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Abstract

We study nonlinear ground states of the Gross—Pitaevskii equation in the space of one,
two and three dimensions with a radially symmetric harmonic potential. The Thomas—Fermi
approximation of ground states on various spatial scales was recently justified using variational
methods. We justify here the Thomas—Fermi approximation on an uniform spatial scale using
the Painlevé-II equation. In the space of one dimension, these results allow us to characterize
the distribution of eigenvalues in the point spectrum of the Schrédinger operator associated
with the nonlinear ground state.

1 Introduction

Recent experiments with Bose-Einstein condensates [PS] have stimulated new interest in the
Gross—Pitaevskii equation with a harmonic potential. We take this equation in the form

iug + 2 Au+ (1 — |z[Hu — [uPu=0, zeRY teR,, (1.1)

where the space dimension d is one, two or three, u(z,t) € C is the wave function of the repulsive
Bose gas in the mean-field approximation, and € is a small parameter that corresponds to the
Thomas—Fermi approximation of a nearly compact atomic cloud [Fer, T].

A ground state of the Bose-Einstein condensate is a positive, time-independent solution
u(x,t) = n.(z) of the Gross-Pitaevskii equation (1.1). More precisely, 7. : R — R satisfies
the stationary Gross—Pitaevskii equation

e?Ane(x) + (1= 2[*)ne(z) = nZ(2) =0, = eRY, (1.2)

ne(x) > 0 for all z € R, and 7. has a finite energy E.(1.), where E. is given by

1
Eo(u) = /Rd (52\vu|2 + (2 = D + 2u4> dz.
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For d = 2, existence and uniqueness of a radially symmetric ground state 7. for a fixed,
sufficiently small ¢ > 0 is proven in Theorem 2.1 of Ignat & Millot [IM] similarly to earlier
works of Brezis & Oswald [BO] and Aftalion, Alama, & Bronsard [AAB] in bounded domains.
It is also shown in [IM] that 7.(z) converges to ng(x) as € — 0 for all x € R?, where 7 is the
Thomas—Fermi’s compact function

_ [ A= [a)? for |a| <1,
mo(x) = { 0 for |x| > 1. (1.3)

To be precise, Proposition 2.1 of [IM] states that for d = 2, e > 0 sufficiently small,

0 < n(z) < Cellexp (14_52’7!2) for |z| > 1, (1.4)
0<(1—|z)Y2 —no(z) < CeY3(1 = |2H)V? for |z| <1—e'/3, (1.5)

and
17e = mollerxy < Cre?, (1.6)

where K is any compact subset of {x € R? : |z| < 1} and C and Ck are e-independent positive
constants. The method used by Ignat & Millot in the case d = 2 to prove the existence of a
radially symmetric ground state 7. can be extended to the cases d = 1,3. The uniqueness of
the positive, radially symmetric ground state does not follow from [IM] for d = 3, but we can
establish it by a different method, according to the following proposition. This proposition is
proved in section 5.

Proposition 1.1 The stationary Gross-Pitaevskii equation (1.2) has at most one positive radial
solution in L*(R?), for any d > 1.

Our main goal in this paper is to prove a uniform asymptotic approximation of the ground state
n. on R?, in the limit ¢ — 0, for d = 1,2,3. At least two attempts have been made in physics
literature [BTNN, KK] to establish connection between the nonlinear ground state 7. for d = 1
and solutions of the Painlevé-II equation

W' (y) +yr(y) -’ (y) =0, yeR. (1.7)
This equation arises as the formal limit as € — 0 of the differential equation satisfied by v.:
4(1 =Pyl (y) — 26> Pdul(y) + yre(y) =12 (y) =0, y € (=00, /%),
where v, is defined by

1— |z?
Ne () :51/3’/5(9)7 y= 52L3‘ ‘ (1.8)

The convergence of 7. to 19 as ¢ — 0 suggests that we should consider the Hasting—McLeod
solution vy of the Painlevé-IT equation [HM], which is the unique solution of (1.7) such that

Vo(y)~y1/2 as y— +oo and py(y) -0 as y— —oc.



In both papers [BTNN, KK], the asymptotic solution 7. is constructed at three spatial scales
I: |z] <1—¢¥3) 10: |z]e (1—e23,146%3), and II: |z| > 142/,

Solutions of the Painlevé-II equation (1.7) are used at the intermediate scale II for matching
conditions and connection formulas between the WKB solutions at the inner scale I and the Airy
function solutions at the outer scale III. The same formal approach is also developed in [ZAKP]
for approximations of excited states of the stationary Gross—Pitaevskii equation in the case d = 1.
We address the problem of uniform asymptotic approximations of the ground state . of the
stationary Gross—Pitaevskii equation (1.2) using the Hasting—McLeod solution of the Painlevé-II
equation (1.7). Our main result (Theorem 1) in Section 2 establishes this approximation on a
rigorous level. In the case when d = 1, we also study eigenvalues of the Schrodinger operator

L = —628323 + Vo(z), Vix)= 3773(3:) —1+ 22

that arises in the linearization of the stationary Gross—Pitaevskii equation (1.2) at the ground
state 1. We prove in Section 3 that the spectrum of L in L?(R) consists of an infinite sequence
of positive eigenvalues {5 },>1 such that for any fixed integer k > 1,

N1 Mg ~ me?® as e — 0, (1.9)
where yu, is the k™ eigenvalue of the Schrédinger operator
Mo = —492 + Wo(y), Wo(y) = 315 (y) — y.

We note that My arises in the linearization of the Painlevé-II equation (1.7) at the Hasting—
McLeod solution 1. Therefore, the scaling transformation (1.8) leading to the Painlevé-II equa-
tion (1.7) becomes useful for analysis of eigenvalues of the Schrédinger operator L7 .

It is clear from the shape of 7. that the operator L% has a double-well potential V; () with two
symmetric minima converging to +1 as € — 0, while the operator My has a single-well potential
Wo(y). These facts explain both the asymptotic correspondence between eigenvalues of L5 and
My and the double degeneracy of each pair of eigenvalues in the asymptotic limit (1.9). Formal
results of the semi-classical theory for the operator L% are collected in Section 4.

While a different technique is exploited in our previous work [GP], the result (1.9) provides
the same kind of asymptotic behaviour for the smallest eigenvalue of LS as the one we obtained
for the lowest eigenvalue of the simplified operator

L5 = -0 + Vo(x), Vo(z) = 3nj(z) — 1+ 27,

The spectral stability of the ground state in the Gross—Pitaevskii equation (1.1) is deducted
from the analysis of the symplectically coupled eigenvalue problem for Schrodinger operators L&
and L, where

el (z)
Ne(z) .

Unfortunately, the asymptotic scaling (1.8) leading to the Painlevé-II equation (1.7) does not give
a correct scaling of the eigenvalues of L® nor the eigenvalues of the spectral stability problem

Lf = 22 + Vi(z), Ve(x)=ni(z)—1+2%=

because the potential Ve(x) is a single well with a nearly flat bottom on the interval [—1, 1],
which is mapped to [0,7%/3] by the change of variable y = (1 — x2)/e%/3. Analysis of the
eigenvalues of the spectral stability problem and construction of excited states of the stationary
Gross—Pitaevskii equation are two open problems beyond the scope of this article.



Notations. If A and B are two quantities depending on a parameter € belonging to a neigh-
borhood & of 0,

o A(e) < B(e) indicates that there exists a positive constant C' such that

A(e) < CB(e) foreverye € €.

e A(e) ~ B(e)if A(e)/B(e) »1ase —0

E—

o A(e) =O(B(e)) as ¢ — 0 if A(e)/B(e) remains bounded as € — 0.

Let F(z) be a function defined in a neighborhood of co. Given a € R, {fm}men € R, and
v > 0, the notation

—00

oo
F(x) v x® Z fmx™ ™
m=0
means that for every M € N,
M
F(z) —z* Z Fna ™7™ = Oz MIDY ag 2 - o0,
m=0

and, moreover, that the asymptotic series can be differentiated term by term.
We use the following spaces:

e H*(R)= N H*(R), where H*(R) is the standard Sobolev space.

s=0

e L2(RY) is the subspace of radially symmetric functions in L?(R%). Note that if f(|-|) €

T

L2(R%), then
o
£ Dlle =187 [ 7 r 11500 P,
where |[S9!] is the surface of the unit sphere in RY. Similarly, [B?| is the volume of the unit
ball in R%.
2 Uniform asymptotic expansion of 7.

In what follows, d = 1,2 or 3 and ¢ > 0 is sufficiently small such that, as it is proved in Theorem
2.1 of [IM], there exists a positive classical solution 7. of

e Ane(x) + (1 = [a*)ne(z) —n2(x) =0, = €R™ (2.1)

Moreover, this ground state 7. is radially symmetric, so that we can define a function v, on
J. := (—o0,e2/3] by

s, (1= z? d
ne(x) = e'/°v, %3 , xR (2.2)
€



Let y = (1 — |z|?)/%® be a new variable. Notice that y covers once J. as |z| covers Ry. It is
equivalent for 7. to solve (2.1) and for v, to solve the differential equation

4(1 = 2By (y) — 262 dvl(y) + yrely) — v3(y) = 0, y € .. (2.3)

Let N > 0 be an integer. We look for v, using the form

N
v(y) = 3 e y) + 2VVBRy (), ye . (2.4)
n=0

Expansion (2.4) provides a solution of equation (2.3) if {vy,}o<n<n and Ry satisfy equations
(2.5), (2.6) and (2.7) below.

e 1 solves the Painlevé-II equation

i (y) +yro(y) —vp(y) =0, yER, (2.5)
e for 1 <n < N, v, solves
—dv, (y) + Wo(y)vn(y) = Fuly), y€R, (2.6)
where
Wo(y) =3v5(y) —y
and

Fuly) = — Z Uiy (Y)ns (Y)Vng (y) — 2dvy,_1(y) — dyvy_1(y),

ni,n2,n3 < n
ni +ng+n3z=n

e Ry, solves

—4(1 — 52/3y)R§(,7E + 252/3dR§V’€ +WoBnNe = Fne(y, Bne), Y € Je, (2.7)
where
2N—1
FN,E(va) = _(4y’/§<f + 2dV§V) - Z €2n/3 Z UniVnyVng
n=0 ny+ng+ng=n+N+1

0<ny,n2,ng <N

2N 2N+1
_ 328271/3 Z v U R — (3 Z 5271/31/ ) R2 _ 4(N+1)/3R3
n1¥ng n—(N+1) € .

n=1 n=N+1

ny+ng =n
0< ny,n2 <N

Notice that for 0 < n < N, v,(y) is defined for all y € R and does not depend on &, whereas
Ry (y) is a priori only defined for y € J..
Appropriate solutions of system (2.5), (2.6) and (2.7) enable us to prove the following theorem.



Theorem 1 Let vy be the unique solution of the Painlevé II equation (2.5) such that
vo(y) ~ y'? as y— 4oo and v(y) -0 as y— —oo.

Forn > 1, there exists a unique solution vy of equation (2.6) in H*(R). For every N > 0, there
exists ey > 0 and Cn > 0 such that for every 0 < e < e, there is a solution Ry . € C*NL>®(J;)
of equation (2.7) with

(A 1—|z|?
RNl () < Cnve @D and @ Ry, (JJ) € H*(RY),

such that the unique radially symmetric ground state of equation (2.1) in L*(RY) writes

1/3 = 2n/3 1—|z? 2N/3+1 1— |z d
776('%') =€ ZE Un g2/3 + € RN’&* 52T 5 r € R%. (28)

n=0

Remark 2.1 For d = 3, the remainder term in (2.8) may have the same order as the last term
in the sum, because of the growth of the upper bound on ||Ryel|lpe(s.) as € 0.

Remark 2.2 The uniqueness of the ground state is proved in [IM] for d = 2 (without assuming
the radial symmetry of the ground state). The method of Ignat and Millot can be extended to
the case d = 1, but apparently not to d = 3. Proposition 1.1 states the uniqueness of a positive,
radially symmetric ground state in L>(R?) for d = 1,2,3. This proposition is proved in Section
5.

The proof of Theorem 1 is described in the following three subsections. Notice first that it is
sufficient to prove the Theorem for an arbitrarily large value of N. Indeed, for every integer
Ny > 0, the result of the Theorem for N < Nj is a direct consequence of the result for N = Nj.
Also, for convenience, we shall assume in the sequel that N > 2.

2.1 Construction of v, for 0 < n < N

We are looking for a solution v.(y) of equation (2.3) that satisfies the following limit as & — 0:

{ (1—z2)Y2 for z € [-1,1],

61/31/5(5_2/3(1 — 1‘2)) — 0 for ’x‘ > 1.

e—0

Therefore, we choose vy(y) to be the unique solution of the Painlevé-II equation (2.5) that satisfies
the asymptotic behavior vy(y) ~ y1/2 as y — 400 and converges to zero as y — —oco. Existence
and uniqueness of this solution are proved by Hastings & McLeod [HM]. Asymptotic behaviour
of 1y(y) as y — +oo is described in more details in Theorem 11.7 of [FIKN]. These results are
combined together in the following proposition.

Proposition 2.1 [HM, FIKN] The Painlevé-II equation
W (y) +yv(y) =’ (y) =0, yEeR,
admits a unique solution vy € C*°(R) such that

v(y) ~y? as y— +oo and w(y) =0 as y— —oo.



Moreover, vy is strictly increasing on R, v{ has exactly one zero on R, which is an inflection

point of vg. The behaviour of vy as y — —oo is described by

(~29) " e EE2 (1 O(y )~ o,

Yy—>—00

vo(y) = Q\f

whereas as y — +00, it is described by

SUNEIRLD
y—+o00 3"/27

where bg =1, by =0, and forn > 0,

n+1 n+1n+2l
bpso = 4(9n% — 1)b,, Zb b+2m—722blb bnto—i—m.
=1 m=1

(2.9)

(2.10)

Next, we construct v, € H*®(R) for n > 1 by induction on n. For n > 0, we consider the

following property:
e v € H*®(R) solves (2.6) (with n replaced by k),

(Hy)  Vke{lo.n}, 4°u®) & v Y00 gkany™ " for some {gim}mer
L4 Vk(:‘/) ~ 07
y——00
where

5= —5/2 ifd=1,
112 ifd=23.

(Hp) is empty and, therefore, true by convention. Fix n > 1 and assume that (H,.1) is true.
We are going to construct v, such that (H,) is satisfied. We will make use of the following two

lemmas, which are proved in Sections 6 and 7.

Lemma 2.1 Let W € CY(R) such that W' € L>(Ry.) and there exists Cy, Cy, Ay > 0 with

W(z)>Cix for z>Ay, W(x)>Cy for z€R, and W' (z)>0 for z>A,.
Let f € L?(R) such that 2“f € L>®(Ay, +o0) for some a > 0. Let
=(-0;+ W) 'fe H'(R).
Then, as x — 400,
pla) = Oz~ (2.11)
Moreover, if f and W admit asymptotic series
+00 +00
f(zx) D x mZ::Ocmx'ym, W(x) 2 me::Ovmx'ym, (2.12)



for some coefficients {¢m tmeN, {Um}men and v > 0 such that 3/v is an integer, then ¢ admits
an asymptotic series

“+o00
p(r) ~ oD N " dam, (2.13)
m=0

T—>+00

for some coefficients {dp, }men. In particular, as x — 400,
¢'(z) = O™ ™), ¢"(x) = O (+?), (2.14)

Lemma 2.2 Let Wy(y) := 313(y) — vy, where vy(y) is the solution of the Painlevé-II equation
(2.5) given in Proposition 2.1. Then,

Wnin := iano(y) > 0.
yeR

JFrom the asymptotic behaviors of vy(y) as y — +oo, we infer that
Wo(y) ~2y as y— +oo and Wy(y) ~—y as y— —oo. (2.15)

Let us consider the operator
Mo == —482 + Wo(y)

on L?(R) with the domain,
Dom(Mp) = {u € L*(R) : —4u” + Wou € L*(R)}.

The Schrodinger operator My arises in the linearization of the Painlevé-II equation at v = 1.
The spectrum of Mj is purely discrete and, thanks to Lemma 2.2, it consists of a sequence of
strictly positive eigenvalues which goes to infinity. If n = 1, it follows from the choice of vy and
from properties (2.9)-(2.10) that

“+o00
Fiy) = (1=dy 24y 7Y 3(m+ 2)bm22 221 = 3(m +2))y 72 (2.16)

m=0

Fi(y) =~ 0. (2.17)

y——00
Thanks to Lemma 2.2, we can look for v solution of (2.6) with n =1 in the form

) = AT ). veR

where ® € C*°(R) is such that ®(y) =0if y < 1/2, &(y) =1 if y > 1. Then, 77 has to solve

2 J—
AT () + Woln)in(y) = Fi(y) == Fi(y) — (1 — dyy~ 20 (y) +4-2 (W

dy?
JFrom the asymptotic expansions (2.9)-(2.10) of vy, we infer that Wy also admits asymptotic
expansions as y — £oo. Since vy € C®(R), it follows from (2.15), (2.16), (2.17) and (2.18)

), y € R.(2.18)



that F| € H *°(R). Then, property (Hp) follows from Lemma 2.1 applied on the one side to
71 = My 'Fy with a = 7/2, so that 71(y) = O(y~/?) as y — +00, and on the other side to
y — U1 (—y) with « arbitrarily large. Furthermore, if n > 2, we have

Fay) = =D v @na@vas(®) =3 Y v0(y)vn, (1) (y) — 2dvy,_1 (y) — dyvis_y ().
0<ni,ng,n3 <n 0<ni,ng <n
ni+nz2+n3z=n ny+na2=n

Thanks to (Hy.1), all the terms in the right hand side admit an asymptotic expansion at +oo.
More precisely,

Yy—r+00

—+00
Fuly) =~ 7720 fumy ™
m=0
for some coefficients { f,, m }men, whereas

F.(y) =~ 0.

Yy——00

Since F, € C*°(R) and n > 2, we deduce that F,, € H>®(R), and we can define v,, = M, 'F,, €
H>(R). By Lemma 2.1 with v = 3/2 and o = 2n —  — 1, we then have

+oo
va(y) & YN gumy

—+00
Y m=0
for some coefficients {gn m }men, and
vn(y) = 0

Yy—>—00

where we have applied Lemma 2.1 with v = 3/2 to the function v,,(—y). Therefore, (Hy) is true,
which completes the construction by induction of the sequence of solutions {v,(y)}n>1 of the
inhomogeneous equations (2.6).

2.2 Construction of Ry,

In this subsection, we construct a solution Ry. to equation (2.7), such that given the v,’s
constructed in subsection 2.1, expansion (2.4) provides a solution of equation (2.3). The solution
Ry . of equation (2.7) is obtained by a fixed point argument. In order to explain the functional
framework in which the fixed point theorem will be applied, let us first introduce the functional
spaces

12={ue Ll () (1-Py i1y e 12())}

and

£

H = {u €L?: (1-ey) Y4 € L2(J.) and (1 — 2/3y) 412w 2 € LZ(JE)} ,

endowed with their respective squared norms

c—2/3

ull? = JJullFs = / (1 —e¥3y) 421 2dy

—0o0



and
—2/3

[t ;z/ {4(1—52/3y)d/2|u’\2+(1—52/3y)d/2—1wou2 dy.

We are looking for a solution Ry . (y) of Equation (2.7) on J. such that the function Ry -(e~2/3(1—
|z|2)) is regular on RY. As a result, it is convenient for the sequel to introduce the map 7¢ : L2 +
L2(R?) defined for u € L2 by

(Tu)(2) := u(e™? = 2P,

which makes the link between functions defined on J. and radial functions defined on R¢, in
terms of the variable z = e72/3z € R%. An easy calculation shows that T¢ is a bijection from L2
into L2(R9), and that for every u € L2,

s

1Tl ey = gy el (2.19)
Moreover, T¢ induces a bijection from H] into
Qe := {u € L*(RY) : /Rd [[Vu|2 + Wo(e?/? - 52/31212)]142} dz < oo}
and for every u € H},
IT2u), = / [[VTau\z W23 - 52/3|212)1T6u12] dz = MHUH . (2:20)
Qe R 0 9g2(d—1)/3 171 H2
Let us rewrite equation (2.7) for the remainder term Ry .(y) in the operator form
M°RNe(y) = Fne(y, Bng), y € Je, (2.21)
where M?¢ is the self-adjoint operator on L2 defined by
Me = —4(1 — e¥/3y) =219, (1 — e2/3y) Y20, + Wy (y) = (T°) L K°T*,
{ Dom(M¢) = {u € L2: KT.ue L*(R%)} (222)

and K*¢ denotes the Schrédinger operator on L?(R?),
K :— _A + W0<672/3 - 82/3’2‘2).

The solution Ry of the nonlinear equation (2.21) will be obtained from the fixed point theorem
applied to the map
dne: R (M) 'Fye( R),

which will be shown to be continuous from H! into itself. First, we shall prove the following
lemma.

Lemma 2.3 The operator M¢ is invertible, and for every f € L?,

en— —1/2
(M) f s < Wil 2111

10



Proof. Let us consider the continuous, bilinear, coercive form on (). defined by
a(u,v) = / [Vqu + Wo(e™¥/? — 52/3\7;\2)1”)] dz.
R4
By the Cauchy-Schwarz inequality and Lemma 2.2, for every f € L2,

v T° fodz
R4

defines a continuous linear form on Q.. Thus, by the Lax-Milgram Theorem [GT], there exists a
unique ¥ € Q. such that for every v € Q)¢,

a(y,v) :/ T° fudz.
Rd
Moreover, ¥ € ). is radial and satisfies
Ky =T°f in D'(RY).
Thus, ¢ := (T¢) "1y € HX N Dom(M?) satisfies
Mo = f.

JFrom (2.20) and a calculation similar to (2.19), we also check that

2:2(d—1)/3 9£2(d-1)/3 e=2/3 B
lolZy = 2 a@g) =2 / T frpdz — / (1= e23y) 421 f gy
: ST ST Jga e
< INlelle < Wi 21Nl

from which the upper bound on ¢ = (M¢)~!f in H} follows. n

Next, we prove that R — Fy (-, R) continuously maps H! into L?. We write

Fne(y,R) = Fno(y) + Gne(y, R),

where
! /
Fno = —(dyvy + 2dvy) — E VniVnyVns (2.23)
ny+ng+ng=N+4+1
0< ny,n2,ng <N
and

2N—-1

2N
2n/3 2n/3
Gne = — E g2n/ E UniVnaVng — 35 g2n/ E Un,Vny | R
n=1 n=1

ny+ng+ng=n+N+1 ny +ng =n

0< ny,ng,n3 <N 0<ny,neg <N
2N+1
- <3 > 52"/31/”_(N+1)> R? — AN+D/3p3. (2.24)
n=N-+1

11



We first show that Fy o € L?. Indeed, from the properties of the v,’s, we infer that

Fnoly) =~ 0,

Yy——00
and Fy also admits an asymptotic expansion as y — +o00, with
Ay (y) + 2dviy(y) = O(y"~12N)

and if ny +ng +ng =N + 1,

O(y~19/272Ny if d = 1 and ny, ng,n3 > 0,
Uny UnoVng (y) = 8 O(y~'3/272N) if d = 1 and n; or ny or ng = 0,
Oy V22Ny  ifd > 2,

(notice that ny + ne +n3 = N + 1 with 0 < ny,nge,ng < N implies that at most one of the
numbers ni,ng, n3 is equal to 0). Since N > 2, we deduce that in any case,

Frno(y) = (’)(y79/2) as y — +o0o, while Fno(y) ~ 0.

Y——00

Therefore, for o > 0 sufficiently large and € < 1,

—2/3

/ (1 —e?By) 2 ydy < /

—00

c—2/3

1
(1 + |y|)~*>dy +/1 yO(1 = e2/3y) Y21y,

In the case d = 1, the second integral in the right hand side is estimated by

—2/3

1 -9
=901 — 23,12, < 16/3/ Z d
/1 v =) Yy ~ ¢ c2/3 (1 — 2)1/2 i

A

168,/5 1/2 y £16/3 1 1 e
€ 2 z dz + z <1,
c2/3 29 /1/2 )

whereas for d > 2,

e—2/3 e—2/3

y (1 — 2By) ¥ gy < /1 y Ydy S 1.

J

Therefore in both cases Fy o € L2 and

[Fnoll: < 1. (2.25)

~

Similarly, the term which does not depend on R in the right hand side of (2.24) is Op; (£%/3).
Let R € H€1 To estimate the linear term in R in the definition of Gy, notice that if nq +ng =
n > 1, then ny or ng is not equal to 0, thus vy, vy, (y) = O(y~!) as y — +oo. In particular,
UnyVny € L°(R) and
~1/2
[Vny vny Bl < HVmVnz”LOO(R)HRHE < ”anVnQHLOO(R)W / ||R||H51 S ||R”H51 (2.26)

min

In order to estimate the quadratic and cubic terms in the right hand side of (2.24), the following
lemma will be useful.

12



Lemma 2.4 Let p=1,2 or 3. There exists a e-independent constant C' > 0 such that for every
e >0, z'quHg then uP ELE and

[l < Cem @Dy

Proof. Let u € H!. We have checked in (2.20) that T°u € Q. ¢ H'(R?) and
1Tl ey S 1 T%ull. S & @2 ufl . (2.27)

~

By Sobolev embeddings, it follows that T5u € L?’(R), and

lPlle S VPN (W) ey = €TV PIT U] 0y
< VAT, ) S e DDy (2.28)
where we have also made use of (2.19) with u replaced by u”. n

Remark 2.3 The statement of Lemma 2.4 can be extended for all values of p for which H'(R?)
is continuously embedded into L?P(RY), that is 1 <p < oo ford=1,1<p < oo ford=2 and
1<p<3 ford=3.

Thanks to Lemma 2.4, for any integer k£ > 1,

e R?|- < ||Vk|\Lw(R)€_(d_1)/3||RH§{81 S 5_(d_1)/3HR||§{617 (2.29)

whereas for k = 0,
o R?|le S llollpoe (g™ "V PIRIG S e P IRIT (2.30)

On the other side,
1R?le S e 2@ D3RI, (2.31)

thanks to Lemma 2.4 again. By Lemma 2.3 as well as bounds (2.25), (2.26), (2.29), (2.30) and
(2.31),

1®xe(R) = R cllis S €%/% + 3| R gy + eBNH2DP BRI, + NHO2DB RIS,

where
R?V,e = (Ma)_lFN,O-

In particular, for € > 0 sufficiently small and for some e-independent constant C' > 0, ® . maps
the ball
B, := BHQ(RS)V@, Ce*/3)

into itself, where we have used the assumption NV > 2. Similarly, there exists an e-independent
constant C' > 0 such that for every Ry, Ro in B,

[®ne(R1) = Prve(Re)lly < Ce*?||Ry — Ryl s

13



As aresult, provided ¢ is sufficiently small, ® . is a contraction on B.. The Fixed Point Theorem
ensures that ®y . has a unique fixed point Ry, € B.. In particular,

IRN: — Ry Nl S 25, (2.32)

We next prove that Ry . satisfies the regularity properties stated in Theorem 1. The fixed point
Ry. € H 51 of ®x . has been constructed in such a way that T*Ry . € H 1(]Rd) solves the equation

K°T°Ry. = T°(Fn.(-, Rn.)) € L2(RY). (2.33)

Thanks to Lemma 2.3 and (2.25), we obtain

1B el S I1Fwolle S 1. (2.34)
Thus, (2.32) yields
IRyelle S IRwellm S 1. (2.35)

As a result, from (2.25), (2.26), (2.29), (2.30) and (2.31), we infer
[EN:( Bye)lle S 1. (2.36)
(From (2.33), (2.36) and (2.19) we deduce
VT Ry gy = 177 (Fiv e B gy S 405, (237)
Next, we use the following Lemma, which is proved in Section 8.
Lemma 2.5 (K¢)~! € £(L?(R%), H?(R%)) is uniformly bounded in .

As a result, we infer from the Sobolev embedding of H2(R%) into L*°(R?) that T°Ry. € H?(R?)
and

1R ell oo 12y = 1T Rivie| oo ey S V72 (2.38)

Moreover, a bootstrapping argument shows that T°Ry . € C°(RY). As a result, Ry . € C®(J.).

2.3 v.(y)>0for all y e J.

We have constructed above {vy, }n>0 and Ry in such a way that

N
~ 1—|z|? _
Me(z) = 61/326%/31}”( 5213’ >+€2N/3+1(TERN,€)(5 2/35”)
n=0
1—|z|?
= /3, <€2/’3‘> , zeR? (2.39)

is a classical, radially symmetric solution of equation (2.1). In order to claim that 7). is a ground
state, it is sufficient to check that 7j.(z) > 0, for every x € RY, which is equivalent to v.(y) > 0,
for every y € Je.

14



For every n > 1, [[vn||peo®) < 1. Therefore, from (2.38), (2.39), since N > 2, we deduce the
existence of a constant C' > 0 such that for every y € Jg,

ve(y) — vo(y) > —Ce*?.
Since vy(y) increases from 0 to +o0o as y goes from —oo to +00, we deduce that for ¢ < 1,
ve(y) = vo(—1) — Ce?? >0, ye[-1,e72/3.
Coming back to the variable z, it follows that
fe(z) >0, |z| < (1+¥3)12 (2.40)

It remains to prove that 7. (x) > 0 for all |z| > (1 + 2/3)1/2. Assume by contradiction that 7. is
not strictly positive on R%. Then, let

re = inf{r > 0, 7.(r) = 0} € ((1+2/3)/2, oo)

where for convenience, since 7. is radial, we denote 7-(|z|) = 7-(x). By construction, 7:(rs) = 0
and 7.(rz) < 0. If 7L(re) = 0, then 7. = 0, because 7j.(r) satisfies the differential equation

1 d d—1 d . 1 2 ~ 2\ ~ i
~d-1g, (7“ dr775> (r) + ?(T — 1+ 7(r)")7je(r) = 0.

This is a contradiction with (2.40). Thus, 7.(r.) < 0. Let
Fe :=sup{r > r.,f(r") <0 for ' € (re,7)} € (re, +00].

Then, for every r € (re, ),

(a1 Da Y oy = Tl S i) <o
ar \ @)V T2V TERT) T S

and we deduce by integration that for every r € (r.,7¢),
rhi(r) < rEi(re) <0,
and

Ne(r) < Tg_lﬁé(rg)/ s'4ds. (2.41)

The right hand side in (2.41) is a negative, decreasing function of r, which implies 7. = +o00, as
well as a contradiction with the fact that 7.(r) — 0 as » — +o00. Therefore 7.(r) > 0 for all
re R+.
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3 Spectrum of the Schrodinger operator L2 in the case d =1

Consider the Schrodinger operator
Ls = —20% 4+ Ve(z), Vi(z) =3n%(z) — 1+ 22,

associated with the stationary Gross—Pitaevskii equation (1.2) linearized at the ground state 7.
It is a self-adjoint operator on L?(R). Since the potential Vi(x) is confining in the sense of
Ve(z) = +00 as || — oo, Lg has compact resolvent and a purely discrete spectrum. By Sturm-
Liouville theory, the eigenvalues of L% , denoted {5 },>1 (sorted in increasing order) are simple.
Moreover, thanks to the even symmetry of V. on R, the eigenfunctions of LS corresponding to
A: are even (resp. odd) in z if n is odd (resp. even). If A is an eigenvalue of LS and ¢ € L*(R)
is a corresponding eigenfunction, we define a function v € L? by

1— 22

Let us denote W (y) = 3v2(y) —y. Then, ¢ € L*(R) is an even eigenfunction of L corresponding
to the eigenvalue \ if and only if v € L? satisfies the differential equation

(401 = &22y)120,(1 = 23y) 120, + We()) v(y) == > Noly), yel  (31)

and the Neumann boundary condition

¢(0) = =273 (1 = 2/3y) 120/ (1)) = 0. (NC)

y—e—2/3
Similarly, ¢ € L?(R) is an odd eigenfunction of L% corresponding to the eigenvalue A if and only
if v € L2 satisfies (3.1) and the Dirichlet boundary condition

p(0) = v(e?/) = 0. (DC)
As a result, the eigenvalues of L% are directly related to the eigenvalues of the two self-adjoint
operators on Lg, M¢ and M¢, where

Me = —4(1 — e¥3y)1 /20, (1 — e¥/3y)/20, + We(y),
Dom(M?) = {v e L?: M¢® € L? and v satisfies (NC)},

and M¢ is defined similarly by replacing (NC) by (DC) in the definition of the domain. Namely,
if we denote {fi5},>1 (resp. {f5}n>1) the eigenvalues of M (resp. M€) sorted in increasing
order, then for every n > 1,

= and G =2,

As € — 0, the eigenvalue problems (3.1) for the operators M¢ and M¢ formally converge to the
eigenvalue problem for the Schrodinger operator My defined after Lemma 2.2,

(—407 + Wo(y))o(y) = pu(y), y€R, where p=e /%),

By the discussion below Lemma 2.2, the purely discrete spectrum of My in L?(R) consists of an
increasing sequence of positive eigenvalues {fi,}n>1. We shall prove that the eigenvalues of L%
converge to the eigenvalues of My as € — 0, according to the following result.
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Theorem 2 The spectrum of L5 consists of an increasing sequence of positive eigenvalues {5, }n>1

such that for each n > 1,
. )‘gnfl : gn
lalﬁ)l c2/3 lalﬁ)l c2/3 ~ He (3.2)

Proof. We prove only the convergence of fi5, = A5,/ €2/3 to p,, for every n > 1. The proof of
the convergence of fi5, = X5, _,/€%/3 to p, is identical.

Denote by (-,-) and || - || the scalar product and the norm in L?(R), and by (-,-). and | - ||
the scalar product and the norm in L2. If u,v € L?*(R), u L v means that (u,v) = 0, whereas if
u,v € L2, u 1. v means that (u,v), = 0. We denote by

Q*(v,v)

B =5

the Rayleigh quotient for the operator M¢, where Q¢ denotes the corresponding bilinear form

Q% (u,v) = /5 (4(1 — 23120 ud + %u(y)v(y)) dy,

defined for u,v € H, 51 Similarly,
Q(v,v)

]2

denotes the Rayleigh quotient for My, where @ is the corresponding bilinear form

R(v) =

Qlu,v) = /R (40,udyv + Woly)u(y)o(y)) dy,

defined for u,v € {u € H*(R) : Wol/zu € L*(R)}.

Let @, (resp. uy) denote an eigenfunction of ME¢ (resp. My) corresponding to the eigenvalue
A5, (resp. py,), normalized by |5, ]| = 1 (resp. ||uy|| = 1).The eigenvalues of M are given by the
Max-Min principle:

iy, = inf R(v), (3.3)

v € Dom (M)
’UJ_'U,17"‘ ; Un—1

whereas the eigenvalues of M¢ are similarly given by

fs, = inf R®(v). (3.4)
v € Dom(M?¢)
v L@, T

Let us fix § € (0,2/3). Let ® € C*°(R) be an non-decreasing function such that ® = 0 on R_
and ® =1 on [1,+00). For € > 0 sufficiently small, we also define x. € C°(R) by

2z + ¢~ 2/3 e2/3 — 2
Xe(@) =@ (5_2/3 — 279 ® g72/3 —2¢=8 |’

17




e—2/3 —2/3

0 79 and Supp(x:) C [ 5> =5—]. We shall prove

such that x. is even, xy. = 1 on [—e7%,¢
recursively the following properties:

(Dn fi5, = pn + O(70),

(i), for every k > n+ 1, (xcuk, U5,), = (’)(51/3*5/2)7
() (iii), for every k > n, (xc@§, un—1) = O(e'/379/2),
)

(V)n inf e — cun|| = OE3-72),
ce

(V)n ggﬂgHXEUn*l - Ca;—l”E = 0(51/3—6/2)’

where for n = 1, (iii); and (v); have to be understood as empty properties. Let us fix n > 1
and assume that (Gy) is true for every k € {1,--- ;n — 1} (for n = 1, this condition is empty,
therefore true by convention). The proof of (Gy) is then divided in five steps.

Step 1. Upper bound on f;,. First, we shall prove that

n—1
RE () = pin + O(¥37%), where o5 = yeup — Z (XeUn, Tf,), Ug- (3.5)
k=1
Then, thanks to (3.4), since v, € Span(as, - - - ,4S,_,) C L? by construction, (3.5) yields
[ < i+ O(2370). (3.6)

JFrom (i) and (ii)k, which are satisfied for k& < n — 1 thanks to the recursion assumption, we
have

. Qs(Xeunv Xeun) + 0(52/3_5)

n—1
QF (XeUn, Xetn) — D Ay, (XeUn, aiﬁ
k=1
n—1

= 2 (3.7)
— _o\2 wun |12 + O(2/3-6
Ixeunll2 = 32 (Xetun, ) [xeun 2 +O( )
k=1
Next,
6_2/3
2,2
2 Xu
HXE“HH? = / B %dy
—=2 (L= ey
2/3-6 0 i
( (8 )) o8 Upay s—5<|y\<¢ (]_ _ 52/3y)1/2 Y ( )
The last term in the right hand side of (3.8) is estimated as follows
X2u2 3 ) S o
S E— TS 2/ uzdy < exp(—2e7°) < /3, 39
/s—klygf‘j/?’ (1 — e2/3y)1/2 s ( ) (3.9)

where we have used the following Lemma.
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Lemma 3.1 For every m > 1, there exists a constant C,, > 0 such that for every y € R,
|tm (y)| < O exp(—ly|) (3.10)
and
|7, (¥)| < Cra(ly| + 1) exp(—[y]). (3.11)

Proof. Since Wy(y) — 400 as y — oo, we can fix b, > 0 such that inf{Wy(y) : |y| = bp} >
4 + py,. Then,

(—40; + Woly) — ma)e ¥ = (Woly) = pn = e >0, Jy| > by
Since u, solves the eigenvalue problem
(—40; + Wo(y) — pn)un =0, y€ER,
thanks to Corollary 2.8 in [A], there exists C' > 0 such that
lun(y)| < Ce™M, Jy| > by + 1.

Bound (3.10) follows, since u, € Dom(My) C H'(R) C L°°(R). Then, from the differential
equation Mou, = pnu, and thanks to the asymptotic behaviour of Wy, we infer

uy ()] = i’ﬂnun(?ﬂ — Wo)un(y)| < (Jyl+ e P, yeR. (3.12)

By integration of (3.12) between —oo and y, we deduce, for y < 0,

Yy
)l = | [ wits)ds| < (ul+ e,
—o0
The same kind of estimate is obtained for y > 0 by integration of (3.12) between y and +oo,
which provides (3.11) and completes the proof of Lemma 3.1. "

Using Lemma 3.1 again, as well as the normalization of w,,, we infer that

—é

£
/ uldy =1+ O23). (3.13)

—e8

(From (3.8), (3.9) and (3.13), we deduce that
[ x=tn]? = 14+ O(2/379). (3.14)
On the other side,

We|xeun 2
Q° (Xetn, XeUn) = / |:4(1 - 52/3y)1/2‘8y(X6u”)‘2 + (1—|€2/3)’1/2:| dy

= 4/ (1-— g2/3 )1/2 ’QU%dy—i—S/ (1—52/3 )1/2X/ngU updy

€

+4/ 2/3 1/2 /2dy+4/
e-olylc =2

X X 2
e—3/2

(1-— 62/3y)1/2xgu;12dy

Wa‘Xeun‘Q

— 1 ——dy — . 3.15
+/—€ 5/2 ( 1_52/3 )1/2 +/€ §12glyl< e~ 2/8 (1—52/33!)1/2 Y ( )

19



The first two integrals in the right hand side of (3.15) are O(e2/3), because u,, € H'(R),

||X/5HL<>0(J5) N e2/3

and
max{(l — 2312y e Suppxg} < V3/2.

The fourth and last integrals in the right hand side of (3.15) are also O(¢?/3), thanks to Lemma
3.1. From Lemma 3.1, we also infer that

s e +o0
/ (1= 2By 22dy = (1 + (’)(82/35))/ uZdy = / u?dy + O(¥379).  (3.16)
=6

-6 oo
¢ From Theorem 1 and from the decay properties of the function v, for n > 1 provided in (Hy),
we deduce that v, = vy + £2/3r., where 7. = Oreemy(1) and vy7: = Opeo(gr)(1) as e — 0. As a
result, W. — Wy = 3(v2 — 1) € L®(R), and
Wz = Woll ooy S €72 (3.17)
Then, since Wy(y) = O(y) as y — £o0,

=

< 2/3-6
T < /3-8, (3.18)

Lm(_5—5/275—6/2)

- Wo

As a result, using once more Lemma 3.1,

875/2 W u2 +OO /
£n — 2 2/3—6
/_55/2 Ay = [ Woundy + O, (3.19)

Finally, we get from (3.7), (3.14), (3.15), (3.16), (3.19) and the estimates on the other term in
the right hand side of (3.15):

RE(v5) = R(un) + O(*37%) = p, + O(379), (3.20)
which completes the proof of (3.5) and of its corollary (3.6).

Step 2. Asymptotic behaviour of the eigenfunction @:. Property (i), will be obtained
as a consequence of (3.6) and of the converse inequality

fn < i, + O(2379),

The proof of the latter inequality is delivered in Step 3 below. The proof uses the following
properties of the eigenfunction «;, corresponding to the n't eigenvalue fi5, of M.

Lemma 3.2 There exists a constant C,, > 0 such that for every y € J. and € > 0 sufficiently
small,

jii5, ()| < Cre ™1, (3.21)
whereas
Co(ly] + 1)e~ 1! if y<0,
~ _ —2/3 . —2/3
' Cullyl + De M +exp (-52)  if 0<y< =2,
@) wl<q " s 4 2 (3.22)
Cn eXp(,s = . 872/3 72/3
—any if 7 <y<e .
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Proof. In order to prove (3.21), we come back to the eigenfunction

of LS corresponding to the eigenvalue A5, = ﬂflsw 3. Since

a5 )17 = @7 (a5, a5) = fin |15 I = Az,

it follows from (3.6) and Lemma 2.4 that for ¢ sufficiently small,

Il = 1S o) < OV < Ciin + OE2/39) < ca,

(3.23)

where ¢, > 0 is an e-independent constant. Since Wy(y) 2 |y| as y — +oo, we can fix a, large
enough such that inf{Wy(y) : |y| = an} > 4 + pn. Then, using (3.17) and (3.6), we obtain, for

22 <1 — ane?/? and for ¢ small enough,

(=202 + 2% — 1+ 32 — £2/35 fi€) ex 1—7452

1— 1—22
62/3 <—262/3 4%’ + W 2/3 ) > exp <—£2/§>

1— 2
> & (—a+inf{Wo(y) y > an} — pn + O(E)) exp <_62/f> -0

On the other side, ¢§,, solves the differential equation
(=03 + 2 — 14302 — £ i7) 5, = 0.
Thus,
(=07 +a® — 14302 = PR )wne 2 0, o] < (1 ane™®)2,

where
1—=x

2
Yt (x) = crexp <an - 52/3> + o (2).

Moreover, from (3.23), we get
Vs (E(L = ane®?)1?) > 0.

As a result, since for € small enough, we also have like in (3.24)

2 2 _2/3- 2/3 1—z? _
e* =143 — e, = ¢ (Wa<sg/3)—ﬂi>

> 22/3 (inf{Wo(y) LY > an} — pn + (9(52/3—5)> > 0,

the maximum principle ensures that

Yis(@) 20, 2| < (1—ane®®)'V2,

21
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which is equivalent to

1—22
[9on(2)| < cnexp <an - 62/3) , Jzl < (1 - an52/3)1/2.

In terms of s, it means that
i, (y)| < cne™e™V, an <y<e R (3.28)

On the other side, for |z| > (1 + a,£%/3)'/? and for ¢ sufficiently small, we obtain like in (3.24)

2
—1
(—€20; + 2 — 1+ 302 — */3[15,) exp (—9”)

-2/3
1—22 . 2 —1
= 5‘2/3 (25‘2/3 — 4(]}2 -+ Wg <€2/3> - M§L> exXp (— 52/3 )
2 1—z?
1— 22 1—2= W, 373 221
> P A Wol—5) [ 46%° 22+ (1) — [t + O(E23) | exp <_2/3>
€ Wo( 373 ) Wo( 3/3 ) €
> 0. (3.29)

21 - o . .
Thus, exp —%57 ) is a positive, continuous supersolution of

(—5285 +22 -1+ 37)3 — 62/3ﬂi)¢ =0

in {z:|z| > (14 a,e*?)"/?}. From a slightly modified version of Corollary 2.8 in [A], we deduce

that
2

—1
v ) el = (1t (an + 1)),

’SOgn(x)‘ < 2071, exXp (1 + Ap — W

More precisely, the constant 2¢,e(@t1) above has been chosen in such a way that the inequality
holds for |z| = (1 + (an 4+ 1)e%/3)1/2, and the result in [A] ensures that then, the inequality holds
for any z such that |z| > (1 + (a, + 1)e2/3)1/2. In terms of @S, it means that

|5, (y)] < 2cne™HleY,  y < —(an+1). (3.30)

Then, (3.21) follows from (3.23), (3.28) and (3.30). We next prove (3.22). From (3.21) and the
differential equation M*®w;, = fi;,u;,, we infer that for every y € J,

Cre” ¥l Wo(y)
1 23,)1/29 g€ < n . 0 2/3-0 31
‘(%( e”%y) 3yun) (y)‘ 11— 212 <u + (Zlelﬂg m [yl +O0E77°) |, (3.31)

where we have also used (3.6) and (3.17). The estimate (3.22) in the case y < 0 directly follows
by integration of (3.31) between —oo and y:

(@) W) < | (1= ) 2(a5) ()| = \ [ (202001720, ) ()as| < (1] + e . 3.32)
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e—2/3

As for the case 0 < y < #, integration of (3.31) between y and 2/ gives

_ 1 __,e _
(1= Py (@) (y) - \ﬁ(ui‘),( 5 )| S (vl +1e , (3.33)
which provides thanks to the triangular inequality
) B 3 8_2/3
(@) ()] S (yl + Ve 4 |(@5)'( 5 )| (3.34)
Using basic integration, we also have
. £—2/3 . £—2/3
£ £=2/3 e—2/3 £=2/3

== (@) (522) (@)(522) = 1
:ﬁw ((ai)/(s) - \/i(ln_ 52/233)1/2> ds + % /j/3 md& (3.35)

4

Since the last integral in the right hand side of (3.35) is bounded from below by 572/3\/5, we

7
deduce from (3.35), (3.33) and (3.21) that
—2/3

e e—2/3

)

S exp(— )- (3.36)

Combining (3.36) and (3.34), we get (3.22) in the case when 0 < y < 5_22/3. Finally, we consider
6722/3 <y < e2/3 Integration of (3.31) between 6722/3 and y yields

the case when

1 1 g=2/3 Y (|s| + 1)e~ sl
~e\/ - ~c\/
1 c—2/3 a3 c—2/3 e 1
N (1—52/33/)1/72 (exp(— 1 ) +e / exp(— 9 )/52/3 (1—52/35)1/2d5
2
—2/3
exp(—‘a4 )

(1 —e2/3y)1/2’ (337

where we have also used (3.36). This completes the proof of (3.22) and the proof of Lemma 3.2.

Step 3. Lower bound on i, and proof of (i),. In order to show that (i), holds, we next
prove the converse inequality

in < fif, + O(*379), (3.38)

which will be deduced from (3.3) and

n—1
R(5) = ji5, + O(**77), where @, = xciif, — Y {xefis,, uk) uk, (3.39)
k=1
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In order to prove (3.39), we proceed similarly as for the proof of (3.5). First, since (iii)y is assumed
to be satisfied for k <n —1,

n—1
QX115 XeTS) — - p (X5, up)?
~ k=1
R(vy,) = —

HXEQ%HQ - <Xeafwuk>2

QX5 X)) — fin—1 (X105, Un_1)” + O(e/379)

= & - . (3.40)
||X€U%||2 - <X€u%a un71>2 + 0(52/376)
Then, thanks to Lemma 3.2 and the normalization of «;,,
—2/3
2
e e LA
T2
2/3-6 a a5, 2| ~¢ 12
= (1403 S L) E— . / i [2dy.
O [ gt t [y o T
~c |2
_ (14 o2/ /‘“n‘d (/3
(1+0(°7) et (€%7%)
= 14 0(2379), (3.41)
Similarly, using Lemma 3.2 and (3.18) and proceeding as in (3.15), we get
o0
Qi) = [ @0, + Waleiz ) dy
—00
+o0 +oo
— 4 aPayes [ (@) gy
o0 —0o0
o
+4(1+0(52/35))/ (1= ) @) Py
-
Y e [
eTOyI< 5
e—0/2
v maPay s [ s Wolxeiia Pdy
—eg—6/2 5—5/2<|y|<s =
= A1+ 0 [ (1= )y Py
e=9/2 ~c |2
Wi, | 2/3-6
_elnl g4 O(e?/
+/€_§/2 2By y+O0@E""7°)
= Q(@5,15) + O(237%) = iE + O(e¥379). (3.42)

In order to deduce (3.39) from (3.40), it remains to estimate the scalar product (x a5, un—1).
Notice that in the case when n = 1, this term does not exists, and there is then nothing to do.
From (iv)y.1, there exists ¢,—1 € R such that

IXetp—1 — cn—1un—1 S glf3=ol2, (3.43)
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Then, by triangular inequality, and thanks to (3.41) for n replaced by n — 1,
llen—1] = 1] < llen—1ttn—1 = xetlp_y || + [[[xct_y |l = 1] S /27072, (3.44)
whereas

|cn—1] |<Xsafm Up—1)]

- - 1 o - o
< ‘<XeUfL,Cn71Un—1 - Xsui_1>’ + '<<X? - (1_52/31/)1/2> U27U2—1>‘ + ’<Ufuufl—1>€}

< e (3.45)

where the first term in the right hand side of (3.45) has been estimated thanks to the Cauchy-
Schwarz inequality, (3.43) and (3.41). The second term has been estimated thanks to Lemma 3.2
for @Z, and for @,_,, and the last one is equal to 0. We deduce from (3.44) and (3.45) that

U5y, 1) = O(Y379/2), 3.46
(XeTlp, Un—1) ( ) (3.46)

Then, (3.39) and (3.38) follow from (3.40), (3.41), (3.42) and (3.46). Property (i), is a direct
consequence of (3.38) and (3.6).

Step 4. Proof of (ii), and (iv),. From the definition of ¢ in (3.39), it is clear that
o€ € Span(uy, - -+ ,Un_1)".

Thus, v, can be decomposed as

o = Cu, +wS, where ¢ € R and wf, € Span(uy,--- ,up)". (3.47)

From (3.39) and (i),, we have

(52)2,“% + Q(wy,, wy,) S (62)2,“71 + Hw%wﬂn—&-l

2/3—6y _ ~e 2/3—6y _ ~EY —
S A L A T

n

It follows that
(41 — ) w1 S €237 15512, (3.48)
Thanks to the definition of o5 in (3.39), property (iii)x for £ <n — 1 as well as (3.46),
195, = xe@i || S €'/37072, (3.49)

On the other side, (3.41) ensures that ||x.a;| — 1 as € — 0. As a result, ||05]] - 1 ase — 0,
and (3.48) implies

lws|| S /37972, (3.50)

Moreover, from Lemmas 3.1 and 3.2, we infer that for any k > 1,

£
(i, ug) = /

—e—

-6

) XUy updy + /

~&
—2/3 Xeunukdy
SNVSS

2

_ URUs,
— (1403 5))/] ﬂf;#)lﬂdero(gB)' (3.51)
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JFrom (3.50) and (3.51) we deduce in particular that for every k > n + 1,
OE?) + (xeun, ). (1 + O(370)) = (e, ug) = (05, ur) = (wy, ug) = O(e"/37°72), (3.52)
which proves (ii),. Then, (iv), is a consequence of the triangular inequality, (3.49) and (3.50):

e, = chounll < e, = 051+ g | S M2,

Step 5. Proof of (iii), and (v)y. Like in (3.47), we decompose v;_; as
Vi _y =& _yu5_ +w5_y, where &_; €RandwS_; € Span(af,- -, )"
JFrom (3.5) for n replaced by n — 1 and (i)n.1, we have
(1) i1 + Q° (5, _y, W5,_y)
(€1)? + gy |12
(Cho)?in—1 + [l 12085
(Ch_1)? + [l 4 [|2

fip—1 + 0(52/3_6) = fp—1+ O<52/3_5) =R (v5q) =

Using (i), and (i)y.1, it follows that
(ttn = pim—1 + O[5,y |12 = (i, — fi— )51 2 S €20 oy |I2. (3.53)
Thanks to the definition of v _; given by (3.5) and property (ii) for &k <n — 2,
05—y = Xetn—1]le S /37972, (3.54)

Thanks to (3.14) for n replaced by n — 1, ||xetun—1llc = 1 as € = 0, thus ||v5_;|lc = 1 as e — 0.
As a result, we deduce from (3.53) that

5y [l < /3702, (3.55)
Then, for every k > n, we get
(et un—1) (1+ O(*270)) = (Xetn1, 7). = (vfop, i), = (W5, ), = O(e/772),(3.56)

using similar arguments as in the derivation of (3.52). Moreover,

<X5un,1,ﬂi>a = (1 +O(82/3_5)) <<X5a2’u”1> / <]yl
e7°g

yl<
Xsunflﬂi
O
e-oglylc =22 (1 —2/3y)1/2

= (1+O(E¥37%) (xeuf, un—1) + O(e¥?), (3.57)

23 Xsunlaidy>

2

where the two integrals in the right hand side of (3.57) have been estimated thanks to the Cauchy-
Schwarz inequality, Lemma 3.1 and the normalization condition ||a§||c = 1. The combination of
(3.56) and (3.57) completes the proof of (iii),. Then, (v), follows from the triangular inequality,
(3.54) and (3.55):

IXetn—1 = oyiifille < lIXetinot = vyl + 15l S /57

It completes the proof of (Gy,), and therefore the proof of Theorem 2. "
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4 Semi-classical limit for eigenvalues of L%

We list here formal results of the semi-classical theory that describe the distribution of eigenvalues
of L5. We will show that the standard Bohr-Sommerfeld quantization rule does not give the
correct asymptotic behavior of the eigenvalues of L% as e — 0 because the potential V;(z) depends
on €. Nevertheless, the Bohr—Sommerfeld quantization rule gives the correct scaling (’)(52/ 3) in
agreement with the asymptotic limit (3.2) in Theorem 2.

Eigenvalue problem for operator L% can be rewritten in the form

(=02 + e Ve(z)) u(z) = e ?Au(z), z€R. (4.1)

By properties of 7). following from Theorem 1, the potential V(z) has the properties

Vz(z) € C*(R) for any small € > 0,

o limV.(x) = Vp(z), where Vj € C(R) is given by

e—0

_f 2(1 -2, lz| < 1,
Vol@) = { 21, o>,

Vz(x) takes its absolute minimum at +a. for any small ¢ > 0 and a. — 1 as ¢ — 0,
o V.(z) = 400 as |z| = oo for any small € > 0.

If V.(z) is replaced by Vy(z), the eigenvalue problem (4.1) takes a simplified form
(=02 + e Vp(v)) u(z) = e 2hu(z), z€R, (4.2)

which describes the eigenvalues of the operator Ei mentioned in section 1. As it is well-known
(see a recent review in [BDS]), the eigenvalues of the Schrodinger operator —92 + ¢ =2V (z), with
a smooth, e-independent double well potential V' (z), are twice degenerate in the semi-classical
limit ¢ — 0. Namely, the eigenvalues are grouped by pairs. In each pair, the two eigenvalues
are exponentially close one from another as ¢ — 0. The asymptotic distribution of these pairs of
eigenvalues is determined by the Bohr—Sommerfeld quantization rule.

Let us try to apply the Bohr-Sommerfeld quantization rule to the eigenvalue problems (4.1)
and (4.2) for the operators L5 and f)i, in spite of the fact that this rule was proved rigorously by
Fedoryuk [Fed] only for a class of e-independent, analytic potentials. Since neither (4.1) nor (4.2)
satisfies assumptions of the main theorem in [Fed], this application is purely formal. According to
the standard Bohr-Sommerfeld rule, the consequent eigenvalues A5, _; and A5, of the Schrodinger
equation (4.1) with the double-well potential V.(z) would be given asymptotically by

z (A) 1
" VA= V(z)dr ~em <n - 2) , as & —0, forfixed n>1, (4.3)

x (A)

where x5 () are the roots of Vo(x) = A on R, such that 0 < 2% (\) < 1 < 25 (\) < co. Let us

use the scaling

1— a2

y= 23 Ve(z) = 52/3W€(y)7 A= 52/3/% (4.4)
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where We(y) = 3v2(y) — y and p is a new eigenvalue. The Bohr-Sommerfeld rule is rewritten in
an equivalent form by

/ 0 = Wey)
Y

S V1=ey

where y5 (1) are the roots of W (y) = p on R, such that —oco < y° () < 0 < y5 (1) < oo. Taking
the limit ¢ — 0 for a fixed n > 1, we obtain

y+ (1)
/ Vi—Wo(y)dy ~m(2n — 1), for fixed n > 1, (4.5)
y— (1)

where Wy (y) = 313 (y) —y and y (1) are the roots of Wy(y) = p on R. The new expression is the
Bohr-Sommerfeld quantization rule for the Schrédinger operator My = —485 + Wy and it is only
valid for large n > 1. Therefore, the Bohr—Sommerfeld quantization rule (4.3) does not recover
the statement of Theorem 2 correctly. Meantime, it still implies that the eigenvalues A5, ; and

dy ~m(2n—1), as e—0, for fixed n > 1,

5, for a fixed n > 1 are scaled as O(e%/3) as ¢ — 0. The discrepancy of the Bohr-Sommerfeld
rule is explained by the fact that the smooth potential V.(z) in the eigenvalue problem (4.1)
depends on €.

Note that the limit € — 0 can be computed exactly for the simplified eigenvalue problem (4.2)
thanks to the scaling transformation (4.4). In this case, the limiting formula (4.5) holds with
Wo(y) replaced by 2y for y > 0 and —y for y < 0, so that y_(u) = —p and y4 (u) = /2. In other
words,

0 /2
/ \/u—i—ydy—i—/ Vi —2ydy ~m(2n — 1), for fixed n > 1,
-1 0
and the computations of integrals gives p, ~ (m(2n — 1))2/ % in agreement with the behavior
O(n??) of eigenvalues of the Schrédinger operator with a linearly growing potential as |y| — oo
[Su]. Therefore, the Bohr-Sommerfeld quantization rule suggests that the eigenvalues {AS},>1 of
the simplified operator I:i considered in our previous work [GP] satisfy the asymptotic limit

5\5
m- = hﬁ)l 22/7;) = (r(2n — 1))2/3, for fixed n > 1. (4.6)
el0 € el0 €

However, the justification of the asymptotic limit (4.6) cannot rely on the work of Fedoryuk [Fed]
because the e-independent potential Vj(x) in the simplified eigenvalue problem (4.2) is continuous
but not C! on R.

5 Proof of Proposition 1.1

For a radial function u(z) = u(|z|) solution to (1.2), (1.2) can be rewritten as
g? d
rd=1dr

Let u,v € L?(R%) be two radial positive solutions of (5.1). Up to a change of u and v, we assume
u(0) < v(0). Let p = u/v. Then, a straightforward calculation shows that

d
2 2,.d—1 1 d—1,4 2
— = —1).
z-:r(vr p) r“ v p(p )

(rd_lu') +(1=r*=u®)u=0, r>=0, u(0)=0. (5.1)
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If u(0) = v(0), since v/(0) = v’(0) = 0, we have u = v. Let us assume by contradiction u(0) < v(0),
that is, p(0) < 1. Then 7 — v(r)?r® 1/ (r) is strictly decreasing in a neighborhood of 0, and
therefore, since p'(0) = 0, we infer p/(r) < 0 for r > 0 sufficiently small. Let

ro = inf{r > 0, p'(r) = 0}.

p is decreasing on (0,79), and since for every 7, 0 < p(r) < p(0) < 1, we infer that v*p(p?> —1) < 0

on that interval. As a result, » — v(r)2r?1p/(r) is decreasing on (0,79). Moreover, if ry was

finite, we would have v(rg)?r§ ' p/(r9) < 0, which would be a contradiction with the definition of

ro. Thus 79 = +00, such that both p and v(r)?r¢=1p/(r) are decreasing on R, . We deduce

o0 o 1
—1< p(oo) —p(1) = / o (r)dr < v(1)2p’(1)/ —————dr <0.
1 1ov(r)?r
In particular, the integral

0 1
1 70(7“)2”71(17' < 400

converges. On the other side, since v € L2(R?),

o0
/ v(r) 4t dr < 400.
0

Thanks to the Cauchy-Schwarz inequality, it turns out that

00 o 1/2 / poo 1 1/2
= < -1 S —
00 /1 dr < (/1 v(r)r dr) </1 U(T)QTd_ldr) < 00,

which gives contradiction. Thus, p(0) =1 and u = v.

6 Proof of Lemma 2.1

Let a > 1 be like in the assumption of the lemma, and A = || f[| oz ) < 00. We first prove
(2.11) by contradiction. We proceed as follows. We suppose that (2.11) is not true. Namely, we
make the assumption

(GCM) g@(l?) 75 O(x_(a—‘rl))a ‘Taf € LOO(A+a +OO)

If @« > 2, we prove that (G,) implies (Gy—2), such that after a finite number of steps, (Gg)
implies (Gg) for some & € (0,2]. On the other side, we show that for 0 < a < 2, (Gq) yields a
contradiction.

If (2.11) is not true, then, up to a change of f and ¢ into — f and —¢, there exists a sequence
(Tn)n>n, (where ng > A), such that z,, T oo, z,, > A4 and

oW (xn)p(zn) > n.

Then,
T (@n) = 23 W (wn)@(n) — 2 f (@) Z 20 W (2n)p(n) — A>n— A

For n > ng > A, we define

Yn = sup{y > o, Vx € (T, y), 2°W(2)p(2) — A > (n — A)/2}.
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By continuity of W and ¢, for every n > ny, either y, = +oco or

olyn) = m (6.1)

We distinguish the two following cases:
A)  There exists ny > ng such that y,, = +o0o
B) For every n > ng, yn < +00.
In case B), extracting a subsequence of (2, )n>n, if necessary, one can assume that

Tng < Yno < Tngt1 < Ynotl < Tngrz < -
For n > ng + 1, we define
Tp = inf{y < zp, Vo € (y,zp), 2°W (x)p(x) — A > 3(n — A)/4}.
Since y,—1 < x, and
Yn- W (Yn—1)@(yn—1) = A= (n—1—-A)/2 <3(n — A)/4,

we deduce &, > yp,—1 > —oo. Moreover, by continuity, ¢(Z,) = (3n + A)/(42%W (Z,)), and
o(z) > (3n+ A)/(4x*W (z)) for © > T, x close to . Therefore

/
@,(jn)>3n+Ad< 1 > N _3n+A(a+||W|]Loo> |
|lz=%

4 dx \zoW(zx) 4 Cy YW (&)
1

> —Oin—a—,

T (2)

for some C7 > 0. By definition of y,, and Z,, for every = € (Z,, yn),

wago,/(x) > n— A.
9
Thus,
B n — A
o'x) = (T / —dy
> —Cin 40 / Lty = Gu@) (6.2)
= 1 ~a+1W y . .

Notice that G, (%) < 0, whereas

4o Ha<l
In ifa>1,

Gp(+00) = {

where for a > 1,
n-A >0 — +
~— as n 0.
I e — D!
As a result, for n sufficiently large, since G,, is increasing on (Z,, +00), Gy, vanishes exactly once
on that interval. Moreover, this unique zero z, of G, is defined by

/Zn 1 20m 1
e T AW (3,
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thus

|~

zn:i’n—i—(’)(

SN

x
By integration of (6.2), we infer that for x € (Z,, yn),

)

o@) > oE)+ | Galwdy

> i)+ [ Guly)dy
- Cin .
> n) Aol lerr,~ ~ n - n
@(Zn) j%HW(jn)(z Tn)
3n+ A 1 Con

T4 BeW(E,)  #9PW(E)

for some constant Co > 0. Therefore, for n large enough, for every x € (Z,,y,), since W is

increasing on (A4, +00),
on 1 on 1

8 TeW (Z,) = 8 zW (x)
For n sufficiently large, 5n/8 > (n + A)/2, and it provides a contradiction with (6.1), which
means that case B) can not happen. In case A), for every = > x,,,

p(z) >

%" (x) = (np — A)/2 > 0. (6.3)

Therefore ¢'(z) T 0 as z 1 oo, otherwise ¢ would not be in L?(R). Thus, for every = > z,,,
¢'(z) <0, and therefore p(z) | 0 as 1T oo. If 0 < o < 1, (6.3) provides a contradiction with the
fact that ¢'(z) — 0 as x — oco. If @ > 1, integration of (6.3) between z and +oo yields

nl—A

a—1) 1)33170“. (6.4)

—¢'(z) =

This is a contradiction with ¢(x) — 0, if 1 < a < 2. Finally, if @ > 2, by integration of (6.4),

2 s Otd — a.
#@0) 2 56D /z YT Da—2)"

Thus,
o) # 0.

T—r00
Since the assumption 2®f € L®(A,,+o00) implies 7 2f € L>(A,,+00), we have proved that
(G4) implies (Gg) if @ > 2. The proof of (2.11) is completed by induction. Then, since ¢” =
Wy — f, we deduce

¢'(x) = O0(x™). (6.5)
We next prove that
vy [ Oy ifa > 1,
(@) = { o(1) ifo<a<l (6.6)



By integration of (6.5), if @ > 1, ¢/(x) has a limit as x — 4o00. This limit can only be 0, because
¢ € L?. (6.6) is then obtained by integration of (6.5) between x an +oo. If a < 1, (6.6) is a
consequence of the fact that ¢(z) — 0 and ¢”(z) = 0 as © — +o0.

Let x € C*°(R) be such that
() = 0 ifxz<l1
M=V 1 ite>2

For m € N, let ¢, fin € C*°(R) be the functions defined by

Om (ZE) — X(x)xf(a+'ym+1)

and
fm(@) = —pm () + W (2)pm(z).

(From now on, we assume that f and W have asymptotic series (2.12) as x — 400, so that

+oo
fm(x) ~ x_(OH-Vm) kax—vk + (a +ym + 1)(0& + vym + 2)x—(a+7(m+3/7))'
k=0

—+00
~ g~ (etym) Z Oz,
T—>+00
k=0

where ¥y, = v if k # 3/ and U3, = v3/, + (@ +ym + 1)(a +ym + 2). Notice also that the
assumption W(z) > Cyz implies vg > C; > 0. As a result, there exists coefficients (¢p,)men

such that for every M > 0,
M

f@) =" Enfn(z) + gu(x),

m=0

where gys(z) = O(z=* M+ a5 2 — +o0. Then,

where s = (=92 + W) lgp. Thanks to (2.11), (6.6) and (6.5), for M large enough, vy (z) =
Oz~ oY MFD=1y "t (1) = Oz~ VMDY and ¢ (z) = O(x~*"YM+1). Since this is true
for arbitrarily large values of M, then (2.13) and (2.14) follow.

7 Proof of Lemma 2.2

By Proposition 2.1, we know that 1q is a strictly increasing function on R, with asymptotics at
+oo given by (2.9) and (2.10). Moreover, vy has a unique inflection point. From the behaviour
of 1y(y) as y — Foo, we infer that Wy(y) = 3vo(y)? —y — +o00 as y — +oo. We are going to
prove that the global minimum of Wj is actually strictly positive. We argue by contradiction. If
it is not the case, we can define

y = inf{y >0, vo(y) = v/y/3},
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where we recall that Wy(y) > 0 if y < 0. By continuity, vo(y1) = +/y1/3. We also denote the
unique inflection point of vy by yo. Since vy > 0 solves (2.5), yo > 0 is the unique solution of the
equation vg(yo) = /%0, and v{(y) > 0 if y < yo, whereas v (y) < 0 if y > yo. Notice that since
vp(0) > 0 and vo(y1) = /y1/3 < \/¥1, we have necessarily 0 < yo < y1. Moreover, since vy is

strictly increasing, we have ,/yo = vo(yo) < vo(y1) = /y1/3, and therefore 0 < 3yp < yi.

First step: upper bound on y;. For y > 0, we introduce the function z(y) = v(y)/\/y
and rewrite (2.5) in terms of z(y) as

1 yz(y) 1
)+ =2 (y) = 2(y)P -1+ — ).
)+ 22 = 2 (s -1+
Since z(y) — +ooasy — 07 and z(y) — 1 as y — +oo with z(y) < 1 for y large enough (because
for y > yo, v (y) < 0 and therefore v4(y) < \/y), we deduce that z(y) admits a global minimum
at y = ym > 0, where

mZ(Ym 1
0 () = P50 (s - 14 ).

The assumption of non-positivity of Wy implies that z(y,,) < 1/v/3. Thus,

1 2
—>1- 2> 2,
As a result, since vy(ym) < \/m,
3\ /3
3Yo < Y1 < Ym < (2) . (7.1)

Second step: upper bound on (yg). Since vy is increasing on R and vy(y)? —y > 0 if
Yy < yo, we deduce, for every y < yo,

o)~ b = [ 8 e — 0y
< /yo VO(fO) (vo(yo)* — t) dt = \g‘%(yo ~y) (7.2)

< Vo — v(yo)(yo — ) + é%»o(yo —y)°. (7.3)

The right hand side reaches its minimum (for y < yo) at y = y,, where y, < yo is defined by
(yo — yp)2 = 8v4(y0)/+/yo, and (7.3) at y =y, yields

4\/51/’ Y 3/2
vo(Yp) < VYo — 30(10/)4-
Yo
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Since vy > 0, the right hand side has to be strictly positive. Therefore

1/3
o) < (55) Vi 7.9

Third step: upper bound on vj(y1). On the one side, notice that for y > yo, v/ (y) <0,
and therefore v(y1) < 1)(yo). On the other side, if y < y1, vo(y)? > y/3, and vo(y1)? = y1/3,

thus
d |y 1
v < [ = .
As a result, thanks to (7.4) and (7.1)
(N v 1
V() < min ((32) &) (7.5)

Fourth step: upper bound on v(y) for y > y;. For 6 € (0,2/3) to be fixed later, we
define

y2(6) = sup{y > y1,Vt € (y1,9). w(t)* < (1 - o)t}
(notice that vo(y1)? = y1/3 < (1 — 6)y1). Then, for every y € (y1,v2(9)),

) = o+ [ e - oy
Y

1

AN

< i+ [ sar

! ) — vo(y1)

W 1 3

N

3(y* = yi)- (7.6)

Fifth step: bound from below on y2(d). For § € (0,2/3), we introduce the function hs
defined for y > y; by

I/()(yl) \/1—(5
s 0w =) - N

(From (7.5) and since § < 2/3, we infer hs(y;) < 0. Thus, if we define

hs(y) == vp(y1) —

y3(9) :=sup{y > y1,Vt € (y1,v), hs(t) < 0},

we deduce from (7.6) that for y € (y1, min(y2(6), y3(9))),
y
nly) = VI=oVT = wmn) ~VIZ5Va+ [ halt)de <o (17)
yi
which implies that

y3(0) < y2(9). (7.8)
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Sixth step: ys3 = +oo. We shall see next that for an appropriate choice of 6§, y3(J) =
+00, which implies that y2(J) = +oo thanks to (7.8) . This provides a contradiction with the
assumption of non positivity of Wy, since vo(y) ~ /¥ as y — +0o. An elementary calculation
shows that hgs reaches its maximum (for y > y;) at

N

where the inequality comes from (7.1) and from the fact that § < 2/3. From (7.5), we obtain

<\/§ %I-_(S>2/5
Y=yYm = > 1,

1/3 1 5/2 1/1051/5(1 _ 5)2/5
h&(yM) < min <9> V yl’ + 5:1/1 . 5y1 o ( 5) ) (79)
32 V37231 8v/3 8- 31/10

For § = 1/3, elementary calculations show that the right hand side in (7.9) is strictly negative for
any y1 € (0,(3/2)'/3), which implies that y3(1/3) = +o00 and completes the proof of the lemma.

8 Proof of Lemma 2.5

We denote
Udc(z) = Wo(e 723 = 23123, zeR%L

We are going to show that there exists a constant C' > 0 such that for ¢ > 0 sufficiently small,
for every ball B C RY,

C
< — . .
max Us(z) < B /BUg(z)dz (8.1)

According to Theorem 0.3 in [Sh], Lemma 2.5 follows. First, we notice that, thanks to Lemma
2.2 and (2.15), there exist C7, Co > 0 such that for every y € R,

Cr(1+ lyl) < Wo(y) < Co(1 + [y]). (8.2)

Given zg € R? and 7 > 0, as z describes B(z,r), |z| describes the interval [|zg| — 7, |20| + 7] if
|z0| = r and the interval [0, |z9| + 7] if |20] < r. Since the function

flo) =12 =35%, seRy

is decreasing on [0,~2/%] and increasing on [e~2/3, 4+00), we infer that max{f(|z|),z € B(zo,7)}
can only take the three different values depending on zg and r: either

max f(|z]) = 52/3(|Zo! + ?“)2 — 723 and lz0| +7 > g2/3 (case 1),

z€B(zo0,r)
or
max f(|z]) =e 3 —23(|z| —)? and 0< |z —r <e 3 (case 2),
z€B(zo,r)
or

max_f(]z]) =3

and |z —7r <0 (case 3).
z€B(z0,r) ’ 0| ( )
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We are next going to prove (8.1) in each of these 3 cases.
Case 1. We first show that for every zg, r like in case 1, we have

r —2/3
20+ —=2>=¢ . 8.3
0l + 5 (5.3
Under the extra assumption
e23(|z0| +7)2 — 73 2 723, (8.4)

(8.3) clearly holds. On the other side, if (8.4) is not true, then |zp] —r > 0 since otherwise,
0 € [|z0| = 7, |20| + ] and max{f(|z|),z € B(z0,7)} = f(0) = e~2/3, contradicting the assumption
that we are in case 1. Then, we also have

e23(|20] +1)% — 72 = f(lzo| +7) = (20| — ) = 722 — ¥3(|z| — 1),

which can be rewritten as
|Zo\2 + 72 >3,

Since r < |zp|, we deduce

2 2
r r
ERARS |Zo|2+7“2 < |Zo|2+5+\/§7“|20| = <|Zo|+\/§> ,

which means that (8.3) also holds if (8.4) is not true. Let o = v/3/2 > 1/2 + v/2/4. Then,

1 r
2/3 2 _—2/3 2/3 —2/3\ L[ _2/3 T2 _—2/3
(5 (lzo| + ar)* — ¢ ) 3 ( (|zo!+r) —¢ ) 5 (5 (lz0] + \/5) € >

= 223\ z)r(a — % — 2\1/5) +e23r2(a? —1/2 — 1/4). (8.5)
We deduce from (8.3) and (8.5) that for every z € B(zp,r) such that |z| > |zo| + ar,
FU2l) = P2 =73 > e¥3(|z0| + ar)? — /3
> 5 (80l 477 =) = 5 max (). (36)

Then, we conclude thanks to (8.2) and (8.6) that

1 Ch /
_ U.(2)dz > —— 1+ f(|z]))d=
|B(Z07T)‘ B(zo,r) E() ’Bd’rd B(zo,’/‘)( (| |))
i /
> (L+ f(lz]))d=
’Bd’r B(z0,r)\B(0,|z0|+ar)
> gata | (1+ £(JzD)d=
Bd|7’d {zEB(zo,r) 2T |/|z0|+ar)}
> D% e (14 £(12)
- 2’Bd’ z€B(z0,r)
> Crva max U(z), (8.7)

Q‘Bd’CQ z€B(zo,r)
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where v, denotes the volume of {z € B(0,1) : z; > a}.
Case 2. The assumption that we are in case 2 implies

e =Pzl = 1)? = Fl20] =) = f(lz0] +7) = €/3(|z0] + 1) — 7?7,

and thus
202 < |z0f? + 72 < e

It follows that

(5_2/3 - 52/3(\z0] _ r/2)2> _ % (5—2/3 _ 52/3(],20\ - r)2> _ % (5_2/3 _ 62/3|zo\2) n €

We deduce that for every z € B(zg,r) such that |z| < |z —r/2,

F(120) > 5 (20l 7).

Then, we show that this last estimates holds as soon as z € B(zp,7) and z - 29/|20| <
Indeed, under this assumption, Pythagoras’ theorem ensures that

2 2
2 <0 2 <0
zI© = |z +— ) *Flz—2|"—|((z—2) —
i < |Z|> | | (( ) |Zo|>

oy 3]
_ (|zo\——) -= IZo\—T)\(|ZO|—g)2-

Then, we conclude similarly as in case 1, thanks to (8.2) and (8.8)

1 / Ch /
—_— Us(2)dz > 1+ f(]z|))d=
’B(ZO7T)| B(zo,r) 6( ) ‘Bd’T B(zo r)( (| ’))

> (1+ f(Iz)d=
‘Bd’r AZGB (z0,r z-%<|zo\77r/8}
Cruyg
>
> T (14 7(5D)
C
> B e ULz).

2|B4|Cy 2eB(z0,r)
Case 3. First, we notice that the assumption that we are in case 3 yields
e 2 f(lzol +7) > (0] +7)* — 75,
which gives
|20] + 7 < V2723

Thus, since |zp| < 7, we get

(8.8)

—Tr/8.

(8.9)

(8.10)

(8.11)



If the extra assumption
r > 5|zp|/4 (8.12)

holds, then (8.11) and the triangular inequality give B(0,7/5) C B(zp,r). Moreover, if z €
B(0,r/5), then we get from (8.10)

e72/3 — 213122 » 23:7%/3/25. (8.13)

Then, we conclude similarly as in cases 1 and 2:

1 Cy / —2/3
_ U.(2)dz > 1+ 23¢ 25) dz
|B(20,7)| JB(z0,r) «(2) |B|rd B(O,r/5)< / )

230,
> =0 U.(2). 8.14
%310, wonix, Ue(2) (8.14)

As for the last case when (8.12) is not true, we have then

7
z € B(zo,7) : 2 =0 < e B(zp,7) N B(0, |20])-
’20| 40
Indeed, using also |zp| < r < %, we have then
20 2 20 2 20
12> = (z : > + |z — 2] — <|zo —z- > = |2 — 20]* — |20]* + 2|20]2 - —
|20l |20l |20l
7
< 2ozl 4+ ol e, (8.15)
20
On the other side, for z € B(0,|zg|), thanks to (8.11), we have
Fzl) =B =Bz 2 7% )2,
Then, we conclude similarly as in the previous cases:
1 / Cy
oy [ U = gats [ p(lap)ds
|B(ZO7T)| B(zo0,r) : ’Bd|rd B(zo,r)
4 /
> —id (1+ f(lz]))d=
’Bd|rd {zGB(zo,r),zlz—o‘g?r/ZLO}
20
Chus:
L0 hax U(2). (8.16)

2 -
2|Bd|02 z€B(zo0,r)
(From (8.7), (8.9), (8.14) and (8.16), we infer that (8.1) holds, with

Civa  Civyis 2301 Chiuszug
2By 2B Cy” 25 - 39, 2[BIC, )

C' = min (
which completes the Proof of the lemma.
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