FINITE TIME EXTINCTION BY NONLINEAR DAMPING FOR
THE SCHRODINGER EQUATION

REMI CARLES AND CLEMENT GALLO

ABSTRACT. We consider the Schrédinger equation on a compact manifold, in
the presence of a nonlinear damping term, which is homogeneous and sublinear.
For initial data in the energy space, we construct a weak solution, defined for
all positive time, which is shown to be unique. In the one-dimensional case,
we show that it becomes zero in finite time. In the two and three-dimensional
cases, we prove the same result under the assumption of extra regularity on
the initial datum.

1. INTRODUCTION

We consider the Schrédinger equation with a homogeneous damping term,

(1.1) iaaz;JrAui’y':ia, teERy, v€M 5 up—o = uo,

where v > 0, 0 < a < 1, (M,g) is a smooth compact Riemannian manifold of
dimension d, and u is complex-valued. If d < 3, we prove that if the initial datum
up is sufficiently regular (in H*(M) if d = 1, in H?(M) if d = 2, 3), then every weak
solution to becomes zero in finite time. The reason why the space variable
belongs to a compact manifold and not to the whole Euclidean space is most likely
purely technical. It seems sensible to believe that the extinction phenomenon that
we prove remains true on RY. Typically, only on a compact manifold does u/|u|
belong to L2 for finite p, so the nonlinear term is harder to control in the R? case.

This phenomenon is to be compared with the case of the linear damping,

zg—ltt + Au = —ivyu.

This case is particularly simple, since after the change of unknown function v(t, z) =
eu(t,x), v solves a free Schrédinger equation: its L?(M) norm does not depend
on time, so the L?-norm of u decays exponentially in time. Such a damping term
is also used in some physical models involving an extra interaction nonlinearity,
such as a cubic term; see e.g. [I1] and references therein. Localized linear damping
(replace yu with a(x)u) has been considered for control problems; see e.g. [15]
2] and references therein. Stabilization is obtained with an exponential rate in
time. More recently, nonlinear damping terms have been considered, but with
some homogeneity different from ours; see e.g. [I8] and references therein. In [4],
the authors consider

Ju

BN + Au = Mu*u — iyul*u, =z € R3.

1

This work was supported by the French ANR project R.A.S. (ANR-08-JCJC-0124-01).
1



2 R. CARLES AND C. GALLO

See [4] also for references to situations where such a model is involved. The nonlinear
damping is shown to stabilize the solution, in the sense that finite time blow-up
(which may occur if A < 0 and v = 0) is prevented by the damping term (v > 0).
It can be inferred that the L?-norm of u goes to zero as time goes to infinity, but
probably more slowly than in the case of a linear damping. Roughly speaking, the
damping is strong only where u is large, so it is less and less strong as u goes to
Zero.

The damping term present in arises in Mechanics (a case where u is real-
valued): in the case o = 1, it is referred to as Coulomb friction. Its effects have been
studied in [1] in the case of ordinary differential equations, and in [5] in the case of
a wave equation. The intermediary case 0 < o < 1 has been studied in the ordinary
differential equations case in [9] [10, [3], and the damping term is then called strong
friction. As in the case of (I.1]), the model one has in mind to understand the
dynamics of the equation is the ordinary differential equation obtained by dropping

the Laplacian in (1.1)):
du U
1.2 —_— = —y—.
(1.2) i~ up
Multiplying the above equation by the conjugate of u, and setting y(t) = |u(t)|?,

([T.2) yields

dy 1—a/2
= _ _9 af
dt VY )

an equation which can be solved explicitly: so long as y > 0,

2/«
y(t) = (907 —ant) .
Therefore, y (hence u) becomes zero at time
_Ju()°
ay
In this paper, we prove a similar phenomenon for weak solutions to ([L.1)). Before

stating our main result, we have to specify the notion of weak solution, especially in
the case a = 1, where the right hand side in (1.1]) does not make sense if u(t, z) = 0.

te

Definition 1.1 (Weak solution, case 0 < o < 1). Suppose 0 < a < 1. A (global)
weak solution to (1.1) is a function u € C(Ry; L2(M)) N L= (Ry; HY(M)) solving
[TI) in D'(RS. x M).

Definition 1.2 (Weak solution, case o = 1). Suppose a = 1. A (global) weak
solution to (L.1]) is a function u € C(Ry; L2(M)) N L>®(Ry; HY(M)) solving

z% + Au = —ivF

in D'(RY x M), where F' is such that

u o
| Fllpoe(ryxnmry <1, and F = Tl if u # 0.

Our main results are as follows.

Theorem 1.3. Letd > 1, ug € HY(M), v >0 and 0 < a < 1. Then (L.1)) has a
unique, global weak solution. In addition, it satisfies the a priori estimate:

[wll oo (1 (a0)) < ol 1 (ar)-
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Remark 1.4 (Uniqueness). Since the nonlinearity in is not Lipschitzean, unique-
ness does not come from completely standard arguments. Note that since we con-
sider complex-valued functions, the monotonicity arguments invoked in [5] (after
[6]) cannot be used. Uniqueness relies in a crucial manner on the dissipation asso-
ciated to the equation.

In the multidimensional setting, our argument to prove finite time stabilization
requires some extra regularity:

Theorem 1.5. Let d < 3, ug € H* (M), v > 0 and 0 < a < 1. Then the solution
of (L.1)) belongs to L>=(Ry, H?>(M)). In addition, there exists C, depending only
on ||uo| g2 (ary, M and vy, such that:

[ull Lo Ry, 12 (00)) < C-

We will see that for such weak solutions, a complete dissipation occurs in finite
time:

Theorem 1.6. Letd <3, ug € H'(M),v>0and 0 < a < 1. Ifd = 2,3, suppose
in addition that ug € H?(M). Then there exists T > 0 such that the (unique) weak

solution to (1.1)) satisfies

forevery t>=T, wu(t,x)=0, for almost every x € M.

Remark 1.7. With the results of [15}B] in mind, it would seem interesting to consider
an equation of the form

with a > 0, to stabilize u in finite time on the set {a > 0} (one may think of a as
an indicator function).

As a corollary to our approach, we can prove the same phenomenon for the
“usual” nonlinear Schrodinger equation perturbed by the damping term that we
consider in this paper, provided that d = 1 and that no finite time blow-up occurs
without damping;:

Corollary 1.8. Letd =1, ugp € H' (M), 7,0 >0, 0 < a <1 and A € R. Assume
in addition o < 2 if X < 0. Then there exists T > 0 such that the (unique) weak
solution to

Ou - u
(1.3) U + Au = Mul? U_WW ;o Up—o = Uo

satisfies: for everyt = T, u(t,z) =0 for almost every x € M.

Remark 1.9. The notion of weak solution for is easily adapted, as well as the
proof of uniqueness, since for d = 1, H*(M) < L°(M). Proving the analogue of
Corollary in a multi-dimensional framework, or in cases where finite time blow-
up occurs when v =0 (e.g.,, d =1, A < 0 and o > 2), seems to be an interesting
open question. Note however that the results in [I6] and the fact that the present
damping is sublinear suggest that there is no universal conclusion in that case:
in the competition between finite time blow-up and dissipation, either of the two
effects may win.
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2. EXISTENCE RESULTS

To prove the existence part of Theorem we first regularize the nonlinearity
to construct a mild solution, and then pass to the limit. This procedure allows us
to prove Theorem [I.5] too. Uniqueness is established in Section

1. Construction of an approximating sequence. In order to construct a
solution of (1.1)) as in Theorem m we solve first, for § > 0, the equation

)

+ A’ = f5(u’) = —i “

(2.1) "YW.

ZW
Proposition 2.1. Let§ > 0, ug € L?>(M). There exists a unique u® € C(R.y, L*(M))
such that
¢
ul(t) = ePugy — z/ DA (Wl (7))dr, t € R,
0

If moreover ug € H*(M) for some s > 0, thenu € C(Ry, H*(M))NC* (R, H*"2(M)).
The flow map

H (M) — C(Re,H*(M))

Uug > ’Ufs
is continuous. If ug € HY(M for every t > 0, we have
22) IO +2 O dadr = ol
. L2(M Y "LL[S |2 ) - 0 L2(]\/[)7

HVU(;( )||2L2(M) - HVU0||2L2(M) =
23) 2 / / 8| VUl |2 + (1 — a)|Re(udVud) 2 4 [Tm(udVul)|?
(|u6|2 +5)a/2+1

(1, x)dxdr.

Proof. Since fs € C*>°(C, C) is globally Lipschitzean, the global well-posedness in
H? and the continuity of the flow map are well known, and follow from the standard
fixed point argument and Gronwall lemma (see e.g. [§]). The identity is first
obtained for ug € H® with s large, multiplying by the conjugate of u°, taking
the imaginary part and integrating in space and time. The identity is then
obtained for ug € L?(M) thanks to the continuity of the flow map and the density
of H* in L?. Similarly, is first obtained for ugp € H® with s large, multiplying
by d;u?, taking the imaginary part, and integrating. Alternatively, (2.3)) can
be obtained formally by applying the operator V to (2.I), multiplying the result
by Vu?, taking the imaginary part, and integrating. ]

To prove Theorem [1.5] we will also use the following result:

Proposition 2.2. Let§ > 0, ug € H>(M), andu’® € C(R,, H*(M))NC' (R, L?(M))
be as in Proposition[2.1. Then for every t > 0, we have

10 @)1 Z2ary = 100 O Zar) =

P /t/ 8|9,ul |2 + (1 — )| Re(uddyud)|? + | Im(uddpu) |2
i o (|ud]2 + §)o/2+1

(1, x)dxdr.
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Proof. Since u® € C(R, H*(M)) from Proposition and
5 |
X sa/2’

u
(P +8)°7

Equation (2.1)) implies 0;u’ € C(R., L?(M)), and d;u® solves

0 ou’ , Ay’ @ u® 512
(55+8) B = - Gt 0% s gt
On a formal level, we infer

ou® 92ud
oy Ot O

_ 2
|9,u® |2 (Re(u53tu5))

= 727/ Tsm el +2ory/ e aTarT

m ([ud]? +8)/2 m (|u?]? + )e/2 4t

2
é
Byl |? (Re(u‘satu ))
_ LTI L /44444<
o 4 ) ey e 420, gy

The identity (2.4) then follows by decomposing

d
7 ||3tU5||%2(M) =2Re

5 5 5052 505
|u’|?|0su’ | = (Re(uéatu )) + (Im(u‘satu ))
The result follows from the same arguments as in the proof of Proposition 2.1 O

Remark 2.3. Finite time stabilization must not be expected to occur in (2.1)) (for
0 > 0). The corresponding toy model is the ordinary differential equation

du’ u® 5
— =—y———— 5 u’(0) = up.
dt (Jus|? +5)a/2
Setting again ys = |u’|?, it now solves
dys Ys 2
—— =2y ¥s(0) = [uol”.
dt (ys +0)*/*

Now since
1 a/2
0
/ (y+9) dy
T Y

diverges logarithmically as 7 — 07, ys decays exponentially in time. A change of
time variable shows that there exists C' independent of § €]0, 1] such that

ys(t) < Ce O™y > .

The exponential decay is stronger and stronger as § goes to zero. The example
discussed in the introduction shows that in the limit § — 0, this exponential decay
becomes a finite time arrest. Proving Theorem [I.6] somehow amounts to showing
the same phenomenon in a PDE setting.
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2.2. Convergence of the approximation. The fact that the approximating se-
quence (u’®)s converges to a weak solution of (I.1)) follows essentially from the same
arguments as in [12].

A straightforward consequence from and is that for ug € H'(M) fixed,
the sequence (u?)p<s<1 is uniformly bounded in L (R, H*(M))NL*~*(Ry x M).
Since L= (R, HY(M)) is the dual of L'(R, H~1(M)), we deduce the existence of
u € L®(R,, H'(M)) and of a subsequence u°» such that

(2.5) W =, inwsx LRy, HY(M)),
with, in view of (2.2 and ([2.3)),

1wl Loe Ry 1 (ar)) < N0l 22 (ar)-
Moreover, W is uniformly bounded in L*>° (R, LT (M)) (with2/(1—a) =
oo if @ = 1), such that up to the extraction of an other subsequence, there is
F e L®(Ry, L% (M)) such that

U(S"

WAF, inwx L (R+,L1 (M))

(2.6)

Moreover, || F|| < ||u0||1L§(°‘M). Let € C*(R% x M). Then

Lo (R, LTow (M)

udr Oudn 00
iy 0 ) = (i Aur ) = (u’r, —i— + Af
< RN TP Y > <Z ot o > <u T >

.00 Ou
n:; <u, —25 + A9> = <28t + Au,9> ,

where (-, -) stands for the distribution bracket on R x M. Thus, we deduce

0
z'ai: +Au=—iyF, inD(R: x M).
We next show that F' = u/|u|* where the right hand side is well defined, that is if
a<1,ora=1and u# 0. We first suppose that ug € H*(M) with s large. Let us
fix ' € Ry and 6 > 0. Thanks to (2.2), we infer, for any ¢t € R,

S’ ) — (@)l < S (~2Re (W (1))
_ . 7“6(0 /
(2.7) — —2Re <zAu5(t) - W‘ué(t )) :

where (-|-) denotes the scalar product in L?(M). By integration, we deduce

(”)|M@Mwwhm<ﬂtﬂmmwuwmﬂlwmwmmmﬂmm

52—
F e
From the continuity of the flow map H'! > uy — u® € C(R,,H') in Proposi-
tion we deduce that (2.8)) also holds if we only have ug € H*(M). Next, since
(u®)p<s<1 is uniformly bounded in L= (R, H'(M)) and M is compact, (2.8)) gives
the existence of a positive constant C such that for every t,¢' € R,

[ () = w® ()| L2y < Ot = #]/2,
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In particular, for any T > 0, (u°)g<s<1 is a bounded sequence in C([0, 77, L?(M))
which is uniformly equicontinuous from [0, 7] to L?(M). Moreover, the compact-
ness of the embedding H'(M) C L?(M) ensures that for every t € [0,7], the set
{u®()|5 € (0,1]} is relatively compact in L?(M). As a result, Arzela—Ascoli The-
orem ensures that (ud»), is relatively compact in C([0,7], L?(M)). On the other
hand, we already know from that

uw’ —u inwsx LRy, L2(M)).
Therefore, we infer that u is the unique accumulation point of the sequence (u%),,
in C([0,T), L*(M)). Thus
u’ = w in C([0, T, L3(M)),
which implies in particular u € C([0,T], L*(M)) as well as u(0) = u’(0) = up.
This is true for any 1" > 0, therefore
u € C(Ry, LA(M)).

Finally, up to the extraction of an other subsequence, u% (¢, z) — u(t, x) for almost
every (t,z) € Ry x M. Therefore, for almost every (t,2) € Ry x M such that
u(t,z) # 0, we have

uén

(P +3.)°7

By comparison with (2.6]), we deduce that up to a change of F' on a set with zero
measure,

(t,2) = ——(t,).

|uf

F(t,z) = La(t,x) (only if u(t,z) # 0 in the case a = 1),

Jul

which completes the proof of the existence part of Theorem [T.3]

2.3. Proof of Theorem [1.5} To prove Theorem [I.5] we resume the idea due to
T. Kato [I4] (see also [7]), based on the general idea for Schrédinger equation, that
two space derivative cost the same as one time derivative.

The time derivative of u® at time ¢ = 0 is given by the equation: from (2.1)),
ou’
ot

Uo

(0) = iAu® —ifs (u‘;)

=iAuy —y———.
=0 (Juol* +6)*>

We infer, for ug € H2(M),

oud

W(O) < [ Auol|p2ar) +'7H|u0|1_a||L2(M)

L2(M)
< [ 8o | 2any + Clar, M)lluollEzh.

since M is compact. By Proposition the L?-norm of d;u’ is a non-increasing
function of time, and there exists C such that

ou’
— (%) <C, VteRy, V6€]0,1].
0t " llzaqan)

Using (2.1) again, we infer
) 11—« ~
AW ()| L2ary < C 4 || [u(t)] HL2(M) <G,
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where C is independent of ¢ € R, and 6 €]0, 1], since M is compact and since (2.2))
implies
||u6(t)||L2(]w) < ||u0||L2(M) ’ vt € R+7 Vo G]Oa 1]
Therefore, there exists C' depending only on [|ugl| g2(ar), M and «y such that
1AW || oo (R, 22 (ar)) < C-
By Fatou’s Lemma, we conclude that if ug € H?(M), then the weak solution u
satisfies u € L= (R4, H*(M)).
3. UNIQUENESS
We start the proof of uniqueness in Theorem with the following lemma.

Lemma 3.1. Let a €]0,1]. For all 21,29 € C,

Re (( _ ) @ _ZQ)) > 0.
|z1]® |22

Proof. Pick p1,p2 = 0 and 61,05 € [0, 27[ such that

z; = pjewf, 7 =1,2.

We write

RC(( “1 —722 >(zl_
|z1]®  |ze|®

z2>> =i+ 05" = 1 “p2cos (61 — 02)

— p1py * cos (61 — 02)
>y s = e — iy @
For o = 1, the conclusion is then obvious. For « €]0, 1[, we use Young’s inequality:

/
aP  bP

ab< — + —, Va,b>0, Vp€]l,00[.
p p

With p = f:—g and p = 2 — a, respectively, we infer

B 1 —a B p2—a B p2—04 1 —a B

11—« 2—a 2 11—« 1 22—«

< | — = < .
P1 02\(2_a)f01 +2—a 5 P1P2 \2—04+ 2o P2

The lemma follows. (I

Next, we prove the following energy estimate, which is shown to hold for any

solution to (1.1)).

Proposition 3.2. Let d > 1. Let ug,vo € H'(M) and u,v € C(Ry,L?*(M)) N
L (R, HY(M)) be two solutions of with initial data u(0) = up and v(0) = vg
respectively. Then the map my, , : t — H(u—v)(t)||2L2(M) is differentiable everywhere
on Ry, m), , € L{, (Ry) and for every t € Ry,

(3.1) %H(u — )22 + 27 /M Re (Q:ét))'a _ |U”ét))a) u(t) = v(t)) dz =0

In particular, if v is taken to be the trivial solution v = 0, we have for any solution

of :
d

(32) £||U(t)||%2(M) + Q’VHU(t)Hi;?"(M) =0.
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Proof. First, notice that if v € C(R4,L?*(M)) N L>® (R, H*(M)), then for ev-
ery t € Ry, u(t) € H'(M). This is so because u is weakly continuous in time,
with values in HY(M): u € Cu,(Ry, HY(M)). Indeed, if t > 0 is fixed, since
u € L®(Ry, HY(M)), there exists a sequence t, — t such that for every n,
llw(tn) | mrary < llullpeery m1 (). Then, for every ¢ € HY(M)and j € {1,--- ,d},
<8ju(t), ¢>H*1,H1 = - <u(t)7 8j¢>L27L2 = _HILH;o <u(tn)7 6j¢>L2,L2
= nh~>n;o <6ju(tn)a ¢>L2,L2 )
thus
(Q5ult); &) -1 g | < lull ooy mr ey |l L2 (ary s

which implies that Vu(t) € L?(M)%. As a result, for every t € R,

ou ) u(t)

—(t) = iAu(t) — yv—=—
Then, if u,v are as in the statement of Proposition My, is differentiable ev-

erywhere on R4, and

mtoft) =21 (X 0, 0w

HY(M).

H-Y(M),H (M)

= e( 1A(u—wv — u(t) — U(t) U—v

‘2R<A( )® ”<|u<t>|a |v<t>a>" )(t>>H1(M>,H1<M>
o

09 =2 [ e ( (e~ ) 090 e

Since u,v € L®(R, L*(M)) and L?*(M) C L?>~%(M) by compactness of M, we
deduce from the Cauchy-Schwarz inequality that m/, ,, € L*(Ry) C L{, (Ry). O

It follows from Proposition[3.2} Lemma[3.Iand the Fundamental Theorem of Cal-
culus, that if 4 and v are chosen as in Proposition My (t) = [[(u— v)(t)||2L2(M)
is non-increasing on R;. The uniqueness part of Theorem follows, choosing

two solutions u and v of (1.1)) with the same initial datum «(0) = v(0).
4. FINITE TIME STABILIZATION: PROOF OF THEOREM

We next show that under the assumptions of Theorem [1.6] u vanishes in finite
time. The proof relies on a Nash type inequality:

Lemma 4.1. Let (M, g) be a smooth compact Riemannian manifold, of dimension
d, and o €]0,1]. There exists C > 0 such that

2

(4D IEE R <O (I3 % ) W15 Gy, VF € HY(M).
4

(42)  IEE e <O (I3 % ) WGy, VS € HE(M).

Proof. As it is standard in geometry, inequalities valid on R? are easily transported
to the case of compact manifolds (see e.g. [13]). Since M is compact, M can be
covered by a finite number of charts

(Qna @n)lénéN
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such that for any n, the components g of g in (Qy, n) satisfy
1
55@‘ < gi5 < 2045

as bilinear forms. Let (1,)1<n<n be a smooth partition of unity subordinate to the
covering (Q,)1<ngn. For any f € C*°(M) and any n, we have

/\nnf|p<2d/2/ | f) o op (@) [P dz, 1<p<2,
M Rd

/ IV (mu f)[2 > 272 / IV (0 f) 0 w51) ()] da,

M Rd

[1amnez2 [ ja(mpee?) @f de

M Rd

The lemma follows from inequalities on R?, adapted from the Nash inequality [17]:
for all @ €]0,1] and all s > 0, there exists C' = C(a, s) such that

d+2s(2— 2s a s —a
(43) o5z < 0 (gl ) Mol ey, Vo € H(RONLZ (R,

where H®(R?) denotes the homogeneous Sobolev space. Note that for s = 1 and
s = 2, we recover the numerology of (4.1) and (4.2), respectively. To prove (4.3),

use Plancherel formula and decompose the frequency space: for R > 0, write
lgllz2ray S Tl 2qei<r) + 1812 e m) S RY NGl Lo @ey + B N1EPGN L2 ey
where 1/2 = 1/¢ + 1/p. Choose p so that its Holder conjugate exponent is p’ =
2 — a € [1,2[. Hausdorff-Young inequality implies
gl 2y S Bl ameqrey + BNl i gr-
We compute g = 2(2 — a)/a. Optimizing in R yields

RstHed)/(2(2-a) _ Nllae@mey

Hg”L?*a(Rd)’
where we point out that getting the best possible constant is not our goal. This
value of R yields . Lemma then follows by using the chain rule, the fact
that n,, is smooth on M, and summing over n. O

To prove finite time extinction, we treat separately the cases d = 1 on the one
hand, and d = 2,3 on the other hand. In the one-dimensional case, the identity

(3.2) and Nash inequality (4.1 yield

d 2—a/2
(14) GO an) + —L o ute) 3255 < 0.
w57 ary

for some C' > 0 independent of ¢, v and u. From Theorem [I.3] we infer
d 2-a/2
@72 + W” ()32 <0
Uo H (M)

By integration, we deduce, as long as |[u(t)||z2(ar) is not equal to zero:
2/«

a/2 O")/
Il W ) e
||U0||H1(M)
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We infer that ||u(t)||z2(ar) vanishes in finite time, at a time

T, := sup{t € Ry |[[u(t)]|L2(ar) # O},
which is bounded from above by

/2
T, < HUOHLZ(M)”UO”H/l(M)'

Using (3.2) again, and the mere fact that the L?-norm of u is a non-increasing
function of time, we conclude that |[u(t)| z2(ary) = 0 for all ¢ > T,.

Remark 4.2. Without the information u € L (R, H(M)), we cannot conclude

after (4.4), in general. For instance, if we have [|u(t)|| g1 (ar) < Ce®*, the integration
of (4.4) does not necessarily yield finite time stabilization.

Remark 4.3. Similarly, it might be tempting to first integrate (3.2)) with respect to
time, and then use the fact that M is compact, to write

lu®)lIZ2-0 ar) +CV/ (172 % oy @7 S Moz (ary-
However, this inequality does not rule out, e.g., an exponential decay in time.

We see that the key in the above argument is that we have controlled the term
||u(t )||L2 a(ary BY ||u(t)|\€2(M) for some 8 < 2, in order to recover the ODE mech-

anism presented in the introduction. With the uniform H' estimate given in The-
orem ([4.1) yields such a control provided that

ad+ 4 —2a < 4, that is, ifa(Z—l) < 0.

Since « €]0, 1], this is possible if, and only if, d = 1. For d = 2, 3, we therefore use
(4.2) and Theorem We infer similarly
(1—d/4)a

d
() 32y + Crlu @I 200" <0

Again since (1 — d/4)a > 0, we infer that |[u(t)||12(ar) vanishes in finite time T,
with
(1—-d/4)x
” 0” L2(M)
Note that unlike in the one—dlmensmnal case, this constant C' depends on ug (on
lluoll 52 (ary only), M and .

5. FINITE TIME STABILIZATION: PROOF OF COROLLARY [L.8|

Since Corollary [I.§] includes the assumption d = 1, we shall be rather brief for
the analogue of Theorem [I.3] We can resume the strategy presented in Section 2]
to construct an approximating sequence solution to
ud
Bt (Jud]2 + 6)a/2”

Since d = 1, HY (M) — L*>°(M), so the extra nonlinear term |u|??u is well controlled
in view of a limiting procedure, provided that we have a uniform bound for u° in

L (R4, H'(M)). This is the most important step to infer Corollary from the
proof of Theorem

(5.1) —|— Aud = \u®|?7u’ — iy
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Again because H'(M) — L>=(M )7 the global well-posedness of (5.1]) for § > 0
is straightforward. The analogues of | and ([2.3) are, since A € R:

|u
I O+ 27 [ [ D oy = ol
d A i
& (1900 + I OB, -

B 27/ 8| Vul|? + (1 — a)|Re(udVud) 2 4 [Tm(ud Vul)|?

M (lu?|? + §)e/2+
They are obtained by the same procedure as in the proof of Proposition for-
mally, multiply by 1, integrate over M, and take the imaginary part to get

the first evolution law; multiply (5.1)) by d;u®, integrate over M, and take the real
part to get the second evolution law.

(t,z)dx.

The first law yields a global a priori estimate for ||u®(t)||z2(ar), uniformly with
respect to § €]0,1]. We infer a uniform H 1 control from the second law: in the
same fashion as in the proof of Lemma 4.1 Gagliardo—Nirenberg inequalities on R
yield, in particular,

1/2 1/2
1z ary < CUFI St an 1 I ary  YF € HY(M).
Denoting
A
S § 2 § 2042
B (1) = [V’ (0)Foqan + gl D175 ary:

we have of course E°(t) < E°(0), a quantity which does not depend on 4. In the
defocusing case A > 0, this yields the required a priori H' estimate. In the focusing
case A < 0, write as on R,

5 § |/\‘ 5 20+2
VUl )72 ar) = E°(t) + m”u O
E2(0) + Cllu’ (1) 17% (any 1w’ ()17 ar

C (lwollman) + Cllu BT 1’ Ol Fr ary-

The L? a priori estimate and the assumption ¢ < 2 yield a uniform a priori H!
estimate. The analogue of Theorem follows as in Section [2] (see [12] for more
details concerning the nonlinearity |u|? u).

<
<

Uniqueness stems from the same arguments as in Section [3] and the fact that
the nonlinearity |u|?°u is uniformly Lipschitzean on balls of H (M), since

[ul*7u — [o*7v| < ([u*” + [0]*7) Ju—v| < (||UH%%0(M) + ||U||%ZO(M)> lu—wvl,

and HY(M) < L*>®(M).
The end of the proof of Corollary is exactly the same as the proof of Theo-
rem in the case d = 1: since A € R, (3.2)) remains valid.

REFERENCES

1. S. Adly, H. Attouch, and A. Cabot, Finite time stabilization of nonlinear oscillators subject
to dry friction, Nonsmooth mechanics and analysis, Adv. Mech. Math., vol. 12, Springer, New
York, 2006, pp. 289-304.

2. L. Aloui and M. Khenissi, Stabilization of Schrédinger equation in exterior domains, ESAIM
Control Optim. Calc. Var. 13 (2007), no. 3, 570-579.



10.

11.

12.

13.

14.

15.

16.

17.

18.

EXTINCTION FOR THE SCHRODINGER EQUATION 13

. H. Amann and J. I. Diaz, A note on the dynamics of an oscillator in the presence of strong
friction, Nonlinear Anal. 55 (2003), no. 3, 209-216.

. P. Antonelli and C. Sparber, Global well-posedness of cubic NLS with nonlinear damping,
Comm. Partial Differential Equations (2010), to appear. Archived as arXiv:0910.5369.

. B. Baji, A. Cabot, and J. I. Diaz, Asymptotics for some nonlinear damped wave equation:
finite time convergence versus exponential decay results, Ann. Inst. H. Poincaré Anal. Non
Linéaire 24 (2007), no. 6, 1009-1028.

. H. Brézis, Problémes unilatérauz, J. Math. Pures Appl. (9) 51 (1972), 1-168.

. T. Cazenave, Semilinear Schrodinger equations, Courant Lecture Notes in Mathematics,
vol. 10, New York University Courant Institute of Mathematical Sciences, New York, 2003.

. T. Cazenave and A. Haraux, An introduction to semilinear evolution equations, Oxford Lec-
ture Series in Mathematics and its Applications, vol. 13, The Clarendon Press Oxford Uni-
versity Press, New York, 1998, Translated from the 1990 French original by Yvan Martel and
revised by the authors.

. J. L. Diaz and A. Lifidn, On the asymptotic behavior for a damped oscillator under a sublinear
friction, RACSAM Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 95 (2001), no. 1, 155—
160.

, On the asymptotic behavior of solutions of a damped oscillator under a sublinear

friction term: from the exceptional to the generic behaviors, Partial differential equations,
Lecture Notes in Pure and Appl. Math., vol. 229, Dekker, New York, 2002, pp. 163-170.

G. Fibich, Self-focusing in the damped nonlinear Schréidinger equation, STAM J. Appl. Math.
61 (2001), no. 5, 1680-1705.

J. Ginibre and G. Velo, The global Cauchy problem for the nonlinear Schrédinger equation
revisited, Ann. Inst. H. Poincaré Anal. Non Linéaire 2 (1985), 309-327.

E. Hebey, Nonlinear analysis on manifolds: Sobolev spaces and inequalities, Courant Lec-
ture Notes in Mathematics, vol. 5, New York University Courant Institute of Mathematical
Sciences, New York, 1999.

T. Kato, On nonlinear Schrédinger equations, Ann. IHP (Phys. Théor.) 46 (1987), no. 1,
113-129.

E. Machtyngier and E. Zuazua, Stabilization of the Schrédinger equation, Portugal. Math. 51
(1994), no. 2, 243-256.

F. Merle and P. Raphaél, On universality of blow-up profile for L? critical nonlinear
Schrédinger equation, Invent. Math. 156 (2004), no. 3, 565-672.

J. Nash, Continuity of solutions of parabolic and elliptic equations, Amer. J. Math. 80 (1958),
931-954.

M. Ohta and G. Todorova, Remarks on global existence and blowup for damped nonlinear
Schrédinger equations, Discrete Contin. Dyn. Syst. 23 (2009), no. 4, 1313-1325.

UNIV. MONTPELLIER 2, MATHEMATIQUES, CC 051, F-34095 MONTPELLIER

CNRS, UMR 5149, F-34095 MONTPELLIER, FRANCE
E-mail address: Remi.Carles@math.cnrs.fr
E-mail address: cgallo@Quniv-montp2.fr



	1. Introduction
	2. Existence results
	2.1. Construction of an approximating sequence
	2.2. Convergence of the approximation
	2.3. Proof of Theorem 1.5

	3. Uniqueness
	4. Finite time stabilization: proof of Theorem 1.6
	5. Finite time stabilization: proof of Corollary 1.8
	References

