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We give a conjectural classification of virtually cocompactly cubulated Artin-Tits
groups (i.e., having a finite index subgroup acting geometrically on a CAT(0) cube
complex), which we prove for all Artin-Tits groups of spherical type, FC type, or two-
dimensional type. A particular case is that for n > 4, the n-strand braid group is not

virtually cocompactly cubulated.

1 Introduction

Groups acting geometrically on CAT(0) spaces (called CAT(0) groups), or even better on
CAT(0) cube complexes (called cocompactly cubulated groups), possibly up to a finite
index subgroup, enjoy a list of nice properties: they have a quadratic Dehn function, a
solvable word and conjugacy problem, they have the Haagerup property, their amenable
subgroups are virtually abelian and undistorted, they satisfy the Tits alternative. R.
Charney conjectures that all Artin-Tits groups are CAT(0), but very few cases are
known. With Kielak and Schwer (see [22]), we pursued the construction of Brady and
McCammond (see [7] and [5]) to prove that for n < 6, the n-strand braid group is CAT(0).

In this article, we give a conjectural classification of which Artin-Tits groups
are virtually cocompactly cubulated, and we prove this classification under a mild
conjecture on Artin-Tits groups, which is satisfied in particular for spherical, type FC
or 2D Artin-Tits groups. Right-angled Artin groups are well known to act cocompactly
on their Salvetti CAT(0) cube complex, but there are a few more examples. This question

was asked by Wise for the particular case of braid groups (see [29, Problem 13.4]).

Received March 18, 2019; Revised January 7, 2020; Accepted January 12, 2020

© The Author(s) 2020. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permission@oup.com.

120z Alenigad g1 uo 1senb Ad £1/0286/6162/t/1.20Z/S10IMe/ulWlwod dno-olwspeoe)/:sdjy Woj papeojumoq



2920 T. Haettel

Fig. 1. An example of the Coxeter graph of an “even star” cocompactly cubulated Artin-Tits group

with central vertex ag.

Conjecture A (Classification of virtually cocompactly cubulated Artin-Tits groups).
Let M = (Mmgp),pes be a finite Coxeter matrix. Then the Artin-Tits group A(M)
is virtually cocompactly cubulated if and only if the following two conditions are

satisfied:

1. for each pairwise distinct a, b, ¢ € S such that m;, is odd, either m,, = m;, =
00 OT M, = My, = 2, and

2. for each distinct a, b € S such that mg, is even and different from 2, there is
an ordering of {a, b} (say a < b) such that, for every ¢ € S\{a, b}, one of the
following holds:

o My =My, =2,

o m,,=2and my, = oo,

e m,, = my, =00, 0r

e m,, is even and different from 2, a < c in the ordering of {a, c} and

mpy, = Q.

In particular, typical examples of cocompactly cubulated Artin-Tits groups are

the following types:

e right-angled Artin groups, that is, such that Va, b € S, m,;, € {2, 00},
e dihedral Artin groups, that is, such that |S| = 2,
e “even stars” Artin groups, that is, such that there exists a “central vertex”

ag € S such that Va, b € S\{ay}, my, = co and Ya € S\{ay}, m,,, is even.

You can see in Figure 1 an example of the Coxeter graph of an even star Artin-

Tits group. In that figure, all the edges labeled co are not drawn.
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Fig. 2. Local obstructions in Conjecture B

The most general picture of an arbitrary cocompactly cubulated Artin-Tits
group comes roughly from combining dihedral Artin groups and even stars Artin groups,
in a right-angled-like fashion.

Another way to state Conjecture A is by describing local obstructions in the
Coxeter matrix M, see also Figure 2. In particular, standard parabolic subgroups
of ranks 3 and 4 should determine if an Artin-Tits group is virtually cocompactly
cubulated or not. Recall that the rank of an Artin group (or a standard parabolic

subgroup) is the number of standard generators.

Conjecture B (Reformulation of Conjecture A). Let M = (mg,), s be a finite Coxeter
matrix. Then the Artin-Tits group A(M) is not virtually cocompactly cubulated if and

only one of the following occurs:

o there exist three pairwise distinct a, b, ¢ € S such that m, is odd, m,, # oo
and my, # 2,

e there exist three pairwise distinct a, b, ¢ € S such that m,, and m, are even
numbers different from 2, and m,,, # oo, or

e there exist four pairwise distinct a,b,c,d € S such that m, , ¢ (2,00},

My, My # oo and myy, My, # 2.

One implication of Conjecture A, namely the cubulation of Artin-Tits groups

satisfying the two conditions, is proven in full generality in this article.

Theorem C. TLet M = (mg),pes be a finite Coxeter matrix satisfying the two

conditions of Conjecture A. Then A(IM) is cocompactly cubulated.
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2922 T. Haettel

The converse implication of Conjecture A, namely to show that the two condi-
tions are necessary to be virtually cocompactly cubulated, is proven under the following
mild assumption. Let M = (M), ps be a finite Coxeter matrix. We say that the Artin—-

Tits group A(M) satisfies property () if

Theorem D. Let M = (M), pes be a finite Coxeter matrix such that A(M) satisfies
property (1). If A(M) is virtually cocompactly cubulated, then A(M) satisfies the two

conditions of Conjecture A.

It is conjectured that all Artin-Tits groups satisfy property (}), it is notably
a very restricted consequence of property (x) in [18]. In particular, it is true as soon
as the Deligne complex can be endowed with a piecewise Euclidean CAT(0) metric.
This condition is therefore true for Artin-Tits groups of type FC (i.e., every complete
subgraph spans a spherical subgroup), with the cubical metric on the Deligne complex
(see [11, Theorem A]). It is also true if the Artin-Tits group A(M) is such that any
irreducible spherical parabolic subgroup has rank at most 2 (which is slightly more
general than 2D), in which case the Moussong metric on the Deligne complex is
CAT(0) (see [11, Theorem A]). Note that the Moussong metric on the Deligne complex
is conjectured to be CAT(0) for all Artin-Tits groups (see [11, Conjecture 3]).

Theorem E. Conjecture A holds for any Artin-Tits group satisfying property (). In
particular, Conjecture A holds for Artin-Tits groups of type FC and for Artin-Tits groups

whose irreducible spherical parabolic subgroups have rank at most 2.

One should note that the two conditions in Conjecture A imply that the Artin—

Tits group is of type FC. In particular, the following is a consequence of Conjecture A.

Conjecture F (Consequence of Conjecture A). If an Artin-Tits group is virtually

cocompactly cubulated, then it is of type FC.

In the particular case or Artin groups of spherical type, the condition is much

simpler.

Corollary G (Classification of virtually cocompactly cubulated Artin-Tits groups of

spherical type). Let A be an Artin-Tits group of spherical type. Then A is virtually
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Virtually cocompactly cubulated Artin-Tits groups 2923

cocompactly cubulated if and only if every irreducible parabolic subgroup of A has

rank at most 2.
In particular, this gives a very simple answer for braid groups.

Corollary H (Cubulation of braid groups). The n-strand braid group B,,, or its central

quotient B, /Z(B,,), is virtually cocompactly cubulated if and only if n < 3.

However, according to Bowditch (see [6]), all mapping class groups, including
braid groups, are coarse median, which implies that their asymptotic cones “look like”
asymptotic cones of CAT(0) cube complexes: they are not cocompactly cubulated, but
“look cubical” on a large scale.

Concerning proper actions of Artin groups on CAT(0) cube complexes, even the

following question is still open.

Question (Charney [12], Wise [29]). Does the 4-strand braid group B, have a metrically

proper action on a CAT(0) cube complex?

During the proof, we also prove the following cubulation results of independent

interest. See Theorem 2.1 and Proposition 4.2 for more precise versions.

Theorem I (Cubulation of normalizers and centralizers). Let G be a cocompactly
cubulated group, and let A be an abelian subgroup of G. Then A has a finite index
subgroup A, such that N;(4,) is cocompactly cubulated, and Z;(4,) has finite index
in N;(Ay).

Theorem J (Cubulation of central quotients). Let G be a cocompactly cubulated group,
and let A be a central, convex-cocompact subgroup of G. Then G/A is cocompactly

cubulated.

In an earlier version of this article, we obtained only Theorem D for cocompactly
cubulated Artin groups, without the virtual part. Huang et al., simultaneously to this
earlier version and independently, proved Theorem D for 2D Artin groups with the
virtual part (see [21]). In particular, they showed that a 2D Artin group is cocompactly
cubulated if and only if it is virtually cocompactly cubulated.

Concerning Coxeter groups, Niblo and Reeves proved (see [24]) that every Coxeter

group acts properly on a locally finite CAT(0) cube complex. Caprace and Miihlherr
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2924 T. Haettel

proved (see [14]) that this action is cocompact if and only if the Coxeter diagram does
not contain an affine subdiagram of rank at least 3.

Varghese recently described (see [28]) a group-theoretic condition ensuring that
any (strongly simplicial) isometric action on a CAT(0) cube complex has a global fixed
point. This condition is notably satisfied by Aut(F,) forn > 1.

Outline of the proof The rough idea is to study the CAT(0) visual angle between
maximal abelian subgroups in Artin groups. Using a result from Crisp and Paoluzzi (see
[16]), we show that if a, b are the standard generators of the 3-strand braid group acting
on some CAT(0) space, then the translation axes for a and ababab form an acute visual
angle at infinity.

On the other hand, we show that the translation axes of elements in max-
imal abelian subgroups of a group acting geometrically on a CAT(0) cube complex,
with finite intersection, form an obtuse visual angle at infinity. This is the source
of the non-cubicality results. This uses a flat torus theorem for maximal abelian
subgroups of cocompactly cubulated groups by Wise and Woodhouse (see [30] and
Theorem 3.6).

1 Definitions and Notations
1.1 Artin groups

Forp € N, let wy, denote the word Wp(a,b) = aba...ba of length p. Let S be a finite set,
and let I be a graph with vertex set S and edges labeled in N,,. The Artin-Tits group
A(D) is defined by the following presentation:

AT) =(seS]| w, (s, t) = w,(t, s) for each edge {s, t} labeled p).

If S = {a, b}, then A(T") is called a dihedral Artin group, and we will denote it by
A(p), where p is the label of the edge {a, b} (or p = oo if there is no edge). For instance,
A(2) ~ 72 and A(cc) ~ .

If a and b are different elements of S, then the subgroup of A(I") spanned by a
and b is isomorphic to the dihedral group A(p), where p is the label of the edge {a, b}.
If p ¢ {2,00}, the center of A(p) is the infinite cyclic group spanned by z,, = wy(a,b),
where g = 2p if p is odd, and q = p if p is even (see [9] and [17] for the center of spherical
Artin groups). If p = 2, the dihedral group A(2) is free abelian, we will denote z,;, = ab

in this case.
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Virtually cocompactly cubulated Artin-Tits groups 2925
1.2 CAT(0) cube complexes

A finite-dimensional cube complex X is naturally endowed with two natural distances,
defined piecewise on cubes: the L! distance d, and the L? distance d, (each edge has
length 1). Throughout the paper, unless we want to use both distances, we will mainly
use the L! distance d; and will simply denote it d.

A cube complex X is called CAT(0) if the d, distance is CAT(0) or equivalently
if the d, distance is median (see Section 1.3). A discrete group G is called cocompactly
cubulated if it acts geometrically, that is, properly and cocompactly by cubical isome-
tries, on a CAT(0) cube complex.

Let us recall the fundamental local-to-global property for CAT(0) spaces.

Theorem 1.1 (Cartan-Hadamard). A metric space is CAT(0) if and only if it is simply
connected and locally CAT(0).

Let us recall Gromov's combinatorial criterion to show that a cube complex is
locally CAT(0).

Theorem 1.2 (Gromov, see [19]). A cube complex X is locally CAT(0) if and only if, for
any three cubes Q,Q’,Q” of X, which pairwise intersect in codimension 1 and intersect

globally in codimension 2, they are codimension 1 faces of some cube of X.

In a CAT(0) cube complex X, a hyperplane H denotes the orthogonal (with respect
to the CAT(0) metric d,) of some edge [x,y] at its midpoint (i.e., the set of points of X
whose projection on [x, y] equals the midpoint), we denote it H = [x, y]* (the hyperplane
H can also be described as a union of midcubes, or as an equivalence class of edges, see
[26]). Each hyperplane divides X into two connected components, the closures of which
are called half-spaces and denoted by HT and H~. An automorphism g of X is said to
skewer the half-space H if g- HT C H™. By skewering H, we mean skewering H™ or H™.

We say that two hyperplanes H, H' cross if H™ and H™ intersect H'" and H'~.

If x,y are vertices of a CAT(0) cube complex X, then d,(x,y), also called the
combinatorial distance between x and y, coincides with the number of hyperplanes
separating x and y. An automorphism g of X is called combinatorially hyperbolic if g
preserves a combinatorial (d,) geodesic, on which it acts by a nontrivial translation.
An action of a group G by cubical automorphisms on X is called combinatorially
semisimple if every element of G is either combinatorially hyperbolic or fixes a

vertex.
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If X is a cube complex, we can divide naturally each d-cube into 2¢ smaller
cubes, getting a new cube complex (up to rescaling the metric by 2) called the cubical

subdivision of X.

Theorem 1.3 (Haglund, see [20]). Let G be a group acting by cubical automorphisms
on a CAT(0) cube complex X. Then G acts combinatorially semisimply on the cubical

subdivision of X.

In particular, if G acts properly on X and g € G has infinite order, then g acts as
a combinatorial hyperbolic isometry of the cubical subdivision of X.
If g is a cubical isometry of a CAT(0) cube complex, its (combinatorial) transla-

tion length is
Sg = Xlélxlr%) d,(x,9-x).

If A is a subgroup of G, its (combinatorial) minimal set is
Min(A) ={xeX|VacA,d,(x,a-x) =3,}.
If g € G, we will simply denote Min(g) instead of Min((g)).

Remark. Note that, according to Theorem 1.3, for any cubical automorphism g of a
CAT(0) cube complex X, we have Min(g) # ¢. Furthermore, up to passing to the cubical
subdivision of X, we have Min® (g) = Min(g) N X©@ # ¢.

Remark. Also note that Min(g) need not be convex for the d; distance nor need it
be a cube subcomplex: consider for instance X = R?, with the standard Cayley square
complex structure of Z2, and let g : (x,y) — (y + 1,x + 1). Then 8g = 2 and Min(g) =

{(x,y) € R?||x — y| < 1} is not a cube subcomplex.

We can also give a slight variation of this result by considering an appropriate

power of g instead of considering the cubical subdivision.

Proposition 1.4. Let X be a CAT(0) cube complex of dimension at most D, and let g
denote a cubical automorphism of X. Then Min(g??") N X©@ = 4.

Proof. Let X’ denote the cubical subidivision of X. According to Theorem 1.3, either g

fixes a vertex of X’ or g is a combinatorially hyperbolic isometry of X'.
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Assume that g fixes a vertex of X’, that is, g stabilizes a cube Q of X. If Q is a k-
cube, the isometry group of Q is isomorphic to &; (Z/27)¥. Each isometry of Q has an
order that divides 2k! and so it also divides 2D!. Hence g?P' fixes each vertex of Q N X,

Assume that g is a combinatorially hyperbolic isometry of X’. So there exists a
vertex v of X’ such that {g"-v, n € Z} lie on a combinatorial geodesic in X’. The vertex v of
X' corresponds to the midpoint of a cube Q of X. Choose v such that the dimension k of
Q is minimal. By minimality of k, each hyperplane H of X (seen as a union of midcubes)
containing v also contains g - v. So g preserves the set of k hyperplanes of X containing
v. As a consequence, the element gP' fixes each hyperplane of X containing v, and g?”'
furthermore preserves the orientations of each of these k hyperplanes. This implies that
for each vertex x of Q N X©, we have d(x, g??' - x) = d(v, g??' - v). Hence x € Min(g?P"), so

anx©® c Min(g??". [ ]

If X is a proper CAT(0) cube complex, we will denote by 9., X its visual (CAT(0))
boundary at infinity: it is endowed with the visual distance <. Each combinatorially
hyperbolic isometry g of X is CAT(0) hyperbolic and has a unique attracting fixed point

g(+00) € 3., X. See [2] for details on general CAT(0) spaces and isometries.

1.3 Median algebras

A median algebra is a set M endowed with a symmetric map u : M® — M, called the

median, satisfying the following:
VYa,be M,u(a,a,b)=a
Va,b,c,d,e € M, u(a,b,u(c,d,e)) = u(u(a,b,c), u(a,b,d),e). (1)

In a metric space M, the interval between a € M and b € M denotes I(a,b) = {c €
M |d(a,c) +d(c,b) = d(a,b)}. Ametric space M is called metric median if

Va,b,c e M,I(a,b)NI(b,c)NI(a,c) ={u(a,b,c)},

which implies that x is a median (see [1]).
Median algebras and CAT(0) cube complexes are highly related, as proved by
Chepoi.

Theorem 1.5 ([13]). A connected graph, endowed with its combinatorial distance, is

metric median if and only if it is the 1-skeleton of a CAT(0) cube complex.
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Recall that the rank of a subset I of a median algebra M is the supremum of all
n € N such that the n-cube {0, 1}" has a median-preserving embedding into I. Starting

with a more general median algebra, one has the following.

Theorem 1.6 ([23] and [15]). Let M be a median algebra with intervals of rank at most
D, and let G be a group of automorphisms of M. There exists a CAT(0) cube complex
X (M), with vertex set X(M)©® = M, of dimension at most D, on which G acts as a group

of cubical automorphisms.

If X is a CAT(0) cube complex and x,y € X, letI(x,y) = {ze€ X |d,(x,2)+d,(z,y) =
d,(x,y)} denote the d, interval between x and y. A subset Y C X is said to be convex if
for every x,y € Y, we have I(x,y) C Y. If Y C X, the d, convex hull of Y is the smallest
convex subset of X containing Y, denoted Hull(Y).

The median x : X — X is defined by

Vx,y,ze X, I(x,y) NI(y,z) NI(z,x) = {u(x,y,2)}.

It is well known that u is 1-Lipschitz for d, with respect to each of the three
variables. For the convenience of the reader, we give a short proof when restricted to

the set of vertices.

Lemma 1.7. Themap p: X©° — x© is 1-Lipschitz with respect to the three variables

for the distance d;.

Proof. Letx,x € X© be adjacent vertices of X and y,z € X@. Let m = u(x,y,z) and
m’ = w(x',y,z). Assume that H is a hyperplane of X separating m and m’, say m € H*
and m’ € H™. Since m, m’ € I(y, z), we deduce that x € H* and x’ € H™. So there exists
at most one hyperplane separating m and m': d,(m,m/) < 1. This implies that u is
1-Lipschitz. |

If I ¢ Ris an interval, a map ¢ : I — X is called monotone if

Vs<t<uel, uls),c(),cu) =c(t).

If C C X is a non-empty convex subset, there exists a unique map n, : X — C

called the gate projection onto C (see for instance [3]), such that

Vx e X,Vc e C, u(x,mp(x), C) = mo(X).

120z Alenigad g1 uo 1senb Ad £1/0286/6162/t/1.20Z/S10IMe/ulWlwod dno-olwspeoe)/:sdjy Woj papeojumoq



Virtually cocompactly cubulated Artin-Tits groups 2929

We now state a Lemma that will be used later.

Lemma 1.8. Let X denote a CAT(0) cube complex and consider the median algebra
X©®, ). Let M ¢ X© denote a median subalgebra, and let C C X denote a convex

subset. Then M N C is a convex subset of M.

Proof. Fixx,y € M NC, we want to prove that the interval I;(x, y) between x and y in
the median algebra M is contained in M N C. Let Ix(x,y) denote the interval between x
and y in X, we have Ij;(x,y) = Ix(x,y) N M. Since C is convex in X, we have Ix(x,y) C C.
Hence I;;(x,y) C CNM. So M N C is a convex subset of M. [ |

If a group G acts by cubical isometries on a CAT(0) cube complex X, the action
is said to be median minimal if X is the smallest G-invariant non-empty median
subalgebra of X(©.

2 Cubulation of Centralizers

In this section, we prove the following result on cubulation of centralizers, which is

more precise than Theorem I stated in the Introduction.

Theorem 2.1. Let G be a group acting geometrically by isometries on a locally finite
CAT(0) cube complex X of dimension at most D. Let A be an abelian subgroup of
G such that every element of A is the 2D!'"® power of a combinatorially hyperbolic
isometry in G. Then the normalizer N;(A) of A acts geometrically on the locally
finite CAT(0) cube complex X(Min(A)©®) of dimension at most D associated to the
median subalgebra Min(4)©. Furthermore, the centralizer Z;(A) has finite index
in N, (A4).

2DY(0). consider

Remark. It is not always true that Z;(g) acts cocompactly on Min(g
for instance X = R?, with the standard Cayley square complex structure of Z?, and let
g:x,y—~ y+1,x+1and h: (x,y) — (x+ 1,y). Consider the group G spanned by g

and h. We have Z;(g) = (g) ~ Z but Min(g*) = R?.

Lemma 2.2. Let X be a CAT(0) cube complex of dimension at most D, and let g be
a combinatorially hyperbolic isometry of X. Then for any x € Min(g9)® and for any

hyperplane H separating x and g”' - x, g”' skewers H.
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2930 T. Haettel

Proof. Fix x € Min(g9)®, and let H be a hyperplane such that x e H~ and g”' - x € H™.
Note that, since there is a combinatorial geodesic from x to g?P!.x through g”'-x crossing
H and gP' - H, we know that g”' - H # H.

Assume that for every 0 < i <j <D, we have gt - HN ¢/ - H # . Since gP' - H # H,
forevery 0 <i<j<D,wehaveg'-H#¢g -Handg'-HNg -H+#@sog  -Hand g -H
cross. Hence the D + 1 hyperplanes H,...,gP - H pairwise cross, which is impossible in
the cube complex X with dimension at most D.

As a consequence, there exist 0 < i < j < D such that ¢ - HN¢g - H = ¢. Let
k =j—i < D, we have HN gF. H = ¢. In particular, we have either Ht ¢ g*- H* or
g¥-H* c H*. Since k divides D!, we have either Ht c g”' - H* or gP' - Ht c H*.

As g’ . x ¢ g”' -H* and gP' - x € H*, we conclude that g°' - HT ¢ HY. [ |

We now prove a very similar statement but with the weaker assumption that
x € Min(g?")©@ instead of x € Min(g)©®.

Lemma 2.3. Let X be a CAT(0) cube complex of dimension at most D, and let g be
a combinatorially hyperbolic isometry of X. Then for any x € Min(g”")©, and for any

hyperplane H separating x and g”' - x, g”' skewers H.

Proof. Fixx € Min(g”?")© and y € Min(g9)®. By contradiction, assume that there exists
a hyperplane H such that x € H~, gP' - x € H* and H is not skewered by g”'. According
to Lemma 2.2, for every n, m € Z, H does not separate g"?' - y and g™"" - y. By symmetry,
assume thatVn € Z, g"”' . y e HY.

As a consequence, for every n > 0, g"P" - H separates x and y. Since only d, (x, y)
hyperplanes separate x and y, we deduce that there exists n > 0 such that g"?' . H =

H. This contradicts the fact that a combinatorial geodesic from x to g™

D nD!
g

gnDI . X. [

- X goes via

'. x as x € Min(g?")© and crosses H, whereas g"”' - H = H does not separate x and

Lemma 2.4. Let X be a CAT(0) cube complex of dimension at most D, and let g be a

combinatorially hyperbolic isometry of X of translation length §. Then the set

{hyperplanes of X skewered by g?'}/ < g”' >
has cardinality D! 3.

Proof. Leth =gP and fix x € Min(h)©.
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Let H be a hyperplane skewered by h, so that h - H™ ¢ H'. Choose n € Z such
that d, (x, h”H) is minimal. Without loss of generality, assume that x € h" - H*. Since
h"*t!.H is disjoint from h" - H and h**! . H* c k" - H*, we deduce that h"*! . H does not
separate h" - H and x, and so h"*! . H separates x and h - x.

The number of hyperplanes separating x and h - x is equal to D!§, so the
cardinality of {hyperplanes of X skewered by h}/ < h > is at most D! 4.

Fix a hyperplane H separating x and h - x: according to Lemma 2.3, h skewers H.
For instance, x € H-, h-x € HY, and h - H" C H*. As a consequence, if n > 0 then
x,h-x € h-H™ so h"*-H does not separate x and h-x. Similarly, if n < O then x, h-x € h"*-H*
so h'™ - H does not separate x and h - x.

We conclude that the D!§ hyperplanes separating x and h - x are disjoint
< h >-orbits, hence the cardinality of {hyperplanes of X skewered by h}/ < h > is
exactly D!§. |

Proposition 2.5. Let X be a CAT(0) cube complex of dimension at most D, and let g be
a combinatorially hyperbolic isometry of X. Then Min(gP")® is a median subalgebra of
X©  that is, it is stable under the median of X©,

Proof. Leth = g”', and let § denote the translation length of g. Let » denote the median
of X.

Let x,y,z € Min(h)@, and let m = u(x,y,z) € X©. Let H be a hyperplane
separating m and h - m, for instance m € H- and h-m € H*. Since m = u(x,y,2) €
H~ that is convex, at least two vertices among x, y, and z belong to H: we can
assume that x,y € H~. Similarly, h- m = u(h-x,h-y,h-2z) € H' that is convex,
at least two vertices among h - x, h -y, and h - z belong to H": we can assume that
h-x,h-z € H'. As a consequence, H separates x and h-x, so by Lemma 2.3 H is skewered
by h.

According to Lemma 2.4, we conclude that at most D! § hyperplanes separate m
and h - m. Since the translation length of h is D! §, we conclude that d(m, h-m) = D!, so
m € Min(h)©. [ ]

Remark. There exists a combinatorially hyperbolic isometry g of a locally finite CAT(0)
cube complex such that for any n > 1, Min(g") is not convex.

For instance, consider an infinite, rooted, binary tree, where each edge is
replaced by the diagonal of a square: this defines a CAT(0) square complex T. Then

consider the isometry g of T defined recursively as shown in Figure 3. Notice that the
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id

w

Fig. 3. A pathological isometry of a CAT(0) square complex.

fixed point set of g? in T is equal to the union of the two diagonals of the squares
adjacent to the root, and it is not convex for the combinatorial distance d;. Furthermore,
for any n € N, g2" fixes some vertex v (in fact, any vertex at the level n) of T and acts
on the subcomplex T, (corresponding to the subtree defined by v) as g. We deduce that,
for any n > 1, the fixed point set of g2" is not convex (we could argue similarly that, for
every even n > 1, the fixed point set of g” is not convex).

If we want to find an example where g is a combinatorially hyperbolic isometry,
it is sufficient to consider the direct product T x R, where g acts on R by a unit

translation.
We will now show that the minimal set of an abelian group is not empty.

Proposition 2.6. Let X be a CAT(0) cube complex of dimension at most D, and let A be
a finitely generated abelian group of cubical automorphisms of X. Then Min(42P")© =

Ngea Min(a??")© is not empty.

Proof. We will prove the result by induction on the numbers of generators of A.
When A is cyclic it follows from Proposition 1.4. Assume that A = (B,g), where
Min(B?PH)© £ g,

Since g commutes with B?P!

, g preserves Min(B?P")(® . According to Proposition
2.5, Min(B*"?")© is a median subalgebra of X®. The element g acts as a cubical
automorphism on the CAT(0) cube complex Y = X(Min(B?P")©®). Since Min(B??")©® is
a median subalgebra of X© that has rank at most D, we deduce that ¥ has dimension

at most D.
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According to Proposition 1.4, there exists a vertex x € Y@ = Min(B*"?")©® that

2D (the minimal set of g?P' considered as an isometry of Y). This means

2D!)

lies in Miny (g

that {g?"P' . x,n € Z} lie on a combinatorial geodesic in Y. Since Min(B??")© is a median

subalgebra of X, we deduce that {g?""!

-x,n € Z} lie on a combinatorial geodesic in X.
This precisely means that x € Min(g?”"). This vertex x of X belongs to Min(g??") N

Min(B?P') = Min(A%P"), which proves that Min(A2P")© = g, [ ]

Proposition 2.7. Let G be a group acting geometrically on a locally finite CAT(0) cube
complex X of dimension at most D, and let A be an abelian subgroup of G consisting of
2D!'" powers of combinatorially hyperbolic isometries. Then the centralizer Zs(A) of A
in G has finite index in the normalizer N;(4) of A in G, and N;(A) acts geometrically on
Min(A4)©.

Proof. According to Proposition 2.6, the minimal set Min(4)© is not empty.

The action of N;(A) on X is proper and stabilizes Min(4)©@, so it induces a
proper action on Min(4)©.

Assume that the action of Z;(4) on Min(4)® is not cocompact: since G acts
properly and cocompactly on X, there exist C > 0, x € Min(4)©, and (h,),y € G
such that Vn € N, d(h,, - x, Min(4)©) < C, and the cosets (h,,Z;(A)),cy € (G/ZG(A))N are
pairwise distinct.

According to the flat torus theorem (see [2, Theorem 7.1]), the abelian group A
acts properly by semisimple isometries on the CAT(0) space X, so A is finitely generated.
Fixa,,...,a, some generators of A. Fix some 1 <i<r.

Let §; denote the combinatorial translation length of a;. For all n € N, since
d(h, -x,Min(a;)®) < C, we have d(h,, - x, a;h,, - x) < §; +2C. So d(x, hy;'a;h,, - x) < 8;+ 2C.
Since X is locally finite, up to passing to a subsequence, we may assume that Vn,m €
N,h,la;h, - x = h,la;h,, - x. Since the action of G on X is proper, the stabilizer of x is
finite, so up to passing to a new subsequence, we may assume that Yn,m € N, h,'a;h, =
h,la;h,,.SoV¥n,meN,h,h,! centralizes a;.

If we apply this for every 1 < i < r, we obtain up to passing to a new
subsequence that Vn,m € N, hnh,_n1 centralizes a,,...,a,. Since a,,...,a, span A, we
deduce that Vn,m € N, hnh,_n1 € Z;(A). This contradicts the assumption that the cosets
(hpZg(A))pen € (G/ZG(A))N are pairwise distinct.

As a consequence, the induced action of Z;(A) on Min(4)©® is proper and
cocompact. Since the action of N;(A) on Min(4)© is also proper, we deduce that Z;(A)
has finite index in N;(4). |
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We obtain now the proof of Theorem 2.1.

Proof. Leta,,...,a, be some generators of A. For each 1 < i < r, by Proposition 2.5
Min(a;)© is a median subalgebra of X(©. As a consequence, Min(4)© = N]_, Min(a;)®
is also a median subalgebra of X©. According to Proposition 2.6, it is not empty. By

Proposition 2.7, N;(A) acts properly cocompactly on Min(4)©®. Theorem 1.6 concludes

the proof.
Note that the CAT(0) cube complex X(Min(A)®) has dimension at most D, since
Min(A)© is a median subalgebra of X© that has rank at most D. [ ]

Remark. Note that the distances induced on Min(4)© by X and by X(Min(4)®) may
be different.

For instance, consider the action of A = (g) ¥~ Zon X =R%? by g- (x,y) = (y +
1,x + 1). Then Min(9)® = {(n,n) |n € Z}. Inside X, the combinatorial distance between
(n,n) and (n + 1,n + 1) is equal to 2. But as a median algebra, Min(g)?’ is isomorphic
to Z, and hence X(Min(g)?) is isomorphic to the standard cubical structure on R. So in
X(Min(g)@), the combinatorial distance between (n,n) and (n + 1,n + 1) is equal to 1.
This is because the two hyperplanes of R? separating (n,n) and (n + 1,n + 1) define the
same partition of Min(g)©.

This example does not satisfy the assumption of Theorem 2.1 that elements of
A are fourth powers of isometries, but nevertheless it illustrates the difference between

the two cubical structures on Min(4)©.

3 Convex-Cocompact Subgroups

In this article, the rank of a finitely generated abelian or virtually abelian group is the

minimal number of generators of a finite index free abelian subgroup.

Definition 3.1. A subgroup A of a group G acting geometrically on a CAT(0) cube
complex X is said to be convex-cocompact in X if there exists a convex subcomplex

Y C X that is A-invariant and A-cocompact.

We now give an equivalent characterization of convex-cocompact subgroups,

starting with a small Lemma.

Lemma 3.2. Let X be a finite-dimensional cube complex, and let Y € X be a convex

subcomplex. For any n € N, there exists a convex subcomplex Y,, of X containing the

120z Alenigad g1 uo 1senb Ad £1/0286/6162/t/1.20Z/S10IMe/ulWlwod dno-olwspeoe)/:sdjy Woj papeojumoq



Virtually cocompactly cubulated Artin-Tits groups 2935

combinatorial neighbourhood of radius n of Y, and such that Y,, is contained in a
bounded neighbourhood of Y. Furthermore, if g is an automorphism of X preserving Y,

then g preserves Y,, for every n € N.

Proof. It is sufficient to prove the statement for n = 1. Let Z denote the full
subcomplex of X whose vertices are all vertices x € X© such that any two hyperplanes
separating x and Y cross. Then Z contains the combinatorial 1-neighbourhood of ¥, we
will prove that Z is convex.

Fix z,7 € Z© and consider a vertex x on a combinatorial geodesic from z to z/, we
will prove that x € Z. Assume that there exist two distinct hyperplanes H, H' separating
x and Y. We will prove that H and H’ cross. Since x lies on a combinatorial geodesic
from z to z/, we deduce that H separates z and Y or separates z' and Y. We deduce the
same for H'.

If both H and H' separate z and Y, then H and H’' cross since z € Z.

So we can assume that H separates {z,x} and {Z'} UY and that H' separates {Z/, x}
and {z} U Y. Hence the four intersections of the half-spaces of H and H' are non-empty,
so H and H’ cross.

As a consequence, Z is convex.

Finally, for any vertex z € Z(©@, let y € Y© denote the gate projection of z
onto Y. Then by definition of Z, all hyperplanes separating z and y pairwise cross.
As a consequence, z and y belong to a common cube of X. We deduce that y and z
are at distance at most the dimension of X. In particular, Z is contained in a bounded
neighbourhood of Y. u

Proposition 3.3. Let A be a subgroup of a group G acting geometrically on a CAT(0)
cube complex X. Then A is convex-cocompact if and only if for every x e X©

(equivalently, for some x € X©), A acts cocompactly on Hull(A - x).

Proof. If A is convex-cocompact, for any x € Y, we have Hull(4 - x) C Y and so A acts
cocompactly on Hull(4 - x).

Conversely, assume that there exists a vertex x € X @ guch that A acts
cocompactly on Y = Hull(4 - x). For any vertex y € X©, according to Lemma 3.2, there
exists a convex subcomplex Z of X containing Z and y, contained in a neighbourhood
of Y, which is furthermore A-invariant. Since X is locally finite, we deduce that A
acts cocompactly on Z. Since Hull(4 - y) C Z, we conclude that A acts cocompactly on
Hull(A4 - y). [ |
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Remark. Note that being convex-cocompact depends on the CAT(0) cube complex X:

see for instance Section 5.2.

We will now state a few technical results about convex-cocompact subgroups

that will be used in the sequel.

Lemma 3.4. Let G be a group acting geometrically on a CAT(0) cube complex X, and let
A, B be subgroups of G that are convex-cocompact in X. Then A N B is convex-cocompact
in X.

Proof. Fix a vertex x € X'© and consider a sequence (x,,),,cy in Hull(ANB-x). According
to Proposition 3.3, A and B act cocompactly on Hull(A - x) and Hull(B - x), respectively,
so there exist C > 0 and sequences (a,),y in 4 and (b,,),y in B such that Vn € N, d(a,, -
x,x,) < Cand d(b,,-x,x,,) < C. As a consequence, Vn € N, d(bglanx,x) < 2C. Since G acts
properly on the CAT(0) cube complex, we deduce that, up to passing to subsequences,
we have Vn,m € N, b, la,, = b;'a,, so a,a,} = b,b,! € ANB. So for all n € N, we have
d(anaal -X,x,) < d(a, xx,)+ d(anaa1 -X,a, -X) <C+ d(aa1 - X,x) is bounded. Since
vn e N, anaa1 € A N B, this proves that A N B acts cocompactly on Hull(A N B - x). Hence

A N B is convex-cocompact in X. |

Definition 3.5. A virtually abelian subgroup A of a group G is called highest if for any
virtually abelian subgroup B of G such that ANB has finite index in A, we have that ANB

has finite index in B.
We now recall the following recent result from Wise and Woodhouse.

Theorem 3.6 (Cubical flat torus theorem [30]). Let G be a group acting geometrically
on a CAT(0) cube complex X. Let A be a highest virtually abelian subgroup of G. Then A

is convex-cocompact in X.

We can now prove the following, which is the main technical part in the proof of

Theorem J stated in the introduction.

Lemma 3.7. Let G be a group acting geometrically, combinatorially semisimply by
isometries on a CAT(0) cube complex X, median minimally. Let W be a central subgroup
of G that is convex-cocompact in X. Then X splits as a product of two convex cube

subcomplexes X >~ Y xZ, where G preserves this splitting, W acts with finite index kernel
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W' on Y and G/W’ acts geometrically on ¥, with dim ¥ < dim X — rk W. Furthermore, if

A C G is convex-cocompact in X, then AW’/W’ is convex-cocompact in Y.

Proof. Let D denote the dimension of X, and let W’ = W22 = (w?P* |w ¢ W). Since W
is abelian and finitely generated, W’ has finite index in W.

Let Skew(W’) denote the set of hyperplanes of X that are skewered by at
least one element of W'. Let Stab(W’) denote the set of hyperplanes of X that are
stabilized by all elements of W’. We will prove that the set of hyperplanes of X is the
disjoint G-invariant union Skew(W’) u Stab(W’). By definition, the sets Skew (W’) and
Stab(W’) are disjoint. Since W is central in G, both sets Skew(W’) and Stab(W') are
G-invariant.

Let us first remark that each hyperplane in Skew (W’) intersects each hyperplane
in Stab(W’). Fix H € Skew(W’), it is skewered by some w € W'. Fix H' € Stab(W’), it is
stabilized by w. Since H is skewered by w, any (w)-orbit in X intersects both half-
spaces of H. In particular, if x € H’, we know that (w) - x lies in H' and intersects both
half-spaces of H. Hence H intersects H'.

So we have to prove that every hyperplane of X is in the union Skew(W') u
Stab(W'’). Fix a hyperplane H that is not in Skew (W’), we will prove that H € Stab(W').

Since W is abelian, according to Proposition 2.6, we have Min(W??")©@ = g,
According to Proposition 2.5, Min(W?P")© is a median subalgebra of X©. As W?"' is
normal in G, we deduce that G stabilizes Min(W?2P")© . As the action of G on X©@ is
median minimal, we deduce that X@ = Min(Ww2P")©,

Note that any decreasing sequence of W2?P'-cocompact subcomplexes of X
terminates, so there exists a vertex x € X© for which the action of W?P' on
Z = HullW?"' . x) is such that Z is the smallest non-empty convex W?P'-invariant
subcomplex of Z.

Any hyperplane intersecting Z separates two points in W?P' . x, so according to
Lemma 2.2 such a hyperplane is skewered by an element of W?P'. Hence H does not
intersect Z.

Since the action of G on X is median minimal, the orbit G- x is not contained in a
single half-space of H, so there exists g € G such that H separates x and g-x. Say Z C H~
andg-xc HT.

We will show that for every w € W??', we have w?' - H = H. Fix w € W?P'\{1}. We
will first show that H separates Z and g(w) - x. So we want to show that g(w) - x c HT.

By contradiction, assume that there exists ny # 0 such that gw™ -x € H™.

Without loss of generality (up to replacing w with w™1), we can assume that n, > 0.
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As g-x € X9 = Min(W?P")©®, we deduce that (gw* - x);, lies on a combinatorial
geodesic of X. As a consequence, for every n < 0, we have gw™ - x € H™. So for every
n<0,wehaveg-xew " .- HtandxeZ=w".-ZCcw " -H".

Since finitely many hyperplanes separate x and g - x, we conclude that there
exists n < 0 such that w” - H = H. On one hand, as |n|n, > n, and (gw* - x);y
lies on a combinatorial geodesic of X, we have gw™™ . x ¢ H~. On the other
hand, as w!™™ . H* = HT and g-x € HT, we have gw!™™ . x ¢ H*. This is
a contradiction.

As a consequence, every hyperplane separating Z and g-x separates Z and g(w)-x.
Let ‘H denote the finite set of hyperplanes separating Z and g - x. We have seen that w
preserves the set H and acts as a bijection o on . Since w preserves Z, we know that
hyperplanes of # in the same o-orbit are at the same distance of Z, and thus cannot be
nested. Hence each k-cycle of o in ‘H corresponds to k pairwise crossing hyperplanes,
so k < D. As a consequence, ¢?' = 1. Since H € H, we conclude that w?' - H = H.
Furthermore, since every element of G acts combinatorially semisimply, we deduce that
wP! stabilizes each half-space of H.

We have proved that for every w € W?P!, we have w?' - H = H, so H € Stab(W').

The G-equivariant disjoint decomposition Skew(W’) u Stab(W’) defines a G-
equivariant isomorphism X ~ Y x Z, where Y is the cube complex dual to the set of
hyperplanes Stab(W’). Note that Z is also isomorphic to the cube complex dual to the
set of hyperplanes Skew (W’).

Since W acts properly on Z, we have dimZ > rkW, so dimY < dimX — rkW.
Furthermore, by definition of Stab(W’), we know that W’ acts trivially on Y, so that the
G-action on Y factors through G/W'.

As G acts cocompactly on X, we deduce that G/W’ acts cocompactly on Y. Since
W' acts properly on Z, we deduce that G/W’ acts properly on Y. In conclusion, G/W’ acts
geometrically on Y.

Furthermore, if A C G is convex-cocompact in X, then A acts cocompactly on
a convex subcomplex M, of X. Since X ~ Y x Z, the convex subcomplex M, splits as
M, =~ M,y x My, such that AW'/W’ acts geometrically on the convex subcomplex
My yofY. n

Lemma 3.8. Let G be a group acting geometrically on a CAT(0) cube complex X. Assume
that H C G acts geometrically on a median subalgebra M c X, with associated CAT(0)
cube complex X (IM). Assume that A is a convex-cocompact subgroup of G. Then ANH is

convex-cocompact in X ().
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Proof. Consider a convex subcomplex Y of X such that A acts properly and cocom-
pactly on Y. Up to considering some convex neighbourhood of Y, we may assume that ¥
and M intersect. Let x; € Y N M.

The group A N H acts properly on Y N M. We will prove that the action is
cocompact. By contradiction, assume that there exists a sequence (y,,),cy in Y "M such
that d,(y,,,ANH - xp) n—>_+)oo +o00. Since the action of G on X is cocompact, there exists
D > 0 such that for each n € N, there exists g,, € G such that d,(y,, g, - X9) < D, so that
a, g, -xq.ANH-xy) e +oo.

Since the action of A on Y is cocompact and d, (g,, - X, Y) < D for all n € N, there
exists a finite subset K of G such that, for each n € N, we have g,, € AK. Similarly, since
the action of H on M is cocompact and d,(g,, - x,,M) < D for all n € N, there exists
a finite subset K’ of G such that, for each n € N, we have g,, € HK'. Up to passing to
a subsequence, we may assume that there exists k € K and k' € K’ such that for each
n € N, we have g,, € Ak N HK'. In particular, for each n € N we have gnga1 € ANH. So
d1(Gy - X0 ANH - X5) = d1((9ngp G0 - X1 ANH - X3) = dy(gg - X9, AN H - Xg) is bounded,
which is a contradiction.

So we have proved that the group AN H acts properly and cocompactly on Y N M.
Since Y@ is convex in the median algebra X(©, according to Lemma 1.8, we deduce that
M N Y is convex in the median subalgebra M. This implies that A N H is a convex-

cocompact subgroup in X (M). |

4 Non-Cubicality Criterion

We will now summarize the main two stability results for virtual cubulation that we will
use. They are slightly more precise than Theorem I (only the part about centralizers) and

Theorem J.

Proposition 4.1. Let G be a group acting geometrically on a CAT(0) cube complex X,
and let C be an abelian subgroup of G. There exists a finite index subgroup C, of C
such that the centralizer Z;(C,) acts geometrically on a CAT(0) cube complex Y with
dimY < dim X.

Furthermore, if A C G is convex-cocompact in X, then A N Z;(C,) is convex-

cocompact in Y.

Proof. This is a consequence of Theorem 2.1 and Lemma 3.8. |

Proposition 4.2. Let G be a group acting geometrically on a CAT(0) cube complex X,

and let W be a central subgroup of G that is convex-cocompact in X. Then W has a finite
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index subgroup W’ such that G/W’ acts geometrically on a CAT(0) cube complex Y with
dimyY < dimX — rkW.
Furthermore, if A C G is convex-cocompact in X, then AW’'/W’ is convex-

cocompact in Y.

Proof. This is contained in Lemma 3.7. The combinatorially semisimple assumption
follows from Theorem 1.3, up to passing to the cubical subdivision of X. Furthermore,
one can always assume that the action is median minimal, up to passing to a smaller
median subalgebra. Note that this does not increase the dimension of X: indeed if M’ is

a median subalgebra of M, then cubes in M’ are cubes in M. [ |

We now give a slightly more general version of a result from Crisp and Paoluzzi
(see [16]), which studies proper semisimple actions of B; and B, on CAT(0) spaces. Note

that there is no cocompactness assumption in this result nor a CAT(0) cube complex.

Proposition 4.3 (Crisp-Paoluzzi). Let p € Ny; and consider the dihedral Artin-Tits
group A = A(p) = (a,b | wy(a,b) = wy(b,a)). Assume A acts properly, by semisimple
isometries on a CAT(0) space X. Then a, z,;, and b act by hyperbolic isometries, whose
attracting endpoints in the visual boundary 9, X are denoted a(+o0), z,;,(4+00), and
b(+00). Furthermore, if we denote by < the visual distance on dX, we have:

e If pisodd, then we have <(a(+00),z,,(+00)) < 7 and <(b(+00), Z,p, (+00)) <

g

e If pis even, then we have <(a(+00), z,;(+00)) < 7 or <(b(+00), Z,,(+00)) <

INERNIE]

Proof. We adapt here the proof of [16, Theorem 4]. Without loss of generality, we may
assume that the action of A on X is minimal. By properness, every infinite order element
of A acts by a hyperbolic isometry, in particular a, b, and z_,. Then by [2, Theorem II.6.8],
X is isometric to the product R x ¥, where Y is a CAT(0) space, and Z(A) = (z,;) acts by
translation on R and trivially on Y. Let § € R\{0} such that z_, acts on the R factor by a
translation of §. Up to the choice of the orientation of R, we may assume that § > 0.
Since a and b commute with z,;, they preserve the decomposition X ~ R x Y and
preserve the orientation of the R factor. In particular, let «, 8 € R such that @ and b act

on the R factor by translations of « and 8, respectively.

e If p is odd, then a and b are conjugated by w,(a,b) in A, we deduce that
a = p.But z,, = sz(a,b), so we have § = 2pa. As a consequence, we have
o = B > 0. This implies that the attracting endpoints of a and z,;, in 3, X

T

satisfy <(a(+00),z,;(+00)) < 7.
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e If p is even, then since z,, = Wp(a,b), we deduce that pa +pB = 8§ > 0. As
a consequence, > 0 or # > 0. This implies that <(a(+0), z,,(+00)) < 7 or

Proposition 4.4. Let G be a group acting geometrically on a CAT(0) cube complex X,
and let A, B be subgroups of G that are convex-cocompact in X, such that A N B is finite.
Then for each a € A, b € B of infinite order, their attractive endpoints in 9, X satisfy
<(a(+00), b(+00)) > Z

Proof. Let M,, My denote convex cube subcomplexes of X on which A, B respectively
act geometrically.

Fix x € X and let R > 0 such that d,(x,M,) < R and d,;(x, Mp) < R.Let x, € M,
and xz € My such that d,(x,x,) < R and d, (x,xp) < R. Define

={y €x©|d,(y,M,) <R and d,(y, Mp) < R}

We have x € S. We claim that S is finite: if not, since X is locally compact, we
can consider a sequence (s,),.y Of pairwise distinct elements of S. Since A and B act
geometrically on M, and Mjp, respectively, up to passing to a subsequence, we deduce
that there exist vertices y, € My, yp € Mg, and sequences (a,),cn: (by)qen Of pairwise
distinct elements in A and B, respectively, such that the sequence d,(a,, - y4.b,, - V) is
bounded above. Since the action of G on X is proper and X is locally compact, we can

assume up to passing to a subsequence that the sequence (b,;'a is constant, hence

n)neN
for all m,n € N, we have a,a;;' = b,b;;! € ANB. As ANB s finite, this is a contradiction.
So S is finite.

From now on, fix a € A and b € B of infinite order. We will show that their
attractive endpoints in 9, X satisfy <(a(+0o0), b(+00)) > 7

Let 1 : X° — X denote the median on X. Fix (&) ,cn (Bp)nen S€Qquences in Mf)
(resp. MI(;O)) converging to a(4o0) (resp. b(+00)). For each n € N, define m,, = u(x,,, 8, ).
As a,,, B,, and x are vertices of X, m,, is also a vertex of X.

Since u is 1-Lipschitz with respect to d; (see Lemma 1.7), we deduce that
d,(m,, My) < d,(x,x,)+ d;(ule,, B, X4), My). Since «,, and x, belong to the convex
subcomplex M,, we deduce that u(w,, B,,x,) € My, so d,(m,,M,) < R. For the same
reason, we have d,(m,,, Mp) < R. As a consequence, we have Vn e N,m,, € S.

Since S is finite, up to passing to a subsequence, we may assume that Vn €

N, m, = x, is constant.
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Fig. 4. The proof of Proposition 4.4.

Fix ¢ > 0, and for each n € N, let «, (resp B;,) be the point on the CAT(0) geodesic
segment between x; and «,, (resp. 8,)) at d, distance ¢ from x, (see Figure 4).
We know that pu(xy, ), ) = o, W(Xg, Brs Br) = By, and u(xy, o, B,) = X,. Hence

by using Equation (1) from Section 1.3, we deduce that

/,L(XO,O[n, ﬂy/q,) = M(XO,(Xn, /’L(XOI,Bnr.B}/q,))
= (X, 0y, Xg), 11(Xg, Ay B)s Br) = 1(Xg, Xg, Bp) = Xo, and
:u’(X()la;Ll ,3;1) = IJ‘(XOI M(XOra;l/an)rﬁ;l)

= /’L(/"L(XOIXO! ,3;1)! M(X()/ anr ﬂ;‘l)l C(;l) = /'L(XOIXO!O[;;) = XO-

But the sequence (ay,),cy (resp. (B),en) actually converges to the point o (resp.
B’) on the CAT(0) geodesic ray from x; to a(+0o0) (resp. b(+00)) at d, distance ¢ from x,.
Hence we conclude that u(xy, o', ') = x,. In other words, the path [&/, x5] U [xy, 8] is
monotone.

On the other hand, we have <, (&', ') = <, (a(+00), b(+00)) < <(a(+00), b(+00)).
By contradiction, assume that we have <(a(+00), b(+00)) < 7, then Ty (@,p) < %. Let
Oy 1 Opr denote the minimal (closed) simplices in the link L of X at x, containing «’ and

T

B, respectively. Since Ty, (@', ') < %, we know that d(o*a/,aﬂ/) < 7.
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We claim that o, and oy are not disjoint. Consider any two disjoint simplices
o,0" in L, we will prove that d(o,0’) > %. By considering a geodesic from o to o’ (if
it exists, otherwise the distance is infinite), up to reducing the distance between o
and o/, we can assume that both o and o’ are contained in a common simplex o,. We
choose oy minimal, so that o, is isometric to the spherical join o x ¢’. By definition
of the spherical join, the distance between o and o’ is equal to 7. So o, and op are
not disjoint.

Therefore, there exists an edge e in X adjacent to x;, whose image in the link
of x, belongs to o, Nog. So <y (&',e) < 7 and <, (B',€) < 7. If we consider a shifted
hyperplane H dual to e close to x; (the CAT(0) orthogonal of e at a point near x;), we see
that H separates x, and {«', 8}: this contradicts the monotonicity of the path [¢/, x,] U
[xy, B'1.

As a consequence, we have <(a(+00), b(+00)) > 7. |

We can now prove the 1st two results giving obstructions to being virtually
cocompactly cubulated. They show how to combine Propositions 4.3 and 4.4.

Recall that a subgroup H is said to virtually contain g if there exists n > 1 such
that g" € H.

Lemma 4.5. There is no group G satisfying the following:

e there exist elements a, b € G such that (a,b) >~ A(p), for some p > 3,

e there exists a finite index normal subgroup G, of G acting geometrically on
a CAT(0) cube complex X,

e there exists an abelian subgroup C of G, virtually containing z;,

e there exists an abelian subgroup A of G, virtually containing a such that
A N C is finite,

e if p is even, there exists an abelian subgroup B of G virtually containing b
such that BN C is finite,

e for every g € G, the groups gAg~!, and gCg~! (and gBg~! if p is even) are

convex-cocompact in X.

Proof. By contradiction, assume that such a group G exists. We will produce a proper
action of G on a CAT(0) space.

Consider the induced action of G on the finite-dimensional CAT(0) cube complex
XG/Go_ To describe this action, one can for instance identify X%/ % with the space of right

Gy-equivariant maps from G to X, endowed with the action of G by left translations. This
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provides a proper action of G on the CAT(0) cube complex X%/60 by cubical isometries
(this idea comes from [8, Remark 1]).

Let N > 1 such that @ € 4, and let M > 1 such that z¥4 e C. We will now prove
that the attractive endpoints of ¥ and z¥ in 0X%/C0 satisfy <,yc/6, (a” (+00), 24 (+00)) >
%, which will contradict Proposition 4.3.

Let us denote G/Gy = {g,Gy, - - -, g, Go}- The action of G, on X¢/¢0 preserves each
factor, and the action of G, on X9%¢° is isomorphic to the conjugate by g; of the original
action of Gy on X. For each 1 < i < n, we know that gial"gi_1 € giAgi_l, and the subgroup
giAgi_1 is convex-cocompact in X by assumption. Similarly, for each 1 < i < n, we
know that gl-z%)g;l € g;,Cg; ! and the subgroup gnglT1 is convex-cocompact in X by
assumption. Furthermore, the intersection g;Ag; I'n 9:Cg; '=g,An Og; 1 — (1} is finite.
According to Proposition 4.4, we deduce that <;yg;c, (@ (+00), z%(+oo)) > 7.

Note that the visual boundary of the finite product X¢/6 is isometric to the
spherical join of the visual boundaries 8X9%0 of each factor (see [2, Proposition I1.5.15]).
Furthermore, by definition of the distance on the spherical join S; * S, of two metric
spaces S;,S, (see [2, Definition 1.5.13]), if x,y € S, xS, are such that their distances in
each factor are at least %, then x and y are at distance at least %

Since for any 1 < i < n, we have <40, (aN(+oo),z%)(+oo)) > 7, we
deduce that <;y¢/c, (aN(+oo),z%(+oo)) > 7. By symmetry if p is even, we also have
Tyx6/60 (BN (+00), M (+00)) = 7.

Remark now that the group G contains the dihedral Artin group (a,b) and acts
properly by semisimple isometries on the CAT(0) cube complex X%/60, so this contradicts

Proposition 5.3. This concludes the proof. |

Lemma 4.6. There is no group G satisfying the following:

e there exist elements a, b € G such that (a,b) >~ A(p), for some p > 3,

e there exists a finite index normal subgroup G, of G acting geometrically on
a CAT(0) cube complex X,

e there exists an abelian subgroup C of G, commuting with a and b and
virtually containing z;,

e there exists an abelian subgroup A of G, virtually containing a such that
AN(zgp) = {1},

e if p is even, there exists an abelian subgroup B of G virtually containing b
such that ABN (z,;,) = {1},

e for every g € G, the groups gAg~! and gCg~! (and gBg~! if p is even) are

convex-cocompact in X.
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Proof. By contradiction, assume that there exists a counterexample G. Assume
furthermore that, among all counterexamples, the dimension of the CAT(0) cube complex
X is minimal. We will prove that G is then a counterexample to Lemma 4.5.

We will now prove that A N C is finite. Let W = A N C. Since W is abelian,
according to Proposition 4.1, there exists a finite index subgroup W, C W N G, such
that the centralizer H = Z;(W,) has a finite index normal subgroup H, C G, acting
geometrically on a CAT(0) cube complex ¥ with dim ¥ < dim X. Furthermore, for every
g € H, the groups gAg~! N H, and gCg~! N H, (and gBg~! N H, if p is even) are convex-
cocompact in Y. Also note that, since a,b commute with C and W C C, we deduce that
abeH.

According to Proposition 4.2, the group W, has a finite index subgroup W’ such
that G = H/W' has a finite index subgroup G; = Hy/W’ acting geometrically on a CAT(0)
cube complex X', with dimX’ < dimY — rk W’ < dim X — rk W’. Furthermore, for every
g € H, the groups (gAW'g~! N Hy)/W' and (gCW'g~! N H,)/W’ (and (gBW'g~! N Hy)/W' if
p is even) are convex-cocompact in X’.

We will prove that the group G’ is also a counterexample to Lemma 4.6.

e We will prove that @’ = aW’ and b’ = bW’ span a subgroup of G’ isomorphic
to {(a,b) ~ A(p). Since W' is central in H, we deduce that (a, b) N W' is central
in (a,b), so (a,b) "W’ C (z,,) N A = {1}. Hence (a,b) N W' = {1} and (a/, D) ~
(a,b) >~ A(p).

e The finite index subgroup G; of G’ acts geometrically on the CAT(0) cube
complex X'.

e The abelian subgroup C' = (CW’ N H)/W’ of G’ virtually contains z,,;,, since
both C and H virtually contain z,,. Furthermore, since ¢ and b commute
with C, we deduce that a’ and b’ commute with C'.

e The abelian subgroup A’ = (AW’ N H)/W’' of G’ virtually contains a’, since
both A and H virtually contain a. Furthermore, since W’ C A, we have AW’ N
(zgp) W) =AN(Z) W) = (AN (zyp )W =W, 50 A" N (zyy) = {1}.

e If pis even, similarly the abelian subgroup B’ = (BW’ NH)/W'’ of G’ virtually
contains b’. Furthermore, assume that n € Z and w € W’ are such that
zZnyw € (AW N H)(BW' N H), we will prove that n = 0. As W' C BW' N H,
we have z,, € (AW’ N H)(BW' N H). Since W' C A, we have AW’ = A so
zr,, € (ANH)(BW' NH). As W C BW' NH and W’ commutes with H, we have
zr,, € (ANH)W'(BNH). Since W' ¢ ANH, we have zI',;,, € (ANH)(BNH) C AB.
By assumption, n = 0. So A'B' N (z,;,) = {1}.
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e TFor any gW' e G/, we have seen that the groups (gW)A'(gW’)~! NG, =
(gAW'g™! N Hy)/W' and (gW')C'(gW')™* N Gy = (gCW'g~! N Hy)/W' (and
(gW")B'(gW')~' NGy = (gBW'g~! N H,)/W if p is even) are convex-cocompact
in X'

As a consequence, the group G’ is also a counterexample to Lemma 4.6, with
dim X’ < dim X — rk W’. By minimality of dim X, we deduce that tkW' =0,so W =ANC
is finite.

If p is even, we argue similarly that B N C is finite. To be precise, the only
difference in the statement between A and B is that AN(z,;) = {1} and ABN(z,,) = {1}. But
this assumption is, in fact, symmetrical with respect to A and B: indeed ABN (z,;,) = {1}
implies both BN (z,;) = {1} and BAN (z) = {1}.

As a consequence, the group G contradicts Lemma 4.6. Therefore, there exists no

such group G. |

We are now ready to state the most general and self-contained result giving
an obstruction to being virtually cocompactly cubulated. In the proof, we will produce

small convex-cocompact subgroups using highest abelian subgroups.

Proposition 4.7. Let G be a group satisfying the following:

e there exist elements a, b € G such that (a,b) >~ A(p), for some p > 3,

e foreveryn > 1, we have Z;(a") = Z;(a) and Z;(b") = Z;(b),

e there exists @ € G commuting with a, such that no non-zero powers of o and
Z,, cOmmute,

e if pis even, there exists 8 € G, commuting with b, such that for every g > 1

we have Zg(a, z1,, a9)Zg(b, 9) N (z4,) = {1}.

Then G is not virtually cocompactly cubulated.

Proof. By contradiction, assume that some finite index normal subgroup G, of G acts
geometrically on a CAT(0) cube complex X. We will prove that G is then a counterexample
to Lemma 4.6.

Let A denote the intersection of two highest maximal abelian subgroups
of G virtually containing {a,«} and {a,z,,}, respectively. Since for every n > 1,
we have Z;(@") = Zg(a), by maximality we deduce that a € A. Similarly, let B
denote a highest maximal abelian subgroup of G virtually containing b and 8: B

contains b.
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Let A’, B’ denote two highest maximal abelian subgroups of G virtually contain-
ing {a,z,,} and {b, z,;,}, respectively. As for A and B, we know that a € A’ and b € B'. So
C = A’ N B commutes with a and b. Furthermore, C virtually contains z;.

According to Theorem 3.6 and Lemma 3.4, we know that for every g € G, the
groups gAg—! N G, and gCg~! N G, (and gBg~! N G, if p is even) are convex-cocompact
in X.

By definition of A, there exists m > 1 such that ™ commutes with A. Since no
non-zero powers of « and z,;, commute, we deduce that AN (z,) = {1}.

If p is even, then by definition of A and B we know that there exists g > 1 such
that A C Zg(a, z2,, %) and B C Zg(b, B9, hence (z,;) N AB = {1}.

In conclusion, G is a counterexample to Lemma 4.6. Therefore, G is not virtually

cocompactly cubulated. |

In order to apply Proposition 4.7 to Artin groups, we need the following technical

results.

Lemma 4.8. Assume that S = {a,b,c}, and M = (my), ,.s is a Coxeter matrix such that
my,, is finite and odd, m,, is finite and m,,, is different from 2. Then z,, and z_, do not

virtually commute.

Proof. Assume there exist n,m € Z such that z’alb and z]'. commute. We can assume
that n,m > 0. Then z, zjt. = zj.z", is an equality between positive words, so by [25]
they are equal in the positive monoid: one can pass from one to the other by applying
only the standard relations of A(S). But the relation between b and ¢ cannot be used
since my, # 2, the subword w,,, (b,c) cannot appear. As a consequence, starting from
z),Zyv it is not possible to obtain a word with a letter ¢ on the left of a letter b. This

implies that n = 0 or m = 0: no non-trivial powers of z,, and z,, commute. u

Lemma4.9. Assume thatS = {a,b,c}, and M = (my), .5 is a Coxeter matrix with finite
entries such that m_;, and m,, are even numbers different from 2, and m, is even. Then
Z,. and z_; do not virtually commute.

Furthermore, fix g > 1 and assume that u € A(M) commutes with q, ng, and ZZC,
and that v € A(M) commutes with b and ch. If there exists n € Z such that uv = ng,
then n = 0.

Proof. Assume there exist n,m € Z such that sz and zJ. commute. We can assume

that n,m > 0. Then z,z;. = zj¢z}, is an equality between positive words, so by [25]
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they are equal in the positive monoid: one can pass from one to the other by applying
only the standard relations of A(S). But, starting from ngzgg, the letters ¢, a, b cannot
appear in that order, since mg, > 4 and m,, > 4. This implies that n = 0 or m = 0: no

non-trivial powers of z,;, and z,, commute.

Since m%m + meC + m+w < 1, the group A(M) is not of spherical type. According to
[11, Theorem B], the Deligne complex, with Moussong's metric, is CAT(0). According to
[18, Theorem 1], Godelle's property (xxx) can be applied to the pair ({a}, {a}) to conclude

that the centralizer of a in A(M) can be described, using ribbons, as

Zaany(@) = (@, Zgp, Z40)-

By Charney and Davis (see [11, Theorem B] and [10, Corollary 1.4.2]), the
cohomological dimension of A(M) is 2, so the maximal rank of an abelian subgroup
of A(M) is 2. As a consequence, the only elements of Z aan (@) commuting with ng and
z%. are powers of a, so u € (a). Let r € Z such that u = a’.

Assume that v € A(M) commutes with b and zgc, and that n € Z is such that

uv = z;. We will prove that n = 0. Remark that zgc commutes with v = u~!

zh =a "Z"
ab — ab’
Consider the homomorphism ¢, : A(M) — (a,b) sending a, b to a,b and sending
cto 1. Since all integers defining M are even, ¢, is a well-defined group homomorphism.
Then ¢C(zgc) = b"#* commutes with ¢p(aTzy) =a Tz, s0r =0.

We have u =a" =1, so sz = v commutes with ZZC, which implies thatn =0. W

Lemma 4.10. Assume that S = {a,b,c,d}, and M = (mg); ;s is a Coxeter matrix with
all entries even or infinite. Assume furthermore that m, is finite and different from
2, m,, and my, are finite, and m 4, m;, are different from 2. Then z,, and z,;, do not
virtually commute.

Furthermore, fix g > 1 and assume that u € A(M) commutes with a, ng, and zgc,
and that v € A(M) commutes with b and zzd. If there exists n € Z such that uv = ng,
then n = 0.

Proof. Following the same proof as in Lemma 4.8, we see that since m;, # 2, no non-
zero powers of z,, and z,, commute.

Without loss of generality, we can assume up to passing to the corresponding
quotient that m,, = my; = my = 2. Since all finite entries of the Coxeter matrix are
even, every irreducible spherical parabolic subgroup of A(M) has rank 1 or 2. According

to [11, Theorem B], the Deligne complex, with Moussong's metric, is CAT(0). According to
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[18, Theorem 1], Godelle’s properties (x) and (xx«) can be applied to the pair ({a, ¢}, {a, c})
to conclude that the commensurator of {(a, c) in A(M) is equal to (a, c).
Since u commutes with @ and ¢?, u commensurates (a, c), so u€{a,c). As my, # 2,
no non-zero powers of ¢ and z,, commute, so u € (a). Letr € Z such thatu =a’.
Assume that v € A(M) commutes with b and zgd, and that n € Z is such that

uv = z;. We will prove that n = 0. Remark that ng commutes with v = u~!

zZn =a Tz
ab — ab*
Consider the homomorphism ¢; : A(M) — (a,b,c) sending a,b,c to a,b,c and
sending d to 1. We deduce that qbd(zgd) = ¢4(b?d?) = b7 commutes with ¢4(a™"z),) =
a*rng, sor=0.

We have u=a" =1, so sz = v commutes with ng' which implies thatn =0. B
We will now prove that the statements of Conjectures A and B are equivalent.

Proposition 4.11. Let M = (mg,), s be a finite Coxeter matrix. Consider the following

five conditions.

A. For each pairwise distinct a,b,c € S such that mg, is odd, either m,, =
My, = 00 OF My, = My, = 2.

B. For each distinct a, b € S such that m, is even and different from 2, there is
an ordering of {a, b} (say a < b) such that, for every ¢ € S\{a, b}, one of the
following holds:

() mg,=my, =2,
(b) m,,=2and my, = oo,
(c) m,, =my, =00, or

(d) m,, is even and different from 2, a < c in the ordering of {a, c} and

mpy, = 00.

1. There exist three pairwise distinct a, b, ¢ € S such that m, is odd, m,, # oo
and my, # 2.

2. There exist three pairwise distinct a, b, ¢ € S such that m,, and m,, are even
numbers different from 2 and m,, # oo.

3. There exist four pairwise distinct a,b,c,d € S such that m, ¢ {2,00},

My, My # 00, and my g, My, # 2.

Then A. and B. hold if and only if 1., 2., and 3. do not hold.

Proof. Assume first that 1., 2., or 3. holds, we will prove that A. or B. do not hold.
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Assume that there exist three pairwise distinct a,b,c € S such that m, is
odd, m,, # oo and my, # 2. Then a, b, ¢ contradict Condition A.

Assume that there exist three pairwise distinct a, b, c € S such that m,, and
m,,. are even numbers different from 2, and m,, # oo. Then a, b, c contradict
Condition B.(d).

Assume that there exist four pairwise distinct a,b,c,d € S such that m, ¢

{2, 00} is even, my,, my,; # oo and m,y, my, # 2. If an ordering of {a, b} as

ac’

in Condition B. existed, we should have both a < b and b < a, which is a

contradiction.

Assume now that 1., 2., and 3. do not hold, we will prove that A. and B. hold.

A.

B.

Consider three pairwise distinct a,b,c € S such that m,, is odd. Since
Condition 1. does not hold, we have m,, = m,, € {2, co}.

Consider distinct a, b € S such that m, is even and different from 2. If there
exists ¢ € S\{a, b} such that m,, # oo and m;, = oo, choose the ordering
a < b. If there exists d € S\{a, b} such that m;,; # oo and m,; = oo, choose
the ordering b < a. If there is no such c or d, choose an arbitrary ordering
of {a, b}.

Notice that it is not possible that both ¢ and d exist. By contradiction,
assume that there exist ¢,d € S\{a,b} such that m,,m,; # oo, and
my,, My = 00. This contradicts Condition 3.

Now that the ordering of {a, b} is well defined, say a < b, we will check that
it satisfies the required properties. Fix any ¢ € S\{a, b}.

Assume first that m,,, m;, € {2,00}. Then since a < b, we do not have both

m,, = oo and my, = 2.

ac
Assume now that m,, ¢ {2, oo}. Since Condition 1. does not hold, m,,, is even.
Since Condition 2. does not hold, we have m,, = co. This contradicts a < b.
Assume finally that m,, ¢ {2, c0}. Since Condition 1. does not hold, m, is
even. Since Condition 2. does not hold, m;, = oo. This implies that a < ¢ in
the ordering of {a, c}.

As a consequence, Conditions A. and B. are satisfied. [

Let us recall the definition of the property (i) needed to prove Conjecture A.

Let M = (mgyp), pes be a finite Coxeter matrix. We say that the Artin-Tits group A(M)

satisfies property (f) if

Vs € S,Yn = 1,Zyqn(S™) = Zyar)(5).
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We can now prove the following, which is a restatement of Theorem D.

Theorem 4.12. Let M = (mgy), pcs be a finite Coxeter matrix such that the Artin-Tits

group A(M) satisfies property (f). Assume that at least one of the following holds:

there exist three pairwise distinct a, b, ¢ € S such that m,, is odd, m,, # oo
and my, # 2,

there exist three pairwise distinct a, b, ¢ € S such that m_, and m are even
numbers different from 2, and m,, # oo, or

there exist four pairwise distinct a,b,c,d € S such that m,, ¢ {2,00},

My, My # 00, and m g, My, # 2.

Then the Artin-Tits group A(M) is not virtually cocompactly cubulated.

Proof.

Assume first that there exist three pairwise distinct a, b, c € S such that m
is odd, m,, # oo and my, # 2. Then by Lemma 4.8, the element z,, commutes
with a, but z,, and z,;, do not virtually commute. By Proposition 4.7 applied
with o« = z,,, A(M) is not virtually cocompactly cubulated.

Assume now that this 1st situation does not occur. For the two remaining
cases, we will apply the same strategy.

Assume that there exist three pairwise distinct a,b,c € S such that m
and m,, are even numbers different from 2, and m,, is finite and even. Let
o = z,, and B = z,,. According to Lemma 4.9, « and a commute, but no
non-zero powers of « and z,;, commute.

Fix g > 1 and assume that u € Zaan (@, ng,aq), = ZA(M)(b,ﬂq), and n € Z
are such that uv = z7;. We will prove that n = 0.

Consider the homomorphism ¢ : A(M) — {(a,b,c) sending a,b,c to a,b,c
and sending every element in S\{a,b,c} to 1. According to the 1st case
of the proof, we can assume that for every d € S\{a,b,c}, the exponents
Mmyq, My, and m,; are even or infinite. Hence ¢ is a well-defined group
homomorphism. Hence ¢ (W (v) = ¢(z),) = 2.

Then ¢ (u) commutes with ¢(a) = a, ¢(z],) = z1, and ¢(@9) = ¢(zdc) = zac,
and ¢ (v) commutes with ¢(b) = b and ¢(B9) = qb(zgc) = zgc. According to
Lemma 4.9 applied to ¢ (u) and ¢ (v), we have n = 0.

According to Proposition 4.7, the group A(M) is not virtually cocompactly

cubulated.
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e Assume that there exist four pairwise distinct a,b,c,d € S such that
My & (2,00}, My, myy # 00, and myy, my, # 2. Let o = z,, and B = z4.
According to Lemma 4.10, @ and a commute, but no non-zero powers of «
and z,;, commute.

Fix ¢ > 1 and assume that u € ZA(M)(a,ng,ozq), = zA(M)(b,ﬁq), and n € Z
are such that uv = z?;. We will prove that n = 0.

Consider the homomorphism ¢ : A(M) — (a,b,c,d) sending a,b,c,d to
a,b,c,d and sending every element in S\{a,b,c,d} to 1. According to the
1st case of the proof, we can assume that for every t € S\{a,b,c,d}, the
exponents mg,;, my,, m,, and my, are even or infinite. Hence ¢ is a well-
defined group homomorphism. Hence ¢ (u)¢(v) = ¢(z};,) = 2.

Then ¢ (u) commutes with ¢(a) = a, (/)(ng) = Zgb, and ¢(9) = ¢(zl,) = 22,
and ¢(v) commutes with ¢(b) = b and ¢(B?) = qb(zgd) = ng' According to
Lemma 4.10 applied to ¢ (u) and ¢ (v), we have n = 0.

According to Proposition 4.7, the group A(M) is not virtually cocompactly
cubulated. m

5 Cubulation of Artin Groups
5.1 Cubulation of dihedral Artin groups

Brady and McCammond showed (see [4]) that for all p € {2,..., o0}, the dihedral Artin
group A(p) is cocompactly cubulated. Let us recall their construction, which will be
useful. We will need this construction when p ¢ {2, oo}, but it works as well when p = 2,
so let us fix p # oo (when p = oo, the Artin group is just the rank 2 free group).

The Artin group A(p) has the following presentation, due to Brady and

McCammond:
Ap)=(x,ay,...,a,|V1 i< p,a;a;;, =Xx),

where @, = a,. This can easily be seen, with a, and a, corresponding to the standard
generators of A(p). The presentation 2-complex K is a K(w,1) for A(p) consisting of 1
vertex v, p+ 1 loops a, ..., ap X and p triangles alazx_l, e, apalx_1 (see Figure 5).
We will define another K(mr,1) for A(p), which will be cubical and will have
the same underlying topological space as K. Start with two vertices v and w, and
p + 2 oriented edges between v and w labelled al,...,ap,ﬂ‘l,y. Finally, add the p
squares with boundary labeled by o; 8 ayy ™, ..., 0,7 ayy " and let X(A(p)) denote

the resulting cube complex. It is easy to see that the underlying topological space of
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x x x

a1
a2
x T x x
Fig. 5. Brady and McCammond's presentation 2-complex K.
B gl B ¥ B ¥
Q2
(5] o
3 (Y])
B ¥ B gl B gl B gl

Fig. 6. The square complex X(A(p)).

X(A(p)) is homoeomorphic to K: w corresponds to the midpoint of the edge x, the edge
x corresponds to the path yg~!, and each square corresponds to the union of the halves
of two triangles of K (see Figure 6).

Hence X(A(p)) is also a K(r,1) for A(p). Furthermore, one has a complete
description of the link of the vertex v: it has p + 2 vertices labeled «;, ... ,ap,ﬁ‘l,y,
and it is the complete bipartite graph on {ag, . op) and {87!, y}. This graph has no
double edges and no triangle, so it is a flag simplicial complex. The description of the
link of w is similar, with all orientations reversed, so we deduce that X(A(p)) is a locally

CAT(0) square complex. In particular, A(p) is cocompactly cubulated.

Remark. Noticethat X(A(p)) is naturally isometric to the product of R and the infinite
p-regular tree. In the case of the 3-strand braid group B; ~ A(3), one recovers in the
central quotient the action of B;/Z(B;) ~ PSL(2,Z) ~ Z/2Z+Z/3Z on its Bass—Serre 3-

regular tree.

5.2 Recubulation of even dihedral Artin groups

In the case where p is even, there are two other natural CAT(0) square complexes on

which the dihedral Artin group A(p) acts geometrically. Each will be associated with
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CLl (l3 a‘p+1 = al

Fig. 7. The square complex X;(A(p)).

one of the two generators a,b of A(p). We will describe the 1st one, associated with
a=a,.

Start with the same presentation 2-complex K as before, and remove all
edges ay, ay, ..., a, with even labels, and replace each pair of triangles (Qgis1G0i40X Y,
Agiy2Gg;, 3% 1), for 0 < i < § — 1, by a square with edges a,;,,xa,;’ ,x~1. We obtain a
square complex X, (A(p)) with one vertex v, g +1edges x,a,,a4,... 1p_1 and %’ squares
ayxaz~'x7',...,a, xa,"'x7! (see Figure 7).

The underlying topological space of X, (A(p)) is K, so it is also a K(=, 1) for A(p).
Furthermore, one has a complete description of the link of the vertex v: it has p + 2
vertices labeled X,X_l,al,al_l,a3,a3_1,...,ap_l,a;ll, and it is the complete bipartite
graph on {x,x '} and {al,al_l,a3,a3_1, .. .,ap_l,a;il}. This graph has no double edges
and no triangle, so it is a flag simplicial complex. So we deduce that X, (A(p)) is a locally
CAT(0) square complex.

The other locally CAT(0) square complex, denoted X;(A(p)), is obtained by
keeping only the edges with even labels and removing those with odd labels.

The fundamental difference of X,(A(p)) and X(A(p)) is that, in the universal
covers, the visual angles between the attractive fixed points of a and z,, differ: in
X(A(p)) that angle is acute, while in X, (A(p)) it is equal to 7. This is due to the fact
that, in X, (A(p)), the edge a = a, belongs to the complex, so the subgroup (a) is convex-
cocompact in X, (A(p)) but not in X(A(p)). This illustrates the case where p is even in
Proposition 4.3.

In view of Lemma 4.5, one can see that it is not possible to find a CAT(0) cube
complex with a geometric action of A(p) where both (a) and (b) are convex-cocompact.
And if p is odd, it is not even possible to find one where either (a) or (b) is convex-

cocompact.
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5.3 Cubulation of Artin groups of even stars

Let M = (mgp), pes e a finite Coxeter matrix, which is an “even star”: there exists a
“central vertex” a € S such that Vb, ¢ € S\{a}, m;, = oo, and Vb € S\{a}, m;, is even.

We will now prove a particular case of Theorem C, namely showing that
A(M) is cocompactly cubulated. Note that Huang et al. independently gave the same
construction in [21].

Write S\{a} = {b;,...,b,,}. For each 1 < i < m, the subgroup A({ab;}) of A(M)
spanned by a and b; is a dihedral Artin group with even integer: let X, (A({ab;})) denote
the previously constructed locally CAT(0) square complex with fundamental group
A({ab;}), where some edge e; in X, (A({ab;})) represents a.

Consider now the square complex X(A(M)) that is the gluing of the square
complexes X, (A({ab,})),...,X,(A({ab,,})), where all edges e, ..., e,, are identified with
a single edge e. By Van Kampen theorem, the fundamental group of X(A(M)) is the free
product of A({ab;}),...,A({ab,,}) amalgamated over the cyclic subgroup (a), which is
precisely isomorphic to the Artin group A(M).

If two squares Q,Q’ in X(A(M)) that do not lie in the same X,(A({ab;})) share
an edge, this edge is e. As a consequence, for any triple of square Q,Q’, Q" of X(A(M))
that do not lie in the same X, (A({ab;})), if they pairwise share an edge, then their triple
intersection is e. So X(A(M)) is a locally CAT(0) square complex. As a consequence, A (M)

is cocompactly cubulated.

5.4 General case

Let M = (mg),pes be a finite Coxeter matrix satisfying the two conditions of
Conjecture 1. We will show that the Artin group A(M) is cocompactly cubulated.

Let Sy = {a € S|Vb € S\{a}, my, € {2,00}} denote the set of vertices having all
incident labels equal to 2 or cc.

Let S; ={a;,by},...,S, = {a,,b,} denote the pairs of vertices of S for which the
edge a;b; has an odd label, for 1 < i < n (possibly n = 0).

Let S,y q/-.- ,Sn+p denote the subsets of vertices of S\S, for which the induced

matrix Mg ..s .. is an even star with central vertex a; € S,,;, for 1 < i < p (possibly

n+i’
p=0).

By assumption, we have S =| |o<;cpip Si-
We will consider cube complexes with edges labeled in P(S), the power set of S.
Let X, be the Salvetti cube complex of the right-angled Artin group of the graph

induced by Sy: we will recall here its construction (see [27]). It has one vertex and its
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edge set is Sy: each edge is labeled by {a}, for some a € S,. For each simplex T C S;, we
add a |T|-cube, by identifying each of the |T| parallel classes of edges of [0, 1]'T! with the
edges labeled by {t}, for t € T. Then by Theorem 1.2, X, is locally CAT(0) cube complex.

For each 1 < i < n, let X; denote a copy of the previously constructed cube
complex X(A(p;)) for the subgroup generated by a; and b;, where p; is odd. Label each
edge of X; by {a;, b;}.

Foreachn +1 < i < n+ p, let X; denote a copy of the previously constructed
cube complex X(A(S;)) for the subgroup generated by S;. Label the edge corresponding
to the element a; by {a;}, and label each other edge coming from the square complex
Xy, (A({a;b})) by {a;, b}, for every b € S;\{a;}.

Consider the following cube complex X, which will be a cube subcomplex of the
direct product H?;Bp
we will add the cube Qy x --- x Q

X;. For each set of cubes Q,, ..., Q,Hp of X,,... 'Xn+pl respectively,

ntp to X if and only if the following holds:

V0 <i#j<n+p, for any b; belonging to the label of some edge of Q;,

for any b; belonging to the label of some edge of Q;, b; and b; commute.

We can now give a proof of Theorem C, which we restate here.
Theorem 5.1. X is a locally CAT(0) cube complex, so A(M) is cocompactly cubulated.

Proof. Let Q,Q', Q" be cubes of X, which pairwise intersect in codimension 1, and
intersect globally in codimension 2. Write Q = H?:Jrop Q;, Q@ = H?;I)p Q;, and Q" =
n+,
Hi:op a;/
Let k, k', k" € [0,n + pl be such that

Vi#k',Q;=Q},¥i#K,Q;= Q] and ¥i # k,Q} = Q].

e Assume first that k = kK’ = k”. Then the three cubes Q;,Q; and Q) of X;
pairwise intersect in codimension 1 and globally intersect in codimension
2. Since X;, is locally CAT(0), there exists a cube K} in X} such that Q;,Q; and
O% are codimension 1 faces of K. Since for every 1 < i < n+p, X; is a square
complex and Kj has dimension at least 3, we deduce that k = 0.

Let K = Ky x [["PK;, where V1 <i<n+p,K; = Q; = Q, = Q.
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We will check that the cube K belongs to X: fix 0 < i #j < n+ p, and choose
b; belonging to the label of some edge of K; and b; belonging to the label of
some edge of K.

x Ifi,j+#0,then K; = Q; and Kj = Oj, and since Q is a cube of X, b;, and
b; commute.

x Ifi=0orj=0, assume that i = 0. Then some edge of K, has label {b,}.
By definition of X, parallel edges in K, have the same labels, so {bg}
is also the label of some edge of Q,, (26, or Og: assume that {by} is the
label of some edge of Q. Since Q is a cube of X, b, and bj commute.

As a consequence, K is a cube of X.
e Assume now that k,k’,k” are not all equal. Then k, k',k” are pairwise

distinct. Let K = K, x H?jlpKi, where for each i ¢ {k,k,k’} we have
K; = Q; = Q; = Q/, and also K}, = Q; = Q}, Ky = Qp = Qj, and
Ky = Qyr = Qp,. Note that Q; has codimension 1 in Q) = Ky, and similarly
Q), has codimension 1 in K, and Qj, has codimension 1 in Kj,. Hence K
is a cube of the product H?:JBPXL-, which contains each of Q,Q’, Q" with
codimension 1.

We will now check that K is a cube of X. For any 0 < i # j < n + p, assume
that b; belongs to the label of some edge of K;, and that b; belongs to the label
of some edge of K;. Without loss of generality, i and j are both different from
k. So K; = Q; and K; = Q;, and since Q is a cube of X, we know that b; and b;

commute. Hence K is a cube of X.
According to Theorem 1.2, X is a locally CAT(0) cube complex.
The fundamental group of X is given by its 2-skeleton, and it is the quotient of
the free product of AT g)- - ,A(F|Sn+p) obtained by adding the following commutation

relations:
YO<i#j<n+p,ifa; eS;and aj € Sj commute in A(M), a; and a; commute in 7, (X).

The group m,; (X) is therefore isomorphic to A(M).

As a consequence, A(M) is cocompactly cubulated. |

We can now give the proof of Theorem E, which we restate here.

Theorem E. Conjecture A holds for any Artin-Tits group satisfying property (). In
particular, Conjecture A holds for Artin-Tits groups of type FC, and for Artin-Tits

groups whose irreducible spherical parabolic subgroups have rank at most 2.
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Proof. Theorems C and D precisely state that Conjecture A holds for any Artin-Tits
group satisfying property ().

According to [18, Theorem 1], if the Deligne complex of an Artin-Tits group
can be endowed with a piecewise Euclidean CAT(0) metric, then this Artin-Tits group
satisfies property (}).

Consider an Artin-Tits group A(M) of type FC. According to [11], the Deligne
complex of A(M), endowed with the cubical metric, is CAT(0). Therefore, A(M) satisfies
property (1) and satisfies Conjecture A.

Consider an Artin-Tits group A(M) whose irreducible spherical parabolic sub-
groups have rank at most 2. According to [11], the Deligne complex of A(M), endowed
with the Moussong metric, is CAT(0). Therefore, A(M) satisfies property (1) and satisfies
Conjecture A. u

We can now prove Corollary H, which we restate here.

Corollary H. The n-strand braid group B,,, or its central quotient B,,/Z(B,,), is virtually

cocompactly cubulated if and only if n < 4.

Proof. We have seen that B; and B;/Z(B;) are cocompactly cubulated.

Assume that n > 4, and let o,...,0,_; denote the standard generators of B,,.
Since m,, ,, = m,,,. = 3, according to Theorem D, B, is not virtually cocompactly
cubulated.

We will show that if the central quotient B,,/Z(B,,) were virtually cocompactly
cubulated, then B,, itself would be virtually cocompactly cubulated. Assume that G =
B, /Z(B,,) has a finite index subgroup G, acting geometrically on a CAT(0) cube complex
X. Then H = GyZ(B,,) is a finite index subgroup of B,, acting cocompatly on X. Consider
the counting morphism B,, — Z sending each o; to 1. If we compose this morphism with
the standard action of Z on R (seen as a cube complex) by translation, this defines a
cocompact action of H on R. Since the centre Z(B,,) acts properly on R, we deduce that
the action of H on X x R is proper and cocompact. So B,, would be virtually cocompactly
cubulated.

As a consequence, B, /Z(B,,) is not virtually cocompactly cubulated. |
We now give a proof that Conjecture B implies Conjecture F.

Proof. Assume that an Artin-Tits group A(M) is not of type FC, we want to prove that

at least one of the three cases described in Conjecture B occur. Since A(M) is not of type
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FC, there exist three pairwise distinct a, b, ¢ € S such that mg,, m,., m,. are finite and
o+ 2 <L

Map Mpc Mac
Assume first that at least one of mg,, m;., m,. is odd, for instance m_, is odd.

Then at least one of m,, m,, is strictly bigger than 2, for instance m;, > 2. Hence a, b, c
correspond to the 1st case described in Conjecture B.

Assume now that all of m,, m., m, are even. Then at most one of m;,, m;., m,,
is equal to 2, for instance my, > 4 and m,, > 4. So a, b, ¢ correspond to the 2nd case

described in Conjecture B. |
To conclude, we give a proof of Corollary G.

Proof. Assume first that A is an Artin-Tits group of spherical type such that all its
irreducible parabolic subgroups have rank at most 2. Then 4 is a direct product of cyclic
groups and dihedral Artin groups, and according to Theorem C (or according to [4]), A is
cocompactly cubulated.

Assume now that A is an Artin-Tits group of spherical type containing an
irreducible parabolic subgroup of rank at least 3. So there exist three pairwise distinct
a,b,c € S such that my, = 3, m,, # oo, and my, # 2. The elements a, b, c correspond to
the 1st case in Conjecture B, so according to Theorem E, A is not virtually cocompactly
cubulated. |
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