�Ö ²Ü³ CBH�=¨CB¦ � ± ë ± � SU=@C�AÊS{EGNOA¨í�C�TZu ±

0 ρ0

V (r)

¤ ÕYX 0 �RÎ��f�$ý ÎÐÑJÂ�À§Ó Ô�ª�«BÑÊÓ�ª�Ò(Ô Ã°ª£Î � ÔTÄ�ÔäÓoË´Í ª*Ã�Ó$ü�ª Ïgª�z©­N«�Ë¿¬
� ¥ � Ë¿§sz©�gÓÐÑJª�Ò(Ô

k C£S�=@CRº�HJD�º�CB=@D>CBT©��NáE ³ SØA¨µÃA¨E@CB¦"HJÖoE��´H5º�HJI><>POC�T � ¿ ¡ C�àFIwS�E@N­HJD>A
i∂ψ
∂t

+ ∂2ψ
∂x2 + f(|ψ|2, |ϕ|2)ψ = 0

t¹� ± � êdu
iδ ∂ϕ

∂t
+ ∂2ϕ

∂x2 + g(|ψ|2, |ϕ|2)ϕ = 0 ,
t¹� ± � ª%u

� ³ CB=@C δ > 0 S�D�T f, g SU=¨C	=¨CÁSUP*¥JS�P­IMC�T�Ö I>D�º¯E@NOH�D>A ± k C�SU=¨C	POHsH�»�NOD>Q§Ö HJ=G´¨T>SU=¨»FÂ L>=@NOQ ³ EÜAGHJPONOE@H�D>A¹µ�H�Ö
E ³ NOAKA¨µÃA¨EGCB¦lÚÃE ³ S�E�NOAKA@H�POIMEGNOHJD>A3� ³ N­º ³ º�S�DlL*C���=@NáE@EGC�D
I>D�TMCB=´E ³ CgÖÇH�=¨¦

ψ(x, t) = ψ̃(x− vt) , ϕ(x, t) = e−iθtϕ̃(x− vt), t�� ± ��� u
��NOE ³ θ ∈ R S�D�T�E ³ CgL*HJI>D�T�S�=¨µ
º¯H�D�TMNáEGNOHJD>A

|ψ|2 −→ ρ0 , |ϕ|2 −→ 0 S�A x −→∞ ,
t�� ± � û u

� ³ CB=@C ρ0 > 0 NOA´íM®MC�T ±2 DØè ° S�= � éoS�D�Thè ° S�=4¢9éåÚ °�±>° SU=¨N­è´Ö HJI>D�T(A@I�º ³ AGHJPOIMEGNOH�DMAKN­D�E ³ C�º�SUA@C�HJÖÐS5¼	=@HJA@AÄÂ � NáEÊS�C�¥ÃA@»�NONáÂ¡ º ³ =��ÃTMNOD>QJCB=�A¨µÃA¨EGCB¦lÚB� ³ N­º ³ NOA�I><lE@H�S5º ³ S�D>Q�C£HJÖ�E ³ CRE@N­¦�C£AGº�S�POC t�� ± � ê/uåÂ t¹� ± � ª%u¶��NáE ³ E ³ C£DMH�DÃÂ
PON­D>C�SU=¨NOE@N­CBA

f(x1, x2) =
1

ε2
(1− x1 −

1

ε2
x2), g(x1, x2) = −q

2

ε2
x1 .k C���NOP­P�A ³ H!� ³ C�=@C�E ³ S{E ³ NOAK¦5C�E ³ H�T
º�SUD
L*CgQ�C�D>CB=4S�P­NOãBC�T(E@HÙS§PÇS�=@QJCB=�º�PzS�AGAKH�Ö�DMH�D>PONOD>CÁSU=¨NáEGNOCBA ±

� I>=�SUA@A@I>¦5<ME@N­HJD>AKH�D(E ³ CgÖ I>D�º¯E@N­HJD>A f, g ∈ C1(R2
+) S�=@C£SUAKÖ HJP­POH!��A �

t ·�Ö � u f(ρ0, 0) = 0 Út ·�Ö�¢�u ∂f
∂x1

(ρ0, 0) < 0
±

� CBD>HUEGNOD>Q
Lsµ c =
√
−2ρ0

∂f
∂x1

(ρ0, 0) E ³ C�A@H�I>D>T�AG<*CBCBTäÚ��´C5SUPOA@Hlº ³ H�HJA@C v ∈ (−c, c) � ³ N­º ³
A4S�E@N­A¨í�CBA´E ³ CgÖÇH�POPOH���NOD>QÙº�HJD�TMNáEGNOH�DMA �
t ·K¥ � u ²Ü³ CB=@CgC¯®MNOA¨EGA η0(v) := sup

{
η ∈ (0, ρ0),

∫ ρ0

η
f(s, 0)ds− v2(η−ρ0)2

4η
= 0
}
< ρ0

Ú
t ·K¥M¢�u fv(η0(v)) := f(η0(v), 0) + v2

4
(1− ρ2

0

η0(v)2 ) < 0
±

ª �



� HJE@C�E ³ S�ERNOÖ v 6= 0 Ú t ·K¥ � uÉNOA�SUIÃEGHJ¦ÙS�E@NzºBSUPOPáµ�A4S�E@N­A¨í�C�T ± ²�=¨H�¦�E ³ C�=@CBA@I>PáEGARHJÖÛE ³ C�<>=@C�¥ÃNOHJI>A
A@C�º¯EGNOHJD>A�Ú	�ÜCÜTMC�TMI�º¯C·E ³ S{EÐE ³ C´S�A@A@I>¦5<MEGNOHJD>A t ·�Ö � uÊÚ t ·�Öx¢%u¯Ú t ·K¥ � u¯Ú t ·K¥M¢�u�CBD>A@I>=@C¬E ³ S{EÐE ³ CB=@C·C¯®MNOA¨E
SØA¨E4S�E@N­HJDwS�=¨µ�HJ=´EG=GS�¥�CBP­NOD>Q5LMI>L>L>P­C ψ(t, x) = ψv(x− vt) A@H�Pá¥ÃNOD>Q

i
∂ψ

∂t
+
∂2ψ

∂x2
+ f(|ψ|2, 0)ψ = 0 ,

t�� ± � ¤du
��NOE ³ E ³ C(L*H�I>D>T�SU=Äµ-º�H�D�TÃNOE@N­HJD |ψv|2 → ρ0

S�E5NODMí�D>NáEßµ ± k C
TMC�TMI�º�C(E ³ S{E (ψv, 0) NOAÙSaEG=¨NO¥�NÇS�PA@H�POIME@N­HJD
E@H t�� ± � êdu Â t�� ± � ª�u���NOE ³ E ³ Cg=@C�àsIMN­=¨C�T
L*HJI>D�T�S�=¨µ(º�HJD�TMNáEGNOH�D>A t¹� ± � û u ± k C���=¨NOE@C
ψv(x− vt) = a0(1 + rv(x− vt))eiψ0,v(x−vt) ,

t¹� ± � 
 u
� ³ CB=@C a0 =

√
ρ0
Ú rv ∈ H1(R) ∩ C∞(R) Ú rv E4SU»JCBA	NOE@AÉ¥JSUPOI>CBA�NOD (−1, 0) S�D�T ψ0,v ∈ C∞(R) NOA=@CÁS�Pä¥JS�P­I>CBT ±k Cg¦ÙS�»�C�E ³ CgÖ HJP­POH!��NOD>QÙSUA@A@I>¦5<MEGNOHJD
H�D g �

t ·�Q � u g(r, 0) > g(ρ0, 0) ÖÇH�= r ∈ [0, ρ0)
±

k Cg=@CBÖÇH�=¨¦§I>PzS�E@C�E ³ Cg<>=¨H�L>POCB¦ t�� ± � êdu Â t�� ± � ª�uåÂ t�� ± ��� uÜSUAKÖ HJPOP­H!��A � �ÜC���=@NáEGC
ψ̃(x) = a0(1 + r(x))eiψ0(x) ,

ϕ̃(x) = u(x)eiϕ0(x) ,

� ³ CB=@C ψ0
Ú ϕ0

Ú r Ú u S�=@Cg=¨CÁSUP Âå¥JSUPOI>C�TâS�D�T r(x)→ 0 Ú u(x)→ 0 S�A x→∞ ±2 Ö (ψ, ϕ) A@H�Pá¥FCBA t¹� ± � êdu Â t�� ± � ª%u¯Ú�SUD>TÙNOÖ'�´C	S�A@A@I>¦5C�¦�H�=¨CBHÁ¥FCB=qE ³ S{E ψ′0 → 0 SUA x→∞ t � ³ Nzº ³
NOAÜD>C�º¯CBAGA4S�=¨µ�NOÖ+�ÜC¨��S�DsE ψ ÚÃSUD�TÙD>HJE·H�D>Páµ |ψ| EGH ³ S�¥�CÉP­NO¦5NáEGA´S�E ±∞ u¬S�D�TÙE ³ S{E ϕ′0 NOAÜL*HJI>D�TMC�TäÚE ³ C�D(E ³ Cg=@CÁS�P�ÖÇI>D�º¯EGNOHJD>A ψ0

Ú ϕ0
Ú r Ú u ¦�I>A@EKA4S{EGNOAGÖzµ

ψ′0 = v
2

(
1− 1

(1+r)2

) t¹� ± ¢J©�u
ϕ′0 = v

2

t¹� ± ¢ � u
−r′′ − v2

4
(1 + r)

(
1− 1

(1+r)4

)
− f(ρ0(1 + r)2, u2)(1 + r) = 0

t�� ± ¢J¢�u
−u′′ − g(ρ0(1 + r)2, u2)u− λu = 0 ,

t�� ± ¢Uëdu
� ³ CB=@C λ := v2/4 + δθ

±k C	TMC�í�D>C	DMH��+H�I>=¬Ö I>D�º¯E@N­HJDwS�P Ö =GSU¦�C��´HJ=@»�Ú%� ³ Nzº ³ NOA·E ³ C	A4S�¦5C�E ³ S�E·N­D è ° S�= � é�S�D�T è ° S�=4¢	é ±k CRTÃCBD>HJE@C
H := H2Z\['] =

{
u ∈ H2(R), u(x) = u(−x) , ∀x ∈ R

}
,

L := L2Z\['] =
{
u ∈ L2(R), u(x) = u(−x) , S ± C ± x ∈ R} ,

V :=

{
r ∈ H1(R), inf

x∈R
r(x) > −1

}
.

ªJ¢



� HJE@C§E ³ S{E V NOA£S�D�H�<*CBD�AGC¯EgN­D H1 ± � D�º�C��ÜC ³ SB¥FCØÖ HJI>D�T r S�D�T u Ú'�ÜC5TMCBTMI�º�C�CÁS�A@N­Páµ ψ0S�D�T ϕ0
ÖÇ=@HJ¦ t�� ± ¢U©duçSUD�T t�� ± ¢ � u ±s²Ü³ CB=@CBÖÇH�=¨C¿�ÜC3��NOPOPwP­HsH�»ØÖ HJ= (r, u) ∈ H ∩V ×H ± ¶ÉAÛN­D7è ° S�= � é Ú�ÜCRTMC�í�D>CgE ³ CgÖ I>D�ºÊEGNOH�DwS�POA S : H ∩ V ×H −→ L SUD>T T : R×H ×H −→ L Lsµ

S(r, u) := −r′′ − v2

4
(1 + r)

(
1− 1

(1+r)4

)
− f(ρ0(1 + r)2, u2)(1 + r) ,

t�� ± ¢�ê/u
T (λ, r, u) := −u′′ − g(ρ0(1 + r)2, u2)u− λu . t�� ± ¢Jª�u

k CÙSUPOA@HâTMC�í�D>C5E ³ C5P­NOD>CÁS�=£A@CBPOÖzÂßSUTUÞßHJN­DsE�L*HJI>D�TMC�T Ö =¨H�¦�L*CBPOH!� HJ<*CB=4S{EGHJ=£HJD L2 Ú A := − d2

dx2 −
g(ρ0(1 + rv)

2, 0)
t NOD�TMCBCBTäÚ A > − sup

r∈[0,ρ0]

g(r, 0) u ±
k NáE ³ E ³ NOAqD>C�� Ö H�=¨¦ÙS�P­NOA@¦lÚ�HJI>=q<>=¨H�L>POCB¦ =@C�TMI�º¯CBAqEGHgí�D�T (λ, r, u) ∈ R×H ∩V ×H A@H�Pá¥ÃNOD>Q

S(r, u) = 0 Ú T (λ, r, u) = 0
± 2 EÛN­A¬º�P­C�SU=qE ³ S�EÛÖ HJ=·S�P­P λ ∈ R Ú (λ, rv, 0) NOAÜS�AGHJPOIMEGNOH�D ± k C�º�SUPOPwA@I�º ³SØA@HJPOIMEGNOH�DâS³´ EG=¨NO¥�NÇS�P�A@HJP­IME@N­HJDPµ4ÚwS�A3�ÜCBPOPoS�A (λ, 0, 0) ÚwS�D�Te�´CgPOH�HJ»�Ö H�=´D>HJDÃÂåEG=@Ná¥ÃNzS�P�AGHJPOIMEGNOH�D>A ±

Ê�É�^¿É¾Ê _�Ì3í�ÒÇñ�íTß"ãPæÇÏ�ÐfÌ�òeÐ/ÌÇñ¾ß¿ÓBÛ¾Ì�ÍÑÐ
2 DaSØí�=¨A@E�A¨EGCB<�Ú�ÖÇH�POPOH���NOD>Q °j±*° S�=@NOè�NODfè ° SU= � é t A@CBC�SUPOA@H7è ° S�=4¢9é^u¯ÚP�´C¼��N­POP#I>A@CgE ³ C 2 ¦5<>PONzº�NáE²�I>D>º¯EGNOH�D ²Ü³ CBHJ=@CB¦ EGH�í�D�T�D>HJD�E@=@Ná¥ÃNzSUP A@HJP­IME@N­HJD>A´NODlS�D>CBNOQ ³ L*H�= ³ H�H�T(HJÖ�E ³ C	E@=@Ná¥ÃNzSUP A@HJP­IÃEGNOH�D(HJÖt�� ± � êdu Â t�� ± � ª�u¬E ³ S�E�NOA (ψv, 0)

± k Cgí>=@A¨E�=@C�ºBSUPOP�SØ<M=@HJ<*H�A@NáEGNOH�DH� ³ N­º ³ N­A�S§¥�S�=@NzS�DsE�H�Ö � =¨H�<*HJA@NOE@N­HJD
¢ ± � NODqè ° S�=4¢	é Ú�SUL*HJIME ¡ º ³ =���TMNOD>Q�CB=KHJ<*CB=4S{EGHJ=@A ±
aRÿ��'OG�'���zþ	�
��ý � �ÿQ+� �µ �@ � q ∈ C(R) � @ �.R8�.�e�>��|9� q 6≡ 0 M q �
� @SVj@ � |	�T{ q(x)→ 0 |�� x→ ±∞ b
{ �9} λ 6 0 M � @ { @ ���°� @ �S� uλ ∈ C2(R) �>� @�; R/�8�,PSR @ M �%�����M|°�(|9�T{ @SVj@ ��Gs�!�D�qRB� �c�	�Ø�4� �L� @�t |�R8�.�D�
T }ó����� @ K

{
−u′′(x) + q(x)u(x) = λu(x)
u(0) = 1, u′(0) = 0 .� @ |°���!�e{ @ �T�°� @ �S� n(λ) �>� @ �QR¹KV� @ }�� � ö @ }M� @ ��� � uλ �^� (0,∞)

b
�n� @ �V�>� @ � TQ@ }ó|°�4�9} G := − d2

dx2 +q(x) M �M�9���M�c{ @ } @ { @ �^�>� @ }¿|	�3|9�©� TQ@ }M|°���9}¿�9� L2 �G�^�>�;{���KV|9�^� H2�9}Ñ|	�Ñ|	��� TQ@ }ó|°�4�	}Ñ�9� L �G� �L� {���K |	�^� H M � �¸� @ � � ��|�{F°!�9�
�Z�Ô|9�T{��!|°� �
� a�@ �¿�L� @`� �°�^�����Ô�^�¹� T }ó� TQ@ }�� � @ �c�
C b ��� @�@ �M� @ �Z� �c|°��� TQ@ ��� }SR�Kà� � G �
� σ `2a\a (G) = [0,∞)

b
\ b � � q 6 0 M G ��|	��|°�g� @ |	���¸�9� @ � @ �d|°� � Vj@�@ �¡� @ � V |D�qR @/b
� b1� �Q� @ �¡� @ � V |D�qR @ � � G �
�¼�M�LK T � @/b
x bJ{ �9}�|9��� λ < 0 |9��{ ε > 0 M �>� @ } @�@ON � ��� � C > 0 �[RZ�.�H�>��|°�

|u(m)
λ (x)| 6 Ce

√
−λ+ε|x| � �9} m = 0, 1, 2.

� � λ < 0 �
�H|9� @ ��� @ � V |D�qR @ � � G M � �9}N|9�Q� ε ∈ (0,−λ) M �>� @ } @u@ON �
��� T �	�j� � � Vj@ �M�9���j�4|9�Z� �
C1, C2, M

�.R8�.�N�>�B|°�
C1e

−
√
−λ+ε|x| 6 |u(m)

λ (x)| 6 C2e
−
√
−λ−ε|x| �9� [M,∞)

� �9} m = 0, 1, 2.

� b � � ∫∞
0
x|q(x)|dx <∞ M �>� @ � G ��|���| a �8� � @ �QR¹KV� @ }�� � � @ �d|°� � Vj@m@ �¡� @ � V |°�^R @ � b

ªUë



aRÿ��+�'#�� ²´³ C(S�AGA@CB=ÄEGNOH�D>A � ± Ú ¢ ± Ú�ë ± Ú�ê ± �ÜCB=@C�<>=¨H{¥�C�T�NODëè ° SU=4¢	é ±�²´³ C(S�A@AGIM¦5<MEGNOHJD q 6 0 �KSUA
D>HUEgI>AGCBT t C¯®Mº�CB<MEgÖ HJ=£¢ ± u�S�D�TaE ³ C5SUA@A@I>¦5<ME@N­HJD q ∈ L2 �KSUA�D>HJE�E@H�H ± ¶ÉA@AGCB=ÄEGNOHJDjª ± N­ARS�TMN­=¨C�º¯E
º�HJD>A@C�àsI>CBD�º�C	H�Ö�¥8u¬SUD�TÙ¥�N^uÛNOD � =¨H�<*HJA@NOE@N­HJDl¢ ± � H�Ö¶è ° S�=4¢	é�SUD�T � =¨H�<*HJA@NOE@N­HJD
ë ± � <>êFëJ¤§NODØè æ¬C ¡ º�é ±
� ¶ÉAKN­Dqè ° S�= � é#HJ=*è ° S�=4¢	é Ú/�´Cg<>=¨HÁ¥FC�E ³ CgÖ HJP­POH!��NOD>Q5P­CB¦�¦ÙSUA
@Ç� &q&h� � �ÿQ+� �

drS(rv, 0) : H 7−→ L � � �^� V�@ }J� �ê��� @/b
aRÿ��+�'#�� ²´³ C
<>=¨H�HJÖ¨�KS�A�TMH�DMC
NOD×è ° S�= � é ± k C(=@C�º�S�POP´E ³ C
¦ÙS�N­DìSU=¨Q�IM¦5CBDsEGA ± k ClTMC�í�D>C hv :
(−1,∞) −→ R Lsµ

hv(x) = −f(ρ0(1 + x)2, 0)(1 + x)− v2

4
(1 + x)

(
1− 1

(1 + x)4

)
.

²Ü³ C£TMHJ¦ÙS�NODlHJÖoE ³ CgHJ<*CB=GS�EGHJ=KHJD L2 Ú B := − d2

dx2 + h′v(rv)
NOA H2 ÚwS�D�T drS(rv, 0) = B|H

±
k C�D>C¯®ÃE	A ³ H!�ñE ³ S{E Ker(B) = Span(r′v)

± 2 D�TMC�C�TäÚ8�´C§TMN»º�CB=@CBDsE@NzS�E@C�E ³ C§=¨CBPzS�E@N­HJD −d2rv
dx2 +

hv(rv) = 0 EGHÙHJLMEÊS�NODaE ³ S�E r′v ∈ Ker(B)
± «·HJDs¥FC�=@A@CBPáµsÚwHJL>A@CB=¨¥ÃNOD>QÙE ³ S�E r′v TMHsCBA	D>HUE�¥�S�D>NOA ³ HJD

R∗ S�D�T�E ³ S{E d
dx

(
w
r′v

)
= 0 HJD (−∞, 0) SUD�T (0,+∞) N­Ö w ∈ Ker(B) ÚsSUD�T5I>A@NOD>QRE ³ C�º�HJDsEGNOD�I>NáE µHJÖ w′ ÚD�ÜC�HJLMEÊS�NOD w ∈ Span(r′v)

±F²Ü³ N­AÛ<>=@HÁ¥FCBAqE ³ S�E drS(rv, 0) N­AÛHJD>CKEGHRH�D>CJÚFL*C�º�S�I>A@C r′v NOA¬H�T>T ±¿ C¯E�I>A�D>H!� EÊS�»�C z ∈ L ⊂ (r′v)
⊥ = Im(B) Ú�S�D�T r ∈ H2 A@I�º ³ E ³ S{E Br = z

± � CBD>HUEGNOD>Q
ř(x) = r(−x) Ú Bř = z Ú r − ř = Cr′v

S�D�T r − Cr′v/2 ∈ H Ú B(r − Cr′v/2) = z
±#²Ü³ CB=@CBÖÇH�=¨C

drS(rv, 0) NOA�A@I>=xÞßC�º¯E@NO¥�CRÖÇ=@HJ¦ H HJDsEGH L ± �
@Ç� &q&h� � �ÿQ+� 5 �n� @ {���KV|9�^�ë� � �>� @ � TQ@ }ó|°�4�	}7�9� L2 A = − d2

dx2 − g(ρ0(1 + rv)
2, 0) �
� H2 b

�n� @±@ �ó� @ �Z� �c|°�T� TQ@ �J� }.R�K � � A � � σ `2a\a (A) = [−g(ρ0, 0),∞)
b
A |�{�K�� � �;|9�3� @ |	���¿�9� @±@ �¡� @ � V |°�^R @

λ∗ < −g(ρ0, 0)
bU �@ � λ∗ � @ �.R8�.�Ø|9� @ ��� @ � V |D�^R @/b �n� @ � λ∗ �
�*�j�LK T � @/bU `@ � u∗ � @ |	�:|	�M�!�!���c|°� @ {

@ ��� @ � Vj@ �J�4�	} b �n� @ �b� @ ��| V�@
C b Ker(duT (λ∗, rv, 0)) = Span(u∗)

\ b Im(duT (λ∗, rv, 0)) = L ∩ u⊥∗
b

aRÿ��+�'#�� ²´³ CÜí�=@A¨Eqº�PÇS�NO¦5A¬S�=@CKTMNO=@C�º¯EÛº�HJD>A@C�àsI>CBD�º¯CBAÛHJÖ � =¨H�<*HJA@NOE@N­HJD � ± ¤ ± � S�<><>PONOC�TØEGH	E ³ C´H�<*C�=4SÁÂ
EGHJ= G = A+g(ρ0, 0)

t =@CB¦ÙS�=@»RE ³ S{E q = g(ρ0, 0)−g(ρ0(1+rv)
2, 0) 6 0 L*C�º�SUIMAGC´H�Ö S�A@AGI>¦�<MEGNOH�Dt ·�Q � u�u ±¡ NOD�º�C duT (λ∗, rv, 0) = (A − λ∗)|H SUD�T u∗ ∈ H Ú�NáEgNOAgº�POCÁS�=	E ³ S{E	E ³ C§»�CB=¨D>CBPÐH�Ö duT (λ∗, rv, 0)NOA Span(u∗)

± 2 E�NOA�SUPOA@H�º�POCÁS�=´E ³ S{E Im(duT (λ∗, rv, 0)) = (A− λ∗)H ⊂ L ∩ u⊥∗
± 2 Ö z ∈ L ∩ u⊥∗ ÚPOC�E u ∈ H2 L*C�A@I�º ³ E ³ S�E (A − λ∗)u = z

±´²Ü³ CBD (A − λ∗)ǔ = z Ú (u + ǔ)/2 ∈ H S�D�T
(A− λ∗)(u+ ǔ)/2 = z

± �
¶ÉAKNODqè ° S�= � é Ú/�ÜCRTMC�í�DMCRD>H!� W :=

{
r ∈ H, sup

x∈R
|r(x)| < 1

} Ú/� ³ N­º ³ NOA�SUD
HJ<*CBD
A@C�EKNOD H Ú
I := (−α, α) � ³ CB=¨C α := inf(1 + rv) > 0

t =¨C�º�S�P­P#E ³ S{E 1 + rv = |ψv| Ú�� ³ CB=¨C ψv NOA�S�L>I>L>LMP­C	uS�D�T F : I × R×W × (H ∩ u⊥∗ ) 7−→ L× L

ª�ê



F (s, λ, r, u) :=





(
1
s
S(rv + sr, s(u∗ + u))

1
s
T (λ, rv + sr, s(u∗ + u))

) NOÖ s 6= 0,
(

drS(rv, 0).r
duT (λ, rv, 0).(u∗ + u)

) NOÖ s = 0.

¶ÉAKN­Dqè ° S�= � é Ú/�´CgA ³ H!��E ³ S{E F N­A C1 ± F (0, λ∗, 0, 0) = 0 S�D�T

d(λ,r,u)F (0, λ∗, 0, 0)(λ, r, u) =

(
drS(rv, 0).r

−λu∗ + duT (λ∗, rv, 0).u

)
.

2 E ÖÇH�POPOH���A Ö =¨H�¦ñPOCB¦5¦ÙS�A � ± ¤ ± � S�D�T � ± ¤ ± ¢�E ³ S�E d(λ,r,u)F (0, λ∗, 0, 0) : R×H×(H∩u⊥∗ ) −→ L×LNOAÐNODs¥FC�=¨EGNOL>POC ±�²Ü³ SUD>»sA�E@H�E ³ C 2 ¦�<>P­N­º�NáEÔ²�IMD�º¯EGNOH�DMA ²´³ C�H�=¨CB¦lÚÁE ³ CB=@C¬C¯®ÃN­A¨EGA η > 0 S�D�T C1 Ö I>D�º¯E@N­HJD>A

s 7−→ (λ(s), r(s), u(s)) ∈ R×H × (H ∩ u⊥∗ )

TMC�í�D>CBT
HJD (−η, η) A@I�º ³ E ³ S�E λ(0) = λ∗
Ú r(0) = 0 Ú u(0) = 0 S�D�T

S(rv + sr(s), s(u∗ + u(s))) = 0

T (λ(s), rv + sr(s), s(u∗ + u(s))) = 0 .

²Ü³ N­A´QJNO¥�CBAÜE ³ C�HJD>Páµ�D>HJDÃÂåEG=@Ná¥ÃNzSUP AGHJPOIMEGNOH�D>AÜEGH t�� ± ¢J¢%u Â t�� ± ¢UëduÛNODlS�D>CBNOQ ³ L*HJ= ³ HsHÃT(HJÖ (λ∗, rv, 0) NOD
R×H ×H ± 2 D�TMCBC�TäÚ�I>AGNOD>Q5E ³ CRA4SU¦5C�S�=@QJI>¦5CBDsE@A�E ³ S{E�N­D
E ³ C£<>=¨H�HJÖ HJÖ ²Ü³ CBHJ=@CB¦ � ± û N­D<è « � éåÚ�ÜC�<M=@HÁ¥FCÙE ³ S{E§E ³ CB=¨C�C¯®MNOA@E@A5SâD>CBNOQ ³ L*HJ= ³ H�H�T U HJÖ (λ∗, rv, 0) NOD R × H × H A@I�º ³ E ³ S�E§E ³ C
A@H�POIME@N­HJD>A	H�Ö S(r, u) = 0, T (λ, r, u) = 0 NOD U S�=@C�CBNáE ³ CB=�EG=@Ná¥ÃNzS�PÐA@HJPOIMEGNOH�D>A (λ, rv, 0) HJ=	HJÖ E ³ CÖ HJ=@¦ (λ(s), rv + sr(s), s(u∗ + u(s))) Ú s ∈ (−η, η)

±
²´³ C ²´³ C�H�=¨CB¦ �´C ³ S�¥�Cg<>=@HÁ¥FC�T(NOA�SUAKÖ HJP­POH!��A �

����� �*ÿ � & � � Q+� �  `@ �WR/�s|	�M�.R¹K @ �>��|9� ;�ø"� COG M ;�ø"� \�G M ;�ø ��COG M ;�øJV COG M ;�øJV \]Gn|9} @ �!|9� �
� a�@ { bU `@ �
λ∗ < −g(ρ0, 0) � @ |9� @ ��� @ � V |D�^R @ � � A |9�T{ u∗ ∈ H |	�q|	�M�������c|°� @ { @ ��� @ � Vj@ �J�4�9} b
�n� @ � �>� @ } @m@ON �
�j� � η > 0 |9�T{ C1 � R/�T�J� �c�	���

s 7−→ (λ(s), r(s), u(s)) ∈ R×H × (H ∩ u⊥∗ )

{ @�a � @ {e�9� (−η, η) �[RZ�.�H�>��|°� λ(0) = λ∗ M r(0) = 0 M u(0) = 0 |9�T{
S(rv + sr(s), s(u∗ + u(s))) = 0

T (λ(s), rv + sr(s), s(u∗ + u(s))) = 0 .

� �9} @ � Vj@ } M �L� @ } @_@YN �
��� � |�� @ �������M�	}.���!��{ U � � (λ∗, rv, 0) �^� R×H ×H �.RZ�.� �>�B|°�Ô�>� @ �!�D�^RP� �c�9�B�� � S(r, u) = 0, T (λ, r, u) = 0 �^� U |9} @|@ � �>� @ }�� }�� V �c|D�¶�!�D�qRB� �ê�9��� (λ, rv, 0) �	}�� � �>� @z� �9}.K
(λ(s), rv + sr(s), s(u∗ + u(s))) M s ∈ (−η, η)

b

ªJª



Ê�É�^¿É È áYñ¾Ì��"ÒÇñ��"ãBÒÇÍÑí8î¨Ï�ÐfÌÇò Ð/ÌÇñ¾ß¿ÓBÛ¾ÌÇÍ"Ð
2 D�E ³ C�<>=¨C�¥ÃNOH�I>A§A@C�º¯EGNOH�DäÚ��ÜC ³ SB¥FC�Ö HJI>D�T�POHÃºBSUPÜº�I>=Ä¥FCBA§HJÖKA@HJP­IME@N­HJD>A�EGH t�� ± ¢J¢�uåÂ t�� ± ¢UëdugN­D�S

D>CBNOQ ³ L*H�= ³ H�H�T�HJÖÃE ³ CqEG=¨NO¥ÃNzS�PsA@H�POIMEGNOHJD (rv, 0)
± 2 DRE ³ NOA�A@C�º¯E@N­HJD�Ú��´CÛQJNá¥FCÜS´¦5H�=¨CÛQ�POHJLwSUP�TMCBAGº�=@NO<ME@N­HJD

HJÖoE ³ CgA@C�E�HJÖ�A@HJP­IME@N­HJD>AKE@H t¹� ± ¢�¢%u Â t¹� ± ¢Jë�u ±2 DìSUPOPg� ³ S{E�ÖÇH�POPOH���A�Ú W : R 7−→ R N­A�S�º�H�DFEGNOD�I>H�IMAÁÚ C�¥FCBD&ÖÇI>D�º¯EGNOHJD&AGI�º ³ E ³ S{E W > 1S�D�T W (x) → ∞ S�A x → ∞ ÚÜSUD�TdE ³ CB=@CaC¯®MNOA@E@A CW > 0 A@I�º ³ E ³ S{E�Ö H�=�C�¥FCB=Äµ a, b ∈ R Ú
W (a + b) 6 CW (W (a) + W (b))

± ¶ÉA�NáE¨�KSUA�=¨CB¦ÙS�=@»�C�T
NOD è ° SU=G¢9éåÚ�E ³ CB=@C£CÊ®MN­A¨E�E ³ CBDaº�HJD>A¨EÊS�DsEGA
K, s > 0 A@I�º ³ E ³ S{E�ÖÇH�= |x| > 1 Ú W (x) 6 K|x|s ± k CRTMC�í�D>C�E ³ CgA@<wSUº�CBA

LW = {ϕ ∈ L, Wϕ ∈ L2} ,

HW = {ϕ ∈ H, Wϕ,Wϕ′,Wϕ′′ ∈ L} .²´³ Cg¦ÙS�N­D
=¨CBA@I>POEKH�ÖoE ³ N­AKA@C�º¯EGNOHJDlNOA´E ³ CgÖ HJPOP­H!��N­D>Q�E ³ CBHJ=@CB¦ �
����� �*ÿ � & � � Q+� 5  `@ �WR/�s|	�M�.R¹K @ �>��|9� ;�ø"� COG M ;�ø"� \�G M ;�ø ��COG M ;�øJV COG M ;�øJV \]Gn|9} @ �!|9� �
� a�@ { bU `@ �
S � @ �>� @ � @ �"� � ���9�$�4� }j� V �ê|D�����D�^RB� �c�9��� (λ, r, u) ∈ R × H ∩ V × H �4� ; C b \�\]G�� ; C b \��SG b�{ �9}V|	�Q�
@ ��� @ � V |D�qR @ λm < −g(ρ0, 0) � � �>� @ � TQ@ }ó|°�4�	} A = − d2

dx2 − g(ρ0(1 + rv)
2, 0) M S ∪ (λm, rv, 0)�M�9�8�4|9�^����|�KV| N �iK |D��������� @ {©�M�9�8� @ �J� @ {;�[RZ�j� @ � Cm �
� (−∞,−g(ρ0, 0))×HW ×HW

�.RZ�.�N�>�B|°�
Cm ∩ Cp = ∅ � � m 6= p |9�T{ Cm �!|°� � � a�@ ��|°�g� @ |	���3�	� @ � � �>� @ �>�d} @[@WT }ó� TQ@ }J� � @ �c�
C b Cm �
�zRP���M��RP��{ @ {s�
� R×H ∩ V ×H b
\ b �L� @ } @�@ON � ��� ��|�� @ PSR @ �T� @ (λn, rn, un) ∈ Cm �.R8�.�N�>�B|°� λn → −g(ρ0, 0) |	� n→∞ b
� b �L� @ } @�@ON � ��� ��|�� @ PSR @ �T� @ (λn, rn, un) ∈ Cm �.R8�.�N�>�B|°� inf

x∈R
rn(x)→ −1 |	� n→∞ b

� I>=R<>=¨H�HJÖ·HJÖ ²Ü³ CBHJ=@CB¦ � ± ¤ ± ¢MÚ�� ³ Nzº ³ NOAg¥�CB=¨µ�º�POH�A@C�EGH(E ³ S�ERHJÖ ²Ü³ CBHJ=@CB¦�ë ± ¤(N­D\è ° S�=4¢9éåÚäN­A
LwS�AGCBT
HJD(E ³ CgÖ HJPOP­H!��N­D>Q�¼	POH�L�SUPoæ¬NOÖ I>=@º�S�E@NOH�D ²Ü³ CBHJ=@CB¦"HJÖ � SUL>NOD>H!��NOE@ã ±
aRÿ��'OG�'���zþ	�
��ý � �ÿQ+� 5û �@ � E � @ |�} @ |°� ? |	�T|��.�*� T |�� @ |	�T{ Ω ⊂ R×E |9�H� TQ@ �s� @ � b�B R T�T �	� @ �>��|°�
G : Ω −→ E � � �M��K T |��J���9���J���	� @ { M �M��R/�T{ @ {³�.RZ�j� @ � � ω ⊂ Ω �.RZ�.�V�>��|°� dist(ω, ∂Ω) > 0 |9�T{*�
�� � �>� @"� �9}.K G(a, u) = L(a, u) +H(a, u) M �U� @ } @ L |9��{ H �!|°� �
� � �s�L� @*� �D�^���"�G�^���e|	�M�.R�K T � �c�9���c�
C b L(a, .) �
�H���^� @ |9} M �M�kK T |���� � �9}�|9�Q� a�ND@ { a |	�T{ (a, u) −→ L(a, u) � ���M�9�Z� �
�QRZ��Rd��|9�T{�ó��K T |%�J�3�9�Ø������� @ { M �M�kRP�T{ @ {��.R8�j� @ � � ω ⊂ Ω �.RZ�[�N�>��|9�3{9�
��� (ω, ∂Ω) > 0

b
\ bJ{ �9}h|9�Q�\�J���	� @ { M �M�kRP�T{ @ {Ø�.RZ�M� @ � ω ⊂ Ω �.R8�.�W�>��|°� dist(ω, ∂Ω) > 0 M �L� @ } @�@ON �
���^�h|
� RP�T�J� �c�9� εω �.R8�.�N�>�B|°� εω(s)→ 0 |	� s→ 0 |9�T{

‖H(a, u)‖ 6 ‖u‖εω(‖u‖) � �9}�|9�Q� (a, u) ∈ ω .

� b ��� @ } @�@ON �
��� � a0
|9�T{ ε > 0 �[RZ�.�N�>�B|°�

� (a0, 0) ∈ Ω M� � �9}�|9�Q� a ∈ [a0 − ε, a0 + ε]\{a0} M � @ �B| Vj@ ³ @ } (Id− L(a, .)) = {0} M�V� � a1 ∈ [a0 − ε, a0) |9�T{ a2 ∈ (a0, a0 + ε] M �>� @ �
�^�T{ (Id− L(a1, .), 0) 6= �^�T{ (Id− L(a2, .), 0).

ª �



 `@ �
S := {(a, u) ∈ Ω, u 6= 0 |9��{ u = G(a, u)}� @ �>� @ � @ �¶� � �T�9�$��� }�� V �c|D���!�D�^RP� �c�9��� � � �L� @_@ P.RZ|°� �ê�9� u = G(a, u)

b ��� @ � S ∪{(a0, 0)} T �	�M� @ �M� @ �|�KV| N �LKV|D�(������� @ {H�M�9��� @ �J� @ {;�.R8�j� @ � Ca0

�"�d�ê�.���M�9�8�4|9�^��� (a0, 0) |9��{±��|	���9� @ � � �>� @e� �D�^���"�G�^���
T }ó� TQ@ }�� � @ �c�
C b Ca0

�
�ÉRP�T�M�kRP�T{ @ { M\ b {	�
��� (Ca0 , ∂Ω) = 0 M� b Ca0

K @�@ � � (a1, 0) M �U� @ } @ a1 6= a0
|9�T{m³ @ } (Id− L(a1, .)) 6= {0}

b
2 DdHJ=GTMCB=5EGHjL>=@NOD>Q�HJI>=�<>=@HJL>P­C�¦ LwSJºG»�EGH E ³ CâÖ =GSU¦�C��´HJ=@»�HJÖ � =@HJ<*HJAGNáE@N­HJD � ± ¤ ± ¢ÃÚG�ÜClí�=¨A¨E

=@CBÖÇH�=¨¦§I>PzS�E@CØE ³ C�<>=¨H�L>POCB¦ ± Å�A@NOD>Q(E ³ C5ÖÇI>D�º¯EGNOHJD hv N­DsE@=@H�TMI�º�C�T!NOD�E ³ C�<>=@HsH�Ö¬HJÖ ¿ CB¦5¦ÙS � ± ¤ ± � Út�� ± ¢J¢%u Â t�� ± ¢Uëdu·º�S�DlL*Cg=@Cj��=@NáE@E@CBDâS�A
r′′ = hv(r) + (f(ρ0(1 + r)2, 0)− f(ρ0(1 + r)2, u2))(1 + r) ,

t�� ± ¢ � u
u′′ = (−g(ρ0(1 + r)2, u2)− λ)u .

t�� ± ¢ û u
2 Ö (λ, r, u) ∈ (−∞,−g(ρ0, 0)) ×H ∩ V ×H A@H�Pá¥FC�A t�� ± ¢ � u Â t�� ± ¢ û uÊÚ*A@NOD�º�C r′′v = hv(rv)

SUD�T
h′v(0) = c2− v2 > 0 ÚMS�D�CÁS�A@µÙº�SUP­º�I>PzS{EGNOH�D(A ³ H!��A·E ³ S{E (λ,w = r− rv, u) ∈ (−∞,−g(ρ0, 0))×
H ∩ (V − rv)×H AGHJPá¥FCBA´E ³ CgA¨µÃA¨EGCB¦

(
w
u

)
= −

(
B 0
0 Aλ

)(
w
u

)
−
(

H1(w, u)
H2(λ,w, u)

)
,

t¹� ± ¢J¤�u
� ³ CB=@C

B(w) =
(
− d2

dx2 + h′v(0)
)−1

[(h′v(rv)− h′v(0))w] ,

Aλ(u) =
(
− d2

dx2 − g(ρ0, 0)− λ
)−1

[(g(ρ0, 0)− g(ρ0(1 + rv)
2, 0))u] ,

H1(w, u) =
(
− d2

dx2 + h′v(0)
)−1

[(hv(rv + w)− hv(rv)− h′v(rv)w
+(f(ρ0(1 + rv + w)2, 0)− f(ρ0(1 + rv + w)2, u2))(1 + rv + w)] ,

H2(λ,w, u) =
(
− d2

dx2 − g(ρ0, 0)− λ
)−1

[(g(ρ0(1 + rv)
2, 0)− g(ρ0(1 + rv + w)2, u2))u] .

@Ç� &q&h� � �ÿQ+� 0  �@ � (λ, r, u) ∈ (−∞,−g(ρ0, 0))×H ∩V ×H � @ |*�!�D�^RP� �c�9��� �f; C b \�÷�G�� ; C b \��3G b
�n� @ � r, u ∈ HW

b

aRÿ��+�'#��2� =@HJ<*H�A@NáEGNOHJD � ± ¤ ± � S�<><>PON­C�T���NáE ³ q(x) = g(ρ0, 0)−g(ρ0(1+r(x))2, u(x)2) µÃNOCBPzTMAçE ³ S{ENOÖ u 6≡ 0 ÚÁE ³ CBD u Ú u′ S�D�T u′′ TMC�ºBS�µRÖxS�A¨EGCB=oE ³ S�D e−√−λ−g(ρ0,0)−ε|x| Ú�ÖÇH�=ÐSUDsµ ε ∈ (0,−λ−g(ρ0, 0))
±

·�CBD�º�C u ∈ HW

±
² HÙ<M=@HÁ¥FCRE ³ S�E r ∈ HW

Ú��ÜC£I>A@CgE ³ C£A4S�¦5C§S�=@QJI>¦5CBDFEGA�E ³ S�E�NODlE ³ C£<>=¨H�HJÖ HJÖ ¿ CB¦5¦�S5ë ± ª�N­Dè ° S�=4¢	é ±>²´³ CgH�D>Páµ
º ³ SUD>QJCgN­A´E ³ S{EKE ³ C�EGC�=@¦ u(x)2 ÚP� ³ Nzº ³ ��S�AKD>CBC�TMC�T(E@H�TMC�º�SBµ�C¯®M<*HJD>CBDsEGNzS�P­Páµ
NOD<è ° SU=G¢9éåÚ>NOAK=@CB<>PzSJº¯C�T ³ CB=@CgLFµ
f(ρ0(1 + r(x))2, 0)− f(ρ0(1 + r(x))2, u(x)2) = −

∫ 1

0

∂f

∂x2

(ρ0(1 + r(x))2, tu(x)2)dtu(x)2 .

ª û



æ¬IME�A@NOD�º�C r S�D�T u S�=@C�L*H�I>D�TMCBT�S�D�T ∂f
∂x2

NOA§º�HJDsEGNOD�I>HJI>A�ÚoNáE�N­A§º�POCÁS�=£E ³ S�E£E ³ N­A§àsI�SUDsE@NOE µjSUPOA@H
TMC�º�SBµÃAKC¯®M<*HJD>CBDsEGNzS�P­PáµlS{E�NODMí�D>NáEßµ ± �²�=@HJ¦ ¿ CB¦5¦ÙS � ± ¤ ± ë�S�L*HÁ¥FC�Ú��´C�TMC�TMI�º�C�E ³ S�E (λ, r, u) ∈ (−∞,−g(ρ0, 0)) × H ∩ V × HA@H�Pá¥FC�A t�� ± ¢ � uåÂ t¹� ± ¢ û uçN­Ö#S�D�TÙH�D>Páµ�NOÖ (λ,w, u) ∈ (−∞,−g(ρ0, 0))×HW ∩ (V − rv)×HW

A@H�Pá¥FCBAt�� ± ¢U¤�u ±k C§º�S�DaD>H!�)NODsE@=@H�TMI�º�C�S5ÖÇI>D�º¯EGNOHJDwSUP�Ö =GSU¦�C��´HJ=@»lSUT�SU<ME@C�TlEGH � =¨H�<*HJA@NOE@N­HJD � ± ¤ ± ¢ ±*²´³ NOAÉÖ =4SÁÂ
¦5C��ÜHJ=@»£NOA E ³ CÜA4SU¦�C·E ³ S{EçN­DNè ° SU=G¢9é ± ¿ C�E E := HW×HW

Ú Ω := (−∞,−g(ρ0, 0))×HW ∩(V −
rv)×HW

Ú Lλ :=

(
−B 0
0 −Aλ

) Ú H(λ,w, u) :=

(
−H1(w, u)
−H2(λ,w, u)

) ± 2 DÙE ³ C	D>CÊ®ÃEÜPOCB¦5¦ÙSÃÚ��ÜC
¥FCB=¨N­Özµ�E ³ S{E Lλ S�D�T H AÊS{EGNOA@ÖÇµ�E ³ C£SUA@A@I>¦5<ME@N­HJD>A � ± SUD�Tl¢ ± NOD � =@HJ<*H�A@NáEGNOHJD � ± ¤ ± ¢ ±
@Ç� &q&h� � �ÿQ+� U
C bJ{ �9}h|9�Q� λ ∈ (−∞,−g(ρ0, 0)) M Aλ

; } @ � Tnb B G<� �����^� @ |9}h|9�T{Õ�M��K T |��J� M |9�T{<�>� @ KV| T
(−∞,−g(ρ0, 0))×HW 7−→ HW M (λ, u) 7−→ Aλu

; } @ � Tnb (λ,w) 7−→ Bw G��
�*�M�9�Z� �
�QRZ��Rd�|	�T{©�ó��K T |����3�	�q���»�	� @ {©�ó��RP�T{ @ {;�[RZ�j� @ � ��� � [d, e]×HW M � �9} −∞ < d < e < −g(ρ0, 0)
b

\ b H1 : ((V − rv) ∩ HW ) × HW −→ HW
�
�s�M�9�Z� �
�QRZ��Rd�V|	�T{��M��K T |��J�"�9� �J���	� @ {N�M��RP�T{ @ {�[RZ�j� @ � � ω1

� � ((V − rv) ∩ HW ) × HW
�.R8�.� �>�B|°��{9� ��� (ω1, (HW\(V − rv)) × HW ) > 0|	�T{

‖H1(w, u)‖HW 6 Cω1(‖u‖2
HW

+ ‖w‖2
HW

) .
t¹� ± ¢ 
 u

� b H2 : (−∞,−g(ρ0, 0)) × HW × HW −→ HW
� �7�M�9�Z� �
�QRZ��Rd�7|9�T{f�M��K T |��J���9� �����	� @ {�ó��RP�T{ @ {;�.R8�j� @ � ��� � [d, e]×HW ×HW M � �9} −∞ < d < e < −g(ρ0, 0) M |9��{

‖H2(λ,w, u)‖HW 6 C(‖u‖2
HW

+ ‖w‖2
HW

) .
t¹� ± ë�©�u

aRÿ��+�'#�� ²´³ Cg<>=@HsH�Ö�NOAKAGNO¦5NOPzSU=ÜEGH�E ³ S�EKHJÖ ¿ CB¦�¦ÙSØë ± � NODqè ° S�=4¢9é ± �� C¯®ÃEÁÚ��´CÉ¥�CB=@NOÖÇµ�E ³ S{E´¶ÉA@A@I>¦5<ME@N­HJD(ë ± NOD � =@HJ<*HJAGNáEGNOHJD � ± ¤ ± ¢�NOA´A4S{EGNOA@í�CBT ± k C	L*CBQJN­De��NáE ³ E ³ C
Ö HJPOP­H!��N­D>Q5POCB¦5¦ÙSÃÚP� ³ N­º ³ N­AK<>=@HÁ¥FC�T(NODqè ° S�=4¢9é t E ³ Cg<>=¨H�HJÖ�N­AKNzTMCBDFEGN­º�SUP�NOD
H�IM=�º�S�AGC	u ±
@Ç� &q&h� � �ÿQ+�
] { �9}�|	�Q� λ < −g(ρ0, 0) M
C b Ker(IdHW +Aλ) 6= {0} � � |9��{ �9�Z�^�;� � λ � �*|9� @ ��� @ � V |D�^R @ � � �L� @ � T�@ }M|9�4�9} A = − d2

dx2 −
g(ρ0(1 + rv)

2, 0)
b �ó�7�L�d�
�*�M|	� @ M � �9}�|9��� n ∈ N∗ M Ker(IdHW +Aλ)n = Span(uλ) M �"� @ } @

uλ
� ��|9� @ ��� @ � Vj@ �J�4�9}�� � A b

\ b � � λ �
���T�°�¶|9� @ ��� @ � V |D�^R @ � � A M �>� @ � ind(IdHW +Aλ, 0) = (−1)n(λ) M �"� @ } @ n(λ) �
�¼�>� @��R¹KV� @ }�� �f@ ��� @ � V |D�qR @ ��� � A � @ �M�³�>�B|9� λ b
_ �*ÿ��T� �
��ÿ!I � � Q+� � � � λ∗ < −g(ρ0, 0) �
�¼|9� @ �¡� @ � V |°�^R @ � � A M �>� @ ���L� @ } @z@ON � ��� � ε > 0 �[RZ�.�V�>��|°�
C b (λ∗, 0, 0) ∈ (−∞,−g(ρ0, 0))×HW ∩ (V − rv)×HW M\ b � � λ ∈ [λ∗ − ε, λ∗ + ε]\{λ∗} M �>� @ � Ker(Id− Lλ) = {0} M
� b � � λ1 ∈ [λ∗ − ε, λ∗) |9�T{ λ2 ∈ (λ∗, λ∗ + ε] M �>� @ � ind(Id− Lλ1 , 0) 6= ind(Id− Lλ2 , 0)

b

ªU¤



aRÿ��+�'#�� ¶ÉAGA@CB=ÄEGNOH�D � ± NOA´EG=@I>C�L*C�º�S�I>AGC rv ∈ V ±
A SJTM¦�NOE@A�SUDâCBNOQ�CBDF¥�S�POI>C λ∗ < −g(ρ0, 0) Lsµ ¿ CB¦5¦ÙS � ± ¤ ± ¢ ± λ∗ N­AÉNOA@HJPÇS{EGC�TâNODâE ³ C£A@<*C�º¯EG=¨I>¦ HJÖ
A Ú�E ³ CB=@CBÖ HJ=@CRE ³ CB=¨C�C¯®MNOA¨EGA ε > 0 AGI�º ³ E ³ S�E [λ∗ − ε, λ∗ + ε] ∩ σ(A) = {λ∗}

± æÛµ ¿ CB¦5¦ÙS � ± ¤ ± �
S�D�T � =@HJ<*HJAGNáEGNOHJD � ± ¤ ± � Ú�NOE�N­A�CÁS�A¨µ(EGH�A@CBCRE ³ S�E w, u ∈ HW

S�D�T w + Bw = 0 Ú u + Aλu = 0 NOÖS�D�T
HJD>Páµ�N­Ö w, u ∈ H S�D�T w = 0 Ú Au = λu
±�²Ü³ NOAKµÃNOCBP­TMA�¶ÉA@A@CB=¨E@N­HJDâ¢ ±

¶ÉAKN­Dqè ° S�=4¢	é ÚMNOEKÖ HJP­POH!��A�ÖÇ=@HJ¦ SØ=¨CBA@I>PáE�H�Ö ¿ C�=4SBµ
SUD�T ¡ º ³ SUI�TÃCB=ÉS�D�T ¿ CB¦5¦ÙS � ± ¤ ± ª§E ³ S�E
ind

[(
IdHW +B 0

0 IdHW + Aλ1

)
, 0

]
= ind(IdHW +B, 0)ind(IdHW + Aλ1 , 0)

6= ind(IdHW +B, 0)ind(IdHW + Aλ2 , 0) = ind

[(
IdHW +B 0

0 IdHW + Aλ1

)
, 0

]
.

�¿ C¯E S̃0 := {(λ,w, u) ∈ Ω, (w, u) 6= (0, 0) A@HJPO¥�CBA (1.28)} ± ¿ C�E λ1 < λ2 < ... < λN <
−g(ρ0, 0) L*C	E ³ C�CBNOQ�CBDF¥�S�POI>CBA�HJÖ A t � ³ N­º ³ S�=@C�NOD�í�D>NOE@CgDsI>¦§L*CB=´L*C�º�S�I>A@CgHJÖ � =@HJ<*HJAGNáEGNOHJD � ± ¤ ± �
S�D�T�L*C�º�SUIMAGC rv ∈ HW

N­¦5<MP­NOCBA ∫
R |x|(g(ρ0(1 + rv)

2, 0)− g(ρ0, 0))dx <∞ u ± k C�SU<><>Páµ � =¨H�<*H�Â
A@NOE@NOH�D � ± ¤ ± ¢ � ÖÇH�= m ∈ {1...N} Ú S̃0∪{(λm, 0, 0)} <*HJA@AGC�AGA@CBA·S�¦ÙSÁ®MNO¦ÙSUPwº�POHJA@C�T�A@I>L>A@C�E Dm � ³ N­º ³
º�HJDsEÊS�NOD>A (λm, 0, 0) S�D�T ³ SUA�S�EKP­C�SUA¨E�HJD>CgH�ÖoE ³ CgÖ HJP­POH!��NOD>Q�<M=@HJ<�C�=¨EGNOCBA �� ± Dm NOAKI>D�L*HJI>D�TMC�T
NOD R×HW ×HW

±
¢ ± E ³ CB=@CgC¯®MNOA¨EGA�SØA@C�àFI>CBD�º�C (λn, wn, un) ∈ Dm AGI>º ³ E ³ S{E λn → −g(ρ0, 0)

±
ë ± E ³ CB=@CgC¯®MNOA¨EGA�SØA@C�àFI>CBD�º�C (λn, wn, un) ∈ Dm AGI>º ³ E ³ S{EÙNOD>Ö

x∈R
(wn(x) + rv(x))→ −1

±
ê ± Dm ¦5C�C�EGA (λp, 0, 0) ��NáE ³ m 6= p

±
¿ C�EaI>AaD>C¯®�E�TMC¯í�D>C Cm = Dm + (0, rv, 0)

± ¶�AaNOD¦è ° S�=4¢	é Ú3�ÜC ºBSUDZA ³ H!�,E ³ S{EâE ³ CB=@CjNOA�S
D>CBNOQ ³ L*H�= ³ H�H�T�HJÖ (−∞,−g(ρ0, 0)) × {(−rv, 0)} N­D R × E � ³ Nzº ³ NOA�D>HUE�N­DFEGCB=@A@C�ºÊEGC�TjLsµ SUDsµ
HJÖ�E ³ C Dm A@C�EGA ±¬²´³ I>AÙE ³ C Cm AGC¯EGA�TMH�D>H º�H�DFEÊSUNOD+S�Dsµ&H�Ö	E ³ ClE@=@Ná¥ÃNÇS�P�A@H�POIMEGNOHJD>A�E@H t�� ± ¢J¢%u Ât�� ± ¢Uë�u5HJÖ�Eßµ�<*C (λ, 0, 0) Ú�� ³ N­º ³ ¦�CÁSUD>AÙE ³ S�E Cm ⊂ S ∪ ∪p{(λp, rv, 0)} ±·²Ü³ Ca¶ÉPáEGC�=@DwS{EGNá¥FCaêº�S�D�L*C�CBP­NO¦5NODwS{EGC�TXS�A
NáE
N­A(Lsµ °j±K° SU=¨N­è(N­D è ° S�=4¢9é ±´²´³ CjS�=@QJI>¦5CBDsE
NOA(E ³ C!º�H�DFEGNOD�I>NáEßµ7HJD
(S̃0 + (0, rv, 0)) ∪ ∪p{(λp, rv, 0)} HJÖ´E ³ CÙN­DFEGCBQJCB=ÄÂå¥JSUPOI>C�TjÖ I>D�º¯E@N­HJDq� ³ N­º ³ ¦ÙS�<>A (λ, r, u) HJDsEGHE ³ C�DsI>¦§L*CB=ÛHJÖäD>CBQsS{EGNá¥FC�CBNOQJCBDs¥JSUPOI>CBA·A@¦ÙS�P­POCB=ÛE ³ SUD λ HJÖ E ³ C�H�<*CB=GS�E@H�= − d2

dx2 − g(ρ0(1 + r)2, u2)
±

¡ NOD�º�C
E ³ NOA�DsI>¦§L*CB=�N­A5D>HUE5E ³ C
A4S�¦5C
Ö HJ= (λp, rv, 0) SUD�T (λm, rv, 0) SUA5A@H�HJDdSUA m 6= p ÚÐE ³ C¶ÉA@A@CB=¨E@N­HJD
ê ± N­AKD>HUE�<*HJAGA@NOL>POC ±
� D!E ³ C5º�HJDsE@=4SU=ÄµFÚäNáE£TMH�CBARD>HUERA@CBCB¦�EGH(L�C�<*HJAGA@NOL>POC ³ CB=@CØEGH
CBPONO¦5NODwS�E@C�E ³ C�S�POE@CB=@DwS{EGNá¥FC�ë ± Ú� ³ Nzº ³ �KSUAKA ³ H!��D
D>HUEKE@H5H�ºBº�I>=KNOD
E ³ Cg<wSU=ÄEGN­º�I>PzSU=�º�S�AGCgA¨EGI�TÃN­C�T(NOD<è ° SU=G¢9é ±

ª 
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vxwzyR{}|�~����;�;w�w��Y����wz�W�;�������t�6����w�y4�����W|������R|"�)�����N|���wFy���|����;w����������rw����.|��

� �¢¡¤£.¥.¦¨§�£�©«ª'�¬�;{��­�®~}|�~�w���¯�°±w�²�����wP|z�;��³�y¤��w��´�±y¤���¨�����)����� �%���L�){�w9���­��w.|µ�®�Y�R|µ���������·¶���9|b���W|µyR¸��)�������;���¹�;���­���)�����º�)�»|<����w4¼·����½!w����)�����}|µ�±���������­��w.|��¬¾�yR{��;¿����­��²�w��#wFÀ´�}|.¼�;�����+�8ÁÂw<y¤��½!~����;w<�´��½!w��;�­yF|��­��¶¹�;{�w<���W|µyR¸º�;�������;���Ã|µ�¨�ew¤��|µ���}|"�)wr�){�w<����½!���C|"� Ä���Å�){�wÇÆ®|�¸È{����)�.�´¼·É�������¸������.�N�%����y4�)�����+�}ÁÊ{�w��b�){�wËy¤���¨�����)�����Ì�%���B���­��wF|µ�B�;�R|µ���������·¶N����������R|"�)���;Í¨w��t¯��È��½!w��Y�\yF|��Ky¤��½!~����R|��;�­�������;��²�²�w��Y�Î�){}|"�Î�;{�wz���W|µyR¸ �;�������)���r�­�Î���­��w.|µ�Y��¶�����;�R|µ����w��Ïª'�<�){�w#ÐB�;���;�G¼GÑ8���R|µw4���;¸È�­�ÒyF|��;w�¯¨°ÓwÇ~��;�.��wÇ�;��²����Y�����;��¶r�;{�wÇ�­����w.|��B�Y�R|µ���������·¶���Ï�){�w����\|�y)¸#�;���­���)���+�´ÔÒ���}|��­��¶�¯�°±w�yR{�wFy)¸Ë�;{�w���¶��}|�½!�\y�|µ�}�Y�Õ|������­���I¶#���Ï�){�w��;w��)�������)��������;�������­��²!�;{�w�~}|��Y�)�\|��K����ÖÏw��Yw��´�)�\|��+wFÀ´�}|"�)�����×°����){<|ÇÍ¨�����)w�����ÖÏw��;w��¨y4w��9|µ��²����Y���;{�½r�
Ø!ÙFÚ ÛÏÜÞÝ¢ß�à¬áCâCãäÝÒå¤àÇÜ

ÁÂwzy¤�����;�\��w¤��{�w��Yw��;{�w�æ������­����w.|��9¾�yR{��;¿È������²�w��ÎwFÀ´�}|"�)�����r���r���­½#w����;�­����ç�è
{
i∂tu+ ∂2

xu+ f(|u|2)u = 0, (t, x) ∈ R2

u(0) = u0
, é>ê �­ç.ë

°�{�w��;w
f
����|Ë�Yw.|µ�E��|µ����wF�C�%���¨y4�;�­���<|µ�¨� |u0(x)|2 → ρ0

|µ�
x→∞ �ÈÁ�w�|��)�;��½!wB�){}|"�

f(ρ0) = 0|��¨�
f ′(ρ0) < 0

�Óª'�ì������������w.|µ�×��~��)�­y¤�.¯L�){����×wFÀ´�}|"�)�����ì���r|�½!����w��B�%��� �;{�wbw¤���������)�����ì�����){�wy¤��½!~���w4í¬|�½!~������)�¨��wÎw��´��w�����~�w����t|Pw���wFy4�;�;�­y±Í¨w��­�!������~��)�­yF|��¨Í¨��w��Y�F¯����ä�%���Å�;{�w��;w����\¼'²����\��wF����wF|µ½!����Ã~��\|µ�}|���°�|���w�²����­��w��F�äÁÂw<�;w��Ww��¬�)�ìî/É���ï�ð9�%���×|������;� ���P~�{´¶��;�­yF|µ����¶ñ�Yw���w¤��|��´�×���������­��w.|µ�Y���;�­w��
f
�xòäÀ´�}|"�)����� é@ê ��ç"ë#|µ���;�º|�~�~�w.|��;�¬�­�e�){�w<��w��)y¤�;��~��)�����Ã���P��w��%wFy4�;�����¬���¬�����;{�wr�;{�w����Y¶¹���B����w4¼����½!w����;�����}|��+�%w��;�Y��½�|µ²���w¤�)�­yP���±½!����wFy¤���W|���y){}|µ����� é �;w�w�î�óÓÐ��NÑ8ð'¯+î�óÓÑÒð'¯+î�óLð%ë4�ª·�Â�){����Ë~}|�~�w���¯�°Ów×�W��y¤���Ë���º�Y�R|��;�­���}|��Y¶��)�������)�������

u(t, x) = ϕ(x)
�)� é>ê ��ç"ëÕ�ÒôÓ{È���Ç°ÓwC|µ�Yw��|µy¤wF� °����){C�){�w��)wFy4���¨�È¼'���)��w�������ÖÏw��;w��´�;�W|��+wFÀ´�}|"�)�����

ϕ′′ + f(|ϕ|2)ϕ = 0. é>ê � ê ë
õ ç



ª'�»î6�¨óLð é �;w�wz|��­�;��î�ó±Ð��NÑÒð'¯tî�óÓÑÒð2ë4¯�öÞ����wzóx���}|µ�;�×�;�;�¨����w��Î����wP�)~�wFy4�W|��t¸È���¨�C���K�){�w��)wP�;���­���;�������Fè�){�wb�Y�R|��;�­���}|��Y¶ñ���������­w��F¯L°�{��\yR{ì½�|F¶�w4í����Y�C���¨��w�� �)��½!wby¤���¨�����;�­�����C���Ã�;{�wb���������­��w.|��;���·¶
f
�æ9|�½!w���¶�¯���w¤Í����­��²Ç�;{�w9~����;w��´�)�\|��

V
|��
V (r) =

∫ ρ0

r
f(s)ds

¯��­�
V
��|����­�;{�w��®�­�¬�;{�w9�­���)w��Y��|��

(0, ρ0)|��¨�z�����){�wä�\|µ�Y²�w��Y�¢�¤w��;�����
V
���z�;{��­�����´�;w��Y��|µ����������½Þ�����;�­~����­y¤���I¶�����w�¯��){�w��Ywx���Èw¤�¢w4í��­�Y�Ò|±�;�R|��;�­���}|��Y¶����������w��;����������² é>ê �­ç.ë4¯��){}|"�x�­�®|��;w.|��@¯´�Y�;�;�­y4�)��¶!~����;���)����w�¯�w¤��w����%���¨y4�;�����+¯�²��Y�.°�����²���� R+

¯��)w��¨������²�)�
ρ

1/2
0

|�������Í¨�����·¶´�æ��.°�¯¨�­�
V
����~����;���)����w����

[0, ρ0)
¯ é@ê ��ç"ëÎ|µ��½!���)�B|��<�µ�){�w���¸È���¨�r���Ò�Y�Õ|"�)�����}|��Y¶C�)�������)�������.è��){�w���\|�y)¸÷�)�������;�����F¯+°�{��­yR{º|��;w¬�;wF|µ�@¯��È�����%���¨y4�;�­�������)w��¨������²<�)� ±ρ1/2

0

|"� ±∞ ��Ô¨���ÇwÕí¨|µ½#~��­w�¯K�){�wÐB�Y���;�G¼IÑÅ���Õ|�w¤���;¸È����wFÀ´�}|"�)�����+¯"°�{��­yR{Ë�­� é@ê ��ç"ët°����){ f(r) = 1−r ¯ ρ0 = 1
¯�{}|��

V (r) = (1−r)2/2 >
0
���

[0, ρ0)
ôÓ{�wB�;w��;½!����������²µ¶ �������W|µyR¸��)�������;����y4��½!w��Ó�%�;��½ø��~��)�­y¤�F¯´°�{�w��YwB�;{�w¤¶×��w¤�Ry4�;����wP���W|µyR¸�;~����;���������;��²�{����}|µyR¸È²��;�����¨��� é �)w¤w�î6É���ï�ð'¯+î6ÉP�­ÉPð>¯Kî6�b¾´ð2ë4�ª·�ñî/�¨óLð'¯t�;{�w!�Y�Õ|"�)�����}|��Y¶Ì���������­w��z�)�������­��² é@ê ��ç"ëP|µ�Yw!�;{��.°��÷�)���Ïw¬|��­�Å�����Y�Õ|����­w��KôÓ{�w!~��;�´������9�}|µ�;wF�<���Ì|��;�����;�­wÞ|µ�}|���¶��;�­�9���8�;{�wÇ�;~�wFy4�)�Y��½ù���8�;{�wÇ��~�w��R|"�)���9�����Õ|��­��w��N�´¶��­����w.|��;���.|"�)�����b���

é>ê �­ç.ëB��w.|����){�w!����������w��Òú9�÷�){�w�y¤���´�)�R|��Y¶�¯t����°Î|��zÍ¨�;�Y���){�����²�{��Ç�´¶Ì~�{�¶��;�\y¤���Y�)�z�;{}|����){�w!���W|µyR¸�;�������)�����±°Ów��;w�|µ���+�Y�Õ|�����w é �;w�w�î/É���ï�ð>¯Kî��b¾´ð%ë4�}ûÎ�.°Ów¤��w���¯�üË�ý¾Ï��ÉP�����;{}|���|µ�¨� Áþ�¨ÉP�Y�����­¸��F°��;¸È��|��;w�){�w±Í¨�Y�Y�Å°�{��z�����;w��Y��wF�#�È��½!w��Y�\yF|�����¶Ë�����R|"�)����w����W|µyR¸Þ�;�������)����� é î/ÉP�\ÉBð%ë4��ª'�#�){�wÎ�R|�½!wÎ~}|�~�w��F¯��;{�w¤¶ÿ ���Y�;�­�W¶Ç�´¶���|µ�Y�W|"�)�����}|µ�}|��;²���½!w����)�L|By¤�Y���;w��;�����!��w¤�)w��Y½!�­������²P�­�Ï|B�¨|µ�Y¸Ç�;���­���)��� é |��¨�Ë���#~}|��Y�)�­y¤���\|��F¯|Þ���\|µyR¸¬�)�������;����ëx���Î�Y�Õ|�����w����±���µ�.�ÈÁ�w��YwFyF|��­�E�;{}|���|Þ�¨|µ�Y¸¬�;�������)���C�;����������² é>ê �­ç.ëx����|Þ�;���­���;�­��������){�wÇ�W���Y½
u(t, x) = uv(x − vt)

¯¨°�{�w¤�;w
v ∈ R ���9�;{�wÇ�)~�w�w��N���8�;{�wÞ�;���­���)���+¯E|��¨� |uv(x)|2 → ρ0|��

x → ∞ é �;w�wCî�Ð�| ê ð2ëÕ�Ïô±{����Py¤�Y���;w��;�����N�;wF���¨y¤w¤�B�;�¬�){�wË|µ�}|���¶��;�­�B���8�;{�wÞ�;�­²��b���8�){�wÞ��w��;����|"�)����w
dPv/dv

¯�°�{�w��;w
Pv

���±�){�w�½!��½!w��´�;��½l�����;{�wz�¨|µ�Y¸ �;�������)���r���¢�;~�w�wF�
v
¯�²�����w��r��¶

Pv = Im

∫ +∞

−∞
∂xuvuv

(
1− ρ0

|uv|2
)
dx.

æ9|�½!w���¶�¯
uv
�­�¢�;�R|µ���­wx�­�

dPv/dv > 0
¯"�����Y�Õ|µ���­wx�­�

dPv/dv < 0
�"öe�Y�­²����;�����Ò~��;�´���������){����8y¤�Y���;w��;�����{}|��z��w�w���������w!�´¶��Ò�+�+�­� é î/�tð2ëÕ�Kû��F°±w4��w��F¯Ï�){�w#~��;�´���x�­���}|��)w��÷���Ì�){�w#{´¶����Y����¶È�}|µ½#�\yF|��ä�W���Y½���±òäÀ��}|��;�­��� é>ê �­ç.ë4�tö �;�������)�����»�;� é>ê �­ç.ë9�­�P°��;���;�;w��Â|µ� u = (ρ0 − r)1/2eiθ

¯K|��¨���Ò�+�+���»½¬|�¸�w���){�wC|��}|µ��¶��;���#�����;{�w×�Y¶��Y�)w¤½ �R|��;�­�YÍ¨wF����¶
(r, θx)

¯K°�{��­yR{º{}|��!|bû9|�½!�­���)�����\|µ���;�;�;�¨y4�;���;w��ÒôÓ{����|��}|µ��¶��;���P�­�9��|��­�­�b�W���9������¼'��w��Y�×�;~�w�wF��� é ���9�%���9�;�R|��;�­���}|��Y¶<����������w��Õë4¯Ï��wFy�|µ���;wÞ�;{�wË�¨|µ�Y¸r�;�������)����������Ì�;{}|��zy�|µ�;w!|¬�)�)|F��w����­��²C����������w�¯�°�{��\yR{Ì�­�Ì~}|��Y�)�­y¤���\|���½!wF|µ���B�){}|"� |uv(x)| > 0
�%���

x ∈ R �ôÓ{��­��|µ~�~��Y�´|µyR{����;wF|µ¸È�����F°����%���±�;{�w����W|µyR¸ �;�������)�����F¯�°�{��­yR{C��|µ�����;{N|"������w�~������´�F�ô±{�w#²���|µ�8���ä�){�����~}|�~�w��P�­�B�)�×Í¨���ä|����2|µ�z|��B°Ów#yF|µ�b�){�����²�|�~»y¤���¨y¤w��;������²×�){�wË�Y�)�¨��¶N���ä�){�w�Y�Õ|������­���I¶÷���®�){�w����\|�y)¸Ì�)�������;�����F�tÁÂw��Yw¤�����)�����){�w��)~�wFyÕ�)�R|��®|��}|µ��¶��;���z°�{��­yR{÷°�|��Ç������w¬�´¶÷öÇ����wóx���}|��)�Â���Â�){�w �Y�R|��;�­���}|��Y¶����������­w��F�8ï�w����µ�)����²b��¶
ϕ
|r���W|µyR¸»�;���­���;�����;����������² é@ê ��ç"ëÕ¯K°Ów¬�­�´��¸�%���P�;�������;�­�����P�)� é>ê �­ç.ë�������w��B�){�wË�%���;½ ϕ + u1 + iu2

¯�°�{�w��;w
u1

|��¨�
u2

|��;wË�Yw.|µ�Ò��|��­��wF�t�tô±{�w���­��wF|µ�Y�­�.|"�)�����<��� é>ê �­ç.ë®��w.|µ� (u1, u2) = (0, 0)
°��;���)w��

∂

∂t

(
u1

u2

)
= A

(
u1

u2

)
, é>ê ����ë

°�{�w��;w
A =

(
0 L1

−L2 0

)
,

õ ê



L1 = −∂2
x − f(ϕ2) ,

L2 = −∂2
x − f(ϕ2)− 2ϕ2f ′(ϕ2) .ÁÂwB°��­���+�;w�wP�){}|"�

f(ϕ2)
|µ�¨�

ϕ2f ′(ϕ2)
y¤���´��w��Y²�w�w4í�~�����w��´�;�W|�����¶r|"������Í¨�����I¶��¨ª>�Î�%�������F°��9|��Î�­�î6�¨óäð+�){}|"�±�){�w�w��;�;w��´�)�\|��+�;~�wFy4�)�;��½

σe(A)
���
A
����y4���´�R|µ����wF�C�­�

iR
�� �¨��w��×�){������%�)|µ½#w4°±���;¸�¯x°Ów÷w��Y�R|µ�������){Ê�;{�wÌ�%���­���F°�����²e�;��³�y¤�­w����<y¤���¨�����)����� �%���×�){�w÷������w.|µ��Y�Õ|������­���I¶×�����){�w����W|µyR¸ �;�������)�������¤�

�
	���
 ¥ � & � ©��¨©��
L1 ����������� ��� �"!$#�%&�('*)+%�,-�/.0�1)2%3.�%&' L2 4 �5)567!"%389�&�(' H2 : �;)5���<�����/'-)��=�>�?�@,-��AB)�.<CD8�(� [0,+∞) : �3'E! L1 6F�3�
�&'GCD'��=H/C*�I'E�=JK�1)��;L>�
�/�MJK�/'-L>�>��C*� λ0

4 6K��A<6N�(�O�<�;8P,E�M�RQS 6F�GT*�RUR6K�5)2%3L3��VW%>�M%3U>%>�M%&LX��CD'YAB)��=%&'
g(λ) := < (L1 − λ)−1ϕ′, ϕ′ > , é>ê �[Z´ë

!"��\]'E��!O��%&. λ ∈ (λ0, 0) : �(�7%^�7AB�M�3��� C1 : �;'EA<.����3���<�_%3' (λ0, 0) : �&'E! g(λ) → −∞ �R� λ ↓ λ0 Q+`(�)56��9�a�(8W�5)b%$� g(λ) �3� λ ↑ 0 ���7'Y%&'*�c,-%3�<�;)��;L>� : )56F�7�@,���AB)�.<CD8d%^� A ���7�('EA��aC*!?��!e�;' iR : �3'E! ϕ ����a�('E���&.B�af7�/)2�"gB�M�RQö9�Î���±°����­�t��w��;w�w��+¯����Î�­�±~����;�;�����­wP�)�Ë��w¤�;���W¶ �È��½!w��Y�\yF|�����¶×���K�){�wzy¤���¨�����)�����r���ÒôÓ{�w����;w�½ ê ��ç���çw����;���;����²r�;{�w����­��wF|µ���Y�Õ|������­���·¶÷���±|����W|µyR¸Ì�;���­���)�����­���R|"�)���;Í¨w��»���z���µ�.�ÒÐB����w¤��|�������������w.|µ�Y���·¶
f�;�¨yR{N�){}|"�B�){�w��YwËw4í��­�Y�)��|¬���\|�yR¸r�;�������)���Ì�)����������² é@ê ��ç"ëÕ¯Ï�����;w�w�½#�B�;�×��wË½!���;wË����³�y¤�����P�)�×~��Y�"��w�;��²����Y�����;��¶!�){�w9������w.|µ�x�;�R|µ���������·¶����K|z���W|µyR¸!�;���­���)���+��Á�wByF|�� {��.°Ów¤��w¤�Ó���Ç���Ó�%���x�;{�w9���\|�y)¸!�;�������)������Å�;{�w!Ð9�;���)�G¼IÑÅ���Õ|�w¤���;¸È���¢wFÀ´�}|"�)�����+¯��){}|���¸È���)�¬�;{�wÞwÕí�~����\y¤���P¸È���F°��­wF��²�wÞ���Å�;{�wÞ���\|µyR¸r�;���­���)���
ϕ
¯�����){�w���w�²�|"�)����wzw¤�­²�w��´��|��­��w

λ0

�����;{�w���~�w��R|"�)���
L1

|��¨�C�����){�w�|��)�;�Èy¤�\|��)w���w���²�w¤�´��wFy4�;����è
�
	���
 ¥ � & � ©��¨© � S 6��hg��i�"A<Uj��%>�a�5)@%&' ϕ(x) = tanh(x/

√
2) %$�O)56F�7kl.�%3�0�/�=mn�;)2�"�/L���U3�(�o��H/C-�1)��=%&'e�(��a�('E���&.B�af7�/)2�"gB�M�RQô±{����®~¨|µ~�w��x���x���;²�|µ������wF� |��®�W�������.°��F�Èª'�¬�;wFy4�)����� ê ¯�°±w�²�����wB|�~��;wFy¤���;wB��w¤Í¨�����)�����¬���Ï�){�w����W|µyR¸�;�������)�����F¯�|µ�¨�b°Ów!²�����w¬|×��wFy¤w��;�R|µ�G¶�|��¨�÷�)��³¬y¤��w��´�Çy¤���¨�����)���������÷�){�w�������������w.|µ�Y���·¶

f
w����;���;����²�){}|"���){�w��;w¬wÕí��­�Y�;�#|����\|�yR¸÷�;���­���)���+�8¾ÈwFy4�;�­���p�<���Ë��w4�����;wF�»�)�r�){�w¬~��Y�È���±���ÎôÓ{�w����;w�½ ê �­ç��­ç��¢ª'��;wFy4�)�����7Z¨¯�°ÓwÎ�;{��F°��){}|"�Lô±{�w¤���Yw�½ ê �­ç��­ç±���ä�È��½!w¤�;�­yF|µ����¶Ëw¤³¬y¤��w��´�F��ôÓ{}|��ä���F¯�²�����w��¬|B���������­��w.|µ�Y���·¶

f
¯�°±wÓ��w��Y���W¶Ë�´��½!w��;�­yF|�����¶Ë���}�){�wÎy¤���¨�����;�­���!�­�!ô±{�w����;w�½ ê �­ç��­ç±���ä�R|��;�­�YÍ¨wF�Ë���Å���µ�.��ôÓ{�w����;w�½ ê ��ç�� ê���z~��Y�.��w��÷���÷�;wFy4�)�����rq��+Ô¢���}|µ����¶´¯Ï°Ów#�È��½!w¤�;�­yF|µ����¶b�;�;�¨��¶b���÷�;wFy4�)����� õ �;{�w!��¶��¨|µ½!�­yF|��Å�Y�Õ|����­�����I¶���ä�;{�wË���\|µyR¸<�;�������)�����F¯E�%���9�){�wÞ~����;wÞ~��.°Ów��P��w��%�Èy¤���;����²CwFÀ´�}|"�)�����»|��9°Ów��­�Å|��P�W���9�){�wÞ�R|��;���R|"�)wF�wFÀ´�}|"�)�����+�
Ø!Ù)Ø sutCå�vEÝxw�ÜCãnwnàjyuz {}|BzÇã]~ v+àh|�åÕÝ�àÇÜ

ÁÂwÞÍ¨�Y�;�P²�����w!| ~��YwFy¤���)w#��w4Í¨�����;�����÷���®|¬���\|�y)¸<�)�������;���+�+òÒ��w��b�­�ä�;{}|�����w¤Í¨�����;�­���»���´w��������z|~��;�����;�8w4í�y¤���¨��w��P�){�w!y�|µ�;wÞ°�{�w��;w#���\|µyR¸N�;�������)�����Ç|��;wË�;�R|���w�������²r|���| ������¼'��w¤�;���;~�w�wF�
v
¯�°ÓwÞ°��­���

�/�0���/Á��R�.À@�[�B�h�B�E���a�/Á��[Â��>À2���&�a���ËÀ;�I��Á��$�B�3�=���/ÁYÂo�/ÁYÂHÁ��a�o���
�M���FÀ���ÈjÁ���À,Â@�<�*�>À2���&���a�àÀ;�������&��À��a�3Å
ϕ

���o�@���a�_À��O��Á���a�/Á��[Â=�[����À@���1�ËÁ��a��À@�/Á��HÈjÁ ��À,Â,ÄkÇ
σ(A)

�a���l�,ÄR�&�HÁFÀ��B� {λ,Reλ 6 0} Å1�<�3���a���kÁ��[Â=���JÄ3�3��À@���1�ËÁ��a�AÀ=�kÁ]�.À@�/Á3Âx� �<��Á/�
õ �



�;w�wP�){�w¤�;w.|��W�)w��±�;{}|��Î���\|�y)¸×�;���­���)������½¬|�¶ ������¶×��w��Y�Õ|"�)�����}|��Y¶×�;�������;�­����� é ��w�¯ v = 0
ë4�

� �K�]�+� £ �;
Y� � © � ©���� �B) ρ0 > 0 Q���g��M�"A�UW��%>���5)2%&'r%$�7�= FQ;¡0¢7�(�h�£��%>��CF)��=%3'r%^�7�= DQ5¡0¢¤%^�b)56��o��%&.<8
u(t, x) = ϕv(x− vt) = ave

iθv(x− vt)
4 6F�/.�� v ∈ R : ϕv ∈ C1(R) : av(0) = 0 : av(x) > 0 ��%&. x ∈ R? : θv �(�e%^�}A��i�3��� C1 %&' R? :
�&'E!I,*�=��A�� 4 �(��� C1 %&' R :l4 �5)56 θv(0+) = π + θv(0−) : �&'Y! av → ρ

1/2
0

: ∂xav → 0 : ∂xθv → 0 �3�
x→ ±∞ Qæ�w4í��.¯¨°ÓwÞ²�����w!|���wFy¤w¤�)�R|��Y¶b|��¨�N�)��³¬y¤��w��´��y¤���¨�����)�����b���N�;{�wÞ�������­����w.|��;���I¶

f
°�{��­yR{bw����;���;w�){�w�wÕí��­�Y�;w��¨y¤wz���8|Þ���W|µyR¸ �;�������)�����;� é>ê �­ç.ë4�

�
	���
 ¥ � & � © � ©��¦¥ �G�3���<C�89� f ∈ C(R+) Q � �B) ρ0 > 0 Q S 6��/.0�G��§>�(�/)5�¨��g��i�"A<UG��%>�a�;)2%&' ϕ %^�
�= FQ;¡0¢ : %^�b�@,-����! v ∈ R :n4 �5)56e89%�!&C��aCK�
)2�/'Y!&�;'DJ©)2% ρ1/2

0 �1)l�;'R\]'-�5)�f¤�ª�W�&'E!}%&'«��f©�ª�j)56��l�B%>�;�M% 4 �;'DJA�%&'Y!&�5)��=%3'��
�&.0�¬���1)��(�5\n��!"­
(i) f(ρ0) = 0

(ii) v = 0
(iii) V (r) :=

∫ ρ0

r
f(s)ds > 0 ��%&. r ∈ [0, ρ0).® %&.0��%&L>�<. : � �X)56��<���PA�%&'Y!&�5)���%&'����&.��l���1)5�(�5\l��! : CR,N)2%¬)56��X8WCF�¯)��a,Y�a�=A��1)���%&'}g/fh�jA�%&'��/)2�3'*)+%^�l8_%R!&C���C��

1 : ϕ ���jCD'��=H/C*� : %R!"! : �3'E!98_�&feg0�7�3���<C�89��!9)2%Ng��h.0���>� : ,-%3�<�5)5�;L>�l�B%&. x > 0 Q¬°�'E!"�/.h)56��I�<C3,",Y�M�B�89�<'*)2�&.<fN�3�0�<CD8�,«)��=%&' f ′(ρ0) < 0 � f ′(ρ0) 6 0 ���
�©A�%3'�����H/C-�/'EA��
%^�b)56F�W%1)56F�/.
�3���<C�8�,Y)���%&'��@¢ :
√
ρ0 − ϕ(x) = e−cx(1+o(1)) ,

ϕ′(x) ∼ c(
√
ρ0 − ϕ(x)) ,

ϕ′′(x) ∼ −c2(
√
ρ0 − ϕ(x))

�3� x→ +∞ :o4 6��<.�� c :=
√
−2ρ0f ′(ρ0) �(�I)56F�b��%&CD'Y!£�@,-���0!"Q

± ¥ 
�
«² © �Kw4�z����|��;�;��½!wÞ�){�w#w4í��­�Y�;w��¨y¤w#���Ó| ���\|�yR¸<�)�������;���
ϕv = ave

iθv = aeiθ
��� é@ê ��ç"ëÕ¯Ï°����){½!�È���������Î�)w¤�¨���­��²#�;�

ρ
1/2
0

|"���­��Í¨�����·¶��
ϕ′v = (a′ + iaθ′)eiθ

�)w������Î�;�
0
|��
x→ ±∞ ¯¨|µ���

ϕv
�;������w��

− ivϕ′v + ϕ′′v + f(|ϕv|2)ϕv = 0, é>ê �aq�ë
�){´��� |ϕ′′v(x)| → |f(ρ0)|ρ1/2

0 =: l0
|��

x → ±∞ ¯L|µ�¨�¹�;{�w��;w¤�%���Yw f(ρ0) = 0
�Lª'�¨��w�wF�E¯ä��w¤�¬���|��)�;��½!wz��¶ry¤���´�;�R|µ���\y4�;�­���r�){}|"�

l0 > 0
��ôÓ{�w��;wzw4í����Y�)�

A > 0
�;�¨yR{��){}|"�

x > A
��½!~����­w��

3l0/4 6
|ϕ′′v(x)| 6 5l0/4

�
ϕv
�)������w�� é>ê ��q�ë4¯.�;{È���F¯"�;�­��y¤w ϕ′v |��¨� ϕ′′v |µ�Yw®�������¨��wF�t¯ ϕv |��¨� ϕ′v |��;wx�������%���;½#��¶y¤���´�)���È�������F¯�|��¨�C�;�!���
ϕ′′v
�¨ª>���%�����­�F°��±�){}|"�Î�){�w��Yw�w4í����;�;�

η > 0
�;�¨yR{C�){}|"� |x1 − x2| 6 η

��½!~�����w��
|ϕ′′v(x1)− ϕ′′v(x2)| 6 l0/4

�¨ª'�
x1, x2 > A

|��¨� |x1 − x2| = η
¯

|ϕ′v(x1)|+ |ϕ′v(x2)| > |ϕ′v(x1)− ϕ′v(x2)|

= |
∫ x2

x1

ϕ′′v(x)dx| > |
∫ x2

x1

(|ϕ′′v(x1)| − l0/4)dx| > l0η/2 . é>ê � õ ë
õ Z



�+w¤�
ε ∈ (0, l0η/4)

|µ�¨�
B > A

�;�¨yR{÷�;{}|��
x > B

��½!~����­w¤� |ϕ′v(x)| 6 ε
�KÔ¨���

x1, x2 > B
|µ�¨�

|x1 − x2| = η
¯ é>ê � õ ëx¶È�­w��­���9|Ëy¤�����)�R|µ���­y4�)�����+�Ô¨���

x ∈ R? ¯ ϕ′(x) = (a′(x) + ia(x)θ′(x))eiθ(x)
�Ò�Kw4�;�)����²

x
�)w��¨�Â�)�

0±
�����){����#wFÀ��}|µ�����I¶|��¨�×���;����²Ë�;{�wP�Yw�²����\|��;���I¶¬~��;��~�w��Y�;�­w��±���

ϕ
|µ�¨�

θ
¯����±�W�������.°��Ó�){}|"�

ϕ′(0±) = a′(0±)eiθ(0±)
�¨¾È�­�¨y4w

θv(0+) = π + θv(0−)
¯�°Ów�²�w4�

a′(0−) = −a′(0+)
��r���Yw��.��w��F¯¨|µ��w���w�½!w¤�´�Õ|��Y¶Cy¤��½!~����R|��;�­��� é �;w�w��%���Î�����Y�Õ|��¨y¤w¬î/�tð2ëx¶È�­w��­���±�){}|"���%��� x ∈ R? ¯

θx(x) =
1

2
v

(
1− ρ0

a(x)2

)
é>ê �a³�ë

−axx(x) = fv(a(x)2)a(x), é>ê ��´�ë
°�{�w��;w

fv(r) := f(r) + v2

4
(1 − ρ2

0

r2 )
�}ÁÂw#|µ���;����w¤Í¨��w

Vv(r) :=
∫ ρ0

r
fv(s)ds = V (r) − v2(r−ρ0)2

4r

�ôÓ{�wÎ½Þ�����)��~��­�­yF|"�)��������� é>ê ��´�ë¢�´¶ ax |µ�¨�#���)�ä���´�)w¤²��)|��;�­���!��w¤�·°Ów�w�� x1

|��¨�
x2

¯�°�{�w��;w
x1, x2 ∈ R?±¶���w��­���

−ax(x1)2 + ax(x2)2 = −Vv(a(x1)2) + Vv(a(x2)2) .�+w¤�;�;�­��²
x2

�)w��¨�×�;� ±∞ é ��w¤~�w��¨������²����C�){�w��;��²������ x1

ëÕ¯�°Ów�²�w¤�
−a′(x)2 = −Vv(a(x)2), x ∈ R? .

ôÓ{�w��;w��W���;w
Vv(r) > 0

�W���
r ∈ [0, ρ0)

��ª'��~}|µ�G�)�­y¤���\|µ��¯
v = 0

�¾È���¨y¤w
a > 0

|��¨�
a(0) = 0

¯�°Ów�{}|F��w
a′(0+) > 0

�}æ��F°�¯¨���
a′(0+) = 0

¯
a ≡ 0

|��¨�
ϕ
°±�����­���������w×|C���\|�y)¸÷�;���­���)���+��ô±{´���.¯+�­��|���w��­²�{È�����;{��´�������

0
�­�
R+

¯
a
�����){�w��;���­���;�­�������®�){�wCvÓ|µ��yR{´¶ÑÅ�Y������w�½

{
a′(x) = V (a(x)2)1/2

a(0) = 0
. é>ê ��µ�ë

ôÓ{�w��;w��W���;w
a
���L�Y�)�Y�\yÕ�)��¶Ë�­�¨y4�;w.|��)����²Ç|µ�ä�­����²Ç|��

V (a2) > 0
���+w¤�ä���®|��;�)��½!w���¶#y¤���´�)�)|����­y4�;�­���!�){}|"��){�w¤�;w�w4í����;�;�

r ∈ (0, ρ0)
�;�¨y){��;{}|��

V (r) = 0
���+w¤�

r0 := min{r ∈ (0, ρ0), V (r) = 0} ∈ (0, ρ0)
�¾È���¨y¤w

V > 0
���

(0, ρ0)
¯.°±w®½Þ���Y�Ò{}|F��w

f(r0) = −V ′(r0) = 0
�µô±{�wÓ���´�)w��Y½!wF���\|"�)w®��|µ����w®�;{�w����Yw�½w����;���;w¤�z�;{}|����){�w��Yw!w4í����;�;�

x0 ∈ R?+
�;�¨yR{÷�;{}|��

a(x0) = r
1/2
0

¯K|µ�¨�Ì�;{�w��
a ≡ r

1/2
0

¯Ï°�{��­yR{»���Ç|y¤���´�)�)|����­y4�;�­�����)�Ë�){�w���|�yÕ�Î�){}|"�
ϕ
�­��|Ë���\|µyR¸ �;�������)���+�ú9�¬�;{�w����;{�w��x�;�\��w�¯´�­�E�;{�wB|µ�;�;��½!~��;�­�����x���E�){�w9�Y�R|��;w�½!w��´�Ó|µ�Yw��R|��)���YÍ¨wF�t¯�°Ów�w.|��)����¶¬y¤�����Y�)�Y�¨y4�|<���\|µyR¸»�)�������;���

ϕ = aeiθ
°����){�½!�������­���Ç�)w��¨������²N�)�

ρ
1/2
0

|��Þ�­��Í������·¶�¯Ò���Â�){�w �%�����­�F°��­��²<°Î|F¶Eè°Ów<�){��.° �){}|"�¬�;{�w<�)�������)�����
a
�)� é@ê �[µ´ëË��� ²��­���}|�� é a ∈ C1(R+)

ë4�Lª'�¨��w�wF�t¯L��w¤� ��� ��w����µ�)w<�´¶
[0, T ∗)

�){�w�½¬|"í��­½�|µ�}���´�)w¤�Y��|µ�}���Ew4í����Y�)w��¨y¤w����Ï�){�w��;�������)�������)� é@ê �[µ´ëÕ�´ª·�Ï�){�w��;w�w4í����Y�)� x0 > 0
�;�¨yR{�){}|"�

a(x0) = ρ
1/2
0

¯
a′(x0) = 0

|��¨�b�;{�w#�����\À���w���w��;�z���b�){�w�vÓ|µ�¨y){´¶´¼·�+�­~��;{����)�!ôÓ{�w����;w�½ ¶���w��­���
a ≡ ρ

1/2
0

¯E°�{��\y){Â���Þ|�y¤���´�;�R|µ���­y4�)�����÷°����){
a(0) = 0

�Kô±{´���
0 6 a(x) < ρ

1/2
0

�W���
x ∈ [0, T ∗)

¯
T ∗ = +∞ ¯Ï|��¨�

a(x) ↑ ρ1/2
0

|µ�
x → +∞ �Ïæ�w4í��F¯�°±w�w4í��)w����

a
�;�
R
�;�¨y){<�){}|"�

a
���9w¤��w��t¯E|��¨�°ÓwzyR{��È���;w

θ ≡ θ+ ∈ R
���
R?+

¯
θ ≡ θ− = π + θ+

���
R?−

�Ô¨�;��½ ���F°����+¯�°Ów�|��;�)��½#w
f ′(ρ0) < 0

�¨ª>���W�������.°����%�Y��½ é>ê ��µ�ëx�;{}|��
a′(x) ∼

x→∞
c(
√
ρ0 − a(x)) , é>ê �­ç�Ä´ë

õ q



°�{��\y){r½¬|�¶ �Ïw����´�)w¤²��)|��;wF�<|��
√
ρ0 − a(x) =

x→∞
e−cx(1+o(1)) é@ê ��ç�ç.ë

ÁÂw���� ÿ wFy4� é>ê �­ç�ç"ëx�­�´�;� a′′(x) = −f(a(x)2)a(x)
�;�!�����Õ|������){�w����;{�w���|��;¶È½!~��)�µ�)�­y¤�F� �

Ø!Ù ¶ · vKâ¤¸ ãÓå/w�ÜÞÝ ãxàÇÜCá�åÕÝ¢å¤àÇÜ yµà�ß¹|�å¤ÜNw�z�ßºvEÝxzj{�å�|�åÕÝ*»
ª·�C�;{��­�Î�;wFy4�)�����+¯�°±wP~��;�.��wzôÓ{�w����Yw�½ ê �­ç��­ç���Kw4�z���z��w������;w#�´¶

ϕ
�;{�w#�;���­���)���÷�����Õ|��­��w��÷���¨��w��P�;{�w!y¤���¨�����)������� é �Wë'¼ é ���Wë'¼ é �����%ë����®ôÓ{�w����;w�½ê � ê �­ç�¯�°����){C�;{�w�w4í��;�R|!|��;�;��½!~��)����� f ′(ρ0) < 0

�ª·�¬�����x�;�;�¨��¶!���E�){�w9������w.|µ�x�Y�Õ|����­�����I¶!���
ϕ
¯�°±w����;w��){�w��R|µ½!w����µ�Õ|"�)�������Ó|µ�®���bî6�¨óLð>�Èô±{�w9������¶����ÖEw¤�;w��¨y¤w#���P�;{}|���{�w��Yw�¯

ϕ
��w����µ�)w���| ���\|µyR¸N�;���­���;���+¯�°�{�w��Yw.|µ�����z��w������)w¤�Ç| �Y�R|��;�­���}|��Y¶N����������w����î6�¨óLð>�Eö9�B°Ów#½!w����)������w��Ì�����­�Ì�;{�w#���´�;�;������y4�)�����+¯E�;{�w#������w.|µ�Y���.|��;�­���»��� é>ê �­ç.ë���w.|��P�){�wË���W|µyR¸�;�������)���

ϕ
¶��­w¤�\���±�)�Ë�){�w��Y¶��Y�)w�½ é>ê ����ë4��Kw4�<����Í¨�;�Y�r�����;~�wFy4���){�w÷�;~�wFy4�)�)|º�����){�w÷��~�w��R|"�)���;�

L1

|��¨�
L2

�±ö9�r�W���C�;{�w»�Y�R|��;�­���}|��Y¶����������w��#�Y�;�¨����wF����� î6�¨óLð>¯��){�w�|��;�;��½!~��)�����
f ′(ρ0) < 0

w����;���;w¤�Ë�;{}|��
σe(L1) = [0,+∞)

|��¨�
σe(L2) = [−2ρ0f

′(ρ0),+∞)
�¢ô±{�w �2|�y4�Ç�){}|"�

ϕ
�­�#|r�;�������)�����º��� é>ê �­ç.ëB°��;���;w�� L1ϕ = 0

�¢ô±{�w����ÖEw¤�;w��´�;�W|"�)�����C���+�){����ÓwFÀ´�}|������·¶¬¶È�­w��­���
L2ϕ

′ = 0
�
ϕ
|µ��½!���)�Ów4í¨|µy4�)��¶¬����wB��w��;��¯´°�{�w��;wF|µ�

ϕ′
���´w�����µ�L��|������;{+�´ô±{�w��Yw��%���;wB¾´�)���;½��6�ä�;{�w����G¶ é �;w�wÇî�óLw"¾�y¤ð%ë8w¤���)���;w��L�;{}|�� 0

���L�;{�w����F°Ów��;�xw¤�­²�w��´��|��­��w����
L2

|��¨�×�;{}|��±���Î���±�;�­½#~��­w��¨ª>��|µ���;�#�;��²�²�w��Y�±�){}|"�
L1

{}|���|��C�����­À´��w��Y�)�Y�­y4�)��¶ ��w�²�|��;����w�w���²�w¤�´��|�����w°�{��\y){r���Î�)��½!~���w��¨ôÓ{}|��Î�­�Ó°�{}|��±°Ów�~��Y�"��w��­�C�;{�w���w4í�����w�½!½�|�¼F�
½ � &q& ¦ � ©c¾t©��

L1 6��3�
�&'¿CD'-�=H<C*�I�/)�.<�=AB)=��f9'E�=JK�1)��;L>�W�/�cJK�<'-L>�>�aC-� λ0
:�4 6K��A<6}�(�¬�<�;8P,E�M�RQ S 6��W�3�/���%RA/���1)2��!¤�/�cJK�/'�L>��AB)2%&. u0 89�3fNg��
A<6�%3���/'_,-%3�<�;)��;L>�RQ

± ¥ 
�
«²�
«² ½ � &q& ¦ � ©c¾t©�� ª'�
v ∈ H2

¯
< L1v, v >=

∫

R
|∂xv|2 − f(ϕ2)v2 =: Q(v, v) ,

°�{�w��;w
Q
������w¤Í¨��wF�¹���

H1
�ä¾È���¨y¤w

σe(L1) = [0,+∞)
¯Ò�;{�wCw4í����Y�)w��¨y¤wC���

v ∈ H1
�)�¨y){¹�;{}|��

Q(v, v) < 0
°������±��½!~���¶��){�w×w4í����Y�)w��¨y¤wC���9|N��w�²�|��;����wCw���²�w��´��|µ����w

λ0

���
L1

�8�+w¤�
χ ∈ C∞0 (R)�;��~�~����Y�)wF�C���

[−2, 2]
¯È°����){

χ(0) = 1
�¨Ô¨���

δ > 0
¯È°±w���w¤Í¨��w��;{�w��%���¨y4�;�����

ϕδ
���
R
�´¶

ϕδ(x) :=

{
|ϕ(x)| ��� |x| > δ
ϕ(δ)

��� − δ 6 x 6 δ
,

|��¨���W���
n, δ > 0

¯
ϕδ,n(x) := ϕδ(x)χ(x/n) .
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ª>������y¤�­wF|µ�±�){}|"�
ϕδ,n ∈ H1

¯¨|��¨�
Q(ϕδ,n, ϕδ,n) =

∫

R

[
ϕ′δ(x)2χ(x/n)2 +

2

n
ϕδ(x)ϕ′δ(x)χ(x/n)χ′(x/n)

+
1

n2
ϕδ(x)2χ′(x/n)2 − f(ϕ(x)2)ϕδ(x)2χ(x/n)2

]
dx

→
n→∞

∫

R

[
ϕ′δ(x)2 − f(ϕ(x)2)ϕδ(x)2

]
dx .

ª'���;~����;wz�����;{�w���|µy4�Î�){}|"�
ϕδ 6∈ H1

¯È°ÓwB°����­�K��w������;w��;{����Î��w��Y¶×�\|��Y��À´�}|��´�)���I¶ �´¶
Q(ϕδ, ϕδ)

�
Q(ϕδ, ϕδ) =

∫

|x|>δ
(ϕ′(x)2 − f(ϕ(x)2)ϕ(x)2)dx+

∫

|x|6δ
−f(ϕ(x)2)ϕ(δ)2dx

=

∫

R
(ϕ′(x)2 − f(ϕ(x)2)ϕ(x)2)dx

︸ ︷︷ ︸
=0

+

∫ δ

−δ

[
−ϕ′(x)2 + f(ϕ(x)2)(ϕ(x)2 − ϕ(δ)2)

]
dx

=
δ→0

−2δϕ′(0)2 + o(δ) ,°�{�w��;wz°ÓwÇ{}|F��wÇ���;wF�r�){�wÇ��|µy4�9�;{}|��
L1ϕ = 0

�ÏôÓ{È����°ÓwÞyF|µ�by){��È���)w
δ > 0

�)½�|µ���¢w¤������²�{b�;�¨yR{�){}|"�
Q(ϕδ, ϕδ) < 0

¯8|µ�����;{�w��
n
�\|��;²�wCw�������²�{¹�;�¨y){��){}|"�

Q(ϕδ,n, ϕδ,n) < 0
�Òô±{�w¤�;w��%���;w

L1{}|��z|¬�)½�|µ���­w¤�;�Pw���²�w��´��|µ����w
λ0 < 0

�Eª>�����z| y¤�\|��)�;�­yF|��Å�Yw��;�����P�;{}|��
λ0

�­�P�;��½!~���w�¯+|��¨�N�;{}|��B�){�w��;ww4í����Y�)��|Þ~����;���)����w�|��;�;��y¤�\|��;wF�Cw��­²�w��´��wFy4�)���
u0

���+w¤�Î����|µ�;�;��½!wP�´¶Cy¤���´�;�R|µ���\y4�;�­���C�){}|"�
L1

{}|µ��|���µ�){�w���w���²�w��´��|µ����w
λ1 ∈ (λ0, 0)

¯¢|��¨�»�­w¤�
u1

��w×|���|µ�;�;��y¤�\|"�)wF��w���²�w��´��wFy4�;������ô±{�w��
u1

��|µ�����;{�w��|"�
x0 ∈ R é ��wFyF|����;w u1⊥u0 > 0

ë4¯Å|��¨�Â�){�wr¾´�)���Y½Ë¼·�+�­�����������­w×�;{�w����Y¶Â�­½#~��­��w��Ë�;{}|��
ϕ
¯�°�{��\yR{�;������w¤�

L1ϕ = 0
��|µ�����;{�w��L���!���µ�){!���´�)w��G��|µ���

(−∞, x0)
|µ�¨�

(x0,+∞)
¯�°�{��\y){!�­�x|Py¤�����)�R|µ���­y4�)�����t¯��wFyF|����;w

ϕ
��|����­�;{�w��Î������¶�|"�

0
� �

ö9��°Ów#|��­�Yw.|���¶<½!w¤�´�)������w��N���B���N�){�wÞ���´�;�;�����¨y4�)�����+¯��;{�wÞw��;�;w��´�;�W|��Ò�;~�wFy4�;�;��½ù���
A
���B~����;w¤��¶��½¬|µ²����}|µ�G¶����r���;w��.��w¤�F¯����

λ
���9|��rw���²�w��´��|µ����wz���

A
°����;{N|��;�;��y¤�\|��;wF��w���²�w�����wFy4�)���

(u1, u2)
¯ −λ ���|��­�;��|��bw���²�w�����|�����w�¯�°����){÷|��)�;�Èy¤�W|"�)w��bw���²�w��´��wFy4�)���

(−u1, u2)
�ÏôÓ{È���9�){�wÞ������w.|��P�����Y�Õ|������­���I¶<���

ϕ���PwFÀ´������|���w��´�P�)� �;{�wËw4í����Y�)w��¨y4w#���®|��Ìw���²�w�����|�����w#���
A
°����){Ì������¼'��w��Y�C�;w.|��Ò~}|µ�G�.�Eª'�

λ (6= 0)
����;�¨yR{<|��rw¤�­²�w��´��|µ����wÇ|��¨�C�­�

(u1, u2)
����|µ�<|��)�;�Èy¤�W|"�)w���w��­²�w��´��wFy4�)���F¯�°Ów�{}|���w
{

L1u2 = λu1

−L2u1 = λu2
.

ª'��~}|��Y�)�­y¤���\|��F¯.�;���¨y¤w
L2

�����;w����\¼I|µ� ÿ ���­���.¯
u2 ∈ (kerL2)⊥ = (ϕ′)⊥

|µ�¨�
u1 ∈ −λL̃2

−1
u2+V ect(ϕ′)

¯°�{�w��;w®°±w±{}|���w���w¤�����;wF�#�´¶
L̃2

�;{�w±�;w��Y�)�Y�\y4�;�­���!���
L2

�)�
(ϕ′)⊥ é ���ä���Ly4�­w.|��8�){}|"� L̃2

���ä���´��w��G�)������w"ë4�ôÓ{�w��;w��W���;w�¯��R|µ¸È����²<�){�w¬�)yF|��W|��Ç~��;�È���¨y4�Ç°����){
u2 é °�{��­yR{Â�­�Ç���G�){���²����}|��x�;� ϕ′ ëÕ¯Ò|��¨�Â���;����²<�){�w��|µy4�Î�;{}|��

L̃2

�­��|Ë�;w����\¼I|µ� ÿ ���­���9y¤�´w��)y¤����w���~Ïw¤�R|"�)���F¯�°Ów������Õ|��­�
−λ2 =

< L1u2, u2 >

< L̃2
−1
u2, u2 >

.
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ÁÂwÞ��wF����y¤wÇ�){}|"� −λ2 ∈ R ¯}�;{È��� λ ∈ R ∪ iR ��ôÓ{�w��;w��W���Yw�¯���� λ �­�P|��Nw���²�w�����|�����wÞ��� A °����){������¼'��w��;�!�Yw.|��+~}|��Y�.¯
λ ∈ R∗ ¯}|��¨�×�){�wzÀ´�}|��´�;���·¶

inf
v∈(ϕ′)⊥∩D(L1),v 6=0

< L1v, v >

< L̃2
−1
v, v >�����Y�;�;�­y4�)��¶×��w�²�|��;����w���¾È���¨y¤w

L̃2
−1 ����~����;���;����w�¯��)�#���
α := inf

v∈(ϕ′)⊥∩D(L1),v 6=0

< L1v, v >

‖v‖2
L2

.

ÁÂwP��wÕí��Î~��;�.��w9�){}|"�±�­�
α < 0

¯È�){�wB�­��Í¨½Ç��½
α
���±�;w.|µyR{�wF�E��ª'�¨��w�wF�t¯��­w¤�

(vn)n
��wz|Ç�;wFÀ´��w��¨y4w���

(ϕ′)⊥ ∩D(L1) = (ϕ′)⊥ ∩H2
�)�¨y){C�){}|"� ‖vn‖L2 = 1

|��¨�
< L1vn, vn >→ α

�
∫
|∂xvn|2dx = < L1vn, vn > +

∫
f(ϕ2)|vn|2dx 6 sup

n
< L1vn, vn > +‖f‖L∞,

�){´���
(vn)n

���r�������¨��wF� �­�
H1

�®ÁÂw»yF|�� w4í��;�R|µy4�N|º�)�����)w�À´��w��¨y¤w é |����;�ñ��w������;wF� �´¶
vn
¯±�%���y¤���´��w�����w��¨y¤w.ë4¯Ï�;�¨yR{N�;{}|��

vn ⇀ v∗
�­�
H1

�¨ÁÂwÇ{}|���w
< v∗, ϕ′ >= lim

n
< vn, ϕ

′ >= 0
¯E|µ�¨�r�){�w

��|��Y�Ç��wFy¤�Yw.|��)w!���
f(ϕ2)

|��z�­��Í������·¶Ìw����;���;w����){}|"� ∫
f(ϕ2)|vn|2 →

∫
f(ϕ2)|v∗|2

��ú9�÷�){�w#���;{�w���;�\��w�¯ ∫ |∂xv∗|2dx 6 lim inf
∫
|∂xvn|2dx

¯��){È���
< L1v∗, v∗ >=

∫
|∂xv∗|2 −

∫
f(ϕ2)|v∗|2 6 lim inf

∫
|∂xvn|2 − lim

∫
f(ϕ2)|vn|2 = α .

�r���Yw��.��w��F¯ ‖v∗‖L2 6 lim inf ‖vn‖L2 = 1
��ö9�;�;��½!w��´¶×y¤�����)�R|µ���­y4�)�������){}|"� ‖v∗‖L2 < 1

�¨ôÓ{�w��
< L1v∗, v∗ >

‖v∗‖2
L2

6 α

‖v∗‖2
L2

< α < 0 ,

°�{��\y){C���Î|Þy¤���´�;�R|µ���\y4�;����� °����;{ �){�wP��w¤Í¨�����)�����C���
α
��ô±{�w��Yw��%���;w ‖v∗‖L2 = 1

¯ <L1v∗,v∗>
‖v∗‖2

L2
= α

¯�|µ�¨�
�){�w�����Í¨½Ç��½

α
�����Yw.|�y){�wF�<|"�

v∗
�¨û�w��¨y¤w

v∗
�R|"�)���;Í¨w¤�Î�){�w�ò8����w��ÎwFÀ´�}|"�)�����

L1v∗ = αv∗ + βϕ′ ,
°�{�w¤�;w

β ∈ R . é@ê ��ç ê ëª'��yF|��r��w�w.|��;�­��¶C�;w�w��C�){}|"�
α > λ0

��ª'�¨��w�wF�t¯���������y4�­w.|��Î�;{}|��
α > λ0

¯}|��¨�C���
α = λ0

¯ é@ê ��ç ê ë��½!~����­w��
0 =< v∗, (L1 − λ0)u0 >=< (L1 − λ0)v∗, u0 >= β < ϕ′, u0 > ,°�{�w��;w

u0

��w����µ�)w���|¬~����;���;����wËw���²�w¤�´��wFy4�;���B���
L1

|µ�;�;��y4�W|"�)wF�r°����){N�){�wÞw��­²�w��´��|��­��w
λ0

�+¾È���¨y¤w
ϕ′|��¨�

u0

|µ�Yw������;{�~����;���)����w�¯����L�%�������F°��ä�){}|"�
β = 0

� é@ê ��ç ê ë¢°����){ β = 0
�­½!~��­��w��ä�){}|"�

v∗
���xy¤��������w.|���)�

u0

¯���wFyF|����)w
λ0

����|Þ�;�­½#~��­wPw���²�w��´��|µ����w����
L1

��ô±{����±�­��|Ëy4���´�;�R|µ���\yÕ�)�����+¯���wFyF|����;w
u0 6∈ (ϕ′)⊥

�¾È�­�¨y4w
σ(L1) ∩ (λ0, 0) = ∅ ¯�°±wzyF|µ�r��w¤Í¨��wz�����;{�wz���´�;w��Y��|µ� (λ0, 0)

�){�w�Æx|�¸È{����)�.�´¼·É����­��¸����­�.��%���¨y4�)�����
g
�´¶

g(λ) := < (L1 − λ)−1ϕ′, ϕ′ > . é@ê ��ç���ë
õ ´



ÁÂwz{}|F��w ÿ ���;���;w�w����){}|"���­�
ϕ
�������­��w.|��;��¶������Y�R|µ����w�¯¨�;{�w�����Í¨½Ç��½

α ∈ (0, ρ0)
���
< L1v, v >

/‖v‖2
L2

�����;w.|µyR{�wF�»|"���)��½!w
v∗ ∈ (ϕ′)⊥

°�{��­yR{÷�Õ|"�)���YÍ¨w��P�){�w�òÅ����w���w�À´�}|��;�­��� é>ê �­ç ê ëÕ�tô±{������W|��Y�wFÀ´�}|"�)�����<yF|��r��w��Yw4°��Y���Y�)w��<|��
v∗ = β(L1 − α)−1ϕ′

¯¨|µ�¨�×�){´���
g(α) = 0

�æ��.°�¯
g
���B���Ly¤�\|��)�

C1
���

(λ0, 0)
|��¨�

g′(λ) = ‖(L1 − λ)−1ϕ′‖2 > 0
¯}�){È���

g
���B���¨y¤�;w.|��;�­��²���

(λ0, 0)
�¨�<���;w¤�"��w��F¯����K°Ówz��w����µ�)w��´¶

Π
�;{�w����Y�){���²����}|��+~��;� ÿ wFy4�)�����r���

u⊥0
¯

(L1 − λ)−1 =
1

λ0 − λ
< u0, . >

‖u0‖2
u0 + Π(L1 − λ)−1Π ,

|��¨�C�;{È���
g(λ) =

1

λ0 − λ
< u0, ϕ

′ >2

‖u0‖2
+ < (L1 − λ)−1Πϕ′,Πϕ′ > . é@ê ��ç�Z´ë

�+w¤�;�;�­��²
λ
��wFy¤�Yw.|��)wÇ�)�

λ0

¯��;{�wÞÍ��;�Y�B�)w��Y½ù���Å�){�wË�Y�­²�{´�Y¼'{}|��¨�N�)�­��wÇ�)w��¨���B�)� −∞ ¯¨°�{�w��Yw.|��B�){�w�;wFy¤���¨�ì����wÌ�;w�½�|µ�����C�������¨��wF�t�Óª>�C�%���­���F°��×�;{}|��
g(λ) → −∞ |��

λ ↓ λ0

¯±|��¨�Ã�;�º�Y�)�¨��¶ñ���
g
��|µ���­�;{�w��!���#���µ�!���

(λ0, 0)
¯8�����;��³�y¤w��#�)�÷�Y�)�¨��¶Â�){�wC�;��²��e�����;{�w����­½#���!���

g(λ)
|��
λ ↑ 0

�ôÓ{�w����Yw�½ ê �­ç��­ç��W�������.°��F� �

Ø!Ù$È ÉnâNÊ w±ßÒå¤ãlzh|Âã]ËNwÎãÌ~ àjyÍ|¤å�Ü©w�z�ßºvEÝxzj{råB|�åÕÝ*»
ÔÒ���;�Y�.¯����®���x~����)�;������w��)�zÍ¨�¨�¬|µ�×|�~�~��;�Fí���½¬|"�)w���|��­��w����E�;{�w����\|µyR¸#�;�������)��� ���;����²Ë|z����ÖÏw��;w��´�;�W|���;������w¤�F¯��;�­�¨y4w

ϕ(0) = 0
|��¨�C�;{�w���|��­��w

ϕ′(0)
����w4í�~����­y¤���;��¶�¸´���F°��+�¨ª'�r�2|�y4�F¯��­�K°Ówz½Ç�����;�­~���¶ é>ê � ê ë�´¶

ϕ′
|µ�������´�)w¤²��)|��;wz��w¤�'°±w¤w��

0
|��¨������Í¨�����I¶�¯�����yF|µ����w��){��.°��C�){}|"�

ϕ′(0) =
√
V (0).

Ô¨���Î�­���;�R|µ�¨y4w�¯¨�W���Ó�){�w�~����Ywz~��F°Ów�����w��W��y¤���;����²�wFÀ��}|��;�­���

i
∂u

∂t
+
∂2u

∂x2
+ (1− |u|2σ)u = 0, é@ê ��çRq�ë

°�{��\y){<y¤���;�Yw��;~����¨���Î�;�
f(r) = 1− rσ ¯�°Ów�{}|F��w

ϕ′(0) =

√
σ

σ + 1
.

ª'�+�­�+�;��³¬y¤��w��´�+�;��y4��½!~����;w8�){�wL|�~�~��;�Fí���½¬|"�)wÅ�;�������)�����z��� é>ê � ê ëÏ���Ç|®�;��³¬y4�­w����)��¶P�\|µ�Y²�wä����½¬|��­����×�;�¨yR{�|�°Î|F¶!�){}|"�®�){�wB��w��;����|��;����w�|µ��½!���;�®��|µ�����;{�w��Î|��®�;{�wB�������¨�¨|µ�G¶���Ô¨���Ó�;��½!wB~��;w��)y¤�;����wF�
λ
¯�){�wPÆx|�¸È{����)�.�´¼·É����­��¸������"�×�%���¨y4�)�������­�Î²�����w����´¶

g(λ) =< (L1 − λId)−1ϕ′, ϕ′ >:=< ψ,ϕ′ >,

õ µ



°�{�w��;w
ψ ∈ L2(R)

�R|��;�­�YÍ¨w����){�w�����ÖÏw��;w����)�\|µ�äwFÀ´�¨|��)�����
(L1 − λId)ψ = ϕ′

�KôÓ{�����wFÀ��}|��;�­����yF|µ���w<�;������wF�¹°����){ñ���;w<���9Í¨�����)wN����ÖEw��Yw��¨y¤w��F¯L�;w�w�¸È����²��;{�wb|µ~�~��;�Fí���½¬|��;wr��|µ����w��
ψj

���9�){�w<�;������¼�)����� |"�<²��Y�\��~������´�)�
xj = jh

°�{�w��Yw
j = −J, · · · , J ��ª·� �){����NyF|��;w�¯±�){�wÂ�����)y¤�;w4�)����wF� ���­��w.|���Y¶��Y�)w�½ yF|��ì��w<°��Y���Y�)w��Ê|µ�

AΨ = Φ
¯L°�{�w��;w

Ψ = (ψ−J , ψ−J+1, · · · , ψJ−1, ψJ)T ∈ R2J+1
¯

Φ = (ϕ−J , ϕ−J+1, · · · , ϕJ−1, ϕJ)T
|��¨�C�;{�w�½¬|"�)�;� í

A
�­�Î²�����w����´¶

A =
1

h2




2 −1 0 · · · 0

−1 2 −1

� � � ���
0

� � � � � � � � �
0��� � � �

−1 2 −1
0 · · · 0 −1 2




+ diag
(
q1(xj)− λ,−J 6 j 6 J

)
.

ô±{�wÎ�%����y4�)�����
g
���Å�){�w��!²�����w��!�´¶

g(λ) =< Ψ,Φ >
��ª·�!Ô¢�­²����;w�� ê ��ç�|µ�¨� ê � ê |��;wÎ�Yw��;~�wFy4�)����w���¶~������Y�)wF���;{�wz~��;�µÍ¨�­w������Ò���\|�yR¸×�;�������)�����9�����Õ|�����wF�r�%��������ÖÏw��Yw��´�

σ é σ = 0.5
¯
1
¯
2
|µ�¨�

3
ëÎ|��¨�r�W���w.|µyR{ryF|µ�;wP�){�wPÆx|�¸È{����)�.�´¼·É����­��¸������"�×�W���¨y4�)�����C°����){��Yw��;~Ïw�y4�Î�)�#����²
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g 4 �5)56_.����@,-��AB)])2%W�M%0J (−λ) ��%3.!&� Õ��/.0�/'*)�L1�>�aC*��� σ Q

ª'�×yF|��Ã��wN�����)w��G��wF���;{}|��¬�){�wN�%���¨y4�;�­���
g
�­�C|�� °�|�¶�� �Y�)�Y�\y4�;��¶���w�²�|��;����wr°�{�w��

λ
�)w��¨���¬�)���w��Y�!|µ�¨�C|���½!���;��|"�±w.|µyR{×�;�­½#wz|��;�;�;�­y4�)��¶¬��w�²�|��;����wP���­½#����|"�±��w��;����ô±{��­�±�´��½!w��;�­yF|��­��¶×y){�wFyR¸È�®�){�w���­��wF|µ�Å�Y�Õ|����­�����I¶Þ���Ë�){����äyF|µ�;w���ª>�äyF|µ�#��w�|��­�;�������;w��Y��wF�Þ�){}|"�Å�){����Å���­½!���ä�;w�w�½#�Å�;����w�|��#���¨y¤�;w.|��;�­��²�%���¨yÕ�)�����<���

σ
��æ�w¤��w¤�Y�){�w¤�­w��;�F¯�°�{�w��

σ
��w�y¤��½!w¤���W|��;²�w�¯¨����{}|�����w�w��<�%�����¨���;{}|����;{�w�����½!������|��­��w

l(σ)
°�{�w��

λ
�;w��¨�����;�¬�¤w��;�¬���B|µ� °Î|F¶È�9�Y�)�Y�\yÕ�)��¶���w�²�|��;����w��}ö9���­�����\yF|"�)w��<�­�NÔ¢�­²����Yw ê ����¯}���9�;w�w�½!��){}|"�9�){����

l := lim
σ→∞

l(σ)
w4í����;�;��|µ�¨�N�Yw�½¬|��­���P�Y�)�Y�\yÕ�)��¶<��w�²�|��;����w é °ÓwÞ{}|���w l = −1.133...

ëÕ�EôÓ{����
�;w��;�������;��²�²�w¤�;�;�Î�){�w��­����w.|��Î�;�R|µ���­�����I¶×���¢���\|µyR¸ �;�������)�������%����|��´¶×��������w�²�|��;����w���|µ����w����

σ
�ÁÂwP�){�w¤�r�W��y¤���Î���C�){�wzy�|µ�;w������;{�w��R|��;���R|"�)wF�CwFÀ´�¨|��;�­���

i
∂u

∂t
+
∂2u

∂x2
+
( 1

(1 + a|u|2)2
− 1

(1 + a)2

)
u = 0, é@ê ��ç õ ë
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°�{�w��;w

a
����|Â~��;w��)y¤�;����wF�Ã~����;���)����wb~}|��R|�½!w¤�)w����Óû�w��;w�¯L�){�wN������������w.|��×�;w��;½ �Y�)�����9��|����­�;{�w��×�%���

|u|2 = 1
|µ�¨�<�;w�½¬|������B~����)���)����wÞ��w4�·°Ów�w��N�;{�wÇ�'°±����|�����w��

0
|��¨�

1
�Ïô±{�w���|�����w#|"�B�;{�wÞ���;��²��­�b����){�w����W|µyR¸ �;�������)���<��w��Y����|"�)����w��­�Î²�����w��r���C�){�����yF|µ�;w��´¶¬�){�w��;w��\|"�)�����

ϕ′(0) =

√
a

1 + a|��¨�÷���z���z�;�;�­���Å~����;�;�­����w!{�w��;w#�;�ry¤��½#~����)w#�;{�w!�;�������)����|��¨�Ì�;{�w#Æx|µ¸È{����;�"�´¼·É�������¸������.�Ì�%���¨yÕ�)�����+�ª'��Ô¢��²����;w�� ê �[Zr|µ�;w#�;{��F°��Ì�){�w!~��Y��Í¨��w��z���x���\|�y)¸b�;���­���)�����z�%���z����ÖÏw��;w��´����|��­��w¤�z��� a �+ª>��yF|��»��w���µ�)�­y¤wF���){}|"�Cy¤���´�;�R|µ�G¶e�;�Â�;{�w<Í¨�Y�;� wFÀ´�¨|��)�����ì���´��w��;�;�­²�|"�)wF�t¯L�;{�wN���\|µyR¸e�;�������)���Ê��w¤�;����|"�)����wÌ|"���w��Y�Â���¬����½!���Ywb|÷½!�������;���������¬�%���¨yÕ�)�����ñ���9�){�w<~}|��R|�½!w¤�;w�� é ���ñ��|�yÕ�.¯ä�;{�w<½¬|.í���½Þ��½«��|��­��w�����Õ|��­��w��Â���Ç�;wF|�yR{�w��Â�W���
a∗ = 1

ë4�Kª·�»Í¨²����Yw ê ��q����Þ~��­�µ�;�;wF�»�){�w!��|�����w g(λ0)
�%���

λ0 = −10−5�%���P����ÖEw��Yw��´�B��|µ����w��P���
a
�Eª>��y¤��w.|��;��¶N���¨���­yF|��;w��P�;{}|��B�;{�wÞ���W|µyR¸<�;�������;���Ì���P������w.|��;��¶N�;�R|µ���­w�°�{�w��

a < ac ' 7.4725
|��¨�Þ½¬|�¶��;��²�²�w��Y�8�­���Y�Õ|����������·¶�°�{�w��

a > ac
�µô±{����8¸È���¨�Þ���}�����Y�Õ|����­�����I¶��;{��;w��;{����\�{}|�����w�w¤�N|��­�Yw.|���¶×�����)w¤�Y��wF�C���C�){�w������)w��R|"�)���Yw é �;w�w�î6ÉP�­ÉBð2ëÕ�

Ø!Ù0Ö ×ØËNw |�å�Ü©w�z�ß vEÝ+zj{�å�|�åRÝ«» àjy ÝÌË©w {}|BzÇãÌ~ v+àh|�åÕÝ�àÇÜ àIyøÝ+Ë©w Ú�Ù
Ú ß¢àhv�v«Û*Ü åÕÝxzjwlÝ¤v�~�å�årw�Þ!â©z�Ý¢å¤àÇÜ

ª·�C�;{�wzy¤�����­yz��w��W��y¤���;����²¬yF|��;w
f(r) = 1− r ¯��){�w����\|µyR¸ �)�������;��� ϕ ����wÕí�~����\y¤���)w¤��¶×¸È���F°��+è

ϕ(x) = tanh
x√
2
.
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g(λ0) L>�/.��<C�� a Q

ôÓ{È���
ϕ′(x) =

1√
2 cosh2 x√

2

,

f(ϕ(x)2) =
1

cosh2 x√
2

,

|��¨�
L := L1 = − d2

dx2
− 1

cosh2 x√
2

.

ÁÂw�|µ���;�#¸´���.° �){}|"�±�;{�wP���F°±w��Y�±w��­²�w��´��|��­��wP���
L
���
λ0 = −1/2

¯¨|��¨�r|��r|��;�)�Èy¤�\|��;wF�Cw���²�w¤�´��wFy4�;������
u0(x) =

1

cosh x√
2

.
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λ ∈ (−1/2, 0)
¯}|µ���

v := (L− λ)−1ϕ′ ∈ H2 ⊂ L∞ .ôÓ{�w��r��������y¤��w.|µ�±�;{}|��
v
�­�Îw¤��w��+¯

v(x)→ 0
|��
x→∞ ¯}|��¨� v �;������w��

v′′(x) = − v(x)

cosh2 x√
2

− 1√
2 cosh2 x√

2

− λv(x) . é>ê �­çR³�ë
Ô¨���Îw¤��w��G¶×�­���)w�²�w��;w

n > 1
¯���w¤��������w¤Í¨��w

un :=

∫ +∞

−∞

v(x)

cosh2n x√
2

dx
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an :=

∫ +∞

−∞

1

cosh2n x√
2

dx .
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u1 =

√
2g(λ)

�´ô±{�w��;�;�R|"�)w�²µ¶!���E�;{�w�~��Y�È���t���Ó|µ�x�W�������.°��F�Èô±{}|���¸È�L�;�Þ|µ���­�¨���¨yÕ�)������;w��\|"�)����� ��w¤�·°Ów�w��
un

|��¨�
un+1

|��C°Ów�����|��N|���|��Y¶�½!~��;���;�\yÌw4í�~}|����;����� ���
un

|µ�
n
²��´w����)�����Í¨�����I¶�¯Ï°±wËÍ¨�;�Y�zw��Y�Õ|������­�;{Â|×���­��¸b��w¤�·°Ów�w��

u1
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v(0)
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v(0) > 0
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u1 > 0
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v(0) > 0
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v(x)→ 0

|��
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2
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R
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∫ +∞

−∞

v′′(x)

cosh2n x√
2

dx = −un+1 −
1√
2
an+1 − λun . é@ê ��ç�´�ë
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∫ +∞

−∞

v′′(x)

cosh2n x√
2

dx = 2n2un − (2n+ 1)nun+1 . é@ê ��ç�µ�ë
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un+1 =
1 + λ

2n2

1 + 1
2n
− 1

2n2

un +
1√
2

an+1

2n2 + n− 1
. é@ê � ê Ä�ë
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|��¨�
u1

è

un+1 =
n∏

l=1

(
1 + λ

2l2

1 + 1
2l
− 1

2l2

)
u1 +

1√
2

n∑

k=1

n∏

l=k+1

(
1 + λ

2l2

1 + 1
2l
− 1

2l2

)
ak+1

2k2 + k − 1
. é@ê � ê ç.ë
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u1
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Pλ :=

∏∞
l=1

(
1 + λ

2l2

) y¤���´��w��Y²�w��F�¨ôÓ{È���
n∏

l=1

(
1 +

λ

2l2

)
= Pλ + o(1) ,
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Pλ ∈ (0, 1) é ��wFyF|����;w λ ∈ (−1/2, 0)

ë4�}ú9�C�){�w��µ�){�w��Î�;�­��w�¯��;{�w��;w�w4í����Y�)��|Ëy¤�����;�R|µ�´�
P > 0�;�¨yR{C�){¨|��

n∏

l=1

(
1 +

1

2l
− 1

2l2

)
= P
√
n(1 + o(1)) .
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n∏

l=1

(
1 + λ

2l2

1 + 1
2l
− 1

2l2

)
=

Pλ
P
√
n

(1 + o(1)) . é>ê � ê�ê ë
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∫ +∞

−∞

ϕ(x)

cosh2n x
dx =

n→∞
ϕ(0)√
n

∫ ∞

0

e−y√
y
dy(1 + o(1)) .
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∫ +∞

−∞

ϕ(x)

cosh2n x
dx = 2

∫ ∞

0

ϕ(x)e−2n ln coshxdx ,

|��¨�×°Ów�½¬|�¸�wP�;{�wzyR{}|���²�wz������|��;�\|�����w��
y = 2n ln cosh x

¯��;�¨yR{C�;{}|��
∫ +∞

−∞

ϕ(x)

cosh2n x
dx = 2

∫ ∞

0

ϕ(
|µ�;y�y¤���;{

e
y

2n )√
e
y
n − 1

e−ye
y

2n
dy

2n

=
1√
n

∫ ∞

0

ϕ̃(
y

n
)
e−y√
y
dy ,

°�{�w��;w��%���
y > 0

¯
ϕ̃(y) := ϕ(

|��)y�y¤���;{
e
y
2 )

e
y
2
√
y√

ey − 1|��¨�
ϕ̃(0) = ϕ(0)

�
ϕ̃
����y4���´�;�­�´�����������

R+

¯¨|µ�¨�×�){�wz����½!���}|"�)wF��y¤���´��w��Y²�w��¨y4w��){�w����;w�½ø¶���w��\���
∫ ∞

0

ϕ̃(
y

n
)
e−y√
y
dy −→

n→∞

∫ ∞

0

ϕ(0)
e−y√
y
dy ,

|��¨�C�;{�w���w�½!½¬|Þ�%���­���F°��F� �ÁÂwN|�~�~���¶º�){����!�­w�½#½¬|Ì���e�){�w�����wr�;�­��wC°����){
ϕ(x) = v(

√
2x)

¯Å���e�){�w����;{�w��!�;�\��wC°����){
ϕ(x) = 1

��Á�w������Õ|��­���;w��;~�wFy4�;����w���¶
un =

√
2

∫ ∞

−∞

v(
√

2x)

cosh2n x
dx =

√
2v(0)√
n

∫ ∞

0

e−y√
y
dy(1 + o(1)) é>ê � ê ��ë
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an =

√
2

∫ ∞

−∞

dx

cosh2n x
=

√
2√
n

∫ ∞

0

e−y√
y
dy(1 + o(1)) . é>ê � ê Z´ë
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1√
2

n∑

k=1

n∏

l=k+1

(
1 + λ

2l2

1 + 1
2l
− 1

2l2

)
ak+1

2k2 + k − 1

=
1√
2

(
n∏

l=1

1 + λ
2l2

1 + 1
2l
− 1

2l2

)
n∑

k=1

ak+1

∏k
l=1

(
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2l2

1+ 1
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)
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Sλ
�}ª'�¨��w�wF�E¯}����%�����­�F°����%�;��½ é>ê � ê ZÈë±|��¨� é>ê � ê�ê ëL�){}|"�

ak+1

∏k
l=1

(
1+ λ

2l2

1+ 1
2l
− 1

2l2

)
(2k2 + k − 1)

=

√
2P
√
k

2
√
kPλ

∫ ∞

0

e−y√
y
dy

1

k2
(1 + o(1)) = O(

1

k2
) .
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1√
2

n∑

k=1

n∏

l=k+1

(
1 + λ

2l2

1 + 1
2l
− 1

2l2

)
ak+1

2k2 + k − 1
=

PλSλ

P
√

2n
(1 + o(1)) . é>ê � ê q�ë
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√

2v(0)

∫ ∞

0

e−y√
y

=
Pλ
P

(u1 +
Sλ√

2
) . é@ê � ê õ ë
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λ ∈ (−1/2, 0)

¯t���z���zw.|��Y¶N�)�C�)w�wË�;{}|��
Sλ > S0 ∈ (0,+∞)

�+ô±{�w��;w��%���;w�¯+���ä°Ów�|µ�;�;��½!w#�´¶y¤���´�)�)|����­y4�;�­�����){}|"�
u1 > −S0/2

√
2 > −Sλ/2

√
2
¯ é>ê � ê õ ë®��½!~����­w�� v(0) > 0

�ª·� �;{�w��;wFÀ´��w��@¯
λ ∈ (−1/2, 0)

���rÍ�í�wF�t¯9|��¨�Ê°Ów�|µ�;�;��½!w���¶ y¤�����)�R|µ���­y4�)�����p�){}|"�
u1 >

−S0/2
√

2
¯±|��¨�Ã�){´���×�){}|"�

v(0) > 0
�xÁ�wN°��­���P�;{��F° �){}|"�C�;{����C�­½#~��­��w��×�){}|"�

v(x) → −∞|��
x→ +∞ ¯È°�{��­yR{����9|Ëy¤���´�)�)|����­y4�)�����+¯¨��wFyF|����;wP°Ów�¸È���F°p�;{}|"�

v(x)→ 0
|��
x→ +∞ ��Kw4�����±Í¨�;�Y����w4Í¨��w

w(x) := v(x) cosh
x√
2
,

�%���
x ∈ R. é@ê � ê ³�ë

ôÓ{�w��r�W���
x ∈ R ¯�°Ów�{}|���w

v(x) =
w(x)

cosh x√
2

,

v′(x) =
w′(x)

cosh x√
2

− 1√
2

tanh x√
2

cosh x√
2

w(x) ,

v′′(x) =
w′′(x)

cosh x√
2

− 2√
2

tanh x√
2

cosh x√
2

w′(x)− w(x)

cosh3 x√
2

+
1

2

w(x)

cosh x√
2

.
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w′′(x) =
√

2 tanh
x√
2
w′(x)− 1√

2 cosh x√
2

− (
1

2
+ λ)w(x). é>ê � ê ´´ë
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w(0) = v(0) > 0

¯
w
�­�Pw¤��w��»|��¨�

w′(0) = 0
�+ò8��|��­�}|"�)����² é>ê � ê ´´ë9|�� x = 0

|��¨����;����²#�){�w��2|�y4�Î�;{}|��
λ > −1/2

¯�°ÓwP�){´���Î{}|F��w
w′′(0) = − 1√

2
− (

1

2
+ λ)w(0) < 0 .
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η0 > 0

�;�¨y){ �){}|"�Ó�­�
x ∈ [0, η0]

¯
w′′(x) < 0

|µ�¨�
w(x) > 0

��ôÓ{È���x°ÓwyF|��<��w¤Í¨��w
x1 := sup{x > 0, w(y) > 0

|��¨�
w′′(y) < 0

�%���Îw¤��w��G¶
y ∈ [0, x]} .

ª·�
x1 = +∞ ¯K°±w {}|���w w′′(y) < 0

���
[0,∞)

¯
w′

�­�Ë�Y�;�;�­y4�)��¶Â��wFy¤�;wF|µ�;����²Ì���
R+

¯8|µ�¨�Â�%���
x > 1

¯
w′(x) 6 w′(1) < w′(0) = 0

�8ôÓ{�w��;w��W���YwC�%���
x > 1

¯
w(x) 6 w′(1)(x − 1) + w(1)

�ª'�b~}|��Y�;�\y4���W|��F¯
w(x) < 0

�W���
x
�\|��;²�wÞw�������²�{t¯}°�{��­yR{N�­�P|¬y¤�����)�R|µ���­y4�)�����N°����;{N�;{�w#|��;�)��½#~��)�����

x1 = +∞ �ô±{È���
x1 < ∞

�}ª>�9���9y¤��w.|����){}|"�
w(x1) = 0

���
w′′(x1) = 0

�}ª'�¨��w�wF�t¯}���8����°Î|����������){�wÇyF|��;w�¯�){}|���¸È���)�¬�){�wËy¤���´�)���È�����·¶<���
w
|µ���

w′′
¯}�;{�w��;w�°Ó�����\�<w4í����Y�z|���w��­²�{È�������;{��´���b���

x1

���
R+

���°�{��\y){
w > 0

|µ�¨�
w′′ < 0

¯�°�{��­yR{C°±�����­��¶È�­w��­�<|!y¤���´�)�)|����­y4�;�­����°����){��;{�w���w¤Í¨�����)�����r���
x1

��ÁÂw��w4í��Î~��;�.��wP�;{}|"�
w′′(x1) < 0

¯¨|µ�¨�×�;{È���
w(x1) = 0

�¨ª'�¨��w�w��t¯

w′′(x1) =
√

2 tanh
x1√

2
w′(x1)− 1√

2 cosh x1√
2

− (
1

2
+ λ)w(x1)

6 − 1√
2 cosh x1√

2

< 0 ,

��wFyF|����;w
w′

���Ë�Y�)�Y�\yÕ�)��¶Â��wFy¤�;w.|��;�­��²Ì���
[0, x1] é �){´��� w′(x1) < w′(0) = 0

ë4¯
1/2 + λ > 0

|��¨�
w(x1) > 0

�+ô±{�w��Yw��%���;w
v(x1) = w(x1) = 0

¯�|��¨�
v′(x1) = w′(x1)

cosh
x1√

2

< 0
�+ª>���W�������.°��z�;{}|����;{�w��;w

w4í����Y�)�
η1 > 0

�;�¨yR{C�){}|"� −1/
√

2 < v(x) < 0
�W���

x ∈ (x1, x1 + η1]
��ô±{È���±°ÓwzyF|��r��w¤Í¨��w

x2 := sup{x > x1,−1/
√

2 < v(y) 6 0
�%���

y ∈ [x1, x)} > x1 + η1 > x1 .Ô¨���
x ∈ [x1, x2)

¯��)���¨y¤w −λ > 0
¯
v(x) 6 0

|��¨�
1/
√

2 + v(x) > 0
¯�°Ów�{}|F��w

v′′(x) = − 1

cosh2 x√
2

(
1√
2

+ v(x)

)
− λv(x) < 0 .

ôÓ{�w��;w��W���;w
v′
�­����w�y¤�;w.|��;�­��²!���

[x1, x2)
¯¨|µ�¨�

v(x) 6 v′(x1)(x− x1)
���
x ∈ [x1, x2)

�
v′(x1) < 0

¯�){´���
x2 <∞

¯
v(x2) = −1/

√
2
¯
v′(x2) < v′(x1) < 0

�Ô¨�;��½ ���F°����+¯�°Ówz�����Y�)����²����­�;{��){�wP�·°Ó��y�|µ�;w��Fè
ç��

x2 > xλ :=
√

2
|µ�;y�y¤���){ 1√

−λ
¯

ê � x2 < xλ
�

ª·���){�wzÍ¨�;�Y�9yF|��;w�¯}�W���
x > x2

¯ 1
cosh2 x√

2

+ λ 6 0
�
v′(x2) < 0

¯��){�w¤�;w��%���;wz�;{�w��;wzw4í����;�;�
η2 > 0

¯
v′(x) < 0

�%���
x ∈ [x2, x2 + η2]

¯}|��¨�×�){�wz��w¤Í¨�����;�­���r���
x3 > x2

|µ�
x3 := sup{x > x2, v

′(y) < 0
�W���

y ∈ (x2, x)} > x2
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v
���Å��wFy4�;w.|��)����²B���

[x2, x3)
¯"�;{È���

v(x) 6 −1/
√

2
�%���Òw¤��w��Y¶

x ∈ [x2, x3)
�µª>�8�%�����­�F°��

�){}|"���W���
x ∈ [x2, x3)

¯ −
(

1
cosh2 x√

2

+ λ

)
v(x) 6 0

¯}|��¨�

v′′(x) = − 1√
2

1

cosh2 x√
2

−
(

1

cosh2 x√
2

+ λ

)
v(x) 6 − 1√

2

1

cosh2 x√
2

< 0 .

ôÓ{�w��;w��W���;w
v′
������wFy¤�;w.|��;����²¬���

[x2, x3)
�¨ô±{������­½#~��­��w����;{}|��

x3 = +∞ ¯}|µ�¨���%���
x > x2

¯
v(x) 6

v(x2) + v′(x2)(x− x2)
¯��;{È���

v(x)→ −∞ |��
x→ +∞ �ÁÂw�|��;w����F° y¤���¨y¤w��;��w��×°����;{��;{�w��)w�y¤���¨��yF|��;w

x2 < xλ
�ÈÁÂw����´�)�Y�����¨y¤w

x4 := sup{x ∈ (x2, xλ), v
′(y) < 0

�%���
y ∈ [x2, x)}|��¨�Ì�){�w!��~�w����;w¤�

Ω := {x ∈ (x2, x4), v′′(x) > 0} � Ω
�����){�w������ ÿ �����´�;wF�»�������������®���)��y¤������w4í~}|��Y�)�

ωi = (ai, bi)
�W���

i ∈ I ¯´°�{�w��Yw I ����|ÇÍ¨�����;wP���±y¤�����´�Õ|�����w��;w¤�F��Ô���� x ∈ ωi ¯ v′′(x) > 0
¯�|��¨��){´���Î�­���)w�²��R|"�)����²#�·°��\y¤w�¯��%���

x ∈ ωi
¯

v′(x) > v′(ai) ,

v(x)− v(ai) > v′(ai)(x− ai) .� �;����² é@ê ��ç3³�ë±|��¨�C�;{�w���|µy4�Î�){¨|�� x < xλ
¯������%���­���F°��±�){}|"�

v′′(x) 6
(

1

cosh2 x√
2

+ λ

)
(−v(ai)− v′(ai)(x− ai))−

1√
2

1

cosh2 x√
2

,

°�{��\y){r½¬|�¶ �Ïw����´�)w¤²��)|��;wF����w¤�'°Ów�w��
ai
|��¨�

x
��ö9�W�;w���|��r���´�;w�²��)|��;�­�����´¶×~}|��Y�;�.¯È°Ów������R|µ���

v′(x) 6 v′(ai)− (
√

2v(ai) + 1)(tanh
x√
2
− tanh

ai√
2

)− λv(ai)(x− ai)

−λv
′(ai)

2
(x− ai)2 − v′(ai)

√
2 tanh

x√
2

(x− ai) + v′(ai)

∫ x

ai

√
2 tanh

y√
2
dy . é@ê � ê µ�ë

Ô¨���
x ∈ (x2, x4)

¯
v′(x) < 0

¯��;{È���
v(x) < v(x2) = −1/

√
2
�Òª'��~}|µ�G�)�­y¤���\|µ��¯

v′(ai) < 0
|µ�¨�

v(ai) + 1/
√

2 < 0 é ���¨��w�wF�t¯ ai > x2

��wFyF|����;w
v′′(x2) = λ/

√
2 < 0

°�{�����w
v′′(ai) = 0

ëÕ�ÒÔ¨���
x ∈ ωi

¯´���x�%�������F°��®�W�;��½ é@ê � ê µ�ë4¯��){�w�½#w.|µ�!��|�����w��;{�w����;w�½ |µ�¨�!�;{�w��­��wFÀ´�}|��­���I¶
tanh x√

2
6 1

�){}|"�

v′(x) 6 v′(ai)−
[

(v(ai) +
1√
2

)
1

cosh2 ai√
2

+ λv(ai)

]

︸ ︷︷ ︸
=−v′′(ai)=0.

(x− ai)

−λv
′(ai)

2
(x− ai)2 − v′(ai)

√
2

∫ x

ai

(1− tanh
y√
2

)dy

= v′(ai)

[
1−
√

2

∫ x

ai

(1− tanh
y√
2

)dy − λ(x− ai)2

2

]

6 v′(ai)

[
1−
√

2

∫ ∞

x2

(1− tanh
y√
2

)dy

]
= v′(ai)(1− 2 ln(1 + e−

√
2x2)). é@ê �[��Ä�ë
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ÁÂwC~��;�.�����)�������}|µ��¶e|µ��½!���#�;{�w��2|�y4�#�){}|"�
(1 − 2 ln(1 + e−

√
2x2)) > 0

�Å�Kw4������|µ�;�;��½!wC�´¶y¤���´�)�)|����­y4�;�­�����){}|"�
v′(x4) = 0

�ª·�
x4 6∈ Ω

¯L�){�w��Ywbw4í����Y�)�
η > 0

�;�¨yR{Ã�;{}|��
v′′(x) 6 0

�%���
x ∈ [x4 − η, x4]

¯Ó|µ���Ã�;{È���
0 = v′(x4) 6 v′(x4 − η) < 0

¯È°�{��\yR{����9|Ëy¤�����)�R|µ���­y4�)�����+�ô±{È���
x4 ∈ Ω

�Ï�+w¤�
(cn)n

��wË|��;wFÀ´��w��¨y¤wÞ���
Ω
�;�¨yR{<�){}|"�

cn → x4

�ÏÔ�����w.|�y){
n
¯
cn ∈ ωi(n)

¯|��¨�
cn < bi(n) 6 x4

�ÏôÓ{È���
bi(n) → x4

�Ïª'�
bi(n)

°�|��Py4�����Y�Õ|��´� é w�À´�}|µ�K�)� x4 = bi0
ëÎ�%���

n > n0

¯°ÓwB°±�����­��{}|���wP�´¶ é>ê ����Ä�ë
0 = v′(x4) = v′(bi0) 6 v′(ai0)(1− 2 ln(1 + e−

√
2x2)) < 0 ,

°�{��\y){»����|Cy¤���´�;�R|����\y4�;�­���+�+ô±{´���
bi(n)

�Õ|�¸�w�������Í¨�����)w���¶Ì½�|µ�´¶<��|µ����w��F�ÏÁÂwË��w4í��z�Yw�½¬|��;¸r�){}|"�z���
y ∈ (0, xλ)

�Õ|"�)���YÍ¨w��
v′′(y) = 0

¯������%�����­�F°����%�Y��½ é>ê ��ç3³�ëx�;{}|��
v(y) = − 1√

2(1 + λ cosh2 y√
2
)

=: f(y) .

û�w��Yw�¯�°Ów�{}|���w
0 = v′′(bi(n))→ v′′(x4)

¯��;{È���
v′′(x4) = 0

¯¨|µ�¨�
v(x4) = f(x4)

�¨æ�w4í��F¯

f ′(x4) = λ
sinh x4√

2
cosh x4√

2(
1 + λ cosh2 x4√

2

)2 < 0 = v′(x4) .

ôÓ{��­�ä��½!~�����w��ä�;{}|��Å�){�w��;wÎw4í��­�Y�)�
η4 > 0

�;�¨yR{#�;{}|��
v(x) < f(x)

�%���
x ∈ [x4−η4, x4)

��Ô¨���
n
�\|µ�Y²�ww�������²�{+¯

bi(n) ∈ [x4 − η4, x4)
¯
v′′(bi(n)) = 0

¯��){È���
v(bi(n)) = f(bi(n))

��ô±{����Î�­��|#y4���´�;�R|µ���\yÕ�)�����+�ª·�
x4 < xλ

¯Ï�){�w!��w¤Í¨�����;�­���»���
x4

��½!~����­w��P�){}|"�P°Ów#½Þ���Y��{}|���w
v′(x4) = 0

¯Ï°�{��\y){Ì°Ów#{}|���wÿ ���Y�±�;w�w��×�)�Ë��wP��½!~����)�;������w���ô±{È���
x4 = xλ

|��¨�
v′(x4) < 0

��ôÓ{�w��+¯´°±wPy¤����y¤�­�¨��w�|µ�±���×�){�w�yF|��)w
x2 > xλ

¯�°����;{
x2

�;w¤~��W|µy¤wF���´¶
x4

�ô���y¤��½!~���w¤�)wP�){�wz~��Y�È���I¯������Yw�½¬|��­���±�)�#~��;�.��wB�){�w�w��Y�)��½¬|"�)w
2 ln

(
1 + e−

√
2x2

)
< 1 , é@ê �[��ç.ë

���ñ�){�wbyF|��;w
x2 < xλ

¯Å°�{��­yR{�°��­���9��wb������wN�´¶��������¨������²
x2

�%�Y��½ ��w����F°Ç�®Ô����
x ∈ [0, x2]

¯
λ+ 1

cosh2 x√
2

> 0
¯�|��¨��°ÓwB{}|���w9�;w�w�� �){¨|��

v
���±��wFy¤�Yw.|µ�;����²Ë���

[0, x2]
¯´�;{È���

v(x) 6 v0 = v(0)
�%���

x ∈ [0, x2]
¯¨|��¨�

v′′(x) = −
(
λ+

1

cosh2 x√
2

)
v(x)− 1√

2 cosh2 x√
2

> −
(
λ+

1

cosh2 x√
2

)
v0 −

1√
2 cosh2 x√

2

> −
(
v0 +

1√
2

)
1

cosh2 x√
2

,
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��wFyF|����;w −λv0 > 0
�¨ª'�´�;w�²��R|��;����²#�){����Î�­��w�À´�}|µ�����I¶×�Ïw4�·°Ów�w��

0
|��¨�

x ∈ [0, x2]
¯È°±w�²�w¤�

|v′(x)| = −v′(x) 6 (1 + v0

√
2) tanh

x√
2
6 (1 + v0

√
2) .

� �;����²#�;{�wz½#w.|µ�×��|�����w�ôÓ{�w����Yw�½r¯������W�������.°��Î�;{}|��
1√
2

+ v0 = |v(x2)− v(0)| 6 (1 + v0

√
2)x2 .

ôÓ{�w��;w��W���;w
x2 > 1/

√
2
¯}|��¨�

2 ln(1 + e−
√

2x2) 6 2 ln(1 + e−1) < 1 .

�
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ª·�¬�){����Ó�;wFy4�;�­���+¯´°Ów�°����){¬�)�Þ���´��w��Y�)��²´|"�)w9�;{�wP��¶È�}|µ½#�\yF|��Ï�;�R|µ���������·¶¬���t�){�w9���W|µyR¸!�)�������;�����F��Ô¨����){����Î~����;~����;w�¯�°±w����)wP�;{�wPÍ¨�����;wz����ÖÏw��;w¤�¨y¤w������r���µ�){C�;�­½#w�|µ�¨�C�;~}|�y4w��

ã�ä�å�ä$æ çÍè�é�êYë�ì$í�îFì2ï�ð¦ï�ñ7îFò�èóð¸ß�ôõè�ë�ì^êYö�÷WôøèYî�ò�ï�ù
¾È~}|�y¤wr|��¨�º�;�­½#wC�Y�)w�~��

h
|��¨�

δt
��w��­��²÷²�����w��+¯ä|����Ó�){�w�y¤��½#~����Õ|"�)�������Þ°������±��wC½¬|µ��wC����|�;wFyÕ�Õ|���²����\|���²��;�­�r|��Î�;~}|��;�W|��+~����­�´�;�

xj = jh
|��¨�<|"�����­�)y¤�Yw¤�)wP�)��½!w��

tn = nδt
���+w¤�Î������w4Í¨��w

unj|��®�){�w�|�~�~��;�Fí���½¬|"�)w9��|µ����wB���
u(xj, tn)

��Ô����±|µ�´¶�²�����w¤�C�;½!�´���;{×�%���¨yÕ�)�����
w
¯´°Ów�|����)�Ë��w¤Í¨��w9�){�w��~�w��R|"�)���;�

Lx
|��

(Lxw)j =
1

h2

(
wj+1 − 2wj + wj−1

)
=
(∂2w

∂x2

)
j

+O(∆x2)

�){}|"�®y�|µ����w��;w�w�� |µ�ä�;{�w������Ry¤�Yw¤�)���.|"�)�����¬���Ï�;{�w�����ÖEw��Yw��´�)�\|��}��~�w��)|��;���
∂2/∂x2

°����;{����)wÎ���tô¢|F¶�������%���;½Ç���W|��F�¨Á�w��){�w��by¤�����;�­��w����){�w��;¶È½!½!w¤�)�Y�\yÞvx�R|���¸�¼Iæ��­y¤�����;���b�����)y¤�;w¤�;�­�.|"�)�����b��� é>ê �­ç.ëEè}�;w¤�;�;�­��²
un+1/2 = (un + un+1)/2

¯��){�w��Y¶��Y�;w�½ø°��;���)w��
i

δt
(un+1

j − unj ) + (Lxu
n+1/2)j + f(|un+1/2

j |2)u
n+1/2
j = 0

�%���
n > 0

|µ�¨� |j| 6 J
¯¨°����;{

J
²�����w��+�ÏôÓ{��­�9�­�P|����������­��w.|µ�P|µ��²�w¤���R|��\yÞ�����)y¤�;w¤�;wÞ�Y¶��Y�)w¤½ �){¨|��B����;������w��÷|"�Pw.|µyR{N�)��½!wÞ�Y�;w�~Ì���;����²�|!Í�í�wF�N~����­�´�P½#w¤�){��È�t�Eô±{�����°�|�¶<���L�����)y¤�;w¤�;�­������² �){�wÞ�Y¶��Y�)w�½w��}|�����w������±�;�#{}|���wB�){�w�y¤�����;w��G��|"�)�����r���K�){�wz���­�)y¤�Yw¤�)wPÍ¨�Y�Y�Î�­����|��;�\|µ�������C�;{�w��È��½!w¤�;�­yF|µ�+����½¬|��­�

In =

J∑

j=−J

(
|unj |2 − 1

)
= I0, ∀n > 0.

ô±{�w¬y¤��½#~����Õ|"�)�������z°����­�L��w�½¬|���w����º|C�È��½!w��Y�\yF|��x����½¬|��­�»�){}|"�Ç���ÞyR{����;w��Â���Â�;�¨y){º|×°Î|�¶�){}|"�Î�){�w��������¨�¨|��Y¶ °��­���+���µ��²�w���w��)|��)w�|��Y�)��Í}y¤�\|µ�+�;wBú¨w�y4�)�����������¢�;{�w��È��½!w��Y�\yF|��+�;�������)�����+¯¨�;w¤�;�;�­��²
un±J = ±1
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R
�¢ª·���;{����#yF|µ�;w�¯8|µ���­�}|�~�~��;��~��;�\|"�)w×�Ï�����¨�¨|��Y¶�y¤���¨�����)�����eyF|��º��w.|��Â�)�|��Y�)��Í}y¤�\|��K�;wBú¨wFy4�;�����N|��¨��½¬|�¶CyF|����)wÇ|Ç°��;����²¬|µ~�~��;�Fí��­½�|��;�­���r�����){�w�w4í¨|µy4���;���­���)�����+�}ª'�<|µ���t�){�wyF|��;w��Î�;{}|��Ó°������+��w��­����w��Y�)��²�|��;wF�t¯��){�wP�)�������)�������Î���¨��w��Î�Y�;�¨��¶�|µ�Yw�|��;�)��½#wF�×�)�Ë�)w��¨�×�;�!����ÖÏw��;w¤�´����­½#������|��­��w¤�8|�� ±∞ �"ôÓ{�wL½!���Y���}|��;���R|���°Î|F¶P�;��~��Y��y¤w�wF�z�­�K�)���)w4���){�w��;wä��|µ����w��¢�W���K�;{�wL�È��½!w��;�­yF|��|�~�~��;�Fí���½¬|"�)�����C|"�®w.|µyR{ w4íÈ�)�;w�½#���·¶!���E�){�w9y¤��½!~����R|��;�­���}|��E����½¬|µ���+��ÁÂw��;{��F° {�w��;w��;{}|"�Ów4��w��¬�­��){�w�������w.|���yF|��;w

i
∂u

∂t
+
∂2u

∂x2
= 0 é@ê �[� ê ë

°����;{×���������¨|µ�G¶×y4���¨�����)������� −1
|µ�¨�

1
|"� −∞ |µ�¨� ∞ ¯´�){����®�)�;w.|"�)½#w��´�±yF|��×�;w��;�������)��¶×|"ÖEwFy4�®�){�w�;�������;�­���C|��Y¶�½!~��;���;�\y4�.�´ª'�¬���;��w��L�;�Ë|������­���;�¨yR{¬~��;������w�½!�F¯�|��È��½!w¤�;�­yF|µ�¨�)�Y�\yR¸#y¤�����)���Y�)�x���×|���������²|<����ÖÏ���)�����Â�)w��;½ �­� é>ê ��� ê ëÕ¯K�){}|"��°����­�®y¤��½!w¬�­���)�N~��\|F¶»��w.|��Ç�;{�w �������¨�¨|��Y¶��+ÁÂw��){È���Ç�;w�~��\|�y4wé>ê ��� ê ë®�´¶

(i− α(x))
∂u

∂t
+
∂2u

∂x2
= 0 é@ê �[�?��ë

°�{�w��;w#�){�w!�%����y4�)�����
α
��|µ���­�;{�w��Þ|"�z�){�w!���´�)w��Y�����z���x�){�w!�È��½#w��;�­yF|µ�L����½¬|����+�Kô±{�����½!wF|µ�����){}|"��){�wz���Y�­²����}|µ�K~��;������w�½ �����)���Y��wF�r���´�)� |!����ÖÏ���)����wÕ¼·����¸�w�wFÀ´�}|"�)�����r°�{�w��;w��){�w�����ÖÏ���;�����r�)w¤�;½ ������¶~��\|F¶È�±|��;����w9y¤�����;w��)�z�){�w��������¨�¨|��Y¶���vx�����;wFÀ´��w¤�´�)��¶�¯�°�|���w��ä�){}|"�Óy¤�����­�¬�YwBú¨wFy4�®�����){�w��������¨��|µ�G¶|��;wÞ|����)���;��w��t�ÏôÓ{�wz�)w��Y½
α
���9�Yw��%w��;�YwF�r���<�;{�w��­���;w��R|"�)���;wÞ|��P|#�)~�����²�wÇ��|µy4�;�����E¾È�¨yR{b|!�W���¨y4�)��������Ó~��­�µ�;�;wF�¬�­�×Ô¢��²����Yw ê � õ � á w¤½¬|µ�Y¸#�;{}|��®�;�­��y¤w�°ÓwB��w.|��}°����;{C|�½#������Í¨wF�¬wFÀ´�}|"�)�����+¯Èy¤�����;w��G��|"�)��������¢�­����|��;�\|��´�)�Î�%���±�­�����;�W|��+~��;������w�½ ���!½!���;wP{����­���F�ÁÂwx���F°e�;{��F°¹�;{�w®�Yw��;�����;�Ò�����R|µ����wF�Ç�%�����){�w®�È��½#w��;�­yF|µ�È�;w¤�)�������)�����Þ��� é>ê ��� ê ë�y¤�����;�­��w��;wF�z°����;{Ç�){�w�������;�\|µ�¢�¨|"�Õ|

u0(x) = tanh x
¯¨�%�����;{�wÇ�W�������.°�����²×y){����­y¤w����8²��;�­�r~}|µ�)|µ½#w¤�)w��;�Fè

h = 0.1
¯
J = 200

¯
δt = 0.1

|µ�¨�r|Þ�;~�����²�wz��|µy4�)���Î²�����w����´¶

α(x) = exp(−((|x| − L)/2)2),

°�{�w��;w
L = Jh

�¢ª'�ºÔ¢��²����;w�� ê �¯³r|µ�¨� ê �[´�¯t°±w�����w4° �;{�w¬�;�������)�����ºy¤��½!~����)wF�÷°����;{Â�;{�w¬�)~�����²�w��|µy4�)���×y¤��½!~}|��;wF���)�����µ�){Ã�;�������)�����Êy¤��½!~����)w���°����;{ì������{���½!��²�w���w�������ï9���Y�\yR{��­w¤�Cy¤���¨�����;�������
u(t,−L) = −1

¯
u(t, L) = 1

|��¨�C�)�������)�����ry¤�����)�­��w��YwF�����C�){�wP�W|��;²�w�������½¬|��­�
]− 60, 60[
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‖vv1 − vv0‖+ ‖v′v1
− v′v0

‖+ ‖wv1 − wv0‖+ ‖w′v1
− w′v0

‖ 6 K|v0 − v1| é ��� ê Z´ë
°�{�w��;w

(vv1 , wv1)
�­�P�){�w!�;���­���;�����÷���L�;{�w¬v±|��¨yR{´¶÷Ñ8�;������w�½ é ����q�ëÎ°����;{ v0

�Yw�~��W|µy¤wF�Ì�´¶
v1

¯+|µ�¨�
‖.‖ ��w����µ�)w��±�){�w������;½l�����;{�w��;~}|�y¤w

L∞(0, x5(v0))
�¨�+w¤�

δ̃ > 0
��w��;�¨yR{C�){¨|��

δ̃ 6 δ
¯

Kδ̃ 6 1

2
inf

x∈[0,x5(v0)]
w′v0

(x) , é ��� ê q�ë

Kδ̃ 6 1

2
inf

x∈[x6(v0),x5(v0)]
v′v0

(x) , é ��� ê õ ë

Kδ̃(α + ‖wv0‖+
Kδ̃

2
) 6 1

2
inf

x∈[0,x6(v0)]

(
αvv0(x)− wv0(x)2

2

)
, é ��� ê ³�ë

Kδ̃(1 +
√
α) 6 1

2
inf

x∈[0,x5(v0)]
(
√
α(1 + vv0(x))− wv0(x)) é ��� ê ´�ë

µ>�



|��¨�
Kδ̃ 6 1

2
(vv0(x5(v0))− 1) . é ��� ê µ´ë

ª·�
v1 ∈ (0, 1)

�R|"�)���;Í�w�� |v0 − v1| < δ̃
¯������%�����­�F°����%�;��½ é ��� ê ZÈëÓ|µ�¨� é ��� ê q�ëL�){}|"�

w′v1
> w′v0

− ‖w′v1
− w′v0

‖ > 1

2
inf

x∈[0,x5(v0)]
w′v0

(x) > 0
���

[0, x5(v0)] ,

�%�Y��½ é ��� ê õ ëL°Ów������%w¤�±�){}|"�
v′v1
> v′v0

− ‖v′v1
− v′v0

‖ > 1

2
inf

x∈[x6(v0),x5(v0)]
v′v0

(x) > 0
���

[x6(v0), x5(v0)] ,

���
[0, x6(v0)]

¯ é ��� ê ³�ëx¶���w��­���
v′′v1

= αvv1 −
w2
v1

2
> αvv0 −

w2
v0

2
− ‖αvv1 −

w2
v1

2
− (αvv0 −

w2
v0

2
)‖

> αvv0 −
w2
v0

2
− αKδ̃ − 1

2
(2‖wv0‖+Kδ̃)Kδ̃

> inf
x∈[0,x6(v0)]

(
αvv0(x)− wv0(x)2

2

)
> 0 ,

|��¨�C�;{È���
v′v1

(x) > 0
���

(0, x6(v0)]
� é ��� ê ´�ë®��½!~�����w��Î�){}|"�

√
α(1 + vv1)− wv1 >

√
α(1 + vv0)− wv0 −Kδ̃(1 +

√
α)

> 1

2
inf

x∈[0,x5(v0)]
(
√
α(1 + vv0(x))− wv0(x)) > 0 .

Ô¢�­�¨|µ����¶�¯������%�����­�F°��Î�%�;��½ é ��� ê µ�ëx�;{}|��
vv1(x5(v0)) > 1 + vv0(x5(v0))

2
> 1 .ôÓ{�w��;w��W���;w

x0(v1) < x5(v0)
¯
vv1(x0(v1)) = 1

|µ�¨�
v1 ∈ Ev

�ô±{�w!~��Y�È���®���x�;{�w!��~�w�����w��;�����
Ev′

¯
Ew

|��¨�
Ew′

���z�R|"�){�w����)��½!���\|µ��¯�|µ�¨�N°±wË°����­�Å�����z²�����w�){�w9��w¤�Õ|��­���Ó{�w¤�;w���Á�w ÿ ���Y�®½!w��´�)�����¬�){}|"�®�;�Þ~��Y�"��w��){�w9��~�w�����w��;�Ó���
Ew′

¯È���Ó���®���;w��%�������)�Ç�;w�½¬|��;¸�){}|"�B���
v0 ∈ Ew′

¯
w′′(x0(v0)) = −w(x0(v0))(1 − v(x0(v0))) < 0

¯Ï|µ�¨�<���b���)��w¤���)� ~��Y�.��w��){}|"�
Ev′

�­����~�w��+¯t°Ów¬yF|����;w�w!�){¨|��
v′′(x0(v0)) < 0

|µ���;�È����|��
v0 ∈ Ev′

�Kª·�¨��w¤wF�t¯K���Ç���Çy¤��w.|µ�z�;{}|��
v′′(x0(v0)) 6 0

¯+��wFyF|����;w
v(x) < 1

�%���
x < x0(v0)

�KÔ¨�����;{�w!�Õ|�½!w!�;wF|µ�;���+¯+�­�
v′′(x0(v0))

°Î|µ�wFÀ´�}|��t�)�
0
¯�°ÓwB°±�����­��{¨|F��w

0 6 v′′′(x0(v0)) = αv′(x0(v0))− w(x0(v0))w′(x0(v0))

= −(ww′)(x0(v0)) < 0 ,°�{��\y){r����|#y¤���´�)�)|����­y4�;�­���+�
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Ew′
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vc := v(0) ∈ (0, 1)
¯¤°�{�w��;w

(v, w)
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Ev = (vc, 1)
¯È°�{�����w

Ev′ = (0, vc)
�
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Xk(Rn)
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k > n/2
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é æ��¢¾�ë
{
iut + ∆u+ f(|u|2)u = 0, (t, x) ∈ R× Rn
u(0) = u0

é Z¨��ç"ë
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u(x, t) = uv(x − vt)
�ÏÔ¨���B�����Y�Õ|��¨y¤w�¯Ï�%���

n = 1
|µ�¨�

f(r) = 1 − r ¯}°ÓwËyF|��Ìy¤��½!~����)wÇ�){}|"�.¯��%���
v ∈ (−

√
2,
√

2)
¯
uv(x− vt)

�;������w�� é Z��­ç.ë4¯È°�{�w��Yw uv ���Î²�����w����´¶Eè

uv(x) =

√
1− v2

2
tanh

(√
1− v2

2

x√
2

)
+ i

v√
2
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iut + ∆u+ (1− |u|2)u = 0

°����;{N�;{�wÞ�������¨�¨|��Y¶Ny4���¨�����)�����
u → 1

|�� |x| → ∞ �­�P|�½!����w¤�¢�%���z¾´��~�w�� ú¨���­�Ìû�w�������½ ªYª�|"��|�)w�½#~�w��R|"�)���Yw���w.|µ���¤w��;�×|��¨�r�%���Bóx���;w4¼IòÅ�����Y�)w����by¤���¨��w����R|��;�­���+�Ï�<���;w�²�w���w��R|�����¶�¯Ïæ��¢¾ °����;{r�){�w�������¨�¨|µ�G¶�y4���¨�����)����� |u| → ρ0

|�� |x| → ∞ °�{�w��;w
ρ0

���Ò|Î~����)���)����wxy¤�����Y�Õ|��´�¢�;�¨yR{��){}|"�
f(ρ2
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ψ3 − ψ5
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1+Hs(Rn)
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��ô±{�w�v±|��¨yR{´¶´¼¾�yR{�°�|��;������wFÀ´�}|������·¶×�;��²�w¤�){�w¤�Ó°����){ é Z���µ�ë®��w.|µ�C�;�
∫ ∞

β

1

r2k−j |g
(l)(r)|rn−1dr 6 1

(4k − 2j − n)1/2β2k−j−n/2 (2
√
t)l−n/2|Sn−1|1/2‖u0‖Xk .

¾È�!�Kw¤��w��)²���w��/�Î�){�w����;w�½ yF|µ����w�|µ~�~�����wF�t¯�|��¨�
∣∣∣∣limε→0

∫ ∞

β

e(i−ε)r2 1

r2k−j g
(l)(r)χ

(j−l)
β (r)rn−1dr

∣∣∣∣ 6
|Sn−1|1/2‖χ(j−l)‖L∞

(4k − 2j − n)1/2
‖u0‖Xk

(2
√
t)l−n/2

β2k−l−n/2 . é Z¨��çRq�ë
ÁÂwPÍ�íC���F°

β = 1
�¨ôÓ{�w��;w����9|Þ~����;���)����wzy¤�����;�R|µ���

C
�)�¨y){��;{}|��Î�%���

j ∈ {1...k} ¯
(2
√
t)j−n/2 6 C(t(1−n/2)/2 + t(k−n/2)/2).

ôÓ{�w��;w��W���;w�¯Ï���)����² é Z¨��ç ê ë4¯ é Z��­çBZÈë�|µ�¨� é Z��­ç�q�ëÕ¯}�;{�w��;wÇw4í����Y�)�P|�~����;���;����wËy¤�����Y�Õ|µ��� C �)�¨y){N�;{}|"�B�%���|��­�
u0 ∈ Xk

¯��%����|����
t > 0

¯
‖u(t)‖L∞(Rn) 6 C(1 + t(1−n/2)/2 + t(k−n/2)/2)‖u0‖Xk(Rn) é Z¨��ç õ ë

ô±{�w#�;wFy4���¨�b�;�;w�~÷���ä�){�wË~��;�´���xy¤�����;�­�Y�;���­�Ì~��;�.������²×�){}|"�
u(t) → u0

�­�
L∞

|��
t → 0

��ÁÂwÍ¨�;�Y�Î�­���)�;�È���¨y¤w��)��½!w���w¤Í¨�����)�������F�
� �K�]�+� £ �;
Y� L ©c¾t©�� �x%3. l ∈ {0...k} �&'E! h ∈ L2(β,∞, rn−1dr) :�4 �W!?��\�'E�

T lh :=

∫ ∞

β

e(i−ε)r2

h(r)g(l)(r)rn−1dr

�&'E! 4 � 4 ���;�Y���3f9)56F�1)o�<C-A<6G�¤H/C*�&'-)��5)�f7�(�a��%^�¬)�f<,-� T (l) � Q`(� h A��&'�g�� 4 .<�5)�)2�/' h(r) = χ
(p)
β (r)/rq 4 �5)56 2q − n > 0 :]4 � 4 ���(�«���&f7)56��&)�)56F�a��%&.0!"�/. � %^� T lh �;'

β �(� p+ q − n/2 Q`(� h �(�_J1�;L1�/' �3�¨� �a�;'E���3.GA�%&8_g/�;'E�&)��=%&' %^�9�<C-A<6ÿ)2�/.<8
� :¬4 �G!"��\]'E�})56�����%&.0!"�/. � %^� T lh �R�});6���M% 4 �<�/)l%&.0!"�/.h%$��'E%&'*� � �/.�%W8_%&'E%38W�=�1���¬�('¿)56F�h��§/,«.0�<���<�=%&' %^� h �=.0�/8_�&.<UW);6��1)l%&CD.p��!"��\�'��5)��=%3' � %^�)56��
%&.0!"�/.
%^� T lh !?�2,-�/'E!3�h%&'¿)56��W!?��A�%&8�,�%3�<�5)���%&'r%$� h ¢"Q
çFÄ�ç



�Kw4�
α ∈ (0, 1/(2n+ 1))

¯È|µ�¨�
m > 0

�;�¨yR{��){}|"�
m > (n/2− 1)/α

�ÈôÓ{�w��%�����­�F°��­��²��)wFy){����\y�|µ���w�½!½¬|�²�����w��Î|Ç��w4° w4í�~��Yw��;�;�­���C���K�;{�w9�)w��;½ é ªYªGë4��ª>�Îy¤�����;�­�Y�;�±�­�C�����­��²�|��±½Þ��yR{×�­���)w�²��R|"�)�����C��¶~}|��Y�)��|��Î��wFy¤w��;�R|µ�G¶�¯��­�����)��w��±�)�#w4í�~��Yw��)� é ª;ªGëÓ|µ��|Ë�;��½l�����)w��Y½!�Î���¢���;��w��;� > m
¯�°�{��­yR{×°±w�|��;w|����­wP�)�#w��Y�)��½¬|"�)w����N|��<|�~�~��;��~��;�\|"�)wP°Î|�¶ é �;w�w�w¤�;�;�­½�|��;w é Z¨��ç�µ´ë®��w����F°Ç�

½ �Dßrß ¦ L ©c¾t© L ��` `�¢¨A��&' g�� 4 .<�5)�)2�/' �3�_�}�a�;'E���3.9A�%&8_g/�;'E�1)5�=%&' %^�
)2�/.<8
�_%^�
)�f<,�� T (l) 4 �5)56 l ∈
{0...k} : �<C*A<6ÿ)56��1)���%3. l ∈ {1...k − 1} : )56F�¿%&.�!?�/.G%^�N)56��e)2�/.<8
�G%$�})5f<,-� T (l) �;' )56K�(�e���;'E���&.A�%&8_g/�;'E�&)��=%&'G�(� > m Q
± ¥ 
�
«² © �Kw4�

l ∈ {1...k − 1} ¯ p, q ∈ N �;�¨y){º�){}|"�
2q − n > 0

|��¨�
h(r) = χ

(p)
β (r)rq

��ÁÂw�)�)|µ���;�%���;½
T lh

��¶ ���´�;w�²��)|��;�­�����±�´¶¬~}|µ�G�)�F¯�|µ�±��� é Z¨��ç���ë4��ö9�\�)w��Ó�;��½#w�y¤��½!~����R|��;�­�����F¯È°ÓwP²�w¤� é �;{��­����9|µy4�)�¨|µ����¶ é Z��­ç���ëL°�{�w¤�;wB°±w�{}|���wP�;w�~��\|µy¤wF� k �´¶ k − l ¯ g �´¶ g(l)
|��¨�

χβ
�´¶

χ
(p)
β (r)/rq)

è

T lh =

( −1

2(i− ε)

)k−l k−l∑

j=0

ak−l,j

j∑

c=0

(
j

c

) j−c∑

b=0

(
j − c
b

)
(−q)...(−q − (j − c− b− 1))

×
∫ ∞

β

e(i−ε)r2
χ

(p+b)
β (r)g(l+c)(r)

r2(k−l)+q−c−b rn−1dr . é Z¨��ç3³�ë
¾È���¨y¤w

2(2(k− l) + q− c− b)−n > 2(k− l) + 2q−n ¯ k > l
|µ���

2q−n > 0
¯�°Ów9{}|���w�°��;���;�;w��

T lh
|���|��­����w.|��Py¤��½Þ�����}|"�)�����b���Å�;w��;½!�9���Å�·¶�~�w��

T (l), T (l+1)...T (k)
�E�r���;w��.��w���¯}�){�wÞ���)��w��B���8�){�w�)w��Y½!�Î�����·¶�~�w

T (l) é �){}|"��y¤���Y�;w��;~����¨�C�)� c = 0
ë®���C�){������;��½l�­�Fè

p+ b+ 2(k − l) + q − b− n/2 = p+ q − n/2︸ ︷︷ ︸���j�k������� T lh
+2 (k − l)︸ ︷︷ ︸

>1

.

ôÓ{�w�y¤���¨y¤�����;�����r�����;{��­��y¤��½#~����Õ|"�)���������Î�){}|"��~}|��;�;�­��²!�%�Y��½ø�){�wzyF|��������\yF|��Kw4í�~��Yw��;�;�­���r���
T lh

�)����)�Î��w4°�w4í�~��;w��;�;�����+¯��){�w����)��w¤�Î���K�I¶�~�w
T (l)

�;w��;½!�Î���¨y¤�Yw.|µ�;w���|��Î�­w.|��Y���´¶ ê �ÁÂw����F°����;wP�){�w�|����.��wzyF|µ�­y¤���\|"�)�������)�#�;{��.° �;{�wz�Yw��;�����Î�´¶×���¨���¨y4�;�­���r���
l ∈ {0...k − 1} ��+w¤������y¤�����)�­��w���¯}�%���

l ∈ {0...k − 1} ¯��){�wz���¨���¨y4�;�­���<{´¶�~��µ�){�w��;��� Hl

èDI é ªYªGë±yF|��r��w�°��;���;�)w¤�b|��9|�;��½ ���Å�)w��Y½!�B���8�I¶�~�w
T (γ)

¯
0 6 γ 6 k

¯��;� �){¨|��P���
1 6 γ 6 l

¯}�){�wÇ�;w��;½ ���Å�I¶È~�w
T (γ)

�­�N�;{��­��;��½ {}|��Î���;��w�� > m
��JÔ¨���;½Ç���W| é Z��­ç���ë®��½!~����­w¤�Î�){}|"�

(II) =

k∑

l=0

T lh(l),
°�{����;{

h(l)(r) =

k∑

j=l

akj

(
j

l

)
χ

(j−l)
β (r)

r2k−j .

ÁÂw�{¨|F��w
2(2k − j)− n > 2k − n > 0

¯��;�#�;{}|"�
H0

���±�)�Y��wP�){}|���¸È�±�)� é Z��­ç��´ë4��+w¤�9���9���.° �Õ|�¸�w
l ∈ {1...k − 1} |��¨�<�;��~�~����;w Hl−1

��ô±{�w����¨���¨y4�)�����b{´¶È~����;{�w��;�­�9��½!~����­w¤�9�;{}|��
é ªYªGëÎyF|��<��wz°��;���;�;w��<���¨��w����;{�w��%���;½rè (II) =

∑k
γ λγT

γ
hγ

°�{�w��Yw
λγ ∈ C

¯
hγ

�­�B|!������w.|µ�9y4��½Þ����¼
�}|"�)�����C���

χ
(p)
β (r)/rq

¯�|µ�¨� �%���
γ ∈ {1...l− 1} ¯ T γhγ �6�Ó���;��w��Ó����|��±��w.|��;� m ��ö9~�~���¶��­��²Ë�){�wB�%���;½!w¤�yF|��\y4���W|"�)�����Ì�;�¬�){�wÇ�;w��;½

T lhl
¯}°ÓwÞ²�w¤�z|���w4°
w4í�~��;w��;�;�­���b��� é ªYªYëÓ°�{�w��;wÇ�;{�wÇ�)w��Y½!�B���Å�·¶�~�w T (γ)

çFÄ ê



°����;{
γ 6 l − 1

|��;w¬���¨y){}|µ��²�wF� é ���Â~}|��Y�;�\y4���W|��F¯+�){�w¬��w4°øw4í�~��;w��;�;�­���Â�Y�)�����L��w��;��Í¨w��
Hl−1

ëÕ¯+�){�w���)��w��Ç���Ó�){�w¬�;w��;½n���±�I¶È~�w
T (l)

{}|��Þ���¨y¤�;w.|��;wF����¶
2(k − l) > 2

�+ÁÂw yF|µ���Y�Õ|��Y�Ç�){��­�Þ~��Y��y¤w��;�|�²´|����+¯�|µ�x�­����²Ë|��x���®�­�x��w�y¤w��;�Õ|��Y¶ é �����L°����;{×|�Í¨�����)w��´��½Þ��w��L���t�Y�;w�~��Õë8�)��w����;���Yw��){}|"�x�){�w��)w��;½�����I¶�~�w
T (l)

���Î���¢���)��w�� > m
¯}|��¨�C{�w��¨y¤w

Hl

���Î�;�;��w��¾È�Þ°±w�{}|���w�~��Y�.��wF�×�){}|"�
Hk−1

���Î�;�;��w�¯È°�{��­yR{����Î�;{�w��;w��;���������K�){�w���w�½!½¬|�� �
ÁÂwb²�����wb���F°�|µ�Ã��~�~�w��×�������¨�ì��� |T lh| ¯®�W��� l ∈ {1...k} ¯ä°����){ h(r) = χ

(p)
β (r)/rq

|µ�¨�
2q − n > 0

è
|T lh| 6

‖χ(p)‖∞
βp

∫ ∞

β

1

rq
|g(l)(r)|rn−1dr

6 ‖χ(p)‖∞√
2q − n‖u0‖Xk |Sn−1|1/2

︸ ︷︷ ︸
=:C

(2
√
t)l−n/2

βp+q−n/2
é Z¨��ç�´�ë

°�{�w��;w#°Ów�{}|���w����;wF�÷�){�w×v±|��¨yR{�¶´¼G¾�yR{�°Î|µ�Y������wFÀ´�}|��­���·¶Â|��¨�»�­w�½#½¬|NZ¨�[����ç��Kª'�x°Ów |µ�;�;��½!w!�;{}|"�
β > 1

|µ�¨�
T lh
�/�Î���;��w��Î���9|"�Î�­w.|��Y�

m
¯��){�w��
|T lh| 6 C

(2
√
t)l−n/2

βm
. é Z¨��ç�µ�ë

ÁÂwB°��;���)w
β
�����){�w��%���;½

β = β̃/(2
√
t)α
¯��%���

t 6 1
|µ�¨�

β̃ > 2α
�¨�+w¤�Î���ÎÍ�í

δ > 0
�¨ô±{�w�yR{����­y¤w���

m
|��¨�×�){�w��2|�y4�±�){}|"�

l > 1
w����;���;wP�){}|"�

l − n/2 + αm > 0
�ÁÂwzy){��È���;w

β̃ > 2α
�\|µ�Y²�w�w�������²�{r�;�¨yR{C�){}|"���W����|µ���

t 6 1
¯

(2
√
t)l−n/2+αm

β̃m
6 δ , l ∈ {1...k}

|��¨�
|Sn−1|‖u0‖∞2j‖χ(j)‖L∞

(2k − n)β̃2k−n
(2
√
t)α(2k−n) 6 δ , j ∈ {0...k} .

ôÓ{�wC~��;��~�w��Y�·¶
Hk−1

~��Y�"��w��¹���e�+w�½!½¬|¨Z¨�[����Z¨¯ é Z��­ç�µ�ëË|��¨� é Z��­çBZ´ëÇ��½!~���¶Â�;{}|��Ë�){�w¤�;wCw4í��­�Y�)�!|y¤�����Y�Õ|��´�
C > 0 é °�{��\y){r���Èw������µ����w�~�w¤�¨����� δ ëx�;�¨yR{C�){}|"�

∀ε > 0,

∣∣∣∣
∫

Rn
e(i−ε)|z|2χβ̃/(2

√
t)α(z)u0(x+ 2

√
tz)dz

∣∣∣∣ 6 Cδ . é Z¨� ê Ä´ë
ÑÅ�;��~����;���)�����eZ¨� ê � ê °����;{ p = 2n

¶���w��­���
∣∣∣∣limε→0

∫

Rn
e(i−ε)|z|2(1− χβ(z))u0(x+ 2

√
tz)dz − lim

ε→0

∫

Rn
e(i−ε)|z|2(1− χβ(z))u0(x)dz

∣∣∣∣

6
∫

Rn
(1− χβ(z))|u0(x+ 2

√
tz)− u0(x)|dz

6
∫

|z|62β

C(2
√
t2β)1/2‖∇u0‖Lpdz

6 C(2
√
t)1/2βn+1/2 = C(2

√
t)1/2−α(n+1/2)β̃n+1/2 . é Z¨� ê ç.ë

çFÄ>�



óL¶ �;{�wzyR{����\y4wz���
α
¯
1/2− α(n+ 1/2) > 0

�}¾È�Ë°ÓwzyF|����R|µ¸�w
t0 < 1

�;�¨yR{C�;{}|��
∀t 6 t0, C(2

√
t)1/2−α(n+1/2)β̃n+1/2 6 δ é Z¨� ê�ê ëôÓ{�w��;w��W���;w�¯��%���

t 6 t0
¯

∣∣∣∣limε→0

∫

Rn
e(i−ε)|z|2u0(x+ 2

√
tz)dz − lim

ε→0

∫

Rn
e(i−ε)|z|2u0(x)dz

∣∣∣∣

6
∣∣∣∣limε→0

∫

Rn
e(i−ε)|z|2χβ(z)u0(x+ 2

√
tz)dz

∣∣∣∣+

∣∣∣∣limε→0

∫

Rn
e(i−ε)|z|2χβ(z)u0(x)dz

∣∣∣∣

+

∣∣∣∣limε→0

∫

Rn
e(i−ε)|z|2(1− χβ(z))(u0(x+ 2

√
tz)− u0(x))dz

∣∣∣∣
6 Cδ + Cδ + δ é Z�� ê �´ë�´¶ é Z�� ê Ä´ëÕ¯ é Z�� ê Ä´ëÓ|µ~�~�����wF�C�)� z → u0(x)

�����Y�)w.|µ�����
u0

|µ�¨� é Z¨� ê�ê ë4�ª'��wFÀ´�}|������·¶ é Z¨� ê �´ë±|��¨�×�){�wB°Ów�����¼'¸È���.°��r�­��w��´�;���·¶
lim
ε→0

∫

Rn
e(i−ε)|z|2dz = πn/2einπ/4

��½!~���¶z�){}|"�
u(t)→ u0 = u(0)

���
L∞

|��
t→ 0

¯
t > 0

�.ÁÂw®y¤�����\�Ç~��;�.��wx�­�Ç�){�w®�Õ|�½!wä°�|�¶z�;{�w®��w��W�y¤���´�)���È�����I¶C|��
0
¯}|��¨�×�){��­�F¯�y¤��½Þ������wF� °����){C�;{�w�²��;����~�~��Y��~�w��G�I¶

S(t+ s) = S(t)S(s), t, s ∈ Ré °�{��­yR{��­�Îw.|��;¶¬�)�#��w��;���W¶¨ëx�;{��F°��±�){}|"���%����|���� u0 ∈ Xk
¯
S(.)u0 ∈ C(R, L∞(Rn))

�ÁÂwÓy¤�����;�­��w��Ò���F°º�){�wx²�w���w¤�R|µ��yF|��)w
k > n/2

��Ô¨���Å|��´¶z½Þ�����)� ¼'�­����w4í
α
�;�¨y){Ç�){}|"�

1 6 |α| 6 k
¯�%����|��´¶

t > 0 é °Ów�{}|���w�|Þ�;�­½!���\|µ�±�%���;½Þ���\|Ë�W��� t < 0
ë4¯

∂αu(t) =
e−inπ/4

πn/2
lim
ε→0

∫

Rn
e(i−ε)|z|2∂αu0(x+ 2

√
tz)dz .

û�w��Yw�¯
∂αu0 ∈ L2

��¾È���¨y¤w é Z¨� õ ëä��w¤Í¨��w��Óy¤�W|��;�;�\yF|�����¶ |��������Õ|��Y¶�²��;����~×��� L2
¯��){�w9½¬|�~

t→ ∂αu(t)��w�������²��Î�)�
C(R, L2(Rn))

¯È°����){ ‖∂αu(t)‖L2 = ‖∂αu0‖L2

¯
t ∈ R �ôÓ{�w��;w��W���;wÞ°Ów!yF|���y4���¨y¤���¨��w#�;{}|��z�W���z|��­�

u0 ∈ Xk
¯
t → S(t)u0 ∈ C(R, Xk(Rn))

�K�r���;w��.��w���¯�;�­��y¤w��%����|µ���
u0 ∈ Xk

¯
S(.)u0

���Î�������¨��w������
[−1, 1]

¯��;{�w�ó®|µ�}|µyR{�¼G¾´�)w¤�­��{}|����Î�;{�w����Yw�½l�­½!~��­��w���){}|"� ‖S(t)‖L(Xk)

�����������¨��wF�����
[−1, 1]

��vx��½Ç�������­��²#�;{��­�Ó°����;{ é Z¨��ç õ ë4¯È°Ów�²�w¤� é Z¨�a³�ëÕ� �
ÁÂw�²�����wz���F° �){�w�����Í¨�����)w��;��½¬|µ�+²�w���w��R|"�)���Î���

S(t)
�

�
	���
 ¥ �Dß L ©�¾t© � � �B) k > n/2 Q S 6���J"�/'E�/.0�1)2%&.h%^�¬);6���J1.0%&C3, (S(t))t∈R %&' Xk(Rn) !?��\�'E��!W�;')56���%3.��/8,�«Q � Q5¡£��� i∆ : �5)5�h!"%&8_�&�;'¿��� Xk+2(Rn) Q
± ¥ 
�
«² ©nÁÂwz��w����µ�)w��´¶

A = S ′(0)
�){�w�²�w���w��)|��;���Î���

(S(t))t
�ÁÂwr�;~��­���¬�;{�w<~��;�´���P���´�;���){��Yw�w<�Y�)w¤~��.�Lª'���){�wrÍ¨�Y�Y� �Y�;w�~+¯Å°Ów<�;{��F°ù�;{}|��¬���

u0 ∈ Xk+4(Rn)
¯

(S(t)u0 − u0)/t −→
t→0

i∆u0

���
Xk(Rn)

¯�|µ�¨�Ì�){�w��Yw��%���;w
(Xk+4(Rn), i∆) ⊂ (D(A), A)

�Kª'�÷�){�w
�;wFy¤���¨���Y�)w�~t¯�°Ów�~��;�.��wB�){}|"�

(Xk+2(Rn), i∆) ⊂ (D(A), A)
�ÈÁÂwzy¤���¨y¤���¨��wz�����;{�wP�){����)�C�Y�)w¤~+�
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1st
¡¤£ �D> ©+�+w¤�

u0 ∈ Xk+4(Rn) ⊂ C4(Rn)
��Á�wB°Î|µ�´�±�)�#�;{��.° �){}|"�

S(t)u0 − u0

t
−→
t→0

i∆u0

�­�
Xk . é Z¨� ê Z´ë

ÁÂwB°����­�+~��Y�.��w é Z¨� ê Z´ë®�%��� t→ 0, t > 0
��ô±{�w�~��;�´���Ò���Î�;�­½!���\|µ�Î���C�){�wzyF|��;w

t→ 0, t < 0
�óL¶CôÒ|�¶��������6�Î�%���;½Þ���\|

u0(x+ 2
√
tz)− u0(x) = ∇u0(x).2

√
tz +

∫ 1

0

(1− s)D2u0(x+ 2
√
tz)(2

√
tz, 2
√
tz)ds ,

�){�w��2|�y4�±�){}|"�
∫

Rn
e(i−ε)|z|2∇u0(x).2

√
tzdz = 0 ,

|��¨�
i∆u0(x) =

1

2
lim
ε→0

e−inπ/4

πn/2

∫

Rn
e(i−ε)|z|2D2u0(x)(2

√
tz, 2
√
tz)dz ,

°Ów������R|µ���
(
S(t)u0 − u0

t
− i∆u0

)
(x)

= 4
e−inπ/4

πn/2
lim
ε→0

∫ 1

0

(1− s)
∫

Rn
e(i−ε)|z|2(D2u0(x+ 2s

√
tz)−D2u0(x))(z, z)dzds .

æ�w4í��F¯
∫

Rn
e(i−ε)|z|2(D2u0(x+ 2s

√
tz)−D2u0(x))(z, z)dz

=

( −1

2(i− ε)

)2 ∫

Rn
e(i−ε)|z|2∆2u0(x+ 2s

√
tz)(2s

√
t)2dz

− 1

2(i− ε)

∫

Rn
e(i−ε)|z|2(∆u0(x+ 2s

√
tz)−∆u0(x))dz ,

{�w��¨y¤w
(
S(t)u0 − u0

t
− i∆u0

)
(x) = −4

[
t

∫ 1

0

(1− s)s2S(ts2)∆2u0(x)ds

+
1

2i

∫ 1

0

(1− s)(S(ts2)∆u0 −∆u0)(x)ds

]
. é Z¨� ê q�ë

¾È���¨y¤w
k > n/2

¯
∆2u0 ∈ Hk(Rn) ⊂ Xk(Rn)

��ôÓ{�w��;w��W���Yw
(S(ts2)∆2u0)t,s∈[0,1]

���Ç�������¨��wF���­�
Xk

|µ�¨�Ì�){�w!Í��;�Y�z�)w��Y½��­�÷�){�w��Y��²�{´��{}|��¨�»�;�­��w���� é Z�� ê q�ë9�)w��¨���z�;� 0
�­�
Xk

|��
t → 0

�¢¾È���¨y¤w
∆u0 ∈ Hk+2(Rn) ⊂ Xk(Rn)

¯
S(ts2)∆u0 −∆u0 −→

t→0
0
���
Xk

¯}�������%���;½!��¶r�­�
s ∈ [0, 1]

�Ïô±{´���
é Z�� ê Z´ë®{}|�����w�w���~��;�.��w��t�
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ôÓ{�w��;w��W���;w�¯��­�
u0 ∈ Xk+4(Rn)

¯
u0 ∈ D(A)

|��¨�
Au0 = i∆u0

�
2nd

¡¤£ �D> ©®�Kw4�
u0 ∈ Xk+2(Rn)

�8ôÓ{}|���¸È�Ë�;�»Ñ8�;��~����;���)����� Z¨� ê ��ç�¯��){�w��Yw×w4í����;�;�!|N�;wFÀ´��w���y¤w
(vl0)l∈N ⊂ Xk+4(Rn)

�;�¨y){N�){}|"�
vl0 → u0

�­�
Xk+2 ⊂ Xk

�tûÎw��¨y¤w
i∆vl0 → i∆u0

���
Hk ⊂ Xk

�ôÓ{�w��;w��W���;w
(u0, i∆u0)

��w�������²��z�)�C�){�w¬y4�­���;���;w���� {(v0, i∆v0), v0 ∈ Xk+4(Rn)} ��� Xk × Xk
¯|��¨�÷�;���¨y¤w#�){�w#����Í¨�����)w��;��½¬|µ�Å²�w¤��w��R|"�)���z���Ó|×�;�;�;����²���¶Ìy¤���´�)���È�������z�)w¤½!�­²��;����~÷�­�Ç|Cy¤�����;wF�÷��~�wÕ¼�R|"�)��� é �;w�wry¤���Y�����\|µ�G¶ ê �aqb����î6Ñ8|"ðÎ~*q�ëÕ¯8�){����!�­½#~��­��w��!�;{}|"�

u0 ∈ D(A)
|µ�¨�

Au0 = i∆u0

¯8�>�/w��
(Xk+2(Rn), i∆) ⊂ (D(A), A)

�
3rd

¡¤£ �D> ©t�+w¤�
u0 ∈ D(A)

�´ÁÂw9°Î|µ���±�)�Ë�;{��F° �;{}|��
Au0 = i∆u0

�­� D′ �}¾È���¨y¤w Xk+2(Rn)
�­���w����;wz�­�

Xk(Rn)
¯��){�w¤�;wzw4í����Y�)�9|#�;wFÀ´��w��¨y¤w

(vl0)l∈N ∈ Xk+2(Rn)
�){}|"���)w��¨���Î�)�

u0

�­�
Xk(Rn)

¯|��¨�C�;{�w��
Avl0 = i∆vl0 −→

l→∞
i∆u0

��� D′ .
�+w¤�����Î�;{��F°p�;{}|��

Avl0 → Au0

��� D′ ���+w¤� ϕ ∈ C∞c (Rn)
�ÈÁÂw�{}|���w

< Avl0, ϕ >D′,D=< ϕ,Avl0 >(Xk)′,Xk=< A∗ϕ, vl0 >(Xk)′,Xk

→ < A∗ϕ, u0 >(Xk)′,Xk=< ϕ,Au0 >(Xk)′,Xk=< Au0, ϕ >D′,D . é Z¨� ê õ ë
ô�� ÿ ���Y�;�­�\¶¬�){��­�ÎyF|��\y4���W|"�)�����+¯�°ÓwP��w¤wF� �)�Ë~��;�.��wB�){}|"�

ϕ ∈ D(A∗)
�¨¾È���¨y¤wB�;{�w�¾�yR{��;¿�������²�w��±²��Y����~����y¤���´�;�­�´�����������C�){�wÇ¾�yR{�°Î|µ�G�)���;~}|µy¤w S ¯�����w�{}|����%����|��´¶ u ∈ D(A)

¯

< Au, ϕ >D′,D = lim
t→0

〈
S(t)− id

t
u, ϕ

〉

D′,D

= lim
t→0

∫

Rn
u(y)

(
S(−t)− id

t
ϕ

)
(y)dy = − < i∆ϕ, u >D′,D

|��¨�C�;{�w��
| < S ′(0)u, ϕ >D′,D | 6 ‖∆ϕ‖L1‖u‖Xk , u ∈ D(A) .ª>���W�������.°��Î�){}|"�

ϕ ∈ D(A∗)
|��¨� é Z¨� ê õ ëx�­� ÿ ���Y�)��Í¨wF�t�ôÓ{�w��;w��W���;w�¯

Au0 = i∆u0

��� D′ �Ïæ��F°�¯ u0 ∈ Xk
¯
Au0 = i∆u0 ∈ Xk

¯}{�w��¨y4w
∆∇u0 ∈

(
Hk−1

)n|��¨���;���¨y¤w ∇u0 ∈
(
Hk−1

)n ¯��){����±¶���w��\��� ∇u0 ∈
(
Hk+1

)n |��¨� °±w�y¤����y¤�­�¨��w��;{}|��
u0 ∈ Xk+2

� �
ÔÒ���}|��­��¶�¯�°ÓwÎ�){��F°ñ�;{}|��ä�;{�w9|��;�;��½!~��)�����

k > n/2
°±wÎ½�|���wÎ���!�){�w¤���Yw�½øZ¨�[����çÎ�­�ä�){}|��;~t�È�r���;w~��;w�y¤�­�;w���¶�¯�°±w�{¨|F��w�è

± ¥ 
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 ¡ � £ �(
Y� L ©c¾t©���� �B)oC��I)@�3U?� n ∈ N∗ Q
��%&. x ∈ Rn :�4 �
!"��\�'E�
u0(x) =

e−i|x|
2

(1 + |x|2)n/2 log
√

2 + |x|2
.

S 6F�/' u0 ∈ Xbn/2c(Rn) : g/CD)��ª� 4 �
!"��\�'Y� u(t, x) g/fP�B%&.<8WC��i�¨���«Q��0¢ : u(1/4, 0) =∞ Q
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�
«² © ª'�����9y¤��w.|����;{}|��
u0 ∈ L∞(Rn)

|µ�¨���­�������­�W���Y½!��¶�y¤���´�)���È������� é ��wFyF|����;w ∇u0

�����������È¼��wF�}ëÕ�t�+w¤�
α
��w#| ½Ç�����;��¼'���¨��w4ír°����){

1 6 |α| 6 bn/2c �Eô±{�w�I'°Ó���;�Y�B�)w��Y½�JÇ��� ∂αu0

���B�){�wÞ����w�����Õ|��­��w����´¶ |α| �;�¨y�y¤w��;�;����w�����ÖÏw��;w��´�;�W|"�)�������������){�w���|µy4�;��� e−i|x|2 �¨ôÓ{����Î�;w��;½ ���
(−2ix)αe−i|x|

2

(1 + |x|2)−n/2/ log
√

2 + |x|2.
ÑÅ�\|��­����¶�¯

∫

Rn

∣∣∣∣∣
(−2ix)αe−i|x|

2

(1 + |x|2)n/2 log
√

2 + |x|2

∣∣∣∣∣

2

dx 6 2|α|
∫

Rn

(|x|2)|α|

(1 + |x|2)n log2
√

2 + |x|2
dx

= 2|α||Sn−1|
∫ ∞

0

r2|α|+n−1dr

(1 + r2)n log2
√

2 + r2
.

ôÓ{�wP�;��²�{´�±{}|µ�¨� �;�\��wB�;w��;½ø���×�;{�w�|µ���.��wP����wFÀ´�¨|µ�����I¶ ���ÓÍ¨�����)w�¯���wFyF|����)w
2n− (2|α|+ n− 1) > 1|��¨� ∫∞ dr

r log2 r
<∞ ��ô±{�w��Yw��%���;w u0 ∈ Xbn/2c(Rn)

���r���Yw��"��w��F¯È�;���¨y¤w
u0 ∈ L2

¯
u0 ∈ Hbn/2c(Rn)

¯
|��¨�

u ∈ C(R, Hbn/2c)
����|Ë�;�������)�����r�����){�w�������w.|µ�9¾�yR{��Y¿�������²�w��ÎwFÀ´�}|"�)�����+�Ô¨���

t = 1/4, x = 0
¯

∫

Rn
e(i−ε)|z|2u0(x+ 2

√
tz)dz =

∫

Rn

e−ε|y|
2
dy

(1 + |y|2)n/2 log
√

2 + |y|2

= |Sn−1|
∫ ∞

0

e−εr
2
rn−1dr

(1 + r2)n/2 log
√

2 + r2

°�{��\y){ �;w��¨���x�)�
+∞ |µ�

ε→ 0
¯È��¶!�;{�w9½!�������;����wBy¤���´��w¤�;²�w¤�¨y¤w9�;{�w����;w�½ø|µ�¨�¬�;���¨y¤w ∫∞ dr

r log r
=

∞ �ö9�Â|�½Þ���;����²r��|µy4�����z�;{}|��z�%���
(t, x) 6= (1/4, 0)

¯
u(t, x)

�­�P°Ów��­�ä��w¤Í¨��wF�»�´¶b�%���;½Þ���\| é Z¨� õ ëP|µ�¨��){�w¤�
u
���9|Ëy¤�����)���È���������%���¨y4�;�­���r���

(t, x) ∈ R× Rn\(1/4, 0)
� �

N �Fß ¦¨¥PO ôÓ{�w�II�­��� ¼'~Ï���;wF����w��;�lJÞ�Yw��;�����P���b~��;��~����;���)����� Z������­çÇ~�w��Y�R|µ�����9�)�¬�){�wÞ���­�;~�w��Y�)����wÞ�����F°Î¼��~º~�{�w¤����½!w¤�}|b��w��)y¤�Y�­��wF���­�Êî�óx�´¾�|�ç¤ð±�W���ËÉ���Æ �I¶�~�w wFÀ´�}|"�)��������|��¨����� î�óx�´¾�| ê ð±�W���Þ²�w���w��R|�������;~�w��;�;����wzwFÀ��}|��;�­�����F�
È×Ù$È ��à�ãnzh|�w�tCå�vEÝxwÎÜCãlw yµà�ßºÉ%�Ww å�Ü

Xk(Rn)
ÁÂwzy¤�����;�\��w¤�����F°p�;{�wÇv±|��¨yR{�¶C~��Y������w�½ é Z¨��ç"ëä°����){<|Þ½!���Yw�²�w���w��R|��+�������­����w.|��;���·¶Eè

{
iut + ∆u+ F (u) = 0
u(0) = u0 ∈ Xk(Rn)

é Z¨� ê ³�ë
°�{�w��;w

k > n/2
|��¨�

F : Xk(Rn)→ Xk(Rn)
���Ó����y¤�\|µ�;�

C1
�´ÁÂwB{}|���wB�;{��F°��×���C�;wFy4�;�­���}�Ç�;{}|���){�w�¾�yR{��Y¿�������²�w��Î²��Y����~

S(t)
��w¤Í¨��w���|Þ�Y�)�;����²���¶×y¤���´�)���È�������Î²��Y����~C���

Xk(Rn)
�¨óL¶C|Ëy¤�\|µ�;�;�­yF|µ�
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Í�í�wF�b~������´��|µ�Y²���½!w��´�P����wË�����Õ|��­���P�){�wË���ÈyF|µ�¢°Ów��­� ¼'~����)w�����w��;�����ä�;{�w�v±|��¨yR{�¶N~��;�����­w¤½ é Z¨� ê ³�ë4�æ9|�½!w���¶�¯�°Ów�{}|���w�è
�
	���
 ¥ �Dß L © L ©�� � �B) M > 0 Q S 6��/'£)56F�/.�����§>���/)5� T+(M) > 0 �&'E! T−(M) < 0 �<C*A<6I)56��&)1��%3.��>�;�
u0 ∈ Xk(Rn) 4 �5)56 ‖u0‖Xk 6M : )56��/.0���(�l�&'WC�'-�=H/C-��8W�5�M!���%>�aCD)��=%&' u ∈ C([T−(M), T+(M)], Xk)

%^�£���«QM m�^¢?Q ¥ �b.���A��1�;�E)56��1)��£8W�5�M!£��%>�aCD)��=%&' %^�7���«Qi m�^¢7���
�£��%1�aCF)���%&'r%^�¬)56��b�;'*)2�@J1.0�>����H/C*�&)��=%&'
u(t) = S(t)u0 + i

∫ t

0

S(t− s)F (u(s))ds , t ∈ [T−, T+] . é Z¨� ê ´�ë
¥ ���1����%�.0��A��>�;�«�����0����m��K�X%&.��k������¢O)56��1)E� � u ��%>�aL>�<�����«QM ��/¢ : �5)E�(���P��%1�aCF)���%&'©%^�����*QM m�^¢��('9);6��n�@,-�"A��
C(R, Hk−2

loc ) : �3'E!©)56F�1)X�ª� u0 ∈ D(S ′(0)) = Xk+2 : u ∈ C1([T−, T+], Xk) ∩ C([T−, T+], Xk+2)

�(�I);6��WA��i�3���<�=A��1�Y��%>��CF)��=%3'r%^�7���«QM m�^¢?Q
± ¥ 
�
«² © ª'�Î���9|Ë���­�YwFy4�9|�~�~��­�­yF|"�)�����<���¢~��Y��~����;���;�­���eZ��������Ë�­��î vÓûÎð'� �

ÁÂw�{}|���w��%���Y�){�w��Y½!���;w
�
	���
 ¥ �Dß L © L © � ��%&. �/L>�/.<f u0 ∈ Xk(Rn) : )56��/.0��� §>�(�/)5� T∗(u0) ∈ [−∞, 0) �&'Y! T ∗(u0) ∈
(0,+∞] �<C*A�6})56��&)� );6��/.0��� §>�(�/)5�X��89�B§>�;89�1�>��%>�aCD)��=%&' u ∈ C(T∗(u0), T ∗(u0), Xk) 4 6K��A<6b�(�n);6���CD'-�=H<C*����%>�aCF)5�=%&'%$�7���«Qi D�/¢ : �B%&.
�>�;� T± : T∗(u0) < T− < 0 < T+ < T ∗(u0) :� �<�5)56��/. T ∗(u0) = +∞ %3. ‖u(t)‖Xk −→

t↑T ∗(u0)
+∞ :

� �<�5)56��/. T∗(u0) = −∞ %&. ‖u(t)‖Xk −→
t↓T∗(u0)

+∞ Q
± ¥ 
�
«² © ª'�Î���9|Ë���­�YwFy4�9|�~�~��­�­yF|"�)�����<�����;{�w����Yw�½ºZ������[Z!����î vÓûÎð>� �

�
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 ¥ �Dß L © L ©c¾ `(� u0 ∈ Xk+2(Rn) : )56��P��%>�aCD)��=%&' u ∈ C(T∗(u0), T ∗(u0), Xk) %^�h���*QM D�/¢bJ1�;L1�/'g/fÔ)56F��%&.��<8
���«Q��«Q5¡u�3'E!��«Q��«QM  �(�r� A��i�3���<�=A��1����%>�aCF)5�=%&'Ø%^�ÿ���*QM m�^¢ÿ�(' Xk :W4 6"�=A<6Í89�0�&'�� )56F�1)
u ∈ C(T∗(u0), T ∗(u0), Xk+2) ∩C1(T∗(u0), T ∗(u0), Xk) Q
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F : Xk → Xk
�­�Î���Òy4�W|��;�

C1
¯Ò|��¨����wFy�|µ���;w �;{�w×����½¬|µ�������

i∆ é °�{��­yR{��­�Ç�){�w×²�w���w��)|��;���Þ���±�){�w×²��;����~ S(t)
ë����

Xk
�­�

Xk+2
� �

û�w��;w�����|Þ�I¶È~��\y�|µ�+w4í�|µ½!~���wB°�{�w¤�;wzô±{�w����Yw�½ºZ¨��Z¨��ç�|�~�~����­w��F�
± ¥ 
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«² © �Kw4�
u ∈ Xk(Rn)

�¨ª>������y¤��w.|µ�±�;{}|��
F (u) ∈ L∞ �Ô¨���r|��´¶ñ½Þ�����)� ¼'���¨��w4í

α
�)�¨y){ì�;{}|��

1 6 |α| 6 k
¯
∂αF (u)

yF|��Ê��wN°��;���;�;w�� |��r|Â������w.|��y¤��½Þ�����}|"�)�����Ì���Å�)w��Y½!�B���Å�·¶�~�w
uaubf (l)(|u|2)∂α1u...∂αru∂β1u...∂βsu

¯}°�{�w��Yw
a, b, r , s, l

|µ�Yw���´�)w�²�w��;��|µ���
αi
¯
βj
|µ�Yw�½Þ�����)� ¼'�­�¨���\y¤w¤���)�¨y){C�){}|"�

l 6 |α| 6 k
|µ�¨� ∑ |αi|+∑ |βj| 6 |α| 6 k

�óL¶�¾È�������­w¤�Ï�6�Çw�½Þ��wF��������²��#|��¨��²�w���w��)|µ������wF�ºû�¿��­��w��F�/�Ç����wFÀ´�}|��­���·¶´¯K���ÞyF|µ����w¬�;{��F°���w.|µ�;����¶�){}|"�
∂αF (u) ∈ L2

¯}|��¨�C{�w��¨y¤w
F (u) ∈ Xk

�ôÓ{�w9~��;�´���t�;{}|��®�%���
u ∈ Xk

¯
F ′(u)

½�|µ~��
Xk

���´�)�
Xk

|��¨���){}|"�
F ′
���±y4���´�;�­�´�������®���Ó�;��½!���W|��F� �

ÁÂw�w��¨�C��~C�){�����~¨|µ�)|µ²��R|�~�{r��¶×~��;�.������²#�){�w�~�w��;�;���;�;w��¨y4¶×���¢{���²�{�w��Î�;w�²����\|µ�Y���·¶��
± ¥ 
m>�
 ¡ � £ �(
Y� L © L © � � �B) n ∈ N∗ : k > n/2 + 1 : �&'Y! u0 ∈ Xk(Rn) Q¥ �h�<CR,",-%3��� f ∈ Ck+1(R+) Q|��%&. l ∈ {bn/2c + 1...k} :l4 �7!"�/'E%1)2�7g/f u ∈ C(T∗(l), T ∗(l), X l)

)56��W��%>�aCF)���%&'Ô%^�N���«Qi D�/¢ 4 �5)56 F (u) = f(|u|2)u :X4 6��/.0� ]T∗(l), T ∗(l)[ ���£)56��£8_��§>�;8_�>��� §>�(�/)2�/'YA���;'-)2�/.<L>�>�x%^� u �(' X l(Rn) QS 6F�/'
T ∗ := T ∗(bn/2c+ 1) = ... = T ∗(k)

�&'E!W�<�;8
���M�3.��af : T∗ := T∗(bn/2c+ 1) = ... = T∗(k) Q
± ¥ 
�
«² ©nÁÂw�½¬|�¸�wP�;{�w�~��;�´���¢�W���

T ∗
¯����������;��½!���W|��Î�%���

T∗
�ö�~��Y�­���;�@¯��%���

l > bn/2c+ 1
¯
T ∗ > T ∗(l)

�ÈÁ�wP�;��~�~����)wP�´¶×y¤���´�;�R|µ���\y4�;�����C�;{}|��
T ∗ > T ∗(l)

��Ô¨���
t ∈]T∗, T ∗[

¯
u(t) = S(t)u0 + i

∫ t

0

S(t− s)
(
f(|u(s)|2)u(s)

)
ds{�w��¨y¤w��%���

t ∈]T∗(l), T ∗(l)[
¯

‖u(t)‖Xl 6 ‖S(t)‖L(Xl,Xl)‖u0‖Xl +

∫ t

0

‖S(t− s)‖L(Xl,Xl)‖f(|u(s)|2)u(s)‖Xlds

ÁÂw¬¸È���F°l��¶ é Z¨�a³�ëP�){}|"� ‖S(t)‖L(Xl,Xl)

�­�Þ�������¨��wF�����
[0, T ∗(l)]

¯Ò|µ�¨���;{}|��
u
�­�Ëy¤���´�)���È��������%�Y��½

[0, T ∗(l)]
�­���)�

Xbn/2c+1(Rn)
¯¢�)�N�){�w��;w w4í����;�;�

M > 0
�;�¨yR{��;{}|��Ë�%���!|����

t ∈ [0, T ∗(l)]
¯

‖u(t)‖Xbn/2c+1 6 M
�}ª'�r~}|��Y�)�­y¤���\|��F¯ ‖u(t)‖L∞ 6 M

¯�°�{��\y){<��½!~����­w¤���){}|"���){�w¤�;wzw4í����Y�)�
M̃ > 0�;�¨yR{C�){¨|�� ‖f(|u(s)|2)u(s)‖Xl 6 M̃‖u(s)‖Xl

�¨Ô¢���}|µ����¶�¯
‖u(t)‖Xl 6 C‖u0‖Xl +

∫ t

0

CM̃‖u(s)‖Xlds

|��¨�»ÐB�;����°Î|µ���@�6�P�­w¤½!½¬| y¤���¨y¤���¨��w���|µ�P���;�}|��Ò�;{}|�� ‖u(t)‖Xl

yF|µ�Ì���µ�P�����.°
��~»|��
T ∗(l)

¯}°�{��\y){���9|Ëy¤���´�)�)|����­y4�)�����C°����){C�;{�wz��w¤Í¨�����)�����r���
T ∗(l)

� �

È×Ù0Ö �þàÇÜNv�w±ß�Ý
wÎá Þ!â©zÇÜÞÝ¢åÕÝÒå/w�v zÇÜCá }h|¤àj{Nzh|0 øw�|B|0Û¡xbàhv�wÎáCÜ©w�v�v àjy
É%��w å�Ü

Xk(Rn)
ÁÂwrÍ¨�Y�;���){��F° �){�w<y¤�����)w¤�Y��|��;�­���ñ���9�){�wr�;w������;½¬|����­��w��ñw���w¤�;²µ¶e�%��� é Z��­ç.ë4¯ä�%���×|¢II�Yw�²����W|��lJ�������;�\|µ�K�¨|"�Õ|Ë���

Xk(Rn)
¯������;{�wzyF|µ�;w

n = 1
���

2
�

çFÄ>µ



± ¥ 
m>�
 ¡ � £ �(
Y� L ©�àE©���� �B) n = k = 1, 2 : u0 ∈ Xk+2(Rn) : f ∈ Ck+1(R+) Q¥ �}!"�/'Y%1)2�}g/f u ∈ C(T∗, T ∗, Xk+2(Rn)) ∩ C1(T∗, T ∗, Xk(Rn)) );6��_��%>�aCF)5�=%&'Ô)2%¿);6��£���&C-A<6Kf,«.0%"g��M�<8 ���*Q5¡0¢¤%"gB)2�&�;'Y��!7�(' )56���%3.��/8,�«Q��«Q � :o4 6��/.0� (T∗, T ∗) �(�b�;)5�b89�B§>�;8_�>�x��§>���/)2�/'EA��b�;'*)@�/./L>�1�MQ� �B) V (r) := −
∫ r
f(s)ds Q ¥ �7�3����CD89�h)56��1) ∫Rn V (|u0(x)|2)dx A�%&'-L>�/.=JK�<�9���;'p�7���/'���� 4 � 4 ���;�,«.0��A/�(���b�;' );6���,«.0%R%^��¢"QS 6F�/'b��%&.b�>�(� t ∈ (T∗, T ∗) : ∫Rn V (|u(t, x)|2)dx A�%3'-L>�/.=JK�<�h�=�('e);6��P���&89�����/'����2¢ : �&'E!h);6��I�<'E�/.=J1f�(�
A0%&'����/.<L>��!"­

∫

Rn

[
|∇u(t, x)|2 + V (|u(t, x)|2)

]
dx =

∫

Rn

[
|∇u0(x)|2 + V (|u0(x)|2)

]
dx é Z¨� ê µ�ë

> ¥ 
�
«² © �+w¤�����Î½Þ�����)��~���¶ é Z��­ç.ë®�´¶ −ut |��¨�×�Õ|�¸�wP�;{�w��;w.|��+~}|��Y�Fè
2Re(∆u

−
ut) = ∂tV (|u|2) .ÁÂwPÍ�í

t ∈ (T∗, T ∗)
¯
x ∈ Rn |��¨�����´�;w�²��)|��;wz�.��w¤� [0, t]

è
2Re

∫ t

0

∆u(s, x)
−
ut(s, x)ds = V (|u(t, x)|2)− V (|u0(x)|2) é Z¨�[��Ä�ë

ÁÂwzyR{��´���;w�|Ë������¼'�­��y¤�;w.|��;�­��²!�%���¨y4�;�­���
θ ∈ C∞c (R)

�;�¨yR{C�;{}|��Fè
θ(x) =

{
1 if x 6 1
0 if x > 2

.

Ô¨���
R > 0

¯�°±wz��w¤Í¨��w
θR(x) := θ(|x|/R), x ∈ Rn ��Á�w�{}|���wP�){�w��tè

‖∇θR‖L2(Rn) = Rn/2−1

(∫

Rn
|θ′(|y|)|2dy

)1/2

.

ôÓ{�wB�\|µ�Y�±���´�;w�²��)|µ�Ï���®Í¨�����;wB��wFyF|����;w
θ′(|.|) ∈ C∞c (Rn)

��ª'� ~}|µ�G�)�­y¤���\|µ��¯ {∇θR}R>1

���Ó�������¨��wF� �­�
L2(Rn)

�ÁÂw����F°�½Ç�����;�­~���¶ é Z�����Ä�ë®�´¶ θR(x)
|��¨�C�­�´�;w�²��R|"�)w��"��w��

Rn
è

2Re

∫

Rn

∫ t

0

∆u(s, x)
−
ut(s, x)dsθR(x)dx

=

∫

Rn
V (|u(t, x)|2)θR(x)dx−

∫

Rn
V (|u0(x)|2)θR(x)dx . é Z�����ç"ë

� �;����²ÂÔ����������>�/���){�w¤���;w¤½ |��¨�ñ|µ�����´�;w�²��)|��;�­���ñ��¶¹~}|��Y�)�F¯Ò°Ów<yF|µ�­y¤���\|"�)wr�;{�wr��w��W�¬{}|��¨�e�;�\��wr���
é Z�����ç.ë4è

2Re

∫

Rn

∫ t

0

∆u(s, x)
−
ut(s, x)dsθR(x)dx = −

∫

Rn

(
|∇u(t, x)|2 − |∇u0(x)|2

)
θR(x)dx

−2Re

∫ t

0

∫

Rn
∇u(s, x)∇θR(x)

−
ut(s, x)dxds
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Ô¨���Çy¤���´��w�����w��¨y4w�¯+°Ów |µ�;�;��½!w
t > 0

�Ò¾È���¨y¤w ∇θR �­���)��~�~����Y�;wF����� {x, |x| > R} ¯+�;{�w×v±|��¨yR{´¶¾�yR{�°�|��;������wFÀ´�}|������·¶C��½!~�����w��
∣∣∣∣
∫ t

0

∫

Rn
∇u(s, x)∇θR(x)

−
ut(s, x)dxds

∣∣∣∣

6 sup
s∈[0,t]

‖ut(s)‖L∞
(∫ t

0

‖∇u(s)‖L2(|x|>R)ds

)
‖∇θR‖L2(Rn) ,

|��¨�C�){������\|��Y�9À´�}|��´�)���·¶�y¤���´��w��Y²�w��Î�)�
0
|µ�
R→∞ ¯���wFyF|����;w ‖∇θR‖L2

�����������¨��wF�t���r���Yw��.��w��F¯
∫
Rn (|∇u(t, x)|2 − |∇u0(x)|2) θR(x)dx

y¤��w.|��;��¶Ëy¤���´��w��;²�w��8�;� ‖∇u(t)‖2
L2−‖∇u0‖2

L2

|��
R→∞ �û�w��¨y¤w�¯��­�K°Ów�|��)�;��½#wP�){}|"�

∫

Rn
V (|u0(x)|2)dx := lim

R→∞

∫

Rn
V (|u0(x)|2)θR(x)dx

w4í����Y�)� é ���®|�~��Y�­���;�}��w�~�w��¨���x���!�){�w�yR{����\y¤w���� θ ëÕ¯��Õ|�¸È����²z�;{�w����­½!���x��� é Z¨�[��ç.ë4¯��%���x|��­� t ∈ (T∗, T ∗)
¯°Ów������R|µ���C�){}|"�

∫

Rn
V (|u(t, x)|2)dx := lim

R→∞

∫

Rn
V (|u(t, x)|2)θR(x)dx

w4í����Y�)�F¯}|��¨�×�){�w�w���w��;²µ¶C����y¤�����;w��G��wF�t� �

N �Fß ¦¨¥PO ôÓ{��­�Å~��;�È���E���Èw��ä���µ�ä�;w�w�½þ�)�9°±���;¸Ç�W���
n > 3

¯���wFyF|����)wÓ°Ów±{}|���w±���)w��Ë�){�w±w4í��­�Y�)w¤�¨y¤w��� {θR}R>1 ⊂ C∞c (Rn)
¯Ï°����){

θR(x) ≡ 1
�%��� |x| 6 R

|��¨� ∇θR ����������wF�÷�­�
L2(Rn)

¯K|��¨�÷���yF|��r��w��;{��F°��C�;{}|��Î�)�¨y){<|Ë�;wFÀ´��w���y¤w����´w������µ��w4í����Y���%���
n > 3

�
æ�w4í��.¯È°Ów�²�����w�|Þ��|��;�\|µ�������K�){�w����;w�½ºZ��aq��­çP���<����½!w����;������ç�¯��){¨|��±°����­�+��w����;w��%���t�W|"�)w����

± ¥ 
m>�
 ¡ � £ �(
Y� L ©�àE© � � �B) ϕ, ϕ0 : R→ R 'E%&'*�@�('EA/.0���3�<�;'DJ���C�'EAB)���%&'��
%^�jA��M�3��� C∞ : �<C*A�6})56��&)
ϕ(x) = ϕ0(x) ≡

{
1 if x 6 0
0 if x > 1

.

��%&. R > 0 :o4 �
!"��\�'Y� ϕ+
R(x) = ϕ(x−R)ϕ0(−x) �&'E! ϕ−R(x) = ϕ+

R(−x) QS 6F�/'¿� � lim
R→∞

∫
R V (|u0(x)|2)ϕ±R(x)dx ��§>�(�/);� : ��%¤!"%R�<� lim

R→∞

∫
R V (|u(t, x)|2)ϕ±R(x)dx Q

± ¥ 
�
«² © ª'���;��³�y¤w����;�<�Yw�~��\|�y¤w
θR

�´¶
ϕ±R

�����;{�w�~��Y�È���Ó���x�){�w����;w¤½ Z��aq��­ç��tÁÂw!�����R|µ�������»�){�w�R|µ½#wB°Î|F¶ �;{}|��
∫

R

[
V (|u(t, x)|2)− V (|u0(x)|2) +

(
|∇u(t, x)|2 − |∇u0(x)|2

)]
ϕ±R(x)dx

= ∓2Re

∫ t

0

∫

R
∇u(s, x)(∇ϕ(±x−R)ϕ0(∓x)− ϕ(±x−R)∇ϕ0(∓x))ut(s, x)dxds.
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Ñ8|��;�;�­��²Ë�;�Ë�){�wP���­½#����|��
R→∞ ¯��){�wP��|µy4�±�){}|"� (∇ϕ(±x−R))R>0

���Î�������¨��wF�C�­�
L2

|µ�¨� �){�w|��)�;��½!~��)�������){}|"� ∫
R V (|u0(x)|2)ϕ±R(x)dx

y¤���´��w��;²�w��#|µ�
R → ∞ ��½!~���¶»�;{}|��Ç�){�w¬���­½#���#|µ�

R²��Èw��±�)� ∞ ��� ∫
R V (|u(t, x)|2)ϕ±R(x)dx

w4í����;�;�F¯�°����;{
lim
R→∞

∫

R
V (|u(t, x)|2)ϕ±R(x)dx− lim

R→∞

∫

R
V (|u0(x)|2)ϕ±R(x)dx

= −
∫

R

(
|∇u(t, x)|2 − |∇u0(x)|2

)
ϕ0(∓x)dx

±2Re

∫ t

0

∫

R
∇u(s, x)∇ϕ0(∓x)ut(s, x)dxds .

á w�½¬|��;¸��;{}|��8�){�w±���­½#���
lim
R→∞

∫
R V (|u(t, x)|2)ϕ±R(x)dx

��w�~�w��¨���ä���
ϕ0

�����ä�����ä���
ϕ
�����;{�w±�­��½!���

lim
R→∞

∫
R V (|u0(x)|2)ϕ±R(x)dx

���Èw��Î�����F� �
ÁÂw�°�|��´�Ë���F°ø�)�b��½!~��;�.��wCÑ8�;��~����;���)�����ÿZ��aq��­ç�¯��)�b½¬|�¸�w ���Ç°±���;¸»�%���

u0 ∈ Xk(Rn)
¯+°����){

k > n/2
¯x|µ�¨�e���µ�¬������¶

k > n/2 + 2
�LôÓ{�w<~��;�­y¤wr�)�»~}|F¶¹��� |µ��w4í��)�)|�|��)�;��½#~��)�����������;{�w�������­����w.|��;���I¶
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 ¥ �Dß L ©(àE©�� � �B) n = k = 1 %3. 2 Q¥ �b��C3,",-%3���j)56��&) f ∈ Ck+1(R+) �&'E!7)56��1)�)56��/.0�W��§>���/)5�¬��%389� ρ0 > 0 �<C-A<6})56��&) f(ρ0) = 0 �3'E!
f ′(ρ0) < 0 Q ¥ �W!"��\�'Y�

V (r) := −
∫ r

ρ0

f(s)ds .

`(� n = 1 :�4 �©�3����CD89�_)56��&) {r, V (r) = 0} ���©!&����A/.0�B)2� : �&'E!}�ª� n = 2 :�4 �N�3�0�<CD89�_)56��&) V �(�'E%&'-�@'E�@JK�1)5�;L>�
%&' R+ Q� �B) 0 < C1 < 1 < C2
: �&'E! δ0 > 0 � δ0 < ρ0 ¢£�<C*A�6})56��&)

|r − ρ0| 6 δ0 ⇒ C1
V ′′(ρ0)

2
(r − ρ0)2 6 V (r) 6 C2

V ′′(ρ0)

2
(r − ρ0)2

�@)56��
�3���<C�8�,Y)���%&'��h%&' f �/'F�<CD.0�j)56��&)o�<C*A<6¨� δ0 !"%��<�
� §>�(�/) ¢"Q���;'E�>�(�af 4 �
�R���<CD8_�I);6��1) u0 ∈ Xk(Rn) : x→ V (|u0(x)|2) ∈ L1(Rn) �&'E!£)56��/.0�h��§>���/)5� 0 < δ1 <
δ0 �&'Y! A > 0 �<C-A<6});6��1) |x| > A �;8�,Y�a�=�<� ||u0(x)|2 − ρ0| 6 δ1 QS 6F�/' : !"�/'E%&)��;'DJ (T∗, T ∗) )56��
8_��§>�;8_�>�]��§>�(�/)2�<'EA��
�;'*)2�/.<L>�1��%$�
)56F�
��%1�aCF)���%&' %$�¤���«Q5¡0¢e�3����%�A/�=�1)2��!)2% u0

: )56��
�/'E�/.=J1f
E(u(t)) :=

∫

Rn

[
|∇u(t, x)|2 + V (|u(t, x)|2)

]
dx é Z¨�[� ê ë

�(�o\]'-�5)2�
�&'E!©A0%&'����/.<L>��!��B%&.W�1�;� t ∈ (T∗, T ∗) Q
¤¦¥ ¦ ß�>¨§(� ¡�©nÁÂw�²�����wz�;��½!w�w4í�|µ½!~���w��Î�%���Ó°�{��­yR{rôÓ{�w����Yw�½ºZ��aq��­ç����±��|����\�

ÒÃ�;{�wzy¤�����­yz��w¤�%��y¤���)����² æ��Ò¾ w�À´�}|��;�����+è
iut + ∆u+ (ρ0 − |u|2)u = 0, x ∈ Rn, n = 1

���
2. é Z����>�´ë
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ª'�×�){�����yF|��;w�¯
f(r) = ρ0 − r

¯
V (r) = (ρ0 − r)2/2 > 0

¯}|��¨� �){�wz|µ�;�;��½!~��;�­�����Î���K�;{�w����Yw�½Z��aq��­ç#|��;wÇ��w��Y��Í¨w��t�tª'�b��|µy4�.¯Ï{�w��;w�¯��;{�w!|��;�;��½!~��)�����Ì���ä�;{�wËw4í��­�Y�)w¤�¨y¤wË���
δ1

|µ�¨�
A
yF|��Ì��w�Yw��\|"í�w��t¯¨��wFy�|µ���;w���������|#y¤�����;wFÀ´��w���y¤wz���

V (|u0|2) ∈ L1
�

Òì½#���Yw�²�w���w¤�R|��­��¶�¯��;{�w�II~����;w�~��F°Ów���yF|��;w©J�è
iut + ∆u+ α(ρp0 − |u|2p)u = 0, x ∈ Rn, n = 1

���
2. é Z����1ZÈë

°�{�w��Yw
α > 0

|��¨�
p > 1/2

���
n = 1

¯
p > 1

���
n = 2

�¨ûÎw��;w�¯
f(r) = α(ρp0 − rp)

¯
V (r) > 0|��¨�

V (r) = 0
�­�8|��¨�C������¶×���

r = ρ0

�¨ôÓ{�w�|��;�;��½!~��)�����
f ∈ Ck+1(R+)

���rôÓ{�w����;w�½ Z¨��q���ç���Ó��w��;��Í¨wF�×������¶¬���
p = 1

���
p > 2

�­�×�;{�wB����w4¼·����½!w����)�����}|µ�+yF|��;w�¯�|µ�¨� �­�
p = 1, 2

���
p > 3���<�){�wÞyF|��;w

n = 2
�Eû��F°Ów¤��w���¯����N���;{�w��ByF|��;w��F¯

Xk 3 u → f(|u|2)u ∈ Xk
�­�9���äy4�W|��;�

C1
¯|��¨�C�����;��³¬y¤w��Î�%���±�){�wzy4���¨y¤�����;�����r���Òô±{�w¤���Yw�½ºZ¨��q���ç��

ÒÃ�;{�wzy¤�����­yÕ¼·À´�����´�)�­y�æ��¢¾ wFÀ��}|��;�­���+è
iut + ∆u− α1u+ α3u|u|2 − α5u|u|4 = 0, x ∈ R é Z¨�[�"q�ë

°�{�w��Yw
α1, α3, α5

|��;w±~����;���;����w�y¤�����Y�Õ|µ���ä�;�¨yR{Ë�){}|"�
3/16 < α1α5/α

2
3 < 1/4

��ª'�Ë�){����LyF|��;w�¯���)����²!�;��½#w��)yF|µ��wP�)�R|����;�%���;½¬|"�)������� é �)w¤w�î�ó±Ð��NÑÒð2ë4¯ é Z¨�[�"q�ëÓyF|��r��w��;wÕ°��;���Y�)w��<|��
iut + ∆u+ (|u|2 − ρ0)(2a+ ρ0 − 3|u|2)u = 0 é Z¨�[� õ ë

°����){
0 < a < ρ0

�tû�w¤�;w�¯
f(r) = (r − ρ0)(2a + ρ0 − 3r)

|��¨�
V (r) = (r − ρ0)2(r − a)

¯|��¨�»�;{�w×|��;�)��½!~��)�������Þ���®�){�w����;w�½ Z��aq��­ç |��;w���w��;��Í¨wF�t��ô±{�w4¶Â|µ�Yw×|����)�r��w¤�;��Í¨wF���%�������;{�w����|��­��w������ä�){�wË~}|��R|�½!w¤�;w��;�
α1, α3, α5 é �%���B�����;�R|µ�¨y4w a 6 0

ë4¯Ï�����P�){����P�;w�w�½!�B�)�×��wË��w��;����´�;w��;w��Y�)����²!�%�Y��½ |Þ~�{´¶��;�­yF|µ�+~������´����������w4° é �;w�w�î�ó±Ð��NÑÒð2ë4�
± ¥ 
�
«² 
Y² £ 	��K
 ¥ �Dß L ©(àE©��}© �+w¤�Ì���N�Õ|�¸�w¹|�½!���­����Í¨w��b�;wFÀ´��w��¨y¤w

(ρl)l>1 é °����){ ∫ ρl = 1
¯

Supp ρl ⊂ B(0, 1/l)
|��¨�

ρl > 0
ë4�ª·�<|ÇÍ¨�;�Y�Î�;�;w�~+¯�°ÓwB°������Ky¤�����)�;��� |ρ0 − |ρl ∗ u0(x)|2| �%��� l �\|��;²�wÇ|��¨� |x| > A

�

|ρ0 − |ρl ∗ u0(x)|2| 6 (
√
ρ0 + ‖u0‖∞)

{
|ρl ∗ u0(x)| − ρ0

��� |ρl ∗ u0(x)| > √ρ0 (
yF|��;w

1)
ρ0 − |ρl ∗ u0(x)| ��� |ρl ∗ u0(x)| < √ρ0 (

yF|��;w
2)

ª·�ryF|��;w!ç�¯�°Ów�{}|���w�è
0 6 |ρl ∗ u0(x)| − √ρ0 6

∫

Rn
ρl(x− y)(|u0(y)| − √ρ0)dy

6
∫

Rn
ρl(x− y)‖u0(y)| − √ρ0|dy . é Z¨�[�K³�ë

ª·�ryF|��;w ê ¯����µ�)wP�;{}|"���%��� |x| > A
¯

|u0(x)|2 > ρ0 − |ρ0 − |u0(x)|2| > ρ0 − δ1 > 0 . é Z¨�[�?´�ë
ç�ç��
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α :=

√
ρ0 − δ1

|µ���
v ∈ C �;�¨yR{Ã�;{}|�� |v| = 1

|µ�¨�
vu0(x) ∈ iR

�®Ô¨���
y ∈ Rn ¯L�){�w��wFy¤��½!~����;���;�­���r���

u0(y)
���C�){�w

R
¼'�}|��)���

(u0(x), v)
���
C
yF|�����wP°��;���;�;w��<|µ�

u0(y) = Re[u0(y)u0(x)]
u0(x)

|u0(x)|2 + P (u0(y))v .

ôÓ{�w��+¯���wFyF|����;wz���ÅÑÒ¶È�){}|�²����)|µ�F���;{�w����;w�½r¯

0 6 √ρ0 − |ρl ∗ u0(x)| 6 √
ρ0 −

∣∣∣∣
(∫

Rn
ρl(x− y)Re[u0(y)u0(x)]dy

)
u0(x)

|u0(x)|2
∣∣∣∣

ÁÂwzy){��È���;w
p
|µ�Î���NÑ8�;��~����;���)�����}Z¨� ê � ê ¯¨|µ�¨� l0 ∈ N∗ �;�¨yR{C�){}|"�

|x− y| 6 1/l0
��½!~��­��w�� |u0(x)− u0(y)| 6 C|x− y|1−n/p‖∇u0‖Lp 6 α/2 .

¾È�#�%���
l > l0

|µ�¨�
y ∈ B(x, 1/l)

¯�°Ów�{}|���w

Re[u0(y)u0(x)] = |u0(x)|2 + Re[(u0(y)− u0(x))u0(x)]

> |u0(x)|2 − |u0(y)− u0(x)‖u0(x)| > α2/2 > 0 ,

|��¨�C�;{�w��;w��W���Yw�¯��%���
l > l0

¯

0 6 √ρ0 − |ρl ∗ u0(x)|

6 √
ρ0 −

∫

Rn
ρl(x− y)Re[u0(y)u0(x)]dy

1

|u0(x)|

=
√
ρ0 − |u0(x)|+ 1

|u0(x)|

∫

Rn
ρl(x− y)Re[(u0(x)− u0(y))u0(x)]dy

6 |√ρ0 − |u0(x)||+
∫

Rn
ρl(x− y)|u0(x)− u0(y)|dy . é Z����>µ´ë

�Kw4�
ε > 0

�L¾È���¨y¤w
ρl ∗ u0 → u0

�­�
L∞

¯Ò�){�w��Yw�w4í����Y�)�
l1 > l0

�;�¨y){¹�){}|"�
l > l1

��½!~�����w��
‖|ρl ∗ u0|2− |u0|2‖L∞ 6 δ0− δ1

|��¨���){�w¤� �%��� |x| > A
¯ ||ρl ∗ u0(x)|2− ρ0| 6 δ0

�ÈôÓ{�w��;w��W���Yw�¯È�%���
|x| > A

|��¨�
l > l1

¯È°±w�{¨|F��w�è

0 6 V (|ρl ∗ u0(x)|2) 6 C2
V ′′(ρ0)

2
||ρl ∗ u0(x)|2 − ρ0|2 . é Z¨��Z�Ä�ë
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B > A+ 1

� é Z����"³�ëÕ¯ é Z����>µ�ë±|µ�¨� é Z¨��Z�Ä�ë®��½!~���¶�¯��%��� l > l1
è

∫

|x|>B
V (|ρl ∗ u0(x)|2)dx

6 C2
V ′′(ρ0)

2
(
√
ρ0 + ‖u0‖∞)2

×
∫

|x|>B

[(∫

Rn
ρl(x− y)||u0(y)| − √ρ0|dy

)2

1|ρl∗u0(x)|−√ρ0>0

+

(
|√ρ0 − |u0(x)||+

∫

Rn
ρl(x− y)|u0(y)− u0(x)|dy

)2

1|ρl∗u0(x)|−√ρ060

]
dx

6 C2
V ′′(ρ0)

2
(
√
ρ0 + ‖u0‖∞)2

∫

|x|>B

[∫

Rn
ρl(x− y)||u0(y)| − √ρ0|2dy

+ 2||u0(x)| − √ρ0|2 + 2

(∫

Rn
ρl(x− y)|u0(y)− u0(x)|dy

)2
]
dx . é Z¨��Z¨ç.ë
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∫

|x|>B

∫

Rn
ρl(x− y)||u0(y)| − √ρ0|2dydx 6

∫

|x|>B

∫

|y|>B−1/l

ρl(x− y)
||u0(y)|2 − ρ0|2

ρ0

dydx

6 1

ρ0

∫

|y|>B−1/l

||u0(y)|2 − ρ0|2dy

6 2

C1ρ0V ′′(ρ0)

∫

|y|>B−1/l

V (|u0|2)dy . é Z��[Z ê ë
æ�w4í��F¯

∫

|x|>B
2|√ρ0 − |u0(x)||2dx 6 2

ρ0

∫

|x|>B
|ρ0 − |u0(x)|2|2dx

6 4

C1ρ0V ′′(ρ0)

∫

|x|>B
V (|u0|2)dx . é Z¨��Z"��ë
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½ �Dßrß ¦ L ©�àE©���� �B) n ∈ N∗ : k > n/2 �&'E! u0 ∈ Xk(Rn) Q S 6��/'¤��%&.¤�>�(� (x, y) : )56�����CD'YAB)��=%&'
f : [0, 1]→ C : t→ u0(x+ t(y − x)) �(�
�"g<��%1�aCF)2����fNA�%&'-)��;'-C-%&C���Qô±{}|���¸È�Î�;�#�;{��­�Î��w�½!½¬|�¯�°ÓwzyF|��×°��;���;w�è

|u0(y)− u0(x)| = |
∫ 1

0

(y − x).∇u0(x+ t(y − x))dt| ,
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∫

|x|>B

(∫

Rn
ρl(x− y)|u0(y)− u0(x)|dy

)2

dx

6
∫

|x|>B

∫

Rn
ρl(x− y)|y − x|2

∫ 1

0

|∇u0(x+ t(y − x))|2dtdydx

6 1

l2

∫

|x|>B

∫ 1

0

∫

Rn
ρl(
x− ỹ
t

)|∇u0(ỹ)|2dỹ
tn
dxdt

6 1

l2

∫ 1

0

∫

Rn

∫

Rn
ρl(x̃)|∇u0(ỹ)|2dx̃dỹdt =

‖∇u0‖L2

l2
é Z¨��Z?Z´ë

é {�w¤�;wP°±wz{}|���wz½¬|µ��wz�)�¨y¤y¤w��;�)����w¤��¶×�){�w�yR{}|���²�w������¢��|��;�\|����­w¤� ỹ = ty + (1− t)x |��¨� x̃ = x−ỹ
t

ë4�óL¶×~����;�)������¶Cw¤���W|��;²�����²
B
����w�½¬|�¶�|��;�;��½!wP�){}|"�

(
√
ρ0 + ‖u0‖∞)2 C2

C1ρ0

[∫

|y|>B−1

V (|u0|2)dy + 2

∫

|x|>B
V (|u0|2)dx

]
6 ε/2 . é Z��[Z"q�ë

ÁÂw�|����;��yR{��´���;w
l2 > l1

�;�¨yR{C�){}|"�
2C2

V ′′(ρ0)

2
(
√
ρ0 + ‖u0‖∞)2‖∇u0‖L2

l22
6 ε/2 . é Z��[Z õ ë

vx��½Þ���­������² é Z��[Z�ç.ë4¯ é Z¨��Z ê ë4¯ é Z��[Z?�´ëÕ¯ é Z¨��Z?Z´ë4¯ é Z��[Z"q�ëÕ¯ é Z��[Z õ ë4¯È°±w������Õ|�����Í¨�}|�����¶�¯��%��� l > l2
¯

∫

|x|>B
V (|(ρl ∗ u0)(x)|2)dx 6 ε .

ª'��~}|µ�G�)�­y¤���\|µ��¯
V (|(ρl ∗ u0)|2) ∈ L1(Rn)

�¨óL¶×~����;�)������¶Cw����W|��;²��­��²
B
����w�½¬|�¶�|��)�;��½!wB�){}|"�

∫

|x|>B
V (|u0(x)|2)dx 6 ε .

�r���Yw��.��w��F¯��){�w��Yw�w4í����Y�)�
l3 > l2

�;�¨yR{C�){}|"���W���
l > l3

¯
∫

|x|6B
|V (|(ρl ∗ u0)(x)|2)− V (|u0(x)|2)|dx 6 ε

��wFyF|����;w
ρl ∗ u0 → u0

�­�
L∞

��ô±{�wB�\|µ�Y�Ó�){��;w¤wP����wFÀ´�}|��­���;�­w���|��¨� �){�wB�;�;�\|µ��²����\|µ�±����wFÀ��}|µ�����I¶ �;{��F°�){}|"���W���
l > l3

¯
∫

Rn
|V (|(ρl ∗ u0)(x)|2)− V (|u0(x)|2)|dx 6 3ε

|��¨�C�;{�w��;w��W���Yw
V (|ρl ∗ u0|2)→ V (|u0|2)

���
L1
�Ô¨���

l ∈ N∗ ¯�°±w���w������;w��´¶ ul(t) �){�w��)�������)�����¬��� é Z¨��ç"ë¢°����){��­�����;�W|��Ï�¨|��R| ul(0) = ρl ∗u0

¯È|µ�¨�°ÓwÇ��w������;w��´¶
(T∗(l), T ∗(l))

���;��½¬|.í���½¬|µ�+w4í����;�;w��¨y¤w����´�)w¤�Y��|µ�@��ôÓ{�w����;w�½¹Z¨��q���çzw����;���;w����;{}|����W���
t ∈ (T∗(l), T ∗(l))

∫

Rn

[
|∇ul(t)|2 + V (|ul(t)|2)

]
dx =

∫

Rn

[
|∇ρl ∗ u0|2 + V (|ρl ∗ u0|2)

]
dx . é Z¨��Z�³�ë
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T∗ < T̃1 < T̃2 < T ∗

��óL¶»y¤���´�)���È�����·¶b°����){��Yw��;~�wFy4���;���){�w��������)�\|µ�L�¨|��R| é �)w¤w��%����wÕí¨|µ½#~��­wî vÓûÎð%ë4¯��;{�w��;wÎw4í����Y�)�
K > 0, δ > 0

�;�¨yR{#�){}|"� ‖ρl ∗u0−u0‖Xk 6 δ
�­½!~��­��w��

T ∗(l) > T̃2, T∗(l) <
T̃1

¯¨|µ�¨�
‖ul(t)− u(t)‖Xk 6 K‖ρl ∗ u0 − u0‖Xk ,

�%���
t ∈ [T̃1, T̃2] .ª'��~}|µ�G�)�­y¤���\|µ�F¯K�;�­��y¤w

ρl ∗ u0 → u0

���
Xk

¯t°±w�{}|���w!�){}|"� ∇ul(t) → ∇u(t)
���
L2
�¢�r���Yw��.��w��F¯

∇ρl ∗ u0 = ρl ∗∇u0 → ∇u0

���
L2

|µ�¨�!°±w9{}|���wP|µ���;w.|µ��¶¬�;{��F°�� �;{}|��
V (|ρl ∗ u0|2)→ V (|u0|2)���

L1
�tª'�Ì���)��w��B�)�×�R|µ¸�wË�;{�w#����½!���Ç|��

l → ∞ ��� é Z¨��Z�³�ë4¯E�����;w�½�|µ�����P�;�×�Õ|�¸�w#yF|��;w#���ä�){�wÞ�)w��Y½∫
Rn V (|ul(t)|2)dx

�ÈÁ�wz���­�Y�;�­��²������;{��){�wzyF|��;w��
n = 2

|��¨�
n = 1

�
ª·�º�){�w�yF|��;w

n = 2
����w�{}|��

V > 0
|µ�¨�º�%���

l > l3
¯
x → V (|ul(t)|2)

�­�¬|
L1

�W���¨y4�)�����|��¨� ∫
Rn V (|ul(t)|2)dx

{}|�� |÷����½!��� |µ�
l → ∞ �8Á�wb|�~�~���¶eÔ�|"�)���+�6����w�½!½¬|b�)�÷�){�wr�;wFÀ���w��¨y¤w

(V (|ul(t, .)|2))l∈N
�4ÁÂwx|��­�Yw.|���¶P¸È���F°Â�){}|"�������­�K�������¨��wF�z�­�

L1
¯"|µ�����;{�wxy¤���´�;�­�È�����·¶B°����){z�;w��;~�wFy4��)�¬�){�wÞ�������)�\|µ�8�¨|"�Õ|�w����;���;w��9�){}|"�

ul(t) → u(t)
���
Xk

�Ïô±{�w��Yw��%���;w
V (|ul(t)|2) → V (|u(t)|2)

�­�
L∞

�¨ôÓ{È���
V (|u(t, .)|2) ∈ L1

|µ�¨�
∫
V (|u(t, x)|2)dx 6 lim inf

l→∞

∫
V (|ul(t, x)|2) .

ÁÂwzy�|µ�����F°�~}|��;�Î�;�#�){�w��­��½!������� é Z¨��Z�³�ë4è
∫

Rn

[
|∇u(t)|2 + V (|u(t)|2)

]
dx 6

∫

Rn

[
|∇u0|2 + V (|u0|2)

]
dx . é Z¨��Z"´�ë
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ª·�¹�;{�wryF|��)w

n = 1
¯Ò°Ów<|����)�÷�;{��.° �){}|"�

V (|ul(t, .)|2) ∈ L1
�ÅÔ¨���

l > l3
¯Ò°Ów�¸È���F° �;{}|��

V (|ρl ∗ u0|2) ∈ L1(R)
�¨û�w��¨y¤w��%����|��­�+yR{����\y¤w����

ϕ
|������<ÑÅ�;��~����;���)�����eZ��aq�� ê ¯

lim
R→∞

∫

R
V (|ρl ∗ u0(x)|2)ϕ±R(x)dx =

∫

R
V (|ρl ∗ u0(x)|2)ϕ0(∓x)dx ,

|��¨�ÇÑÅ�Y��~����;���;�­���jZ¨��q�� ê w����;���;w��K�){}|"� lim
R→∞

∫
R V (|ul(t, x)|2)ϕ±R(x)dx

w4í����;�;�Ò|µ�������Èw¤�¢���µ�¢��w�~�w��¨�
���<�){�wÇyR{����­y¤wÇ���

ϕ
��ôÓ{��­���­½#~��­��w����){}|"�

V (|ul(t, x)|2) → 0
|��
x → ±∞ ��ª'�¨��w�wF�t¯�°±w�{}|���wz�){�w�%�����­�F°��­��²!��w�½!½¬| é °ÓwB°������+~��;�.��wP���Î�W|"�)w��Rë4è½ �Dßrß ¦ L ©�àE© � � �B) f : R → R �&' C�'-�ª��%3./8£�af}A�%&'*)��('-C*%&CK����CD'EA/)��=%&'¿�<C*A<6e);6��1)Y��%&.W�>�;� ϕ �3�I�;'m�.�%�,�%3�<�5)���%&'.�*Q�ªKQM  : lim

R→∞

∫
R f(x)ϕ±R(x)dx ��§>���/)5��Q S 6��/' f(x) →

x→±∞
0 Q

¾È�­�¨y4w {r, V (r) = 0} ���������Ry¤�Yw¤�)w�|��¨� ul(t) ∈ Cb(R)
¯��){�w¤�;w�w4í����Y�)�

rl±(t)
�;�¨yR{C�){}|"�

V (rl±(t)) = 0
|��¨� |ul(t, x)|2 →

x→∞
rl±(t) .
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rl±

���By4���´�;�­�´�����������
]T∗(l), T ∗(l)[

�}�Kw4�
t ∈]T∗(l), T ∗(l)[

¯
h
�)�!�){¨|��

t + h ∈
]T∗(l), T ∗(l)[

¯
ε > 0

|��¨�
x ∈ R ��ú9��w�{}|µ�

|rl±(t+ h)− rl±(t)| 6 |rl±(t+ h)− ul(t+ h, x)|+ |ul(t+ h, x)− ul(t, x)|+ |ul(t, x)− rl±(t)| .
ç�çR³



ul ∈ C(]T∗(l), T ∗(l)[, Xk) ⊂ C(]T∗(l), T ∗(l)[, L∞)
¯K�){´����°Ów×yF|��ºyR{��´���;w

h
�;½¬|����xw�������²�{��­����)��w��±�;{}|��

‖ul(t+ h)− ul(t)‖L∞ 6 ε/3 .ÁÂw�|����;��yR{��´���;w |x| �W|��;²�w�w�������²�{r�;�¨yR{C�;{}|"�
|rl±(t+ h)− ul(t+ h, x)| 6 ε/3

|��¨� |ul(t, x)− rl±(t)| 6 ε/3 .

û�w��¨y¤w |rl±(t+h)−rl±(t)| 6 ε
��ôÓ{�w��;w��W���Yw

rl±
���xy4���´�;�­�´�������8°����){#��|��­��wÎ�­�¬|P�����Ry¤�Yw¤�)wÎ�;w¤�.¯�°�{��­yR{½!w.|����±�){}|"�Î��������y4�����Y�Õ|��´�F�¨Ô����

l > l3
¯��){�w��2|�y4�±�){}|"� ‖|ρl ∗ u0|2 − |u0|2‖L∞ 6 δ0 − δ1

|��¨�×�){�w|��)�;��½!~��)���������
u0

��½!~���¶ �;{}|��
rl±(0) = ρ0

¯�{�w��¨y¤w
∀l > l3, ∀t ∈]T∗(l), T

∗(l)[, |ul(t, x)|2 →
x→±∞

ρ0 .

ÁÂwzy){��È���;w
l4 > l3

�)�¨y){��;{}|��Î�%���
l > l4

¯
‖|ul(t)|2 − |u(t)|2‖L∞
6 ‖ul(t)− u(t)‖L∞(‖ul(t)− u(t)‖L∞ + 2‖u(t)‖L∞)

6 K‖ρl ∗ u0 − u0‖Xk(K‖ρl ∗ u0 − u0‖Xk + 2 sup
t∈[T̃1,T̃2]

‖u(t)‖Xk) 6 δ0 − δ1

2
.

�+w¤�
D > 0

�;�¨yR{C�){}|"� |x| > D
�­½#~��­��w�� ||ul4(t, x)|2 − ρ0| 6 δ1

�¨ôÓ{�w����%���
l > l4, |x| > D

¯
||ul(t, x)|2 − ρ0|
6 ||ul(t, x)|2 − |u(t, x)|2|+ ||u(t, x)|2 − |ul4(t, x)|2|+ ||ul4(t, x)|2 − ρ0|

6 2
δ0 − δ1

2
+ δ1 = δ0

ôÓ{��­�Î�­½#~��­��w��±�){}|"�
V (|ul(t, x)|) �­�Î�����È¼·��w�²´|"�)����w���� {x, |x| > D} ¯¨|µ�¨�C���F° é Z¨��Z�³�ëx¶È�­w��­���Fè

∫

|x|>D
V (|ul(t, x)|2)dx

=

∫

R

[
|∇ρl ∗ u0|2 + V (|ρl ∗ u0|2)

]
dx−

∫

R
|∇ul(t, x)|2dx−

∫

|x|6D
V (|ul(t, x)|2)dx

→
l→∞

∫

R

[
|∇u0|2 + V (|u0|2)

]
dx−

∫

R
|∇u(t, x)|2dx−

∫

|x|6D
V (|u(t, x)|2)dx ,

|��¨� (
V (|ul(t, .)|2)1{|x|>D}

)
l>l4

���x�������¨��wF�¬�­�
L1
��ÁÂwB|�~�~���¶�Ô�|"�)���+�6�x��w�½!½¬|P�)�z�){����x�)w�À´��w��¨y¤w�¯|��¨�×°ÓwzyF|��<y4���¨y¤���¨��wz�;��½!���W|��;��¶ �)�Ë�){�wzyF|��;w

n = 2, V > 0
� �

ô��zy¤��½!~���w¤�)wÓ�;{�w±~��;�È�������}�){�w����;w¤½õZ��aq��­ç�¯���� ÿ ���Y�Å�;w�½¬|������Å�;�P~��;�.��w±��w�½!½¬|���Z��aq��­çÎ|µ�¨�WZ��aq�� ê �
ç�ç�´



± ¥ 
�
«²9
«²�§(�Fßrß ¦ L ©�àE© � ©nÁ�wN|��;²���w��´¶¹y¤���´�)�)|����­y4�;�­���+�äö��)�;��½!w×�){}|"�!�){�w¤�;w�w4í����Y�)�
ε > 0�;�¨yR{��;{}|��Ë�%���!|����

A > 0
¯��){�w��Yw×w4í����Y�)�

x > A
�;�¨yR{��){¨|�� |f(x)| > ε

�Å¾È���¨y¤w
f
���Ë�������%���;½!��¶y¤���´�)���È�������F¯��){�w��;wÞw4í��­�Y�;�

δ ∈ (0, 2)
¯��;�¨yR{N�;{}|"� |x − y| < δ

��½!~����­w¤� |f(x) − f(y)| 6 ε/2
�¨ÁÂw½¬|�¶Ì�){´���Þy¤�����Y�)�;�¨y4�Ë|��;wFÀ´��w¤�¨y¤w

(xn)n∈N
�;�¨yR{»�){}|"�

xn → ∞
|��¨� |f(y)| > ε/2

|µ���)�´����|µ�
|y − xn| 6 δ

�ÈÁ�w�½¬|�¶C|��)�;��½!wP½#���;w¤�"��w��Ó�){}|"�±�){�wP�­���)w��G��|����
]xn − δ, xn + δ[

|��;w����­� ÿ �����´�.¯¨|µ����){}|"���W���±�­���Y�R|µ�¨y¤w
f(xn) > 0

��ÁÂwzy){��È���;w
ϕ
|µ�Î���r~��;��~����;���)�����eZ��aq�� ê ¯��}|�½!w���¶

ϕ(x) =

{
1 if x 6 0
0 if x > δ/2

.

ôÓ{�w��
∣∣∣∣
∫

R
f(y)ϕxn−δ(y)dy −

∫

R
f(y)ϕxn+δ/2(y)dy

∣∣∣∣ =

∫

R
f(y)(ϕxn+δ/2(y)− ϕxn−δ(y))dy

>
∫ xn+δ/2

xn−δ/2
f(y)dy > δε/2

|��¨�C�;{���������|#y¤���´�)�)|����­y4�;�­���+� �

± ¥ 
�
«²¨
«²£§(�Fßrß ¦ L ©�àE©��¨© �+w¤�����CÍ�í
x, y ∈ Rn °����){

x 6= y
�±ª>���)��³¬y¤w��×�)�¹�;{��F° �){}|"�

f : t ∈ [0, 1] → u0(x + t(y − x))
����|����;�������)w¤��¶Ãy¤���´�;�­�´�������F�±óä¶ñ��w¤Í¨�����)�����ì���

Xk
¯
u0

�­��){�w<�­��½!���×���
Xk

���z|��;wFÀ´��w��¨y4w
(vl)l∈N

�����%����y4�)�������×���zy¤�\|��)�
Ck
�xô±{�w��;w��%���;w<�){�w<�%���¨y4�;�­�����

fl : t ∈ [0, 1]→ vl(x+ t(y − x))
|��;w�|µ���)�������)w���¶�y4���´�;�­�´�������F�ÁÂw¬|��;w!�;wF���¨y4wF�÷�;�r~��Y�"��w#�){}|"�z�;{�w!½!�������­�ä���±|����;�������)w�y¤�����)���È�����I¶Ì���

fl
�6�Ç|��;w!�������%���;½#��¶�������¨��wF�t�Ïª'�¨��w�wF�t¯}���Ò°ÓwÞ|µ�;�;��½!wz�){����9�2|�y4�F¯}�%���B|����

ε > 0
¯¨�){�w��Yw�w4í����;�;�

δ > 0
�;�¨yR{r�){}|"�9�%���B|µ���~����)���)����wä���´�;w�²�w��

m
¯.|��¨���%���¢|����´yR{����­y¤wL���

(αj, βj)16j6m
°����;{

0 6 α1 < β1 < ... < αm < βm 6 1|��¨� ∑m
j=1(βj − αj) 6 δ

¯È°Ów�{}|F��w��%����|��­�
l
¯

m∑

j=1

|fl(βj)− fl(αj)| 6 ε/2 .

ôÓ{�w��
m∑

j=1

|f(βj)− f(αj)| 6
m∑

j=1

|fl(βj)− fl(αj)|+
m∑

j=1

[|f(βj)− fl(βj)|+ |f(αj)− fl(αj)|]

yR{��´���;����²
l
�\|µ�Y²�w�w�������²�{+¯ ‖f − fl‖∞ 6 ε

4m

�ÈÁÂw������%w��±�;{}|��
m∑

j=1

|f(βj)− f(αj)| 6 ε ,

|��¨�C�;{�w��;w��W���Yw
f
���9|����;���­���;w���¶Cy¤���´�)���È�������F�

ç�ç�µ



ÁÂw¬���F°ø~��Y�"��w��){}|"�Ç�){�w¬½#���������x���Î|µ���;���­���;w×y4���´�;�­�´�����·¶»���
fl
�/�Ë|µ�Yw¬�����­�W���Y½!��¶��������¨��wF�t�¾È���¨y¤w

vl → u0

���
Xk

¯
vl
���®�������¨��wF�¬���

Xk
��ÁÂw9yR{��´���)w

m,αj, βj
|µ�Ó|����"��w��ÈÔ¨���Ó|µ���

l
¯�°Ów9{}|���w�è

m∑

j=1

|fl(βj)− fl(αj)| =
m∑

j=1

∣∣∣∣∣

∫ βj

αj

f ′l (s)ds

∣∣∣∣∣ 6
∫
m∪
j=1

]αj ,βj [

|f ′l (s)|ds

6



∫
m∪
j=1

]αj ,βj [

ds




1/2

∫
m∪
j=1

]αj ,βj [

|f ′l (s)|2ds




1/2

6
(

m∑

j=1

(βj − αj)
)1/2(∫ 1

0

|f ′l (s)|2ds
)1/2

. é Z¨��Z"µ�ë
ú9���;w��Y��wP�){}|"�

∫ 1

0

|f ′l (s)|2ds =

∫ 1

0

|(y − x).∇vl(x+ s(y − x))|2ds

6 |y − x|
∫ |y−x|

0

∣∣∣∣∇vl
(
x+ s

y − x
|y − x|

)∣∣∣∣
2

ds .

¾È���¨y¤w ∇u0 ∈ Hk−1(Rn)
¯¤�){�wÅ�;�R|µy¤wÅ�){�w����;w¤½pw����;���Yw��+�){}|"�K�;{�wä½¬|�~�~�����²Î�){¨|��K�;w��¨���¢|Ó�%���¨y4�)���������

Hk−1(Rn)
���z���)�t�)�)|�y¤wÅ����|Ó�­����w

D
���
Rn

�­��y4���´�;�­�´�������K�W�;��½
Hk−1(Rn)

�)�
H(k−1)−(n−1)/2(D) ⊂

L2(D)
��wFyF|µ���;w

k−1−(n−1)/2 > bn/2c−(n−1)/2 > 0
��ôÓ{�w��;w¤�%���Yw�¯µ�){�w��YwÎwÕí��­�Y�;�x|Py¤�����Y�Õ|��´�

C > 0
�;�¨yR{C�){}|"�

(∫ 1

0

|f ′l (s)|2ds
)1/2

6 |y − x|1/2‖∇vl |{x+t y−x|y−x| ,t∈R}
‖L2({x+t y−x|y−x| ,t∈R})

6 C|y − x|1/2‖∇vl‖Hk−1(Rn)

6 C|y − x|1/2sup
l
‖vl‖Xk(Rn) . é Z¨��q�Ä�ë

Ô¢�­�¨|µ����¶�¯ é Z¨��Z"µ�ëÎ|��¨� é Z¨��q�Ä�ë®w����;���;w��;{}|�� fl �/�9|µ���;���­���)w�y¤���´�)���È�����I¶C½#���������¢|��;w������­�W���Y½!��¶C�������È¼��wF�t� �

N �Fß ¦¨¥POÒ© ô±{�w�������¶÷�;w.|��)�����%���P°�{��­yR{Âô±{�w¤���Yw�½ Z¨��q���ç!�­�»�){�w¬yF|��)w
V > 0

���Ç���µ�z��|����\�»�%���
n > 3

���9�){}|"�9°ÓwË���­�N���µ�P~��Y�"��w#Ñ8�;��~����;���)�����¿Z¨��q���çÇ�%���
n > 3

�EôÓ{�w�°�{�����wÞ~��;�´���L���äô±{�w����;w�½Z��aq��­ç9°����){
V > 0

°±�����­����wP��|µ���­���W���
n > 3

���8ÑÅ�;��~����)���)�����eZ��aq��­ç9°�|��F�
ÁÂw ÿ ���Y�;�­�W¶×��wÕí��Î�){�wzy4�����;w��G��|"�)�����r�����){�w�½!��½!w��´�;��½r¯����C�){�w�����wz���­½!w¤���)�����}|µ�KyF|��;w��

�
	���
 ¥ �Dß L ©(àE© � � �B) n = k = 1 Q S 6��O�3���<C�8�,Y)���%&'���%&'©)56���'Y%&'«�a�;'Y���&.<�5)�f f �&.0�O�3���(' S 6F��%&.0�/8�«Q�ª"Q5¡?Q� �B) u0 ∈ X1(R) �<C-A<6})56F�1) V (|u0|2) ∈ L1 �&'Y! |u0| > a > 0 Q� �B) 0 ∈ (T̃∗, T̃ ∗) ⊂ (T∗, T ∗) g��_)56��_8_��§>�;8_�>�]�;'-)2�/.<L>�>�n%&' 4 6K�=A<6 |u(t, x)| > 0 : t ∈ (T̃∗, T̃ ∗) :
ç ê Ä



x ∈ R QS 6F�/' ∀t ∈ (T̃∗, T̃ ∗) : P (u(t)) = P (u0) :�4 6��/.0�j);6��I.0�/'E%&.<8_�>�a� � ��!£89%389�/'-)�CD8º�(��J1�;L1�/'rg/f"­
P (u) = Im

∫ ∞

−∞

uxu

|u|2 (|u|2 − ρ0) é Z¨��q�ç.ë

± ¥ 
�
«² © ª'�±�%�����­�F°��±�%�;��½ø�;{�wP~��Y�È�������¢ôÓ{�w����;w�½ Z��aq��­ç9�){}|"�Î�W���
t ∈ (T̃∗, T̃ ∗)

¯ |u(t)|2 − ρ0 ∈ L2|��¨�¹�){}|"� |u(t)| > a(t)
¯¢°�{�w��Yw

a(t) ∈ R∗+ é ��wFyF|µ���)w |u(t, x)|2 −→
x→∞

ρ0

|µ�¨� |u(t, x)| > 0
ë4�

�r���Yw��.��w��F¯
ux(t, .) ∈ L2

�¨û�w��¨y¤w
P (u(t))

�­�Ó°Ów��­�+��w¤Í¨��wF�t�ª·�
u0 ∈ X3(R)

¯��){�w��%���;½�|µ�t~��;�´���¢�����){�wzy4�����;w��Y��|"�)���������
P
���

(T̃∗, T̃ ∗) é �;w�w�î6�tð>¯Kî Ð�¾�¾´ð2ëx�­���|µ���­�t¯��;�­�¨y¤w
u ∈ C(T̃∗, T̃ ∗, X3(R)) ∩ C1(T̃∗, T̃ ∗, X1(R))

�ÑÅ�;�Èy¤w�wF������²�|��±���×�){�wP~��Y�È�������+�){�w����;w¤½ Z��aq��­ç�¯´°Ówz|�~�~��;��|µyR{
u0 ∈ X1

�´¶
ρl ∗ u0 ∈ X3

���+w¤����ÎÍ�í
t ∈ (T̃∗, T̃ ∗)

��¾È�­�¨y4w
ul(t)→ u(t)

���
X1

¯¨�W���
l
�W|��;²�wzw�������²�{C°±w�{}|F��w |ul(t)| > a(t)/2 >

0
¯Î|µ�¨�Ã�;{�w��

(T̃∗, T̃ ∗) ⊂ (T̃∗(l), T̃ ∗(l))
�Óª>���%�����­�F°����%�Y��½ �;{�wÌ~��;�´�������Çô±{�w����;w�½ Z��aq��­çN�){}|"�

(|ul(t)|2−ρ0)→ (|u(t)|2−ρ0)
���
L2

|µ�¨�
∂xul(t)→ ∂xu(t)

���
L2
�´û�w��¨y¤w

P (ul(t))→ P (u(t))
¯|��¨�C�;{�wzy¤�����)w¤�Y��|��;�­���r�����){�w�½!��½#w��´�)��½�¯�°�{��­yR{��­�±�)�Y��w��%���

ul
¯��­��|��­�;�#�;�;��w��%���

u
� �

N �Fß ¦¨¥POÒ© ô±{�wN|µ���.��wb|��}|µ��¶��;���¬Í¨�����C|÷²�|µ~ñ�����){�w<~��;�´���P���Pô±{�w����;w�½ ç���ç<��� î/�tð'�xæ9|�½!w���¶´¯��{���°��÷�+�­�Ì~��Y�"��w��z| y¤�;���)w��Y�­���÷���L�Y�R|µ���������·¶N�%���B�;{�wÞ�)�)|F��w����­��²×����������w����;���­���;�­���Ì���xæ��¢¾<���b�){�w����w����­½!w¤���)�����}|µ�KyF|��;w�¯��%����|Þ������������w.|��;���I¶
f
��w¤�;���W¶�����²¨è

(1) f(ρ0) = 0, η0 = sup{η, 0 < η < ρ0, V (η) = 0} w4í��­�Y�;� ,
0 < η0 < ρ0, f(η0) < 0

(2) f ′(ρ0) < 0

ôÓ{��­�ä~��;�´���Ey¤�����;���;�;�L���¬|�~�~���¶È�­��²�ôÓ{�w����Yw�½ �P�­�<î�Ðz¾�¾´ð¨�;���;{�wÎ{´¶����Y����¶È�}|µ½#�\yF|��¨~��;������w�½ y¤���;�;w��G¼~����¨���­��²B�)� é Z��­ç.ë é �@�6w��"°����){Þ�;{�w±y¤��½!~���w4íÞ����¸´���.°�� u �;w�~��W|µy¤wF�Þ�´¶ (r, v) = (ρ0−|u|2, ∂x arg u)
ë4�ôÓ{�w����Yw�½¹Z��aq��­ç�|µ�¨�}Z��aq�� ê w����;���;w��;{}|���ö9�;�)��½#~��)�����»çz���8ôÓ{�w����Yw�½ �#���Âî Ðz¾�¾´ðK�­�Î��w��;��Í¨wF�t��æ9|.¼½!w���¶�¯Ï���÷|¬��w���²�{´�Ï�����Y{��È�È�Ì���ä�;{�wÞ�)�������;���+¯Ï�����B�;w��;�����)�B�­½#~���¶r�;{�wË�W�������.°�����²C��|µy4�)��°�{��\yR{<°Ów��;w���µ�������)y¤���;�)wF�C���Âî/�tð'è

ÒÃ�;{�w¬���ÈyF|µ�Lw4í����Y�)w��¨y¤w¬�W���z�;{�w¬{´¶����;���È¶��}|µ½#�\yF|��Óv±|��¨yR{´¶÷~��;������w�½�°����){
(r, v) ∈ H1 × L2

é |µ�������µ��������¶ X1 × L2
ëx�����){�w�w���w��Y²�¶×���ÎÍ������;wÇ|"�Î�­�����)�\|��+�;�­½#w

ÒÃ�;{�wzy¤�����;w��Y��|��;�­���r���¢w���w��Y²�¶�|��¨��½#��½!w¤�´�)��½r�

ª·�!����½!w����)�����rç�¯�°Ów±~��Y�"��w±��w4í��8�){}|"�Å�;{�wÎy¤�����;w��Y��|"�)�����#���}w���w��;²µ¶Þ��½!~����­w��L|B²������}|���w4í����Y�)w��¨y4w�;w��;�������W����|Þ�;�������)�����r��� é Z��­ç.ë®��� X1
�

�
	���
 ¥ �Dß L ©(àE©c¾ � �B) n = k = 1 Q S 6��¤�3���<C�8�,Y)���%&'��9%&' f �3'E! u0 �&.��¤�3�W�;'ÿ);6���%&.0�/8«�«Q�ªKQ;¡ :�&'E! 4 �W�R���<CD8_�I8_%&.��0%&L>�/.I)56F�1)n);6��/.��
��§>���/)5�¬��%&8_� C > 0 �<C-A<6})56F�1) V (r) > C(ρ0 − r)2 QS 6F�/' u ∈ Cb(R, Xk) Q
ç ê ç



± ¥ 
�
«² ©nÁÂwz��w¤Í¨��wP�){�w�w���w¤�;²µ¶�|��Î�­�����)�\|��+�;�­½#w
E0 =

∫

Rn

[
|∇u0(x)|2 + V (|u0(x)|2)

]
dx .

ÁÂw!¸È���F° �´¶»ôÓ{�w����;w�½ Z��aq��­ç#�){}|"���){�w�w���w¤�;²µ¶»���Çy¤�����)w¤�Y��wF�»�%���
t ∈ (T∗, T ∗)

|µ���»�){}|"���­�
T ∗����Í¨�����;w�¯ ‖u(t)‖Xk → ∞ |��

t → T ∗ é |��¨�N°Ów#{}|���w�| �;��½!�­�\|����;w��;�����z��¶b�Yw�~��\|�y¤����² T ∗ �´¶ T∗ ëé �;w�w»î vÓûÎð%ë4�ÅôÓ{�wry¤�����)w¤�Y��|��;�­���e�����;{�w�w���w¤�;²�¶¹|µ���º�){�wC��|µy4�#�){}|"� V > 0
��½!~���¶��){}|"�!�%����|µ���

t
¯ ∫
R |∂xu(t)|2dx 6 E0

�+ô���~��Y�"��wË�){}|"� ‖u(t)‖Xk

yF|��»���µ�z���­�F° ��~»���÷Í������;w#�)��½!w�¯t���z�;��³¬y4w���){�w¤���)�b�;{��.°ø�){¨|�� ‖u(t)‖L∞
yF|��º�����Ë�����.°l��~º���ºÍ������;w �)��½!w��8óL¶��;{�wr¾È��������w¤�Âw�½Þ��wF��������²

H1(R) ⊂ L∞(R)
¯

‖u(t)‖2
L∞ 6 ρ0 + ‖|u(t)|2 − ρ0‖L∞

6 ρ0 + C‖|u(t)|2 − ρ0‖H1

= ρ0 + C
√
‖|u(t)|2 − ρ0‖2

L2 + ‖∂x(|u(t)|2 − ρ0)‖2
L2

ÁÂw����.°p���;wP�){�w�|µ�������;�����}|��¢|��;�)��½!~��)�����C�;{}|��
V (r) > C(1− r)2

è

‖u(t)‖2
L∞ 6 ρ0 + C

√
E0 + 4‖u(t)‖2

L∞

∫
|∂xu(t)|2dx

6 ρ0 + C
√
E0 + 2C‖u(t)‖L∞

√
E0 .ôÓ{�w��;w��W���;w ‖u(t)‖L∞

yF|��ì�����×�����.° ��~ì���ÃÍ¨�����;wb�;�­½#w�¯x�;{È���
(u(t))t∈R

�­�×²������}|��@�Î�r���Yw��.��w��F¯
‖u(t)‖L∞

�����������¨��wF�����
R
|µ�¨�×�){�w¤�;w��%���;w

(u(t))t∈R
���Î�������¨��wF���­�

X1(R)
� �

¤¦¥ ¦ ß�>¨§(� © ª·�Næ��¢¾ °����){N|#~����;wÇ��w��%��y4���)����²¬~��F°Ów�� é Z¨�[�>Z´ë4¯�°����){ n = 1
|��¨�

p > 1
¯�°Ów�{}|���w

V (r) > αρp−1
0 (ρ0 − r)2/2

¯�{�w���y¤w��){�w�|µ�;�;��½!~��)�������Î���ÒôÓ{�w����Yw�½ºZ��aq�����|��;wP��w��;��Í¨wF�t�
�!§¬O ��
D­\§(�?®	¯*�Dß��D� £.¡�©«ô±{�w�|����){����Î����²��R|"�)w��W���t�)�#ö9����wz��w�óx���¨|µ�)�r|��¨�¢°�wF|µ��¼Gvx�W|��¨��wÞ¾�|�����%���±�){�w��­�±~��;wFy¤��������{�w���~+�

ç ê�ê



� � m�� q�o��ri ±
² � i U6�rs³7 o � �Nmpo�i s'& o � i h $ � �.RT( qtuVU
iW�
U6�rsþkV� s
u X � q
(Y* s[Z #\� m6$�i³#

� �¢¡¤£.¥.¦¨§�£�© Á�w¬²�����w×|�����~�~�w��Ç�������¨�������){�w¬²��;�F°��){��R|"�)w¬���Ó�){�wC¾�y){��;¿È���­��²�w��²��;����~����G��{��\��¸��.�×�)~¨|�y¤w��F�¨ª'�r����½!w����;�����»ç�¯È°±w�~��;�.��wP�){}|"�±�){������������¨�����Î�){}|��;~t�
Ö!ÙFÚ ÛÏÜÞÝ¢ß�à¬áCâCãäÝÒå¤àÇÜ

ô±{�����~}|�~�w��Î������w¤�����;wF�×�)�Ë�){�w��Y�)�¨��¶×�����;{�w��­����w.|��B¾ÈyR{��;¿È������²�w��ÎwFÀ´�}|"�)�����
{
i∂u
∂t

+ ∆u = 0, (t, x) ∈ R× Rn
u(0) = u0

é q���ç"ë
°����;{×������¼'��w��Y�Ë�������¨�¨|��Y¶ y¤���¨�����;��������|"�±����Í¨�����·¶´��ª'�÷î Ð�|�ç¤ð>¯�°±w9~��;�.��wF�¬�;{}|�� é q��­ç.ëä�­�x°Ów���� ¼·~����;wF����C�){�wh��{��\��¸��.�C�;~}|µy¤w��

Xk(Rn) := {u ∈ L∞(Rn),∇u ∈ Hk−1(Rn)},���¨��w��¢�){�wÓy¤���¨�����)�����
k > n/2

���r���Yw��.��w��F¯.°±w®²�|F��wÎ|��)��~�w¤�;�����8�������¨�Þ���Ç�){�wÓ²��;�F°��;{Ë�R|"�)w®�����){�w¾�yR{��Y¿�������²�w���²��;����~÷���
Xk(Rn)

¯�°�{��­yR{b°��­���8��w!��w¤�����;wF�Ì�´¶
S(t)

�+�r���;wË~��;wFy¤���;w���¶�¯Ï°ÓwË~��;�.��wF��){}|"�Î�;{�w��;w�w4í��­�Y�)��|Ëy¤�����Y�R|µ�´�
C > 0

�;�¨y){C�){}|"�
‖S(t)‖L(Xk(Rn),Xk(Rn)) 6 C(1 + |t|ρ), é q�� ê ë°�{�w��;w

ρ =

{
1/2

���
n
����w¤��w��

1/4
���
n
�����È���t� é q��[�´ë

ôÓ{�w�²���|µ�t���K�;{��­�±~}|�~�w��±�­�Ó�)�#��wFy¤�Yw.|��)wz|µ�±�2|µ�Î|µ�®°±w�y�|µ�×�){�wB��~�~�w��±�������¨�×���C�;{�wP²��;�F°��;{C�R|"�)w���
S(t)

²�����w����´¶ é q�����ë4¯}|��¨�×�)�ËÍ¨�¨�×�){�w��;{}|��;~�w4í�~�����w��´�±°�{�w����������Î~����;�;�����­w!�
ç ê �



ÁÂwP°����­�tÍ¨�;�Y��²�����wÇ|Ë½Þ�¨y){r½!���;w��;��½!~���w���~��Y�È���Ò���¢�;{�wP°Ów�����¼'~����;wF����w��;����� é q���ç"ë®��� Xk(Rn)
¯°�{��\y){r{��.°Ów¤��w��±¶���w��­���Î�)�¬|Ç°Ó���Y�;�Îw��Y�)��½¬|��;���������C�){�w�²��Y�.°Î�){��R|"�)w����

S(t) é 1/2 �­���Y�;w.|��������){�ww4í�~�����w��´�
ρ
²�����w��×��¶ é q��[�´ë;ëÕ��ª>�±y¤�����;���Y�)�Ó�­� �)w�w¤�­��²Ç�){�w�°±w���� ¼'~����;wF����w��;�±��� é q���ç"ëä��� Xk(Rn)

|µ�±|y¤���;���­�\|��Y¶×�����;{�w��%���­���F°�����²!�;w��;�����.è
�
	���
 ¥ �Dß àE©��¨©�� ��%&.
�/L>�/.<f u0 ∈ Y := {u ∈ S ′(Rn),∇u ∈ L2(Rn)},

eit∆u0 ∈ u0 + C(R, H1(Rn)),

�&'E!���%&.
�/L>�<./f u0 ∈ Y : ��%3.W�<L>�/.<f t ∈ R :
‖eit∆u0 − u0‖H1 6 2(1 + |t|1/2)‖∇u0‖L2 . é q��[Z´ë

® %&.0��%&L>�<. : )56F�¬J1.0% 4 )56N.0�1)2� 1/2 �;'Ô�´ª"Q��&¢7�(�b��6��3.2,�Q�µj�&8_���af : ��%&.W�/L>�<./f ρ < 1/2 : �/L>�/.<f C > 0 :
)56��/.0�
��§>�(�/)5�h�_)5�;89� τ > 0 �&'E! u0τ ∈ Y �<C*A<6N)56��1)

‖eiτ∆u0τ − u0τ‖H1 > C(1 + τ ρ)‖∇u0τ‖L2 .ô±{�w¬�;{}|µ�Y~���w��;�Þ���
ρ = 1/2

��� é q���ZÈë����Èw��Ç�����Þ��½!~���¶÷�){�w¬�;{}|��;~���w��;�Ç��� ρ = 1/2
�­� é q�� ê ëé {���~�w��%���­��¶�¯}�;���¨y¤wz���Î°Ó�����­����wÞ|#y¤���´�)�)|����­y4�;�­����°����;{ é q�� ê ë'¼ é q�����ë®�%���������<����½!w����;�������ÕëÕ�}ª'�¨��w�wF�t¯°Ów±°������}�­½#~��;�.��w������x��w¤½!�����Y�;�R|"�)���������Ï�){�w±°Ów�����¼'~����;wF����w��;�®��� é q��­ç.ëÒ�­� Xk(Rn)

²�����w������bî�Ð�|�ç¤ð>¯|��¨���;{��F°p�;{�w��%���­���F°�����²!�;w��;�����.�
�
	���
 ¥ �Dß àE©��¨© � � �B) k > d/2 Q S 6��/.0�¨��§>���/)5�e� A�%&'��/)@�&'*) C > 0 �<C-A<6p)56��&)���%&.e�/L1�/./f u0 ∈
Xk(Rn) :

‖S(t)u0‖Xk(Rn) 6 C(1 + |t|ρ)‖u0‖Xk(Rn), é q��aq�ë
4 6F�/.��

ρ =

{
1
2

1
1+ 1

n
� � n �(�h�/L>�/'

1
4

1
1+ 1

2n
� � n �(�h%R!"!"Q é q�� õ ë

® %&.0��%&L>�<. : ��%3. n = 1 : ρ = 1/6 �(�¬��6F�&.2,�Q
N �Fß ¦¨¥POÒ© ô±{�w×�;{}|µ�Y~���w��;�#�Yw��)�����#���eôÓ{�w����;w�½ q��­ç�� ê �){������­�º��wC���¨��w��;�Y�)�´���¹|µ�Ë�%���­���F°��FèÒ�%���w¤��w¤�Y¶

C > 0
¯�w¤��w��Y¶

ρ < 1/6
¯��){�w��Yw�w4í����Y�)�

τ > 0
|µ�¨�

u0τ ∈ Xk(Rn)
�;�¨y){��;{}|��

‖S(τ)u0τ‖Xk(Rn) > ‖S(τ)u0τ‖L∞(Rn) > C(1 + τ ρ)‖u0τ‖Xk(Rn).

ô±{�wN��w4íÈ�×�;wFy4�;�­���Ã���×��w¤���µ�)wF���;���){�wN~��;�È�������zôÓ{�w����;w�½ q���ç���ç�¯Å°�{�����wbô±{�w����;w¤½ q���ç�� ê �­�~��;�.��w¤���­�C�;{�wz�W�������.°�����²�����w��
t 
 £.¦�£ �(
Y� ¡�©«ª'�

f ∈ S ′(Rn)
¯
f̂ ∈ S ′(Rn)

��w������;w��Î�){�wzÔ¨�����;��w��±�)�R|����;�%���;½l���
f
�ª'��|��­�Å�){�����~}|�~�w��F¯

C
��w������;w��Þ|C{}|µ�Y½!�­w¤�)��~����;���;����w¬y¤�����Y�R|µ�´��°�{��\y){ÂyF|µ�Ây){}|µ��²�w��%�;��½��­����w!�)����­��w��

ç ê Z



Ö!Ù)Ø ×ØËNw w�ã]Ë×ß|{�áCå�Ü�}jw±ß~xCß¢à-xNz-}jz�Ý�à�ß àÇÜ
Y

ª·�N�;{��­�B�;wFy4�;�­���+¯}°ÓwÞ~��;�.��wËôÓ{�w����;w�½ q��­ç��­ç��}Á�wÇÍ¨�;�Y�B~��;�.��w é q���ZÈëÕ¯t|��W�;w���°�{}|���°±wÇ�){��F° �){�w�;{}|µ�Y~���w��;�����¢w4í�~�����w��´�
1/2

�
¶�ä�ã�ä$æ ·GëFïXï�ñ9ï�ñ9ì^ðPè
�¹¸�ö�÷^ì=î>þ»ºC¶�ä���¼�ä

�Kw4�
u0 ∈ Y

¯�|��¨�
u(t) = eit∆u0

�;{�wB�)�������)����� �)� é q��­ç.ëÅ°����){×�������)�\|µ�t�¨|"�Õ| u0

��ôÓ{�w��×�%���Ów¤��w��G¶
t 6= 0

¯
û(t, ξ)− û0(ξ) = (e−it|ξ|

2 − 1)û0(ξ)

=
n∑

j=1

(e−it|ξ|
2 − 1)ξj√
|t||ξ|2

√
|t|ξjû0(ξ). é q��¯³�ë

ξjû0 ∈ L2
��wFyF|����;w ∇u0 ∈ L2

¯¨|µ�¨�C�����W�������.°����%�Y��½ø�){�w�½!w.|��C��|µ����wP�){�w����;w�½ø�){}|"�
∣∣∣∣∣
(e−it|ξ|

2 − 1)√
|t||ξ|

∣∣∣∣∣ 6 2.

ôÓ{È���¢�´¶��;{�w±vÓ|��¨yR{´¶´¼G¾�y){�°�|��;�L�­��wFÀ��}|µ�����I¶Ç|��¨���;{�wÓÑ8�W|��¨yR{�w¤�;w��´�){�w¤���Yw�½r¯�°±wL²�w4�¢�){}|"�
u(t)−u0 ∈

L2
¯¨|µ�¨�

‖u(t)− u0‖L2 6 2
√
|t|‖∇u0‖L2 .¾È���¨y¤w

eit∆
���Î�­�;��½!w¤�)�Y�\yP���

L2
¯���������y¤�­wF|µ�±�){}|"�
‖∇(u(t)− u0)‖L2 6 2‖∇u0‖L2 ,

|��¨� é q���ZÈëx�%���­���F°��F� �Ô¨�;��½l�;{��­�Î�;w¤�)�����±°Ów�w.|��;�­��¶C�YwFy¤�.��w��Ó�){�wB°Ów��­� ¼'~����)wF����w��;����� é q���ç"ëx��� Xk(Rn)
¯����

k > n/2
�

½ 
 ¥ 
¾§�§ ¦¨¥C¿ÍàE© � ©�� `(� k > n/2 �&'E! u0 ∈ Xk(Rn) : )56��<' u(t) = S(t)u0 = eit∆u0 ∈ C(R, Xk) :4 �;)56})56��
�<�/)��(89�1)2�
‖S(t)u0‖Xk(Rn) 6 C(1 + |t|1/2)‖u0‖Xk(Rn),

��%&.¬��%&8_��,�%3�<�5)��(L>�WA�%&'F�/)2�&'*) C Q
± ¥ 
�
«² © ª·�¨��w¤wF�t¯�°±w�{¨|F��w ÿ ���Y���;w�w��C�){}|"�

u(t)− u0 ∈ C(R, Hk)
¯È°����){

‖u(t)− u0‖Hk 6 2(1 +
√
|t|)‖∇u0‖Hk−1 .

¾È���¨y¤w
k > n/2

¯µ°Ów�{¨|F��wÎ�´¶�¾È�������­w¤�
Hk ⊂ Xk

°����){�y¤���´�)���È�������Lw¤½Þ��wF��������²�¯È|��¨�Ë�){�w�|����������È¼y¤wF�Cw��Y�)��½¬|"�)w����Î�;�;��w�� �
ç ê q



¶�ä�ã�ä�ã ·GëFïXï�ñ9ï�ñ£î�ò�èóé�òPö�ë�í�ðPè�éDépï�ñ_è¾À�íIï�ðPè�ðnî
1/2

ì^ðÁºC¶�ä���¼
ÁÂwz|µ�YwP²�������²#�;�#~��Y�.��wB�){�wP�W�������.°�����²!��|µy4�Fè��%���±w¤��w��G¶

ρ < 1/2
¯��){�w¤�;wPw4í����Y�)�

tρ > 0
¯
Cρ > 0�;�¨yR{C�){¨|����W���±w¤��w��Y¶

τ > tρ
¯��){�w¤�;w�w4í����Y�)�

u0τ ∈ Y
�;�¨yR{C�){}|"�

‖uτ (τ)− u0τ‖L2(Rn) > Cρτ
ρ‖∇u0τ‖L2(Rn), é q���´�ë

°�{�w��;w
uτ (t) = eit∆u0τ

���+w¤�����±Í¨�;�Y�Î�;{��.°p�;{}|"� é q���´�ë®��½!~�����w��Î�){�wB°Î|��´�)wF�C�Yw��;�����F�¨�+w¤� ρ < 1/2
¯

C > 0
|µ�¨�

ρ̃ ∈ (ρ, 1/2)
�tª'� é q��[´´ë����P�;�;��w�¯��){�w��Ì�W���Bw¤��w��G¶ τ > tρ̃

�\|µ�Y²�wËw�������²�{+¯t�;���¨y¤w
ρ̃ > ρ

¯�){�w¤�;w�w4í����Y�)�
u0τ

�;�¨yR{C�){}|"�
‖uτ (τ)− u0τ‖L2 > Cρ̃τ

ρ̃‖∇u0τ‖L2 > C(1 + τ ρ)‖∇u0τ‖L2 ,

°�{��\y){rw4í�|�y4�;��¶×½!w.|����±�){}|"�
1/2

�­�Î�;{}|��;~���� é q���ZÈëÕ�¨�+w¤�Î������w4í���~��Y�"��w é q���´�ë4�
�Kw4�

ρ < 1/2
|��¨�

χ ∈ C∞c (Rn)
��w�|Ë�)|����\|��+�%���¨y4�)�����r�;�¨yR{C�;{}|��

0 6 χ 6 1
|��¨�

χ(x) ≡
{

1
��� |x| 6 1,

0
��� |x| > 2.

é q��[µ´ë
Ô¨���

τ > 0
¯È°Ówz��w¤Í¨��w

ξ(τ) = 1/τ 1−ρ ¯}|��Ó°±w�����|�� u0τ ∈ S(Rn)
¯���¶

û0τ (ξ) = m(τ)χ

(
ξ

ξ(τ)

)
,

°�{�w��;w
m(τ) > 0

�­��yR{����;w����)��yR{��;{}|"� ‖∇u0τ‖L2 = 1
¯�°�{��\y){�¶È�­w��­���

m(τ) =
1√∫

|η|62
|η|2χ(η)2dη

1

ξ(τ)1+n/2
=

C

ξ(τ)1+n/2
.

ôÓ{�w��+¯����;�­��²Ë�){�w�ÑÅ�\|��¨yR{�w��Yw��t�){�w����;w�½r¯¨|#ô¢|F¶È�­���Îw4í�~¨|µ���;�����N|��¨�×�){�wz��w¤Í¨�����)�����r���
u0τ

¯

‖uτ (τ)− u0τ‖2
L2 =

∫

Rn
|e−iτ |ξ|2 − 1|2|û0τ (ξ)|2dξ

=

∫

Rn

∣∣∣∣−iτ |ξ|2 − τ 2|ξ|4
∫ 1

0

(1− s)e−isτ |ξ|2ds
∣∣∣∣
2

|û0τ (ξ)|2dξ

= τ 2m(τ)2

∫

Rn
|ξ|4χ

(
ξ

ξ(τ)

)2

dξ

+τ 2m(τ)2

∫

Rn
|ξ|4
[

2Re

(
iτ |ξ|2

∫ 1

0

(1− s)e−isτ |ξ|2ds
)

+ τ 2|ξ|4
∣∣∣∣
∫ 1

0

(1− s)e−isτ |ξ|2ds
∣∣∣∣
2
]
χ

(
ξ

ξ(τ)

)2

dξ

=: A0(τ) +B0(τ).
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ÁÂwÎ°����­���;w�w��;{}|��
A0(τ)� |B0(τ)| �%��� τ �\|µ�Y²�w���ú9���;{�w�����w��;�\��w�¯´~}|µ�;�;����²Ç��� ~����W|��®y¤�´���;���­�}|"�)w¤�|��¨�C�R|µ¸´�­��²#�­�´�;�¬|µy�y¤�����´�Î�){�wz��w¤Í¨�����)�����������

m(τ)
|��¨�

ξ(τ)
¯

A0(τ) > τ 2m(τ)2

∫

|ξ|6ξ(τ)

|ξ|4dξ = τ 2m(τ)2

∫ ξ(τ)

0

r4

∫

Sn−1

dvrn−1dr

=
|Sn−1|C2

n+ 4
τ 2ξ(τ)2

= Cτ 2ξ(τ)2 = Cτ 2ρ. é q���çFÄ�ëú9�C�){�w��µ�){�w¤�Î�;�\��w�¯�������y){����­y¤w����
m(τ)

|��¨�
ξ(τ)

��½!~���¶
|B0(τ)| 6 τ 2m(τ)2

∫

|ξ|62ξ(τ)

[
2τ |ξ|6 + τ 2|ξ|8

]
dξ

6 τ 2m(τ)2|Sn|(2ξ(τ))n[2τ |ξ(τ)|6 + τ 2|ξ(τ)|8]

6 C(τ 4ρ−1 + τ 6ρ−2) = o(τ 2ρ), é q���ç�ç.ë°�{�w��;wÌ°Ów»{}|���w»���;wF�Ê�;{}|��
ρ < 1/2

� é q��[´´ë �%���­���F°��r�%�;��½ é q��­ç�Ä´ëC|µ�¨� é q���ç�ç.ë4¯�|µ�¨� ��wFyF|����;w
‖∇u0‖L2 = 1

�¨ôÓ{�����y¤��½!~���w¤�)w¤�Î�){�w�~��Y�È���¢���ÒôÓ{�w����;w�½ q��­ç��­ç�� �

Ö!Ù ¶ Ú ß¢à¦  Ý+Ë ß+z�ÝxwnàjyeÝ+Ë©w w�ã]Ë×ß|{�áCå�Ü�}jwÎß~xCß¢à-xNz-}jz�Ý¢à�ßlàÇÜ
Xk Ù

ô±{����Þ�)w�y4�)���������Ë��w¤���µ�)wF�»�)�<�){�w¬~��;�´���±���Îô±{�w����;w¤½ q��­ç�� ê �ÒÔ¢���;�Y�.¯+°Ów �Yw¤�����)���#|µ�¨�Â��½!~��Y�"��w�){�w×~��Y�È�������Î�;{�w¬°±w���� ¼'~����;wF����w��;�#��� é q���ç"ëz��� Xk(Rn)
°±w×²�|F��w×�­� î ÐP|�ç4ð'¯¢�­�º���)��w��Þ�;�b��w��;���W¶

é q��aq�ë'¼ é q�� õ ëÕ�¨ôÓ{�w��+¯�°Ów��;{��.° �){}|"�Î�;{�w�²��;�F°��;{��R|��;w����
1/6

�­�r����½!w����;�����»ç��
¶�ä���ä$æ ·GëFïXï�ñ9ï�ñ�ºc¶XäÂ¶�¼cÃÄºC¶�ä�åÅ¼�ä

ÐB����w��
u0 ∈ Xk(Rn)

¯��;{�w�~��Y�È���¢��� é q�� ê ë>¼ é q�����ëä°±wP²�|F��w�����î ÐP|�ç4ðKy¤�����)���Y�)�Î����²���������²�|Þ�)w¤���)w�)�Ë�){�w�����½!���9|µ�
ε→ 0

���
Iε :=

∫

Rn
e(i−ε)|z|2u0(x+ 2

√
tz)dz

é �W���¢y¤���´��w�����w��¨y¤w�¯.°Ówä°��­����|��;�;��½!wx�%�Y��½����F°º���
t > 0

ëÕ� � ~z�)���;{�wx½Þ�����)��~����\y�|��;�­���Þ�´¶�|Î{}|µ�Y½!��w��)�y¤�����Y�Õ|��´�.¯��;{���������½!�����­�Î�;{��F°±wF�×�;�!��wP�){�w��;�������)�����
u(t)

�)� é q��­ç.ëL°����){��­�����)�\|��K�¨|��R| u0

�� �)����²<�;{�w¬�R|µ���W|��®y¤���G¼·�µÖe�%���¨y4�;�­���
χ
���´�)�;�È���¨y¤wF���­� é q���µ�ë4¯t°Ów!°��Y���;w ψ = 1 − χ

¯Ò|��¨�÷°±w��w¤Í¨��w�¯Ï�W���
β > 0

¯
χβ(z) = χ(z/β)

¯
ψβ(z) = ψ(z/β)

��Ô¨���By¤������w�����w��¨y¤w�¯¨°±wz°����­�8|����)� ���;w��;{�w���µ�Õ|"�)�����
χβ(|.|) = χβ(.)

|��¨�
ψβ(|.|) = ψβ(.)

�ÁÂw��;~������
Iε
�­�´�;�#�·°Ó�#~}|��Y�;�.è

Iε = Aε +Bε

¯�°�{�w��;w
Aε =

∫

Rn
e(i−ε)|z|2χβ(z)u0(x+ 2

√
tz)dz

|��¨�
Bε =

∫

Rn
e(i−ε)|z|2ψβ(z)u0(x+ 2

√
tz)dz.
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� �;����²!�+w���w��;²���w��6�Îy¤������w��;²�w��¨y¤wB�){�w¤���;w¤½r¯����±���Îw.|��Y¶¬�)�Ë�;w�wB�;{}|��
Aε

{}|���|Þ����½!����|��
ε
²��Èw��Ó�)�

0
¯|��¨�C�;{}|��

∣∣∣lim
ε→0

Aε

∣∣∣ 6 ‖u0‖L∞(2β)n|B(0, 1)|, é q��­ç ê ë
°�{�w��;w B(0, 1)

��w����µ�)w��Î�;{�w����������}|µ���+���
Rn
�}æ�w4íÈ�.¯�~¨|µ�;�;�­��²�����~����W|���y¤�È���)�����}|"�)w��F¯¨��w¤Í¨������²

g(r) =

∫

Sn−1

u0(x+ 2
√
trv)dv

|��¨�����´�;w�²��)|��;�­��²!��¶×~}|��Y�)�F¯È°±w�{}|���w é �;w�w�î Ð�|�ç4ðK�%���Î½#���;w���w¤�Õ|����­�Õë
Bε =

∫ ∞

β

e(i−ε)r2

ψβ(r)rn−1g(r)dr

=

( −1

2(i− ε)

)k k∑

j=0

j∑

l=0

ak,j

(
j

l

)∫ ∞

β

e(i−ε)r2 1

r2k−j g
(l)(r)ψ

(j−l)
β (r)rn−1dr,

°�{�w��;wÎ�){�w
ak,j

��w�~�w��¨�¬������¶!�����­�´�;w�²�w��;�
k
|��¨�

j
��Á�w���w4íÈ�Ó|µ~�~���¶!�Kw¤�Ïw¤�)²���w��/�x�;{�w����Yw�½ �)�zw.|�yR{�)w��Y½l�����;{��­�Î�;��½r��Ô¨���

l = 0
¯
j ∈ {0 . . . k} ¯È°±w�²�w¤�

∣∣∣∣e(i−ε)r2 1

r2k−j g(r)ψ
(j)
β (r)rn−1

∣∣∣∣ 6
|Sn−1|‖u0‖L∞
r2k−n+1

2j‖ψ(j)‖L∞ ,
|��¨�C�;{�w��;w��W���Yw��;{�w����­½!���������;{�w��;wP�)w��;½#��|µ�

ε
�;w��¨���Î�;�

0
w4í����Y�)�F¯}|��¨�

∣∣∣∣limε→0

∫ ∞

β

e(i−ε)r2 1

r2k−j g(r)ψ
(j)
β (r)rn−1dr

∣∣∣∣ 6
|Sn−1|‖u0‖L∞2j‖ψ(j)‖L∞

(2k − n)β2k−n . é q���ç���ë
Ô¨���

l > 1
¯
j ∈ {l . . . k} ¯����;����²

‖g(j)‖L2(β,∞,rn−1dr) 6 (2
√
t)j−n/2|Sn−1|1/2‖u0‖Xk(Rn)

é °�{��­yR{�{}|µ�Î��w�w���w��Y�Õ|µ���­���;{�wF������î Ð�|�ç¤ð%ë4¯È°±w��;��½!���\|µ�;��¶×�����Õ|��­�
∣∣∣∣limε→0

∫ ∞

β

e(i−ε)r2 1

r2k−j g
(l)(r)ψ

(j−l)
β (r)rn−1dr

∣∣∣∣ 6
|Sn−1|1/2‖ψ(j−l)‖L∞

(4k − 2j − n)1/2
‖u0‖Xk

(2
√
t)l−

n
2

β2k−l−n
2

. é q��­çBZÈë
ôÓ{}|µ��¸´�Î�)� é q��­ç ê ë4¯ é q���ç���ë±|��¨� é q��­çBZÈëÕ¯ Iε |���|Ë���­½#����|µ� ε �;w��¨���Î�;� 0

¯}|��¨�
∣∣∣lim
ε→0

Iε

∣∣∣ 6 C‖u0‖Xk

(
βn +

1

β2k−n +

√
t
−n/2

β2k−n/2 (β
√
t+ (β

√
t)k)

)
.

ÁÂw���w4í���yR{��´���)w
β = tγ é |µ�¨�C���µ� β = 1

|��Ó°±wz���­�C�­��î�Ð�|�ç¤ð2ëÕ¯È°�{�w��Yw
γ =

1

2

k − n
2

k + n
2

> 0.
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ôÒ|�¸È����²!���´�)��|�y�y4�����´�Î�){��­��yR{����­y¤wz���
γ
¯������W�������.°��Î�){}|"�

∣∣∣lim
ε→0

Iε

∣∣∣ 6 C‖u0‖Xk

(
tγn + t−γ(2k−n) + tγ(1−2k+n/2)+1/2−n/4 + tγ(−k+n/2)+k/2−n/4)

6 C‖u0‖Xk(1 + tρ), é q���çRq�ë°�{�w��;w
ρ = γn

��Á {�w��
k =

⌈
n
2

⌉ ¯F°Ów®�����Õ|����Ç�){�w
ρ
²�����w��Ç�­� é q�� õ ë4��ôÓ{�w®�;w��Y�Ò�����){�wx~��;�´���¨���Ò�;��½!�­�\|���)�¬�){}|"�����Lô±{�w¤���Yw�½ ���­çÞ���eî ÐP|�ç4ð'�Eª'�b~}|µ�G�)�­y¤���\|µ��¯E���;�­��²×�;{�w!ó®|µ�}|µyR{�¼G¾´�;w��­��{}|µ���zôÓ{�w����;w�½r¯}°Ów��wF���¨y4w��){}|"���W���Îw4��w��Y¶ �­���)w�²�w��

k > n/2
¯

‖u(t)‖L∞(Rn) 6 C‖u0‖Xk(Rn)(1 + tρ).

�

¶�ä���ä�ã ·GëFïXï�ñ9ï�ñ£î�ò�èóé�òPö�ë�í�ðPè�éDépï�ñ�ºc¶Xä�åÅ¼ ì^ð¦ù�ì^ôõè�ðPéDì2ï�ð
1
ä

�Kw4�
k > 1

��Ô¨���
τ > 1

¯��­w¤��������w¤Í¨��w
u0τ (x) = e−

i|x|2
4τ ψ

( x

τ 2/3

) τ 2(k+1)/3

xk+1
.

ôÓ{�w��
u0τ ∈ L∞

¯�°����;{ ‖u0τ‖L∞ = supr>0
ψ(r)
rk+1

�Èæ�w4í��F¯��){�w9��w��Y����|"�)����w��x�%�Y��½ ���;��w��
1
�;�
k
���
u0τ|��;w��­�

L2
¯�°����){

L2
�����;½ �����­�W���;½#��¶×�������¨��wF�×°����;{r�Yw��;~Ïw�y4���;�

τ
�¨ª'�¨��w�wF�E¯¨��������w.|��;¶ �;�!�;w�w��´¶���¨���¨y4�)�����r���

m ∈ {1 . . . k} �;{}|�� u(m)
0τ

����|Ë������w.|���y¤��½Þ�����}|"�)���������K�)w��;½#�Ó°�{��­yR{����È��¸×����¸�w
Q(x) = e−

i|x|2
4τ ψ(p)

( x

τ 2/3

) τα
xq
,

°�{�w��;w
q > k+1−m é �;{�w®������¶z�)w��Y½p°����){

q = k+1−m �­�Ò�����Õ|�����wF�Ç�´¶Ç����ÖÏw��;w¤�´�)�\|��;�­��²
m
�)��½!w���){�wÞwÕí�~�����w¤�´�)�\|µ�Ò��|µy4�)���B���

u0τ

ë4�
q > 1

��wFyF|����)w
m 6 k

¯E|µ�¨�N�;�­�¨y4wË½!���;w��.��w¤�
x 7→ ψ(p)

(
x

τ2/3

)
���C�������%���;½!��¶Ã�������¨��wF�Ê���

R
|��¨�ì�;��~�~����G�)wF�ì���

[τ 2/3,∞)
¯®���C�%�����­�F°��C�){¨|��

u
(m)
0τ ∈ L2

¯®�%���
m ∈ {1 . . . k} �}æÎw4í��.¯È°Ów�w.|µ�;����¶Cy¤��½!~����)w

‖Q‖L2 = τα−2q/3+1/3

∥∥∥∥
ψ(p)(x)

xq

∥∥∥∥
L2

, é q���ç õ ë
|��¨�

Q′(x) = − ix
2τ
Q(x) + e−

i|x|2
4τ ψ(p+1)

( x

τ 2/3

) τα−2/3

xq
− qe− i|x|

2

4τ ψ(p)
( x

τ 2/3

) τα

xq+1
é q���ç3³�ë

ôÓ{�w
L2

�����Y½!�Î���K�){�wP�){��Yw�wP�)w��Y½!�Î���C�){�w��;��²�{´��{}|��¨�C�)�­��w���� é q��­çR³�ë±|��;w��Yw��;~�wFy4�)����w���¶
1

2
τα−1−2(q−1)/3+1/3

∥∥∥∥
ψ(p)(x)

xq−1

∥∥∥∥
L2

,

τα−2/3−2q/3+1/3

∥∥∥∥
ψ(p+1)(x)

xq

∥∥∥∥
L2

ç ê µ



|��¨�
qτα−2(q+1)/3+1/3

∥∥∥∥
ψ(p)(x)

xq+1

∥∥∥∥
L2

.

ôÓ{�w��;w��W���;wN�){�w��Ywbw4í����;�;�r|Ây¤�����Y�R|µ�´�
C > 0

�)�¨y){Ã�){}|"� ‖Q′‖L2 6 Cτ−1/3‖Q‖L2

�ÓôÓ{È���F¯®�%���
m ∈ {1 . . . k} ¯ ‖u(m)

0τ ‖L2 6 Cτ−1/3‖u(m−1)
0τ ‖L2

�E¾È�­�¨y4w
u0τ ∈ L2

|µ�¨� ‖u0τ‖L2 = Cτ 1/3
¯�°±w�²�w¤��){�w�|����������¨y¤wF���Yw��;�����Fè

u0τ ∈ Xk
|��¨� ‖u0τ‖Xk 6 C

¯�°�{�w��;w
C
���Èw�����������w¤~�w��¨�����

τ
�ú9�Â�){�w �µ�){�w��Ç�;�\��w�¯¢�;�­��y¤w

z 7→ χ(z)
|µ���

z 7→ ψ(2z/τ 1/6)
{}|���w×����� ÿ �����´�Ë�;��~�~����G�)�Þ�%���

τ�\|µ�Y²�w�w�������²�{t¯
∫ ∞

−∞
e(i−ε)z2

χ(z)u0τ (2
√
τz)dz =

∫ ∞

−∞
e(i−ε)z2

χ(z)e−iz
2

ψ

(
2z

τ 1/6

)
τ
k+1

6

2k+1zk+1
dz = 0, é q���ç�´�ë

°�{��­��w
lim
ε→0

∫ ∞

−∞
e(i−ε)z2

ψ(z)u0τ (2
√
τz)dz = lim

ε→0

∫ ∞

−∞
e(i−ε)z2

ψ(z)e−iz
2

ψ

(
2z

τ 1/6

)
τ
k+1

6

2k+1zk+1
dz

= τ 1/6

∫ ∞

−∞

ψ(2r)

2k+1rk+1
dr. é q���ç�µ�ë

ö9�9|#y¤���¨y4�­���;�����+¯}�W���
τ
�W|��;²�w�w�������²�{+¯}��w����µ�)����²��´¶

uτ
�){�wz�;�������)�����r�)� é q��­ç.ëx°����){r�­�����;�W|��¢��|��R|

u0τ

¯
‖uτ (τ)‖Xk > ‖uτ (τ)‖L∞ > |uτ (τ, 0)| = Cτ 1/6 > Cτ 1/6‖u0τ‖Xk .ôÓ{��­��y¤��½#~��­w4�)w��Î�;{�w�~��;�´���¢�����){�w��){}|��;~���w��)�Î���K�){�w�w4í�~�����w��´�

1/6
�­� é q�� õ ëÕ� �

N �Fß ¦¨¥POÒ©nÁÂwzyF|��<|µ���;�!~��;�.��wB�){������;{}|��;~���w¤�)�Î�;w��;�������´¶×���;����²#�;{�w��­�����)�\|���y4���¨�����)�������
u0τ (x) = e

− ix2

4τ
χ
“

x

τ2/3+δ

”

���
u0τ (x) = e−

ix2

4τ χ
( x

τ 2/3−δ

)
,|��¨�#��w¤�;�)����²P�){�w±~}|µ�)|µ½!w4�)w��

δ > 0
�;w��¨�Ë�)��Ä���ª'�#�;{����ä�'°Ó�zyF|��)w¤�.¯µ�Õ|�¸È����²P�){�wÎ�����R|��;�­�����ä�����;wFy4�)��������­ç�¯��){�w ~��YwF����½#�­�}|��´�Ë~}|��Y�Ë���

Iε
���
Aε é ���Â�){�wCy¤���´�;�R|��Y¶�¯¢���Â�){�w ~��Y�È���±°Ów×��w¤��w��­��~�wF��{�w��Yw�¯

Bε(τ)� Aε(τ)
|��
τ
���Î�W|��;²�w"ë4�

ç���Ä



� � m�� q�o��ri Æ
² � i � m k9$ � 1 Ç �rs6È9/ti54 &LsÉ� ( i�&äsT$ºk%#×q+uVU
f s
u%/+q+u�iñm)� h $ � �SRT(�q+uVU
iW� ! jlk m orq+sþu9# 7 q�o �
u�s
u«+rZ m u q�# � q+uVU q+u q�orqKm6/ (nm o<m mpo qtu8Ê unq�o�1

� �¢¡¤£.¥.¦¨§�£�©ÈÔ������R|"�){�w���²�w���w��)|µ�´������������w.|��;���)��w��F¯.°Ówx~��Y�"��wL�){¨|��Ò��w��%�Èy¤���;����²B���������­��wF|µ�¾ÈyR{��;¿È������²�w��LwFÀ´�¨|��)�������L�­�
Rn é n 6 4

ë4¯µ°����){!�����È¼'��|������){�����²��������)�\|µ�}�¨|��R|z|��L����Í¨�����·¶
u0

¯Å|��;w ²������}|µ����¶�°Ów�����¼'~����;wF�º���
u0 + H1

�ÒôÓ{�w×�R|�½!w×�Yw��;�����Ë{����\���#���e|��ºw4í��;w��;���������½¬|����r���
Rn
¯
n = 2, 3

�
â¬ÙFÚ ÛÏÜÞÝ¢ß�à¬áCâCãäÝÒå¤àÇÜ

ô±{����!~}|µ~�w¤�!�­�!��w¤���µ�)wF�º�;�Ì�){�wC�Y�)�¨��¶������){�w<v±|��¨yR{´¶�~��Y������w�½«�W���!��w��W��y¤���;����²»������������w.|��¾�yR{��Y¿�������²�w���wFÀ��}|��;�­���������r����½!w����;�­�����
n 6 4

è
{
i∂u
∂t

+ ∆u+ f(|u|2)u = 0, (t, x) ∈ R× Ω
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Xk(Rn) := {u ∈ L∞(Rn),∇u ∈ Hk−1(Rn)}.
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{u ∈ H1× �KØ ,∇u ∈ L2, 1− |u|2 ∈ L2}.
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 ¥ �Dß Ù ©��¨©�� � �B) n = 1, 2, 3 %3. 4 : ρ0 > 0 : �&'Y! f ∈ Ck+1(R+) � k = 1 �ª� n = 1 : k = 2

�ª� n = 2, 3 : k = 3 �ª� n = 4 ¢ 4 6K�=A�6¿���1)��(�5\l���}��� f ¢"Q ¥ �¤�3���<C�89�£89%3.���%&L1�/.7);6��1)�)56��/.0�¤��§>���/)5�
α1 > 1 :P4 �5)56r)56��_�<C3,?,E�M�/8_�/'*)2�&.<f A�%3'E!&�5)���%&' α1 < α∗1 � � n = 3, 4 � 4 6��/.0� α∗1 = 3 �ª� n = 3 :
α∗1 = 2 �ª� n = 4 ¢ : �&'Y! α2 ∈ R 4 �5)56 α1 − α2 6 1/2 �<C-A<6});6��1)
∃C0 > 0 : A > ρ0

:


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∀r > 1,

{
|f ′′(r)| 6 C0r

α1−3 �ª� n = 1, 2, 3
|f ′′′(r)| 6 C0r

α1−4 �ª� n = 4{ �ª� α1 6 3/2, V ���
g�%&CD'Y!"��!���.0%&8 g����i% 4�ª� α1 > 3/2, ∀r > A, rα2 6 C0V (r)
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ϕ ∈ Ck+1
b (Rn), ∇ϕ ∈ Hk+1(Rn)n, |ϕ|2 − ρ0 ∈ L2(Rn), ( � ϕ)
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Rn
|∇(ϕ+ w)|2dx+
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Rn
V (|ϕ+ w|2)dx
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f(r) = (ρp0 − rp)
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f ′′(r) = −p(p−1)rp−2
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(|u|2 − ρ0)

Å/À@�/Áo�$�B�3��ÁYÂ�Å<��À@���B�P�B���x�3���2�O�����R�.Àx�����^�qÁ��[Â �ãR�känÁOÇ��[ÂÂÍ"À@�&��À�À@�/ÁåÞkÂ=�>À*�^�/�&�3�àÀ@���B�n�a��Îjæ
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α1 > 3/2
ÅÎjæ

α1,α2

Ï�Ç��^�n�jÁx�=��À@�a��ÞkÁ �X�B�3���X�a�
α2 6 α1

Å����"À@�&��À
α2 ∈ [α1− 1

2 , α1]
�àänÁOÇ��[ÂÂÍl�<�a���"À@�&��ÀY����À@�/Áx� �<��Á

α1 6 3/2
Å

α2
È&�¯�^�R���R��Â��B�qÁ/�

ç��>�



� ©+¾�|��;���R|"�)wF�×���������­��w.|��;���·¶Eè
f(r) = 1

(1+ar)2 − 1
(1+a)2

��ª·� �){����ÎyF|µ�;w�¯
f ′′(r) = 6a2

(1+ar)4

|��¨�
V (r) =

a(1−r)2

(1+ar)(1+a)2 > 0
�¨ª'��~¨|µ�G�)�­y¤���W|��F¯ é û 1,α2

ëx�­�Î�R|��)���YÍ¨wF�C�%����|��´¶
α2

�
¾t©Kô±{�w�y¤�����­yÕ¼·À´�����´�)�­y�yF|µ�;w�è

f(r) = (r − ρ0)(2a + ρ0 − 3r)
¯�°�{�w¤�;w

0 < a < ρ0

�}ôÓ{�w��
V (r) =

(r − ρ0)2(r − a)
|��¨�

f ′′(r) = −6
�Ïª·�<�){�wÞy¤���´�)�)|µ�G¶r�;�¬�){�w��·°Ó� ~��Yw¤���������Bw4í¨|�½!~���w��F¯

V
�­�B�����~����)���)����w#���

R+

¯E����� é û α1,α2

ë9���z�R|"�)���;Í�wF�÷�%���
α1 = α2 = 3

�tô±{´����ôÓ{�w����Yw�½ õ �­ç��­ç�|�~�~����­w¤�z�­�����½!w����;������������w�|µ���×�·°Ó� é �­�r����½!w����;�����C�){��Yw�w�¯¨ôÓ{�w����;w�½ õ �­ç����Ë��w��­�F° |�~�~��­��w��Õë4�
ô±{�w�²������}|µ�E°Ów�����¼'~����;wF����w��;���%����|µ���������)�\|µ�K�¨|"�Õ|Þ�­�C�){�w�w���w��;²µ¶×�)~¨|�y¤w

E = {u ∈ H1× �KØ ,∇u ∈ L2, ρ0 − |u|2 ∈ L2}.
����|#y¤�����;wFÀ´��w��¨y4wz���Òô±{�w����;w¤½ õ �­ç��­ç�|��¨�C�����;{�w��%���­���F°�����²!~��;��~����;���)�����+¯�°�{��­yR{r�����;wFy4�;��¶×�%�����­�F°���%�Y��½ø�){�w��;w¤�)�����)�Î���8Ñ¢��Ð_g��R|��)�C���Âî�ÐBw¤ð>�
± ¥ 
m>�
 ¡ � £ �(
Y�çÙ ©��¨©���� �B) u ∈ E Q S 6��<' );6��/.0�p��§>�(�/)5� ϕ ∈ C∞b (Rn) ∩ E �<C*A�6 );6��1) ∇ϕ ∈
H∞(Rn)n �&'Y! w ∈ H1(Rn) �<C*A�6})56F�1) u = ϕ+ w QÔ¨�Y��½ø�){�����ÑÅ�;��~����;���)�����C°Ówz��wF���¨y¤w�è
�
	���
 ¥ �Dß Ù ©��¨© � °�'Y!"�/.e)56��N���&8_�¿�3���<CD8P,Y)��=%3'��e);6��1)I�;' S 6���%&.0�/8 �?Q5¡?Q5¡ : ��%&.G�&'-f u0 ∈ E :
)56��/.0�
��§>�(�/)5�h�&'GCD'-�=H<C*� w ∈ C(R, H1(Rn)) �<C-A<6});6��1) u := u0 + w ��%>�aL1�<�_�K�?Q;¡0¢"Q
± ¥ 
�
«² © ÐB����w��

u0 ∈ E
¯���w¤�

u0 = ϕ+w0

��w�|B��w�y¤��½!~����;���)������|��Å����Ñ8�;��~Ï���;���)����� õ �­ç��­ç���ôÓ{}|µ��¸´��)� ôÓ{�w����;w�½ õ �­ç��­ç�¯}�;{�w��;w�w4í����;�;�P|µ�N�����\À´��w
w̃ ∈ C(R, H1(Rn))

�;�¨y){<�){}|"�
ϕ + w̃

�;������w�� é õ ��ç"ëÕ�ôÓ{�w��;w��W���;w
w = w̃−w0

���Ó�;{�wP�����\À´��wBw��­w¤½!w��´�±��� C(R, H1(Rn))
�;�¨yR{×�;{}|��

u := u0 +w
�;������w��

é õ �­ç.ë4� �ª·�<~}|��Y�;�\y4���W|��F¯¨�){�w��;�������)�����
u = ϕ + w

²�����w��<�´¶rôÓ{�w����;w�½ õ �­ç��­ç����Èw��������9��w�~�w��¨�<���r�){�wyR{����­y¤wz�����){�wz��wFy¤��½#~����;���)�����r���
u0 ∈ E

���´�;�
ϕ+ w0

�
ª·�C�;{�wzy¤�;���)�­yF|���y�|µ�;w

α1 = α∗1
¯È°±w������Õ|������){�w��W�������.°�����²�����y�|µ�+�;w��;�����.�

�
	���
 ¥ �Dß Ù ©��¨©c¾ °�'Y!"�/.
)56��j���&8_�_�3�0�<CD8�,«)��=%&'F�7%&' f �&'E! ϕ )56��1)l�;' S 6��0%&.��/8%�>Q5¡?Q5¡ : �ª� n =
3, 4 �&'E! α1 = α∗1

: );6��/.��W��§>���/)5� R > 0 �&'E! T > 0 �<C*A<6})56��1) : ��%&. w0 ∈ H1 4 �5);6 ‖w0‖H1 6 R :
)56��/.0�
��§>�(�/)5�h�7C�'-�=H/C-� w ∈ C([0, T ], H1) �<C-A<6})56F�1) ϕ+ w ��%>�aL1�<�_�K�?Q;¡0¢"Q��%&.¬)56��1) T : )56���Û�% 4 w0 7→ w ���b�M%RA��1�;�af � �a,*��6K�;) � A�%&'-)��;'-C-%&C��]�0.�%&8 )56��hg��1�;��%^��.0�"!&�(C�� R �(' H1

�;'-)2% C([0, T ], H1) QS 6F�W�/'E�<.@J1f7�(�
A�%3'����/.<L>��!¤%&' [0, T ] Q¾È�­½#�­�\|µ�Y��¶¬�)�Ç�){�wB�;����¼·y¤�Y���;�\y�|µ�tyF|��)w�¯�°±wP��w����¨y¤wP�%�Y��½øô±{�w����;w�½ õ ��ç��[�#|��¨��Ñ8�;��~����;���)����� õ ��ç���ç�){�w��W�������.°�����²��Yw��;�����F�
�
	���
 ¥ �Dß Ù ©��¨© L °�'Y!"�/.¿);6��¨���&89� �3�0�<CD8P,Y)��=%&'F� %3' f )56��&)
�;' S 6���%&.0�/8 �>Q5¡?Q � : � � u0 ∈ E

���1)����5\l�<� ��� ϕ ¢ : )56��/.0�¨��§>�(�<)5� T (u0) > 0 �&'Y!��¿CD'��=H/C*� w ∈ C([0, T ], H1) ��C*A<6p)56��1) u0 + w

��%>��L>�<�_�K�>Q5¡0¢"Q
ç��1Z



ª'��°Î|��B�;{��F°��N�­�ºî ÐBw¤ð¢�;{}|"�P���b���­½#w����;�­�����9�·°Ó�C|��¨�<�;{��;w�w�¯}�;{�w!Ð9�;���)�G¼IÑÅ���Õ|�w¤���;¸È���¢wFÀ´�}|"�)���������²��­���}|��­��¶×°Ów��­� ¼'~����)w��r�­���){�wzw���w��;²µ¶C�;~}|�y¤w
E
w��¨���F°ÓwF�C°����;{b|Ë�;�;�;�¨y4�;���;wz���8y¤��½!~��­w¤�;w�½!w¤�;�;�­y�;~}|�y4wz��¶ �){�wz�����Y�Õ|��¨y¤w

dE(u, v) = ‖u− v‖X1+H1 + ‖|u|2 − |v|2‖L2 .

ª>�����zÀ´�����;w!y¤��w.|��P�;{}|��P�%����|��´¶
T > 0

|µ���
u0 ∈ E

¯
u0 + C([0, T ], H1)

�­�P�Y�)�;�­y4�)��¶N���¨y¤�­����wF�Ì�­�
C([0, T ], E)

�Fª'�z~}|��Y�;�\y4���W|��F¯.Ñ¢��Ðrg¤�R|��)�������Õ|��­��w��z���¬î ÐBw¤ð��;{�wä�����­À´��w���w��;�����È�){�wä�;�������)�������K�;� é õ ��ç"ë���»|����­²�²�w��P�;~}|µy¤wÇ�){}|��b�­�ÌôÓ{�w����Yw�½ õ ��ç�� ê � � �;�­��² �)��½!wÞ���Å�){�w#|��;²���½!w��´�;����w¤��w�����~�w��Ì���¹î ÐBw¤ð°Ów�²�w¤���;{�w������­À´��w���w��;�9���<�;{�w�w���w��;²µ¶��)~¨|�y¤w��%�����µ�){�w���������¼'���­��wF|µ�Y���;�­w����){}|��ÌÐB�;���;�Y¼IÑ8���R|µw¤�È�)¸´�­�@��r���Yw�~��;wFy4�­�;w���¶�¯�°Ów�{}|���wP�;{�w��%���­���F°�����²!�;w��;�����.�
�
	���
 ¥ �Dß Ù ©��¨©�à � �B) n = 2, 3, 4 Q�°�'E!"�<.�)56��I�3���<C�8�,Y)5�=%&'��b%$� S 6F��%&.��<8«�>Q5¡?Q5¡ : �M�B) T > 0 : u0 ∈
E �3'E! u ∈ C([0, T ], E) g��£�£��%>�aCD)��=%&'r%^�_�K�?Q5¡�¢ 4 �;)56 u(0) = u0 Q S 6��/' u− u0 ∈ C([0, T ], H1) :
�&'E!7)56��/.0����%3.�� u �(�I)56��¬��%>�aCD)��=%&' %^�7�K�?Q;¡0¢
J1�(L>�/'rg/f S 6F��%&.0�/88�>Q5¡?QM DQ
N �Fß ¦¨¥POt¡�©�¨©+ª·�rô±{�w����;w�½ õ ��ç��[��¯

R = R(ϕ)
��w�~�w��¨�������

ϕ
�¨Ô����Î²�w¤��w��R|��

u0 ∈ E
¯������������µ�9y¤��w.|µ�Ó°�{�w4�){�w��°Ów�y�|µ�ËÍ¨�¨�!|B�%���¨y4�;�����

ϕ
°�{��­yR{!�R|"�)���YÍ¨w�� é û ϕ ë8|��¨�#�;�¨yR{Ë�){}|"� w0 = u0−ϕ ∈ H1

{}|��
H1
¼'�����Y½��w��;�Î�){}|��

R(ϕ)
��ô±{¨|������Ó°�{�¶¬°±wP��w�wF�C�;�¬|��;�;��½!wP�){}|"�

u0

�R|"�)���;Í¨w¤� é û ϕ ë®���rô±{�w����;w�½ õ �­ç��[Z��� ©8ª'�»����½!w����;����� Z�¯Ï�){�w�ÐB�;���;�G¼GÑ8���R|µw4���;¸È�­�8wFÀ´�}|"�)�����÷�­�zy4�;���)�­yF|µ� é �;{}|������ α1 = α∗1
ë4�tª'��î�ÐBw¤ð'¯+Ñ¢�Ðrg��)|µ�;�b~��Y�.��wF�<�){}|"�B�){�wÞ�%�����I¼I���­½!w¤���)�����}|µ�äÐB�;���;�G¼GÑ8���R|µw4���;¸È�­�¢wFÀ´�}|"�)�����Ì���P²������}|�����¶r°Ów���� ¼·~����;wF������;{�w<w¤��w��;²µ¶e�;~}|µy¤w

E
¯ä~��;�.���­��wF�e�;{�wr�­�����;�W|��9y4���¨�����)�����

u0

{}|��¬�;½¬|��­�Îw���w��;²µ¶��Lª·�ñôÓ{�w����Yw�½õ �­ç�����¯+°±w¬~��;�.��w��;{}|��Ç�%���Þy¤�Y���;�­yF|µ�x������¼'�­����w.|��;���)��w�� é |µ�¨������~}|��Y�;�\y¤���\|��Þ�%���#ÐB�;���;�G¼GÑ8���R|µw4���;¸È�­�L�­�����½!w����;�����eZ´ë4¯ é õ �­ç.ë®�����­�ÈyF|µ����¶×°Ów���� ¼·~����;wF���­� u0 + H1
¯��%����|µ��¶C�;w¤²����\|����������;�W|���y¤���¨�����)�����

u0

�­��){�w¬w���w��;²µ¶��;~}|�y¤w�¯+°����){������Þ�){�w �;½¬|����­��w��)�#|��)�;��½!~��)���������Â�){�w w���w��Y²�¶��Òû��.°Ów¤��w��F¯+°±w×���b���µ������Õ|��­�º|µ�´¶»²������}|��L°Ów�����¼'~����;wF����w��;�Ë�Yw��;�����F¯Ò|µ�¨�÷°Ów ������¶�~��;�.��w¬�;{�w¬�­�ÈyF|µ�®�+�­~��;{����)� y¤���´�)���È�����I¶���L�;{�w
ú¨�F° ���Ì�;½¬|µ���8���´�)w¤�Y��|µ�������ä�)��½!w��tôÓ{�w#½#�­�;�;����²r|µ�Y²���½#w��´������| ~�w��Y�)���Y�)w���y4¶b�;w¤�)�����F�tô±{�w�;w.|��;���b���8�){����B½!���)�;����²×���9�;{}|��B�%���9²�w���w��)|µ�¢�����È¼·������w.|��;���)��w�� é ���b~}|��Y�)�­y¤���\|���°�{�w��N�;{�wÞ~��µ�)w��´�;�W|��
V
���9������¼'~����;���;����w"ë4¯}�){�wÞy¤�����;w��Y��|��;�­���b���8�){�wÇw���w��Y²�¶<���Èw��9�����B��½!~���¶��){�wÞy¤�����;w��Y��|��;�­���b���8�){�w�;½¬|��­����w��;�����

w
���
H1

�
ú9����~��;�È���x���xô±{�w����;w�½ õ �­ç��­ç#y¤�����;�­�Y�)�����÷���´��¸È����²��W���z| �;���­���;�����÷��� é õ ��ç"ë�������w��P�;{�w#�W���Y½

ϕ+ w
�¨ô±{´���Î�;{�w�wFÀ´�}|"�)�������R|��;�­�YÍ¨wF�C�´¶

w
°��;���)w¤�

{
i∂w
∂t

+ ∆w = F (w(t))
w(0) = w0

, é õ ����ë
°�{�w��;w

F (w) = −∆ϕ− f(|ϕ+ w|2)(ϕ+ w). é õ �[Z´ë
ÁÂw9~��;�.��w��;{}|"� é õ ����ëä���Ó���ÈyF|µ����¶!°±w¤�­� ¼'~����;wF� ��� Hk(Rn)

¯
k = 1

�W���
n = 1

¯
k = 2

�W���
n = 2, 3|��¨�

k = 3
�%���

n = 4
¯8|��¨�»°±w¬²�����w w��Y�)��½¬|"�)�������Þ�%���Ç�;{�w

H1
¼'�����Y½ ���

w
���Â�){�w ���´�)w��G��|��®���

ç��?q



w4í����Y�)w��¨y4wÇ�­�
Hk

�Ïæ�w4íÈ�.¯}�W���
n = 2, 3

���
4
¯}���;����²C¾´�)�;�­yR{}|��Y�;�Ç����wFÀ´�}|������;�­w¤�.¯¨°Ów�~��;�.��wz�){}|"� é õ ����ë���Ë����yF|�����¶»°Ów�����¼'~����;wF���­�

H1
¯Ò|µ�¨�Â²������}|µ����¶Â�­�

Hk
�ÒÔÒ���}|��­��¶�¯�°ÓwC|µ~�~��;�Fí���½¬|��;w×����� é ���ÈyF|µ�Wë H1�;�������;�­��� �´¶#�;{�w é ²������}|µ�Wë Hk

�;�������)�����+¯�|��¨�!°Ów9��wF���¨y¤w��;{}|"�Ó���;�
H1
¼·�����;½ ½¬|F¶#�����®�����F°Ê��~ ����������¨��wF�����´�)w��G��|µ���������)��½!w��

� �)����²×�){�w¬¾´�;�;�­yR{}|��Y�)�#����wFÀ��}|µ�����)��w��z�����R|µ����wF�Ì�´¶÷æ��+óL���)À�¯+Ñ¢��Ð_g��R|��)�»|��¨�»æ��tô��¤��w4�)¸��.�N�­�î�óÓÐPôÓð>¯+�){�w¬�R|µ½#w�½!w¤�){��È��²�����w��Ç�;��½!���W|����;w¤�)�����)�F¯K�������­½!w¤���)���������·°Ó�b|��¨�÷�){��;w�w�¯t°�{�w��
Rn

�­��;w�~��W|µy¤wF�÷�´¶÷|��÷w4í��)w��Y�����z����½¬|��­�
Ω = Rn\K ¯Ï°����){÷w����){�w���ï��­�Y�\y){��­w¤�z����æ�w���½¬|����÷���������¨|µ�G¶y¤���¨�����)�������F�}�<���;w�~��YwFy¤���;w���¶�¯�°Ówzy¤�����)�­��w��±�){�w��­�����)�\|��+��|��­��w�~��Y������w�½

{
i∂u
∂t

+ ∆Du+ f(|u|2)u = 0, (t, x) ∈ R× Ω
u(0) = u0 ∈ ED , é õ �aq�ë

°�{�w��;wP�){�wz�������)�\|���y¤���������;�­���
u0

��w�������²��Î�)�#�){�w�w���w¤�;²µ¶C�;~}|�y¤wB°����){<ï9���;�­yR{���w¤���������¨�¨|��Y¶�y¤���¨��� ¼�)�������
ED := {u ∈ H1× �KØ (Ω),∇u ∈ L2(Ω), ρ0 − |u|2 ∈ L2(Ω), χu ∈ H1

0 (Ω)}.û�w��Yw�¯
χ ∈ C∞c (Rn)

|��¨�
χ ≡ 1

�­�<|Þ��w���²�{´�����Y{��È�È�
V
���¢�;{�w������;�R|�y¤��w

K
��ÁÂwz|µ���;��y¤�����;�\��w��

{
i∂u
∂t

+ ∆Nu+ f(|u|2)u = 0, (t, x) ∈ R× Ω
u(0) = u0 ∈ EN , é õ � õ ë

°�{�w��;w��){�w��­�����)�\|��Ey¤���������;�­���
u0

��w�������²��®�;���){�w9w���w��Y²�¶��;~}|µy¤w�°����){Cæ�w���½¬|µ���¬�Ï�����¨�¨|��Y¶¬y¤���¨��� ¼�)�������
EN := {u ∈ H1× �KØ (Ω),∇u ∈ L2(Ω), ρ0 − |u|2 ∈ L2(Ω), χu ∈ H1

N(Ω)}.ô±{�w��;w��;�����±°Ów�~��;�.��w�����|µ�Î�%�����­�F°��F�
�
	���
 ¥ �Dß Ù ©��¨© Ù � �B) n = 2 %&. 3 : �3'E! Ω ⊂ Rn g���)56�����§?)2�/.<�=%3.�!"%389�&�('e%^���O�<8_%R%1)56 : A�%&8P,-�"AB) :'E%&'-�2)�.0��,",«�;'�J : 'Y%&'*� �/8P,Y)�fp%"g��/)2�"A��M� K : �&'E! f ∈ C3(R+) 4 6K�=A<6r���1)��(�5\n�<����� f ¢"Q ¥ �¨�3���<CD8_�89%3.���%3L>�/.I)56��1)n);6��/.��
��§>���/)5� α1 > 1, α2 ∈ [α1 − 1/2, α1] ��C*A<6})56F�1)���� α1,α2 ¢7���j)5./C-�RQ�`(� n = 3 :4 �
�3���<C�89�I8_%&.��0%&L>�/. α1 < 2 QS 6F�/' : ��%&.r�/L>�<./f u0 ∈ ED �=.0�<�@,�Q EN ¢ : )56F�/.��r��§>�(�/);�r�&'ýC�'-�=H/C-� w ∈ C(R, H1

0 (Ω)) �=.����@,�Q
C(R, H1

N(Ω)) ¢W�<C*A<6N)56��1) u0 + w ��%>�aL>�<�7�K�?Q�ª�¢¨�=.0�<�@,�Qn�K�?Q���¢�¢"Qkl�;L>�/' ψ ∈ ED �=.0�<�@,�Q EN ¢ : �B%&.I�&'-f T > 0 : )56��¨Û�% 4 89��, w0 7→ w : H1
0 7→ C([0, T ], H1

0 ) �=.��<�@,
H1
N 7→ C([0, T ], H1

N) ¢ :�4 6��/.0� w(0) = w0 �&'E! ψ + w ��%>�aL>���e�K�?Q;ª<¢r�=.0�<�@,�QP�K�?Q��0¢�¢ : �(� � �a,*��6K�;) �A�%&'-)��;'-C-%&C��
%&'¿)56��
g�%&CD'Y!"��!W���B)5�h%^� H1
0 �=.��<�=, H1

N ¢"QS 6F�W�/'E�<.@J1f7�(�
A�%3'����/.<L>��!¤g/f_)56���Û�% 4 Qª·�C�;{�wzy¤�;���)�­yF|���y�|µ�;w
n = 3

¯
α1 = 2

¯�°Ów������Õ|��­�+è
�
	���
 ¥ �Dß Ù ©��¨©�èó� �B) Ω ⊂ R3 g��
);6��7��§?)@�/./��%&.£!"%389�&�('p%^�W�7�<8_%R%1)56 : A�%&8P,-�"AB) : 'E%&'-�2)�.��0,",«�;'DJ :'E%&'-� �/8�,«)�fr%"g<�/)@�"A��M� K : �&'Y! f ∈ C3(R+) 4 6K�=A<6 ���1)��(�5\n�<�¿��� f ¢"Q ¥ �e�3���<C�89�¤8_%&.0��%&L>�/.¤)56F�1))56��/.0�
��§>�(�/)5� α2 ∈ [3/2, 2] �<C*A�6})56��&)���� 2,α2 ¢7���I)�.<C*��QS 6F�/' : �B%&.W�<L>�/.<f ϕ ���1)����5��f1�;'�J

ϕ ∈ C∞b (Ω), ∇ϕ ∈ H∞(Ω),
� CR,", ϕ ⊂ Ω\(V ∩ Ω), |ϕ|2 − ρ0 ∈ L2(Ω)

ç�� õ



�=�;'¿,-�&./)��=A/CF�M�&. : ϕ ∈ ED ∩ EN ¢ : )56��<.��}��§>�(�/)5� R > 0 �&'E! T > 0 �<C*A�6�)56��1)]�B%&.}�/L>�/.<f w0 ∈
H1

0 �=.0�<�@,�Q H1
N ¢ 4 �5)56 ‖w0‖H1(Ω) 6 R : )56��/.0�G� §>�(�/)5�e�&' CD'��=H/C*� w ∈ C([0, T ], H1

0 (Ω)) �=.����@,�Q
C([0, T ], H1

N(Ω)) ¢£�<C*A�6})56F�1) w(0) = w0 �&'E! ϕ+ w ��%>�aL>�<�7�K�?Q�ª<¢e�=.0�<�@,�Qn�K�?Q��0¢�¢"Q��%&.9)56��1) T : )56F�_Û�% 4 w0 7→ w �(�¤�M%RA��>�(�af � ��,*��6K�5) � A�%&'*)5�;'-C*%3C��P��.0%&8 )56F�}g��>�;�l%^�£.��"!3�;C�� R �;'
H1

0 (Ω) �=.0�<�@,�Q H1
N(Ω) ¢7�;'-)2% C([0, T ], H1

0 (Ω)) �=.0�<�@,�Q C([0, T ], H1
N (Ω)) ¢"QS 6F�W�/'E�<.@J1f7�(�
A�%3'����/.<L>��!¤g/f_)56���Û�% 4 Q

N �Fß ¦¨¥POÒ© ª·�×�;{�w�yF|��)wP���Ò|µ�Cw4íÈ�)w��;�����Î����½¬|µ���+¯È°ÓwP������¶ �����Õ|��­�C�����­À´��w���w��;�Î�Yw��;�����)�Î���C�;~}|�y4w�����­¸�w
u0 +C([0, T ], H1

0 )
¯È|µ�¨�!�����x��� C([0, T ], ED) é �;{�w9y¤���´�;�­�È�����·¶!��� ED �;{������­���Ïw����¨��w��;�Y�;�È�È����r�;{�wz�;w����;w����¢�){�wÇ|��}|µ����²��������)�!�;{�w������Y�Õ|��¨y¤w

dE
�%����|µ�rw4í��;w��;����������½¬|�����ë4�}ª'�¨��w�w��t¯}w4��w��r�%����){�w�������w.|��B¾�y){��;¿È���­��²�w��ÎwFÀ´�}|"�)�����+¯��;{�wB°±w¤�­� ¼'~����;wF����w¤�)�����C�){�w�w���w��Y²�¶×�;~}|µy¤w��­�Î�����±�){}|"��y¤��w.|��F�

t 
 £.¦�£ �(
Y� ¡�©«ª'�
m ∈ [0,∞]

¯ Cmb (Rn)
��w����µ�)w����){�w#�)~}|µy¤w!���®�������¨��wF�÷�%���¨yÕ�)�������z���®y¤�\|µ�;� Cm���

Rn
�ÁÂwz��w������;w

H∞(Rn) = ∩
s>0
Hs(Rn)

�
ôÓ{�wÓ���µ�Õ|"�)�����

A . B
½#w.|µ���¢�;{}|��¢�){�w��Yw®w4í����Y�)�Å|�{}|��;½!��w��;�8y¤�����;�R|µ�´�

C > 0
�;�¨yR{Ç�){}|"�

A 6 CB
�ª'�

T > 0
¯
p, q > 1

¯
LpTL

q
��w����µ�)w��Ó�){�wzó®|µ�}|µyR{C�;~}|�y¤w

Lp([0, T ], Lq)
wFÀ´����~�~�wF� °����){C���)�Ó�}|��;���R|�������;½r�ª'�

p ∈ [1,∞]
¯È°±wz��w¤�����;wz�´¶

p′ = p
p−1

���)��y¤��� ÿ ��²�|��;wzw4í�~�����w��´�F�
ô±{�w#�;�;�;�¨y4�;���;w#���L�){����z~}|�~�w������Ç|��z�%�����­�F°��.�+ª'�÷�)w�y4�)����� ê ¯Ï°Ów#~��;�.��wË�;{}|�� é õ �[�´ë��­��²������}|µ����¶°Ów��­� ¼'~����)w��<���b|#�;~}|µy¤w

Hk(Rn)
°����){

k
�\|��;²�w���ª'�r�)w�y4�)�����G��¯�°±wz²�����wÞ|��<w��Y�)��½¬|"�)�����<�����){�w

H1�����;½ �����;{��­�Î�)�������)�����r���r���)�Î½¬|.í��­½�|µ�t�­�´�;w��Y��|��K���¢w4í����Y�)w��¨y¤wz���
Hk

�¨ª'�r�;wFy4�)�����eZ�¯��){}|���¸È�Î�)��|Í�í�wF�Ç~������´�ä|��;²���½!w��´�8��� C([0, T ], H1)
|��¨�#¾´�)�;�­yR{}|��Y�;�Ów¤�;�;�­½�|��;w��F¯.°±w®~��Y�"��w®�;{}|�� é õ �[�´ë+�­�Ò�­�ÈyF|��­��¶°Ów��­� ¼'~����)w������

H1
�Kª·�»�)w�y4�)�����pq�¯E°Ów�~��Y�"��w |C~�w��Y�)���Y�)w��¨y4w¬�Yw��;�����Þ|��¨�»�����Õ|��­�»�;{�w�²������}|��Å°Ów���� ¼~����)wF����w��;�Å���¨wFÀ´�}|"�)����� é õ �[�´ëK��� H1

¯"�­�Ç�){�wÓ�;����¼·y¤�Y���;�\y�|µ��yF|��)w���¾Èw�y4�)����� õ ���Å��w¤�����;wF���)�9�;{�w®~��;�´���W����ÒÑ8�;��~Ï���;���)����� õ ��ç���ç�|µ�¨�CôÓ{�w����;w�½ õ ��ç���q���ª'�×�){}|"�±�;wFy4�)�����+¯�½!���Y�±���+�){�w�|µ�Y²���½!w¤�´�)��|��;wP����wB�)�Ñ¢�}Ðrg��R|��)� é �;w�w!î ÐBw¤ð2ëÕ��ª'���;wFy4�)�����G³�¯È°±wz|��¨|�~��±�){�w�½#w¤�){��È�×�)�Ë�){�w�yF|µ�;w����8|���w4í��;w��;����������½¬|��­����
Rn
¯
n = 2, 3

�¨¾ÈwFy4�)�����}´Þ���±��w¤���µ�)wF�¬�)�Ç�){�wB~��;�´���K���K�;��½!w9�;wFyR{����­yF|��t��w�½!½�|µ�±y¤���¨y¤w��Y���­��²Ë�){�w
Lp + Lq

�;~}|µy¤w��F¯��Y�Õ|"�)wF�r|��¨�����)wF�C�����;wFy4�)����� õ �

â¬Ù)Ø ��à�ãnzh|»Ý+Ë©w±à�ß�» yµà�ßlß+w¹}Çâ}|Bzzß¹v+àh|�â¬ÝÒå4àÇÜ}v
½ �Dßrß ¦ Ù © � ©�� ¥ � �3����CD89� (n, k) = (1, 1), (2, 2), (3, 2) %&. (4, 3) : f ∈ Ck(R+) ���&)��(�5\l������ f ¢ : ϕ ���1)����5\l�<�7��� ϕ ¢"Q S 6��/' F 89��,-� Hk(Rn) �;'*)@%7�5)5���B� ��Q
± ¥ 
�
«² © �Kw4�

w ∈ Hk(Rn)
|��¨�

ϕ ∈ L∞ �FôÓ{�w�� ϕ+w ∈ L∞ ��w�yF|µ���;wä���´�){�wx¾È�������­w4�Pw�½Þ��wF��������²
Hk(Rn) ⊂ L∞(Rn)

��¾È���¨y¤w
f
|��¨�

f ′
|µ�Yw±y¤���´�;�­�´�������F¯����8�%���­���F°��Ò�;{}|��

f(|ϕ+w|2)
¯
f ′(|ϕ+w|2) ∈

ç��"³



L∞
�}æ�w4íÈ�.¯È°±wB°��;���)w

f(|ϕ+ w|2)(ϕ+ w) = (|ϕ|2 − ρ0)

∫ 1

0

f ′(ρ0 + s(|ϕ|2 − ρ0))ds(ϕ+ w)

+2Re

[
w

∫ 1

0

ϕ+ swf ′(|ϕ+ sw|2)ds

]
(ϕ+ w) . é õ �¯³�ë

� �;����² é û ϕ ëÕ¯����±���±w.|��Y¶¬�;�Ë�;w�wB�;{}|��Ó�;{�wP�;��²�{´�Y¼'{}|��¨�×�;�­��wP��� é õ �a³�ëL��w�������²��Ó�)� Hk
��ô±{´���

F (w) ∈
Hk

¯���wFyF|����;w
∆ϕ ∈ Hk

� �
½ �Dßrß ¦ Ù © � © � ¥ �N�3���<C�89� (n, k) = (1, 1), (2, 2), (3, 2) %&. (4, 3) : f ∈ Ck+1(R+) ���&)��(�5\l������ f ¢ : ϕ ���1)����5\l�<�7��� ϕ ¢"Q S 6��/' F : Hk(Rn) 7→ Hk(Rn) �(�j�M%RA��1�;�af � �a,-��6K�5) � A�%3'*)��;'�C*%&CK��Q
± ¥ 
�
«² © �Kw4�����±�Õ|�¸�w

R > 0
|��¨�

w1, w2 ∈ Hk
�;�¨y){C�){}|"� ‖w1‖Hk , ‖w2‖Hk 6 R

��ô±{�w��
F (w1)− F (w2) =

∫ 1

0

é
f(|ϕ+ w1 + s(w2 − w1)|2)(w2 − w1)

+2Re
[
(w2 − w1)ϕ+ w1 + s(w2 − w1)

]

×f ′(|ϕ+ w1 + s(w2 − w1)|2)(ϕ+ w1 + s(w2 − w1)) ê ds. é õ ��´�ë
æ�w4í��F¯��W����|µ���

x ∈ R ¯
|ϕ(x) + w1(x) + s(w2(x)− w1(x))| 6 ‖ϕ‖L∞ + 2CR ,

°�{�w��;w
C
���Î�){�wz�����;½ ���¢�){�w�y¤�����)���È�������P¾È�������­w¤�Cw�½Þ��wF��������²

Hk ⊂ L∞
�¨ô±{È���Î�;{�w��;w�w4í����;�;�9|y¤�����Y�Õ|��´�

C(R) > 0
�;�¨y){¬�;{}|�� ‖f (α)(|ϕ+w1 + s(w2−w1)|2)‖L∞ 6 C(R)

¯È�W���
α = 0, .., k+ 1

�� �;����²�|µ²�|��­��¾È��������w¤�Çw�½Þ��wF�����­��²��
Hk(Rn) ⊂ L∞(Rn)

¯�|��¢°Ów��­��|��
H1(Rn) ⊂ L4(Rn)

�W���
n = 2���j��¯

H1(R4) ⊂ L4(R4)
|��¨�

H2(R4) ⊂ Lp(R4)
�%���zw¤��w¤�Y¶

p ∈ [2,∞)
¯t���z�%�����­�F°����W�;��½ é õ ��´�ë|��¨�����)������ÖÏw��;w��´�;�W|"�)�������){¨|��

‖F (w1)− F (w2)‖Hk 6 C̃(R)‖w1 − w2‖Hk ,

°�{�w��;w
C̃(R)

������¶C��w�~�w��¨���Î���
R
¯}|��¨�C�����Î���

w1, w2

� �ú9�¨y¤w9�){�w��;w��·°Ó�Þ��w�½!½¬|��Ó{}|���w9��w�w��×w��Y�Õ|������­�;{�wF�t¯´°ÓwByF|µ�C|µ~�~���¶��;{�wPy¤�\|��)�;�­yF|��E�;w��;�����)�Ó���t�){�w�){�w¤���G¶Ì���x������������w.|µ�zw¤���������)�����»wFÀ´�}|"�)������� é �;w�w!�%���z�����Y�Õ|��¨y¤w<î�Ñ8|"ð>¯KôÓ{�w����;w�½!� õ �­ç��[Z<|µ�¨� õ �­ç��aq�¯|��¨��î�v±û±ð2ë4�ÈÁÂw���wF���¨y¤w��;{�w��%���­���F°�����²!����yF|��t°Ów���� ¼·~����;wF����w��;���;w��;�����.è
�
	���
 ¥ �Dß Ù © � ©��

(n, k) = (1, 1), (2, 2), (3, 2) %&. (4, 3) : f ∈ Ck+1(R+) ���1)����5\l�<�£��� f ¢ : ϕ ���1�)��(�;\l�<�_��� ϕ ¢"Q
��%&.
�/L>�/.<f w0 ∈ Hk(Rn) : );6��/.��
��§>���/)5� T ∗(w0) > 0 �<C*A<6N)56��&)��K�?Q � ¢£6��R�
�£CD'-��H/C*�
8W�5�M!���%>��CF)��=%3' w ∈ C([0, T ∗), Hk(Rn)) :*4 6K�=A<6¬89���&'F��)56��&) w(t) = eit∆w0−i

∫ t
0
ei(t−s)∆F (w(s))ds :4 6F�/.�� eit∆ !"�/'E%1)2���O)56�� � A<6".ìëR!3�;'DJK�/.�J1.0%&C3,�QY`(� T ∗ <∞ : );6��/' ‖w(t)‖Hk ↑ +∞ �R� t ↑ T ∗ Q ® %1�.0��%&L>�/. : )56��l8_��, T ∗ : Hk 7→ R∗+ �(�o���/8
��A�%&'*)��('-C*%3C��Y��.0%&8øg����i% 4]: �&'E!�� � w0 ∈ Hk+2(Rn) : w �����A��M�R���<�=A��>�1��%>�aCD)��=%&'7)2%h�K�?Q � ¢ :«4 6K�=A�6I89���3'��n)56��&) w ∈ C([0, T ∗), Hk+2(Rn))∩C1((0, T ∗), Hk(Rn)) Q
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â¬Ù ¶ s vEÝÒå/Ê z�Ý+w àÇÜ Ý+ËNw
H1 Ü×à�ß+Ê y�à�ß ß+w¹}ÇâN|Bz�ß¹v+àh|�â¬Ý¢å¤àÇÜNv

ÁÂw¬��w4íÈ�Þ~��Y�.��w¬������w����;{�w¬�;��~�~���w�½!w����Õ|��Y¶Â|��;�)��½#~��)����� é û α1,α2

ëP�%���Ç�;��½!w
α1 > 1

¯
α2 ∈

[α1 − 1/2, α1]
�;{}|��#�;{�wC�����Y½ ���

w(t)
�­�
H1(Rn) é °�{�w��Yw w ���#�){�w��;���­���)�����e��� é õ ����ëÇ²�����w���´¶Ìô±{�w¤���;w¤½ õ � ê �­ç.ëPyF|��»���µ�������F° ��~÷���

[0, T ∗(w0))
�+ª'�»~}|��Y�;�\y¤���\|��F¯t�­�÷�;{�w!����w4¼·����½!w����;�­���}|��yF|��;w�¯È�){����±�Yw��;�����Î|µ�¨�×ôÓ{�w����;w�½ õ � ê �­çB��½!~���¶��;{}|�� w ���±²������}|��@�¨æ9|�½!w���¶�¯��%���®w¤��w��Y¶

w0 ∈ H1(R)
¯

T ∗(w0) = +∞ ¯�|µ�¨�ÂôÓ{�w����Yw�½ õ ��ç���ç¬���Ç~��;�.��w��������){�w¬yF|µ�;w
n = 1

�tÁÂw!Í¨�;�Y�Ç~��Y�"��w��){¨|����){�ww���w��Y²�¶×����y4�����;w��G��wF�C���
[0, T ∗(w0))

�
½ �Dßrß ¦ Ù ©c¾t©���� �B) (n, k) = (1, 1), (2, 2), (3, 2) %&. (4, 3) : f ∈ Ck+1(R+) ���1)��(�;\l�<�N��� f ¢ : ϕ���1)����5\l�<�7��� ϕ ¢ : w0 ∈ Hk(Rn) Q S 6��/'
��%&.
�/L>�<./f t ∈ [0, T ∗(w0)) : );6��W�/'Y�/.@J1f

E(t) := ‖∇ϕ+∇w(t)‖2
L2 +

∫

Rn
V (|ϕ(x) + w(t, x)|2)dx é õ ��µ�ë

�(�
A0%&'����/.<L>��!"­ E(t) ≡ E(0) =: E0
:o4 6F�/.�� V (r) :=

∫ ρ0

r
f(s)ds Q

± ¥ 
�
«² © ª'���)��³¬y¤w��Î�)��~��Y�"��w��+w�½!½¬| õ �����­çz�W���
w0 ∈ Hk+2

�}ª'�¨��w�wF�t¯¨����y¤wz�;{��­������w��Y�Õ|������­�;{�wF�t¯�){�w����.°Ów����)w¤½!��¼·y¤���´�;�­�È�����·¶»���
T ∗
¯+�){�w¬y¤���´�)���È�����I¶÷���®�){�w7ú¨�.°

w0 7→ w(t)
�%�;��½

Hk
���´�)�

Hk�%���Pw¤��w��Y¶
t < T ∗ é �;w�w�î�v±û±ð2ë4¯��;{�w#��w����;���·¶N��� Hk+2

���´�;�
Hk

¯+|��¨�N�){�w#y¤���´�;�­�È�����·¶N���Å�){�wË½¬|�~
Hk 3 w 7→ V (|ϕ+w|2) ∈ L1

��½!~���¶¬�;{�w��+w�½!½¬|Ç���r|��­�t���)�Ó²�w���w��)|µ�����I¶����+w¤�±���ÓÍ¨�;�Y�±��w��;���W¶¬�;{}|"�
(

w 7→ V (|ϕ+ w|2)
Hk(Rn) 7→ L1

����y¤���´�;�­�´�������F��Á�wB°��;���;w
V (|ϕ+ w|2) = V (|ϕ|2)−

∫ 1

0

2Re [wϕ+ sw]

×
(
f(|ϕ|2) +

∫ 1

0

2Re [swϕ+ sτw] f ′(|ϕ+ sτw|2)dτ

)
ds. é õ ��çFÄ�ë

ÁÂw�{¨|F��wN|����;w.|µ��¶¹�;w�w��e���e�;{�wr~��Y�È���9���B�+w�½!½�| õ � ê �­ç×�){}|"� f(|ϕ|2) ∈ L2
�äôÓ{È���F¯Å���;����²÷�){�wvÓ|µ�¨yR{�¶N¾�yR{�°�|��;�z�­��wFÀ´�}|��­���I¶r|µ�¨�C�){�wË¾È�������­w¤��w�½Ç��wF��������²

Hk ⊂ L∞
¯¨�����%�������F°����){}|"���){�wz�W|��Y��)w��Y½ ��� �;{�w9�;��²�{´�G¼'{}|µ�¨�¬�)�­��w9��� é õ �­ç�Ä�ëä�­�Óy¤�����)���È�������Ó�%�;��½ Hk

���´�;�
L1
��ª'�×���)��w¤�®�;�Þ~��Y�"��w9�;{}|��

V (|ϕ|2) ∈ L1
¯È°±w ÿ ���Y�±°��Y���;w
V (|ϕ|2) = (|ϕ|2 − ρ0)2

∫ 1

0

s

∫ 1

0

−f ′(ρ0 + sτ(|ϕ|2 − ρ0))dτds,

|��¨�ñ°ÓwÌ���)wN�){�w÷|��)�;��½!~��)����� |ϕ|2 − ρ0 ∈ L2
¯Ó|µ�¬°±w�����|µ� �){�wb�������¨��wF����w��;�����

ϕ
|µ�¨�ñ�){�wy¤���´�)���È�����I¶×���

f ′
�ÁÂw¬��w4íÈ�Þ~��Y�"��w��){�w �+w�½!½¬|��W���

w0 ∈ Hk+2
¯t°�{��­yR{»°������x��w×|��;�)��½!wF���%�Y��½ ���F°ø���+���+w¤�

t ∈ [0, T ∗(w0))
�E�Kw4�����P½Ç�����;�­~���¶ é õ ����ë��´¶ ∂tw(t)

¯Ï�)��½ �.��w��
Rn

|��¨�N�Õ|�¸�wÞ�;{�wË�;w.|��8~}|��Y�F�}ÁÂw²�w¤�
− d

dt

∫

Rn
|∇(ϕ+ w(t))(x)|2dx−

∫

Rn

d

dt
V (|ϕ(x) + w(t, x)|2)dx = 0 .

ç��>µ



æ�w4í��F¯
w 7→ V (|ϕ + w|2) ∈ C1(Hk, L1)

¯¢|��Þ���Þ�;{��F°����´¶Ì�){�w¬�%�����­�F°��­��²Nw4í�~}|����;�����+¯+°�{��­yR{Â�­������Õ|��­��w����´¶ �;{�wzôÒ|�¶��­���Î�W���Y½Þ���\|���Ô¨���Îw¤��w��Y¶
w, δw ∈ Hk

¯
V (|ϕ+ w + δw|2) = V (|ϕ+ w|2)− 2Re [δwϕ+ w] f(|ϕ+ w|2)

−4

∫ 1

0

∫ 1

0

Re [δwϕ+ w] Re
[
sδwϕ+ w + sτδw

]
f ′(|ϕ+ w + sτδw|2)dτds

+2

∫ 1

0

s|δw|2f(|ϕ+ w + sδw|2)ds. é õ ��ç�ç.ë
¾È���¨y¤wz½!���Yw��.��w��

w ∈ C1((0, T ∗), Hk)
¯��){�wz½¬|�~

t 7→ V (|ϕ+ w(t)|2)
¯
[0, T ∗(w0)) 7→ L1(Rn)

�­����Òy¤�\|µ�;� C1
��ô±{È���
∫

Rn

d

dt
V (|ϕ(x) + w(t, x)|2)dx =

d

dt

∫

Rn
V (|ϕ(x) + w(t, x)|2)dx ,

|��¨�C�;{�w���w�½!½¬|Þ����~��Y�"��wF�t� �

½ �Dßrß ¦ Ù ©c¾t© �
(n, k) = (1, 1), (2, 2), (3, 2) %3. (4, 3) : f ∈ Ck+1(R+) ���1)��(�5\l���e��� f ¢ : ϕ ���1�)��(�;\l�<�©��� ϕ ¢"Q � �B)XCK� 4 .<�5)2� V �3� V = V+ − V− :l4 6��/.0� V+, V− > 0 �&'Y! V− �(�_�R���<CD8_��!©)2%eg��g�%&C�'E!"��!"Q S 6��/'})56F�/.��¬��§>�(�/);�¬�£A�%&'��/)@�&'*) C1 > 0 �<C-A<6_)56��&)D��%&.b�/L1�/./f w0 ∈ Hk(Rn) : t ∈ [0, T ∗) :4 �¬6��&L>�

‖∇ϕ+∇w(t)‖2
L2 +

∫

Rn
V+(|ϕ(x) + w(t, x)|2)dx 6 C1(1 + ‖w(t)‖2

L2) . é õ ��ç ê ë

± ¥ 
�
«² © ô±{}|���¸È�Î�;�!�Kw¤½!½¬| õ �[����ç�¯����Î�­��y¤��w.|µ�±�;{}|"�Î�){�w���w��W�Î{}|µ�¨�C�;�\��wz��� é õ �­ç ê ë®w�À´�}|��­�

E0 +

∫

Rn
V−(|ϕ(x) + w(t, x)|2)dx .

æ�w4í��F¯}�){�wÞ��w¤Í¨�����)�����b���
V
|��¨� é û f ëÎ��½!~���¶ V (ρ0) = 0

¯
V ′(ρ0) = −f(ρ0) = 0

|µ���
V ′′(ρ0) =

−f ′(ρ0) > 0
�Kª'���W�������.°��z�){}|"�z�){�w��Yw�w4í��­�Y�)�

C2 > 0
|µ�¨�

δ > 0 é �%����y¤���´��w�����w��¨y¤w�¯t°Ów¬|µ�;�;��½!w
δ < ρ0

ëÎ�;�¨y){N�;{}|"�
V (r) > C2(ρ0 − r)2

�W����w¤��w��G¶
r ∈ [ρ0 − δ, ρ0 + δ]

�Ïª'�N~}|��Y�)�­y¤���\|µ��¯
V− ≡ 0���

[ρ0 − δ, ρ0 + δ]
��ô±{È���

∫

Rn
V−(|ϕ(x) + w(t, x)|2)dx 6 ‖V−‖L∞

∣∣{x, |ϕ+ w(t)|2 6 ρ0 − δ}
∣∣

+‖V−‖L∞
∣∣{x, |ϕ+ w(t)|2 > ρ0 + δ}

∣∣ . é õ ��ç���ë
æ�w4í��F¯����;����²��;{�wÓ�)�;�\|���²���wÎ����wFÀ´�}|��­���·¶´¯ {x, |ϕ+w|2 6 ρ0−δ}

���x|B�;�����;w¤�ä��� {x, |w| > |ϕ|−(ρ0−
δ)1/2} ¯¨°�{��­yR{b�­�B���)�;w����ä���¨y¤���¨��wF�b���N�){�wÇ���������b��� {x, |w| > |ϕ| − (ρ0 − δ)1/2 > ρ

1/2
0 −(ρ0−δ)1/2

2
}|��¨� {x, |ϕ|− (ρ0− δ)1/2 6 ρ

1/2
0 −(ρ0−δ)1/2

2
} ��¾È��½!���W|��;��¶�¯ {x, |ϕ+w(t)|2 > ρ0 + δ} ⊂ {x, |w(t)| >

ç�Z�Ä



(ρ0 + δ)1/2 − |ϕ| > (ρ0+δ)1/2−ρ1/2
0

2
} ∪ {x, |ϕ| > (ρ0+δ)1/2+ρ

1/2
0

2
} ��ô±{´���

∫

Rn
V−(|ϕ(x) + w(t, x)|2)dx

6 ‖V−‖L∞
(∫

Rn

4|w(t, x)|2dx
(ρ

1/2
0 − (ρ0 − δ)1/2)2

+

∣∣∣∣∣

{
x, |ϕ| 6 ρ

1/2
0 + (ρ0 − δ)1/2

2

}∣∣∣∣∣

+

∫

Rn

4|w(t, x)|2dx
((ρ0 + δ)1/2 − ρ1/2

0 )2
+

∣∣∣∣∣

{
x, |ϕ| > ρ

1/2
0 + (ρ0 + δ)1/2

2

}∣∣∣∣∣

)
.

ôÓ{�wz�Yw��;�����Î�%���­���F°��F¯��;�­��y¤w é û ϕ ë®��½!~�����w�� |ϕ(x)|2 → ρ0

|��
x→∞ � �

ÁÂwË��w4í��P���;wÞ�){�w!|��;�)��½#~��)����� é û α1,α2

ëÎ�;��y¤���´�;�;���¢�){�w
L2
¼'�����;½ ���

w
�tª>�9°������Ò�){�w��Ì�W�������.°�){}|"�����)�

H1
¼'�����Y½ �;w�½�|µ�����Î�������¨��wF�������������¨��wF�����´�;w��Y��|��­�F¯���wFy�|µ���;wz���Ò�+w�½!½¬| õ ����� ê �

½ �Dßrß ¦ Ù ©c¾t©�¾ � �B)ÌC��I�R���<CD8_�¬)56F�1)���� f ¢ : ��� ϕ ¢7�&'E!©��� α1,α2 ¢_�&.0�����&)��(�5\l��! : ��%3.���%389� α1 > 1 :
α2 ∈ [α1− 1/2, α1] Q S 6��<'G)56��/.0�h� §>�(�/)5�I�9A�%&'��<)2�&'*) C3 > 0 �<C*A<6©);6��1)-��%3.h�<L>�/./f t ∈ [0, T ∗) :]4 �6��&L1�

‖w(t)‖2
L2(Rn) 6 (1 + ‖w0‖2

L2(Rn))e
C3t. é õ ��ç�Z´ë

± ¥ 
�
«² © ¾È�­�¨y4w
C0 > 0

¯µ���Ë�){�wÎyF|��;w
α1 > 3/2

¯ é û α1,α2

ë���½!~����­w¤�
V (r) > 0

¯�|µ�¨�Þ�;{È���
V−(r) ≡ 0�%���

r > A
�EôÓ{�w��;w��W���Yw

V−
���P�������¨��wF�t¯+|µ�P���P�­�B�;wFÀ´�����;w��N�)��|�~�~���¶N�+w�½!½¬| õ ����� ê �Eô±{����P���z|µ���;��)�Y��w��­�

α1 6 3/2
�¨ö9�Î�­�C�){�w�~��;�´���Ò���Ò�+w�½!½¬| é õ �[����ç"ëÕ¯��){�w��Y�)�¨��¶×½¬|�¶×��wz�;wF���¨y4wF�C�)�#�){�w�yF|��;w

w0 ∈ Hk+2
� � �¨��w��B�){�����|��)�;��½!~��)�����+¯E��w¤�z����½Þ�����;�­~���¶ é õ �[�´ë��´¶ w(t)

¯E�;��½ �.��w¤�
Rn

|µ�¨�b�R|µ¸�w�){�w���½¬|�²��­�}|��Y¶×~}|��Y�F��Á�w�²�w¤�
d

dt
‖w(t)‖2

L2 = −2Im

∫

Rn

[
∆ϕ+ f(|ϕ+ w(t)|2)ϕ

]
w(t)dx,

°�{�w��;w

f(|ϕ+ w(t)|2) = f(|ϕ|2) +

∫ 1

0

2Re[w(t)ϕ+ sw(t)]f ′(|ϕ+ sw(t)|2)ds .

Ô¨���z|µ�´¶
β > 0

°Ów!��w����µ�)w#�´¶
Aβ > 1

|Cy¤�����Y�Õ|��´�z�;�¨y){Ì�){}|"�z�%����w¤��w��Y¶
a, b > 0

¯
(a + b)β 6

Aβ(aβ + bβ)
�ÏÔ��;��½ �){�wÇÍ��;�Y��|µ�;�;w��G�)�����b��� é û α1,α2

ë4¯¨°ÓwË��w����¨y¤wÇ�){�wÇw4í����;�;w��¨y¤wÞ���
C ′0 > 0

�;�¨yR{�){}|"�!�%���!w¤��w��Y¶
r > 0

¯
r1/2|f ′(r)| 6 C ′0(1 + rα1−3/2)

���
α1 > 3/2

|��¨�
r1/2|f ′(r)| 6 C ′0

���
ç�Z�ç



α1 6 3/2
�¨ô±{�w¤�+¯������;{�wzyF|��)w

α1 > 3/2
¯

d

dt
‖w(t)‖2

L2

6 2(‖∆ϕ‖L2 + ‖ϕ‖L∞‖f(|ϕ|2)‖L2)‖w(t)‖L2

+

∫

Rn

∫ 1

0

4|w(t, x)|2|ϕ(x)|C ′0(1 + |ϕ(x) + sw(t, x)|2(α1−3/2))dsdx

6 2(‖∆ϕ‖L2 + ‖ϕ‖L∞‖f(|ϕ|2)‖L2)‖w(t)‖L2

+4‖ϕ‖L∞C ′0A2α1−3

(
‖w(t)‖2

L2(1 + ‖ϕ‖2α1−3
L∞ ) + ‖w(t)‖2α1−1

L2α1−1

)

6 C4(1 + ‖w(t)‖2
L2 + ‖w(t)‖2α1−1

L2α1−1), é õ ��çRq�ë°�{�w��;w
C4

�­��|Þ~����;���)����w�y4�����Y�Õ|��´�F��ÁÊ{�w��
α1 6 3/2

¯�°±w��;��½!���W|��;��¶×�����Õ|��­�
d

dt
‖w(t)‖2

L2 6 C4(1 + ‖w(t)‖2
L2).

ª'�
α1 6 3/2

¯"�){�w®�Yw��)�����8�W�������.°��8�´¶z�;{�wÎÐB�;����°Î|µ������w�½!½¬|±°����;{
C3 = C4

�µª'�
α1 > 3/2

¯µ���8�Yw�½¬|��­����)�¬y¤���´�)�Y���K�;{�w
L2α1−1

�����;½ ���
w(t)

��ª'�r�;{�wÇ�;wFÀ´��w��>¯
α1 > 3/2

�­�B|��)�;��½!w��t� � �;�­��²!�){�w��;wFy¤���¨�|��)�;w��G�)��������� é û α1,α2

ë¬í"¯��){�w�|��)�;��½#~��)�����
2α1 − 1 6 2α2

|��¨���+w�½!½¬| õ ����� ê °Ów�²�w¤�
∫

Rn
|w(t, x)|2α1−1dx

=

∫

{x,|ϕ+w|6A1/2}
|w(t, x)|2|w(t, x)|2α1−3dx+

∫

{x,|ϕ+w|>A1/2}
|w(t, x)|2α1−1dx

6
∫

{x,|w(t,x)|6A1/2+‖ϕ‖L∞}
|w(t, x)|2|w(t, x)|2α1−3dx

+A2α1−1

∫

{x,|ϕ+w|>A1/2}
(|ϕ|2α1−1 + |ϕ+ w|2α1−1)dx

6 (A1/2 + ‖ϕ‖L∞)2α1−3

∫

Rn
|w(t, x)|2dx+ A2α1−1‖ϕ‖2α1−1

L∞

∫

{x,|ϕ+w|>A1/2}
dx

+A2α1−1C0

∫

{x,|ϕ+w|>A1/2}
V+(|ϕ+ w|2)dx

6 (A1/2 + ‖ϕ‖L∞)2α1−3‖w(t)‖2
L2 +

A2α1−1‖ϕ‖2α1−1
L∞

(A1/2 − ‖ϕ‖L∞)2
‖w(t)‖2

L2

+A2α1−1C0C1(1 + ‖w(t)‖2
L2) . é õ ��ç õ ëæ�w4í��.¯Ïy¤���¨yF|"�)w��}|"�)����² �){�wÇw��;�;��½¬|��;�­����� é õ �­ç�q�ë9|��¨� é õ ��ç õ ë4¯}�){�w��YwÞw4í����Y�)��|¬y¤�����Y�Õ|��´� C3 > 0�;�¨yR{C�){¨|��

d

dt
‖w(t)‖2

L2 6 C3(1 + ‖w(t)‖2
L2) .

î �kï	ð�ñ=���l�@�1�<�RÇ©ò]�B�
A ó �¾ò�ô��^�O�<���Âõ¬ôáò�����ñ@�còo��òKöCõcò �

A > max(ρ0, ‖ϕ‖2L∞ , 1)
�

ç�Z ê



ÁÂwzy4���¨y¤���¨��wz��¶ �){�wÇÐB�Y����°Î|��­�t�­w¤½!½¬|�� �ª·���;{�wx����w4¼·����½!w����;�����}|���yF|��;w�¯.�;{�wx²��­���}|���°Ów��­� ¼'~����;wF����w��;�Ò��� é õ ����ët�­� H1
���8|Î�Y�)�)|µ��²�{´�)�%���G°Î|��)�y¤�����;wFÀ´��w��¨y¤w×����ô±{�w����;w¤½ õ � ê �­ç�¯8�+w�½!½¬| õ �[��� ê |��¨�º�+w�½!½¬| õ �[���[���8�r���Yw×~��;w�y¤�­�;w���¶�¯�°±w {}|���w~��;�.��w¤�+è

�
	���
 ¥ �Dß Ù ©�¾t©�� `(� n = 1 : CD'Y!"�/.O)56��IA�%&'E!3�5)��=%&'F�W��� f ¢ : ��� α1,α2 ¢ : ��� ϕ ¢ : �K�?Q � ¢
�(��J?�M%"g��>�(�af 4 �B�;�,-%3���0!7�(' H1(R) Q
µI�&89����f : ��%&.
�/L>�<./f w0 ∈ H1(R) : T ∗(w0) = +∞ Q
N �Fß ¦¨¥POt¡�©�¨©�ª'�r�){�w�����w4¼·����½!w����;�����}|��ÒyF|��;w�¯¨�){�wÇ�+�­~��){����;�Þy¤���´�)���È�����I¶����Ò�){�wIú¨�F° �%�Y��½ �){�w��������¨��wF�<�;w¤�)����
H1

���´�)� C([0, T ], H1)
�%���#|��´¶

T > 0
½¬|�¶»�Ïw �����Õ|�����wF���´¶Ây4�W|��;�)�­yF|��Ó½#w¤�){��È��� é �;w�wÌî�Ñ8|"ð>¯î vÓûÎð%ë4¯��)�Ë�){}|"�Ó°±wB°��­���K���Y��~C�){�w�~��;�´���I�

� ©Kª'�r�){�w�yF|��)w
V > 0

¯}�+w�½#½¬| õ �����­çz²�����w��B|!��w4�;�)w��������%���;½¬|"�)�����r�){}|��N�+w�½!½¬| õ �[��� ê �}ª'�¨��w�wF�t¯���z�R|�¶��P�;{}|����%���Pw¤��w��G¶
t > 0

¯ ‖∇w(t)‖L2 6 E1/2
0 + ‖∇ϕ‖L2

��vx��½#�­��²C�}|µyR¸<�;�×�){�wËw4í¨|�½!~���w��~��;w¤�)w����)wF�×�­�×�;{�wP�­�´�;�;�È���¨y4�)�����+¯��;{��­�±��½!~����­w��Ó�){}|"� ‖∇w(t)‖L2

�Yw�½¬|��­���±�������¨��wF�C���
R
¯��W���®�){�w~����Yw�~��.°Ów��;��|��¨���W���Ó�){�w��R|��;���R|"�)wF�C���������­��w.|µ�Y���;�­w��F�

¾t©+ª'���;{�w�����w4¼·����½!w����)�����}|µ��y�|µ�;w�¯����
ϕv

��������wz�����){�wP�)�R|���w¤�­����²!����������w����Y�)�¨����wF�C�´¶e�Ï{�� °��r�+�­����Þ|C���\|�yR¸Ì�;���­���)���+¯
ϕv

�R|"�)���YÍ¨w����;{�w |��)�;��½!~��)����� é û ϕ ë4�Kô±{´��� é õ ��ç"ëB���Ç²������}|�����¶b°±w���� ¼'~����;wF�»�­�
ϕv + H1

�8ª'�º�){�wCyF|��)w��Ç°�{�w��Yw
ϕv

�­�#�����;�R|µ����w�¯Ò����w�y�|µ�º�����#w4í�~�wFy4�Ë�)�Ì~��Y�"��wC�����Y�Õ|������­���·¶º��¶�����.°±¼'��~<|µ�¨�×�){�w�½!wFyR{}|������)½ ���¢�����Y�Õ|������­���I¶×�;w�w�½!�Î����¸È���.°��r�;�#��|µ���
â¬Ù$È ��à�ãnzh|»Ý+Ë©w±à�ß�» yµà�ß

H1 v+àh|�â¬Ý¢å¤àÇÜNv
ª·�¬�){����Ó�;wFy4�)�����+¯´°ÓwB~��Y�"��w9�;{}|�� é õ �[�´ëä���Ó�­�ÈyF|��­��¶!°±w¤�­� ¼'~����;wF� ��� H1(Rn)

¯È�%���
n = 2, 3

���
4
¯È������µ�){��;����¼·y¤�;���)�­yF|��Ï|��¨��y¤�;���)�­yF|���yF|��;w��.�´æ9|�½!w���¶´¯µ°Ów�~��;�.��wÎ�;{}|��L�%���äw¤��w��Y¶

w0 ∈ H1(Rn) é �;½¬|����¨�­�
H1

���
n = 3, 4

|µ�¨�
α1 = α∗1

ëÕ¯��;{�w��;wÓwÕí��­�Y�;�
T > 0

|µ�¨�#|������­À´��w±�;���­���;�����
w ∈ C([0, T ], H1(Rn))���

w = eit∆w0 − i
∫ t

0

ei(t−s)∆F (w(s))ds. é õ �­çR³�ë
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Φ(w) = eit∆w0 − i
∫ t

0

ei(t−s)∆F (w(s))ds. é õ �­ç�´´ë
�����;{�w��;~}|�y¤w

XT = L∞T H
1 ∩ Lp0

T W
1,q0wFÀ´����~�~�wF�e°����){Ã���;� �}|��;���R|��9�����;½ ‖w‖XT = ‖w‖L∞T H1 + ‖w‖Lp0T W 1,q0

¯Å°�{�w��;w
(p0, q0)

���C|µ�|µ��½!���)�;������wz~}|��­����ö ~}|��­�
(p, q) ∈ [2,∞]
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p
+
n

q
=
n

2
, (p, q) 6= (2,∞).

ÁÂwËÍ�í
(p0, q0) = (2, 6)

�%���
n = 3

¯
(p0, q0) = (2, 4)

�%���
n = 4

¯Ï°�{��­��w!�W���
n = 2

¯
q0

½¬|�¶b��wyR{��´���;w��Ë�\|µ�Y²�w�¯������8Í¨�����)w é |µ�¨���){È��� p0 > 2
�­�Åy¤�����)w®�)�
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Y�çÙ © L ©�� ��%&.b�/L>�/.<f7�"!38W�(�����=g��M�o,-�3�;.�� (p, q) �3'E! (p̃, q̃) : ��%&.¬�/L>�/.<f v0 ∈ L2(Rn) �3'E!
f ∈ Lp̃′(R, Lq̃′(Rn)) :

‖eit∆v0‖Lp(R,Lq(Rn)) . ‖v0‖L2(Rn) é õ ��ç�µ�ë
�&'E!

‖
∫ t

−∞
ei(t−τ)∆f(τ)dτ‖Lp(R,Lq(Rn)) . ‖f‖Lp̃′ (R,Lq̃′ (Rn)). é õ � ê Ä�ë

ô±{�w��;w��;�����±°Ów���w4í���~��;�.��w����9|��Î�%���­���F°��F�
�
	���
 ¥ �Dß Ù © L ©��¦¥ �}�3���<C�89�¤)56��1) f ���1)����5\l�<�G��� α1,α2 ¢h��%&._��%389� α1 > 1 :P4 �5);6�)56��_�<C3,",Y�M�B�89�<'*)2�&.<f©A�%&'E!3�5)��=%&' α1 6 α∗1 �ª� n = 3, 4 � 4 6F�/.�� α∗1 = 3 �ª� n = 3 : α∗1 = 2 �ª� n = 4 ¢ : �&'E!W��%&8_�
α2 ∈ [α1 − 1/2, α1] Q`;� n = 2 : %&. n = 3, 4 �&'E! α1 < α∗1

: )56��/'9�B%&._�/L>�/.<f R > 0 : )56��/.0�9��§>�(�<)5� T (R) > 0 �<C*A<6)56��&)-�B%&.j�/L>�/.<f w0 ∈ H1 4 �5)56 ‖w0‖H1 6 R : );6��/.0�j��§>�(�/)5�I�3'¨C�'-�=H/C-� w ∈ XT (R) ��%>�aLR�('DJ}�K�?Q5¡?�^¢?Q® %&.0��%&L>�<. : w ∈ C([0, T (R)], H1) Q`(�O��%3.©��%&8_� T > 0 : w̃ ∈ C([0, T ], H1) ��%>��L>�<���K�>Q5¡?�^¢�);6��/' w̃ ∈ XT
: �&'E! w̃ �(�N)56F�NCD'-��H/C*���%>��CF)��=%3' )2%¨�K�?Q;¡?�^¢£�;' C([0, T ], H1) QS 6F��Û�% 4 89�0,��(�I�M%RA��>�(�af � ��,*��6K�5) � A�%&'-)��;'-C-%&C���Q�x%3. n = 3, 4 �&'Y! α1 = α∗1

: )56F�/.��7��§>���/)5� R > 0 �&'Y! T > 0 �<C*A�6G)56F�1)��B%&.7�/L>�/.<f w0 ∈ H14 �;)56 ‖w0‖H1 6 R : );6��/.0�O��§>���/)5���3'¤C�'-�=H/C-� w ∈ XT ��%>�aL��;'DJ_�K�?Q5¡?�$¢"Q�`�)��(��)56F��CD'��=H/C*�X��%>�aCD)��=%&'9�;'
C([0, T ], H1) Q S 6F�¨Û�% 4 8_��, w0 7→ w : H1 7→ XT � 4 �5)569)56F�P���&89�P�<8_�>�;� T ¢h�(�O�M%�A��>�;�af � �a,*��6K�;) �A�%&'-)��;'-C-%&C���Qô±{�w���w4í��Î�%�����Î�­w¤½!½¬|���²�����wP�){�w�w��Y�)��½¬|"�)w��Ó°�{��­yR{C°��­���+w��}|�����wz���±�)��|µ~�~���¶ �){�wBÍ�í�wF�C~������´�|��;²���½!w��´�F�
½ �Dßrß ¦ Ù © L ©���� �B) T > 0 �3'E! w ∈ XT Q S 6��/'

‖Φ(w)‖L∞T L2 + ‖Φ(w)‖Lp0T Lq0 6 ‖w0‖L2 + CT (1 + ‖w‖L∞T L2)

+CT 1/p′(‖w‖2
L∞T H

1 + ‖w‖max(2,2α1−1)

L∞T H
1 ), é õ � ê ç.ë
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F
�­�C�;{�w��%�������F°�����²Ë°�|�¶Eè

F (w) = −∆ϕ− f(|ϕ+ w|2)(ϕ+ w)

= −∆ϕ− f(|ϕ|2)ϕ− f(|ϕ|2)w − 2Re[wϕ]f ′(|ϕ|2)ϕ } =: F1(w)

−2
∫ 1

0
Re[wϕ+ sw]f ′(|ϕ+ sw|2)dsw − 2|w|2ϕ

∫ 1

0
sf ′(|ϕ+ sw|2)ds

−4Re[wϕ]ϕ
∫ 1

0

∫ 1

0
Re[swϕ+ sτw]f ′′(|ϕ+ sτw|2)dτds.

}
=: F2(w)

ôÓ{�wÞ¾´�;�;�­yR{}|��Y�)�P�­��wFÀ��}|µ�����)��w�� é õ ��ç�µ�ë±|��¨� é õ � ê Ä´ëL¶���w��\�
‖Φ(w)‖L∞T L2 + ‖Φ(w)‖Lp0T Lq0 6 ‖w0‖L2 + C‖F1(w)‖L1

TL
2 + C‖F2(w)‖

Lp
′
T L

q′ , é õ � ê�ê ë
°�{�w��;w

(p, q)
���9|��´¶�|µ��½!���;�)������wz~}|�����|µ�¨�

C > 0
�¨Ô����Ó�){�w��;wFÀ´��w¤�>¯�°ÓwPÍ�í

(p′, q′) =





(4/3, 4/3)
���

n = 2,
(2, 6/5)

���
n = 3,

(2, 4/3)
���

n = 4.
é õ � ê ��ë

ú9�C�){�w�����w�{}|��¨�t¯
‖F1(w)‖L1

TL
2 . T (1 + ‖w‖L∞T L2), é õ � ê Z´ë°�{��­��wz���C�){�w��µ�){�w��±{}|µ�¨�t¯����;�­��²#�;{�wPÍ¨�;�Y��|µ�;�;w��Y�;�­�����­� é û α1,α2

ë4¯
|F2(w)| . |w|2(1 + |w|)max(0,2α1−3). é õ � ê q�ëôÓ{È���F¯

‖F2(w)‖
Lp
′
T L

q′ . ‖w‖2

L2p′
T L2q′ + ‖w‖max(2,2α1−1)

L
p′ max(2,2α1−1)
T Lq

′max(2,2α1−1)

. T 1/p′‖w‖2
L∞T H

1 + T 1/p′‖w‖max(2,2α1−1)

L∞T H
1 , é õ � ê õ ë

��wFyF|����;wx�����;{�w®û�¿��­��w�������wFÀ´�¨|µ�����I¶z�����;�­½#w®|µ�¨�Þ¾È��������w¤�zw�½Ç��wF��������²��F��æ����;wä�){}|"�
q′max(2, 2α1−

1)
���ÎÍ¨�����;wz���

n = 2
¯}|µ�������Î�����Î�W|��;²�w��±�){}|��

6
���
n = 3

¯��){}|��}Z!���
n = 4

¯��){}|���¸È�±�)�
α1 6 α∗1

�vx���¨yF|"�)w��¨|��)����² é õ � ê�ê ë4¯ é õ � ê Z´ëb|µ�¨� é õ � ê õ ë4¯�°±wº�����R|µ��� é õ � ê ç.ë é �;{�wey¤�����Y�Õ|��´� C ½¬|�¶�{}|���wyR{}|���²�w"ë4� �
ÁÂw���w4í��Î~��;�.��wP�;{�w��Õ|�½!wP¸È�­�¨�C���¢w��Y�)��½¬|"�)�������%��� ∇F (w)

�
½ �Dßrß ¦ Ù © L © � S 6��/.0�£��§>���/)5� θ > 0 :�4 �;)56 θ = 0 %&'«�af9� � n = 3, 4 �&'E! α1 = α∗1

: �<C*A<6e);6��1)Y��%&.�/L>�/.<f T > 0 �&'Y! w ∈ XT
:

‖∇Φ(w)‖L∞T L2 + ‖∇Φ(w)‖Lp0T Lq0 6 ‖∇w0‖L2 + CT (1 + ‖∇w‖L∞T L2)

+C(1 + ‖∇w‖L∞T L2)(T 1/p′‖w‖L∞T H1 + T θ‖w‖max(1,2α1−2)
XT

), é õ � ê ³�ë
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∇F (w) = −∇∆ϕ− f(|ϕ+ w|2)∇(ϕ+ w)− 2Re[∇(ϕ+ w)ϕ+ w](ϕ+ w)f ′(|ϕ+ w|2)

= −∇∆ϕ− f(|ϕ|2)∇(ϕ+ w)− 2Re[∇(ϕ+ w)ϕ]f ′(|ϕ|2)ϕ } =: G1(w)

−2
∫ 1

0
Re[wϕ+ sw]f ′(|ϕ+ sw|2)ds∇(ϕ+ w)

−4Re[∇(ϕ+ w)ϕ]ϕ
∫ 1

0
Re[wϕ+ sw]f ′′(|ϕ+ sw|2)ds

−2Re[∇(ϕ+ w)w](ϕ+ w)f ′(|ϕ+ w|2)

−2Re[∇(ϕ+ w)ϕ]wf ′(|ϕ+ w|2).





=: G2(w)

æ�w4í��F¯��;{}|µ��¸È�Î�;�Ë�){�wÇ¾´�)�Y�\yR{¨|µ�G�)������wFÀ´�}|��­���)��w�� é õ �­ç�µ´ëÓ|µ��� é õ � ê Ä�ë4¯
‖∇Φ(w)‖L∞T L2 + ‖∇Φ(w)‖Lp0T Lq0 6 ‖∇w0‖L2 + C‖G1(w)‖L1

TL
2 + C‖G2(w)‖

Lp
′
T L

q′ , é õ � ê ´�ë
°����;{C�){�w��R|µ½#wzyR{����\y¤w����

p′, q′
|��Î�­� é õ � ê ��ë4¯}|��¨� C > 0

�}æ�w4íÈ�.¯
‖G1(w)‖L1

TL
2 . T (1 + ‖∇w‖L∞T L2) é õ � ê µ�ë

|��¨�
|G2(w)| . |∇(ϕ+ w)||w|(1 + |w|)max(0,2α1−3), é õ �[��Ä�ë

°�{��\y){r��½!~�����w��.¯��;{}|���¸È�±�)�#�;{�w�û�¿��\��w��Î����wFÀ��}|µ�����I¶�|µ�¨�<¾È��������w¤�Cw�½Ç��wF��������²��F¯
‖G2(w)‖

Lp
′
T L

q′ . ‖∇(ϕ+ w)‖L∞T L2

(
‖w‖

Lp
′
T L

β + ‖w‖max(1,2α1−2)

L
p′max(1,2α1−2)
T Lβmax(1,2α1−2)

)

. (1 + ‖∇w‖L∞T L2)
(
T 1/p′‖w‖L∞T H1 + T θ‖w‖max(1,2α1−2)

LsTW
1,r

)
, é õ �[��ç.ë

°�{�w��;w
1/q′ = 1/2 + 1/β é �����#yR{����­y¤wC��� q′ ²�����w�� β = 4

�­�
n = 2

���
4
¯
β = 3

�­�
n = 3

ë4¯
θ = 1

p′ −
max(1,2α1−2)

s

¯¨|��¨�C�;{�w�~}|��­�
(s, r)

����yR{����;w����;�¨yR{C�){}|"�.è
Ò

(s, r) = (∞, 2)
��� 1

2
− 1

n
6 1

βmax(1,2α1−2)Òìw¤�­�;w�¯
r > 2

|��¨�
é �Wë 2

s
+ n

r
= n

2
é °�{��­yR{�½!w.|����±�){}|"� (s, r)

�­��|��<|���½#�­�;�;�����­w�~}|µ���ÕëÕ¯
é �­�Wë 1

r
− 1
n
6 1

βmax(1,2α1−2)
é °�{��\yR{�²�����w��+�){�wx¾È�������­w¤�Bw�½Þ��wF��������² W 1,r ⊂ Lβmax(1,2α1−2)

ë4¯
é �����%ë 1

p′max(1,2α1−2)
> 1

s
é �;{}|��Î�­� θ > 0

ë4�
¾È�¨yR{<|ËyR{����\y¤w����

s
|��¨�

r
����~����;�)������wz���8|µ�¨�C������¶×���
n

2
− 1 6

(
n

β
+

2

p′

)
1

max(1, 2α1 − 2)
. é õ �[� ê ë
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2
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p′max(1,2α1−2)
, 1 + n

βmax(1,2α1−2)
]
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n = 2

¯ é õ ��� ê ë®���9|���°Î|�¶��Î�Õ|"�)���YÍ¨wF�<|��¨�����Î�Y�)�;�­y4�F¯�°�{�����wz�W��� n = 3
���

4
¯ é õ �[� ê ë®����wFÀ�������|��­w�����)�

α1 6 α∗1
¯¨|µ�¨�C���Î�;�;�;�­y4�����8|��¨��������¶C���

α1 < α∗1
�¾È���¨y¤w

r ∈ [2, q0] é �Õ|�¸È����² q0

�\|µ�Y²�wÞw�������²�{+¯��;{��­�Py�|µ�÷|�� °�|�¶��B��w#|��;�)��½!wF�N�W���
n = 2

¯¨°�{��­��wÞ�%���
n = 3, 4

¯
n/r > n/2−1 = n/q0

ëÕ¯�|µ�¨�
(s, r)

�­�ä|µ��|µ��½!���;�;�­����w±~}|����F¯"°±wÓ�����R|µ���#�´¶Ç���´�)w��Y~����\|"�)�����
‖w‖LsTW 1,r . ‖w‖θ̃L∞T H1‖w‖1−θ̃

L
p0
T W 1,q0

. ‖w‖XT , é õ �[�?��ë
°�{�w��;w

θ̃ ∈ [0, 1]
��Á�wz��wF���¨y¤w é õ � ê ³�ëx�%�;��½ é õ � ê ´�ë4¯ é õ � ê µ´ëÕ¯ é õ �[��ç.ë±|��¨� é õ �[�?��ë4� �

ª·�C�;{�w���w4í��Î�'°Ó�!��w�½!½�|µ�F¯�°Ów�w¤��|��­�}|"�)w
Φ(w1)− Φ(w2)

�­�
XT

¯�~��Y�"�È�\��wF�
w1, w2 ∈ XT

�
½ �Dßrß ¦ Ù © L ©�¾ S 6��/.0�£� §>�(�/)5� θ0 > 0 �3'E! θ1 > 0 � 4 �;)56 θ1 = 0 %&'«�af_�ª� n = 3, 4 �&'E! α1 = α∗1 ¢�<C*A�6})56��&)«��%3.W�/L1�/./f T > 0 �&'E! w1, w2 ∈ L∞T H1 ⊂ Lp0

T L
q0 :

‖Φ(w1)− Φ(w2)‖L∞T L2 + ‖Φ(w1)− Φ(w2)‖Lp0T Lq0

. T‖w1 − w2‖L∞T L2 + (‖w1 − w2‖L∞T L2 + ‖w1 − w2‖Lp0T Lq0 )

×
(
T θ0(‖w1‖L∞T H1 + ‖w2‖L∞T H1) + T θ1(‖w1‖L∞T H1 + ‖w2‖L∞T H1)max(1,2α1−2)

)
.é õ �[�>Z´ë
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F (w1)− F (w2)

= 2Re[(w2 − w1)ϕ]f ′(|ϕ|2)ϕ+ f(|ϕ|2)(w2 − w1) }δ1(w1, w2)

+4Re[(w2 − w1)ϕ]
∫ 1

0

∫ 1

0
Re[(w1 + s(w2 − w1))ϕ+ τ(w1 + s(w2 − w1))]

×f ′′(|ϕ+ τ(w1 + s(w2 − w1))|2)dsdτϕ

+2
∫ 1

0
Re[(w2 − w1)ϕ+ w1 + s(w2 − w1)]f ′(|ϕ+ w1 + s(w2 − w1)|2)dsw2

+2
∫ 1

0
Re[(w2 − w1)w1 + s(w2 − w1)]f ′(|ϕ+ w1 + s(w2 − w1)|2)dsϕ

+2
∫ 1

0
Re[w1ϕ+ sw1]f ′(|ϕ+ sw1|2)ds(w2 − w1).





δ2(w1, w2)

æ�w4í��F¯�°����){
p′, q′

|µ�Î��� é õ � ê ��ë4¯È°Ów�²�w¤�Î�´¶ �){�w�������¼'{���½!��²�w���w������B¾´�)�Y�\y){}|µ�G�)��w��Y�)��½¬|"�)w é õ � ê Ä�ë

‖Φ(w1)− Φ(w2)‖L∞T L2 + ‖Φ(w1)− Φ(w2)‖Lp0T Lq0

6 ‖δ1(w1, w2)‖L1
TL

2 + ‖δ2(w1, w2)‖
Lp
′
T L

q′ . é õ �[�"q�ë
ª>��yF|���w.|µ�;����¶C��w��;w�w��C�){}|"�

‖δ1(w1, w2)‖L1
TL

2 . T‖w1 − w2‖L∞T L2 , é õ �[� õ ë
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|δ2(w1, w2)| . |w1 − w2|(|w1|+ |w2|)(1 + |w1|+ |w2|)max(0,2α1−3) . é õ �[�K³�ë

ô±{È���F¯���¶�û�¿��\��w���|µ�¨�<¾È��������w¤�E¯

‖δ2(w1, w2)‖
Lp
′
T L

q′ . ‖w1 − w2‖Lp′T L2q′ (‖w1‖L∞T L2q′ + ‖w2‖L∞T L2q′ )

+‖w1 − w2‖Lp′T Lq1‖|w1|+ |w2|‖max(1,2α1−2)

L∞T L
q2 max(1,2α1−2) , é õ �[�?´�ë

°�{�w��;w
1/q′ = 1/q1 + 1/q2

¯E°����;{
(q1, q2) = (2, β)

���
n = 2

���
n = 3

|µ�¨�
α1 6 2

¯E°�{�w��;w.|��
q2 = q0/max(1, 2α1−2)

�­�E�m÷O��|µ�¨�
α1 > 2

���
n = 4

��ô±{´���.¯��´¶¬¾È��������w¤��|µ�¨�¬û�¿��­��w��L�����;�­½#w�¯

‖δ2(w1, w2)‖
Lp
′
T L

q′ . T
1
p′−

1
p3 ‖w1 − w2‖Lp3T L2q′ (‖w1‖L∞T H1 + ‖w2‖L∞T H1)

+T
1
p′−

1
p2 ‖w1 − w2‖Lp2T Lq1‖|w1|+ |w2|‖max(1,2α1−2)

L∞T H
1 , é õ �[�?µ�ë

°�{�w��;w
(p3, 2q

′)
|��¨�

(p2, q1)
|µ�Yw�|µ��½!���;�)������w¹~}|����;� é q1, q2

{}|F��wº��w�w��
yR{����;w��þ��� �)���Y�Ì�;{}|��
2 6 q1 6 q0

ëÕ�¨�r���;w��.��w���¯
1/p′ − 1/p3 > 0

¯�|µ�¨�×�����ÎyR{����\y4w����
q2

w����;���;w��Ó�){}|"�
1/p′ − 1/p2 > 0|��x�;�È���×|��

n = 2
���
n = 3, 4

|µ�¨�
α1 < α∗1

��ö9�¬���´�)w¤�;~����W|"�)�����×|��;²���½!w��´�L¶È�­w��­���L�){�wB|����������¨y¤wF��;w��;�����9|��Î�­�C�){�w�~��Y�È���¢���¢�Kw¤½!½¬| õ ��Z¨� ê � �

ÁÂw���w4í��Îw��Y�)��½¬|��;w ∇(Φ(w1)− Φ(w2))
���
L∞T L2 ∩ Lp0

T L
q0
�

½ �Dßrß ¦ Ù © L © L S 6��/.0�W��§>���/)5� θ2, θ3 > 0 :o4 �;)56 θ2 = 0 �&'Y! θ3 = 0 %&'«�af7�ª� n 6= 2 �&'E! α1 = α∗1
:

�<C*A�6})56��&)«��%3.W�/L1�/./f T > 0 : w1, w2 ∈ XT
:

‖∇Φ(w1)−∇Φ(w2)‖L∞T L2 + ‖∇Φ(w1)−∇Φ(w2)‖Lp0T Lq0 . T‖∇(w1 − w2)‖L∞T L2

+T 1/p′(1 + ‖w1‖L∞T H1 + ‖w2‖L∞T H1)max(1,2α1−2)‖w1 − w2‖L∞T H1

+T θ2‖w1 − w2‖XT (‖w1‖max(1,2α1−2)
XT

+ ‖w2‖max(1,2α1−2)
XT

) é õ ��Z�Ä�ë
+T θ3‖w1 − w2‖XT (1 + ‖w1‖L∞T H1 + ‖w2‖L∞T H1)(‖w1‖max(0,2α1−3)

XT
+ ‖w2‖max(0,2α1−3)

XT
).
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∇F (w1)−∇F (w2)

= 2Re[∇(w2 − w1)ϕ]f ′(|ϕ|2)ϕ+ f(|ϕ|2)∇(w2 − w1) } γ1(w1, w2)

+2Re[∇(w2 − w1)ϕ]
∫ 1

0
2Re[w2ϕ+ sw2]f ′′(|ϕ+ sw2|2)dsϕ

+2Re[∇(w2 − w1)ϕ+ w2]f ′(|ϕ+ w2|2)w2

+2Re[∇(w2 − w1)w2]f ′(|ϕ+ w2|2)ϕ

+2
∫ 1

0
Re[w1ϕ+ sw1]f ′(|ϕ+ sw1|2)ds∇(w2 − w1)





γ2(w1, w2)

+2
∫ 1

0
Re[∇(ϕ+ w1)w2 − w1]f ′(|ϕ+ w1 + s(w2 − w1)|2)(ϕ+ w1 + s(w2 − w1))ds

+4
∫ 1

0
Re[∇(ϕ+ w1)ϕ+ w1 + s(w2 − w1)]Re[(w2 − w1)ϕ+ w1 + s(w2 − w1)]

×f ′′(|ϕ+ w1 + s(w2 − w1)|2)(ϕ+ w1 + s(w2 − w1))ds

+2
∫ 1

0
Re[∇(ϕ+ w1)ϕ+ w1 + s(w2 − w1)]f ′(|ϕ+ w1 + s(w2 − w1)|2)(w2 − w1)ds

+2
∫ 1

0
Re[(w2 − w1)ϕ+ w1 + s(w2 − w1)]f ′(|ϕ+ w1 + s(w2 − w1)|2)ds∇(ϕ+ w2).





γ3(w1, w2)

ôÓ{�wz������¼'{���½!��²�w���w������B¾´�)�Y�\y){}|µ�G�)������wFÀ´�}|������·¶ é õ � ê Ä�ë®��½!~����­w¤�

‖∇(Φ(w1)− Φ(w2))‖L∞T L2 + ‖∇(Φ(w1)− Φ(w2))‖Lp0T Lq0

6 ‖γ1(w1, w2)‖L1
TL

2 + ‖γ2(w1, w2)‖
Lp
′
T L

q′ + ‖γ3(w1, w2)‖
Lp
′
T L

q′ , é õ ��Z¨ç.ë°�{�w��;w
(p′, q′)

�­�Î²�����w����´¶ é õ � ê �´ëÕ�}æ�wÕí��.¯

‖γ1(w1, w2)‖L1
TL

2 . T‖∇(w1 − w2)‖L∞T L2 , é õ ��Z ê ë°�{��­��w
|γ2(w1, w2)| . |∇(w2 − w1)|(|w1|+ |w2|)(1 + |w1|+ |w2|)max(0,2α1−3) é õ ��Z"��ë|��¨�

|γ3(w1, w2)| . (|∇ϕ|+ |∇w1|+ |∇w2|)|w1 − w2|(1 + |w1|+ |w2|)max(0,2α1−3). é õ ��Z?Z´ë� �;����²#�;{�wÇû�¿��­��w��Î����wFÀ´�}|������·¶�¯�°Ów�²�w¤�
‖γ2(w1, w2)‖

Lp
′
T L

q′ . ‖∇(w1 − w2)‖L∞T L2

×
(
‖w1‖Lp′T Lβ + ‖w2‖Lp′T Lβ + ‖|w1|+ |w2|‖max(1,2α1−2)

L
p′ max(1,2α1−2)
T Lβmax(1,2α1−2)

)
é õ ��ZKq�ë

|��¨�
‖γ3(w1, w2)‖

Lp
′
T L

q′ . (‖∇ϕ‖L2 + ‖∇w1‖L∞T L2 + ‖∇w2‖L∞T L2)

×
(
‖w1 − w2‖Lp′T Lβ + ‖(w1 − w2)|w1|max(0,2α1−3)‖

Lp
′
T L

β + ‖(w1 − w2)|w2|max(0,2α1−3)‖
Lp
′
T L

β

)

é õ ��Z õ ë
ç�Z?µ



æ�w4í��F¯��;{�w�û�¿��\��w��±�­��w�À´�}|��­���I¶×�­�C�;�­½#w�|µ�¨�×�){�wÇ¾È�������­w¤�×w�½Þ��wF�����­��²���w����;���;wP�;{}|��Î�%���
j = 1, 2

¯
‖wj‖Lp′T Lβ . T 1/p′‖wj‖L∞T H1|��¨�

‖wj‖max(1,2α1−2)

L
p′max(1,2α1−2)
T Lβmax(1,2α1−2)

. T θ2‖wj‖max(1,2α1−2)

LsTW
1,r ,

°����;{ �;{�w9�R|µ½#wByR{����\y¤w9���
s, r

|��¨�
θ2 = θ

°ÓwB���­�¬�;�Þ²�w¤� é õ �[��ç.ë4�Èª'�®�%�����­�F°��x�){�w�� �%�Y��½ é õ �[Z"q�ëL|µ������;{�w�~��;�´���¢���Ò�+w�½!½¬| õ �[Z�� ê �){}|"�
‖γ2(w1, w2)‖

Lp
′
T L

q′ . ‖∇(w1 − w2)‖L∞T L2

×
(
T 1/p′(‖w1‖L∞T H1 + ‖w2‖L∞T H1) + T θ2(‖w1‖max(1,2α1−2)

XT
+ ‖w2‖max(1,2α1−2)

XT
)
)
.é õ ��Z�³�ë

� �;����²#�;{�wz�R|�½!w�|��;²���½!w��´�;�F¯�°Ów�|µ���;�!{}|���w

‖w1 − w2‖Lp′T Lβ . T 1/p′‖w1 − w2‖L∞T H1 é õ ��Z"´�ë
|��¨�t¯����

βmax(1, 2α1 − 2) 6 q0

¯��%���
j = 1, 2

¯

‖(w1−w2)|wj|max(0,2α1−3)‖
Lp
′
T L

β . T 1/p′

{‖w1 − w2‖L∞T H1

�­�
2α1 − 3 6 0

‖w1 − w2‖
L∞T L

β
1−ε
‖wj‖2α1−3

L∞T L
β(2α1−3)

ε

�­�
2α1 − 3 > 0,

°�{�w��;w
ε = β(2α1 − 3)/q0 é �����;w��;{}|�� 2α1 − 3 > 0

|��¨�
β(2α1 − 2) 6 q0

�­½!~���¶
ε ∈ (0, 1)

ë4��ª'��){}|"��yF|��;w�¯������%�����­�F°����%�;��½ø�){�wÇ¾È��������w¤�Cw¤½Þ��wF��������²��Î�){}|"�

‖(w1 − w2)|wj|max(0,2α1−3)‖
Lp
′
T L

β . T 1/p′‖w1 − w2‖L∞T H1‖wj‖max(0,2α1−3)

L∞T H
1 . é õ ��Z"µ�ë

æ�w4í��F¯µ���
βmax(1, 2α1−2) > q0

¯��)���¨y¤w
β 6 q0

¯"°ÓwÓ{}|F��w
2α1−3 > 0

|µ�¨�Ç�){�wÎû�¿��\��w��8����wFÀ´�}|������·¶¶���w��­���
‖(w1 − w2)|wj|2α1−3‖

Lp
′
T L

β . ‖w1 − w2‖Lp1T Lq1‖wj‖2α1−3

L
p2(2α1−3)
T Lq2(2α1−3)

,

°�{�w��;w
(p1, q1) = (2α1 − 2)(p′, β)

|��¨�
(p2, q2) = 2α1−2

2α1−3
(p′, β)

��ô±{�w��+¯

‖(w1 − w2)|wj|2α1−3‖
Lp
′
T L

β .
{
T

1
p′−

2α1−2
s ‖w1 − w2‖LsTW 1,r‖wj‖2α1−3

LsTW
1,r

���
q1 > q0

T 1/p′‖w1 − w2‖L∞T H1‖wj‖2α1−3
L∞T H

1

���
q1 6 q0.

é õ ��q�Ä�ë
ª'�
n = 2

¯´���Ó���Ó~����;�;�­����w9�;�Ëy){��È���)w
q0

�\|µ�Y²�w9w�������²�{+¯È�;�¨yR{¬�;{}|��
q1 6 q0

�Èª·�
n = 3, 4

|��¨�
q1 > q0

¯
r
|��¨�

s
|��;wzy){����;w����;�¨yR{C�){}|"�

é �%ë 2
s

+ n
r

= n
2

¯
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é ���Wë 1
r
− 1

n
6 1

q1
< 1

q0
= 1

2
− 1

n
é �){È��� r > 2

ë4¯
é �­���Wë 1

p1
− 1

s
> 0

�
ôÓ{�w��;wPy¤���¨�����;�­�����Ó½¬|�¶���wB�R|"�)���;Í�wF� ����|µ�¨� ������¶��­� n

2
− 2

p1
6 1 + n

q1

¯�°�{��\y){×�­�x�)�;��wB���
α1 6 3

�%���
n = 3

¯
α1 6 2

�%���
n = 4

�t�r���Yw��"��w��F¯t|��P�­�N�){�wË~��Y�È���L���x�+w�½!½¬| õ ��Z¨� ê ¯Ï��� n = 2
���
n = 3, 4|��¨�

α1 < α∗1
¯
s
|��¨�

r
½�|F¶ ��wzyR{����)w��������)�¨y){<|Ç°Î|F¶¬�){}|"�

θ3 := 1
p′ − 2α1−2

s
> 0

�ö9���­�»�){�w�~��;�´���Ó���±�+w�½!½¬| õ �[Z�� ê ¯K���Ç�W�������.°��Ç�W�;��½ |����­���)w��;~����\|��;�­���º|��;²���½!w��´�Þ|µ�¨�»�W�;��½
é õ �[Z õ ë4¯ é õ ��Z"´�ë4¯ é õ �[Z?µ´ëÓ|µ�¨� é õ ��q�Ä�ëx�){¨|��
‖γ3(w1, w2)‖

Lp
′
T L

q′ . T 1/p′(1 + ‖w1‖L∞T H1 + ‖w2‖L∞T H1)max(1,2α1−2)‖w1 − w2‖L∞T H1

+T θ3(1 + ‖w1‖L∞T H1 + ‖w2‖L∞T H1)‖w1 − w2‖XT (‖w1‖max(0,2α1−3)
XT

+ ‖w2‖max(0,2α1−3)
XT

). é õ �aq�ç"ë
�%���B�)��½!w

θ3 > 0
¯}°����){

θ3 = 0
������¶N���

n = 3, 4
|��¨�

α1 = α∗1
�+v®���¨yF|"�)w��}|"�)����² é õ �[Z�ç"ëÕ¯ é õ ��Z ê ë4¯é õ �[ZK³�ë±|µ��� é õ ��q�ç.ë4¯È°±w������Õ|������;{�w�|µ���������¨y4wF���;w��;�����.� �
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ùR§�¥ � £ � §�¦ § §�¦¨¡ � ©«ôÓ{�w��W|��Y�®�%�����x�­w¤½!½¬|��xw��}|µ����w9����)� |µ~�~���¶<|#Í�íÈ¼'~����­�´�P|��;²���½!w��´���)�
Φ
���
XT

��Á�wzÍ¨�;�Y�By4�����;�­��w����;{�wÇyF|µ�;w��
n = 2

|µ�¨�
n = 3, 4°����;{

α1 < α∗1
���+w¤�L���ä�Õ|�¸�w

R > 0
|��¨�

w0 ∈ H1
¯ ‖w0‖H1 6 R

���+w¤�
BR+1

��wÎ�){�wÎ�}|µ���¨���Ï�R|µ�������
R + 1

���
XT

¯��%���Î�;��½#w
T > 0

�¨ôÓ{}|���¸È�Î�)�!�+w�½!½¬|�� õ �[Z��­ç�|��¨� õ �[Z�� ê ¯��;�­�¨y4w θ > 0
��� é õ � ê ³�ëÕ¯ Φ½¬|�~��

BR+1

���´�)�Ç���;�;w��­��|��®�)�´���C|��
T
���ÓyR{����)w¤�×�;½¬|��­��w�������²�{+��¾È���¨y¤w

θ0, θ1, θ2, θ3 > 0
¯��+w�½!½¬|��õ �[Z����N|��¨� õ ��Z¨��Zr�){�w���w����;���;w!�){}|"�

Φ
��w¤Í¨��w��Ë|ry¤���´�)�)|�y4�;�­���Â���

BR+1

¯+�Õ|�¸È�­��²N���Ó��wFy¤w��;�R|µ�G¶
Tw¤��w¤�Â�;½¬|��­��w����¢ôÓ{�w��+¯Kw4í����;�;w��¨y¤w×|��¨�������­À´��w���w��;�Ç���Î|��;�������;�­�����)� é õ ��ç3³�ëP�­� XT

�%�����­�F°��Þ�W�;��½|#Í�í�wF�<~������´�P|µ�;²���½!w¤�´�.� á w¤�È�­�;���)����²C|��­�K�){�wË|��;²���½!w��´�;�P|µ���.��wz°����){
XT = L∞T H

1 ∩ Lp0

T W
1,q0�;w�~��W|µy¤wF�×�´¶ C([0, T ], H1)∩Lp0

T W
1,q0

¯´°ÓwP��wF���¨y¤wB�){}|"�Ó�){����Ó�)�������)�����C��w�������²��Ó�)� C([0, T ], H1)
�
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n = 3

���
4
¯
α1 = α∗1

��¾È���¨y¤w
θ = θ1 = θ2 = θ3 = 0

�­���+w�½!½¬|�� õ �[Z�� ê ¯ õ ��Z¨�[�<|��¨� õ ��Z¨��Z¨¯E�){�w|��;²���½!w��´��°±w����;wF�»�%���
α1 < α∗1

���Yw.|µ¸È�Ç���F°��+�¢ûÎ�.°Ów¤��w¤�F¯K�;���¨y¤w
max(1, 2α1 − 2) > 1

¯K���)����²�+w�½!½¬|�� õ �[Z��­çr|��¨� õ ��Z¨� ê ¯ Φ
½�|µ~��

B2R

���´�;�÷���)�;w����9�W���Ëw¤��w��G¶
w0 ∈ H1

°����){ ‖w0‖H1 6 R
¯~��;�.���­��wF�

R
|µ�¨�

T
|��;w��;½¬|µ���Îw¤������²�{+�äª·�ñ|b�)��½!���\|µ�Ë°Î|F¶�¯Ò�Õ|�¸È����²

R
|µ�¨�

T
w¤��w����;½¬|����­w¤�������wFy¤w��;�R|��Y¶�¯

Φ
��w¤Í¨��w��Î|Þy4���´�;�R|µy4�)�����×���

B2R

¯´�){}|���¸È�®�;�Ë�Kw¤½!½¬|�� õ �[Z����Ë|µ��� õ ��Z¨��Z¨¯�|��¨� ��wFyF|����;w
max(0, 2α1 − 3) > 0

�
ª·�����)��w��±�)�!y¤��½#~��­w4�)w��;{�w�~��;�È���¢���8ôÓ{�w����;w�½ õ ��Z¨��ç�¯������Yw�½¬|��­���±�)�#�){��.°p�;{�w������\À���w���w��;���­�

C([0, T ], H1)
¯}|µ�±°±w¤�­�¢|��Î�){�w��+�­~��){����)�Õ¼Iy4���´�;�­�´�����·¶����¢�){�wbú¨�F°���ÁÂw�Í¨�Y�Y��~��;�.��w��;{��­�������){�w�yF|��)w

n = 2
���
n = 3, 4

|µ�¨�
α1 < α∗1

�
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�
«²b
«²I�
	��K
 ¥ �Dß Ù ©��¨©��¡úx£ 	�� b �+� . b �D��� ¡F¡�©«�+w¤�

T > 0
|µ�¨�

w1, w2 ∈ C([0, T ], H1)
��w�·°Ó�Ë�;�������)�������±�)� é õ �­çR³�ëä°����;{C�­�����)�\|��K�¨|"�Õ| w1(0) = w2(0) = w0 ∈ H1

��ôÓ{�w��C�´¶×�+w�½!½¬| õ �[Z�����¯�%���
T̃ 6 min(T, 1)

¯���w¤Í¨������²
θ̃ := min(1, θ0, θ1) > 0

¯
çRq�ç



‖w1 − w2‖L∞
T̃
L2 + ‖w1 − w2‖Lp0

T̃
Lq0

6 CT̃ θ̃
(
‖w1 − w2‖L∞

T̃
L2 + ‖w1 − w2‖Lp0

T̃
Lq0

)

×
(
1 + ‖w1‖L∞T H1 + ‖w2‖L∞T H1 + (‖w1‖L∞T H1 + ‖w2‖L∞T H1)max(1,2α1−2)

)
.

¾È���¨y¤w
θ̃ > 0

¯�°ÓwzyF|��<y){��È���;w
T̃
�;½¬|��­�tw�������²�{t¯¨�����;�¨yR{<|Ç°Î|�¶ �){}|"�

CT̃ θ̃
(
1 + ‖w1‖L∞T H1 + ‖w2‖L∞T H1 + (‖w1‖L∞T H1 + ‖w2‖L∞T H1)max(1,2α1−2)

)
< 1,

°�{��\y){���½!~�����w��±�){¨|��
w1 ≡ w2

���
[0, T̃ ]

�¨¾È���¨y¤w
T̃
������¶×��w�~�w��¨���±��� ‖w1‖L∞T H1 + ‖w2‖L∞T H1

¯È°Ów
yF|����;w����;w��R|"�)wP�;{��­��|µ�Y²���½#w��´�Î���C�)½�|µ���t���´�)w��G��|����Î�����­w¤��²��;{

T̃
�����)���E�){�w9°�{����­w����´�)w¤�Y��|µ�
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T L4/3 . T 3/4(1 + ‖w‖L∞T H1)3/2(1 + ‖∆w‖L∞T L2)1/2

+T 3/4(1 + ‖w‖L∞T H1)(1 + ‖∆w‖L∞T L2)‖w‖max(1,2α1−3)

L∞T H
1 . é õ ��q>µ�ë

Ô¨���
n = 3

¯��;{�w��Õ|�½!w�|��;²���½!w��´�;�±¶���w��­�

‖g2‖L2
TL

6/5 . T 1/2(1 + ‖w‖L∞T H1)3/2(1 + ‖∆w‖L∞T L2)1/2

+T
1
2
−max(1,2α1−3)

s (1 + ‖w‖L∞T H1)(1 + ‖∆w‖L∞T L2)‖w‖max(1,2α1−3)

LsTW
1,r , é õ � õ Ä�ë

°�{�w��;w
s
|µ�¨�

r
|��;wzyR{����;w����­���;�¨yR{<|�°�|�¶ �;{}|��

é �%ë 2
s

+ 3
r

= 3
2

¯
é ���Wë 1

r
− 1

3
6 1

6 max(1,2α1−3)

¯
é �­���Wë 1

2
− max(1,2α1−3)

s
> 0

�
çRq>q



ô±{�w��;wzy¤���¨�����;�­������½¬|�¶×��w��R|��;�­�YÍ¨wF�t¯�~��;�.���­��wF�
α1 < 3

�Ô¨���
n = 4

¯�°Ówz��wF���¨y¤wz�W�;��½ é õ �aq>q�ë±|��¨�C�;{�wÞÐP|µ²��­�\|��)����¼Iæ��­�Yw��È��w��Y²��­��w�À´�}|��­���I¶×�;{}|������ α1 6
3/2

¯

‖g2‖L2
TL

4/3 . T 1/2‖∂j(ϕ+ w)‖L∞T L8/3‖∂k(ϕ+ w)‖L∞T L8/3

. T 1/2(1 + ‖w‖L∞T H1)(1 +
∑

|α|=2

‖∂αw‖L∞T L2), é õ � õ ç.ë
°�{��­��wz���

α1 > 3/2 é |µ�¨� α1 < 2
ë4¯

‖g2‖L2
TL

4/3 . T 1/2(1 + ‖w‖L∞T H1)(1 +
∑

|α|=2

‖∂αw‖L∞T L2)

+‖∂j(ϕ+ w)∂k(ϕ+ w)|w|2α1−3‖L2
TL

4/3 . é õ � õ ê ë
�+w¤�����±Í�í

ε := 1
2α1−3

− 1 > 0
�¨ôÓ{�w����´¶�û�¿��­��w��F¯

‖∂j(ϕ+ w)∂k(ϕ+ w)|w|2α1−3‖L2
TL

4/3

6 ‖|∇(ϕ+ w)| 1
1+ε‖L2

TL
4(1+ε)‖|∇(ϕ+ w)| 1+2ε

1+ε ‖
L∞T L

4 1+ε
1+3ε
‖|w|2α1−3‖L∞T L4(1+ε)

= ‖∇(ϕ+ w)‖
1

1+ε

L
2

1+ε
T L4

‖∇(ϕ+ w)‖
1+2ε
1+ε

L∞T L
4 1+2ε

1+3ε
‖w‖2α1−3

L∞T L
4 é õ � õ ��ë

æ�w4í��F¯��;{�w�û�¿��\��w��±�­��w�À´�}|��­���I¶×�­�C�;�­½#wP¶��­w¤�\���
‖∇(ϕ+ w)‖

1
1+ε

L
2

1+ε
T L4

. T
1

1+ε
( 1+ε

2
− 1

2
)‖∇(ϕ+ w)‖

1
1+ε

L2
TL

4 = T
ε

2(1+ε)‖∇(ϕ+ w)‖
1

1+ε

L2
TL

4 .é õ � õ Z´ë
ª'�Î�%�������F°����W�;��½l�){�wÇÐ�|µ²����W|��)����¼Iæ����;w��È��w��Y²�����wFÀ´�}|������·¶×�;{}|��

‖∇(ϕ+ w)‖
1+2ε
1+ε

L∞T L
4 1+2ε

1+3ε
. ‖∇(ϕ+ w)‖

ε
1+ε

L∞T L
2‖∆(ϕ+ w)‖L∞T L2 , é õ � õ q�ë

|��¨����¶r¾È��������w¤�
‖w‖2α1−3

L∞T L
4 . ‖w‖2α1−3

L∞T H
1 . é õ � õ�õ ë

ÁÂwz��wF���¨y¤wz�W�;��½ é õ � õ ê ë4¯ é õ � õ �´ë4¯ é õ � õ ZÈëÕ¯ é õ � õ q�ë±|��¨� é õ � õ�õ ëL�){}|"����� α1 > 3/2
¯

‖g2‖L2
TL

4/3 . T 1/2(1 + ‖w‖L∞T H1)(1 +
∑

|α|=2

‖∂αw‖L∞T L2)

+T
ε

2(1+ε)‖∇(ϕ+ w)‖
1

1+ε

L2
TL

4‖∇(ϕ+ w)‖
ε

1+ε

L∞T L
2‖∆(ϕ+ w)‖L∞T L2‖w‖2α1−3

L∞T H
1 .é õ � õ ³�ë

çRq õ



v®���¨yF|��;w��}|"�)����² é õ ��q>��ë4¯ é õ �aq&ZÈëÕ¯ é õ �aq?³�ë4¯Î|�� °±w����z|�� é õ �aq1µ´ëÕ¯ é õ � õ Ä�ë4¯ é õ � õ ç.ë¬��� é õ � õ ³�ë4¯±|µ�¨��;��½!½!����²#�.��w��±�;{�w��­�¨���\y¤w¤�����¢��w���²µ�){
2
¯È°±wP²�w¤�

∑

|α|=2

‖∂αw‖L∞T L2 .
∑

|α|=2

‖∂αw0‖L2 + T (1 +
∑

|α|=2

‖∂αw‖L∞T L2)

+(T 1/p′‖w‖L∞
T∗
k

(w0)
H1 + T θ‖w‖max(1,2α1−2)

XT∗
k

(w0)
)(1 +

∑

|α|=2

‖∂αw‖L∞T L2)

+





T 1/p′(1 + ‖w‖L∞
T∗
k

(w0)
H1)3/2(1 +

∑
|α|=2 ‖∂αw‖L∞T L2)1/2

+T θ̃(1 + ‖w‖L∞
T∗
k

(w0)
H1)‖w‖max(1,2α1−3)

XT∗
k

(w0)

���
n = 2, 3

+T θ̌(1 + ‖w‖XT∗
k

(w0)
)‖w‖max(0,2α1−3)

XT∗
k

(w0)
(1 +

∑
|α|=2 ‖∂αw‖L∞T L2)

���
n = 4,

é õ � õ ´�ë

°�{�w��;w
θ̃, θ̌ > 0

��ôÓ{È�����){�w��Yw�w4í����Y�)�B|!�;½¬|��­�
T0 > 0

��w�~�w��¨������²¬������¶���� ‖w‖XT∗
k

(w0)
< ∞ �;�¨yR{�){}|"�

∑

|α|=2

‖∂αw‖L∞T0
L2 6 C(‖w‖XT∗

k
(w0)

) + C
∑

|α|=2

‖∂αw0‖L2 ,

°�{�w��;w
C > 0

|��¨�
C(‖w‖XT∗

k
(w0)

)
������¶N��w�~�w��¨���P��� ‖w‖XT∗

k
(w0)

� á wFy¤�.��w��Y�­��²
[0, T ∗k (w0)]

�´¶N|
Í¨�����)wP�´��½Þ��w��Ó�������´�;w��Y��|��­�±���K�­w���²µ�){

T0

¯����Î�%�����­�F°��±�;{}|"� ∑
|α|=2 ‖∂αw‖L∞T L2

�Yw�½¬|��­���±�������¨��wF�|��
T ↑ T ∗k (w0)

��ô±{���������|#y¤���´�;�R|µ���\y4�;�­���r���r���­½#w����;�­�����
n = 2

|��¨�
n = 3

�
Ô¨���

n = 4
¯�°Ów���w¤wF�r�;�¬y¤���´�)�;���+�){�wÇ��w��;����|"�)����w¤�9���8���)��w��

3
���
w
��ï9w����µ�)����²¬��¶

∂3w
����w�����){�w¤�)wz��w¤�;����|"�)����w��F¯

∂3w
�;������w���|µ��wFÀ��}|��;�­���C°�{��­yR{�½¬|�¶×��wB°��Y���Y�)w��<|��

i∂t∂
3w + ∆∂3w = f0 + f1 + f2 + f3,°�{�w��;w

|f0(t)| . |∆∂3ϕ|+ |ϕ|2|f ′(|ϕ|2)|∂3(ϕ+ w)|+ |f(|ϕ|2)||∂3(ϕ+ w)|,
|f1(t)| . |∂(ϕ+ w)|3

[
|f ′(|ϕ+ w|2)|+ |ϕ+ w|2|f ′′(|ϕ+ w|2)|+ |ϕ+ w|4|f ′′′(|ϕ+ w|2)|

]
,

|f2(t)| . |∂2(ϕ+ w)||∂(ϕ+ w)|
[
|ϕ+ w||f ′(|ϕ+ w|2)|+ |ϕ+ w|3|f ′′(|ϕ+ w|2)|

]

. |∂2(ϕ+ w)||∂(ϕ+ w)|(1 + |w|max(0,2α1−3)) é õ � õ µ�ë
|��¨�
|f3(t)| . |∂3(ϕ+ w)|

∫ 1

0

[
|ϕ+ sw||f ′(|ϕ+ sw|2)|+ |ϕ+ sw|3|f ′′(|ϕ+ sw|2)|

]
ds|w|

. |∂3(ϕ+ w)||w|(1 + |w|max(0,2α1−3)). é õ �a³µÄ�ë
ô±{}|���¸È�Î�;�#�;{�wÇ¾´�)�Y�\yR{¨|µ�G�)��w��Y�)��½¬|"�)w�� é õ �­ç�µ´ëÓ|��¨� é õ � ê Ä�ë4¯��%��� T < T ∗3 (w0)

¯
çRq?³



‖∂3w‖L∞T L2 . ‖∂3w0‖L2 + ‖f0‖L1
TL

2 + ‖f1‖L2
TL

4/3 + ‖f2‖L2
TL

4/3 + ‖f3‖L2
TL

4/3. é õ �a³�ç.ëæ�w4í��F¯
‖f0‖L1

TL
2 . T (1 + ‖∂3w‖L∞T L2). é õ �a³ ê ë¾È���¨y¤w

α1 < 2
¯ é û α1,α2

ë®��½!~����­w¤�Î�){}|"�
r 7→ r2f ′′′(r)

¯
r 7→ rf ′′(r)

|µ�¨�
f ′
|µ�Yw��������¨��w��t�}ôÓ{È���

‖f1‖L2
TL

4/3 . ‖∂(ϕ+ w)‖3
L6
TL

4 . T 1/2‖∂(ϕ+ w)‖3
L∞T H

1 . é õ �a³1��ë
� �;����² é õ � õ µ�ë4¯�°Ów�²�w¤�

‖f2‖L2
TL

4/3 . T 1/2‖∂2(ϕ+ w)‖L∞T L2‖∂(ϕ+ w)‖L∞T L4

+

{
0

���
α1 6 3/2

‖∂2(ϕ+ w)∂(ϕ+ w)|w|2α1−3‖L2
TL

4/3

���
α1 > 3/2

, é õ �a³&Z´ë
°�{�w��;w�¯��´¶�û�¿��\��w���|µ�¨�<¾È��������w¤�E¯��­�

α1 > 3/2
¯¨y){��È���;�­��²

ε = 2α1 − 3 ∈ (0, 1)
¯

‖∂2(ϕ+ w)∂(ϕ+ w)|w|2α1−3‖L2
TL

4/3

. T 1/2‖∂2(ϕ+ w)‖L∞T L2‖∂(ϕ+ w)‖
L∞T L

4
1−ε
‖|w|2α1−3‖

L∞T L
4
ε

. T 1/2(1 + ‖∂2w‖L∞T L2)‖∂(ϕ+ w)‖L∞T H2‖w‖2α1−3
L∞T H

1 . é õ �a³>q�ë
ôÓ{}|µ��¸´�Î�)� é õ �¯³�Ä�ë±|µ���N¾È�������­w¤�Ï¯

‖f3‖L2
TL

4/3 . T 1/2‖∂3(ϕ+ w)‖L∞T L2

(
‖w‖L∞T L4 + ‖w‖max(1,2α1−2)

L∞T L
4 max(1,2α1−2)

)

. T 1/2(1 + ‖∂3w‖L∞T L2)(‖w‖L∞T H1 + ‖w‖max(1,2α1−2)

L∞T H
2 ) é õ �a³ õ ë

vx���¨yF|"�)w��¨|��)����² é õ �¯³Èç"ëÕ¯ é õ �a³ ê ë4¯ é õ �¯³&��ë4¯ é õ �a³&Z´ë4¯ é õ �¯³1q�ë4¯ é õ �¯³ õ ë±|��¨�C�;��½!½!����²#�.��w��Ó�){�w����¨���­y¤w��������w���²µ�){¨��¯�°Ów�²�w¤�
∑

|α|=3

‖∂αw‖L∞T L2.
∑

|α|=3

‖∂αw0‖L2 + T (1 +
∑

|α|=3

‖∂αw‖L∞T L2) + T 1/2(1 + ‖w‖L∞
T∗3 (w0)

H2)3

+T 1/2(1 + ‖∂2w‖L∞
T∗3
L2)(1 + ‖w‖L∞

T∗3 (w0)
H2 +

∑

|α|=3

‖∂αw‖L∞T L2)(1 + ‖w‖L∞
T∗3 (w0)

H2)max(0,2α1−3)

+T 1/2(1 +
∑

|α|=3

‖∂αw‖L∞T L2)(‖w‖L∞
T∗3 (w0)

H1 + ‖w‖max(1,2α1−2)

L∞
T∗3 (w0)

H2 ).

ô±{�w��Yw��%���;w��){�w��YwÇw4í����Y�)�
T1 > 0

�;��³�y¤��w��´�)��¶r�)½�|µ���Ò|��¨�
C(‖w‖L∞

T∗3 (w0)
H2) > 0

¯}�Ï�µ�){N��w�~�w���¼
������²!������¶×��� ‖w‖L∞

T∗3 (w0)
H2 <∞ �;�¨y){��;{}|��

∑

|α|=3

‖∂αw‖L∞T L2 .
∑

|α|=3

‖∂αw0‖L2 + C(‖w‖L∞
T∗3 (w0)

H2).
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ÁÂwºyF|�� �;w�y¤�"��w��
[0, T ∗3 (w0)]

�´¶ |eÍ¨�����)w��´��½Þ��w��N���#�­���)w��G��|����Ì���!��w���²µ�){
T1

¯B|µ�¨�p�;{È���
∑
|α|=3

‖∂αw‖L∞T L2

�Yw�½¬|��­�b�������¨��wF�Ì|µ�
T ↑ T ∗3 (w0)

�}Á�wÞ{}|F��wÞ�����R|µ����wF�Ì| y¤���´�;�R|µ���\y4�;�����Ì���N�){�w
�%����������½!w����;�����¨|µ�KyF|��)w��

ÁÂw±|µ�Yw®���.°¹�;w.|µ��¶z�)�9~��;�.��wx�;{�w®²������}|µ�´°Ów��­� ¼'~����)w�����w��;�Å��� é õ ����ë4�µ�+w¤� w0 ∈ H1(Rn)
¯
n = 2, 3���

4
¯�|µ���

T > 0
��wz�;�¨yR{��){}|"���;{�w��;wzw4í����Y�)�9|Ë�)�������)�����

w ∈ C([0, T ], H1)
�)� é õ �[�´ëL°����){r�������)�\|µ��¨|"�Õ|

w0 é �)�¨y){Ì| T w4í����Y�)���){}|���¸È���)�×ôÓ{�w����;w�½ õ �[Z��­ç.ë4�Ï�+w¤�9���9�R|µ¸�wË|��;wFÀ´��w��¨y4w
(w0,n)n ⊂ Hk

é k = 2
���
n = 2, 3

¯¢°�{�����w
k = 3

�­�
n = 4

ëz°�{��­yR{�y4���´��w��;²�w��#�)�
w0

�­�
H1

�äóL¶Â�){�wC�­�F°Ów���;w�½!� ¼·y¤�����)���È�����I¶Â���
T ∗1 é °�{��­yR{¹���!|N��¶�~��;�È���¨y4�#���Î�){�w×����yF|��±�+��~��){����;��y¤���´�;�­�È�����·¶Â���Î�;{�w¤ú¨�F°½¬|�~�ë4¯

T ∗1 (w0,n) > T ∗1 (w0) > T
�%���

n
�W|��;²�w��tÁÂw!{}|F��w ÿ ���Y�Ç�;w�w��»�;{}|��

T ∗k (w0,n) = T ∗1 (w0,n)
�ôÓ{�w��;w��W���;wË�%���

n
�\|��;²�w�¯E�;{�w#w¤��w��;²µ¶b���zy¤�����;w��Y��wF�Ì�%���

wn
���

[0, T ]
�+æ9|�½!w���¶´¯Ï�%����|����

t ∈ [0, T ]
¯

E(wn(t)) = E(w0,n)
¯È°�{�w��;w
E(w) =

∫

Rn
|∇(ϕ+ w)|2dx+

∫

Rn
V (|ϕ+ w|2)dx.

�r���Yw��.��w��F¯
wn → w

���
XT

��ôÓ{�wP½¬|�~
w 7→ V (|ϕ+w|2)

���Îy¤�����)���È�������Î�W�;��½
H1

�­���)�
L1
¯�|��±���yF|��÷w.|��;����¶N��w#��wF���¨y¤wF�Ì�%�Y��½ é õ �­ç�Ä´ëÕ¯ é õ �­ç�ç.ë4¯+¾È�������­w4�bw�½Þ��wF��������²���|µ���b�){�wËÍ��;�Y�zy¤���¨�����)�����Ì�­�é û α1,α2

ë4��ª'�Å�%���­���F°��8�){}|"�Å�%���8w¤��w��Y¶
t ∈ [0, T ]

¯ E(w(t)) = E(w0)
���r���;w��.��w���¯��W���Åw4��w��Y¶

t ∈ [0, T ]
¯�+w�½!½¬|�� õ ����� ê |��¨� õ �[���[�#²�����wP�){�w�w��Y�)��½¬|"�)w��

‖wn(t)‖2
L2 6 (1 + ‖w0,n‖2

L2)eC3t

|��¨�
‖∇(ϕ+ wn(t))‖2

L2 6 C1(1 + (1 + ‖w0,n‖2
L2)eC3t).Ñ8|��;�;�­��²P�)�P�){�wÎ����½!���

n→∞ ¯µ�){�w¤�)wÎ����wFÀ´�}|������;��w��x�Yw�½¬|��­���Å�)�Y��wÎ�%���
wn

�;w¤~��W|µy¤wF�#�´¶
w
¯��%���äw¤��w��G¶

t ∈ [0, T ]
��ª'�Î�%�����­�F°��Î�){}|"�Î�;{�w

H1
�����Y½ ���

w
�;w�½�|µ�����Î�������¨��w��������������¨��wF�����´�;w��Y��|µ���F�

ô±{�wz~��;�´���Ò���8ô±{�w����;w¤½ õ �­ç��­çB°������K��wÇy4��½!~���w¤�;w�����°±wz�;{��F°��;{�w��+�­~��;{����)��y¤���´�;���È�����I¶C���¢�){�wú¨�F°������Ï�����¨��wF�C�;w¤�)�Î���
H1

��ô±{}|"�����±°�{}|"�±°±w���w4í��������
± ¥ 
�
«²I
«² £ 	�� ½ ��> ¡ 	+� £cüÂ§ 
E� £ �5� b � £â¿ 
«² £ 	��þý+
D­ © �+w¤�

T > 0
¯
R > 0

|��¨�
w0, w̃0 ∈ H1°����;{

H1
�����;½ �­w��;���;{}|µ�

R
�+�+w¤�

w, w̃ ∈ C([0, T ], H1)
��wË�){�w�|��)�;�Èy¤�\|��;wF�÷�;�������)���������)� é õ �[�´ëÕ�ôÓ{�w��+¯t|µ�B���b�;{�wË~��;�È���ä���Å�;{�wË���ÈyF|µ�8�+��~��){����;�#y¤���´�)���È�����I¶<���Å�){�whú¨�F° °ÓwË²�|���wÞ���b�;{�wË~��;w¤����������;wFy4�)�����+¯��;�­��²�{´�)��¶C½#������Í¨wF�×��w��Y�)�����������Ò�+w�½!½¬|�� õ �[Z�����|��¨� õ �[Z��[Z#¶���w��­�C�%���

T̃ 6 T
¯

‖w − w̃‖XT̃ 6 C‖w0 − w̃0‖H1

+CT̃ θ‖w − w̃‖XT̃ (‖w‖XT + ‖w̃‖XT + ‖w‖max(1,2α1−2)
XT

+ ‖w̃‖max(1,2α1−2)
XT

)ôÓ{}|µ��¸´�±�)�Ë�����±w��Y�)��½¬|"�)���������×�){�w
H1

�����Y½l���
w
¯ ‖w‖L∞T H1

|��¨� ‖w̃‖L∞T H1

|µ�;wP½�| ÿ ���;wF�×�´¶×|À´�}|��´�)���·¶ °�{��­yR{r������¶���w�~�w¤�¨�������
R
|��¨�

T
��¾È�¬|µ�Yw ‖w‖XT |��¨� ‖w̃‖XT ¯���wFyF|����;wz�����;{�wz�R|�½!w|��;²���½!w��´�;�Ç°±w ���;wF���­���;{�w×~��;w¤�È�­�����Ë�)w�y4�)�������)�b~��Y�"��w �){�w �­�ÈyF|��±�K��~��;{����)�Cy¤���´�)���È�����·¶Â���±�){�wú¨�F°Ç��ô±{È���±�){�w��;w�w4í����Y�)�

h(R, T ) > 0
�)�¨y){C�){}|"�

‖w‖XT + ‖w̃‖XT + ‖w‖max(1,2α1−2)
XT

+ ‖w̃‖max(1,2α1−2)
XT

6 h(R, T ).
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vx{��È���;�­��²
T̃ > 0

�;½¬|��­�tw�������²�{r�;�¨yR{C�){¨|��
CT̃ θh(R, T ) 6 1/2,

°Ów������R|µ���
‖w − w̃‖XT̃ 6 2C‖w0 − w̃0‖H1 .æ�w4í��F¯��;wFy¤�.��w¤�;����²

[0, T ]
�´¶¬�;½¬|����t���´�)w¤�Y��|µ���±���K��w���²��;{

T̃
|��¨�×�;w�~�wF|��;�­��²Ë�;{�����|µ�Y²���½!w¤�´�Î���CwF|�yR{�����){�w��;w����´�)w��G��|����.¯È°±w�²�w¤�

‖w − w̃‖L∞T H1 6 (2C)dTeT e‖w0 − w̃0‖H1 ,

°�{��\y){<y¤��½!~���w¤�)w¤�Î�){�w�~��Y�È���I� �

â¬Ù â ÿ w�|�|�Û¡xÌàhv�wÎáCÜ©w�vxv å�Ü Ý+Ë©w w�Ü©w±ß|}b» v
xNzÇãlw
ô±{����L�;wFyÕ�)�����!���L��w¤���µ�)wF�Ë�;�P�){�wÓ°Ów�����¼'~����;wF����w��;�L���#�){�w±w���w��;²µ¶Ë�;~}|�y4w��µÁÂw±~��;�.��w�ÑÅ�;��~����;���)�����õ �­ç��­çz|µ�¨��ô±{�w¤���Yw�½ õ ��ç���q�¯����;�­��²¬|��;²���½!w��´�;����w¤��w�����~�wF�����Âî�ÐBw¤ð'�

å�ä�å�ä$æ çÍè�êYï�ôõíIï�é�ì@îFì$ï�ð¦ï��9ö ù�ö]îDö ì^ðºîFòPè è�ðPè�ëe
�þ¹é�íPö�êYè
û�w��;w�¯��%�������F°�����² Ñ¢�}Ðrg��)|µ�;�t¯�°Ów�²�����wÇ|Þ~��;�´���¢���8ÑÅ�Y��~����;���;�­��� õ �­ç��­ç��
�Kw4�����±�Õ|�¸�w

u
���C�){�w�w���w¤�;²µ¶C�;~}|µy¤w
E = {u ∈ H1× �lØ (Rn),∇u ∈ L2(Rn), ρ0 − |u|2 ∈ L2(Rn)}.

�+w¤�
χ ∈ C∞c (C)

��w �;�¨yR{Â�;{}|��
0 6 χ 6 1

¯
χ(z) ≡

{
1

��� |z| 6 √2ρ0

0
��� |z| > √3ρ0

�KÁ�wC|��­�;�Ìy){��È���;w
ρ ∈ C∞c (Rn)

�;�¨yR{C�;{}|�� ∫
Rn ρ = 1

¯
0 6 ρ 6 1

|��¨�
ρ
�����;��~�~����Y�)w������C�){�w��}|��­�+���¢�)|��������

1
�ÁÂwPÍ¨�;�Y����wFy¤��½!~����;w

u
|��

u = (1− χ)(u)u+ χ(u)u.

ö9�Ó���®°�|��±½!w¤�´�)������w��×�´¶×Ñ¢�¨Ðrg��R|��)� �­�»î�ÐBw¤ð>¯´°±wB{}|F��wP���×�;{�wP����wP�;�\��w
(1− χ)(u)u ∈ H1(Rn)

¯|��¨�N���<�){�wÞ�µ�){�w¤�B�;�­��w
χ(u)u ∈ L∞(Rn)

¯ ∇(χ(u)u) ∈ L2(Rn)
¯E|µ�¨�<�;{È���

χ(u)u ∈ H1× �KØ (Rn)
��r���Yw��.��w��F¯��){�wzyR{����­y¤wz���

χ
w����;���;w¤�
||χ(u)u|2 − ρ0| = ||u|2 − ρ0|

�­� |u|2 6 2ρ0,°�{��­��wz��� |u|2 > 2ρ0

¯�����w�{}|��
∣∣|χ(u)u|2 − ρ0

∣∣ = max(χ(u)2|u|2 − ρ0, ρ0 − χ(u)2|u|2)

6 max(|u|2 − ρ0, ρ0) 6 |u|2 − ρ0.
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ª'�<|µ���t�;{�w��;w�y�|µ�;w��F¯�°Ów�{}|���w ||χ(u)u|2 − ρ0| 6 ||u|2 − ρ0|
��ôÓ{�w��;w��W���;w

χ(u)u ∈ E �æ�w4í��.¯È°Ów��)~������
χ(u)u

|µ�
χ(u)u = ρ ∗ (χ(u)u) + (χ(u)u− ρ ∗ (χ(u)u)).

¾È�­�¨y4w
χ(u)u ∈ X1(Rn)

¯������­��y¤�­w.|��Î�;{}|"�
ψ := ρ ∗ (χ(u)u) ∈ C∞b (Rn)

|��¨� ∇ψ ∈ H∞(Rn)
�ª'�ì���)��w��¬�)��~��;�.��wÌÑÅ�Y��~����;���;�­��� õ �­ç��­ç�¯x���×�;w�½¬|������ �)�Â��w¤�;���W¶��;{}|�� |ψ|2 − ρ0 ∈ L2(Rn)

|µ�¨�
χ(u)u − ψ ∈ H1(Rn)

�Å¾È���¨y¤w
χ(u)u ∈ E

¯¢�;{����#���!|Ny¤�����)w�À´��w��¨y¤w×���Î�;{�w×��w4í��Þ�'°±�b��w�½!½¬|��F¯°�{��\y){r{}|���w���w�w¤�r~��;�.��w��C�­��î�ÐBw¤ð'�
½ �Dßrß ¦ Ù © Ù ©�� `(� v ∈ E : |ρ ∗ v|2 − ρ0 ∈ L2

½ �Dßrß ¦ Ù © Ù © � `(� v ∈ E : v − ρ ∗ v ∈ H1 Q
± ¥ 
�
«²�
«² ½ �Dßrß ¦ Ù © Ù ©��¨© ô±{����±°Î|��Î~��;�.��wF�C����î ÐBw¤ð>��Á�w��;wFyF|����t�){�w�|��;²���½!w��´�;�.�

|(ρ ∗ v)(x)|2 − ρ0 =

∫

Rn

∫

Rn
ρ(x− y)ρ(x− ỹ)(v(y)v(ỹ)− ρ0)dydỹ

= ρ ∗ (|u|2 − ρ0)︸ ︷︷ ︸
∈L2

(x) + r(x),

°�{�w��;w
r(x) =

∫

Rn

∫

Rn
ρ(x− y)ρ(x− ỹ)v(y)(v(ỹ)− v(y))dydỹ

=

∫

Rn

∫

Rn
ρ(x− y)ρ(x− ỹ)v(y)

∫ 1

0

(ỹ − y)∇v(y + s(ỹ − y))dsdydỹ

=

∫

Rn

∫

Rn
ρ(x− y)ρ(x− y − a)v(y)

∫ 1

0

a∇v(y + sa)dsdyda

=

∫ 1

0

∫

|a|62

a

(∫

Rn
ρa(x− y)v(y)∇v(y + sa)dy

)
dads,

°�{�w��;w
ρa(z) = ρ(z)ρ(z − a)

�ö9�z����°Î|µ�z½!w����)������wF�÷���ñî�ÐBw¤ð'¯t�%���zw4��w��Y¶b~����;���)����w!���´�)w�²�w��
n
¯
E ⊂ X1(Rn) + H1(Rn)

�Kª'�~}|��Y�)�­y¤���\|��F¯
E ⊂





L∞
���
n = 1

L∞ + L6
���
n = 2

L∞ + L
2n
n−2

���
n > 3�;�­��y¤w ∇v ∈ L2

¯��;{�w�û�¿��­��w��Î����wFÀ´�¨|µ�����·¶×¶È�­w¤�\���

v∇v(.+ sa) ∈





L2
���
n = 1

L2 + L3/2
���
n = 2

L2 + L
n
n−1

���
n > 3

,
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°����;{��;{�wÅ�����Y½ ���
v∇v(.+sa)

�����;{�wLy4���Y�;w��;~��������­��²Î�;~}|�y¤wÅ�������%���;½!��¶B�������¨��wF�����
s
|��¨�

a
�.æ�w4íÈ�.¯

1
2

= 1
p
+1
q
−1

¯Õ°����){��;w��;~�wFy4�;����w���¶
q = 2, 3/2, n

n−1

¯¤¶���w��­���K�;w��;~�wFyÕ�)����w���¶
p = 1, 6/5, 2n

n+2
∈ [1,∞]

�
ρa
��w�������²��x�)�Ë|µ���}�){�w��;w

Lp
�)~¨|�y¤w��F¯�°����){¬�����Y½ �����­�%���;½#��¶!����������wF� ���

a
�Èô±{�w��Yw��%���;w��;{�w�üL������²����wFÀ´�}|��­���·¶C��½!~�����w��Î�){}|"�Î�;{�w�½¬|�~

x 7→
∫

Rn
ρa(x− y)u(y)∇u(y + sa)dy

��w�������²��Î�)�
L2(Rn)

¯¨|µ���C�;{�wz�+w�½!½¬|Þ{}|�����w�w���~��;�.��wF�E� �

± ¥ 
�
«²x
«² ½ �Dßrß ¦ Ù © Ù © � ©«ª>�Ò���8y4�­w.|����){}|"� ∇(v−ρ∗v) ∈ L2
�"�Kw4�Ò���¢��w��;���W¶��){}|"�

v−ρ∗v ∈ L2
�ôÓ{}|µ��¸´�Î�)�Ë�){�w�~��;��~�w��Y�)��w������

ρ
¯

∫

Rn
|ρ ∗ v(x)− v(x)|2dx =

∫

Rn

∣∣∣∣
∫

Rn
ρ(y)(v(x− y)− v(x))dy

∣∣∣∣
2

dx

=

∫

Rn

∣∣∣∣
∫

Rn
ρ(y)

∫ 1

0

−y∇v(x− sy)dsdy

∣∣∣∣
2

dx

6
∫

Rn

∫

Rn
ρ(y)

∣∣∣∣
∫ 1

0

y∇v(x− sy)ds

∣∣∣∣
2

dydx

6
∫

Rn

∫

Rn
ρ(y)

∫ 1

0

|∇v(x− sy)|2dsdydx 6 ‖∇v‖2
L2 .

�

å�ä�å�ä�ã � ð�ìl��¸Pè�ðPè�é�éÿì^ðºîFòPè è�ðPè�ëe
�þ¹éKí�ö�êYè�ä
� �)����²Ç|µ�Y²���½!w¤�´�)�L���´�)�;�È���¨y¤wF�!�´¶�Ñ¢�ÈÐrg��)|µ�;�!�­�Nî�ÐBw¤ð'¯µ°±w�~��Y�.��w�{�w��Yw�ô±{�w����;w�½ õ �­ç��aq��´ª'�!�;{��­��;wFy4�)�����+¯

χ
��w������;w��9|Ëy¤���)�µÖÌ�W���¨y4�)�����+è

χ ∈ C∞c (C)
¯
0 6 χ 6 1

¯}|��¨�

χ(z) ≡
{

1
�W��� |z| 6 1,

0
�W��� |z| > 2.

ª'�
µ > 0

¯E°Ów¬|��­�;�<��w������;w
χµ(z) = χ(z/µ)

�EÁ�w#Í¨�Y�;�z�Y�Õ|"�)w!�;��½!w#w��­w�½#w��´�Õ|��Y¶Ì��w�½!½�|µ�Ç|���������){�w
Lp + Lq

�;~}|�y¤w¤�.�¨ôÓ{�w�~��;�´���%��|µ�Yw������;{�w�|�~�~�w��¨��� ít�
½ �Dßrß ¦ Ù © Ù ©�¾ � �B) 1 6 p < q 6 ∞ �&'E! f ∈ Lp + Lq Q � �B) fp ∈ Lp �&'Y! fq ∈ Lq �<C*A<6G)56F�1)
f = fp + fq Q S 6��<'7��%&.£�/L>�/.<f µ > 0 �ª� q < ∞ �=.0�<�@,�Q µ > 2‖fq‖L∞ � � q = ∞ ¢ : χµ(f)f ∈ Lq
�&'E! (1− χµ)(f)f ∈ Lp Q ® %&.0��%&L>�/. :�4 �¬6��&L>�I)56��W���/)��;8_�1)2�<�

‖χµ(f)f‖Lq 6
{

3µ1−p/q‖fp‖p/qLp + 2‖fq‖Lq �ª� q <∞
2µ �ª� q =∞,

ç õ ê



�&'E!
‖(1− χµ)(f)f‖Lp 6




‖fp‖Lp + µ

((
2
µ

)p
‖fp‖pLp +

(
2
µ

)q
‖fq‖qLq

)1/p

+
‖fq‖q/pLq

µ
q−p
p

�ª� q <∞
3‖fp‖Lp �ª� q =∞.

`0'9,��&./)��=A/C��i�&. : �ª� fp 6= 0 : fq 6= 0 : !"��\]'-�;'DJ µ0 �3����%>�(�M% 4 � :

µ0 =





(
‖fq‖qLq
‖fp‖pLp

) 1
q−p �ª� q <∞

3‖fq‖L∞ �ª� q =∞,
é õ �a³?³�ë

4 �¬6��&L>�
‖χµ0(f)f‖Lq 6 6‖fq‖Lq é õ �a³1´�ë

�&'E!
‖(1− χµ0)(f)f‖Lp 6 (2 + (2p + 2q)1/p)‖fp‖Lp . é õ �a³1µ�ë

½ �Dßrß ¦ Ù © Ù © L `(� |f | 6 |g| �&'Y! g ∈ Lp + Lq ��%&.b��%&8_� p, q ∈ [1,∞] : )56F�/' f ∈ Lp + Lq 4 �5)56
‖f‖Lp+Lq 6 C(p, q)‖g‖Lp+Lq

:o4 6F�/.�� C(p, q) > 0 Q½ �Dßrß ¦ Ù © Ù ©(àó� �B) 1 6 p1 < p < p2 6 ∞ Q S 6��/' Lp ⊂ Lp1 + Lp2 :j4 �5)56 �ÿA�%&'*)5�;'-C-%&C���/8_g���!"!&�;'�JKQ½ �Dßrß ¦ Ù © Ù © Ù � �B) 1 6 p1 < p2 6 ∞ : 1 6 q1 < q2 6 ∞ : f = f1 + f2
:n4 6F�/.�� fj ∈ Lpj �&'Y!

g = g1 + g2
:�4 6��/.0� gj ∈ Lqj Q S 6��/' fg ∈ L p1q1

p1+q1 + L
p2q2
p2+q2 : �&'E!

‖fg‖
L
p1q1
p1+q1 +L

p2q2
p2+q2

6 C‖f‖Lp1+Lp2‖q‖Lq1+Lq2 ,

4 6F�/.�� C > 0 !"�2,-�/'Y!3�h%&'«�af©%&' )56F� pj �3'E!_);6�� qj Q
± ¥ 
�
«²¬
«²b�h	��K
 ¥ �Dß Ù ©��¨©(àE© �Kw¤�

T > 0
¯
u0 ∈ E

¯
u ∈ C([0, T ], E)

��w!|��P���b�;{�wË�Y�Õ|"�)w¤½!w��´����Å�){�wÇ�){�w����;w�½ |µ�¨�
v ∈ u0 + C(R, H1) ⊂ C(R, E)

�;{�wÞ�;�������;�­���b�;� é õ �­ç.ë�²�����w��b�´¶<ô±{�w����;w¤½õ �­ç�� ê �¨ô±{�w��+¯��%���Îw¤��w��Y¶ t ∈ [0, T ]
¯

v(t)− u(t) = −i
∫ t

0

ei(t−s)∆ [G(v(s))−G(u(s))] ds, é õ ��´�Ä´ë
°�{�w��;w

G(u) = −f(|u|2)u
�}æÎw4í��.¯

G(v)−G(u) = (|u|2 − ρ0)(u− v)

∫ 1

0

f ′(ρ0 + s(|u|2 − ρ0))ds

+v(|u|2 − |v|2)

∫ 1

0

f ′(|v|2 + s(|u|2 − |v|2))ds. é õ ��´�ç"ë
ç õ �



ôÓ{�wz¾È��������w¤�¬w�½Þ��wF��������²��±w����;���Yw9�){}|"�
u, v ∈ L∞+H1 ⊂ L∞+Lq0

¯�°�{�w��;w
q0 > 2

�­�Î|��Ó�\|µ�Y²�w|��B°±wÞ°Î|��´�����P�)�C��w#�­�
n = 2

¯
q0 = 6

���
n = 3

|��¨�
q0 = 4

�­�
n = 4

�tô±{�wËÍ¨�Y�Y��|µ�;�;w��Y�;�­���÷���
é û α1,α2

ëBw����;���;w¤�z�){¨|����W���
s ∈ [0, 1]

¯ |f ′(ρ0 + s(|u|2 − ρ0))| 6 C(1 + |u|2)max(0,α1−2)
¯E°�{�w��;w

C > 0
�´ôÓ{È���F¯��;{}|µ��¸È�ä�)�Ç�+w�½#½¬| õ � õ ��Z¨¯

f ′(ρ0 +s(|u|2−ρ0)) ∈ L∞+L
q0

2 max(0,α1−2)
��ª'� |��;��½!�­�\|��

°Î|F¶�¯
f ′(|v|2 + s(|u|2 − |v|2)) ∈ L∞ + L

q0
2 max(0,α1−2)

�¨ª>���W�������.°����%�Y��½ �+w�½!½¬| õ � õ � õ �){}|"�
G(v)−G(u) ∈ L2 + Lq

′
,

°�{�w��;w 1
q′ = 2 max(0,α1−2)

q0
+ 1

2
+ 1

q0
.
Ô¨���

n = 2
¯
q0

���±yR{����)w¤�C�\|��;²�wBw�������²�{×�;�¨yR{ �;{}|��
q′ > 1

��Ô¨���
n = 3

¯
q′ = 6/max(4, 2α1) > 6/5

������¶C���
α1 6 5/2

¯�°�{�����w��W���
n = 4

¯
q′ = 4/3

�¨Ô¨�;��½ é õ ��´�ç"ëÕ¯�+w�½!½¬| õ � õ � õ ¯�¾È��������w¤�×w�½Þ��wF��������²��9|µ���r�+w�½!½�| õ � õ �[ZÞ°Ówz��wF���¨y¤w
‖G(v)−G(u)‖L2+Lq

′ . (1 + ‖u‖X1+H1)2 max(0,α1−2)‖u− v‖X1+H1dE(u,
√
ρ0)

+‖v‖X1+H1dE(u, v)(1 + ‖u‖X1+H1 + ‖v‖X1+H1)2 max(0,α1−2).é õ �[´ ê ë
¾È���¨y¤w

u, v ∈ C([0, T ], E)
¯ä�){�wN�Y�­²�{´�×{}|��¨�ñ�)�­��wN�­� é õ ��´ ê ë!���×�������%���;½#��¶�����������wF�Ã���

[0, T ]
�ôÓ{�w��;w��W���;w

G(v)−G(u) ∈ L1
TL

2 +Lp
′
T L

q′ ¯�°�{�w��;w (p, q)
�­�Ó|µ�×|µ��½!���)�;������w9~}|µ���F�ÈôÓ{È���F¯´���®�%�������F°���%�Y��½ é õ ��´�Ä´ëä|µ�¨�!�;{�w�������¼'{���½#��²�w���w������Î¾´�)�;�­yR{}|��Y�;��w��Y�)��½¬|"�)w é õ � ê Ä�ë8�;{}|�� u− v ∈ C([0, T ], L2)

�¾È���¨y¤w
u, v ∈ C([0, T ], E)

¯K°Ów�|��­�Yw.|��È¶Â¸È���F°l�){}|"� ∇(u − v) ∈ C([0, T ], L2)
�8ôÓ{È���

u − v ∈
C([0, T ], H1)

�äôÓ{�w��;w¤�)�������%�����­�F°����%���
n = 2

¯
n = 4

¯L|��¨�
n = 3

°����;{¹�){�w��;��~�~���w�½!w��´�R|µ�G¶y¤���¨�����)�����
α1 6 5/2

�®æ�wÕí��.¯8°Ówr~��;�.��w��){�wr�;w¤�)�����¬�%���
n = 3

¯
α1 ∈ (5/2, 3)

�xª'�e�){}|"� yF|µ�;w�¯
é õ ��´ ê ëB�;w�½¬|������z�;�;��w�¯t������°����;{ q′ ∈ (1, 6/5)

¯K���»�;���G�z�;{}|��z�;{�w!������¼·{���½!��²�w���w������#¾´�;�;�­yR{}|��Y�;�w��Y�)��½¬|"�)wÞ½¬|�¶<���µ�P��w!|�~�~�����wF�t�+û��F°±w4��w��F¯¨°Ów#��w����¨y¤wË�%�Y��½ �+w�½#½¬| õ � õ �[�C|µ�¨� é õ ��´ ê ëÎ�){}|"�P�%���w¤��w¤�Y¶
µ > 0

¯
χµ(G(v) − G(u))(G(v) − G(u)) ∈ L2 é |��¨� (1 − χµ)(G(v) − G(u))(G(v) −

G(u)) ∈ Lq′ ë4¯}°����){»|�� L2
�����Y½ �������%���Y½!��¶b�������¨��wF�Ì���

[0, T ]
��¶Ì|×À´�}|��´�)���·¶

Q
°�{��­yR{÷������¶��w�~�w��¨�������

µ
¯
q′
¯
supt∈[0,T ] ‖u(t)‖X1+H1

¯
supt∈[0,T ] ‖v(t)‖X1+H1

¯
supt∈[0,T ] dE(u(t), v(t))

|��¨�
supt∈[0,T ] dE(u(t),

√
ρ0)

�¨ôÓ{È���
‖χµ(G(v)−G(u))(G(v)−G(u))‖L1

TL
2 é õ �[´?��ë

6 TQ(µ, q′, sup
t∈[0,T ]

‖u(t)‖X1+H1 , sup
t∈[0,T ]

‖v(t)‖X1+H1 , sup
t∈[0,T ]

dE(u(t), v(t)), sup
t∈[0,T ]

dE(u(t),
√
ρ0))

æ�w4í��F¯��;{�wPÍ¨�;�Y��|��)�;w��G�)��������� é û α1,α2

ë®w����)���Yw�� |G(u)| . |u|(1 + |u|2)α1−1
��¾È���¨y¤w

u ∈ L∞ + L6
¯

�+w�½!½¬| õ � õ �[Z#�­½#~��­��w��
G(u) ∈ L∞ + L

6
2α1−1

�¨ôÓ{�w��R|�½!w��­�±�)�Y��w��%���
G(v)

¯¨|µ���×°Ów�{}|���w
‖G(v)−G(u)‖

L∞+L
6

2α1−1
. (1 + ‖u‖X1+H1 + ‖v‖X1+H1)2α1−1.

ôÓ{�w×�Y�­²�{´�Ë{}|��¨�Â�;�\��w ���Ë�������%���;½!��¶��������¨��wF�����
[0, T ]

¯��;{È���F¯��){}|���¸È�Ç�)�b�+w�½!½¬| õ � õ ����¯
(1 −

χ1)(G(v) − G(u))(G(v) − G(u)) ∈ Lp̃
′
T L

q̃′ ¯Å°�{�w��Yw (p̃, q̃)
�­�C|��Ê|µ��½!���;�;�­����wN~}|��­��¯Ó|��¨�

q̃′ =
6

2α1−1
∈ (6/5, 3/2)

�­�
α1 ∈ (5/2, 3)

�+ÁÂw¬{}|F��w �;{��F°��Â�;{}|��
G(v) − G(u) ∈ L1

TL
2 + Lp̃

′
T L

q̃′ �ö9�������){�w<~��Yw¤��������� yF|��)w�¯ä���¬�%�����­�F°��¬�%�;��½«�;{�w<������{���½#��²�w���w�������¾��)�;�­yR{}|��Y�;�<w¤�;�;�­½�|��;wr�;{}|"�
u− v ∈ C([0, T ], H1)

� �
ç õ Z



â¬Ù�� ×ØËNw ãnzhv�wnàjy zÇÜ w�t¬ÝxwÎß¢å¤à�ß á×àjÊ zÇå�Ü
ª·�Ë�){����ä�;wFy4�;�­���+¯

K
��w����µ�)w��x|B�;½!�´���;{+¯�y¤��½!~}|�yÕ�.¯������È¼'�;�R|�~�~�����²¨¯�������¼'w�½#~��I¶Þ�����;�R|�y4�­wÎ���

Rn
¯

n = 2, 3
¯¢|µ�¨�

Ω = Rn\K �¢ôÓ{�wC¾´�)�Y�\y){}|µ�G�)�¬w��Y�)��½¬|"�)w��z°Ów¬���;wF�����Â�;{�w¬~��;w4���­�����Þ�;wFy4�;�������Ç���
Rn

��|��­�E°�{�w��C°ÓwÇ|��;wB°Ó���Y¸È�­��²����r�;�¨yR{<|��r��~�w��r�)w¤�
Ω
�}û��F°Ów¤��w��F¯¨æ��}óx���;À�¯}Ñ¢��Ðrg¤�R|��)�<|��¨�<æz�ô��¤��w¤�)¸��.� �����R|µ����wF������î�ó±ÐBôÓðt�){�w��%�����­�F°��­��² ¾´�;�;�­yR{}|��Y�)�P�I¶È~�w�w��Y�)��½¬|��;w��F�

± ¥ 
m>�
 ¡ � £ �(
Y�çÙ ©�èÏ©�� ��%&.W�<L>�/.<fb,-�3�;. (p, q) ∈ [2,∞] �<C*A<6N)56��1)
1

p
+
n

q
=
n

2
, é õ �[´>Z´ë

��%&.
�/L>�<./f T > 0 : )56��/.0�W��§1�(�/)5� C(T ) > 0 �<C*A<6N)56��1)*��%&.
�/L>�<./f v0 ∈ L2(Ω) :
‖eit∆Dv0‖LpTLq(Ω) 6 C(T )‖v0‖L2(Ω), é õ �[´"q�ë

�&'E! : �ª� (p̃, q̃) ���1)����5\l�<�7�K�?Q;�c�3¢©�&'E!£89%3.���%&L1�/. p > 2 : p̃ > 2 : );6��/'
��%&.
�/L>�/.<f f ∈ Lp̃′T Lq̃′(Ω) :
‖
∫ t

0

ei(t−τ)∆Df(τ)dτ‖LpTLq(Ω) 6 C(T )‖f‖
Lp̃
′
T L

q̃′ (Ω)
, é õ �[´ õ ë

4 6F�/.�� ∆D !?�/'E%1)2���I)56F���O�;.<�=A<6D�M�/) � �0,E�M�"A/���&'EQ S 6K�(�b���
�>����%7)�.<C*�I�ª� ∆D �(�¬.��2,Y�M�"A���!¤g/f_)56�� µI�/CF�89�3'-' � ��,E�M�?A/�=�&' ∆N Qô±{�w��;wÎ¾´�)�;�­yR{}|��Y�;�x�I¶È~Ïwx�­��wFÀ��}|µ�����)��w��ä|µ�;w®�;��³�y¤�­w¤�´�Ò�)�9~��;�.��wL�){�w®²������}|µ��°±w���� ¼'~Ï���;wF����w��;�8�;w��;������%���±�){�w��­�����)�\|��+��|��­��wz~��Y������w�½ é õ �aq�ëx�;�R|��;wF�C�­�rôÓ{�w����Yw�½ õ �­ç�� õ �
± ¥ 
�
«²�
«²��h	��K
 ¥ �Dß Ù ©��}© Ù ©«ôÓ{�wP~��;�´�������±��w��Y¶ �;��½!���W|��Ó�)�Þ�){}|"�Ó°ÓwP½¬|µ��wP�­�×�){�w�yF|��;wP���

Rn
¯�;���){}|"�L°ÓwÎ°����­��������¶����¨���­yF|��;w��){�w�½¬|µ��� yR{}|µ��²�w��F��ÁÂw�������¶����Ç���x�­���){�wBï��­�Y�\y){��­w¤�ÓyF|��)w�¯´w4í¨|µy4�;��¶�){�w��R|�½!w�|��;²���½!w����)�±��|�����wz�W���Ó�){�w�æ�w���½�|µ���ryF|��;w��ö9�9�­�N�;wFy4�)����� ³È¯¨°ÓwÇ�Yw�½¬|µ�Y¸C�;{}|��P|¬�¨|"�Õ|

u0 ∈ ED
½¬|�¶���wÞ��wFy¤��½!~����;wF�b|µ�

u0 = ϕ + w0

¯°�{�w��;w
w0 ∈ H1

0 (Ω)
|��¨�

ϕ ∈ C∞b (Ω), ∇ϕ ∈ H∞(Ω),
¾È��~�~

ϕ ⊂ Ω\(V ∩ Ω), |ϕ|2 − ρ0 ∈ L2(Ω) .ª'�¨��w�wF�t¯¨��w¤Í����­��²
ũ0

|��Î�;{�w�w4í��)w¤���)�����r���
u0

�)�
Rn

�´¶
0
¯��){�w��Yw��;�����;�����¢�;wFy4�;�­���¿³Çw����;���;wP�){}|"�

ũ0 = ϕ̃+ w̃0 = (1− χ)ϕ̃+ χϕ̃+ w̃0 ,°�{�w��;w
ϕ̃
�R|��;�­�YÍ¨w�� é û ϕ ë�|��¨� w̃0 ∈ H1(Rn)

�ÏôÓ{�w��
ϕ := ((1 − χ)ϕ̃)|Ω

|��¨�
w0 := (χϕ̃ + w̃0)|Ω�R|��;�­�;�\¶ �){�w��;w�À´�����;wF��y¤���������;�­�����F�ö9�z�­�÷�){�w�yF|µ�;w

Ω = Rn
¯Ï°±w!yF|µ�»���È��¸÷|C�;�������)�����÷�)� é õ �aq�ë�|�� u = ϕ + w

¯E°�{�w¤�;w
ϕ
���Ç|��|����"��wÇ|��¨�

w(t) ∈ H1
0 (Ω)

�ÈÁ�w�|µ�Yw��;wF���¨y¤w��C�)�#�Y�)�¨��¶¬�){�wÇv±|��¨yR{�¶C~��;�����­w�½
{
i∂w
∂t

+ ∆Dw = F (w), (t, x) ∈ R× Ω
w(0) = w0

, é õ �[´K³�ë
ç õ q



°�{�w��;w
F (w) = −∆Dϕ − f(|ϕ + w|2)(ϕ + w)

� á w¤�����)���;�­��²¬�){�wË|µ�Y²���½!w¤�´�)�P��w¤��w�����~�~�w��b���N�){�w~��;�´���%�Ç���±�+w�½!½¬|�� õ � ê ��ç×|��¨� õ � ê � ê ¯K���Þ���Çw.|��Y¶÷�)�r�;w�w��){}|"� F ½¬|µ~��
H2

0 (Ω)
���´�;�

H2(Ω)
|µ����){}|"�#���#���#�­�ÈyF|��­��¶¹�+��~��;{����)��y¤�����)���È�������.�Å�<���;w¤�"��w��F¯Ò�­�

w ∈ H2
0 (Ω)

|��¨�
(wn)n

�­��|N�;wFÀ´��w��¨y4w��� C∞c (Ω)
�)��yR{Ì�;{}|��

wn → w
�­�
H2(Ω)

¯
F (wn) → F (w)

���
H2

|��¨�
F (wn) ∈ Cc(Ω)

�tô±{´���
F (w) ∈ H2

0 (Ω)
�Kô±{�w��Yw��%���;w

F
��w¤Í¨��w��Ë|C�­�ÈyF|��­��¶��+�­~��;{����)� y4���´�;�­�´�������Ç½�|µ~��%�Y��½

H2
0 (Ω)

�­�´�;����)�;w����I�æ�w4í��.¯È°Ów��;w�½¬|��;¸��){}|"�Î�;{�w���~�w��)|��;���
A
���

H2
0 (Ω)

��w¤Í¨��wF�C�´¶
{
D(A) = {w ∈ H2

0 (Ω),∆Dw ∈ H2
0 (Ω)},

Aw = i∆Dw
�%���

w ∈ D(A)

²�w���w��R|"�)w���|Ç�;�;�;����²���¶×y¤���´�)���È�������Î²��Y����~
etA

°�{��­yR{����±�;{�w��Yw��Y�)�;�­y4�;�­�������
eit∆D

�)�
H2

0 (Ω)
��ô±{�wÕ¼�;w��W���Yw¬�){�w×y¤�\|µ�;�;�­yF|��®�;{�w����G¶��%���Þ���������­��wF|µ�Ëw4���������;�­���ºwFÀ��}|��;�­�����Ë��½!~�����w��Þ�){}|"�Þ�%���Þw¤��w��G¶
w0 ∈

H2
0 (Ω)

¯"�;{�w��;wxw4í����;�;�ä|�½¬|.í��­½�|µ�´�)��½!w®���¨w4í����Y�)w��¨y¤w
T ∗(w0)

�;�¨yR{Ç�){¨|�� é õ �[´K³�ëK{}|��Å|µ�Þ�����­À´��w®½!�­�­��;�������;�­���
w ∈ C([0, T ∗), H2

0 (Ω))
�¨ª'�

w0 ∈ H4
0 (Ω)

¯
w ∈ C([0, T ∗), D(A)) ∩ C1((0, T ∗), H2

0 (Ω))
�ö9�����r�+w�½!½¬| õ �����­ç�¯�°±w������Õ|������;{�wzy¤�����;w��G��|"�)�����r�����){�w�w���w��Y²�¶ Í¨�Y�;�Î�%���

w0 ∈ H4
0 (Ω)

|µ����){�w¤�×�%���
w0 ∈ H2

0 (Ω)
�´¶¬��w����;���I¶����

H4
0 (Ω)

���´�)�
H2

0 (Ω)
��ú9��wB½�|F¶!~��;�.��wP|��}|µ����²������±�Yw��;�����)�®�;��+w�½!½¬|�� õ ����� ê |��¨� õ �[���[�Þ°����){��­��w��´�)�­yF|��+~��;�È���%�F�ö9�P�­�b�){�w

Rn
yF|��;w�¯Ï�){�wË�­�ÈyF|��Ò°Ów���� ¼'~Ï���;wF����w��;�����������Õ|�����wF�Ì�´¶b|¬Í�í�wF�b~������´��|��;²���½!w��´�P�%����){�w��W���¨y4�)�����}|µ�

Φ(w) = eit∆Dw − i
∫ t

0

ei(t−s)∆DF (w(s))ds

���º|C�)~¨|�y¤w
XT = L∞T H

1 ∩ Lp0

T W
1,q0

¯t°�{�w��;w
(p0, q0)

�R|"�)���YÍ¨w�� é õ �[´>Z´ëz|µ��� p0 > 2
���Çy¤�­���;w��)�

2
�}ÁÂwÞ��w¤²����Ì�´¶r²���������² �){�w#|��}|��­��²������P���8�){�wÞw��Y�)��½¬|"�)w��Bw��Y�Õ|������­�;{�wF�N�­�Ì�+w�½!½�|µ� õ �[Z��­ç�¯ õ �[Z�� ê ¯õ �[Z����!|µ�¨� õ ��Z¨��Z��ª·�C�;{�w��;wFÀ´��w��@¯

ε0 >
|��¨�

ε′ > 0
�R|��;�­�;�\¶ �){�w��%�����­�F°��­��²�y¤���¨�����)�������





ε0 < 1, ε′ < 1
���
n = 2,{

ε′ + max(1, 2α1 − 2)ε0 6 1
ε′ + ε0 6 4− 2α1

���
n = 3,

é õ �[´?´�ë
|��¨�

p0, q0, p
′, q′

|��;wz��w¤Í¨��wF�C�´¶
p0 q0 p′ q′

n = 2
∣∣∣ 2

1−ε0 > 2 4
1+ε0

< 4 2
1+ε′ < 2 4

3−ε′ > 4/3

n = 3
∣∣∣ 2

1−ε0 > 2 6
2+ε0

< 3 2
1+ε′ < 2 6

4−ε′ > 3/2

é õ �[´?µ�ë

½ �Dßrß ¦ Ù ©�èÏ©���� �B) n = 2, 3 :n4 �5)56 α1 < 2 �ª� n = 3 : �&'E!©�M�B) T0 > 0 : w0 ∈ H1 Q S 6��/' )56��/.0���§>���/)5� C > 0 �<C-A<6});6��1)«��%3.
�/L>�/.<f w ∈ L∞T H1 : T 6 T0
:

‖Φ(w)‖L∞T L2∩Lp0T Lq0

6 ‖w0‖L2 + CT (1 + ‖w‖L∞T L2) + CT 1/p′(‖w‖2
L∞T H

1 + ‖w‖max(2,2α1−1)

L∞T H
1 ). é õ �[µ�Ä�ë

ç õ�õ



½ �Dßrß ¦ Ù ©�èÏ© � °�'E!"�<.£)56F�
���&8_�9�3����CD8�,«)��=%&'�� : )56��/.0�9��§1�(�/)5� C > 0 �&'Y! θ > 0 �<C-A<6¿)56F�1)��B%&.�/L>�/.<f w ∈ XT
: T 6 T0

:
‖∇Φ(w)‖L∞T L2∩Lp0T Lq0 6 ‖∇w0‖L2 + CT (1 + ‖∇w‖L∞T L2)

+CT θ(1 + ‖w‖XT )(‖w‖XT + ‖w‖max(1,2α1−2)
XT

). é õ �[µ�ç.ë½ �Dßrß ¦ Ù ©�èÏ©�¾ °�'E!"�<.G)56��e���&8_� �R���<CD8P,Y)��=%&'F�¨)56��1)l��%&. � �/8
89���?QÂ�&Q5¡ : ��%&.��/L1�/./f w1, w2 ∈
L∞T H

1 : T 6 T0
:

‖Φ(w1)− Φ(w2)‖L∞T L2∩Lp0T Lq0 . T‖w1 − w2‖L∞T L2

+T 1/p′‖w1 − w2‖L∞T H1(‖w1‖L∞T H1 + ‖w2‖L∞T H1 + ‖w1‖max(1,2α1−2)

L∞T H
1 + ‖w2‖max(1,2α1−2)

L∞T H
1 ).é õ �[µ ê ë½ �Dßrß ¦ Ù ©�èÏ© L °�'E!"�<.h);6��I���&8_�W�3���<CD8P,Y)��=%3'��j)56��&)Y��%&. � �/8W8_�.�>QÑ�&Q5¡ : )56��/.0�£� §>�(�/)5� θ1, θ2 > 0

�<C*A�6})56��&)«��%3.W�/L1�/./f w1, w2 ∈ XT
: T 6 T0

:
‖∇Φ(w1)−∇Φ(w2)‖L∞T L2∩Lp0T Lq0 . T‖∇(w1 − w2)‖L∞T L2

+T θ1‖w1 − w2‖XT (‖w1‖XT + ‖w2‖XT )

+T θ2‖w1 − w2‖XT (1 + ‖w1‖XT + ‖w2‖XT )(1 + ‖w1‖max(0,2α1−3)
XT

+ ‖w2‖max(0,2α1−3)
XT

).

é õ �[µ?��ë
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«²o
«² ½ �Dßrß ¦ Ù ©�èÏ©��¨© ôÒ|�¸È�­��²����´�;�Ç|�y�y¤�����´�ä�){�wÎ��w4°ìyR{����\y4w����Ï~}|µ�)|µ½#w¤�)w��Y�

p0, q0, p
′, q′²�����w��»�´¶ é õ �[´>µ´ëP|��¨�b�){�w#��w4°ø¾´�)�Y�\y){}|µ�G�)�#w��Y�)��½¬|"�)w���²�����w¤�»���ÂÑ8�;��~����;���)����� õ �a³���ç�¯E�;{�w!~��;�È���x�­��;�­½#�­�\|����)�<�){}|"�Þ���Î�+w�½!½¬| õ ��Z¨��ç��¢ª'�����­½#w����;�­��� ê ¯K�){�wC¾È��������w¤��w�½Þ��wF�����­��² H1 ⊂ L2q′ |µ�¨�

H1 ⊂ Lq
′max(2,2α1−1)

|��;w9�)�;��wB��wFyF|µ���;w
2q′, q′max(2, 2α1− 1) ∈ [2,∞)

��ª'�����­½!w¤���)�����}��¯È�){�w4¶|��;wP�)�Y��w���wFyF|����;w
ε′ 6 min(2, 5− 2α1)

¯�°�{��\y){r��½!~�����w��
2q′, q′max(2, 2α1 − 1) 6 6

� �

± ¥ 
�
«²O
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XT

). é õ �[µ>Z´ë�+w¤�Þ���Ç²�����w×|r�����Y�)��w �����Þ½!���;w ��w¤�Õ|����­�Þ�W���z�){�w¬~��;�´���±����|��)��½!���\|µ�Ç�;w��;�����Þ���º����½!w����;�������){��;w¤w��� �;����² é õ ����Ä´ëÕ¯´|µ�!w��Y�)��½¬|��;���������!�;{�w Lp′T Lq′ �����Y½ ���
G2(w)

½¬|�¶Ë��wÎ�;wF���¨y¤w��#�)�zw��Y�)��½¬|"�)�������L������µ�){ ∇(ϕ + w)w
|��¨� ∇(ϕ + w)|w|max(1,2α1−2)

�%�����){�wÞ�R|�½!wÇ�����Y½r�Eæ�w4í��F¯Ï���)����²¬�){�w#ûÎ¿��­��w������wFÀ´�}|��­���·¶¬|��¨� ¾È��������w¤�#w�½Þ��wF��������²��Ó|��¨�#�Õ|�¸È����²����´�;�Þ|µy�y¤�����´�L�;{�wÎ��|µ����w����E~}|��R|�½!w¤�)w��Y�
p′
|µ�¨�

q′
²�����w��r��¶ é õ ��´>µ´ëÕ¯������%�����­�F°��Î�){}|"�
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θ1 = θ2 = 1/p′

�%���
n = 2

¯
θ1 = 1/2

|��¨�
θ2 = 1/p′ − 1/s1 = min(1, 4− 2α1)/2 > 0
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n = 3
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j,kw = g0 + g1 + g2.

ÁÊ���;{¹�){�w���w4°ùyR{����­y¤w����
p′, q′

°Ów�½¬|µ��w���� é õ ��´>µ�ë4¯ é õ �aq1�´ëË|µ�¨� é õ ��q1Z´ë#|��;w��Y�;�­���±��|��­�¨|µ����w��äª>��;w�½�|µ�����¬�;�Âw��Y�)��½¬|"�)w ‖gj‖Lp′T Lq′ ¯L�%��� j = 1, 2
�®ª'�Ã���­½#w����;�­��� ê ¯ é õ �aq?³�ë#�Yw�½¬|��­�����)�;��w é °����){

θ = 1/p′
ë4¯�°�{�����w9���®�W�������.°��®�%�;��½ �){�wPÐ�|�²��­�\|µ�;����¼GæÎ�­�Yw��È��w��;²Þ����wFÀ��}|µ�����I¶�¯ é õ �aq õ ëL|��¨�×û�¿��­��w��x�;{}|"�

‖g2(s)‖Lq′(Ω) . ‖∇(ϕ+ w)‖
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‖∂αw‖L∞T L2)
1+ε′

2
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‖∂αw‖L∞T L2) ‖w‖max(1,2α1−2)

L
s2
T W 1,r2︸ ︷︷ ︸

.‖w‖max(1,2α1−2)
XT

, é õ �­ç�Ä ê ë

°����;{ 1
r2

= 1
3

+ 1
βmax(1,2α1−2)

= 2 max(1,2α1−2)+1−ε′
6 max(1,2α1−2)
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�KôÓ{�w�������¶»����ÖÏw��;w��¨y¤w!�­���){}|"��°±w!²�w¤�

θ = θ2 = 0
���Â�+w�½!½¬|��õ �¯³È� ê |��¨� õ �¯³È�[Z��Ïª'���Y�)w.|µ�N��� é õ ��µ õ ëÕ¯¨°ÓwÞ���)w��){�wÇ�W�������.°�����²×w��Y�)��½¬|"�)w�¯¨°�{��­yR{<°ÓwÇ~��;�.��wË|��B���;�}|���´¶Cû�¿��­��w���¯�¾È��������w¤�r|µ���r|µ�����´�)w��Y~����\|��;�­���N|��;²���½!w��´�F�

‖∇(ϕ+ w)|w|2‖
Lp
′
T L

q′ . ‖∇(ϕ+ w)‖
L3p′
T Lq̃
‖w‖2

L3p′
T Lq̌

. ‖∇(ϕ+ w)‖
L3p′
T Lq̃
‖w‖2

L3p′
T W 1,q̃

. (T
1

3p′ + ‖w‖XT )‖w‖2
XT
, é õ �­ç�Ä õ ë°�{�w��;w

q̃
|��¨�

q̌
½Ç���Y�Þ�R|��;�­�;�\¶

1/q̃ + 2/q̌ = 1/q′
¯

1/3p′ + 3/q̌ = 3/2
|µ�¨�

1/q̃ − 1/3 = 1/q̌
�ôÓ{}|µ��¸´�!�)�÷�����!yR{����\y¤w����

p0, q0, p
′, q′

|µ���¹�;�÷�){�wry4���¨�����)�����¹°±w���½!~����;wF�e���
ε0, ε

′ > 0
¯Ò°Ów�����Õ|��­�

q̃ = 18/(8 − ε′) ∈ [2, q0]
¯¨°�{��­yR{b���B�;{�wËy¤���¨�����)�����b���¨��w���°�{��­yR{N�){�w#|����.��wÞ½!w����)������wF����´�)w��Y~����\|"�)�����N|��;²���½!w��������Î��|��­�­�t��ÁÂw��;��½!���W|��;��¶×~��;�.��w

‖(|∇ϕ|+ |∇w1|+ |∇w2|)(w1 − w2)(|w1|+ |w2|)‖Lp′T Lq′

. ‖w1 − w2‖XT (T
1

3p′ + ‖w1‖XT + ‖w2‖XT )(‖w1‖XT + ‖w2‖XT ), é õ �­ç�ÄK³�ë°�{��\y){C°Ów����;w��­���;�;w.|��C��� é õ ��µ>´´ëÕ¯}|��¨�C�%��� j = 1, 2
¯

‖∇(w1 − w2)|wj|2‖Lp′T Lq′ . ‖w1 − w2‖XT ‖wj‖2
XT
, é õ �­ç�Ä?´�ë°�{��\y){Þ°��­������wÓ���;wF�Þ�����;�;w.|��Þ��� é õ ��µ"³�ë4�µô±{È���F¯��­�Þ�){�wÓy¤�;���)�­yF|���yF|µ�;w�¯µw¤�;�;�­½�|��;�­����� é õ ��µ�ç"ë¢|µ�¨� é õ �[µ?��ë½¬|�¶×��w��Yw�~��\|�y¤wF�C�;w��;~�wFy4�)����w¤��¶×�´¶

‖∇Φ(w)‖L∞T L2∩Lp0T Lq0 6 ‖∇w0‖L2 + CT (1 + ‖∇w‖L∞T L2)

+CT
1
2 (1 + ‖w‖XT )‖w‖XT + C(T

1
3p′ + ‖w‖XT )(‖w‖XT + ‖w‖2

XT
) é õ �­ç�Ä?µ�ë|��¨�

‖∇Φ(w1)−∇Φ(w2)‖L∞T L2∩Lp0T Lq0 . T‖∇(w1 − w2)‖L∞T L2

+T
1
2‖w1 − w2‖XT (‖w1‖XT + ‖w2‖XT )

+‖w1 − w2‖XT (T
1

3p′ + ‖w1‖XT + ‖w2‖XT )(‖w1‖XT + ‖w2‖XT ). é õ �­ç�çFÄ�ëÔ¨�Y��½ø�+w�½!½¬| õ �a³���ç é °�{��­yR{×�;w�½¬|������Ó�)�Y��wB�%��� α1 = 2
ëx|µ�¨� é õ �­ç�Ä>µ´ëÕ¯´°±wP��wF���¨y¤wz|��±���×�)wFyÕ�)�����©Z�){}|"�B�%���

T
|µ���

R
�;½¬|��­�¢w�������²�{+¯Ï�­� ‖w0‖H1 6 R

¯
Φ
½¬|µ~��9�){�wÇ�}|µ���Ò���ä�)|��������

2R
���
H1

���´�;����)�;w����I��ôÒ|�¸È����²
T
|��¨�

R
w¤��w��!�;½¬|��­��w��ä���Ï��wFy4w��)�R|��Y¶�¯��+w�½!½¬| õ �¯³È���z|��¨� é õ ��ç�ç�Ä´ë¢w����;���;w��Å�){}|"�ä�;{����½¬|�~ ���±|Çy¤���´�;�R|µy4�)�����+�Èô±{�w9�Yw��Y�Ó���t�;{�w9~��;�´���t�­�®�­��w��´�;�\y�|µ���)���;{}|��®���Kô±{�w¤���Yw�½ õ ��ç���Z�°�{��­yR{�°�|��������w��­���;wFy4�)�����eZ�� �
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µ
¯
fp
|��¨�

fq
|��;wzy){����;w��<|������C�){�w��Y�Õ|"�)w�½#w��´�.¯

|{x, |f(x)| > µ}| = |{x, µ < |f(x)| 6 |fp(x)|+ |fq(x)|}|
6 |{x, µ/2 < |fp(x)|}|+ |{x, µ/2 < |fq(x)|}|.æ�w4í��F¯��;���¨y¤w

p <∞ ¯
|{x, µ/2 < |fp(x)|}| 6

∫ (
2

µ
|fp(x)|

)p
dx =

(
2

µ

)p
‖fp‖pLp . é õ �­ç�ç�ç.ë

¾È��½!���W|��;��¶�¯����
q <∞ ¯

|{x, µ/2 < |fq(x)|}| 6
(

2

µ

)q
‖fq‖qLq . é õ �­ç�ç ê ë

ôÓ{È���
|{x, |f(x)| > µ}| 6

(
2

µ

)p
‖fp‖pLp +

(
2

µ

)q
‖fq‖qLq . é õ �­ç�ç���ë

ª'�
q =∞ ¯����

µ > 2‖fq‖L∞
¯�����w�{}|�� |{x, µ/2 < |fq(x)|}| = 0

¯}|��¨�
|{x, |f(x)| > µ}| 6

(
2

µ

)p
‖fp‖pLp . é õ �­ç�ç�Z´ë

ª'�
q <∞ ¯����;����² é õ ��ç�ç�ç"ëä°����){ µ �;w�~��\|µy¤wF���´¶ 2µ

¯�°Ów�{}|���w��%���
µ > 0

¯
(∫
|χµ(f)f |q

)1/q

6
(∫

{x,|f(x)|62µ}
|f(x)|qdx

)1/q

6
(∫

{x,|f(x)|62µ}
|fp(x)|qdx

)1/q

+

(∫

{x,|f(x)|62µ}
|fq(x)|qdx

)1/q

6



∫
8
<
:x,

|f(x)| 6 2µ,
|fp(x)| 6 µ

9
=
;

|fp(x)|p|fp(x)|q−pdx




1/q

+



∫
8
<
:x,

|f(x)| 6 2µ,
|fp(x)| > µ

9
=
;

|fp(x)|qdx




1/q

+ ‖fq‖Lq

6 µ
q−p
q ‖fp‖p/qLp +



∫
8
<
:x,

|f(x)| 6 2µ,
|fp(x)| > µ

9
=
;

|f(x)|qdx




1/q

+



∫
8
<
:x,

|f(x)| 6 2µ,
|fp(x)| > µ

9
=
;

|fq(x)|qdx




1/q

+‖fq‖Lq

6 µ
q−p
q ‖fp‖p/qLp + 2µ|{x, |fp(x)| > µ}|1/q + 2‖fq‖Lq

6 3µ1−p/q‖fp‖p/qLp + 2‖fq‖Lq , é õ �­ç�çRq�ë
ç3³ ê



°�{��­��wz�W���
q =∞ ¯ ‖χµ(f)f‖L∞ 6 2µ

��ú9�C�){�w��µ�){�w��Î�;�­��w�¯����;����² é õ �­ç�ç��´ëÕ¯���� q <∞ ¯
(∫
|(1− χµ)(f)f |p

)1/p

6
(∫

{x,|f(x)|>µ}
|fp(x)|pdx

)1/p

+



∫
8
<
:x,

|f(x)| > µ,
|fq(x)| < µ

9
=
;

|fq(x)|pdx




1/p

+



∫
8
<
:x,

|f(x)| > µ,
|fq(x)| > µ

9
=
;

|fq(x)|pdx




1/p

6 ‖fp‖Lp + µ|{x, |f(x)| > µ}|1/p +



∫
8
<
:x,

|f(x)| > µ,
|fq(x)| > µ

9
=
;

|fq(x)|q
µq−p

dx




1/p

6 ‖fp‖Lp + µ

((
2

µ

)p
‖fp‖pLp +

(
2

µ

)q
‖fq‖qLq

)1/p

+
‖fq‖q/pLq
µ
q−p
p

, é õ �­ç�ç õ ë
°�{��­��wz���

q =∞ ¯È°±w��;��½!���W|��;��¶×�����Õ|��­�C�){}|���¸È�±�)� é õ �­ç�ç�Z´ë4¯¨|µ�¨�C��wFyF|����;w µ > 2‖fq‖L∞

‖(1− χµ)(f)f‖Lp 6 3‖fp‖Lp .á w�~��\|�y¤����²
µ
�´¶¹ç#�����´¶

µ0

¯t�){�w!w��Y�)��½¬|"�)w��Ç|����������¨y4wF�»���÷�){�w!�Y�Õ|"�)w�½!w¤�´�zw.|��)����¶÷�W�������.° �W�;��½
é õ �­ç�ç�q�ëÕ¯ é õ �­ç�ç õ ë±|��¨�×�){�w�����|��}|µ����²������������;{�wzyF|µ�;w q =∞ � �

± ¥ 
�
«²P
«² ½ �Dßrß ¦ Ù © Ù © L © �Kw4�
g = gp + gq

��wÞ|���w�y¤��½!~����;���)�����N���
g
���
Lp + Lq

��ª'�
gp = 0é �Yw��;~+� gq = 0

ë4¯È�){�w��
g ∈ Lq é �Yw��;~+� g ∈ Lp ëÕ¯¨|��¨�×�;{�wP�;w��;�����Î����y¤��w.|��F���+w¤� µ0 > 0

|��;�;��y¤�\|"�)wF�×�)��){����Ó��wFy¤��½!~����)���)�����×�´¶ é õ �¯³>³�ë é °�{�w��;w fp, fq |��;w��;w�~��\|�y4wF� �´¶ gp, gq ëÕ��ôÓ{}|µ��¸È�x�)�Þ�Kw¤½!½¬| õ � õ ����¯
χµ0(g)g ∈ Lq |��¨� (1−χµ0)(g)g ∈ Lp ¯�|��¨���;{�wxw��Y�)��½¬|"�)w�� é õ �¯³&´�ë�|��¨� é õ �¯³&µ´ë+{����­���%��� g ��Á��;���)����²
f = χµ0(g)f+(1−χµ0)(g)f

¯.°Ów±��w����¨y¤w®�){}|"�
f ∈ Lp+Lq

¯.°����;{ ‖f‖Lp+Lq 6 C(p, q)‖g‖Lp+Lq
¯°�{�w��;w

C(p, q) = max(6, 2 + (2p + 2q)1/p)
� �

± ¥ 
�
«²�
«² ½ �Dßrß ¦ Ù © Ù ©(àE© �+w¤�
f ∈ Lp ¯ f 6= 0

¯}|µ���
µ = ‖f‖Lp

��ô±{�w¤�
(∫
|χµ(f)f |p2

)1/p2

6
(∫
|χµ(f)f |p2−p|f |p

)1/p2

6 (2µ)
p2−p
p2 ‖f‖p/p2

Lp = 2
p2−p
p2 ‖f‖Lp ,

|��¨�
(∫
|(1− χµ)(f)f |p1

)1/p1

6
(∫
|(1− χµ)(f)f |p1

( |f |
µ

)p−p1
)1/p1

6 µ1−p/p1‖f‖p/p1

Lp = ‖f‖Lp .

ôÓ{�w��;w��W���;w
f ∈ Lp1 + Lp2

|��¨�
‖f‖Lp1+Lp2 6 (1 + 2

p2−p
p2 )‖f‖Lp .

�
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fg = f1g1 + f1g2 + f2g1 + f2g2

��ô±{¨|µ��¸È�Ó�)�!û�¿��\��w¤�F¯����
���By¤��w.|µ���;{}|"�B�W���

i, j = 1, 2
¯
figj ∈ L

piqj
pi+qj

¯Ï|��¨� ‖figj‖
L

piqj
pi+qj

6 ‖fi‖Lpi‖gj‖Lqj
��Ô����

i 6= j
¯�°Ów

{}|���w piqj
pi+qj

∈ ( p1q1
p1+q1

, p2q2
p2+q2

)
��ô±{�w���w�½!½¬|Þ�W�����­�F°��F¯��){}|���¸È�Î�;���+w�½#½¬| õ � õ ��q�� �

� O ��
?­\§(�D®	¯*�Fß �F� £.¡�©«ªË|µ½ ²��R|"�)w¤�%���Î�)�ÂÑ8|"�)�;�­yR¸�Ð_g��R|��)�t¯á°µw.|���¼Gvx�W|��¨��wÌ¾�|µ���×|µ�¨�ñæ���¸����W|�¶ô��¤��w¤�)¸��.� �%���±{�w���~��%�����������)y¤���;�;�­�����F�
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� � m�� q�o��ri �

� s6� o�i 7 i�U +�( i 	 �<qti5# m u%( 
 ieu��¬mÉ4 qtu +�
 u�s
i�jlknmporqts
u%# s
u X � q�(Y* s[Z # � m6$�i5#

��!&L>�&'YA��<�¬�;']�O�ªÕP�/.��<'*)��=�>� � H/C-�1)��=%3'�� ¯tçFÄ é@ê Ä�Ä?q�ëÕ¯ ê ³>³F¼$��Ä>´��

� �¢¡¤£.¥.¦¨§�£�©��r���)����|��;wF�Ë��¶Ç�;{�w±�Y�;�¨��¶Ç���¨�){�w�vÓ|µ�¨yR{�¶Þ~��Y�����­w�½ °����){Ë�����;w4¼'���­¸�w±�­�����;�W|����|��R|�¯Ï°±w#�;{��.° �){�w-I'°±w¤�­� ¼'~����;wF����w¤�)�lJ#�%����É����Y�;w4°Ów�²µ¼·��w#Æä�Y�­w���|µ�¨��óLw�� ÿ |�½!����¼Gú9���w�À´�}|��;��������°����){N�������)�\|µ�Ò�¨|"�Õ|!�����Ï{��­��¸��.�r�;~}|µy¤w��
Xs

¯�°����){N�;w¤�)~�wFyÕ�)����w���¶
s > 1

|��¨�
s > 5/4

�}û�w��Yw�¯�I'°±w���� ¼'~����;wF����w��;�lJP���¨y¤�­����w�������yF|�� é ²������}|��+�����;��½!wzy�|µ�;w��Õë®wÕí��­�Y�;w��¨y¤w�¯�����\À���w���w��;�P���¨��w��P|��;��~�~���w�½!w��´�R|µ�G¶N|µ�;�;��½!~��;�­���Ì|µ�¨�Ny¤���´�)���È�����I¶C°����;{b�Yw��;~�wFy4�9�)��;{�w��������;�W|��K�¨|��R|��
�#ÙFÚ ÛÏÜÞÝ¢ß�à¬áCâCãäÝÒå¤àÇÜ

ª·�rî6ª·�¢¾´ð'¯µ�;{�w�|����){����;�äy¤�����;�­��w��YwF�Ë�){�w�v±|��¨yR{´¶Þ~��;������w�½!�ä�%���äÉ����Y�)w4°Ów�²�¼·��w±Æä�;��w�� é É���ÆzëÒ|µ�¨�óxw�� ÿ |µ½#�­��¼Gú9��� é ó±ú�ë®wFÀ��}|��;�­�����±°����;{������Yw4¼'�­��¸�w��������;�W|��K�¨|��R|�¯��}|µ½#w���¶
{
∂tu+ ∂3

xu+ u∂xu = 0 , x ∈ R, t ∈ R
u(x, 0) = g(x)

é ³���ç"ë
|��¨�

{
∂tu+H∂2

xu+ u∂xu = 0 , x ∈ R, t ∈ R
u(x, 0) = g(x)

é ³�� ê ë
°�{�w��;w

H
��w����µ�)w��±�){�w�û�������w��Y�Î�)�)|µ���;�%���;½�¯}|��¨�

g
�R|"�)���YÍ¨w��





� ) g(x)→ C±
|��
x→ ±∞ .

�;� ) g′ ∈ Hs−1
°�{�w��;w

s > 1 .

�;�;� ) g − C+ ∈ L2([0,∞)), g − C− ∈ L2((−∞, 0]) .
é ³��[�´ë
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ôÓ{�w¤¶!�){��F°ÓwF�!�){�w�����yF|��¨°±w���� ¼'~����;wF����w��;�®��� é ³���ç"ëä|��¨� é ³�� ê ëÒ°����){¬�������;�W|��Ï�¨|��R| g �R|��;�­�;�W¶È�­��² é ³��[�´ëÕ¯���¨��w��±�;{�w�|µ�;�;��½!~��;�­���
s > 3/2

��Ð9�­���}|��E°±w���� ¼'~����;wF����w��;�±°�|��Î�����Õ|��­��w����%���
s > 2

�ú9���x|µ��½ {�w��Yw����Å�)���­½!~��;�.��w±�;{��­�ä�;w��;�����L�´¶Ç°Ów.|�¸�w�������²��){�w�|��;�)��½#~��)�������ä���!�;{�wÎ�­�����;�W|�����|��R|
g
è�°Ów��;w�~��\|µy¤w é ³��[�´ëx�´¶

g ∈ Xs é ³���ZÈë
°�{�w��;w

Xs
��w����µ�)w��!�){�w¿��{��\��¸��.�¹�)~}|µy¤wC°Ówr���´�)�Y�����¨y¤w�������î Ð�|�ç¤ð é �;w�wN|����;�Ãîa�¢ç¤ð%ëË�W���!���´�)w�²�w����|µ����w��Î���

s
è

Xs := {f ∈ D′(R), f ∈ L∞, f ′ ∈ Hs−1(R)}. é ³È�aq�ë
�r���Yw��.��w�� é |µ�¨�<�;{}|��P���B~��;���}|�����¶r�){�wÞ½#���Y�B�­���)w��;w��Y�;�­��²×��½!~��Y�"��w�½!w��´�Õë4¯¨°Ów#|��)�;��½!wÇ������¶<�;{}|"�
s > 1

�����;{�wzÉ���ÆþyF|��;w�¯}|µ���
s > 5/4

���C�){�w�óÓúþyF|��;w�¯������Y�)w.|µ�����
s > 3/2

�ÁÂwÎÍ¨�Y�;�xy¤�����;�\��w��ä�;{�w�É���Æ wFÀ´�}|"�)����� é ³���ç"ëÕ��ú9���ä�Y�)�R|"�)w¤²�¶#���®|µ�L�%�����­�F°��F�´ô±{}|���¸È�ä�)���+w�½!½¬|³È� ê �­ç���w����.°�¯ä�W��� g ∈ Xs
¯8�;{�w��;w�w4í����Y�)� |Ì�%���¨y4�;�����

ψ ∈ C∞(R)
°����){

ψ′ ∈ H∞
�;�¨yR{e�;{}|��

ϕ = g−ψ ∈ Hs é �Yw�½¬|��;¸Þ�;{}|��x���x�­½!~��­��w��L�){}|"� ψ �­�x�������¨��wF�t¯´�;���¨y¤w s > 1
ë4��¾È��½!�­�\|��;��¶#�)� î/ªI�¢¾´ð>¯°ÓwP°��Y���;wÇ|#�;���­���;�­���

u
��� é ³È�­ç.ëÎ|�� u = v + ψ

¯�|��¨�×°Ów��Y�;�¨��¶×�;{�wÞv±|��¨yR{´¶C~��Y������w�½ù|��;�;��y¤�\|"�)wF�°����;{
v
¯��}|�½!w���¶

{
∂tv + ∂3

xv + v∂xv + ∂x(vψ)− (∂3
xψ + ψψ′) , x ∈ R, t ∈ R

v(x, 0) = ϕ(x) = g(x)− ψ(x)
é ³�� õ ë

ú9���Î½�|µ�����;w��;���������9|��Î�%���­���F°��Fè
�
	���
 ¥ �Dß èÏ©��¨©�� � �B) ψ ∈ C∞b (R) �<C-A<6})56F�1) ψ′ ∈ H∞ : s > 1 �&'Y! ϕ ∈ Hs(R) QS 6F�/'£)56F�/.��X��§>�(�/);� T = T (ψ, s, ‖ϕ‖Hs) > 0 �&'E!O��CD'��=H/C*� v ∈ C([−T, T ], Hs)∩C1([−T, T ], Hs−3)

��%>��LR�;'DJ¨�ì�&Q��0¢ : �&'E!W�<C*A<6N)56��1) vx ∈ L1([−T, T ], L∞) Q® %&.0��%&L>�<. : ��%&.b�&'-f R > 0 : )56F��89��, ϕ→ v �(�bA�%&'-)��;'-C-%&C��+�0.�%&8 )56��Ig��1�;�E%^��.��"!3�;C�� R �;' Hs(R)

)2% C([−T (R), T (R)], Hs) QÔ¨�;��½ �){����B�­�ÈyF|���°±w���� ¼'~����;wF����w��;�P�Yw��;�����B�%��� é ³�� õ ëÓ°ÓwË��wF���¨y¤w!|�����yF|���°Ów��­� ¼'~����)wF����w��;�P�;w��;������%��� é ³È��ç"ë4è
�
	���
 ¥ �Dß èÏ©��¨© � � �B) s > 1 : g ∈ Xs QS 6F�/' );6��/.��e��§1�(�/)5� T̃ = T̃ (s, ‖g‖Xs) > 0 �&'E! �¿C�'-�=H/C-�¤��%>��CF)��=%3' u %^�¿�ì�3Q5¡0¢¨�<C*A<6�)56��1) u ∈
C([−T̃ , T̃ ], Xs) : u− g ∈ C([−T̃ , T̃ ], Hs) �&'E! ux ∈ L1([−T̃ , T̃ ], L∞) Q® %&.0��%&L>�<. : ��%&.h�&'-f R > 0 : )56��¬89��, g → u �(�hA0%&'*)��;'�C*%&CK����.0%&8¹)56F�
g��>�(��%^�O.0�"!&�(C�� R �;' Xs )2%
C([−T̃ (R), T̃ (R)], Xs) QòäÀ´�}|"�)����� é ³È� õ ë���� ÿ ���Y�!É���Æ wFÀ��}|��;�­���º~�w��Y�)���Y��wF�º�´¶��;��½!w¬�)w��;½#�.�Òª'���){�wCyF|��;w×����É���ÆË¯ÉPw�����²�¯tÑ¢���¨y¤w#|��¨�<Æäw�²�| é î6ÉzÑÒÆOZµð2ëÎ�;{��F°±wF�r�){�wÇ�­�ÈyF|���°±w¤�­� ¼'~����;wF����w¤�)�B�­�

Hs
¯¨°����;{

s > −3/4
¯�´¶Ë�){�w�y¤���´�)�R|µy4�;�­���¬~��Y�­�¨y¤��~���w��´ö9�x���ä°�|��x½!w¤�´�)��������wF�����bî6ª·�¢¾´ð'¯��;{����x½!w¤�;{������2|µ�����x{�w��;w��´ª'�¨��w�wF�t¯���¬���´w��!�����!�)w¤w�½ �;�»��w�~����;�;�­����w��;�÷²�w4� |��ñ|µ~�~��Y��~��Y�W|"�)w�w��Y�)��½¬|"�)wC���¹�;{�w

Hs
�����;½ �����){�w�)w��Y½

ψ∂xv
¯���wFyF|����;w

ψ
���´w��Þ���µ�Ç��|µ���­�;{º|��Ç�­��Í¨�����·¶��Òóx�����;²�|µ���+�6�Ç½!w¤�){��È� é �;w�wbî Ð9��ð%ë��2|µ�����Þ�%����){�w9�R|µ½!w9�;w.|��)���+¯�|��x°Ów��­�t|µ�®�;{�wB½!w¤�;{���� ���;wF� �´¶¬ÉPw�����²!|µ���CÉ��Èw�����²Ë���÷î6ÉPwFÉBð>��ª·���;����¯��+�­�¨|µ�Yw��

ç3³ õ



|��¨�!¾�y¤�W|�����½ é î/ªI�¢¾�ð2ë����)wF�#|�~}|��R|µ�������\y®�;w�²����W|��;���.|"�)������|��¨�Ç�){�w�óL���}|.¼G¾È½!���){!|�~�~��;�Fí���½¬|"�)�����+��ôK���½!~��;�.��w��){�w¤�­�®�;w��;�����.¯�°±w9���;wB{�w��;w��){�wB½#w¤�){��È�¬�){}|"�®°Î|��Ów�½!~����.¶�wF� ��¶ É��ÈyR{�|��¨�×ô���w¤�Y��¸��.���­�î6É���ô®ðt�)�Ë�;{��F° �;{�wP�­�ÈyF|µ�Ï°Ów�����¼'~����;wF����w��;�Î���Òó±ú����
Hs

¯
s > 5/4

�¨æ�|µ½!w���¶�¯È°ÓwP�;{��F° ¾´�;�;�­yR{}|��Y�)�w��Y�)��½¬|"�)w��9�W���B|!������w.|µ�Y�­�¤wF�<��w��Y�;�­���N��� é ³�� õ ëÕ�Ïæ�w4í���°ÓwÞ��w¤�;����w��;{�wÞy¤�Y�¨y¤�W|���������¼'������w.|µ�9w��Y�)��½¬|"�)w�¯���;����²��;{�w��+���;�)��w4°Ó�È�È�È¼IÑ8|���w¤¶!��w�y¤��½#~����;���)�����+��ô���²�w¤�x|��¬|B~��;�����;��w��Y�)��½¬|��;wÎ���#�;{�w
Hs

�����;½
���E|�;�������;�­���×��� é ³È� õ ë4¯�|�y¤��½!½Þ���R|��;���x��w�½!½¬|�����w��)�ËÉz|"�)� é î/Éz|�ç4ð2ëÒ°�|��®���)w�� ���Ìî6ª·�¢¾´ð'�Èô±{����Ó��w�½!½¬|��|����­���%���
s 6 3/2

��Á�wz���;wÇ|µ�¨��~��Y�"��wz{�w��;wÇ|Ë��w4° y4��½!½Ç���Õ|"�)���Î�­w¤½!½¬| é �+w�½!½¬|7³�� ê ��Z���w����.°Bë4¯°�{��\y){r����|Þ��|µ�Y�W|��´�����8|Ë��w�½#½¬|#����w��;��Éz|"�)��|µ�¨�rÑ�����y¤w é �;w�wz�+w�½!½¬|7³�� ê �[�#��w����F°����zî6ÉzÑÒð2ë4�ú9���Î½!w¤�;{����C²�����w����;��½!���W|��Î�;w��;�����)�Î�%���±�;{�w�ó±ú wFÀ´�}|"�)�����+è
�
	���
 ¥ �Dß èÏ©��¨©c¾ � �B) ψ ∈ C∞b (R) �<C*A<6N)56��1) ψ′ ∈ H∞ : s > 5/4 �&'E! ϕ ∈ Hs(R) QS 6F�/' )56F�/.��
��§>�(�<)5� T = T (ψ, s, ‖ϕ‖Hs) �&'E!¤�&'GCD'-�=H<C*�b��%>��CF)��=%3' v %^�

{
∂tv +H∂2

xv + v∂xv + ∂x(vψ) = −(H∂2
xψ + ψψ′) , x ∈ R, t ∈ R

v(x, 0) = ϕ(x) = g(x)− ψ(x)
, é ³È�¯³�ë

�<C*A�6})56��&) v ∈ C([−T, T ], Hs) ∩ C1([−T, T ], Hs−2) �&'Y! vx ∈ L1([−T, T ], L∞) Q® %&.0��%&L>�<. : ��%&.b�&'-f R > 0 : )56F��89��, ϕ→ v �(�bA�%&'-)��;'-C-%&C��+�0.�%&8 )56��Ig��1�;�E%^��.��"!3�;C�� R �;' Hs(R)

)2% C([−T (R), T (R)], Hs) Q�
	���
 ¥ �Dß èÏ©��¨© L � �B) s > 5/4 : g ∈ Xs QS 6F�/' );6��/.��e��§1�(�/)5� T̃ = T̃ (s, ‖g‖Xs) > 0 �&'E! �¿C�'-�=H/C-�¤��%>��CF)��=%3' u %^�¿�ì�3QM �¢¨�<C*A<6�)56��1) u ∈
C([−T̃ , T̃ ], Xs) : u− g ∈ C([−T̃ , T̃ ], Hs) �&'Y! ux ∈ L1([−T̃ , T̃ ], L∞) Q® %&.0��%&L>�<. : ��%&.h�&'-f R > 0 : )56��¬89��, g → u �(�hA0%&'*)��;'�C*%&CK����.0%&8¹)56F�
g��>�(��%^�O.0�"!&�(C�� R �;' Xs )2%
C([−T̃ (R), T̃ (R)], Xs) Qª·�Ç��|µy4�.¯"���Å|µ���;��°Ó���Y¸È�Ò�W���8|��­�´�;{�wÓ���­�;~�w��Y�)�������8��w4�·°Ów�w��#ó±úñ|��¨�ÞÉ���ÆÞ�µæ9|µ½#w���¶�¯.�%���

α ∈ [1, 2]
¯�){�w�~��;�����­w�½

{
∂tv −Dα∂xv + v∂xv + ∂x(vψ) = Dα∂xψ − ψψ′ , x ∈ R, t ∈ R
v(0) = ϕ ∈ Hs , é ³È��´�ë

°�{�w��;w
D = (−∂2

x)
1/2

���Î�­�ÈyF|��­��¶ °Ów��­�t~����;wF�C���
Hs

�%���
s > 3/2− α/4 �ª·�<î6ª·�¢¾´ð'¯´|P²��­���}|���°±w���� ¼'~����;wF����w¤�)�x�Yw��;�����Å°Î|µ�ä�����R|µ����wF�!�%��� é ³��a³�ëÒ��� Hs

�%���
s > 2

��¾´�­�¨y¤w����������yF|��+°Ów���� ¼'~Ï���;wF����w��;���;w��;������²��´w������¨��w��Y��w.|��;{
3/2

¯¨���;�­��²!�;{�w����´��|��;�\|µ�´�����¢�){�wÇóxw�� ÿ |µ½#�­��¼Gú9���wFÀ´�}|"�)�����N|��)�;�Èy¤�\|��;wF�×°����){C�;{�w
H3/2

�����Y½r¯�°Ów���½!~��;�.��wB�){����Î�;w��;�����.è
�
	���
 ¥ �Dß èÏ©��¨©�à � �B) ϕ ∈ Hs : s > 3/2 Q S 6��/' )56��_��%>��CF)��=%3'Í%^�¨�ì�&QÂ�^¢�%"gB)@�&�;'E��!e�;' S 6F��%&.0�/8�&Q5¡>Q � A��&' g��
��§?)2�/'E!?��!7)2% R Q½ 
 ¥ 
¾§�§ ¦¨¥C¿çèÏ©��¨©�� � �B) g ∈ Xs : s > 3/2 Q S 6F�/' )56��7��%>�aCD)��=%&' %^�e�ì�&Qi �¢ %"gB)2�&�('E��!e�;' S 6F��%&.0�/8�&Q5¡>Q � A��&' g��
��§?)2�/'E!?��!7)2% R Qæ����;w��;{}|��9���Åô±{�w����;w¤½ ³È�­ç��­ç�°Î|����)�Y��w��%���

s = 1
¯�°Ów�°±�����­�<{}|���wÞ|!²������}|µ�+°±w���� ¼'~����;wF����w¤�)��;w��;�����.�}Á�wÞ��|��­��wF�N�)� �;{��.°þ�;{��­�B�%���B²�w���w��R|��

ψ ∈ C∞b
°����;{

ψ′ ∈ H∞ �tû��F°Ów¤��w���¯Ï��� ψ ≡ a
�­��|y¤�����Y�Õ|��´�.¯´|PyR{}|���²�wÎ������|µ�Y�W|�����w��L�;{��.°��Å�){}|"�

v
�;������w¤� é ³�� õ ë¢�­�t|��¨�#������¶Ë��� w(x, t) := v(x+at, t)
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�;������w¤�Ë�;{�wCy¤�\|��)�;�­yF|��ÎÉP��Æ wFÀ´�¨|��)�����+¯�°�{��\y){º�­�Ë¸È���F°����)�b��w×²��­���}|��­��¶»°±w���� ¼'~����;wF���­�
H1

�ÒÔ¨����µ�){�w��8�����;~�w��;�;�������F¯��­��°Ów±|µ�;�;��½!wx�;{}|��
ψ
���Åy¤�����Y�Õ|��´�.¯.�){�w®�;w��;�����)�Ò���}ÉPw����­²�|��¨�ËÉ��´w�����²B�)��½!���\|µ�Y��¶w����;���;wP�;{}|�� é ³È��´�ë®�������ÈyF|µ����¶ °Ów��­� ¼'~����;wF�C�­� Hs

¯
s > 3/2− 3α/8

�ô±{�wÎ~��Y�È���Ï���Ïô±{�w¤���;w¤½ ³È�­ç���� é �;w¤�)~+�K³È�­ç��[Z´ëÒ���ä�;�­½#�­�\|��x|µ�¨�Ë�)��½!~���w��Å�;�P�){}|"�L���EôÓ{�w����;w�½ ³���ç���ç
é �Yw��;~+�«³È�­ç�� ê ë4¯��)�Ë�){}|"�±°ÓwB°��­���+��½!���Î���.�ô±{���� ~}|µ~�w��¬�­�¬���Y²´|�������wF�Ê|�� �W�������.°��F�®ª·�ñ�;wFy4�;�­��� ê ¯Å°ÓwN�Y�Õ|"�)w<�;��½!wN~��;w����­½#�­�}|��Y¶e�;w��;�����)�F¯���¨y¤���¨���­��²��){�w�y¤�;�¨y¤�\|���y¤��½!½Ç���Õ|"�)���L��w�½!½¬|��F�´ª'�¬�;wFy4�;�����9��¯�°Ów�~��;�.��wB¾´�;�;�­yR{}|��Y�)��w��Y�)��½¬|"�)w��L�%���x|���­��wF|µ�Y�­��wF�¬��w��Y�)�����×��� é ³È� õ ë4��ª'� �)wFyÕ�)�����©Z�¯�°±w9~��;�.��wP|�������¼'������w.|µ�Ów��Y�)��½¬|"�)w���ôÓ{�wB~��Y�È���K���Ó�}|µ�;wF����C�;{�w��+���Y�)��w4°±�´���´¼GÑÒ|µ��w¤¶ �;{�w����Y¶���ª'�×�){�wP�\|µ�Y�±�'°±�Ë�;wFy4�)�������F¯��;{�wP½¬|��­�C�­��w.|���|µ�YwB�){�w��;wP���¢É��ÈyR{|��¨�¬ô��¤��w¤�)¸��"�Ëw4í�~��\|µ����wF�����bî/É���ô®ð'��ª·���;wFy4�;�­���©qz|µ�¨� õ ¯�°Ów�~��;�.��w�ôÓ{�w����;w�½�³È�­ç��­ç��Èª'���;wFy4�)�����N³È¯°ÓwÇ��w��Y����wÇôÓ{�w����;w�½ ³È�­ç�� ê �}ª·�r�;wFy4�)�����G´�¯�°Ówz~��;�.��w�ôÓ{�w����;w�½ ³���ç���q��}Ô¢���}|µ����¶�¯�°Ów�~��;�.��w��+w�½!½¬|³È� ê �[Z#�­�C�){�w�|�~�~�w��¨��� ít�¨ô±{�wz~��Y�È���¢�����;{�����y¤��½!½Ç���Õ|"�)���Î��w�½!½�|Ë���Î�­���;~����;w����´¶¬�){}|"�����Ò�+w�½!½¬|³È� ê ���Ë²�����w������Âî/ÉzÑ8ð'�
t 
 £.¦�£ �(
Y� ¡�©«ô±{��;����²�{������ �){���� ~}|µ~�w¤�F¯L�){�w<�����R|��;�­���

A . B
½#w.|µ���¬�){¨|��¬�){�w��YwNw4í����;�;�C|µ�{}|��;½!��w��;��y¤�����Y�R|µ�´�

c > 0
�;�¨yR{C�;{}|��

A 6 cB
�ÁÂw���w����µ�)w��´¶

H∞
�){�wP�)~¨|�y¤w

H∞ = ∩
s>0
Hs

¯
C∞b

�;{�w��;~}|�y4wz���
C∞

�������¨��wF�C�%���¨y4�;�­������|µ�¨� S�){�w��;~}|µy¤w����Å¾�y){�°�|��Y�;���%����y4�)�������F�ª'�
X
�­�Þ|ró®|µ�}|µyR{��;~}|�y¤w�¯

T
|C~����)���)����w��´��½Þ��w��Ç|��¨�

I ⊂ R |������´�)w��G��|µ�@¯E°±w���w¤Í¨��w
LpTX :=

Lp([−T, T ], X)
|µ�¨�

LpIX := Lp(I,X)
wFÀ����­~�~�w��×°����){C�;{�w������¨|��;���R|��+�����;½!�F�ÁÂwz��w������;w

L∞T H
∞ := ∩

s>0
L∞T H

s
�

Ô¨���
σ > 0

¯�°Ówz��w����µ�)w
Jσ := (1− ∂2

x)
σ/2
¯
Dσ := (−∂2

x)
σ/2
�ôÓ{�wx��w¤�;�;w��;�

λ
|��¨�

µ
°����­�È��w��;��²��Ç��¶È|µ���\yä�­���)w�²�w��;�F�"ô±{�wx���µ�Õ|"�)����� ∑

λ f(λ)
�;{������\�z��wx���¨��w��Y�Y�)�È�È�|�� ∑∞

k=0 f(2k)
�ÁÂwzy�|µ���

(q, p) ∈ R2
|µ�<|µ��½!���)�;������wz~}|��­�±�­�

(q, p) =

(
6

θ(β + 1)
,

2

1− θ

)
, (θ, β) ∈ [0, 1]× [0, 1/2] .

æ��µ�)wr�;{}|����)��~��;�.��wr�){�w����;w�½#�N³���ç��[��|��¨� ³���ç���Z���w.|����­��²»°����){��){�wbóÓú wFÀ´�}|"�)�����+¯Å°Ów<�;{������­��;w�~��W|µy¤w��;{�������w¤Í������;�­���r�´¶Eè
2

q
+

1

p
=

1

2
, q ∈ (4,∞), p ∈ (2,∞) .

ÁÂw��;wFy�|µ���t�){}|"�Î�;{�w��)�������)���������K�){�w��������)�\|µ�t��|µ����w�~��;������w�½
{
∂tv + ∂3

xv = 0 , t, x ∈ R
v(x, 0) = v0(x)

é ³��[µ´ë
���C²�����w��Ê�´¶��){�wb�������Õ|µ�G¶Ãö9���Y¶ñ²��Y����~Ã°�{��­yR{Ã°������P��w÷��w����µ�)wF�ì�´¶ {W (t)}t∈R

¯®�@�6w��
v(., t) =

W (t)v0 = St ? v0

°�{�w��Ywz�W���
t > 0

St = t−1/3K(t−1/3.)

ç3³&´



|��¨�
K(x) = c

∫ ∞

−∞
ei(ξ

3+xξ)dξ, x ∈ R .

�#Ù)Ø Ü�ß+w�|�åBÊ å�Ü©z�ß�» ßxw�vKâN|ÕÝ+v
ÁÂw9���.° �Y�Õ|"�)wP|��Yw��;�����®�;{}|"�±²�����w��Î|Ç��w�y¤��½!~����;���)�����×���t�;{�wB�������)�\|��t�¨|"�Õ|

g
¯�°�{��\y){×�­�®���;wF�¬�)��;wF���¨y¤wP�){�w��Y�)�¨��¶×��� é ³���ç"ë é �;w��;~+� é ³È� ê ë;ëL�)�Ë�){}|"����� é ³È� õ ë é �;w��;~+� é ³È�¯³�ë;ë4�½ �Dßrß ¦øèÏ© � ©���� �B) g ∈ Xs, s > 1 Q S 6F�/' )56F�/.��
��§>�(�/);� ψ ∈ C∞(R), ϕ ∈ Hs(R) �<C*A<6});6��1)

� ) ψ′ ∈ H∞(R).

�;� ) g = ψ + ϕ.® %&.��0%&L>�/. : )56���8_��,*� g → ψ �3'E! g → ϕ A��&'eg��O!"��\�'E�0!W�3���a�('E���&.�89��,-���<C-A<67);6��1)��B%&.O�/L>�/.<f
s1 > 1 : g → ψ �(�IA�%&'*)5�;'-C*%3C��Ì��.0%&8 Xs �;'*)@% Xs1 �&'Y! g → ϕ �(�jA0%&'*)��;'�C*%&CK�Ì��.�%38 Xs �;'*)2% Hs Q
± ¥ 
�
«² © �Kw4�

k(x) = (4π)−1/2e−x
2/4
¯
ψ := k ? g

�ôÓ{�w��
ψ ∈ C∞b (R)

¯
ψ′ = k ? g′ ∈ H∞ ¯��){�w��Yw��%���;w g − ψ ∈ L∞ ⊂ S ′ |��¨�
ĝ − ψ(ξ) = (ĝ − ψ̂)(ξ) = (1− k̂)ĝ(ξ) =

1− e−ξ2

ξ︸ ︷︷ ︸
∈L∞

ξĝ(ξ)︸ ︷︷ ︸
∈L2

.

û�w��¨y¤w
g − ψ ∈ L2

¯¨|µ�¨�
g − ψ ∈ Hs

��<���;w��.��w��F¯ ‖ψ‖L∞ 6 ‖g‖L∞ |µ���
‖ψ′‖2

Hs1−1 =

∫
(1 + ξ2)s1−1e−2ξ2 |ξĝ(ξ)|2dξ 6 sup

ξ∈R

(
(1 + ξ2)s1−1e−2ξ2

)
‖g′‖2

L2 ,

°�{��\y){r�;{��F°��±�){�wzy4���´�;�­�´�����·¶×���
g → ψ

�%�Y��½
Xs

���´�)�
Xs1

�}¾È�­½#�­�\|��;��¶�¯

‖ϕ‖2
Hs 6 sup

ξ∈R


(1 + ξ2)

(
1− e−ξ2

ξ

)2

 ‖g′‖2

Hs−1

²�����w��Î�){�wzy¤�����)���È�����I¶×���
g → ϕ

�%�Y��½
Xs

�­�´�;�
Hs

� �½ �Dßrß ¦øèÏ© � © � � �B) (aλ)λ
: (dλ)λ ) 4 %9����H<C*�/'EA����h�;'E!?��§���!e%&'ÿ!3fK�"!&��AW�('*)2�@JK�/.�� λ = 2j, j ∈ N Q� �B) s > 0 Q S 6��/'

∑

λ

λs
∑

µ>λ/8
aµdλ .

(∑

λ

λ2sa2
λ

)1/2(∑

λ

d2
λ

)1/2

,

�&'E!W6��/'YA��Wg/f©!&C*�1�a�5)�f
∑

λ

λ2s


∑

µ>λ/8
aµ




2

.
∑

λ

λ2sa2
λ .

ç3³&µ
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«² © � �)����²Ë�){�wÇvÓ|µ�¨y){´¶´¼G¾�yR{�°Î|��;���­��wFÀ´�}|��­���I¶�¯�°Ów�²�w¤�
∑

λ

λs
∑

µ>λ/8
aµdλ =

∑

λ

λs
∞∑

k=−3
2kλ>1

a2kλdλ =
∞∑

k=−3

2−ks
∑

λ>2−k

(2kλ)sa2kλdλ

6
∞∑

k=−3

2−ks


 ∑

λ>2−k

(
(2kλ)sa2kλ

)2




1/2
 ∑

λ>2−k

d2
λ




1/2

6 23s

1− 2−s

(∑

λ

λ2sa2
λ

)1/2(∑

λ

d2
λ

)1/2

.

�

� ï�ôøôÉ¸�îDö]îDïoëÔö�ð�ù��rì^÷^ì$ðPè�ö�ë��}é?îFì^ôøöÌîFè�é
ÁÂwË°��­���Å���)w#�­�÷�;{�w!�;wFÀ´��w��8�·°Ó�ry¤��½!½Þ���R|��;���P�­w�½#½¬|µ�F�+ôÓ{�w#Í¨�;�Y�z����w!�­������w#�;�rÉz|��;�<|µ�¨�Ñ¢���¨y¤w�|��¨�����Î~��;�.��wF�C����î6ÉzÑÒð'�

½ �Dßrß ¦øèÏ© � ©�¾ `(� s > 0 :
‖ [Js, f ] g‖L2 . ‖∂xf‖L∞‖Js−1g‖L2 + ‖Jsf‖L2‖g‖L∞ . é ³���çFÄ�ë

ô±{�w��;wFy¤���¨�ry¤��½!½Þ���R|��;���±��w�½!½¬|Þ����~��;�.��wF�C�����;{�w�|µ~�~�w��¨��� ít�
½ �Dßrß ¦øèÏ© � © L � �B) s > 0 : �M�B) s0 > max(0, 3− s) Q S 6��/'

‖ [Js, f ] g‖L2 . ‖∂xf‖L∞‖Js−1g‖L2 + ‖Js0+s−1∂xf‖L2‖g‖L∞ . é ³���ç�ç.ë
æ�w4í�����w�½!½¬|�� é �;w�w�î/ôÓð%ëL°����­�+��w����;wF�C�­�C�){�w�~��;�´���¢���Òô±{�w¤���;w¤½¦³���ç���q��

½ �Dßrß ¦øèÏ© � ©(àó� �B) a, b, c ∈ R ��C*A<6©)56��&) a > c : b > c : a+ b > 0 �&'Y! a+ b− c > n/2 Q S 6��/')56��b89��, (f, g) −→ fg �(�h�©A�%&'-)��;'-C-%&C��
g/�5�a�;'E�0�&.��B%&.<8ó��.0%&8 Ha(Rn)×Hb(Rn) �;'*)@% Hc(Rn) Q
½ �Dßrß ¦øèÏ© � © Ù `(� s > 1 : );6��/' )56��/.0�}�(�¿�pA�%&'��/)2�3'*) C �<C*A<6 )56F�1)n�B%&.¿�>�;� f ∈ S(Rn) : g ∈
Hs−1(Rn) :

‖ [Js, f ] g‖L2 6 C‖f ′‖Hs‖g‖Hs−1 .

ÁÂwB°��­���+��w�wF�r|Ë²�w���w��R|����­�¤wF����w��;�;���������Ò�+w�½!½�|_³È� ê � õ �
½ �Dßrß ¦øèÏ© � ©�èý� �B) n = 1 Q]`0' � �/8
89���&QM FQ��¨�"g�%&L>� : );6��¤�3���<C�8�,Y)5�=%&' f ∈ S A��&' g��£.0�2,E�M�?A���!g/f f ∈ X∞ := ∩

s>1
Xs Q

ç�´�Ä
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«² © �Kw4�
f ∈ X∞ �¨Ô¨��� ε > 0

¯
fε(x) := e−εx

2
f(x)

��w�������²����)� S ¯��;{�w��;w��W���YwP°±wzyF|µ�N|�~�~���¶�+w�½!½¬|7³È� ê � õ �)� fε �}ÑÒ|µ�;�;����²#�)�Ë�){�w��­��½!���.¯�°Ów������Õ|��­�r�+w�½!½¬|7³È� ê �¯³È� �

ª·� �;wFy4�;�­�������z�)� õ ��w����.°�¯�°±wB|µ�Yw9���´�)w��Yw��Y�)wF�¬��� �)����������² é ³È� õ ë8°�{�w��;w��;{�w9�%���¨y4�;�­����� ψ |��¨�
ϕ|��;wPÍ�í�wF�t�

�#Ù ¶ ×ØËNw |�å¤ÜNw�z�ß w�vEÝ¢åBÊ z�Ý+w
ÁÂwÎÍ¨�;�Y�x�YwFyF|��­�¨�){�wP¾´�;�;�­yR{}|��Y�;��w¤�;�;�­½�|��;wÎ°����){��;½!�È�µ�){�����²��%���ä�){�w�ö9���Y¶Ë²��Y����~ é �;w�wÇî6ÉzÑÒÆ¬�µð%ë4�

½ �Dßrß ¦øèÏ©c¾t©�� ��%&.£�&'-f}�"!&8
�(���<��g��M��,-�&�;. (q, p) = (6/(θ(β + 1)), 2/(1 − θ)) 4 �5)56W,-�&.��389�B)2�<.<�
(θ, β) ∈ [0, 1]× [0, 1/2] �&'E! u0 ∈ L2(R) :�4 �b6F�&L>�

‖D θβ
2 W (t)u0‖Lqt (R,Lp) . ‖u0‖L2(R) .ö9�Î����î/É���ô®ð'¯´°±w���wF���¨y¤w���wÕí��Î�%�Y��½ �+w�½!½¬|£³È�����­çz|!¾´�;�;�­yR{}|��Y�)�P����wFÀ´�}|��­���·¶×�%����|Þ�­����w.|��;����wF���w��Y�;�­������� é ³�� õ ëÕ�

½ �Dßrß ¦øèÏ©c¾t© � � �B) λ > 1, T > 0, σ > 1/2 Q � �B) u : [−T, T ]× R 7→ R g��
�7.0�@J1C��i�&.¬��%>�aCD)��=%&'%^�
∂tu+ ∂3

xu+ V1∂xu+ V2∂xu+ V3u = f é ³���ç ê ë
4 6F�/.�� V1 ∈ L∞T Hσ : V2 ∈ L∞T L∞ : V3 ∈ L∞T H∞ �&'E! f ∈ L1

TL
2 Q¥ �W�R���<CD8_�I8_%&.��0%&L>�/.I)56F�1)n);6��/.��
��§>���/)5�
�©A0%&'��/)2�&'-) C > 0 ��C*A<6N)56��1)� CR,", (û(., t)) ⊂ C[−λ, λ], t ∈ [−T, T ].

S 6F�/'¤��%&.¤�<L>�/.<f �?!&8W�����<�=g��M�O,-�&�(. (q, p) 4 �5)569,-�3.��&8_�B)2�/. β = 1/2 \x§K��! : ��%&.¤�&'�f}�;'*)2�<./L>�1� I ⊂
[−T, T ] �<C*A�6})56��&) |I| . λ−1 :
‖Dθ/4u‖LqILp .

(
1 + ‖JσV1‖L∞T L2 + ‖V2‖L∞T L∞ + ‖V3‖L1

TL
∞

)(
‖u‖L∞I L2 + ‖f‖L1

IL
2

)
. é ³���ç���ë

® %&.0��%&L>�<. :
‖Dθ/4u‖LqTLp . (1 + T )1/qλ1/q

(
1 + ‖JσV1‖L∞T L2 + ‖V2‖L∞T L∞ + ‖V3‖L1

TL
∞

)

×
(
‖u‖L∞T L2 + ‖f‖L1

TL
2

)
. é ³���ç�Z´ë

± ¥ 
�
«² © ô±{�w��;�������)�����
v
�����){�wÇv±|��¨yR{´¶×~��;������w�½

{
∂tv + ∂3

xv = h ∈ L1L2

v(0) = v0

ç�´�ç



����²�����w����´¶
v(t) = W (t)v0 +

∫ t

0

W (t− s)h(s)ds.

ö9~�~���¶�����²
Dθ/4

�)�Ë�){����ÎwFÀ´�}|"�)�����+¯�°Ów������Õ|��­�C�){}|"���W����|��´¶
t ∈ [−T, T ]

¯
‖Dθ/4v(t)‖Lpx 6 ‖Dθ/4W (t)v0‖Lpx +

∫ T

−T
‖Dθ/4W (t)W (−s)h(s)‖Lpxds,

{�w��¨y¤wz�+w�½!½¬|7³È�����­çB¶��­w¤�\���
‖Dθ/4v‖LqTLp . ‖v0‖L2 + ‖h‖L1

TL
2 .ÁÂw�|�~�~���¶ �){����±�)�

u
è

‖Dθ/4u‖LqILp 6 ‖u‖L∞I L2 + (‖V1‖L∞I L∞ + ‖V2‖L∞I L∞)‖∂xu‖L1
IL

2

+‖V3‖L1
IL
∞‖u‖L∞I L2 + ‖f‖L1

IL
2 .æ��F°Ç¯¨|�������î6É�ô®ð'¯����;�­��²#�;{�wÇ¾È���Ï����w¤�Cw¤½Þ��wF��������²�¯�°Ów�{}|���w

‖V1‖L∞I L∞ . ‖J
σV1‖L∞I L2 ,æ�w4í��Ò���;����²9�){�w±|��;�)��½!~��)�������8���Þ�;{�w®�;��~�~����G�8���

û(., t)
|��¨�Þ���Ç�){�w®��w���²µ�){Þ���

I
|��¨�ËÑÅ�\|µ�¨y){�w��;w��@�6��){�w¤���Yw�½r¯�°Ów�²�w¤�

‖∂xu‖L1
IL

2 = ‖ξû‖L1
IL

2 . λ|I|‖û‖L∞I L2 . ‖u‖L∞I L2 ,°�{��\y){�y¤��½!~���w¤�)w��8�){�w±~��;�´������� é ³È�­ç��´ëÕ��ô±{�w±~��Y�È���Ï��� é ³È�­çBZÈë��­�8�){�w±�R|µ½#wÓ�){}|"�ä�­�rî/É���ô®ð'è"°±w®°��;���)w
[−T, T ] =

n∪
k=1

Ik
°�{�w��;w |Ik| 6 λ−1

�ÏÁÂw#½¬|�¶÷|µ�;�;��½!w#�;{}|��
n < 1 + 2λT 6 2λ(1 + T )

¯K|µ�¨�
{�w��¨y¤w����;�­��² é ³È�­ç��´ëÓ|µ~�~�����wF�C�)� Ik |��¨���;��½#½!�­��²!�.��w�� k ¯È°±w�²�w¤� é ³���ç�Z´ë4� �

�#Ù$È ×ØËNw Ü×àÇÜN|�å�Ü©w�z�ß w�vEÝÒåBÊ z�Ýxw
ª·�¹�;{�w��)w�À´��w��@¯8°Ów����;wC�){�w��R|�½!w����µ�Õ|"�)�������#�){}|"������î/É���ôÓð�|µ�������!�){�wr�+���;�;�­w4°Ó�È�È�È¼IÑ8|���w¤¶��wFy¤��½!~����;���;�­���+��æ�|µ½!w���¶�¯

u =
∑

λ

uλ

°�{�w��;w
uλ := ∆λu

¯¨|��¨�C�;{�wzÔ¨�����;��w��Î½Þ�����)��~�����w��
∆λ

�­����w¤Í¨��wF�C�´¶
∆̂λu(ξ) :=

{
ϕ(ξ/λ)û(ξ) λ = 2k, k > 1
χ(ξ)û(ξ) λ = 1

,

°�{�w��;w
χ
|µ�¨�

ϕ
|��;w���������w�²�|"�)����w�¯

C∞c
�%���¨y4�;�­���������

R
�R|��;�­�;�\¶��­��²

χ(ξ) +
∑

λ>1

ϕ(ξ/λ) = 1

ç�´ ê



|��¨�
ϕ(ξ) =

{
0

�­� |ξ| < 5/8
��� |ξ| > 2

1
�­�

1 < |ξ| < 5/4
.

Ô¨����|Ë��¶È|µ���­y����´�)w¤²�w��
λ
¯È°±w�|����)�!��w¤Í¨��w

∆̃λ :=

{
∆λ/2 + ∆λ + ∆2λ

�­�
λ > 1

∆1 + ∆2

�­�
λ = 1

.

�Kw4�
u
��w�|Ë�Yw�²����\|��Î�)�������)�����r���
{
∂tu+ ∂3

xu+ u∂xu+ ψ∂xu+ ψ′u = −(∂3
xψ + ψψ′) , x ∈ R, t ∈ R

u(0) = u0 ∈ H∞ . é ³���çRq�ë

óL¶SII�;w¤²����\|��z�;�������)�����?JË°Ów!½!w.|��÷�){}|"�
u ∈ ∩

s>0
C(R, Hs)

�KôÓ{�w����;w�½ ç�� ê ���ñî6ª·�¢¾´ðäw����;���;w����){}|"��;�¨yR{Ê|��;�������;�­���Ê���Èw��×wÕí��­�Y� é �){��;����²�{������»î/ªI�¢¾´ð>¯L�){�wÌ|��)�;��½#~��)����� é ³È����ë�yF|��ì��wb�Yw�~��\|�y¤wF�Ã��¶I
g ∈ Xs

JP�%���±�%�;w�w.ë4�
ú9����|µ��½ ���C�){������;wFy4�;���������Î�;�!~��;�.��wP�){�w��W�������.°��­��²�w��Y�)��½¬|"�)w����

u
�

�
	���
 ¥ �Dß èÏ© L ©�� � �B) σ > 1/2 : 0 < T 6 1 : (q, p) �3'Ø�"!38W�(�����=g��M�¤,-�3�;. 4 �5)56 ,-�&.0�&89�B)@�/.<�
θ ∈ [0, 1) : β = 1/2 : s = σ + 1/q �&'E! u �7.0�@J1CF�M�&.¬��%>��CF)��=%3'r%^�7�k�&Q5¡nª<¢"Q S 6F�/'

‖Dθ/4Jσu‖LqTLp . (1 + ‖Jσu‖L∞T L2)(1 + ‖ux‖L1
TL
∞)3/2(1 + ‖Jsu‖2

L∞T L
2)1/2 . é ³���ç õ ë

ÁÂw��;~������Î�;{�w�~��;�´���¢���r�;w¤��w��R|��+��w�½!½�|µ�F�

½ �Dßrß ¦øèÏ© L ©���� �B) (q, p) g0�7�3'p�?!&8W�����<�=g��M��,-�&�(. 4 �5);6£,-�&.0�&89�/)2�/. θ ∈ [0, 1) ���=Q;�RQ p < ∞ ¢ : �M�B)
σ > 1/2 Q S 6��/'

‖Dθ/4Jσu‖LqTLp .
(∑

λ

λ2σ‖Dθ/4uλ‖2
LqTL

p

)1/2

. é ³���ç3³�ë

ç�´>�
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«² © öp�;��½!���W|��®��w�½!½¬|�°Î|��Ó�Y�Õ|"�)wF�¬���÷î6É���ôÓð>��Á�wB�YwFyF|��­���){�w9~��;�´���·�´Á�wP��w¤Í¨��w
v := Dθ/4u

�ÁÂw�{¨|F��w

‖Jσv‖LqTLp =

(∫ T

−T
‖
∑

λ

Jσvλ(t)‖qLpxdt
)1/q

6



∫ T

−T
‖
(∑

λ

|Jσvλ(t)|2
)1/2

‖q
Lpx
dt




1/q

é ³���ç�´�ë

=



∫ T

−T



∫

x

(∑

λ

|Jσvλ(t)|2
)p/2

dx



q/p

dt




1/q

6



∫ T

−T

(∑

λ

(∫

x

|Jσvλ(t)|2.p/2dx
)2/p

)q/2

dt




1/q

é ³���ç�µ�ë

6



∫ T

−T

(∑

λ

‖Jσvλ(t)‖2
Lpx

)q/2

dt




1/q

6
(∑

λ

(∫ T

−T
‖Jσvλ(t)‖2.q/2

Lpx
dt

)2/q
)1/2

é ³�� ê Ä�ë

=

(∑

λ

‖Jσvλ‖2
LqTL

p
x

)1/2

. é ³�� ê ç.ë
û�w��YwÇ°±wÞ{}|���wË���;wF�N�;{�wË�)À´�}|��;wË�W���¨y4�)�������P�){�w����;w¤½ �%���B�;{�w#�+���;�)��w4°Ó�È�È�È¼IÑ8|���w¤¶Ì��wFy¤��½!~����;���;�­���
é �;w�wÌî�¾´ð2ëP�)�N�����R|µ��� é ³È�­ç�´´ë é 1 < p < ∞ ë4¯Ò|��¨���){�wC�r����¸��F°��;¸È�x�­��w�À´�}|µ�����I¶ é �;w�wÌî6�K�tð%ë��;�b²�w¤�é ³È�­ç�µ�ë�|µ�¨� é ³�� ê Ä�ë é ���P°±���;¸È�z��wFyF|����;w p/2 > 1

|��¨�
q/2 > 1

¯+�;w¤�)~�wFyÕ�)����w���¶¨ë4��æ�w4íÈ�.¯+���)����²��;{�w�r��¸È{����­��¼Iû�¿��;½¬|��¨��w��±�){�w¤���Yw�½ é ���Î½#���;wP~��;wFy¤���;w���¶��+w�½!½�| õ � ê �­çP���Âî6ó®�tð2ëÕ¯�°Ów�²�w¤�.¯��W����|µ��� t ¯
‖Jσvλ(t)‖Lp . λσ‖vλ(t)‖Lp . é ³�� ê�ê ë

é ³È� ê ç.ë±|µ��� é ³�� ê�ê ëÓy¤��½!~���w¤�;w��;{�w�~��;�´���¢���¢�Kw¤½!½¬|7³È�[Z��­ç�� �
½ �Dßrß ¦øèÏ© L © � S 6��/.0�7��§>�(�/);�7�}A�%&'F�/)2�&'*) C > 0 �<C*A<6¨)56��&)��B%&.7�>�;� w ∈ L2 �&'Y! v ∈ C∞b �<C-A<6)56��&) vx ∈ H∞ :

‖ [∆λ, v∂x]w‖L2 6 C‖vx‖L∞‖w‖L2 .
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w ∈ S ��ö9�±���×�){�wP~��;�´���������+w�½!½¬|ê ����î6É���ô®ð'¯�°ÓwB°��;���)w��W��� λ > 2

[∆λ, v∂x]w(x) =

∫ ∞

−∞
K(x, y)w(y)dy ,
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°�{�w��Yw
K(x, y) = c

∫ ∞

−∞
eiλ(x−y)ηϕ(η)

[
iλ2η(v(y)− v(x))− λvx(y)

]
dη .

ôÓ{�w��;w��W���;w�¯����)����²#�;{�w�½!w.|��C��|µ����w��;{�w����;w�½r¯
|K(x, y)| 6 cλ‖vx‖L∞g(λ(y − x))

°�{�w��;w
g
�­�Î���

L1
�¨û�w��¨y¤w

sup
y

∫ ∞

−∞
|K(x, y)|dx+ sup

x

∫ ∞

−∞
|K(x, y)|dy . ‖vx‖L∞ ,

|��¨�Ì�){�w¬¾�yR{È�����­w�½#½¬|Cy¤��½#~��­w4�)w����){�w!~��Y�È���®���x�){�w#�­w�½#½¬|×�­�Ì�){�w�yF|��;w
λ > 2

�KôÓ{�w!~��Y�È���®����;�­½#�­�\|��Î�­�C�;{�wzyF|µ�;w
λ = 1

� �
½ �Dßrß ¦øèÏ© L ©�¾ S 6��/.0�
��§>�(�/)5�h�©A�%3'��/)2�&'-) C > 0 �<C-A<6})56F�1)«��%&.
�1�;� v ∈ C∞b �&'E! w ∈ L2 :

‖ [∆λ, v]w‖L2 6 C‖v‖L∞‖w‖L2 .
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[∆λ, v]w(x) = cλ

∫ ∞

−∞
ϕ̂(λ(y − x))(v(y)− v(x))w(y)dy

6 2c‖v‖L∞
∫ ∞

−∞
λ|ϕ̂(λ(y − x))||w(y)|dy,

|��¨�C�;{�wÇ¾�yR{È���±�­w¤½!½¬|Ëy¤��½#~��­w4�)w��Î�;{�w�~��;�´���¢�;��½!���W|��;��¶ �)�!�+w�½!½¬|7³���Z¨� ê � �
½ �Dßrß ¦øèÏ© L © L � �B) σ > 1/2 : (q, p) �&' �?!&8W�(�0�<�=g��M��,-�3�;. : T > 0 �&'E! u �©.��=J1C��M�3.
��%>�aCD)��=%&'ÿ%^��ì�&Q;¡nª<¢"Q S 6��/'

∑

λ

λ2σ‖Dθ/4uλ‖2
LqTL

p . (1 + T )2/q
(
1 + ‖Jσu‖L∞T L2 + ‖ψ‖L∞ + T‖ψ′‖L∞

)2

×
[(

1 + ‖ux‖2
L1
TL
∞ + T 2‖ψ′‖2

L∞

)∑

λ

λ2σ+2/q‖uλ‖2
L∞T L

2 + ‖ψ′‖2
Hσ+1/q‖ux‖2

L1
TL
∞

+T 2‖ψψ′ + ∂3
xψ‖2

Hσ+1/q + T 2‖Jσu‖2
L∞T L

2‖ψ′‖2
Hσ+1/q].
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∆λ

�;� é ³���çRq�ë4è
∂tuλ + ∂3

xuλ + (u+ ψ)∂xuλ + ψ′uλ

= −∆λ(∂3
xψ + ψψ′)− [∆λ, (u+ ψ)∂x]u− [∆λ, ψ

′]u. é ³�� ê ��ë
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ôÓ{�w��;w��W���;w±°Ów�yF|��×|�~�~���¶!�+w�½!½�|h³È����� ê �)� uλ ¯�°����;{ V1 = u
¯
V2 = ψ

¯
V3 = ψ′

¯
f = −∆λ(∂3

xψ+
ψψ′)− [∆λ, (u+ ψ)∂x]u− [∆λ, ψ

′]u
�}û�w��¨y¤w

∑

λ

λ2σ‖Dθ/4uλ‖2
LqTL

p . (1 + T )2/q
(
1 + ‖Jσu‖L∞T L2 + ‖ψ‖L∞ + T‖ψ′‖L∞

)2

×
∑

λ

λ2σ+2/q
(
‖uλ‖L∞T L2 + T‖∆λ(ψψ′ + ∂3

xψ)‖L2 + ‖ [∆λ, u∂x]u‖L1
TL

2

+‖ [∆λ, ψ∂x]u‖L1
TL

2 + ‖ [∆λ, ψ
′]u‖L1

TL
2

)2

. é ³�� ê Z´ë
ÁÂw�²�����w����F° |Þ�Ï�����¨�C�%���Îw.|µyR{C�)w��Y½ ���C�){�w��;��²�{´��{}|��¨�C�)�­��w�~}|��;w��´�;{�w��;�­����� é ³�� ê Z´ë4��K��¸�w����C�){�wz�+w�½!½�|£�Ë���Âî/É���ô®ð'¯È°ÓwB°��Y���;w

[∆λ, v∂x] = [∆λ, v∂x] ∆̃λ + ∆λv∂x(1− ∆̃λ)

°�{�w��;w
v = u

���
ψ
�¨ôÓ{�w��;w��W���Yw�¯��){}|���¸È�±�)�!�Kw¤½!½¬|7³���Z¨� ê ¯È°±wP²�w¤�

‖ [∆λ, u∂x]u‖L1
TL

2 . ‖ux‖L1
TL
∞‖∆̃λu‖L∞T L2 + ‖∆λu∂x(1− ∆̃λ)u‖L1

TL
2 é ³�� ê q�ë

|��¨�
‖ [∆λ, ψ∂x]u‖L1

TL
2 . T‖ψ′‖L∞‖∆̃λu‖L∞T L2 + ‖∆λψ∂x(1− ∆̃λ)u‖L1

TL
2 . é ³�� ê õ ë

Ô¨���
v = u

���
ψ
|��¨�

λ > 4
¯

F
{

∆λ

(
v∂x(1− ∆̃λ)u

)}
= ϕ(ξ/λ)︸ ︷︷ ︸������� ⊂{ξ, 5λ

8
6|ξ|62λ}

v̂ ?

(
iξ(1− (ϕ(

2ξ

λ
) + ϕ(

ξ

λ
) + ϕ(

ξ

2λ
)))û

)

︸ ︷︷ ︸������� ⊂R\{ξ,λ
2
6|ξ|6 5λ

2
}

,

°�{�w��;w F ��w������;w��Î�){�wzÔ������Y�­w��Ó�)�R|����;�%���;½r��ª'�
µ 6 λ/16

¯�¾È��~�~
v̂µ ⊂ [−λ/8, λ/8]

¯}|µ�¨�
R\{ξ, λ

2
6 |ξ| 6 5λ

2
}+ [−λ/8, λ/8] ⊂ R\{ξ, 5λ

8
6 |ξ| 6 2λ}.

ôÓ{�w��;w��W���;w
F
{

∆λ

(
v∂x(1− ∆̃λ)u

)}
= ϕ(ξ/λ)

∑

µ>λ/8
v̂µ ?

(
iξ(1− (ϕ(

2ξ

λ
) + ϕ(

ξ

λ
) + ϕ(

ξ

2λ
)))û

)

|��¨�
∆λ

(
v∂x(1− ∆̃λ)u

)
=
∑

µ>λ/8
∆λ(vµ∂x(1− ∆̃λ)u) . é ³�� ê ³�ë
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λ = 1
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v = u

¯Ò���;�­��²b�){�wC�2|�yÕ�#�){¨|��
∆λ

��w¤Í¨��w¤�¬|��¹��~�w��R|"�)���#���
L∞

¯�°����;{�|N�����Y½�������%���;½!��¶×����������wF�����
λ é �)w�wz�+w�½#½¬|Ëª;ªR�­ç��­ç�� ê ���Âî�ö9Ð�ð2ë4¯È°Ów�²�w¤�

‖∆λ

(
u∂x(1− ∆̃λ)u

)
‖L1

TL
2 6

∑

µ>λ/8
‖uµ‖L∞T L2‖(1− ∆̃λ)ux‖L1

TL
∞

. ‖ux‖L1
TL
∞
∑

µ>λ/8
‖uµ‖L∞T L2 . é ³�� ê ´�ë

ô±{�wzyF|��)w
v = ψ

����|Ë������½!���;w�����³�y¤�����.¯���wFyF|����;w
ψ1 6∈ L2

�¨æ�w¤��w��Y�){�w¤�­w��;�F¯����
µ > 2

¯�{�w���y¤w
ψ̂µ(ξ) = ϕ(ξ/µ)ψ̂(ξ) =

ϕ(ξ/µ)

ξ
ξψ̂(ξ) ∈ L2

��wFyF|����;w
ϕ ≡ 0

��w.|µ�
0
|��¨�

ψ′ ∈ L2
�¨ôÓ{�w��;w��W���Yw

ψµ ∈ L2
�%���

µ > 2
¯¨|µ�¨�C���

λ > 16
¯�°±w�²�w¤�

‖∆λ

(
ψ∂x(1− ∆̃λ)u

)
‖L1

TL
2 . ‖ux‖L1

TL
∞
∑

µ>λ/8
‖ψµ‖L2 . é ³�� ê µ�ë

ª·�
λ ∈ {1, 2, 4, 8} ¯�°ÓwB°��Y���;w

ψ1 = Tψ1 + (1− T )ψ1,°�{�w��;w
T̂ f(ξ) = χ̃(ξ)f̂(ξ)

¯
0 6 χ̃ 6 1

¯
χ̃ ≡ 1

���
[−1/4, 1/4]

|��¨��¾È��~�~
χ̃ ⊂ [−1/2, 1/2]

�ÑÅ�Y��y¤w�w����­��²#�){�w��Õ|�½!wB°Î|�¶�|µ�±�;�!�����Õ|��­� é ³È� ê ³�ë4¯È°±w�{}|���w
∆λ

(
Tψ1∂x(1− ∆̃λ)u

)
= 0,

|��¨�
(1− T )ψ1 ∈ L2

¯È°����;{ ‖(1− T )ψ1‖L2 6 4‖ψ′‖L2

�¨ôÓ{�w��;w��W���Yw�¯����­¸�wz�W��� é ³�� ê µ�ë4¯È°Ów�{}|F��w

‖∆λ

(
ψ∂x(1− ∆̃λ)u

)
‖L1

TL
2 . ‖ux‖L1

TL
∞

(
‖ψ′‖L2 +

∑

µ>2

‖ψµ‖L2

)
. é ³��[��Ä�ë

¾È�­½#�­�\|µ�Y��¶´¯�°ÓwB°��;���)w
[∆λ, ψ

′] = [∆λ, ψ
′] ∆̃λ + ∆λψ

′(1− ∆̃λ)|��¨�C�;{�wz�+w�½!½¬|7³È�[Z����Þ¶��­w¤�\���
‖ [∆λ, ψ

′]u‖L1
TL

2 . ‖ψ′‖L∞‖∆̃λu‖L1
TL

2 + ‖∆λψ
′(1− ∆̃λ)u‖L1

TL
2 .

� �;����²×�){�wË�R|µ½!w!|��;²���½!w����)�B�){}|"���%���P�Y�Õ|"�)����² é ³È� ê ´´ëB|��¨�»¾È��������w¤�bw�½Þ��wF��������² é σ > 1/2
ëÕ¯�°±w²�w¤�

‖∆λψ
′(1− ∆̃λ)u‖L1

TL
2 . T‖u‖L∞T L∞

∑

µ>λ/8
‖(ψ′)µ‖L2

. T‖Jσu‖L∞T L2

∑

µ>λ/8
‖(ψ′)µ‖L2 . é ³��[��ç.ë
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∑

λ

λ2σ‖Dθ/4uλ‖2
LqTL

p . (1 + T )2/q
(
1 + ‖Jσu‖L∞T L2 + ‖ψ‖L∞ + T‖ψ′‖L∞

)2

×
∑

λ

λ2σ+2/q [‖uλ‖2
L∞T L

2 + T 2‖(ψψ′ + ∂3
xψ)λ‖2

L2

+‖ux‖2
L1
TL
∞


‖∆̃λu‖2

L∞T L
2 +


∑

µ>λ/8
‖uµ‖L∞T L2




2
+ T 2‖ψ′‖2

L∞‖∆̃λu‖2
L∞T L

2

+‖ux‖2
L1
TL
∞




∑

µ>λ/8
‖ψµ‖L∞T L2




2

1{λ>16} +

(
‖ψ′‖L2 +

∑

µ>2

‖ψµ‖L2

)2

1{16λ<16}




+T 2‖Jσu‖2
L∞T L

2


∑

µ>λ/8
‖(ψ′)µ‖L∞T L2




2
 . é ³��[� ê ë
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∑

λ

λ2σ+2/q‖∆̃λu‖2
L∞T L

2 .
∑

λ

λ2σ+2/q‖uλ‖2
L∞T L

2 . é ³��[�?��ë
� �;����²#�;{�wz�2|�y4�±�){}|"�

ϕ
��|������;{�w�����w.|��

0
¯����

λ > 2
¯

‖ψλ‖2
L2 =

∫
1

ξ2
ϕ(ξ/λ)2ξ2|ψ̂(ξ)|2dξ . λ−2‖(ψ′)λ‖2

L2 . ‖(ψ′)λ‖2
L2 . é ³��[�>Z´ë

ÁÂw�|����;�!���;wP�){�w�~��Y��~�w��G�)��w������K�){�w��;��~�~����Y�����
ϕ
�;�!�����Õ|��­�C�){¨|������

v ∈ Hs
¯
s ∈ R ¯

∑

λ

λ2s‖vλ‖2
L2 . ‖v‖2

Hs . é ³��[�"q�ë
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∑

λ

λ2σ+2/q‖uλ‖2
L∞T L

2 .

ôÓ{}|������Ó°�{}|"�±°Ówz���!���C�){�w��W�������.°�����²���w�½!½¬|��
½ �Dßrß ¦øèÏ© L ©(àó� �B) u g��9�©.��=J1C��M�3.
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∑

λ

λ2s‖uλ‖2
L∞T L

2 . ‖Jsu‖2
L∞T L

2

(
1 + ‖ux‖L1

TL
∞ + T‖ψ′‖Hs

)

+‖Jsu‖L∞T L2(T (1 + ‖ψψ′ + ∂3
xψ‖2

Hs) + ‖ψ′‖Hs‖ux‖L1
TL
∞) . é ³��[� õ ë
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uλ

�;������w�� é ³�� ê ��ë4��Á�w9½Þ�����)��~���¶����F°é ³È� ê ��ë��´¶ uλ ¯}°ÓwÇ�Õ|�¸�wÞ�;{�wË�Yw.|��Ò~}|µ�G��|��¨�<°ÓwÞ�)��½ ���
x
|��¨�

t
��|��;�\|����­w¤�.¯��Õ|�¸È�­��²×���´�)��|µy�y¤�����´��){�w��2|�y4�±�){}|"�

u
|��¨�

ψ
|��;w��Yw.|µ� ¼>��|µ����wF�tè

‖uλ(t)‖2
L2 = ‖uλ(0)‖2

L2 −
∫ t

0

∫ ∞

−∞

{
(u+ ψ)(∂xuλuλ + ∂xuλuλ) + 2ψ′|uλ(s)|2

+2Re
(
∆λ(ψψ′ + ∂3

xψ)uλ(s) + [∆λ, (u+ ψ)∂x]uuλ + [∆λ, ∂xψ]uuλ)
)}
dxds. é ³��[�"³�ëôÓ{�w��;w��W���;w�¯´���´�)w¤²��R|"�)����²��´¶#~}|µ�G�)�F¯�½Þ�����;�­~�����¶�����²Ç�´¶

λ2s
¯��Õ|�¸È����²z�){�w��)��~��;w�½Þ��½ �­�!�){�w

t
��|µ�Y�W|�����w|��¨���;��½!½#�­��²#�.��w��

λ
¯�°Ów�²�w4�

∑

λ

λ2s‖uλ‖2
L∞T L

2 .
∑

λ

λ2s‖uλ(0)‖2
L2

+

∫ T

−T
(‖ux(t)‖L∞ + ‖ψ′‖L∞)

∑

λ

λ2s‖uλ(t)‖2
L2dt

+

∫ T

−T

∑

λ

λ2s‖∆λ(ψψ′ + ∂3
xψ)‖L2‖uλ(t)‖L2dt

+

∫ T

−T

∑

λ

λ2s

∣∣∣∣
∫ ∞

−∞
[∆λ, (u+ ψ)∂x]uuλdx

∣∣∣∣ dt

+

∫ T

−T

∑

λ

λ2s

∣∣∣∣
∫ ∞

−∞
[∆λ, ψ

′]u(t)uλ(t)dx

∣∣∣∣ dt . é ³��[�?´�ë
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∫ T

−T

∑

λ

λ2s‖∆λ(ψψ′ + ∂3
xψ)‖L2‖uλ(t)‖L2dt

6 1

2

∫ T

−T

∑

λ

λ2s

(
‖Jsu‖L∞T L2‖∆λ(ψψ

′ + ∂3
xψ)‖2

L2 +
‖uλ(t)‖2

L2

‖Jsu‖L∞T L2

)
dt

.
∫ T

−T

(
‖Jsu‖L∞T L2‖ψψ′ + ∂3

xψ‖2
Hs +

‖u(t)‖2
Hs

‖Jsu‖L∞T L2

)
dt

. T‖Jsu‖L∞T L2(1 + ‖ψψ′ + ∂3
xψ‖2

Hs) , é ³��[�?µ�ë
∑

λ

λ2s‖uλ(0)‖2
L2 . ‖Jsu(0)‖2

L2 6 ‖Jsu‖2
L∞T L

2 é ³���Z�Ä�ë
|��¨�

∫ T

−T
(‖ux(t)‖L∞ + ‖ψ′‖L∞)

∑

λ

λ2s‖uλ(t)‖2
L2dt

.
(
‖ux‖L1

TL
∞ + T‖ψ′‖L∞

)
‖Jsu‖2

L∞T L
2 . é ³���Z¨ç.ë

ç�´>µ



�+��¸�w������;{�w�~��;�´���¢���Ò�+w�½!½¬|7³È�[Z��[Z�¯�°ÓwB°��Y���;w
[∆λ, (u+ ψ)∂x]u(t) = [∆λ, (u+ ψ)∂x]∆̃λu(t) + ∆λ

(
(u+ ψ)∂x(1− ∆̃λ)u(t)

)
.

ôÓ{�w��+¯¨�+w�½!½¬|7³È�[Z�� ê |µ�¨�r|Þ�)��½!~�����Í¨wF�C��w¤�;�;�­������� é ³È� ê ´´ëL¶��­w¤�\�
‖[∆λ, (u+ ψ)∂x]u(t)‖L2 . (‖ux(t)‖L∞ + ‖ψ′‖L∞)‖∆̃λu(t)‖L2

+‖ux(t)‖L∞
∑

µ>λ/8
‖uµ(t)‖L2 + ‖∆λ(ψ∂x(1− ∆̃λ)u(t))‖L2.

æ�w4í��F¯�°±w×�������¨�º��~º�){�w×�\|µ�Y�Ë�)w��;½ ���º�;{�wC�;��²�{´�#{}|��¨�º�)�­��wC�����;{�wr|����.��wC����wFÀ´�}|������·¶��­��¸�w×�­�
é ³È� ê µ�ë±|µ��� é ³��[��Ä�ë

‖∆λ(ψ∂x(1− ∆̃λ)u(t))‖L2

. ‖ux‖L∞


∑

µ>λ/8
‖ψµ‖L21λ>16 +

(
‖ψ′‖L2 +

∑

µ>2

‖ψµ‖L2

)
1λ68


 .

ôÓ{�w��;w��W���;w
∫ T

−T

∑

λ

λ2s

∣∣∣∣
∫ ∞

−∞
[∆λ, (u+ ψ)∂x]uuλdx

∣∣∣∣ dt

.
∫ T

−T

∑

λ

λ2s

[
(‖ux(t)‖L∞ + ‖ψ′‖L∞)‖∆̃λu(t)‖L2

+‖ux(t)‖L∞


∑

µ>λ/8
‖uµ(t)‖L2 +

∑

µ>λ/8
‖ψµ‖L21λ>16

+

(
‖ψ′‖L2 +

∑

µ>2

‖ψµ‖L2

)
1λ68

)]
‖uλ(t)‖L2dt . é ³���Z ê ë

� �;����²¬|�²´|���� é ³È���?q�ë4¯��������Îw.|µ�Y¶ �;�!�;w�wP�){}|"�
∑

λ

λ2s‖∆̃λu(t)‖L2‖uλ(t)‖L2 . ‖u(t)‖2
Hs . é ³���Z"��ë

�+w�½!½¬|7³È� ê � ê °����){ aµ = ‖uµ(t)‖L2

¯
dλ = λs‖uλ(t)‖L2

|��¨� é ³È���?q�ëx¶È�­w��­�
∑

λ

λ2s
∑

µ>λ/8
‖uµ(t)‖L2‖uλ(t)‖L2 . ‖u(t)‖2

Hs . é ³���Z?Z´ë
ç�µ�Ä



� �;����²!���¨y¤wÇ|�²�|µ���<�+w�½#½¬|7³�� ê � ê ¯ é ³È���?q�ëÓ|µ�¨� é ³È���1Z´ë4¯
∑

λ

λ2s


 ∑

µ>λ/8
‖ψµ‖L21λ>16 + (‖ψ′‖L2 +

∑

µ>2

‖ψµ‖L2)1λ68


 ‖uλ(t)‖L2

. ‖u(t)‖Hs

(∑

λ>2

λ2s‖ψλ‖2
L2

)1/2

+

(
‖ψ′‖L2 +

∑

µ>2

‖ψµ‖L2

)
‖u(t)‖L2

. ‖u(t)‖Hs‖ψ′‖Hs é ³���ZKq�ëô±{}|���¸È�Î�;� é ³���Z ê ë4¯ é ³È�[Z?�´ëÕ¯ é ³È�[Z>Z´ë4¯ é ³È�[Z"q�ë4¯È°Ów�{}|���w
∫ T

−T

∑

λ

λ2s

∣∣∣∣
∫ ∞

−∞
[∆λ, (u+ ψ)∂x]uuλdx

∣∣∣∣ dt

.
(
‖ux‖L1

TL
∞ + T‖ψ′‖L∞

)
‖Jsu‖2

L∞T L
2 + ‖ψ′‖Hs‖ux‖L1

TL
∞‖Jsu‖L∞T L2 é ³���Z õ ëö9�Î�­�C�){�w�~��;�È���¢���¢�+w�½!½¬|7³���Z¨��Z¨¯

‖ [∆λ, ψ
′]u(t)‖L2 . ‖ψ′‖L∞‖∆̃λu(t)‖L2 + ‖u(t)‖L∞

∑

µ>λ/8
‖(ψ′)µ‖L2

|��¨�C�;{�w��;w��W���Yw�¯����;����²¬|µ���;�#�){�wÇ¾´�������­w4�Cw�½Þ��w������­��² é s > 1/2
ëÕ¯

∫ T

−T

∑

λ

λ2s

∣∣∣∣
∫ ∞

−∞
[∆λ, ψ

′]u(t)uλ(t)dx

∣∣∣∣ dt

. T‖ψ′‖L∞‖Jsu‖2
L∞T L

2 + ‖ψ′‖Hs‖u‖L1
TL
∞‖Jsu‖L∞T L2

. T‖ψ′‖Hs‖Jsu‖2
L∞T L

2 . é ³���Z�³�ëvx���¨yF|"�)w��¨|��)����² é ³È���>´´ëÕ¯ é ³��[�?µ�ë4¯ é ³È�[Z�Ä´ëÕ¯ é ³���Z�ç"ë4¯ é ³È�[Z õ ëÞ|��¨� é ³���Z�³�ë4¯�°Ów Í¨�}|µ����¶������Õ|��­�º�;{�w�|µ��¼�������¨y¤wF������wFÀ´�}|������·¶�� �
ô±{�w����;w�½¦³È�[Z��­ç����­�YwFy4�)��¶×�%���­���F°��Î�%�;��½ �+w�½!½�|µ��³È�[Z��­ç�¯«³È�[Z��[Z�¯«³È�[Z��aq��

�#Ù0Ö ×ØËNw»x�ß�à!àjy àjy ×ØË©wÎà�ßxw�Ê �#Ù�ÚzÙFÚ �"w�tCå�vEÝxw�ÜCãnw zÇÜCá âCÜCå�Þ!â©w�Û
Ü©w�v�v��

ÁÂw���w�²��­�r�){�w�~��Y�È���8���8ô±{�w����;w�½ ³È�­ç��­çP°����;{Ì|#��w�½!½¬|Ë�){}|"�9²�����w��B|µ�b|#~��;�����;��w��Y�;�­½¬|"�)w�����){�w
Hs

�����;½l���8|Þ�;w�²����\|µ�Î�;�������)�����r��� é ³È� õ ë4�½ �Dßrß ¦øèÏ©�àE©���� �B) u0 ∈ H∞ : s > 1/2 �3'E! u ∈ C([−T, T ], H∞) �P.��@J1CF�M�&.���%>�aCF)5�=%&'©%^�P�ì�&Q5¡nª�¢"QS 6F�/' )56F�/.��
��§>�(�<)5� C = C(ψ) > 0 �<C-A<6});6��1)
‖u(t)‖2

Hs 6
(
‖u0‖2

Hs + 1
)

exp
(
C(T + ‖ux‖L1

TL
∞)
)

ç�µ�ç



± ¥ 
�
«² ©nÁÂw |µ~�~���¶
Js

�)� é ³���çRq�ë4¯t°Ów�½Þ�����)��~���¶÷�){�w¬�����Õ|�����wF��wFÀ´�}|"�)�����Â�´¶ Jsu |��¨�÷°Ów��;��½�.��w��
R
è

d

dt

1

2
‖Jsu‖2

L2 +

∫
(u+ ψ)

2
∂x(J

su)2 +

∫
ψ′(Jsu)2

= −
∫
Js(ψψ′ + ∂3

xψ)Jsu−
∫

[Js, (u+ ψ)]∂xuJ
su−

∫
[Js, ψ′]uJsu

ö9�W�;w���|������´�)w�²��R|"�)�����r�´¶ ~}|µ�G�)�F¯�°Ów�²�w¤�
d

dt
‖Jsu‖2

L2 =

∫
∂x(u− ψ)(Jsu)2 − 2

∫
Js(ψψ′ + ∂3

xψ)Jsu

−2

∫
[Js, (u+ ψ)]∂xuJ

su− 2

∫
[Js, ψ′]uJsu

ÁÂw����)wz�+w�½#½¬|7³�� ê �[�Ë�)�#w��Y�)��½¬|"�)wP�){�w L2
�����Y½!�Î���

[Js, u]∂xu
|µ�¨�

[Js, ψ′]u
��Á�w�²�w¤�

‖[Js, u]∂xu‖L2 . ‖Jsu‖L2‖ux‖L∞
|��¨�

‖[Js, ψ′]u‖L2 . ‖ψ′′‖L∞‖Js−1u‖L2 + ‖Jsψ′‖L2‖u‖L∞ .¾È���¨y¤w
ψ
���´w��z���µ�z��w�������²C�)�

L2
¯E�������´w��z���µ�P°±���;¸<�;��w��Y�)��½¬|"�)wË�){�w

L2
�����;½!�����

[Js, ψ]∂xu
��+w�½!½¬|7³È� ê �[Z é ���µ�)wP�){¨|����+w�½!½¬|7³�� ê �a³Ëy¤�����­�<|����)�#{}|F��w���w�w��r���;wF�}ëL¶���w��\���

‖[Js, ψ]∂xu‖L2 . ‖ψ′‖L∞‖u‖Hs + ‖ψ′‖Hs0+s−1‖ux‖L∞ .

� �)����²#�;{�wÇv±|��¨yR{�¶r¾�yR{�°Î|µ�Y���­��wFÀ´�}|��­���I¶�|µ�¨�<¾È��������w¤�×w�½Þ��wF��������² é s > 1/2
ë4¯È°±w������Õ|����

d

dt
‖u‖2

Hs . ‖u‖2
Hs (‖ux‖L∞ + ‖ψ′‖L∞ + 1 + ‖ψ′‖Hs + ‖ψ′′‖L∞)

+‖ψψ′ + ∂3
xψ‖2

Hs + ‖ux‖L∞‖ψ′‖2
Hs0+s−1 ,

°�{��\y){<yF|�����wz�Yw4°��Y���Y�)w��<|��
d

dt
(1 + ‖u(t)‖2

Hs) 6 C(ψ)(1 + ‖ux(t)‖L∞)(1 + ‖u(t)‖2
Hs), t ∈ (−T, T ) . é ³È�[Z?´�ë

æ�w4í��F¯��;{�wÇÐB�;����°Î|µ���@�6�Î��w�½!½¬|Ëy¤���¨y4�­�¨��w¤���;{�w�~��;�´���¢�����){�w���w�½!½�|�� �
ÁÂwz|��;wP���F°p�Yw.|���¶��)�Ë��w�²��­�×�){�wP~��Y�È��������ô±{�w����;w¤½ ³���ç���çP���)�;w����I���+w¤�

s > 1
¯
θ ∈ (0, 1)

�;�¨y){�){}|"�
(1− θ)/2 < s− 1

¯
p := 2/(1− θ) |µ�¨� σ := s− θ/4 > 3/4

��ÁÂwP|µ���;�Ë��w¤Í¨��w
q := 4/θ > 4|��¨�

α := (1− 1/q)/2 < 2
��Ô¨���

T > 0
¯}|µ���

u
|Ë�;w¤²����\|µ�Î�;�������)��������� é ³���çRq�ë4¯È°Ówz��w¤Í¨��w

F (T ) := ‖ux‖L1
TL
∞ + Tα‖Jσu‖L∞T L2 .

ç�µ ê



ú9���zyR{����­y¤w!���
p
|µ����¾È��������w¤�Ìw�½Þ��wF��������²rw����;���;w#�){}|"�

W σ−(1−θ/4),p ⊂ L∞
°����){�y¤�����)���È�������w�½Þ��w������­��²�¯���wFyF|����;w

σ − (1 − θ/4) = s − 1 > 1/p
�Ïû�w��¨y¤w�¯����;����²C|����)���){�wÇy¤�����)���È�����I¶r���Ò�){�wû����­��w¤�Y�Î�)�)|µ���;�%���;½l���

Lp
|��¨�rû�¿��­��w��Î����wFÀ´�}|������·¶C���C�){�w

t
��|µ�Y�W|�����w�¯

‖ux‖L1
TL
∞ . ‖D1−θ/4HDθ/4u‖L1

TW
σ−(1−θ/4),p . ‖HDθ/4Jσu‖L1

TL
p

. ‖Dθ/4Jσu‖L1
TL

p . T 1−1/q‖Dθ/4Jσu‖LqTLp .ôÓ{}|µ��¸´�Î�)�!ôÓ{�w����Yw�½¦³���Z¨��ç�¯��%���
T 6 1

¯
‖ux‖L1

TL
∞ . (T 1−1/q + T 1−1/q−αF (T ))(1 + F (T ))3/2(1 + ‖u‖L∞T Hs) .

ôÓ{�w��;w��W���;w�¯��)���¨y¤w
σ < s

¯
F (T ) . T α(1 + F (T ))5/2(1 + ‖u‖L∞T Hs) .

ÁÂwzy4���´�;�;���t�){�wzÀ��}|µ���)���I¶ ‖u‖L∞T Hs

�´¶C�+w�½#½¬|7³���q��­ç�è
‖u‖L∞T Hs . (1 + ‖u0‖Hs) exp(CF (T )) .

Ô¢�­�¨|µ����¶�¯µ°±wÎ�����R|µ���!�;{}|"�L�;{�w��;wÎw4í����Y�)�®|�y4�����Y�Õ|��´�
C ′ > 0 é °�{��­yR{!������¶!��w¤~�w��¨���x��� ψ ëÒ�;�¨yR{#�){}|"�

F (T ) 6 C ′Tα(1 + F (T ))5/2(1 + ‖u0‖Hs) exp(CF (T )), T ∈ [0, 1] . é ³È�[Z?µ´ë
ÁÂwz��w¤Í¨��w

g : R+ → R
�´¶

g(x) :=
x

(1 + x)5/2 exp(Cx)
, x ∈ R .

�+w¤�
T (‖u0‖Hs) ∈ [0, 1]

�;½¬|��­�tw�������²�{��;�¨yR{C�){}|"�
C ′T (‖u0‖Hs)α(1 + ‖u0‖Hs) < ‖g‖∞ .

ôÓ{�w��<�´¶Cy¤�����)���È�����I¶C���
g(F (T ))

¯��;�­�¨y4w
g(F (0)) = g(0) = 0

¯��;{�w��;wzw4í����Y�)���;��½!w
A > 0

¯�°�{��­yR{���´w������µ����w�~�w��¨�C���
u0

¯��;�¨yR{C�){}|"�
F (t) 6 A, t ∈ [0, T (‖u0‖Hs)] .

ª'��~}|µ�G�)�­y¤���\|µ��¯ ‖ux‖L1
T (‖u0‖Hs )

L∞ 6 A
��ô±{�w¤�;w��%���;w�¯��;{}|���¸È�Î�;���+w�½#½¬|7³���q���ç�¯

‖u‖L∞
T (‖u0‖Hs )

Hs 6 Ã(‖u0‖Hs) <∞ . é ³���q�Ä�ë
�Kw4�9���.°

u0 ∈ Hs
¯�|µ�¨�

u0,n → u0

���
Hs

¯�°�{�w��;w
u0,n

���9�;w�²����\|µ� é u0,n ∈ H∞
ëÕ��ÁÂwÇ��w����µ�)w�´¶

un
�){�wB�;�������)�����C��� é ³È�­ç�q�ëÅ°����){×�­�����)�\|��+�¨|"�Õ| un(0) = u0,n

��ô±{�wB�;w��;�����)�±���»î/ª·�Ò¾�ðtw����;���;wB�;{}|��
un

�­�9²������}|��@�Ïô±{}|���¸È���;� é ³È�aqµÄ´ëÕ¯�°±wÇyF|��Nw4í��)�)|�yÕ��|!�;�����;wFÀ���w��¨y¤w é �;{}|���°ÓwË|����)� ��w����µ�)w��´¶ un ë�;�¨yR{C�){¨|��
un

y¤���´��w��;²�w����W���Ó�){�wB°Ów.|µ¸
?
�)��~����­��²�¶×���

L∞T (‖u0‖Hs+1)H
s
�

ç�µ>�



æ��.°�¯����
v
|��¨�

w
|µ�YwP�·°Ó�#�;�������)����������� é ³È�­ç�q�ë4¯��){�w��

1

2

d

dt
‖(v − w)(t)‖2

L2 +

∫
(v − w)2∂xv −

1

2

∫
(v − w)2∂xw +

1

2

∫
(v − w)2ψ′ = 0 .

ôÓ{�w��;w��W���;w
d

dt
‖(v − w)(t)‖2

L2 . ‖(v − w)(t)‖2
L2 (‖vx(t)‖L∞ + ‖wx(t)‖L∞ + ‖ψ′‖L∞) ,

|��¨�C�;{�wÇÐB�;����°Î|µ���+��w�½!½�|Þ¶È�­w��­���
‖(v − w)(t)‖2

L2 . ‖(v − w)(0)‖2
L2 exp

(
C(‖vx(t)‖L1

TL
∞ + ‖wx(t)‖L1

TL
∞ + ‖ψ′‖L∞)

)
. é ³È�aq�ç.ë

ö9~�~���¶��­��²¹�;{������;�
v = un

¯
w = um

¯®°Ów÷²�w¤�C�){}|"�r�W���
n
|µ�¨�

m
�\|µ�Y²�w÷w�������²�{+¯ |t| 6

T (‖u0‖Hs + 1)
¯

‖un(t)− um(t)‖2
L2 . ‖u0,n − u0,m‖2

L2 exp (C(2F (T (‖u0‖Hs + 1)) + ‖ψ′‖L∞)) ,°�{��\y){Â�;{��.°����){}|"�
(un)n

���Ë|NvÓ|µ�¨y){´¶»�;wFÀ´��w���y¤w�¯Ò|��¨��{�w���y¤w y¤������w��;²�w����;�
u
�;�;�;����²���¶»���»�){�wóÓ|��}|µyR{r�;~}|µy¤w

L∞T L
2
¯���wFy�|µ���;w

u0,n → u
���
L2
��Á�wz��wF���¨y¤w��;{}|��±�){�w�½¬|�~

t→ u(t)
���±°Ów.|�¸È��¶y¤���´�)���È���������W�;��½

[−T, T ]
���´�)�

Hs
�¨ª'�¨��w�wF�t¯¨����°Ów�yR{��´���;wz�;��½!w

ε > 0
¯����

ϕ ∈ Hs
¯¨��w¤�

ϕ̃ ∈ H2s�;�¨yR{C�){¨|�� ‖ϕ− ϕ̃‖Hs < ε/(2‖u‖L∞T Hs)
��Ô¨���

t, τ ∈ [−T, T ]
¯

|(u(t)− u(τ), ϕ)Hs | 6 ε+
∣∣(u(t)− u(τ), J2sϕ̃

)
L2

∣∣
6 ε+ 2‖un − u‖L∞T L2‖ϕ̃‖H2s + ‖un(t)− un(τ)‖L2‖ϕ̃‖H2s .vx{��È���;�­��²

n
�\|µ�Y²�w�w�������²�{+¯�|��¨�

t− τ �)½�|µ���+w�������²�{+¯�°Ów�{¨|F��w
|(u(t)− u(τ), ϕ)Hs | 6 2ε.ª·�����)��w��Ó�)�#�){��F° �){}|"�

u
����y¤���´�)���È�������±°����){C��|��­��wz���

Hs
¯È°±wz��w4Í¨��w��){�w������Y½

|||v||| :=
(∑

λ

λ2s‖vλ‖2
L2

)1/2

,

°�{��\y){r����wFÀ´������|µ��w��´�Î�)�Ë�){�w
Hs

�����;½ é �­����w�wF�t¯ é ³È���?q�ë®²�����w�������wz�����){�w�����wFÀ´�}|������;�­w��F¯��;{�w�~��;�´������+�){�wB�µ�){�w��Ó����wB�­�Ó�;�­½#�­�\|��Õë4��ª>�±�;��³�y¤w��Ó�;�Ë�;{��F°Ê�){}|"� |||v(t)||| −→
t→τ
|||v(τ)||| ��ôÓ{}|"�±���®°�{}|��x°Ów���#�­�C�){�w��W�������.°�����²���w�½!½�|��

½ �Dßrß ¦øèÏ©�àE© � � �B) u g��I�3�b�"g0%&L>�O);6�� 4 ���3U ? �a�;8
�5)Ì�;' L∞T Hs %^� un �&'E! (uλ)λ �5);� � �5)�)��M� 4 %R%�!1�m��>�M�/f©!"��A�%&8P,-%3�<�5)���%&' : t, τ ∈ [−T, T ] Q S 6��/'
∑

λ

λ2s‖uλ(t)‖2
L2 6 exp

(
C‖ux‖L1

IL
∞

)∑

λ

λ2s‖uλ(τ)‖2
L2 + g(t, τ) ,

4 6F�/.�� I = [τ, t] %&. [t, τ ] : !"�2,��/'E!&�;'�JN%3' )56F�b�<�cJ1' %^� t− τ : �3'E! g(t, τ)→ 0
t−τ→0

Q
ç�µ1Z



± ¥ 
�
«² ©nÁÂwÓÍ¨�;�Y�ä�;w�½¬|��;¸��;{}|��
u
�;������w�� é ³È� õ ë4¯��;���¨y¤w un �;������w�� é ³���çRq�ë4��ÁÂw�|µ�;�;��½!w±�%���Å�����;�R|µ�¨y4w�){}|"�

τ 6 t
�¨�+��¸�w������;{�w�~��;�´���¢���Ò�+w�½!½¬|7³È�[Z��aq�¯�°Ów��;{��F°
∑

λ

λ2s‖uλ(t)‖2
L2 6

∑

λ

λ2s‖uλ(τ)‖2
L2 + C(t− τ) + C‖ux‖L1

IL
∞

+C

∫ t

τ

(1 + ‖ux(σ)‖L∞)
∑

λ

λ2s‖uλ(σ)‖2
L2dσ .

ÁÂwzy4���¨y¤���¨��wz��¶rÐB�;����°Î|µ���+��w�½!½¬|Ç�;{}|��
∑

λ

λ2s‖uλ(t)‖2
L2 6

(∑

λ

λ2s‖uλ(τ)‖2
L2 + C(t− τ)

)

×
[
1 + C

(
‖ux‖L1

IL
∞ + t− τ

)
exp

(
C(‖ux‖L1

IL
∞ + t− τ)

)]

= exp
(
C‖ux‖L1

IL
∞

)∑

λ

λ2s‖uλ(τ)‖2
L2 + o

t−τ→0
(1) .

�

v®��½!����²#�}|µyR¸��;�Þ�)wP~��;�È��������ô±{�w����;w�½¹³���ç���ç�¯��;�­�¨y4w ‖ux‖L1
IL
∞ −→

t−τ→0
0
¯����;����²!�+w�½!½¬|W³���q�� ê|��¨��wÕí�yR{}|���²�����²

t
|��¨�

τ
¯�°Ów�²�w¤�Î�){}|"�

∑

λ

λ2s‖uλ(t)‖2
L2 =

∑

λ

λ2s‖uλ(τ)‖2
L2 + o

t−τ→0
(1) .

ô���y¤��½!~���w¤�;wÎ�){�w±Í¨�;�Y�L~¨|µ�G�L�����;{�w�~��Y�È���E���Eô±{�w¤���Yw�½�³È�­ç��­ç�¯����L�;w�½¬|������ä�;�z�;{��.°��){�wÎ�����\À���w���w��;��;w��;�����.��ª'�Î���9|Þ�Y�)�R|���²�{´�;�%���G°Î|µ�;��y¤�����;wFÀ���w��¨y¤wz��� é ³È�aq�ç"ëÕ� �

�#Ù â ×ØËNw xCß¢à!àjyràjy¨×ØË©w±à�ß+w�Ê �#ÙFÚzÙ�Ú���ã®àÇÜÞÝ¢å�Ü!â×àÇâ}vìá©w¹x¿wÎÜ�á©wÎÜCãlw
àÇÜ Ý+ËNw å¤Ü�åÕÝ¢åBzh|�á©z�Ý+z��ÒÙ

ÁÂw9°�|��´�Î���F° �;�#~��;�.��w9�){�wP~}|µ�G�Î���¢ôÓ{�w����;w�½ ³���ç���çz|��������±�){�w�y¤���´�;�­�È����������w�~�w¤�¨��w��¨y¤wz����){�w!�­�����)�\|��®�¨|"�Õ|C���±|��;���­���;�­���Â��� é ³È� õ ë4�EÁÂw����)w!�){�w�½!w¤�){��È�»~��;w��;w��´�;wF�»�­�Ãî/É���ô®ð'�EÁÂw���w�²����°����;{C�·°Ó�!��w�½!½�|µ�F�
½ �Dßrß ¦øèÏ© Ù ©���� �B) u g��©�}��%>��CF)��=%3' %^�e�ì�3Q��0¢e�(' D′ Q � �B) 1 < δ 6 κ : �&'E! (ωλ)λ �}����H<C*�/'EA��%^�P,�%3�<�5)��(L>�£'-C�89g��/.��
�<C-A<6 );6��1)��B%&.¤�<L>�/.<f¿!&f"�"!&�=A£�('*)2�@JK�/. λ : δωλ 6 ω2λ 6 κωλ Q S 6��/'¤�B%&.¤�1�;�
t, τ ∈ [−T, T ] :

∑

λ

ω2
λ‖uλ(t)‖2

L2 6
(

1 + C(‖ux‖L1
IL
∞ + |t− τ |)

)
exp

(
C(‖ux‖L1

IL
∞ + |t− τ |)

)

×
(∑

λ

ω2
λ‖uλ(τ)‖2

L2 + C|t− τ |
)
,

4 6F�/.�� I = [τ, t] %&. [t, τ ] : !"�2,��/'E!&�;'�JN%3' )56F�b�<�cJ1' %^� t− τ Q
ç�µ?q



± ¥ 
�
«² © ô±{�w9~��;�´���+�­�®�­��w��´�)�­yF|����)���){����®���K�Kw¤½!½¬|
³È�aq�� ê ��ôÓ{�w9�)����²�{��±����ÖÏw��Yw��¨y¤wB���x�){}|"�x°Ów9���;w|P��|��;�\|µ�´�L��w��;�;���������+�+w�½!½�|h³È� ê � ê °�{��­yR{¬���L�����R|µ����wF���´¶#�Yw�~��\|�y¤����²��;{�w��)w�À´��w��¨y¤w (λs)
�´¶

(ωλ)
�ôÓ{��­�Ó°±���;¸´����w�yF|µ���;w ∑

λ ω
−1
λ

�­�±Í¨�����)w�� �
ô±{�w��;wFy¤���¨����w�½!½¬|Þ����~��Y�.��wF�C���Âî/É���ô®ð'�

½ �Dßrß ¦øèÏ© Ù © � �O���<C�89�£)56F�1) vn → v �;' Hs Q S 6��/'r)56��/.0�_��§>�(�/);�_�9����H/C-�/'EA�� (ωλ) %^��,-%3�<�5)��(L>�'-C�89g��/.�� 4 6K�=A<6¤���1)��(�5\n�<�
2sωλ 6 ω2λ 6 2s+1ωλ ,∀λ

�&'E!
ωλ/λ

s →∞
�<C*A�6})56��&)

sup
n

∑

λ

ω2
λ‖(vn)λ‖2

L2 <∞ .

�Kw4�
u0n

��wN|Ì�)w�À´��w��¨y¤wr�)��yR{e�;{}|��
u0n → u0

���
Hs

�ä�+w¤�
un, u ∈ C([0, T ], Hs)

��w��){�w|��)�;�Èy¤�W|"�)w����;�������)����������� é ³�� õ ëÕ�¨ôÓ{�w��
un → u

���
C([−T (R), T (R)], L2) , é ³���q ê ë��wFyF|����;wz��� é ³È�aq�ç"ë±|��¨� ‖(un)x‖L1

T (R)
L∞ 6 A

¯È°�{�w��Yw
R
�­�Î�;�¨yR{C�){}|"�

R > sup
n
‖u0n‖Hs

�
ÁÂwÇ��w¤Í¨��wË|!�)wFÀ���w��¨y¤w

(ωλ)λ
����¸�wÇ���b�+w�½!½¬|¤³È� õ � ê ¯¨°����){ vn = u0n

���Kw¤½!½¬|¤³È� õ �­ç�°����){
τ = 0¶���w��­���

sup
n,t

∑

λ

ω2
λ(‖(un)λ(t)‖2

L2 + ‖uλ(t)‖2
L2) <∞ é ³���q>��ë

�+w¤�
uΛ :=

∑

λ6Λ

uλ.

ÁÂwPÍ��;�Y��{}|���w
‖un − u‖L∞T Hs 6 ‖un − (un)Λ‖L∞T Hs + ‖(un)Λ − uΛ‖L∞T Hs + ‖uΛ − u‖L∞T Hs .�+w¤�

ε > 0
�

max

(
sup
n,t
‖(un)Λ(t)− un(t)‖Hs, sup

t
‖uΛ(t)− u(t)‖Hs

)

6 sup
n,t

(
sup
λ>Λ

(
λs

ωλ

))

︸ ︷︷ ︸
−→0
Λ→∞

(∑

λ>Λ

ω2
λ(‖(un)λ(t)‖2

L2 + ‖uλ(t)‖2
L2)

)1/2

,

{�w��¨y¤w�¯¨��wFyF|����;wz��� é ³���q>��ë4¯�°ÓwzyF|��ryR{��´���;w Λ
�\|��;²�wzw�������²�{r�;�¨yR{C�){}|"�

max

(
sup
n,t
‖(un)Λ(t)− un(t)‖Hs, sup

t
‖uΛ(t)− u(t)‖Hs

)
6 ε/4 .

ç�µ õ



æ�w4í��F¯��){}|���¸È�Þ�;� é ³È�aq ê ëÕ¯K°±w×yF|µ�ºyR{��È���;w n0

�\|µ�Y²�w w�������²�{º�;�¨yR{��;{}|��Ë�%���Þw¤��w��G¶
n > n0

|µ�¨�
t ∈ [−T (R), T (R)]

¯
‖(un)Λ(t)− uΛ(t)‖Hs 6 CΛs‖(un)Λ(t)− uΛ(t)‖L2 6 ε/2 .

ôÓ{��­��y¤��½#~��­w4�)w��Î�;{�w�~��;�´���¢���ÒôÓ{�w����Yw�½¦³È�­ç��­ç�� �

�#Ù�� ×ØËNw9xCß¢à!àjy�àjyÍ×ØË©w±à�ß+w�Ê �#ÙFÚzÙ;Ø
¤¦¥ � ¡¤£ �F� § � © ÁÂwPÍ¨�;�Y�Î�;w�½¬|��;¸��){¨|������rô±{�w����;w¤½¦³���ç���ç�|����"��w�¯

T (ψ, s, ‖ϕ‖Hs) = T (‖ψ‖Xs1 , s, ‖ϕ‖Hs) ,

°�{�w��;w
s1 > 1

�����W|��;²�w�¯}|µ�¨�
T
y�|µ�r��wÇ|��;�)��½#wF�C�)�!��wz������¼'�­�¨y4�;w.|��)����²#°����;{<�Yw��;~�wFy4���;� ‖ψ‖Xs1|��¨� ‖ϕ‖Hs

�¨û�w��¨y¤w�¯��­�K°Ówz��w¤Í¨��w
T̃ (‖g‖Xs) := T (Cs1‖g‖Xs, s, C̃‖g‖Xs)

°�{�w��;w
Cs1 é �;w��;~+� C̃ ëx���±�){�wP�����Y½l���K�){�wP�������¨��wF��������w.|��Î½¬|�~

g → ψ é �;w��;~+� g → ϕ
ëx�%�Y��½

Xs���´�)�
Xs1 é �;w��;~ Hs

ëÓ��w4Í¨��wF�����r�Kw¤½!½¬|7³È� ê �­ç�¯�°Ów�{}|F��w
T̃ (‖g‖Xs) 6 T (‖ψ‖Xs1 , s, ‖ϕ‖Hs) = T (ψ, s, ‖ϕ‖Hs) .

�+w¤�
v ∈ C([−T, T ], Hs)

��w��){�w9�;���­���;�­��� ��� é ³È� õ ëä²�����w�� ���CôÓ{�w����;w�½º³È�­ç��­ç���ôÓ{�w��
u := v+ψ ∈

C([−T̃ , T̃ ], Xs)
�)������w�� é ³È�­ç.ë4�.�r���;w��.��w���¯F�;���¨y¤w ψ−g ∈ Hs

¯
u−g ∈ C([−T̃ , T̃ ], Hs)

�
ux ∈ L1

T̃
L∞��wFyF|����;w

vx
���Èw��F�

� �+� . b �D��� ¡F¡�© Á�wzy){��È���;w
ψ
|��¨�

T̃
|µ��|µ���.��w����+w¤�

u
��w�|Ç�;�������)��������� é ³È�­ç.ëÓ|µ�±�;wFÀ´���­�YwF�t���+w¤�

ṽ = u−ψ ��ª'�Ó���Ów.|µ�Y¶��;�Ë�;w�w��){}|"� ṽ �;������w�� é ³È� õ ë4¯�|��¨�¬�){�wB�����\À���w���w��;�±���Cô±{�w����;w�½º³���ç���ç9¶���w��­���
ṽ = v

¯�°�{�w��Yw
v
�­�±�){�w��;�������;�­���r��� é ³È� õ ëä°±w������Õ|�����wF�����rô±{�w����;w�½¦³È��ç���ç��

½ 
Y� £ �5� b � £ì¿ ­9� £ 	 ¥ � ¡ >�� §�£B£ 
 £ 	��¤�5�+� £ � ¦ §	® ¦�£F¦t©«�+w¤�
R > 0

|��¨�
g ∈ Xs

°����){ ‖g‖Xs < R
��+w¤�

(gn)n
��wB|��;wFÀ´��w��¨y¤w����

Xs
�;�¨yR{!�){}|"�

gn → g
���
Xs

��ÁÂw9|��)�;��½!wÎ�){}|"�x�%���®|µ���
n
¯ ‖gn‖Xs 6

R
�ö9�B�­�÷�+w�½#½¬|N³È� ê �­ç�¯�°ÓwË��w¤Í¨��w k(x) = (4π)−1/2e−x

2/4
¯
ψ = k ? g

¯
ψn = k ? gn

¯
ϕ = g − ψ ¯

ϕn = g − ψn
��+w¤�

v ∈ C([−T̃ , T̃ ], Hs)
��wP�){�w��;���­���;�­���r��� é ³�� õ ëÕ¯}|��¨� vn ∈ C([−T̃ , T̃ ], Hs)

�;����������²
{
∂tw + ∂3

xw + w∂xw + ∂x(wψn) = −(∂3
xψn + ψnψ

′
n) , x ∈ R, t ∈ R

w(x, 0) = ϕn(x)�Kw¤½!½¬|7³�� õ � ê |�~�~����­wF�×�)�#�;{�w��;wFÀ´��w��¨y¤w ϕn → ϕ
���
Hs

|��¨���+w�½!½¬|7³È� õ �­çP¶È�­w��­�
sup
n,t

∑

λ

ω2
λ

(
‖(vn)λ(t)‖2

L2 + ‖vλ(t)‖2
L2

)
<∞ ,

ç�µ"³



|��¨�<°±wËy¤���¨y4�­�¨��w!|µ�B�­�Ì�;wFy4�;�­���r³�� õ �;{}|��
wn := vn − v → 0

�­�
C([−T̃ , T̃ ], Hs)

�K¾´�­�¨y¤w
s > 1|��¨�

ψn → ψ
���
Xs

¯È°±wz��wF���¨y¤w��;{}|"�
un − u = (vn + ψn)− (v + ψ)→ 0

���
Xs �

�

�#Ù�� Ú |¤àj{Nzh|� øw�|�|0Û¡xbàhv�wÎáCÜNw�v�v àjy����#Ù�� �þå�Ü
Hs ! s > 3/2

Ù
ô±{�w¹óxw¤� ÿ |�½!�­�È¼Yú9���ÃwFÀ´�}|"�)����� ~����)�;w��;�;w��b����Í¨�����;w���¶�½¬|��´¶ ���´��|µ�Y�W|��´�)� é �W���N�����Y�Õ|��¨y¤w�¯9�;w�wî/öBó®ÔÅ¾´ð2ë4�xô±{�w¤�;wN�­�C|��Ã�­����|��;�\|µ����|µ�;�;��y4�W|"�)wF�e°����){Ãw.|µyR{

Hs
�����Y½r¯

s ∈ N/2 �Óû�w��YwÌ|µ�Yw<�){�wÍ¨�;�Y�Î����w¤�.�
I0(u) :=

1

2

∫ ∞

−∞
u2dx ,

I1(u) := −
∫ ∞

−∞

[
u3

3
+ uH(∂xu)

]
dx ,

I2(u) :=

∫ ∞

−∞

[
u4

4
+

3

2
u2H(∂xu) + 2(∂xu)2

]
dx ,

I3(u) :=

∫ ∞

−∞

[
−u

5

5
− 4

3
u3H(∂xu)− u2H(u∂xu)− 2uH(∂xu)2

−6u(∂xu)2 + 4uH∂3
xu]dx .ô±{�wPÍ¨�;�Y�±�·°Ó�#�%�������F°�����²���w�½!½�|µ��|��;w�~��Y�"��wF�C���Âî/ªI�¢¾´ð>�

½ �Dßrß ¦øèÏ©#"t©���� �B) ϕ ∈ Hs0 4 6��/.0� s0 �(�W�M�3.@JK�RQ � �B) u ∈ C(R, Hs0) g0�W)56��h��%1�aCF)���%&'ÿ%^�¤�ì�&QÂ�^¢J1�;L1�/'¿�('S�5` �	� �BQ S 6��/'W�B%&.
�>�;� t ∈ R :
‖u(t)‖2

L2 6 h(ψ, t, ‖ϕ‖L2). é ³���q1Z´ë½ �Dßrß ¦øèÏ©#"t© � °�'E!"�<.j)56F�b���&8_�W�R���<CD8P,Y)��=%&'F�I)56��&)��;' � �/8
89�¢�3Q;��Q5¡ : ��%&.
�>�(� t ∈ R :
‖u(t)‖2

H1 6 k(ψ, t, ‖ϕ‖H1). é ³���q?q�ëû�w��;w�¯
h
|��¨�

k
|��;wÞ��|��­��w��Ì���

R+

�EôÓ{�w¤¶Ì|µ�YwËw¤��w��+¯Ï������¼·��w�y¤�;w.|��;�­��²C�%���¨yÕ�)�������P���
t
���
R+

¯|��¨�ry4���´�;�­�´�������Ó°����){��;w��;~�wFyÕ���;�
t
|��¨� ‖ϕ‖L2

��� ‖ϕ‖H1

�ú9���B|���½ �������F°��;��~��;�.��wÇ|#�;��½!���W|����­w�½#½¬|�¯�°�{�w��Ywz�;{�w
L2

|µ�¨�
H1

�����;½ù|��;wz�;w�~��\|�y4wF�<��¶�){�w
H3/2

�����;½r�
½ �Dßrß ¦øèÏ©#"t©�¾ °�'E!"�<.j)56F�b���&8_�W�R���<CD8P,Y)��=%&'F�I)56��&)��;' � �/8
89�¢�3Q;��Q5¡9�&'E!S�&Q;��Qi  :

− I3(u(t)) 6 −I3(ϕ) + C(ψ)

∫ |t|

0

(1 + h(ψ, s, ‖ϕ‖L2) + k(ψ, s, ‖ϕ‖H1))5ds

+C(ψ)

∫ |t|

0

(1 + h(ψ, s, ‖ϕ‖L2) + k(ψ, s, ‖ϕ‖H1))‖u(s)‖2
H3/2ds . é ³���q õ ë

ç�µ>´
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�
«² ©nÁÂw9°����­�t~��;�.��wP�){�w���w�½!½¬|Ç������¶×�W���
t > 0

�ÈÁÂwP�;w�½�|µ�Y¸×|µ�Î����î/ª·�Ò¾�ðt�){}|"� é ³��a³�ëxyF|µ�C�Ïw�;w4°��;���;�;w��<|µ�
{
∂tu− 1

2
∂xI

′
1(u) + ∂x(ψu) + (Hψ′′ + ψψ′) = 0

u(0) = ϕ
. é ³���q"³�ë

Ô¨���Îy¤���´��w�����w��¨y¤w�¯È°±w9°����­�+��w¤�����;w����×�){�wP�;wFÀ´��w��
ρ := ψψ′ +Hψ′′

� � �;����²Ë�;{�wP~��;��~�w��Y�;�­w��±���+�){�w���´��|µ�Y�W|��´�)�Î���K�){�w�óxw�� ÿ |µ½#�­��¼Gú9���!wFÀ��}|��;�­��� é �;w�w�î/öPó®ÔÅ¾´ð%ë4¯È°±wzy¤��½!~����;w
d

dt
(−I3(u)) =

(
I ′3(u),−1

2
∂xI

′
1(u) + ∂x(ψu) + ρ

)

= (I ′3(u), ∂x(ψu)) + (I ′3(u), ρ) . é ³È�aq1´´ëÁÂw����µ�)wP�){}|"�
I ′3(u) = −u4 − 4(u2H(∂xu) + uH(u∂xu) +H(u2∂xu))− 2H(∂xu)2

−4H∂x(uH(∂xu)) + 6(∂xu)2 + 12u∂2
xu+ 8H∂3

xu é ³���q>µ�ë
� �)����² é ³È�aq1µ´ëÕ¯K�){�wCv±|��¨yR{´¶�¼G¾�yR{�°Î|µ�Y�¬�­��wFÀ��}|µ�����I¶�¯8¾È��������w¤�»�­��wFÀ��}|µ�����)��w��#|µ�¨�����´�)w¤²��)|��;�­������¶~}|��Y�)�F¯È°±wPÍ��;�Y���;{��F°p�;{}|��

(I ′3(u), ρ) . ‖u‖4
H1‖ρ‖L∞ + ‖u‖3

H1‖ρ‖L2 + ‖u‖2
H3/2‖ρ‖L2 + ‖u‖2

H1‖ρ′‖L2

+‖u‖2
H1‖ρ‖L∞ + ‖u‖H1(‖ρ′‖L∞‖u‖L2 + ‖ρ‖L∞‖u‖H1) + ‖u‖L2‖ρ′′′‖L2 . é ³�� õ Ä�ëæ�w4í��.¯Ï°Ów�y¤���´�)�Y���8�){�w�À´�}|��´�;���·¶

(I ′3(u), ∂x(ψu))
�ÏÁÂwË°��­���ä½¬| ÿ ���Y�­�¤w!�)w�~¨|µ�)|��)w¤��¶Ìw.|µyR{÷�)w��Y½�){}|"�9°ÓwË�����R|µ���»|��9°±wÞ�;�����Y�)���)���;w é ³���q>µ�ë��­���)� (I ′3(u), ∂x(ψu))

�+ú9����|µ�Y²���½#w��´�)��|µ�Yw!|�²´|����b�){�wvÓ|µ�¨yR{�¶´¼G¾�yR{�°Î|��;������wFÀ´�}|��­���·¶´¯¢¾È�������­w4�»����wFÀ´�}|������;�­w¤�.¯K���´�)w�²��R|"�)�������´¶Ì~}|��Y�)�Þ|��¨�÷�){�w�y¤���´�)���È�����I¶�����){�w�û�������w��Y�Î�;�R|µ���)�W���Y½ ���
Lp
¯
1 < p <∞ �

(
−u4, ∂x(ψu)

)
= −4

5

(
u5, ψ′

)
. ‖ψ′‖L∞‖u‖5

H1 , é ³�� õ ç.ë

−4
(
u2H(∂xu) + uH(u∂xu) +H(u2∂xu), ∂x(ψu)

)

. ‖u‖3
H1(‖ψ′‖L∞‖u‖L2 + ‖ψ‖L∞‖u‖H1) , é ³�� õ ê ë

(
−2H(∂xu)2 + 6(∂xu)2, ∂x(ψu)

)
. ‖u‖2

H5/4(‖ψ′‖L∞‖u‖L2 + ‖ψ‖L∞‖u‖H1) é ³�� õ ��ë|��¨�
(
u∂2

xu, ∂x(ψu)
)

= −
(
∂xu, ∂x(ψ

′u2)
)
− 1

2

(
(∂xu)2, ∂x(ψu)

)

. ‖u‖3
H1(‖ψ′′‖L2 + ‖ψ′‖L∞) + ‖u‖H5/4(‖ψ′‖L∞‖u‖L2 + ‖ψ‖L∞‖u‖H1) é ³�� õ Z´ë

ç�µ>µ



ª'�Ó�­�Î|Ç�����±½!���;wP��w����­yF|"�)wB�)�Þw��Y�)��½¬|"�)w9�){�w9�'°Ó�Ë�Yw�½¬|��­������²Þ�)w¤�;½!�F¯
(H∂x(uH(∂xu)), ∂x(ψu))|��¨�

(H∂3
xu, ∂x(ψu))

��ÁÂw���w�²����!°����){!�){�w��\|µ�Y�x����w�� � �)����²z�;{�w�~��Y��~�w��G�)��w��x���E�;{�wBûÎ�­����w��Y�L�)�)|µ���Y¼�%���;½r¯��){�w��2|�y4�±�){}|"�
D = H∂x

|µ�¨�r|��r���´�;w�²��)|��;�­�����´¶×~}|��Y�)�F¯
(
H∂3

xu, ∂x(ψu)
)

=
(
∂xD

3/2u,D3/2(ψu)
)

= −
(
D3/2u,D3/2(ψ′u)

)
+

1

2

(
(D3/2u)2, ψ′

)
−
(
D3/2u,

[
D3/2, ψ

]
∂xu
)
.

� �)����²��+w�½#½¬|7³�� ê ��q�¯È°±w�{¨|F��w
−
(
D3/2u,D3/2(ψ′u)

)
. ‖u‖2

H3/2‖ψ′‖H3/2 , é ³�� õ q�ë|��¨���������Îw.|µ�Y¶ �;�!�;w�wP�){¨|��
1

2

(
(D3/2u)2, ψ′

)
. ‖ψ′‖L∞‖u‖2

H3/2 . é ³�� õ�õ ë
æ�w4í��.¯

[
D3/2, ψ

]
∂xu =

[
J3/2, ψ

]
∂xu− [R,ψ] ∂xu°�{�w��;w

R
������w¤Í���wF���´¶
R̂f(ξ) =

[
(1 + ξ2)3/4 − |ξ|3/2

]
f̂(ξ) = |ξ|3/2

(
(1 +

1

ξ2
)3/4 − 1

)
f̂(ξ) .

ª'��~}|µ�G�)�­y¤���\|µ��¯
R
�­�Î�������¨��wF�����

L2
¯¨|��¨�

‖ [R,ψ] ∂xu‖L2 . ‖ψ‖L∞‖u‖H1 .� �;����²#Í¨�}|�����¶C�Kw¤½!½¬|7³È� ê �¯³È¯�°Ów������R|µ���
(
H∂3

xu, ∂x(ψu)
)
. (‖ψ′‖L∞ + ‖ψ′‖H3/2)‖u‖2

H3/2 + ‖ψ‖L∞‖u‖H1‖u‖H3/2 . é ³�� õ ³�ëÁÂw����F° y¤���´�;�;���E�){�w��\|��;�±�)w��;½��
(H∂x(uH(∂xu)), ∂x(ψu)) =

(
D1/2(uDu), D1/2∂x(ψu)

)
.�+w�½!½¬|7³È� ê �aqÇ¶���w��\���

‖D1/2(uDu)‖L2 . ‖u‖H1‖u‖H3/2 , é ³�� õ ´�ë|��¨�×°����){r�+w�½!½¬|7³È� ê �¯³È¯�°Ów������R|µ���C�){}|"�

‖D1/2∂x(ψu)‖L2 . ‖J3/2(ψu)‖L2

. ‖ψJ3/2u‖L2 + ‖
[
J3/2, ψ

]
u‖L2

. ‖ψ‖L∞‖u‖H3/2 + ‖ψ′‖H3/2‖u‖H1/2 . é ³�� õ µ�ë
ê Ä�Ä



óx�Y�­��²�����²!�;��²�w¤�){�w�� é ³È�aq1´´ëÓ|µ�¨�×�){�w�w��;�;��½¬|��;w�� é ³È� õ Ä�¼^³È� õ ZÈëÕ¯ é ³È� õ ³�ë4¯ é ³�� õ ´�ë±|��¨� é ³È� õ µ´ëÕ¯�°Ów�²�w¤�

d

dt
(−I3(u)) . C(ψ)

[
(1 + h+ k)5 + (1 + h+ k)‖u‖2

H3/2

]
. é ³��a³µÄ�ë

ª·���)w�²��R|"�)����²Ë°����){��Yw��)~�w�y4�Î�)�Ë�)��½!w�¯È°±w������Õ|������){�w�|µ���������¨y¤wF�C�;w��;�����.� �
½ �Dßrß ¦øèÏ©#"t© L °�'E!"�<.j)56F�b���&8_�W�R���<CD8P,Y)��=%&'F�I)56��&)��;' � �/8
89�¢�3Q;��Q � :

‖u(t)‖H3/2 6 m(ψ, t, ‖ϕ‖3/2
H ) , é ³��a³�ç.ë

4 6F�/.�� m �(�
�&' �/L>�/'_,-%3�<�5)5�;L>�o��CD'EA/)��=%&' 4 6K�=A<6_J1.�% 4 )56 4 �5)56 t %&' R+
: �&'Y! 4 6"�=A<6N���
A�%&'*)5�;'-C-%&C��4 �;)56e.����@,-��AB)l)2% t �&'E! ‖ϕ‖3/2

H Q m A��3'pg��7��§/,*.��<������!9�('7��CD'YAB)��=%&'p%^� h �&'E! k : g/CF) 4 � 4 ���(�]%&8
�5))56K���
��§/,«.0�<���<�=%3' :�4 6K��A<6N�(�h%^�I�M% 4 �;'-)2�/.����/)2Q
± ¥ 
�
«² © � �)����²Ë�){�wzy¤�����;w��Y��|"�)�������W|¤°

I3

¯¨�+w�½!½�|_³È��´����!|µ�¨�×�;{�wÇv±|��¨yR{�¶´¼G¾�yR{�°Î|µ�Y���­��wFÀ��}|µ�����I¶�¯
‖u(t)‖2

H3/2 . C(‖ϕ‖3/2
H + (1 + k)5) + C(ψ)

∫ t

0

(1 + h+ k)5ds

+C(ψ)

∫ t

0

(1 + h+ k)‖u(s)‖2
H3/2ds .

ôÓ{�wz�Yw��;�����Î�%���­���F°��Î�´¶�|µ~�~���¶È�­��²#�){�wÇÐ9�;����°�|����>�/����w�½!½�|�� �Ñ8|��)�;����²Ë�)�Þ�){�wB~��;�´�������¢ôÓ{�w����;w�½ ³È�­ç��aq�¯��R|µ¸�wP���F°
ϕ ∈ H3/2

�}¾È���¨y¤w é ³È�¯³�ëx{}|��Î��w¤w����;{��F°���)����w!�­�ÈyF|��­��¶b°Ów�����¼'~����)w��»�­�
H3/2

¯t�;{�w��;w!w4í����Y�)�
T ∗ > 0

|µ���Â|×�;�������)�����
u ∈ C([0, T ∗[, H3/2)��� é ³È�¯³�ë4�E�r���;w��.��w���¯Ïw¤���;{�w�� T ∗ = ∞ ���

T ∗
���9Í¨�����)w#|��¨� ‖u(t)‖H3/2 −→

t↑T ∗
+∞ �¨ÁÂwË|µ�;�;��½!wÇ�´¶

y¤���´�)�)|����­y4�;�­���Ë�;{}|��
T ∗

���ÒÍ¨�����)w��µ�+w¤�
(ϕj)j∈N

��wÎ|��;wFÀ´��w��¨y¤wÓ���
Hs1

�%����y4�)�������8�;�¨yR{Þ�;{}|��
ϕj → ϕ���

H3/2
¯�°�{�w¤�;w

s1

���9�\|µ�;²�w��¨Á�wÞ��w����µ�)wÇ�´¶
uj ∈ C(R, Hs0)

�){�wÇ�;���­���;�­���N��� é ³��a³�ë®°����){N�������)�\|µ��¨|"�Õ|
ϕj
¯�°�{��­yR{ �­�®²�����w�� �´¶!�){�wB�;w¤�)�����;�Ó���xî/ª·�Ò¾´ð>��ôÓ{�w��+¯È���;����²#ôÓ{�w����;w�½º³���ç��[��¯´���Ó���Ów.|��Y¶��;�Þ�;w�w�){}|"���W����|µ���

T < T ∗
¯
uj → u

���
C([0, T ], H3/2)

�¨ª'��~}|��Y�)�­y¤���\|��F¯
‖u‖L∞T H3/2 6 lim inf ‖uj‖L∞T H3/2 6 limm(ψ, t, ‖ϕj‖H3/2) = m(ψ, t, ‖ϕ‖H3/2) .

�+w¤�;�;�­��²
T → T ∗

¯.°ÓwÓ�����Õ|����!|By¤���´�;�R|µ���\y4�;�����Ç°����;{Þ�){�w®��|µy4�8�;{}|�� ‖u(t)‖H3/2

�����F°��8��~!|��
t ↑ T ∗ �ÁÂwL{}|���wä�;{��.°��z�;{}|�� é ³��a³�ëE����²������}|µ����¶P°Ów�����¼'~����;wF�z�­� H3/2

�¤ÁÂwä��w4í���~��;�.��wÅ�){}|"�����¢����²������}|µ����¶°Ów��­� ¼'~����)w����­�
Hs

¯�°�{�w��;w
s ∈ (3/2, 2)

�ª·��w�À´�}|µ�����I¶ é ³���Z"´�ë®°Î|µ���;{��.°��N�W���B|!�Yw�²����W|��9�;���­���;�­���N��� é ³È� õ ë4¯}�����9���By¤��w.|µ�Y��¶��;w�½¬|��������)�Y��w�%����|Þ�;w�²����W|��Î�;�������;�­���r��� é ³È�¯³�ë4��K��¸�w®���Cî�Ñ��µð'¯F°±wx���;wx�){�w®�W�����­�F°��­��²P����wFÀ´�}|������·¶Þ����wx�)�Pû��µóx�;w��¤�­�Å|µ�¨�ÞôP��Ð�|µ�������AË4� é �)w¤wPî�ó±Ð9ð%ë4è���
f ∈ Ha(Rn)

°����;{
a > n/2

¯��){�w��

‖f‖L∞ 6 Ca,n(1 + ‖f‖Hn/2

√
log(2 + ‖f‖Ha)) . é ³��a³ ê ë¾È�­�¨y4w

s− 1 > 1/2
¯������%���­���F°��Î�;{}|��

ê Ä�ç



‖∂xu‖L∞ . 1 + ‖u‖H3/2

√
log(2 + ‖u‖Hs)) . é ³��a³1��ë

ô±{}|���¸È�Î�)� é ³��a³1��ëÎ|��¨� é ³���Z"´�ë4¯�°Ówz�����Õ|��­���;{}|"���;{�w��;wz��� C > 0
�;�¨yR{C�){}|"���W����|��­�

u0 ∈ H∞
¯

T > 0
¯
t ∈ [−T, T ]

¯
d

dt
‖u(t)‖2

Hs 6 C(1 + ‖u(t)‖H3/2) log(3 + ‖u(t)‖2
Hs)(3 + ‖u(t)‖2

Hs) ,

���;����²��+w�½!½¬|7³È��´��[Z�¯�°Ów�²�w¤�
‖u(t)‖2

Hs 6 (3 + ‖u0‖2
Hs) exp exp(C(1 +m(ψ, T, ‖u0‖H3/2))t) .óL¶¬y¤���´�;�­�È�����·¶#°����){ �Yw��;~�wFy4�x�)���){�w9�������;�W|��Ï�¨|��R|�¯��){��­�x�­��wFÀ��}|µ�����I¶��Yw�½¬|µ�����L�)�;��w��%���

u0 ∈ Hs
�ôÓ{��­�×�;{��F°�� �){¨|�� é ³È�¯³�ë����×²������}|µ����¶�°Ów�����¼'~����;wF�ì���

Hs
¯±|��¨�ñ�){�wN~��;�È���z����ô±{�w����Yw�½ ³È�­ç��aq��­�y¤��½!~���w¤�)w��

�#Ù�$ ·3x�x¿wÎÜCá�å�t
ô±{�w ~��;�´���Î�����+w�½!½¬|¿³È� ê �[ZN�­�Þ�;�­½#�­�\|��#|µ�¨�Â�;��½!~���w��Ç�)�<�){}|"�Ë�����+w�½!½¬|¿³È� ê �[�r°�{��­yR{�°�|��������w����ñî6ÉzÑÒð'�+ª'�z�����}|��;wF�»���÷�){�w!�%�����­�F°��­��²r�;w¤�)�����Ç����w#�)�Nvx�����%½¬|��Â|µ�¨���rw¤¶�w�� é �;w�w<î vÓ�Âç4ð'¯î vÓ� ê ð%ë4�

�
	���
 ¥ �Dß èÏ©&%t©�� � �B) σ(η, ξ) ∈ C∞((Rn)k × Rn\(0, 0)) ���1)��(�5�0f
|∂νσ(η, ξ)| 6 Cν(|ξ|+ |η|)−|ν| , é ³��a³&Z´ë

4 6F�/.�� ν = (ν0, ..., νk)
: νj ∈ Nn : �3'E!
|ν| = |ν0|+ ..+ |νk| 6 N := n(k + 1) + 1 .

S 6F�/'
‖σ(D)(a1...ak, f)‖L2 . ‖a1‖L∞ ...‖ak‖L∞‖f‖L2 ,

4 6F�/.�� σ(D)(a, f) = σ(D)(a1...ak, f) �(�
!?��\�'E��!¤g/f
σ(D)(a, f) :=

∫ ∫
eix(ξ+η̃)σ(η, ξ)â(η)f̂(ξ)dηdξ ,

a(x) = a1(x1)...ak(xk) , xj ∈ Rn ,

η̃ = η1 + ...+ ηk , η = (η1, ..., ηk) .

ª·��������yF|��;w�¯
n = k = 1

¯�{�w��¨y¤w
N = 3

�
ê Ä ê



± ¥ 
�
«²�
«² ½ �Dßrß ¦ èE© � © L ©nÁÂw���w�²����N|������C�){�w�~��Y�È���¢���Ò�+w�½#½¬|7³�� ê �[�#���Âî/ÉzÑ8ð>��Á�wB°��Y���;w
[Js, f ]g(x) = c

∫ ∫
eix(ξ+η)

[
(1 + (ξ + η)2)s/2 − (1 + η2)s/2

]
f̂(ξ)ĝ(η)dηdξ

= c
2∑

j=1

σj(D)(f, g)(x)

°�{�w��;w
σj(ξ, η) =

[
(1 + (ξ + η)2)s/2 − (1 + η2)s/2

]
ϕj(

ξ

η
)

|��¨�b�){�w
ϕj

|��;wË~����;���)����w#w¤��w¤�÷�%���¨y4�;�­�����z���
R
�;�¨yR{Ì�;{}|"�

ϕ1 + ϕ2 ≡ 1
���
R
|��¨��¾È��~�~

ϕ1 ⊂
[−1/3, 1/3]

¯Ï¾È��~�~
ϕ2 ⊂ R\[−1/4, 1/4]

�ª'�Ó°�|��Î�;{��.°����­��î/ÉzÑ8ðt�){}|"�
‖σ1(D)(f, g)‖L2 . ‖∂xf‖L∞‖Js−1g‖L2 . é ³��a³>q�ë

æ�w4í��.¯È°Ówz��w¤Í¨��w
σ2(D)(f, g)(x)

=

∫ ∫
eix(ξ+η) (1 + (ξ + η)2)s/2 − (1 + η2)s/2

ξ(1 + ξ2)
s0+s−1

2

ϕ2(
ξ

η
)(1 + ξ2)

s0+s−1
2 ξf̂(ξ)ĝ(η)dηdξ

=: σ̃2(D)(Js0+s−1∂xf, g)(x) .

ª>���;��³�y¤w��Î�;�!~��;�.��wP�){}|"�
σ̃2

�R|"�)���YÍ¨w��±�){�w�|��)�;��½#~��)�������Î���¢ô±{�w����;w�½¦³È��µ��­çB�)�#�����Õ|µ���C�){}|"�
‖σ2(D)(f, g)‖L2 . ‖Js0+s−1∂xf‖L2‖g‖L∞ , é ³��a³ õ ë

°�{��\y){C°��­���Ky¤��½!~���w¤�)wP�){�wP~��;�È���¢���8�+w�½#½¬|7³�� ê ��Z�¯¨y¤��½Þ������wF�×°����;{ é ³È�¯³1q�ëÕ�ª'���­�Çy¤��w.|µ�z�){}|"�
σ̃2 ∈ C∞(R2\(0, 0)) é ��wFy�|µ���;w¬������|����­�;{�w��Ç��� |ξ| 6 |η|/4 ë4��ª'����|µy4�F¯ σ̃2 ∈

C∞(R2)
�Eª'�¨��w�wF�t¯E��� |ξ| 6 1/8

|��¨�
σ̃2(ξ, η) 6= 0

¯Ï�){�w¤� |η| 6 4|ξ| 6 1/2
¯+|��¨� |ξ + η| 6 5/8

�ôÓ{�w��;w��W���;w�¯����)����²!���´�;w�²�w¤�Î�)w��Y��w��.¯��%��� |ξ| 6 1/8
¯�°ÓwzyF|��×°��;���)w

σ̃2(ξ, η) =
1

(1 + ξ2) s0+s−1
2

∞∑

r=0

cr
(ξ + η)2r − η2r

ξ
ϕ2(

ξ

η
) ,

°�{��\y){�����y¤��w.|��;��¶ ���¢y¤�\|��)�
C∞

��� {(ξ, η), |ξ| 6 1/8} ¯��){}|���¸È�Ó�)�Þ�){�wP½#w.|µ�×��|µ����wB�){�w����;w�½ |µ�¨���wFyF|����;w��){�w��)|F¶ ���¢y¤���´��w��;²�w��¨y¤w���� ∑
crX

r
����ç�¯¨|µ�¨�

1/8 + 1/2 < 1
�ôÓ{�w��;w��W���;w

σ̃2

�����������¨��wF�������){�w�y¤��½!~}|µy4���;w¤�
K := {(ξ, η), |ξ| 6 1, |η| 6 4} ¯�{�w��¨y¤wz�����){�w�;w¤� {(ξ, η), |ξ| 6 1} ¯���wFyF|����;w ������|������;{�w��Þ��� {(ξ, η), |ξ| 6 1}\K ¯Ò|��¨�÷°±w¬{}|���w×|r�;��½!�­�\|���;w��;�������W���±�;{�wz��w��;����|��;w������

σ̃2

�ª'���;w�½¬|��������;�r�)w¤w��;{}|��z�){�w¬��w��;����|"�)w¤�Ç���
σ̃2

���Ó���;��w�����w��;������w�À´�}|µ�Å�)�
3
|��;w��������¨��wF�»���

{(ξ, η), |ξ| > 1} ��ô±{}|"�����±°�{}|"�±°±wB°����­�K���#���F°Ç�
ê Ä>�



�Kw4�
ν
��wÇ|Þ½Þ�����)�����¨��w4í��;�¨yR{C�;{}|"� |ν| 6 3

�¨ô±{�w¤�r�´¶¬�){�wz�+w����������z�%���;½Ç���W|�¯
∂ν σ̃2(ξ, η) =

∑

α+β+γ+δ=ν

cαβγδ∂
α
(
(1 + (ξ + η)2)s/2 − (1 + η2)s/2

)

∂β
1

ξ
∂γ

1

(1 + ξ2)
s0+s−1

2

∂δϕ2(
ξ

η
) . é ³��a³?³�ë

ÁÂw�w¤�;�;�­½�|��;w����.°pw.|µyR{<��w��;����|"�)w����C�){�w��;��²�{´��{}|��¨�C�)�­��w���� é ³È�¯³>³�ëÕ�
∣∣∂α
(
(1 + (ξ + η)2)s/2 − (1 + η2)s/2

)∣∣ . (1 + (ξ + η)2)
s−|α|

2 + (1 + η2)
s−|α|

2 ,
∣∣∣∣∂β

1

ξ

∣∣∣∣ .
1

ξ1+|β||��¨�
∣∣∣∣∣∂
γ 1

(1 + ξ2)
s0+s−1

2

∣∣∣∣∣ .
1

(1 + ξ2)
s0+s−1+|γ|

2

.

ª'�
δ = 0

¯
∂δϕ2(ξ/η) = ϕ2(ξ/η)

�����������¨��wF��|��¨�b��|µ�����;{�w������Ì�;{�w#�;w¤� {(ξ, η), |ξ/η| 6 1/4} �òÅ���;w�¯
∂δϕ2(ξ/η)

��|����­�;{�w������ {(ξ, η), |ξ/η| 6 1/4
��� |ξ/η| > 1/3} ¯}|��¨�

∣∣∣∣∂δϕ2(
ξ

η
)

∣∣∣∣ .
1

η|δ|
. 1

ξ|δ|
.

ôÓ{�w��;w��W���;w�¯����C�;{�wz�;w¤� {(ξ, η), |ξ| > 1} ¯
|∂νσ̃2(ξ, η)| (|ξ|+ |η|)|ν| . �b|.í

α+β+γ+δ=ν
Qαβγδ , é ³��a³1´�ë

°�{�w��;w
Qαβγδ :=

(|ξ|+ |η|)|ν|
(

(1 + (ξ + η)2)
s−|α|

2 + (1 + η2)
s−|α|

2

)

|ξ|1+|β|+|δ|(1 + ξ2)
s0+s−1+|γ|

2

.

ô��!y¤�����)�;���
Qαβγδ

¯�°Ówz�����Y�)����²����­�;{��'°±�!yF|��;w��Fè
Òì���

s− |α| > 0
¯

Qαβγδ .
|ξ||ν|(1 + |ξ|2)

s−|α|
2

|ξ|1+|β|+|δ|(1 + ξ2)
s0+s−1+|γ|

2

. (1 + ξ2)−s0/2 . 1��w�yF|µ���;w
s0 > 0

�
Òì���

s− |α| < 0
¯

Qαβγδ .
|ξ||ν|

|ξ|1+|β|+|δ|(1 + ξ2)
s0+s−1+|γ|

2

. (1 + ξ2)(|α|−s0−s)/2 . 1��w�yF|µ���;w |α| 6 3
|��¨�

3− s0 − s 6 0
�ôÓ{�wz~��Y�È���¢���¢�Kw¤½!½¬|7³�� ê ��Z!����y¤��½#~��­w¤�;w�� �

ê Ä1Z



� O ��
?­\§(�D®	¯*�Fß �F� £.¡�©«ôÓ{�w�|����){����Ó°����){�w¤�±�)�Ë�){}|���¸�°�wF|µ��¼Gvx�W|��¨��wÇ¾�|����9|��¨�ræ���¸����\|F¶×ô��¤��w4�Y¼¸��.�×�W���±{�w��­~��%���Ky¤��½!½!w��´�;�������;����²#�;{�wB°±���;¸Ï�

ê Ä?q



ê Ä õ




 q¾È9/+q+s6U6�Nm)� � q+i

î/öBó®ÔÅ¾´ðÇ�ä�('*),+.-0/21�35476.)¢¯?°����ä�98:1�;76x¯´�Â� Î -</2/=6.;5+L¯?°�� vB��>?6737@ä¯ µI%&'«�M%RA��1��89%R!?�����x��%3.P'E%3'*����;'E���&. : !3�(�@,-�/.��<�;L>� 4 �&L1�<� ¯¨ÑÅ{´¶��;�­yF|!ïÇ�­¯FZ�Ä é ç�µ?´>µ�ë4¯-� õ Ä"¼2�?µ ê �î/öBóLðzöÞ�='*A9@(6./ Ï 1�;ä¯CBÞ�28:/=6.;5D8¯D� §>���/)2�/'EA��O%^��L>%3.B)2� §l�0.�������%>�aCF)5�=%&'����('N)56���m��&�;'*�M�/Ln^Og�%&CD'Y!"�&.<f�i�&fK�/.
%^�h� Ó %3���/� � �('��/)2�/�('rA�%&'Y!"�/'����1)@� ¯Ä°��}�N|��;{+�}ÑÅ���Yw���ö9~�~��>� é µ´ëÕ¯-´>� é>ê Ä�Ä1Z´ë4¯������ õ ¯«³ õ q"¼´�Ä�ç��
î/ö�Ð9ðÞ¾Ï�E'*/ Ï ;5476FDÒ¯BÑ¢�HGJI<K,6.KF+x¯ML ,A^/.��&)2�/CD.��©,*���/C-!"%3�/� !&� Õ_^/.0�/'*)��=�B���p�B)¤);6A^�%&.�N/89�ÿ!"�ûµj�R��6��® %R���/. ¯¨ª'�´�;w��qgF�����)������� é ç�µ>µ�ç.ë4�î�óäð ªR��ÆË�O8P6.KQ6.RS4F-<;5TF1QU®¯Ä� )2�?g/���a�;)�f9A/.<�5)2�/.<�=%3'j��%&.I!"�&.�Uj��%1�a�5)2%&'F� ¯�ÑÅ{´¶��F� á w¤�E�È�Kw4�;�.��¯�³>³ é ç�µ?µ õ ëÕ¯ç�ç�µ?�"¼Rç�ç�µK³È�
î�óÓÐ��NÑ8ð�ªR�/ÆË�O8P6.KQ6.RV45-<;5TF1QU®¯ÈöÞ� ïÇ�?GW1.D745-�U26x¯´ÆË�ýÐÞ�?XY6.T�476.;5TF1QU®¯�ªR�/ÆË�OZ[35\^]�; Ï ;ä¯Ä� )2�"g<�5����5)�fN%^�¬)56��b��%>�a�5)2%3'*�$�a�(U>�\��g/C-gRg��M�<� � ¯¨ÑÅ{�¶��;�\y�|!ïÞ¯��1Z é ç�µ?´>µ�ë4¯ ê Z�Ä"¼ ê q1Z��î�ó®�rð�ªR�/ÆË�98P6.K,6.RS45-0;5T51,U®¯�ÆË�ýÐÞ��XY6.T�476.;5TF1QU®¯A� %>���5)2%&'-�$�a�(U?� ��g/C-gRg��M�<� � �;'G�I�<f3�/)2�/8º%^���('*)2�/./��?AB)��;'DJ©g�%3��%&'F� ¯¨ÑÅ{´¶��F���+w¤�;�.��öÞ¯tç ê ´ é ç�µ>´>´´ëÕ¯*q ê ¼$q õ �î�ó®Ñ8ð�ªR�/ÆË�08P6.KQ6.RV45-<;5TF1,U®¯}ò±��ü#�0Z76.;51,U(6x¯¾� )@�"g/���a�;)�f©�&'E!¤�/L1%>�aCF)5�=%&' %^�O)56��
H/C��=�<��A��/'-)X�&'E!£)�.0�1�L>�B�a�;'DJ£��%>�a�;)2%&'-��AWg/C*gRg��i�<� ¯¨ÑÅ{´¶��;�­yF|!ïÇ¯ õ µ é ç�µ>µ?��ë4¯tç�çBZµ¼Rç��1Z¨�î�óx�¢ÑÒðÇû��<8:-0KF-0R_@`]aD7T Ï ¯�Ñ¢���ä�<b Ï 1.;5R´¯��ä�/öÞ�0Z[-</2-O@ Ï -0KÅ¯ ��' L � � �l,",«.0%R�"A<6©)2%7)56�� � §>���/)2�/'EA��%$��m�%3�<�5)5�;L>� � %>�aCF)5�=%&'��+��%&. � �/8
���a�('E���&.Pm�.�%?g��M�/8h� ª'�¨�t� � �����E���N|��;{+�e°���¯���Ä é ç�µ>´�ç"ëÎç�Z�ç4¼Rç�q"³È�î�óLw"¾�y4ðÇÔ®�/öÞ�<8:-0KF-<\ Ï ;ä¯¨���6öÇ�`><DQ4535) Ï ;ä¯ S 6F� � A<6K.këR!&�;'�JK�/.h��H/C*�1)5�=%&' ¯¨�N|"�){�wz|µ�¨�Cª>�)�Îö�~�~��­�­yF|.¼�;�­�����F¯¨ÉP����°Ów��Îö�yF|µ��w�½!�­yzÑÅ���������;{�w��;� é ç�µ>µ�ç"ëÕ�î�óx�+ð�°��<8:-<K Ð 4ä¯Ä°��`b�c.AORd@5K`caeÇ¯ `0'*)2�/.@,-%>�i�1)��=%&'¨�@,-�"A���� ¯}¾È~��;����²�w¤� é ç�µ"³ õ ëÕ�î�óÓú�¾´ðÇÔ®�`8:-O@54535-0/}¯�ÐË�,fJK7/(6g;5+ Ï ¯}ïÞ�`>`eh-?@FR´¯ T*%&./)2��§9.<�;'DJ&�o�B%&.j)56F�9kX.0%3���/�=m��5)2�?�/L���U3�;�n��H/C-�1�)5�=%&' ¯Ä°��}òÅ�����}�N|"�){+�}¾È��y�� õ ¯+ç é>ê Ä�Ä1ZÈëÕ¯+çR³.¼2µ1Z¨�î�óLw"¾�|�ç4ðÇÔ®�i8:-?@F4535-</}¯á°��ývB�[>?6737@ä¯ S .0�&L>���(�a�;'DJ 4 �&L>�<�I��%3.¨)56���kX.0%3���/�=m��5)2�?�/L���U3�;�
�0H/C*�1)���%&' ` ¯ö9���+�¨ª'���Y�.�¨û�w����;�KÑ¢�����¨yF|µ�Kgz~�{´¶��;�\À���w��;{Ag����;�­À´��w
³�Ä é@ê ë é ç�µ>µ?µ�ë4¯+çBZK³.¼ ê �?´��î�óLw"¾�| ê ðÇÔ®��8:-O@54535-0/}¯?°��ýv9�O>?6737@ä¯ T-%&.B)5�=A��<�¬�&'E!I��%&C�'E! 4 �&L>�<�x�B%&.�)56��
kl.�%R���/�=mn�;)2�"�/L���UR�;�]��H/C-�1�)5�=%&' ¯+æ������­����w.|���ÑLïBòÎ�6�����»y¤���¨��w����;wF�÷½¬|"�;�;w��z|µ�¨�Ì�Yw.|�y4�;�­��� ú¨�.°�¯+û��Kóxw¤�;w��Y�I¶�yR¸È�ä|µ�¨�Nü#�Ñ���½#w.|µ� é wF���Õë4¯��?�>µ�¼2�?q&Z¨¯ é>ê Ä�Ä ê ëÓÉP����°±w¤�Îö�yF|µ��w�½!�­yzÑÅ���������;{�w��;�F�î�ó á ¾�ð °��6�ä�Q8:1�;76x¯E¾Ï��ÆË�QjE6.kl1�mV6.+.4,]a-+¯Ï��� òÎ�Q><DQ451�;5),-<Tx¯ ® %R!"�B���n�B%&.�,«.0%�,-��JK�1)5�=%&'�%^�Wg0%&.��<�`BQ S 4 %¤!&�;8_�/'��<��%&'E�>��);6���%&.<f ¯¨ï9���I�¨ª'�´�F�}òÅÀ��*³�¯[� é ç�µ?µ1Z´ë4¯ õ µ?µ"¼^³&�>Z��î�óL�È¾�y4ð °����ä�`8:1�;76x¯�����òÎ�,><DQ451�;5),-<Tx¯ S .��&L>�B�;�a�;'�J>� 4 �&L1�I��%>��CF)��=%3'��j)@%9)56F�bVW%3.B)2� 4 �@J>� !"�¨TD.<�=�<�/�Ó CD.=JK�/.��h��H/C*�1)���%&' ¯¨ÑÅ�;�Èy�� á �.¶���¾È�Èy��}òä�����+��ö ç�Ä�ç é ç�µ?´?q�ë4¯ ê Ä"³.¼ ê�ê õ �

ê Ä"³



î�óL�È¾�|�ç4ð�°����ä�28:1�;76x¯�°��ýv9��>O6F37@Å¯ �O�(�@,��/.<���;L>�¬gB�M% 4 CR,¿%^�X��%>��CF)��=%3'��O%^�nJK�<'E�/.0�>�a� � �0!¬VW%&./)2� 4 �@J>� !"�B�T�./���<�
��H/C-�1)��=%&'F� ¯m°��¨ï9��ÖÒ�}òäÀ}�+ç�Ä?��¯+ç é ç�µ>µ>�´ëÕ¯-�"¼^q?³È�î�óL�È¾�| ê ð�°����ä�O8:1.;76x¯A°�� vB�?>O6F37@Å¯ �O���@,-�/.��<�;L>�Ig��M% 4 C3,h��%&.�JK�<'E�/.0�>�E!&�(�@,-�<.<�<�(L>�I��H/C*�1)5�=%&'�� ¯��­�¬~��;w4¼~}|��R|"�)�����+�î6�¨óäð�öÇ�n+g-o8:1�376.KF+L¯ `0'��/)2�?g/���a�;)�fW%$�l�/)2�1)5�=%&'-'Y�&./f
g<C*gRg��M��� ¯�¾�ª'öP�«°����N|"�){+�µö��}|µ�@� ê õ é ��ë é ç�µ>µ"q�ëq õ�õ ¼$q1´ ê �î�óäðþû��<8:KF-0\ Ï R´¯ �P'Y�>�af&���o��%&'EA/)��=%&'-'Y���;�M� ¯¨ï9������� é ç�µ>´>�´ëÕ�î�óÓÐ9ðÇû��:8:KF-0\ Ï R�¯ÎôP�EG*6./2/21�35pO@Å¯ µI%&'«�a�('E���&. � A<6K.këR!&�('DJK�/.r�<L>%>�aCD)��=%&'Ø�0H/C*�1)���%&'�� ¯Îæ�����������w.|µ�ö9�¨|µ�@�­¯�ô��röÞ�­¯FZ é ç�µ>´�Ä´ëÕ¯«³>³1�"¼^³1´>µ��î�óÓÐPôÓðÇæ��`8:35K,q®¯�Ñ¢�QGJI0KQ6.KF+x¯�æ��0rH\CU�-O@5TF1QU®¯sL ' 'E%&'«���;'E���&. � A<6".ìëR!&�('DJK�/.W�0H/C*�1)���%&'��I�;'r��§?�)@�/./��%&.
!"%&8_�&�;'�� ¯�ö9���+��ª·���Y�F�}û��¨Ñ¢�����¨yF|µ�Kg�¯�öPæ ê ç é@ê Ä�Ä1ZÈëÕ¯ ê µ?q.¼2��ç�´��î�ó®ï�¾�ô®ðzöÞ�/ÆË�`8:35KC]?6.T®¯}Ñ¢�<+ Ï rHKQ6gmS6.; Ï ¯�ïÇ��ÆË�,><T�KC]?6.) Ï ;ä¯Ï¾Ï�0rHK Ï /2/21®¯�L ,Y)��=A0�>�E��%>���5)2%&'F�W!&C-�)@% H/C*�?!&.��&)��=A9'E%&'«���;'E���&.<�5)5�=�<��­��0.�%&8 g��3�<��Aj,*6"f&�<�=A<�9)2%
�0CF)�C�./���/)��=Ae��,",Y�a�=A��1)5�=%&'�� ¯ÒÑ8{´¶��F� á w�~+��"³�Ä é>ê Ä�Ä ê ë4¯ õ ��¼ ê �"q��î�óxÉ#ç¤ðzöÞ�/ÆÞ�58:35KC]?6.T®¯�ü#�ý¾Ï�Ft Ï U�RV476.KÅ¯|� %>���5)2%&'��_!&C*�£)2%¤����A�%&'E!¤6��3./8_%&'-�=AjJK�/'Y�/.��&)��=%&' ¯tÑÅ{´¶È�.��+w¤�Y�.��ö ç�µK³ é ç�µ>µ?q�ëlZ�Ä"³.¼@Z�ç ê �î�óxÉ ê ðzöÞ�/ÆÞ�u8:35KC]?6.T®¯¢ü#�ý¾Ï�ut Ï U�RS476.KÅ¯ �j�&.�UG��%>�a�;)2%&'��©�(' !&�(�@,-�/.��<�;L1�GH/C*�"!3.��1)5�=AN89��!&��� ¯Lú9~��.��+w¤�Y�.�­¯ ê Ä é ç�µ>µ"q�ëX´>�>Z�¼2´?� õ �î vÓûÎð�ôP��vw6.\(-<;76nU�-+¯KöÞ�.xy6.KQ6F37zx¯ `0'*)�.0%R!&C*A/)��=%&' �3C?§_,*.�%"gB�{N/89���©!F| ^/L1%>�aCF)5�=%&'p���/8
�5�$���;'¾^��&�(.��<� ¯�N|"�){Ag�½�|��;�\À´��w���w¤�9|�~�~����­yF|��;�­�����F¯�ò8�­����~��;w��.¯ é ç�µ>µ�Ä�ë4�î vLð ïÇ�svE4 Ï K`1�;ä¯ S .��3L>���;�a�('DJ 4 �&L1�<�O��%3.N)56F��kl.�%3�0�/�=mn�;)2�"�/L���U3�(�I�0H/C*�1)���%&'u�('�!&�;8_�/'��<�=%&' �M�&.=JK�/.);6��&' ) 4 % ¯¨æ������­����w.|���ö��}|µ��¶��;���.¯*q1´ é@ê Ä�Ä1ZÈëÕ¯+çR³>q.¼ ê Ä1Z¨�î vÓ��ç¤ð á � á ��vE1 Ï AOeE6.;ä¯µü#�2X}-9]a-<KÅ¯ �PC}!?���{~W!"�<�¬%0,¡^/.0�1)2�/CD.��],*���/C-!"%1� !&� Õ_^/.0�/'*)��=�B��� ¯�ö��;�qg��;���)À´��wq?³È¯�¾È��y4�jg¤�qgÇ�N|��;{Ag�½¬|"�)�­À´��wz��wzÔ¨�)|µ�¨y¤w é ç�µ"³1´�ë4�î vÓ� ê ð á � á �`vE1 Ï A?e:6.;ä¯�ü#�<X}-9]a-<K8¯�L ,¡^/.��&)2�/CD.��b8
C��a)����a�;' ^��&�;.0�<� ¯}û�w��Y½¬|���� é ç�µ?µ�ç.ë4�î v á ðÇ���ýÐË�?vEK,6.;5+,6./2/�¯ÈÑ¢� û���jh6.) Ï ;51,� Ï @F\¨¯-Ó �ª��C�.�A��1)5�=%&'I��.0%&8 � �;8P,E�M� � �cJK�/'-L1�>�aC*��� ¯e°��ÈÔ¨���¨y��ö9�¨|µ�@�-´ é ç�µK³Èç"ëÕ¯-� ê çÕ¼2�>Z�Ä��î�ïB�bÐ9ð��ä�0� Ï X}-0;5\n6x¯�vB�<G 6./2/21®¯ S 6��hg��i�"A<Uh��%>�a�;)2%&'��j%^�O)56F�_µ �|� ��H<C*�1)���%&' ¯����C~��Yw�~}|µ�)|��;�­���+�î6Ô�ð öÞ� Î 6.K Ï ;76x¯ �E.0%&8 kX�;' � g/CD.=J>� � �&'E!"�&C )@% kl.�%3���<�=mn�;)2�"�/L���U3�(� ¯Þ�<���}|"�)�;{+�Ë�N|��;{+�­¯ ç��?µ�¯hZ
é@ê Ä�Ä>�´ë4¯ ê õ q.¼ ê õ µ��î ÐP|�ç4ðËv9�`G*6./2/21®¯ � A<6K.këR!&�;'�JK�/.�J1.0%&C3,�%&' � 6K�=!3U>%&L
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