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HYPERBOLIC RIGIDITY
OF HIGHER RANK LATTICES

BY Tunomas HAETTEL
APPENDIX BY VINCENT GUIRARDEL AND CAMILLE HORBEZ

ABSTRACT. — We prove that any action of a higher rank lattice on a Gromov-hyperbolic space is
elementary. More precisely, it is either elliptic or parabolic. This is a large generalization of the fact that
any action of a higher rank lattice on a tree has a fixed point. A consequence is that any quasi-action of
a higher rank lattice on a tree is elliptic, i.e., it has Manning’s property (QFA). Moreover, we obtain a
new proof of the theorem of Farb-Kaimanovich-Masur that any morphism from a higher rank lattice
to a mapping class group has finite image, without relying on the Margulis normal subgroup theorem
nor on bounded cohomology. More generally, we prove that any morphism from a higher rank lattice
to a hierarchically hyperbolic group has finite image. In the appendix, Vincent Guirardel and Camille
Horbez deduce rigidity results for morphisms from a higher rank lattice to various outer automorphism
groups.

REsuME. — Nous montrons que toute action d’un réseau de rang supérieur sur un espace Gromov-
hyperbolique est élémentaire. Plus précisément, toute action est elliptique ou parabolique. Ce résultat
est une large généralisation du fait que toute action d’un réseau de rang supérieur sur un arbre a
un point fixe. Une conséquence est que toute quasi-action d’'un réseau de rang supérieur sur un
arbre est elliptique, autrement dit il a la propriété (QFA) de Manning. De plus, nous obtenons une
preuve nouvelle du théoréme de Farb-Kaimanovich-Masur disant que tout morphisme d’un réseau
de rang supérieur vers le groupe modulaire d’une surface est d’image finie, sans avoir recours au
théoréme du sous-groupe normal de Margulis ni a la cohomologie bornée. Enfin, nous montrons
que tout morphisme d’un réseau de rang supérieur vers un groupe hiérarchiquement hyperbolique est
d’image finie. Dans I’appendice, Vincent Guirardel et Camille Horbez déduisent des résultats de rigidité
pour des morphismes de réseaux de rang supérieur a valeurs dans divers groupes d’automorphismes
extérieurs.

Introduction

Higher rank semisimple algebraic groups over local fields, and their lattices, are well-
known to enjoy various rigidity properties. The main idea is that they cannot act on any
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440 T. HAETTEL

other space than the ones naturally associated to the Lie group. This is reflected notably in
the Margulis superrigidity theorem, and is also the motivating idea of Zimmer’s program.

Concerning the rigidity of isometric actions, the most famous example is Kazhdan’s
property (T), which tells us that higher rank lattices cannot act by isometries without fixed
point on Hilbert spaces. In fact, property (T) also implies such a fixed point property for some
LP spaces (see [2]), for trees (see [48]), and more generally for metric median spaces (such as
CAT(0) cube complexes, see [14]).

Property (T) is also satisfied notably by hyperbolic quaternionic lattices and by some
random hyperbolic groups (see [51]). There have been various strengthenings of property (T),
which are all satisfied by higher rank lattices but not by hyperbolic groups, which imply fixed
point properties for various actions on various Banach spaces (see for instance [34] and [46]).

Since Gromov-hyperbolic spaces play a central role in geometric group theory, under-
standing actions of higher rank lattices on Gromov-hyperbolic spaces is an extremely natural
question. There are several partial answers to that question, for instance any action on a tree
or on a symmetric space of rank 1 has a fixed point. Manning proved that, for SL(n, Z) with
n > 3 and some other boundedly generated groups, any action on quasi-tree is bounded
(see [42]). Using V. Lafforgue’s strengthened version of property (T) (see [34], [38], [33]), one
deduces that if " is a cocompact lattice in a higher rank semisimple algebraic group, then any
action of I" by isometries on a uniformly locally finite Gromov-hyperbolic space is bounded.

The main purpose of this article is to prove the following.

THEOREM A. — Let I be a lattice (in a product) of higher rank almost simple connected
algebraic groups with finite centers over a local field. Then any action of ' by isometries
on a Gromov-hyperbolic metric space is elementary. More precisely, it is either elliptic or
parabolic.

REMARKS. — e This result has also been announced by Bader and Furman, as it
should be a consequence of their deep work on rigidity and boundaries (see notably [1,
Theorem 4.1] for convergence actions of lattices). However, the techniques are essen-
tially different: Bader and Furman use a lot of ergodic theory, while in this article
we use very little of it, and focus mostly on the asymptotic geometry of lattices and
buildings, making a crucial use of medians.

e One should note that the hyperbolic space in the theorem is not assumed to be locally
compact, nor the action is assumed to satisfy any kind of properness.

e Note that most rigidity results conclude to the boundedness of orbits. Since any finitely
generated group has a metrically proper, parabolic action on a hyperbolic space (locally
infinite in general), one needs to include those parabolic actions (see for instance [26]).

e Even though they do not appear in the statement, the theory of coarse median spaces
developed by Bowditch (see [8]) plays a crucial role in the proof.

e In the theorem, we have to assume that each almost simple factor has higher rank. Our
methods use the induction to the ambient group, so we cannot study irreducible lattices
in products of rank 1 groups. However, in this case, Bader and Furman can prove the
following: for any irreducible lattice in a product of at least two groups, any isometric
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action on a hyperbolic space X without bounded orbits in X or finite orbits in X, there
is a closed subset of the boundary on which the action extends to one factor.

e Whereas most rigidity results concerning higher rank lattices use bounded coho-
mology, Margulis superridigidity or normal subgroup theorems or V. Lafforgue’s
strengthenings of property (T), our proof uses really new ingredients, and in particular
median spaces.

In [42], Manning was motivated by the question of quasi-actions of groups of trees. For
the precise definition of a quasi-action, we refer to Section 5. Manning proved that any quasi-
action of SL(n, Z), forn > 3, on a tree is elliptic (or more generally SL(n, 0), where O is the
integer ring of a number field, see [42, Corollary 4.5]). Manning used notably that SL(n, Z) is
boundedly generated by elementary matrices, which is not true for more general lattices.
A straightforward consequence of Theorem A is the following generalization of Manning’s
result.

COROLLARY B. — Let I be as in Theorem A. Then any quasi-action of I' by isometries
on a tree is elliptic. In other words, I" has Manning’s property (QFA).

Another major consequence of Theorem A is another proof of the following.

CoroOLLARY C (Farb-Kaimanovich-Masur [17], [30]). — Let I" be as in Theorem A, and
let Sg., be a closed surface of genus g with p punctures. Then any morphism I' = M CG(Sg,p)
has finite image.

The proof of Farb, Masur and Kaimanovich relies notably on the very deep Margulis
normal subgroup theorem. Our purpose here is to give a proof as simple as possible, and
we will not rely on any such deep theorem in the uniform case, and in the non-uniform one
case we will use Margulis arithmeticity theorem only to ensure that the associated cocycle is
integrable. In particular, in the proof of Corollary C, we will not even use Burger-Monod’s
result that higher rank lattices do not have unbounded quasi-morphisms. We will simply
use the fact that higher rank lattices do not surject onto Z (it is a direct consequence of
property (T)) and use the weaker form of Theorem A stating that every action of a higher
rank lattice on a hyperbolic space is elementary.

In fact, we can also study the more general class of hierarchically hyperbolic groups.
They have been defined and studied in several articles (see [5], [6], [4], [16]), and since the
definition is technical and irrelevant for the rest of the article, we refer to these articles for
the precise definitions and main results. Roughly speaking, hierarchically hyperbolic spaces
are metric spaces with a nice collection of projections to hyperbolic spaces, organized with
some hierarchical structure. Notable examples of hierarchically hyperbolic groups include
hyperbolic groups, mapping class groups, right-angled Artin groups, and they are stable
under relative hyperbolicity. Applying the exact same proof as in Corollary C yields the
following more general result.

COROLLARY D. — Let I" be as in Theorem A, and let G be a hierarchically hyperbolic
group. Then any morphism I' — G has finite image.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



442 T. HAETTEL

Note that when G is hyperbolic, a simple argument using quasi-morphisms also gives
the result, and when G is a right-angled Artin group, it is a straightforward consequence of
Property (T).

Another classical generalization of hyperbolic groups is the class of acylindrical hyper-
bolic groups, developed notably by Osin (see [47]). A group is called acylindrically hyperbolic
if it admits a non-elementary acylindrical action on a hyperbolic space. Classical examples
include (relatively) hyperbolic groups, mapping class groups, outer automorphism groups of
free groups, and many others. Following Mimura (see [45]), we say that a subgroup H of an
acylindrically hyperbolic group G is absolutely elliptic if, for every acylindrical action of G on
a hyperbolic space, H acts elliptically. An easy consequence of Theorem A is the following.

CoRrROLLARY E. — Let I' be as in Theorem A, and let G be an acylindrically hyperbolic
group. Then any morphism I' — G has universally elliptic image.

Note that Mimura proved the result for all Chevalley groups (and even up to measure
equivalence), including (as a very particular case) the group SL(n,Z) with n > 3 (see [45,
Theorem 1.1]).

Another much-studied group is the group Out(Fy) of outer automorphisms of the
rank n free group. Bridson and Wade proved that any morphism from a higher rank lattice
to Out(FF,,) has finite image (see [10]). Note that Out(IFy ) is not hierarchically hyperbolic,
so we cannot give a new proof of this result using Corollary D. Furthermore, if we want
to apply the same strategy as in the mapping class group case by considering the action
of Out(Fy) on the hyperbolic free splitting complex, the situation is quite different: there
are subgroups of Out(F,) with bounded orbits in the free splitting complex, but with no
finite orbits. Nevertheless, in the appendix, Vincent Guirardel and Camille Horbez use
Theorem A to deduce several rigidity results for morphisms to various outer automorphism
groups. Let us present the following result, and refer the reader to the appendix for the other
ones.

CoORrROLLARY F. — LetI" beasin Theorem A, and let G be a torsion-free hyperbolic group.
Then any morphism I' — Out(G) has finite image.

It seems that the only previously known such result was for Out(F,), due to Bridson and
Wade (see [10]).

We will now give the outline of the proof of Theorem A, and explain the different parts of
the article.

In Section 2, we show how to use L! induction to obtain, starting from an action of
a higher rank lattice ' < G on a hyperbolic space, an action of G on a coarse median
space Y. To that purpose, if T" is non-uniform, we use Shalom’s work on integrability of
cocyles (see [49]).

In Section 3, we show that any action of G on a coarse median space Y has sublinear
orbit growth. To prove this, we embed an asymptotic cone of G, which is a non-discrete
affine building, into the asymptotic cone of Y, which is a metric median space. We then use
techniques similar to [22], where we proved that higher rank affine buildings do not admit any
Lipschitz median. Note that we prove a result which can be of independent interest, namely
that affine buildings do not embed into metric median spaces (see Proposition 3.6 for details).
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In Section 4, we use the Brownian motion of the symmetric space of G, or a standard
random walk on the 1-skeleton of the Bruhat-Tits building of G, and use Lyons-Sullivan’s
discretization procedure to show that some random walk on I' has zero drift in X. Finally,
we use a result of Maher and Tiozzo (Theorem 4.2) to show that the action of I" on X is
elementary. Finally, we rule out the case of lineal actions (i.e., non-trivial actions on a quasi-
line) using Burger and Monod’s result that I" has no unbounded quasimorphisms.

In Section 5, we give the proof of the corollaries.

We would like to thank Yves Benoist for suggesting to look at Lyons-Sullivan’s discretiza-
tion procedure of the Brownian motion, and for long and stimulating discussions. We would
like to thank Jean Lécureux, Bruno Duchesne, Nicolas Monod, Mikael de la Salle, Koji Fuji-
wara, Anthony Genevois, Brian Bowditch and Mark Hagen for interesting discussions. We
would also like to thank the anonymous referee for helping improve the presentation.

1. Definitions

We start by recalling the definitions of medians and coarse medians as defined by
Bowditch in [8] and their essential properties.

DEFINITION 1.1. — A median on a set X isamap u : X3 — X which satisfies the
following:
M1) Va,b,c € X,pu(a,b,c) = pub,a,c) = ub,c,a),
(M2) Va,b € X, pu(a,a,b) =a,
(M3) Va,b,c,d,e € X, u(a,b, u(c,d,e)) = u(u(a,b,c), u(a,b,d),e).
The pair (X, p) is also called a median algebra.

Furthermore, there exist universal objects called free median algebras, for which we will
simply state the following.

ProPoOSITION 1.2. — For any p € N, there exists a finite free median algebra (X, uy)
such that, for any finite median algebra (Y, juy) with |Y | < p, there exists a median surjective
homomorphism (X, ux) — (Y, ny).

Medians are interesting from the viewpoint of geometry thanks to the following notion.

DEerINITION 1.3. — Let (X, d) be a metric space. The interval betweena,b € X is[a,b] =
{c € X|d(a,c)+ d(c,b) = d(a,b)}. The metric space (X, d) is called metric median if for
every a, b, c € X, the intersection [a, b] N [b, c] N [c,a] is a single point w(a, b, ¢).

Note that if (X, d) is metric median, the fonction u : X3 — X given in the definition is a
median.
EXAMPLES. — e R, (R",¢,) or any L' space are metric median spaces.

e Products of metric median spaces, endowed with the £; product distance, are metric
median.

e {0, 1}, and the n-cube {0, 1}"*, are metric median, with the combinatorial distance.
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444 T. HAETTEL

e According to[15], any simplicial graph is metric median if and only if it is the 1-skeleton
of a CAT(0) cube complex.

e Any R-tree is a metric median space.
DEFINITION 1.4, — Let (X, u) be a median algebra. The rank of (X, ) is the supremum

of integers n € N such that there exists a median embedding of the n-cube {0, 1} — X
into X.

DEerINITION 1.5, — Let (X, 1) be a median algebra. A subset A of X is called convex if
forevery a,b € A, we have [a,b] C X.

ProPoOSITION 1.6. — Let (X, u) be a median algebra. For any two distinct points x,y € X,
there exists awall W = {HY, H™} separating x and y, i.e., X = HY U H™ is a partition of X
into two convex subsets H™, H™, such that x and y do not belong the same H*.

In [8], Bowditch defined the notion of a coarse median space, in order to encompass
notably hyperbolic spaces, CAT(0) cube complexes and mapping class groups. This is a
natural generalization of the definition of Gromov-hyperbolic spaces using comparisons
with finite metric trees. Roughly speaking, coarse median spaces have good uniform approx-
imations by finite CAT(0) cube complexes.

DErINITION 1.7. — Let (X,d) be a metric space. A coarse median on X is a map
W : X3 — X which satisfies (M 1), (M2) and the following:
(Cl) There are constant k,k(0) such that for all a, b, c,a’,b’, ¢’ € X3, we have
d(u(a,b,c), u(a', b, ")) <k(d(a,a’) +db,b) +d(c,c)) + h0).
(C2) There is a function & : N — [0, 0o) with the following property. Suppose that A C X

is finite with |A| < p, then there exists a finite median algebra (I1, ury) and maps
w:A— ITand n:II — X such that

Vx,y,z € II,d(nun(x, y,z), w(nx, ny,nz)) < h(p)
Va € A,d(a,nra) < h(p).

If furthermore the median algebra IT can always be chosen to have a rank bounded by r, we
say that p is a coarse median of rank at most r.

EXAMPLES. — e Any median metric space is coarse median.

e Any metric space quasi-isometric to a coarse median space is coarse median.

e A metric space is Gromov-hyperbolic if and only if it is coarse median of rank 1.

e Any space hyperbolic relative to coarse median spaces is coarse median (see [9]).

e For any closed surface S possibly with punctures, the mapping class group of S and the
Teichmiiller space of S with either the Teichmiiller or Weil-Peterson metric are coarse
median (see [8]).

e Any hierarchically hyperbolic space is coarse median (see [6]).

e Higher rank lattices are not coarse median (see [22]).

One of the main tools to study coarse median spaces are asymptotic cones.
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THEOREM 1.8 (Bowditch, see [8]). — Let (X, d, ) be a coarse median space. Then on any
asympiotic cone (X oo, doo), there is a canonically defined median jieo = X2, — Xoo, Which is
doo-Lipschitz with respect to each variable.

2. L! induction of the action to the semisimple group

For this section, we will use the following notations and assumptions.

Let G denote a locally compact group, compactly generated, and T is a lattice in G. Fix a
geodesic Gromov-hyperbolic space (X, dx ), and consider an action of I" by isometries on X .
Fix a basepoint xo € X.

In this section, we will see how to produce an action of G by isometries on a coarse median
space using induction.

Let ux : X3 — X denote a coarse median on X. It is uniquely defined up to a distance
bounded above by §, where § > 0 is a constant in the thin triangle definition of the Gromov-
hyperbolicity of X. As a consequence, the action of I on X quasi-preserves (y.

Since I' is a lattice in G, we can consider a measurable closed fundamental domainU C G
that contains a neighborhood of e, such that G = UT. Let A denote the Haar probability
measure on G/I" >~ U.

We will define an induced action of G on a new space Y, called the L' G-induced space of
the action of T on X.

More precisely, let

Y = LY(G/T,X) ={a: U — X measurable | /de(a(u),xo)d/l(u) < +400}.
Endow Y with the L! distance, fora,b € Y:
dy(a,b) = de(a(u),b(u))dl(u).
Define uy : Y3 — Y by puy(a.b,c) :u € U v ux(a(u),b(u),c(u)).
PROPOSITION 2.1. — The space (Y, dy, Ly) is a coarse median space.

Proof. — Letk > 0and h : N — [0, +00) denote the constants in the definition of the
coarse median uy on X. For any a,b,c,a’,b’, ¢’ € Y, we have

dy (uy(a.b.c), py (@' b'.c)) =/Udx(ux(a(u)vb(u)»C(u))»Mx(a’(u),b’(u)yc/(u)))dl(u)

< / (k(dx (a(u),a’ () + dx (b(u), b (u)) + dx (c(u), c"(u))) + h(0)) dA(u)
U
< k(dy(a,a’) +dy(b,b") + dy(c,c)) + h(0),
so py satisfies the condition (C1).

Let A C Y be a finite subset with |A| < p. For each u € U, consider the finite subset
A(u) C X:there exists a finite median algebra (IT(v), imq,)) and maps 7 (u) : A(u) — I1(u),
n(u) : II(u) — X, such that for every u € U, we have

Vx,y,z € (), dx (n(u) i) (x, ¥, 2), x () x, n(w)y, n(u)z)) < h(p)
Ya € A(u),dx(a,n(u)m(u)a) < h(p).
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Without loss of generality, one can assume that, for every u € U, the median algebra
(IT(u), priwy) is a free median algebra over p generators from Proposition 1.2, which we
denote simply (IT, prg). Furthermore, we can assume that each of the maps 7w (u) : A — Il is
constant, equal to some ny : A — II.

Up to a uniformly bounded error K > 0, one may assume that, for each x € IT, the map
u € U — n(u)x € X is measurable. Let us define the map ny : I1 — Y whichto x € II
maps 1y (x) € Y defined by ny (x)(1) = n(u)(x).

For every x, y, z € I1, we then have

dy (my pn(x, y, z), py (my (x), ny (¥), ny (2)))
= /de (M) pn(x,y,z), ux (u)(x), n(w)(y), n(w)(2))) dA(u) < h(p).

Furthermore, for every a € A, we have

dy (a. nynya) = fU d (a(u). () (ry (@) dA@) < h(p).

so py satisfies the condition (C2).
As py also satisfies the conditions (M 1) and (M?2), this proves that (Y, dy, jy) is a coarse
median space (of infinite rank in general). O

According to Theorem 1.8, any asymptotic cone of a coarse median space is a so-called
topological median algebra: a metric space with a median which is merely Lipschitz with
respect to the distance. In particular, an asymptotic cone needs not be metric median in
general. However, in our situation, we can prove that it holds.

PROPOSITION 2.2. — Any asymptotic cone of (Y, dy, [Ly) is a metric median space.

Proof. — Fix w anon-principal ultrafilter on N, fix (v, ),en a sequence of basepointsin Y,
and fix a sequence (A, ), ey of scaling parameters going to +o0o. Consider the asymptotic cone
(Yoo, dY,c0s Yoos LY,00) = liar)n(Y, ﬁdy, ¥n, by ). Then according to [8], iy,c0 is @ Lipschitz
median on (Yoo, dy,0). We will show that the metric dy  is actually a median metric, and
the associated median is ty,co.

We will first show that pyco-intervals are included in dy co-intervals in Y. More
precisely, fix doo = (@n)nensboo = (bn)nen, Coo = (Cn)neny 1N Yo  such  that
1Y,00(@oos Poos Coo) = boo. We Will show that dy oo (Ao, Do) + dY,00(Poo, Coo) = d¥,00 (oo, Coo)-
Foreachn e N, let m;,, = uy (an, by, cn) € Y. By assumption, we have ligjn “’Y(')'L’—r"l’b”) =0.

Since m, = uy(an,by,c,), we know that for almost every u € U, we have m, () =
wx (an,(u), by (1), cy,(u)). Since X is Gromov-hyperbolic with constant § > 0, we know that
dx (an,(u), cn(u)) = dx(a, (), by (u))+dx (by(u), ¢, (u))—38. By integrating over U, we obtain
dy(an,cn) = dy(an, by) +dy (b, cy) —§. Passing to the ultralimit, we have dy, oo (doo, Coo) =
dy,c0(@oo, boo) + dy,c0(boo, Cxo), since the sequences (7, )nen and (b,),en define the same
point in Y.

Conversely, we will show that dy co-intervals are included in py,o-intervals in Y. More
precisely, fiX doo = (@n)neN, boo = (bn)nen, Coo = (Cn)nen I Yoo such that dy,eo (oo, boo) +
dY,00(Doos Coo) = dy,00(Aoo, Coo). We Will show that (y,ec(deo, Poos Coo) = boo-
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Foreachn € N,letm, = puy(an,bn,cy) € Y.Soforalmosteveryu € U, we havem, (u) =
ux (a,(u), b, (1), c,,(u)). Since X is Gromov-hyperbolic, there exists a constant §’ > 0 such
that dx (m, (1), by (1)) < dx(an(u),by(u)) + dx (by(u), cn(u)) — dx (an(u), cn(u)) + 8. By
integrating over U, we obtain dy (my,b,) < dy(an,by) + dy(bn,cn) — dy(an,cn) + §'.
Passing to the ultralimit, we have dy,co(Moo.boo) < d¥,00(A00, o) + A¥,00(Doo: Coo) —
dy,co(@oo, o) = 0. As a consequence, we obtain that (4y,co (Ao, Poos Coo) = Moo = boo-

As a consequence, the asymptotic cone (Yoo, dy,00, Yoo: 4¥,00) 1S @ metric median space.

O

Let us denote the projectionmap P : G — G/T"' ~ U, and y : G — T the map such that
Vg € G,g = n(g)x(g). This enables us to define the following map :

7:GxY —>Y
(g,a) — (g-a uelm— )((g_lu)_1 -a(P(g_lu))).
It is simply the natural G-action by left multiplication on the induced representation on

Y = L'(G/T, X). To see that the map 7 is well-defined, we need the following integrability
condition, where dr denote the word length of I" with respect to some finite generating set S

(1) Vg € G, /U dr(x(g™'u), e)dA(u) < co.

It should be noted that when T is a uniform lattice in G, the integrability condition (1)
is satisfied. When I' is non-uniform and is as in Theorem A, according to the Margulis
arithmeticity theorem, I" is an arithmetic lattice. Hence, according to Shalom (see [49]), for
every g € G, thecocycle y : u € U — y(g7'u) € T'isin L?(U, 1), so the integrability
condition (1) is satisfied.

PrOPOSITION 2.3. — The map w : G x Y — Y is an action of G on Y, by isometries,
quasi-preserving [Ly .

Proof. — We will first show that 7 is well-defined, using the integrability condition (1).
Let M = max,es dx(y - xo0,Xx0) = 0: we have Vy € y,dx(y - x0,x0) < Mdr(y.e). Asa
consequence, forevery g € G anda € Y, wehave Vu € U, dx (x(g~'u) " -a(P(g™'u)), xo) <
dx (a(P(g~"u)), xo) + Mdr(x(g~"'u),e) so

/U dy (x(g~") ™" - a(P (g™ ). x0)d A1)

< / dy @(P(g™"u)). x0)dA(u) + M / dr (x(g™"u). O)dA(u) < oo,
U U

since a € Y and by the integrability condition (1). As a consequence, 7 is well-defined.
We will now show that 7 is an action. Let g,h € G,a € Y andu € U. Then

m(g, w(h,a)(u) = x(g ' u) ™" - w(h,a)(P(g" u))
= 2@ W (T P )T a(P(TTP(gT ).
Notice that y(h™'P(g  u)) x(g7'u) = y(h g~ 'u) and P(h™'P(g'u)) = P(h~'g '),
so that
n(g, w(h,a)(w) = x(gh) ™')™ - a(P((gh)"'w)) = n(gh, a)(u).
As a consequence, 7 is an action, and we will simply denote it 7(g,a) = g - a for simplicity.
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We will now show that 7 is an action by isometries: let g € G and a,b € Y. Then
dy(g-a.g-b) = /Ua’x()((g_lu)_1 ~a(P(g~'w)), x(g7w)™" - b(P(g™ w)))dA(u)
=/Udx(a(P(g_lu)),b(P(g_lu)))dl(u)

:/de(a(v),b(v))d/\(v)
= dy(a,b),

since u + P(g'u) is a measurable bijection from U to U which preserves the Haar
measure A.

We will show that this action quasi-preserves the coarse median py. Let C > 0 such that
Vyel,Vx,y,ze X,dx(ux(y -x,y-y,y-2),y-ux(x,y,z)) < C. Then forany g € G and
any a,b,c € Y, we have

dy(uy(g-a,g-b,g-c),g-ny(a,b,c)) =
/de [x (g "W)™ - a(P(g™ u), x(g " u) ™ - b(P(g™ w), x(g ' u) ™" - c(P(g ' w))),
x(g ') ux (@(P(g ™ ). b(P(g~ u)). c(P(g'u)))] dA(u) < C. O

Let dg denote any word quasi-metric on G defined by a compact neighborhood of the
identity B in G which spans G, or any metric quasi-isometric to it.

LEmMMA 2.4, — The orbitmap g € G +— g-yo € Y is coarsely Lipschitz (with respect to dg
and dy ), i.e., there exist constants K, C > 0 such that
Vg,h € G,dy(g-yo.h-yo) < Kdg(g.h) +C.

Proof. — Since the statement is independent of the quasi-isometry class of dg, we will
consider the word quasi-metric defined by B.

e If I" is a uniform lattice, the fundamental domain U can be chosen to be relatively
compact, so B~1U is relatively compact in G. As a consequence, there exists a finite
set S C I such that B~'U C US. Let o = maxyes dx(y - Xo, Xo) = 0.

e IfT" is a non-uniform lattice, according to [49], since B is relatively compact, there exists
B > 0 such that

Vg € B, /U dr(x(g~"u). ©)dA(w) < B.

There exists a constant C > 0 such that Vy € T',dx(y - x9,x0) < Cdr(y,e). As a
consequence, we have

Vg € B.dy(g-yo.y0) < C / dr(x(g~"u). )dA(u) < CP.
U
Leta = CB.

In either case, we have Vg € B,dy(g - yo, Vo) < «. We can conclude that the map
g €G> g-yp €Y isa-Lipschitz. O
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3. Actions of higher rank semisimple groups on coarse median spaces:
sublinear orbit growth

For this section, we will use the following notations and assumptions.

Let G denote any finite product of higher rank almost simple connected algebraic groups
with finite centers over local fields.

Let K be a maximal compact subgroup of G, and consider left G-invariant, right
K-invariant distance dg on G.

Fix a coarse median space (Y, dy, iy ), and assume that G acts by isometries on Y, quasi-
preserving py. Fix a basepoint yo € Y, and assume that the orbit map g € G — g - yo
is coarsely Lipschitz. Assume furthermore that (Y, dy, uy) has metric median asymptotic
cones: according to Proposition 2.2, the L G-induced space of the action of I" on X satisfies
this property.

The purpose of this section is to prove the following theorem.

THEOREM 3.1. — G has sublinear orbit growth, i.e.,

B dy(g-yo,y0) _
im sup = o0 =
R—>+00 geG,dg(e.g)<R R

0.

Write G = G1 x ... G, as a product of n almost simple groups. Note that if each G; has
sublinear orbit growth, then G also has sublinear orbit growth. Furthermore, if G; is compact
then it is has bounded orbits. As a consequence, we will restrict to the case where G is almost
simple non-compact to prove Theorem 3.1.

In fact, Theorem 3.1 will be a direct consequence of the following result. Recall that an
isometry of a metric space Y is called loxodromic if there exists (equivalently, forevery) y € Y

such that lim inf M > 0. Also recall that an element g of G is called K-semisimple if
n—>+oo

it is diagonalizable over K.
THEOREM 3.2. — No K-semisimple element of G acts loxodromically on'Y .
We will now give the proof that Theorem 3.1 is a direct consequence of Theorem 3.2.

Theorem 3.2 implies Theorem 3.1. — By contraposition, let us assume that G has linear
orbit growth, so there exists an unbounded sequence (gn)nen in G such that

: dy (8n'Y0,Y0) _
,,Erfoo dg(e.gn) L>o0.

Consider a Cartan decomposition G = KAK, where A is a maximal K-split torus of G.
Fix ay,...,a, € A that span a cocompact Z" subgroup of A.

Since K is compact and the action is coarsely Lipschitz, we may assume that Vn € N,
gn € A. There exist integers dy 5, ...,d,, € N such that dg(gn. ai]“" .. .af””) 1s bounded

with respect ton € N.

. . dy (a%[i’n'yo Y0)
We know that there exists 1 <i < rsuchthat llm —Lf—-"—+

notoo  dcle.gn) > 0. Since dG(gn, €) is

d.
. ; . . dy( "o, .
coarsely equivalent to max(dg (a?”” ,e),1 <i <r),wehave lim 4 dyp Y0) - 0. This
n—-+o00 dG(g’al. Ly
proves that the K-semisimple element a; acts loxodromically on Y. O

The rest of this section will be devoted to the proof of Theorem 3.2.
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3.1. The orbit map in asymptotic cones

We show how to define a natural map from an asymptotic cone of G to an asymptotic
cone of the coarse median space Y.

Fix a non-principal ultrafilter @ on N. Define (Yoo, Yoo, doos hoo) t0 be the w-ultralimit
of (Y, yo, %dy, uy): according to Theorem 1.8, (oo is a Lipschitz median on (Y, doo). By
assumption, (Yoo, doo, [loo) 1S @ metric median space.

Define (Geo, €00, dG.,) to be the w-ultralimit of (G,e, %dg). According to [31],
(Goos €00, dG.,) 1s a non-discrete affine building.

LeEmMA 3.3. — The map
¢: G — Yoo
[gn] = [gn - yo]
is well-defined and Lipschitz.

Proof. — If [gs] = [g,]. then by definition lim dG(gT”’g;’) = 0. Let K,C > 0 denote the
constants for the definition of the orbit map g € G — g - yo being coarsely Lipschitz. Since
dy (gn - yo. &) - yo) < Kdg(gn,gl,) + C, we deduce that lim w = 0, hence ¢ is
well-defined.

Furthermore, if [g,], [¢},] € Goo, then since dy (gx - Yo. &, - Yo) < Kdg(gn.g,) + C, we
deduce that deo ([gn - Yol. [g}, - ¥ol) < Kdg.,([gn]. [g,]), s0 ¢ is K-Lipschitz. O

We will now prove that we can restrict to the case where G has K-rank 2.

ProPOSITION 3.4. — Assume that some K-semisimple element of G acts loxodromically
on Y. Consider an almost simple subgroup H of G defined over K of K-rank 2. Then some
K-semisimple element of H acts loxodromically on Y .

Proof. — Let A be a maximal K-split torus of G, which contains a maximal K-split
torus A’ of H. Up to conjugation, we may assume some element gog € A acts loxodromically
on Y. Since G is almost simple, there exists a finite number of elements wy, ..., w, in the
(spherical) Weyl group of G such that A = []/_; w; A'w;'. Consider hy, ..., h, € A’ such
that go = []/—, wih;w;'. Since for every 1 < i < n, the elements w;h;w; !, for 1 <i <n
pairwise commute, we know that for at least one 1 < i < n, the element #; € H acts
loxodromically on Y. O

We will now prove that the existence of one loxodromic element in G implies the existence
of many geodesics in the image of ¢. We will restrict to the rank 2 case for simplicity.

LeEmMA 3.5. — Assume that G has K-rank 2, and that some K-semisimple element go € G

acts loxodromically on Y. Then for any K-semisimple element g € G, for any h € H and for
any s € R, the image of ([h5™ gl""1]),cx under ¢ is a constant speed geodesic in Yo
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Proof. — Up to conjugation, we may assume that go and g belong to the same K-split
torus A. Since G does not have relative type A%, there exist conjugates (by Weyl group
elements) g1, g2 of go inside A such that (go, g1), (g0, g2) and (g1, g2) are all cocompact
(Z?) subgroups of A.

There exist x, y € R such that g = g3 g7. Up to using possibly g instead of g or g, we
may assume that |x| # |y|, for instance |x| > |y|.

n' . . . .
Let Ly = lirf M > 0 by assumption. Since g; is a conjugate of g¢, we also
n—+0oo
have hrf M = Lg. Then
n—>1T00

lim 4r(8"-Yo.y0) _ dr(g5" - Yo.y0) _ dy (7" - Yo, Yo)
n—>+o00 n - n n
2 Lolx| = Loly|.
Let L = lim %&"2030) 5 j,(jx| —|y|) > 0. Fix¢,7' € R. Then
n——+00
, dy (gltm) .y, glt'nl .
ool [g4]) = tim & Y0 8T 00)
[ n
dy (gL~ - 4, yo)
n

= lim =Lt -1
w

This computation proves that the image of ([g!"!]);cr under ¢ is a geodesic, with constant
speed L.

Now observe that, foranyn € Nandr,t” € R, we have dy (hlsm glinl.yg plsnlglt'nl.y oy —
dy (g1 - yo, g¥'" . y4). So the image of ([h1™) gl'"]]),cr under ¢ is also a geodesic, with
constant speed L. O

3.2. Embeddings of buildings into median spaces
We will now prove a rigidity result for Lipschitz embeddings of affine buildings into metric

median spaces.

PRrROPOSITION 3.6. — Let (B, dp) be an affine building and let (M, dyy) be a metric median
space. Assume that there exists a exists a map ¢ : B — M, a basepoint by € B and a set oA
of apartments in B containing by such that:

o thereexists A € o/ such that, for any singular hyperplane H in A, there exist Ay, Ay € oA
such that AN Ay, AN Ay and A1 N A, are three distinct half-apartments bounded by H,
and

o for every A’ € oA and for every geodesic L in A’, its image ¢ (L) is a geodesic in M.

Then B has spherical type A7.

Informally speaking, the assumptions say that ¢ is almost an isometric embedding on a
sufficiently thick set of apartments.
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Proof. — For any rank 2 parabolic subgroup P of the spherical Weyl group of B, there
exists a subbuilding of B containing by with spherical Weyl group P. As a consequence, we
will restrict to the case where B has rank 2.

Fix an apartment 4 in B containing by. Consider a wall { H ™, H~} in M which separates
some points in ¢ (A). Since A is an apartment in the affine building B, it has a natural affine
structure A ~ R2. As ¢|4 is injective, we may consider the image of the affine structure
on ¢(A) ~ R2. Since geodesic segments in A4 are affine segments, we deduce by assumption
on ¢ that all affine segments in ¢ (A) are geodesic.

Since H1 and H~ are metrically convex in M, we deduce that H N¢(A4) and H~ N (A)
are affinely convex in ¢(A). The partition of ¢(A4) ~ R? into two non-empty affinely convex
subsets H*N¢(A) determines a unique affinelinep(L) = H+ Np(A)NH~ N $(A) C ¢p(A4)
such that each connected component of ¢ (A\ L) is contained in H* N¢(A) orin H~ N¢(A).

We will now prove that, for every singular line L’ in A4, the lines L and L' are either parallel
or orthogonal. Fix any singular line L’ in A containing by, not parallel to L. By assumption,
there exist two apartments A1, A, in ¢Z containing by, such that AN Ay, AN Ay and A1 N A,
are three distinct half-apartments bounded by L’. See Figure 1.

FFNF,

FNF

FNF

—

F1GURE 1. The three half-flats

Fix i € {1,2}. Since the wall {H*, H~} separates some points in ¢(4;), there exists an
affine line L; C A; such that ¢(L;) = HTt N¢(4;) N H- N¢(A;) C A;. By uniqueness
of L and L;, we have L; N A = L N A;. So L; is the affine line in A; containing the half-line
LN A;.

In particular, L N A, C Ly and L N A, C L,. We deduce that the two half-lines L N A,
and L; N A, of A, are parallel. This implies that L. and L’ are orthogonal.

In conclusion, we have proved that, for every singular line L’ in A, the lines L and L’ are
either parallel or orthogonal. This implies that B has spherical type A%. O

REMARK. — One may notice that affine buildings of type A} have a natural metric median
structure.
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3.3. No loxodromics: proof of Theorem 3.2

We can now complete the proof of Theorem 3.2. According to Proposition

Consider the asymptotic orbit map ¢ : Go — Yoo. Let ¢#Z denote the family of
all asymptotic cones of K-tori in G: it is a family of apartments in G, containing the
basepoint [xo], isomorphic to the family of apartments of the spherical building of G.

For any A € ¢/ and for any singular hyperplane H in ¢#, since the spherical building
of G is thick, there exist A1, Ay € Z suchthat AN A;, AN A and A; N A, are three distinct
half-apartments of G, bounded by H.

Furthermore, consider any K-torus 7 in G and any geodesic line L in the asymptotic
cone A of T. Then L can be parametrized as ([ gl*")]),cg, for some g, h € T and s € R.
Since we assumed the existence of a K-semisimple element in G acting loxodromically on Y,
according to Lemma 3.5, the image ¢ (L) is geodesic in Y.

So we can apply Proposition 3.6 and deduce that G has type A2: this contradicts the
assumption that G is almost simple. This concludes the proof of Theorem 3.2 that no
K-semisimple element of G acts loxodromically on Y.

4. Random walks with zero drift

4.1. Random walks on lattices

We will now use the same notations as in Section 2. We will use Theorem 3.1 to deduce
the following.

PrOPOSITION 4.1. — Under the assumptions of Theorem A, there exists a probability
measure v on ' (with infinite support, generating T ), such that the associated random walk
(Yn * X0)nen on X has zero drift:

. E [dx (yn - X0, X0)]
im

n—-+o00 n

=0.

REMARK. — Note that if v is a probability measure on I" such that the associated random
walk (vn)nen has zero drift in G, it is clear that its image (Y, - Xo)nen in X has zero drift.
However, if v is a probability measure on I' with finite first moment and with support gener-
ating I', then the drift of the associated random walk in G with respect to the distance dg is
positive (see for instance [18] and [29]). As a consequence, the content of Proposition 4.1 is
really concerning the action of I on X.

Proof. — Consider a random variable & on the fundamental domain U C G, following
the Haar probability mesaure A. The first objective is to build a family of random variables
(g1)r>0 In G, independent from /4, a sequence of random stopping times (Ng)x>1, and a
symmetric random walk (yx)x>1 on I, such that :

o There exists a constant A > 0 such that for each k > 1, we have dg(gn,. hyr) < 4
almost surely.

e There exist constants B,B’ >0 such that for each T >0, we have
E[sup,efo, 71 dc (e, &)l < BT + B'.

e There exist constants C, C’ > 0 such that for each k > 1, we have E[N;] < Ck + C’.
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We will now describe this construction according to whether G is Archimedean or not.

1. Consider first the case where G is semisimple real Lie group. Consider the symmetric
space M = G/K of G, where K is a maximal compact subgroup of G, endowed with
a G-invariant Riemannian metric dps. Without loss of generality, we can assume that
the stabilizer of po in I is {e}. Let (p;);>0 denote a standard Brownian motion on M,
starting from po = [K], independent from h. Then (g, = h™! - p;);>0 is a standard
Brownian motion on M, with initial law 17! - py.

We will now apply Lyons-Sullivan’s discretization procedure to the orbit I' - pg
(see [39], [3], [28]). For a small constant R > 0, closed balls of radius 2R centered
at I'- po are disjoint. Furthermore, since M has finite volume, the union F =
Uyer B(y - po.R) is recurrent, meaning that the probability that a random path
(q¢)r>0 intersects F is equal to 1.

We will follow the description from [3]. We define an open neighborhood
V=Uyer é(y - po,2R) of F. Ballmann and Ledrappier define random stopping
times (Ng)k>1 such that for each k > 1, gy, € F almost surely. The first stopping
time N; is the first entering time to F, and for each k > 1, Nx4; > Ni is some
reentering time to F after having left V', but not necessarily the very next one. More
precisely, Ny ; > Ni is the P reentering time to F (after having left V), where
P > 1 follows a geometric law with parameter 0 < D < 1 (see [3, Theorem 2.3] for
details).

Foreach k > 1, let y; € I' be the random element such that dps (g, . Yk - Po) < R
almost surely. The main point of this whole construction is that y is the k' step of a
random walk on T.

Furthermore, since M has finite volume, the expectation of the n'! reentering time
to F is bounded by Bgn, where By > 0 is a constant, so that the expectation of Ny is at
most k By D? (see [3] for details). In particular, there exist constants C, C’ > 0 such that
for each k > 1, we have E[Ny] < Ck + C’. Since M has sectional curvature bounded
below, the expectation of das (po, p:) is at most B¢, where By > 0is a constant. Hence
for all k > 1 we have E[du (po, pn, )] < kBoB1 D2

For each k > 1, consider a random element gx € G such that g - po = pn, almost
surely. As a consequence, there exist constants B, B’ > 0 such that E[dg (e, gx)] <
Bk + B’. Furthermore, since das (¢, » Y& - Po) < R almost surely and gy, = h™ gk po
almost surely, there exists a constant A > 0 such that dg (gx, hyr) < A almost surely.

2. We will now turn to the case where G is semisimple algebraic group over a non-
Archimedean local field. Let Bg denote the Bruhat-Tits building of G, and fix a vertex
po of Bg. Since T is residually finite, we can assume up to replacing I" by a finite index
subgroup that the stabilizer of pg in T is {e}.

If G acts transitively on the vertices of its Bruhat-Tits building Bg, let M denote the
1-skeleton of Bg. Otherwise, consider the graph M with vertex set G - po, with an edge
in M between two vertices p # p’ if p’ is the closest vertex to p, among G - po\{p},
with respect to the combinatorial distance on the 1-skeleton of Bg. Let dps denote the
combinatorial distance on the graph M.
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For the (left) action of G on M by simplicial automorphisms, the metric dys is
G-invariant. Let (p;)sen denote the simple random walk on M, with uniform proba-
bility transitions among all neighbors, starting from pg. Then (g; = A~ ! - p;)senis a
standard random walk on M, with initial law 171 - pg.

We will prove that the induced Markov chain on the (countable) quotient I'\ M is
positively recurrent. First note that if I is a uniform lattice in G, then I"'\ M is a finite
connected graph so the result follows. So we now consider the case where I is a possibly
non-uniform lattice in G.

Consider a finite set S C G, such thats € S +— s pg € M is a bijection onto
the set of neighbors of pg in M. Let ug denote the uniform probability measure on S.
Let K denote the stabilizer of pg in G: it is a compact subgroup of G, let Ag denote its
Haar probability measure.

Consider the probability measure 4 = AgusAig on G. Then the random walk
(g¢)ren On G starting from e with transition law p is such that (g; - po)ren 1s a simple
random walk on M. Without loss of generality, we can assume that the simple random
walk (p;);en 1s obtained that way, so that Vi € N, g; - po = p; almost surely.

Note that the Haar probability measure A on I'\G is stationary with respect to the
right multiplication by p. As A is invariant under right multiplication by K, it defines
a probability measure A on I'\G/K ~ I'\M, which is stationary with respect to the
simple random walk.

Since '\ M is a countable and connected graph, the existence of the stationary
probability measure A ensures that the random walk (p;)sen is recurrent, i.e., if 7 =
inf{t > 1| p; = po}, we have T < oo almost surely. Furthermore the random walk is
positively recurrent, i.e., we have E[T] = —— < co.

A{po})
Let Ny = inf{t > 1|q: = po}, and for each k& > 1 let Npyy = inf{r >
Ni 4+ 1]|g; = po}. Foreachk > 1, let y € I denote the unique random element

such that gn, = yi - po almost surely. Then (y)x>1 is a symmetric random walk on I'.

In particular, since = gx - po = qn, = Vi - po almost surely, there exists a constant
A > O such that Vk > 1,dg(gk,hyr) < A almost surely. Furthermore, E[N;] = C
and E[N, — N;] = C’ are finite since the random walk (g;);en is positively recurrent,
so foreach k > 1, we have E[N;] < Ck + C’. And there exist constants B, B’ > 0 such
that E[dg (e, gn, )] < Bk + B’ forevery k > 1.

We will now finish the proof in the general case.

There exists a finite set S C I such that Bg(e, A) C US. Let A’ = maxes dx (s - X0, Xo)-
Then, for every k > 1, there exists s € S such that x(g;lh) = SkVi I almost surely. Hence
dx (x(gi"h)™" - x0.x0) = dx (vis; ' - Xo.X0) = dx (i - Xo. Xo) — A" almost surely.

We will now consider the action of G on the L! G-induced space Y of the action of T’
on X, as in Section 2. Note that the integrability condition (1) is satisfied (using, in case I is
non-uniform, the Margulis arithmeticity theorem (see [43]) and Shalom’s work [49]).

Let us compute, for & > 1, the expectation £ = E [dy (gx - Yo, yo)]. Notice that since
Eldg (e, gr)] < Bk + B’, and since the action of G on Y is coarsely Lipschitz by Lemma 2.4,
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the expectation Ey is finite. Furthermore
Eyx = E[dy gk - fo. o))
=E [/ dx (x(gg'w)™! 'Xo,xo)d/\(u)}
U

= E[dx(x(g¢ "W)™ - x0.x0)]
> E[dx (yk - X0, x0)] — A'.

We will now prove that (Ej)r> is sublinear in k. Since themap g € G~ g- fo € Y is
coarsely Lipschitz by Lemma 2.4, we can apply Theorem 3.1. As a consequence, we know
that there exists a sublinear function ¢ : Ry — R4 such that Vg € G,dy(g - fo. fo) <
¢(dg (e, g)). Up to replacing ¢ by its concave hull, we can assume that ¢ is concave and non-
decreasing. Then we deduce that

Vk > 1, Ex = E[dy (gk - fo. fo)] < ¢(E[dg (e, gx)]) < ¢(Bk + B').
In particular, (Ex)r>1 is sublinear in k.

In conclusion, since E [dx (yk - xo. x0)] < A’ + Eg, we deduce that (E [dx (yk - Xo. X0))k>1
is sublinear in k. In particular, the random walk (yx - x0)x>1 on X has zero drift. O

4.2. Random walks on hyperbolic spaces

We can now finish the proof of Theorem A, using the following result of Maher and
Tiozzo:

THEOREM 4.2 (Maher-Tiozzo [40]). — Let " be a countable group of isometries of a sepa-
rable Gromov hyperbolic space X, let v be a non-elementary probability distribution on T, and
let xo € X a basepoint. Then a random walk (yn)nen on U with step law v has positive drift,
ie.,

E[d - Xo,
i Eldx n - x0.x0)]

n—+00 n

With the notations of Theorem A, assume that I" acts by isometries of a Gromov-
hyperbolic space X . Up to passing to the injective hull of of X (see [35]), we can assume that
X is geodesic. Up to passing to a convex subset of X containing some orbit of I', we can
assume that X is also separable.

Then according to Proposition 4.1, there exists a probability measure v on I" with support
generating I', such that the associated random walk on X has zero drift. According to
Theorem 4.2, this implies that the action of " on X is elementary.

If the action of I on X was lineal, then it would give an unbounded quasimorphism
from T to R. According to Burger and Monod (see [12]), any quasi-morphism from I" to R
bounded.

As a consequence, the action of I on X is elliptic or parabolic. This concludes the proof.
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5. Proof of corollaries

We start by recalling the definition of a quasi-action, as in [42].

DEeFINITION 5.1 (Quasi action). — Let (X, d) be a metric space, and let (G,dg) be a
group endowed with a left invariant distance. Amap G x X — X : (g,x) — g-xiscalled a
quasi-action if there exist constants (K, C) such that the following hold

1. Foreach g € G,themap X — X : x — g - x isa (K, C)-quasi-isometry.
2. Foreachx € G,themap G — X : g — g - x is coarsely (K, C)-Lipschitz.
3. Foreachx € X and g,h € G,we haved(g- (h-x),(gh)-x) <C.

We will recall the following.

PROPOSITION 5.2 (Manning [42]). — Assume that a finitely generated group T has a quasi-
action on tree X . There exists a quasi-tree X' such that T acts by isometries on X'. Furthermore,
X' is quasi-equivariantly quasi-isometrically embedded into X .

We can now give the proof of Corollary B.

Proof of Corollary B. — Assume that I" has a quasi-action on a tree X. According to
Proposition 5.2, T" has an action on a quasi-tree X’. According to Theorem A, this action
is elliptic or parabolic. Since I is finitely generated, it has no parabolic action on a quasi-
tree. As a consequence, the action of T" on X is elliptic, so the quasi-action of I on X has
bounded orbits. O

We can now give the proof of Corollary C. As explained in the introduction, we will only
use that every action of a higher rank lattice on a hyperbolic space is elementary, and that
higher rank lattices do not surject onto Z (which is a direct consequence of Property (T)).

Proof of Corollary C. — Consider a morphism ¢ : ' — M CG(S), where S is a closed
surface of genus g, with p punctures. We can assume that M C G(S) is infinite. Let H = ¢(T").

The curve graph C(S) is hyperbolic by [44], so by Theorem A, the action of H on C(S) is
elementary.

According to [27], any subgroup of M CG(S) having an elementary action on C(S) is
either virtually cyclic or reducible. Since no finite index subgroup of I" surjects onto Z, H is
not virtually cyclic. As a consequence, H is reducible: some finite index subgroup Hj fixes a
curve c. Observe that the stabilizer of ¢ in MC G(S) is a (product of) mapping class group
of surfaces of smaller complexities. By induction, one sees that H is in fact finite. O

We can now give the proof of Corollary D, which is exactly the same proof as the previous
one, written in the more technical context of hierarchically hyperbolic groups.
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Proof of Corollary D. — Consider a morphism ¢ : ' — G, where G is a hierarchically
hyperbolic group. Let & denote the index set of G, let S € & denote the maximally nested
element, and let C(S) denote its associated hyperbolic space.

Let H = ¢(G). The group H acts by isometries on the hyperbolic space C(S): according
to Theorem A, the action of H on C(S) is elementary. According to [5, Corollary 14.4], the
action of G on C(S) is acylindric. So if H has unbounded orbits, then H is virtually cyclic
by [47, Theorem 1.1].

Since no finite index subgroup of T' surjects onto Z, H is not virtually cyclic. As a
consequence, H has bounded orbits in C(S).

According to the proof of [16, Theorem 9.15], there exists U € &, U C S, such that some
finite index subgroup Hy of H fixes U. By induction on complexity, we conclude that H is
in fact finite. O

We finish with the proof of Corollary E.

Proof of Corollary E. — Consider a morphism ¢ : ' — G, where G is an acylindrically
hyperbolic group. Consider an acylindrical action of G on a hyperbolic space X. Then
according to Theorem A, the action of ¢(I") on X is elliptic or parabolic. According to [47],
there are no acylindrical parabolic actions on a hyperbolic space. As a consequence, the
action of ¢(I") on X is elliptic. O

Appendix: Morphisms from higher rank lattices to Out(Fy)
by
Vincent Guirardel and Camille Horbez

In this appendix, we use Theorem A to show that homomorphisms from higher rank
lattices I to Out(G) have finite image when G is a free group, a torsion-free hyperbolic
group, and even a relatively hyperbolic group or a right-angled Artin group under suitable
additional assumptions. This was first proved by Bridson—Wade [11] for Out(Fy) and by
Wade [50] for right-angled Artin groups, for a more general class of groups I'. Note that their
approach is based on the algebraic structure of the Torelli group, which is not available for
hyperbolic groups. A crucial step in what we do consists in understanding the case where G is
a free product.

Statement of the main result
Let G be a countable group that splits as a free product of the form
GZGI*---*Gk*FN,

where Fy denotes a free group of rank N. We denote by Out(G, {G;}) the subgroup
of Out(G) made of those automorphisms that preserve (setwise) the conjugacy classes of the
subgroups G;, and by Out(G, {G,}¥)) the subgroup made of automorphisms whose restric-
tion to each G; coincides with the conjugation by an element g; € G. Given a group H, we
denote by Z(H) the center of H.
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THEOREM 1. — Let I' be a lattice in a product of higher rank almost simple connected
algebraic groups with finite center over local fields. Let G be a countable group that splits as
a free product of the form

G=G1*---*Gk*FN.

Assume that for all i € {1,...,k}, and every finite index subgroup I'y C T, every
homomorphism from I'y to G;/Z(G;) has finite image.
Then every homomorphism from T to Out(G, {G;}®) has finite image.

Before we prove Theorem 1, we start by mentioning its consequences.

Automorphisms of free groups
First, we notice that in the particular case where there is no peripheral group G;, we obtain

the following result due to Bridson—Wade.

COROLLARY 2 (Bridson—-Wade [11]). — Let I" be a lattice in a product of higher rank
almost simple connected algebraic groups with finite center over local fields.
Then every homomorphism from I" to Out(Fy ) has finite image.

Automorphisms of (relatively ) hyperbolic groups

COROLLARY 3. — Let G be a torsion-free group which is hyperbolic relative to a finite
collection of finitely generated subgroups Pq,..., Pr. Let I" be a lattice in a product of higher
rank almost simple connected algebraic groups with finite center over local fields.

Assume that for alli € {1,...,k}, and for any finite index subgroup I'g of ",

1. every homomorphism from I'y to P;/Z(P;) has finite image,

2. every homomorphism from I’y to Out(P;) has finite image.

Then every homomorphism from I'" to Out(G, { P;}) has finite image.
A particular case of Corollary 3 is the following result, stated in the introduction.

CoROLLARY F. — Let G be a torsion-free Gromov hyperbolic group. Let I" be a lattice
in a product of higher rank almost simple connected algebraic groups with finite center over
local fields.

Then every homomorphism from I'" to Out(G) has finite image.
We will use the following simple result several times.

LeEmMA 4. — Let P be a group, let ¢ : ' — P be a morphism, and let N < P an abelian
normal subgroup such that the image of I" in P/ N is finite.
Then ¢ () is finite.

Proof. — The hypothesis implies that I" has a finite index subgroup I'y such that
¢(Tp) C N. Since I'y has finite abelianization, ¢ (I") is finite. O

Proof of Corollary 3. — Let P = {P1,..., P}.Let p: T — Out(G, 2) be a morphism.
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Case 1. — G is freely indecomposable relative to the parabolic subgroups, i.e., G has no
decomposition into a free product in which each P; is conjugate into a factor.

Let A be the canonical elementary JSJ decomposition of G relative to 2 (see [19,
Theorem 4], [7] when G is hyperbolic). In this case Out(G) has a finite index subgroup
Out!(G) which is an extension of a finite product of mapping class groups of compact
surfaces and subgroups of the outer automorphism groups Out(P;) by the group & of
twists of A [20, Theorem 4.3]. Let Iy be the finite index subgroup of I' made of all elements
whose p-image lies in Out!(G). Using Farb-Kaimanovich-Masur’s theorem (Corollary C),
together with our second hypothesis stating that every morphism from I'y to Out(P;) has
finite image, we get that the image of some finite index subgroup I'y of T is contained in & .
When G is a torsion-free hyperbolic group, & is an abelian group, which concludes the
proof in this case. In general, Lemma 5 below shows that there is a morphism from & to
a product of copies of P;/Z(P;), whose kernel is abelian. By hypothesis, any morphism
from I'y to P;/Z(P;) has finite image. Applying Lemma 4, we get that I'; has finite image
in&.

General case
Consider a Grushko decomposition
G=G1*-~-*Gk*FN

of G relative to the parabolic subgroups: this is a decomposition of G as a free product in
which all subgroups in 2 are conjugate into one of the factors, where each G; is nontrivial,
freely indecomposable relative to <@|Gi , and not isomorphic to Z, (here C73|G,. i1s defined as a
choice of a conjugate of each P; contained in G; if it exists). Every subgroup G; is hyperbolic
relative to (g, .

Let Ty < T be the finite index subgroup of elements whose p-image lies in the
group Out’(G, #) made of automorphisms that preserve the conjugacy class of each
subgroup G;. Since all subgroups G; are their own normalizers, there is a morphism
out’(G, P) — ]_[f-;l Out(G;, ¢P|g,) whose kernel is Out(G, {G;}¥). By Case 1, the image
of Ty in ]_[f-;l Out(G;, CC/D‘GI.) is finite so there exists a finite index subgroup I'1 < I whose
image in Out(G, ) is contained in Out(G, {G;}®).

To apply Theorem 1, let us check that for every finite index subgroup I', € T, every
homomorphism ¢ : I, — G;/Z(G;) has finite image. If G; is elementary, then it is either
cyclic or equal to a conjugate of some P;, so this holds by assumption. Otherwise, Z(G;) is
trivial and by Theorem A, the image of I'; is finite or parabolic. In view of Lemma 4, our
assumption implies that ¢ (I"y) is finite. Thus, Theorem 1 applies and concludes the proof. [

LEmMMA 5. — Let G be a torsion-free group which is hyperbolic relative to
P = {Pi,..., P}, and freely indecomposable relative to 2. Let & be the group of
twists of the canonical elementary JSJ decomposition of G relative to 2. Then & maps
with abelian kernel to a direct product of copies of P;/Z(P;).

Proof. — We consider A the canonical elementary JSJ decomposition of G relative to 2
as described in [19, Theorem 4]. We follow [37, §3] for the following description of & . We
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denote by V, E, E the set of vertices, oriented edges and non-oriented edges of A. Then I is
isomorphic to the quotient &/ /N where

T =[] Z6.w (Ge)

ecE

and N = (Ny,Ng) « ? is a central subgroup generated by Ny, Ng defined as follows.
The group Ny = Hy,eV Z(G,) is embedded in & by sending Z(Gy) diagonally in
[Tie)=v Z6:,(Ge) C &, and Ng = [];cg Z(Ge) is embedded in & by sending Z(Gz)
diagonally in ZG:(7> (G4) x ZG” ?)(G%—) C ’5’, where @, @ are the two orientations of
the non-oriented edge e € E.

Now the canonical JSJ decomposition of G is bipartite, where each edge joins a vertex
with nonelementary stabilizer to a vertex which is maximal elementary (i.e., maximal loxo-
dromic, in particular cyclic, or conjugate to some P;). Denote by V = Vj,, | | Ve; the corres-
ponding partition of the vertices. It follows that for each e € E such that ¢(e) € V., we have
26,0, (Ge) = Z(G,) (indeed, (G, Zg,(G,)) is elementary and is therefore contained in the
maximal elementary subgroup Gy, s0 (Ge. Zg,(Ge)) C Ge). Thus,

T |Ng ~ l_[ ZG,(e)(Ge),

eeéel

where Eel C E is the set of edges e such that z(e) € V,;.
Since Z(G,) is trivial for each v € V., the group & is isomorphic to the quotient
of HeeE,, ZG,(,(Ge) by the diagonal embedding of]_[vevel Z(Gy). Moding out by the larger

central subgroup [ | Z(Gy(e)), we get that & maps with central kernel to

eeEel

[ 2610, (Ge)/Z(Gie)) € [] G0/ Z(Guey) = [] (Gu/Z(Gu)™.
eeE'g/ eeEel veVe;
where d, is the degree of the vertex v. Now for v € V., the group Gy, is either cyclic (in which
case G,/ Z(G,y) is trivial), or conjugate to a parabolic group P;. This proves the lemma. [

Automorphisms of right-angled Artin groups

Theorem 1 also enables us to find a new proof of Wade’s theorem about morphisms with
values in the automorphism group of a right-angled Artin group [50]. Given a finite simplicial
graph X, the right-angled Artin group Ay is defined as the group with one generator for each
vertex in X, and a commutation relation between each pair of vertices joined by an edge.

The SL-dimension dsy (Ayx) is defined as the maximal size of a clique in X made of vertices
that all have the same star in X. Note that Out(Ayx ) contains a group isomorphic to GL(d, Z)
ford = dSL(AX)-

COROLLARY 6 (Wade [50]). — LetI" be a lattice in a product of higher rank almost simple
connected algebraic groups with finite center over local fields.

Let d € N be such that every homomorphism from a finite index subgroup I'y < T
to GL(d, Z) has finite image.

Then for any right-angled Artin group A with dg;(A) < d, any homomorphism from I'
to Out(A) has finite image.
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Proof. — Given a graph X, we say that a partial order < on the vertex set of X is admissible
if we have Ik(v) C st(w) whenever v < w. We define Out®(A4y, <) to be the subgroup
of Out(Ay) generated by partial conjugations and transvections of the form v +— vw with
v < w. In particular, if <y, 1s the order defined by declaring that v <y,x w whenever
Ik(v) < st(w), then it follows from [36] that Out®(Ax, <max) is @ normal subgroup of
finite index in Out(Ay). We define dgz, (X, <) as the maximal size of a clique in X made
of vertices that are pairwise <-equivalent (two vertices v, w are <-equivalent if v < w and
w < v). In particular dg;,(Ax) = dsr(X, <max). We note that if ¥ C X is an induced
subgraph (i.e., whenever Y contains two vertices of X joined by an edge in X, then Y also
contains this edge), then the restriction <)y of < to Y is an admissible partial order on Y,
and dsp (Y, <)y) < dsp(X,=).

Fix d > 0 and I' a lattice as in the statement. We will prove by induction on the
number of vertices in X that if (X, <) is a graph with an admissible partial ordering such
that dgz (X, <) < d, then every morphism p : I' — Out®(Ay, <) has finite image. Since
Out® (Ax, <max) has finite index in Out(Ay ), the result will follow.

To prove the claim, first assume that X is disconnected. The Grushko decomposition
of Ay is of the form

Ax = Ax, *---*x Ax, * Fn,

where X1, ..., Xy are the connected components of X which are not reduced to a point, and
X has N connected components reduced to a point. Any automorphism in Out’(A4y, <)
preserves the conjugacy class of each Ay, . Since Ay, is its own normalizer, there is a restric-
tionmap r : Out’(4yx, <) — ]_[f-‘=l Out(Ay; ) whose kernel is contained in Out(Ay, {Ax; 1),

Looking at the image of the generators, we see that the image of r is contained in
]_[f-;l OutO(AXl.,<\Xi). Since dsr (Ax;, <|x;) < dspL(X,<) < d, our induction hypo-
thesis shows that r o p(I") is finite. Thus, for some finite index subgroup I'y C I', we have
p(T'o) C Out(Ax,{Ax; 1), To deduce that p has finite image, it suffices to check that we
can apply Theorem 1. Since a right-angled Artin group is the direct product of its center
by another right-angled Artin group, it is enough to check that any morphism from Iy to a
right-angled Artin group is trivial. This follows from the fact that 'y has property (7'), and
that right-angled Artin groups are cubical.

We now assume that X is connected. First, if the center of Ay is nontrivial, then it is
generated by the vertices in a clique C C X. By [13, Proposition 4.4], there is a morphism
¥ : Out®(Ax, <max) = Out(Ac) x Out(Ax\c)

whose kernel is free abelian. By Lemma 4, it is enough to check that the image of I'
in Out(Ac) x Out(Ax\c) is finite. By looking at the images of the generators, we see that

W (Out®(Ax, <)) € Out’(Ac, <|c) x Out’(Ax\c, <|x\c)-

Notice that Out’(4c, <|c) is isomorphic to a block-triangular subgroup of SL(#C, Z), and
the maximal size of a block is d(C, <|c) < d. Therefore the image of I' in SL(#C,Z) is
virtually unipotent, hence finite since finite index subgroups of I" have finite abelianization.
The fact that any morphism from I to Out®(4 x\c» <|x\c) has finite image follows from our
induction hypothesis and we are done in this case.
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We finally assume that Z(Ay) is trivial. By [13, Corollary 3.3], there is a morphism
¥ : Out’(Ax) — [ [ Out® (Awup)

where the product is taken over all maximal equivalence classes of vertices [v] for the
order <max. The kernel K of W is a free abelian group [13, Theorem 4.2]. By looking at the
image of the generators, we see that

W(Out’(dy. <)) C [ [ Out® (Auquy- <pqu))-
By induction, the image of p(I") under W is finite. Lemma 4 concludes the proof. O

Background on free products and their automorphisms

The rest of this appendix is devoted to the proof of Theorem 1. We start with some back-
ground on free products and their automorphism groups. We denote by ¥ the collection of
all conjugacy classes of the subgroups G;, and write Out(G, ) and Out(G, & (’)) instead
of Out(G, {G;}) and Out(G, {G; }V). A subgroup of G is peripheral if it is conjugate into one
of the subgroups G;.

A theorem of Kurosh [32] states that every subgroup H C G inherits a free product
decomposition H = (xjey H;) * F, where each H; is conjugate to a subgroup of one of the
peripheral subgroups G;, and F is a free subgroup of G. We denote by ¢# g the collection
of all H-conjugacy classes of the subgroups H;.

A (G, &f)-tree is an R-tree T equipped with a G-action, such that every peripheral
group G; fixes a point in T. A (G, &f)-free splitting is a minimal (i.e., without proper
invariant subtree), simplicial (G, &¥)-tree with trivial edge stabilizers. A (G, &F)-fiee factor
is a subgroup of G that coincides with a point stabilizer in some (G, ¢f)-free splitting. More
generally, a free factor system of (G, 5f) is a collection of subgroups of G that arises as the
collection of all nontrivial point stabilizers in a (G, & )-free splitting. A free factor system &F
is smaller than &' if any group in &7 is conjugate into a group in &7 (equivalently, the free
splitting defining & dominates the one defining ). A (G, &F)-free factor is proper if it is
nonperipheral (in particular nontrivial) and not equal to G. In the Kurosh decomposition
inherited by a free factor A, the set J is finite, and the free group F is finitely generated.

A relative Z-splitting is a minimal, simplicial (G, §F)-tree with edge stabilizers trivial or
cyclic and nonperipheral. The graph of relative #-splittings, denoted by FZ(G, &), is the
graph (equipped with the simplicial metric) whose vertices are the homeomorphism classes
of relative Z-splittings, with an edge between two splittings S, S’ if they have a common
refinement (i.e., there exists a relative Z-splitting S which admits G-equivariant alignment-
preserving maps onto both S and S’). Hyperbolicity of the graph of relative Z-splittings was
first proved by Mann in the context of free groups [41], and extended to the general case
in [23]. The group Out(G, &f) has a natural action on FZ(G, ).

Proof of the main theorem

We start by stating two lemmas that will be useful in our proof of Theorem 1.
Since Gid /Z(G;) maps to (G; / Z(G;))? with central kernel, Lemma 4 yields the following
statement.

LemMaA 7. — Under the hypotheses of Theorem 1, for every finite index subgroup 'y C T,
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1. Every morphism from I’y to G; has finite image.

2. Forall d € N, every morphism from I'y to Gid/Z(Gl-), where Z(G;) sits in Gid via the
diagonal inclusion map, has finite image.

A (G, &)-tree is very small if pointwise stabilizers of nondegenerate arcs in T are either
trivial, or cyclic and nonperipheral, and tripod stabilizers are trivial. Our second lemma
concerns morphisms from a higher rank lattice to a subgroup of G that stabilizes a point
in a very small (G, &f)-tree.

LeEMMA 8. — Let T be a very small (G, 5F)-tree, and let G, € G be a point stabilizer in 7.
Letd € N. Then under the assumptions of Theorem 1, every morphism from I' to G¢ / Z(G,,)
(where Z(G,) sits in Gf via the diagonal inclusion map) has finite image.

Proof. — As above, it is enough to prove that every morphism p : I' — G,/Z(G,) has
finite image. The subgroup G, € G inherits a free product decomposition G, = (x; H;) * F,
where each H; is conjugate into some peripheral group G;, and F is a free group.

Since G, is a point stabilizer in a very small (G, f)-tree, each subgroup H; in this
decomposition is actually equal to a conjugate of some G; (it cannot be a proper subgroup
of G;): this is because in a very small (G, &f)-tree, every peripheral subgroup fixes a unique
point.

The conclusion obviously holds if G, is isomorphic to Z, and it holds by hypothesis if G, is
a conjugate of one of the subgroups G;. In all other cases, the center Z(G,) is trivial. It then
follows from Theorem A that the image of p : I' — G, is contained in one of the factors H;,
and the first assertion of Lemma 7 implies that this image is finite. O

Proof of Theorem 1. — We assume that all subgroups G; are nontrivial. We define the
complexity of (G, of) as £(G, &) := max(k — 1,0) + N (this is the number of edges
of any reduced Grushko (G, ¢¥)-tree). The proof goes by induction on £(G, &F). Let
p: ' = Out(G, @70)) be a homomorphism.

Initialization. — We first treat the cases where £(G, &) < 1.

* The statement is obvious if either k = land N =0(i.e, G = Gy)ork =0and N =1
(ie, G =7).

xIfk =2and N = 0,i.e., G = G * G, then by [37], the group Out(G, {G, G2}?) is

isomorphic to G/ Z(G1) x G2/ Z(G>), and the result follows from our hypothesis that every
homomorphism from I' to either G1/Z(G1) or G,/ Z(G>) has finite image.

«Ifk = land N = 1,ie, G = G; * Z, then by [37], the group Out(G, {G,}?) has
a subgroup of index 2 isomorphic to (Gy x G1)/Z(G1) (where Z(G,) sits as a subgroup
of G x G via the diagonal inclusion map). The result then follows from the second assertion
of Lemma 7.
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Inductive step. — We now assume that £(G, ¢f) > 2. Theorem A ensures that (up to
replacing T" by a finite index subgroup) the image p(T") in Out(G, &F (t)) acts elementarily
on the Z-splitting graph FZ(G, &f). By [25, Theorem 4.3], either p(T") virtually fixes the
conjugacy class of a proper (G, &)-free factor, or else it virtually fixes the homothety class
of a very small (G, &F)-tree with trivial arc stabilizers.

Up to replacing I by a finite index subgroup, we first assume that p(T") fixes the conjugacy
class of a proper (G, &)-free factor A. We denote by #' the smallest free factor system
of (G, &) such that A € . There is a morphism

¢ : p(I') > Out(4, F7)

whose kernel is contained in Out(G, &'¥). We have £(A4, Fia) < E(G,f) so a first
application of the induction hypothesis shows that ¢ has finite image. Hence p(T") is virtually
a subgroup of Out(G, F'®). We also have £(G, &) < £(G, &) so a second application of
the induction hypothesis shows that p(I") is finite.

We now assume that p(T") fixes the homothety class of very small (G, oF)-tree T with
trivial arc stabilizers. There is a morphism A : p(I') — R, given by the homothety factor
(i.e., A(®) is the unique real number such that 7.& = A(®).T"). The morphism A has finite
(hence trivial) image because R is abelian. Therefore p(I") is contained in the stabilizer
Stab(T) of the isometry class of 7. Since point stabilizers in T are malnormal in G, there is
a morphism ¥ from p(T") to the direct product of all subgroups Out(G,, ¥ |(IG)U), where G,
varies among a finite set of representatives of the conjugacy classes of all nontrivial point
stabilizers of T'. The kernel of v is contained in the subgroup Stab(7, {G,}®)) made of auto-
morphisms that fix the isometry class of T and act by conjugation on each subgroup G,.
We also know that G, is finitely generated [24, Corollary 4.5], so the Kurosh decomposition
of G, is finite, i.e., it has finitely many factors, and the free subgroup arising in the decom-
position is finitely generated. For all branch points v of T', we have £(G, ¢ |g,) < §(G. &)
(see the proof of [25, Theorem 6.3]), so by induction i has finite image. So p(I") is virtually a
subgroup of Stab(7, {G,}®). By [21], Stab(T, {G,}®) virtually injects into a direct product
of Gg v/Z(Gy), where d,, denotes the degree of v in T'. It then follows from Lemma 8 that
p has finite image, as required. O
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