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Abstract—When solving multidimensional problems of gas dynamics, finite-volume schemes using
complete (i.e., based on a three-wave configuration) solvers of the Riemann problem suffer from
shock-wave instability. It can appear as oscillations that cannot be damped by slope limiters, or it can
lead to a qualitatively incorrect solution (carbuncle effect). To combat instability, one can switch to
incomplete solvers based on a two-wave configuration near the shock wave, or introduce artificial vis-
cosity. The article compares these two approaches on unstructured grids in relation to the EBR-
WENO scheme for approximating convective terms and the classical Galerkin method for approxi-
mating diffusion terms. It is shown that the method of introducing artificial viscosity usually makes it
possible to more accurately reproduce the flow pattern behind the shock front. However, on a three-
dimensional unstructured grid, it causes dips ahead of the front, the depth of which depends on the
quality of the grid, which can lead to an emergency stop of the calculation. Switching to an incomplete
solver in this case gives satisfactory results with a much lower sensitivity to the quality of the mesh.

Keywords: edge-based scheme, unstructured mesh, artificial viscosity, carbuncle instability, WENO
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DOI: 10.1134/S2070048221040050

1. INTRODUCTION

For the numerical modeling of gas-dynamic f lows with discontinuities, finite-volume schemes are
most successfully used. The finite-volume scheme is characterized by three components: (1) a scheme for
an approximate solution of the Riemann problem on the decay of a discontinuity to determine the f low
through the face of a grid cell (hereinafter, for brevity, we will call it a solver); (2) by the reconstruction
method, i.e., determining the values on the left and right on the face, supplied to the input to the solver;
and (3) by the method of time integration. The schemes built within the finite-volume approach are con-
servative in construction: the stability and selection of a solution consistent with the entropy inequality is
expected in practice due to the use of solvers. The calculation accuracy, characterized primarily by the
value of the numerical dissipation, is determined by both the reconstruction method and the choice of the
solver.

The most widely known is linear variable compensation with a slope limiter (see [1–3] and others).
Since TVD constraints (constraints that ensure that the total variation of the solution when solving a scalar
equation does not increase) lead to excessive numerical dissipation in the domain of a smooth solution, a
combined approach is often used, in which the constraint is used only in part of the computational
domain. Another, also well-known approach for determining the predisposed values is reconstruction
based on ENO [4] (ENO with subgrid reconstruction [5], WENO [6–9], TENO [10, 11], and their
numerous modifications). As a rule, their use provides correct computation in conjunction with any of the
common solvers. All of these schemes, except ENO with subgrid reconstruction, naturally generalize to
multidimensional Cartesian grids.

On an unstructured grid, the reconstruction of variables becomes much more complicated, although
the basic approaches to modeling discontinuous solutions remain the same. Linear reconstruction with
slope limiters was used in [12–14] for circuits with the definition of variables at the nodes and in [15, 16]
with the definition of variables in the sense of the integral average over the grid element. WENO schemes
with multidimensional polynomial reconstruction were studied in [17–21]. The schemes based on this
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approach reproduce the unsteady f low behind the shock wave front better than others (in problems where
it takes place), but they have an excessively high computational cost.

The EBR-WENO scheme [22, 23] is a synthesis of the technique of the quasi-one-dimensional recon-
struction of variables on unstructured grids and a finite-difference WENO scheme (in the terminology of
[8]) or a WENO class A scheme (in the terminology of [9]). Thus, it combines the relative simplicity with
the low computational cost of schemes with linear reconstruction and the accuracy of finite-difference
WENO schemes on uniform grids. Moreover, the EBR-WENO scheme allows the use of any solver.

In the one-dimensional case, the suppression of oscillations at the discontinuity is related almost
exclusively to the choice of a suitable reconstruction method. However, in the multidimensional case and,
moreover, on an unstructured grid, the use of a reconstruction that ensures the boundedness of the total
variation of the solution for the scalar equation is no longer sufficient. Full solvers, that is, solvers based
on the three-wave model (Godunov, Roe, HLLC flows), allow us to achieve better accuracy than incom-
plete ones based on the two-wave model (Lax–Friedrichs–Rusanov (LFR) flows, HLL); for a detailed
description of all the listed solvers, see [24]. However, finite-volume schemes using full solvers suffer from
shock-wave instability. This effect takes place even when using the basic scheme without reconstruction
(or, which is the same, with the reconstruction of physical variables by a piecewise constant function), and
even more so when using complex reconstructions such as WENO or EBR-WENO. Instability can man-
ifest itself in the form of oscillations on shock waves that are not suppressed by the slope limiters, or lead
to a qualitatively incorrect solution (carbuncle effect). To combat this effect, one can switch to incomplete
solvers near the shock wave. This approach was proposed in [25], but the rule by which this switching is
performed usually remained a tuning parameter.

An alternative approach to combat shock-wave instability was proposed by A.V. Rodionov [26, 27] and
consists of introducing artificial viscosity in the form of an additional additive to molecular viscosity (and,
together with this, to the coefficient of thermal conductivity). It is important that a formula is used for the
viscosity coefficient that does not need to be adjusted for each new task.

This study continues the development of the EBR-WENO scheme. On two-dimensional and three-
dimensional model problems, a comparison is made of the two methods described above for suppressing
shock-wave instability, and the switch to incomplete solvers is carried out according to the same condition
according to which this viscosity is introduced in the artificial viscosity method. The results are summa-
rized in the conclusion section.

2. DESCRIPTION OF THE NUMERICAL METHOD

Throughout this study, the Euler equations are considered; the adiabatic exponent is 1.4. All the cal-
culations are performed on tetrahedral grids and grid functions are defined at the nodes. Conservation
laws are written for dual cells. The f low through the face of the dual cell is determined according to the
Roe scheme [28] or the LFR scheme [29], into which the values of the characteristic variables recon-
structed using the EBR-WENO method [22, 23] are substituted.

In the description of the calculations carried out below, one of the two approaches for suppressing the
shock-wave’s instability can be indicated. Switching to an incomplete solver means that the LF solver is
used to calculate the f low between the control volumes of the nodes, at least one of which is in the vicinity
of the shock wave, and in other cases the Roe flow is used. A node is considered to be in the vicinity of the
shock wave if . The use of artificial viscosity and thermal conductivity means carrying
out the calculation within the framework of the Navier-Stokes equations, and the coefficient of dynamic
viscosity in the mesh node, in accordance with [26], is assumed to be

(2)

Here ρ and a are the density and speed of sound in a node, l is the the local grid step (defined as the max-
imum height among all tetrahedra incident to this node). Index + means that  is assumed to be zero if
the expression in parentheses is negative. Constant Cth is equal to 0.05, and the thermal conductivity coef-
ficient is recalculated according to the viscosity coefficient based on the condition Pr = 0.72. The diffu-
sion terms are approximated by the classical Galerkin method with linear basis functions.

div 0thC a l+ <u

2( 0.5 (div )) .AV th al C l += − +μ ρ u

AVμ
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3. SHOCK WAVE PROPAGATION

Before proceeding to tests with a meaningful physical formulation, let us investigate how the scheme
reproduces the propagation of a plane shock wave on an unstructured tetrahedral mesh. We will use an
isotropic quasi-uniform mesh with the characteristic edge length h = 1/40. Its cleavage is shown in Fig. 1.

Let us set the initial data in the form of a shock wave with the Mach number M = 3, incident on the
field ahead of the front ρR = pR = 1, uR = 0. At the initial moment, the wave front coincides with the plane
x = –4, the calculation is carried out before the time tmax = 1.8.

The result of the calculation according to the EBR-WENO scheme with the Roe solver on an unstruc-
tured tetrahedral mesh is shown in Fig. 2. Each point corresponds to the value of the grid function at one
grid point. The dips at x ~ –2.7 and at x ~ –0.75 are start-up errors, that is, waves arising from the smooth-
ing of the initial wave profile by the numerical scheme, see [30, §15.8.4]. The first dip is an acoustic wave
and the second dip is an entropy wave. These failures are inevitable and, at the same time, do not pose a
problem for most applied problems.

Figure 2 shows that there are oscillations behind the shock front (which is typical for all high-precision
schemes on unstructured grids). However, there are no numerical artifacts ahead of the shock front.

Let us investigate the appearance of numerical artifacts ahead of the shock front when the mesh quality
deteriorates. To do this, we multiply the coordinates along the axes y and z of all grid nodes by coefficients
hy/hx and hz/hx, respectively, and we leave the coordinate along the axis x unchanged. In Fig. 3 we will
depict the dependence of the minimum density and minimum pressure on time for different hy/hx and
hz/hx coefficients. The top row corresponds to scaling by only z; and the bottom one, to the same scaling
by y and z. The Roe scheme was used to solve the discontinuity decay problem. It is seen that with an
increase in anisotropy, density dips appear and grow.

Fig. 1. Cleavage of the computational grid used in the calculation of the transfer of the shock wave.
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Fig. 2. General view of the shock wave (left) and an enlarged image of the graphs of density and pressure behind the front
(right).
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Fig. 3. Dependence of the minimum density and pressure for grids with different anisotropy coefficients in calculations
without artificial viscosity.
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Now let us carry out the same experiment, including artificial viscosity and thermal conductivity. The
corresponding results when using the Roe and LF flows are shown in Fig. 4. It can be seen that dips appear
in pressure and, to a lesser extent, in density, and this occurs at much lower anisotropy coefficients than
in the absence of diffusion terms. The reason for this effect is that the approximation of the Laplace oper-
ator by the Galerkin method with piecewise linear basis functions does not satisfy the discrete maximum
principle on a grid with obtuse-angled elements [31, Appendix E]. Note that when modeling high-Reyn-
olds f lows, this does not lead to problems in approximating diffusion terms, since the coefficients for them
are small, including when using turbulence models. For stationary problems, presumably, it is possible to
use the nonlinear approximation of the Laplacian, developed for the stationary convection-diffusion
problem and monotonic on unstructured grids under very weak constraints on the shape of the elements
[32, 33]; however, the possibility of using this method for nonstationary problems is unclear. A linear
monotonic approximation of the Laplacian, as indicated in [32], is not known.

The appearance of time gaps seems to be random, since the position of the nodes of the unstructured
mesh possesses this randomness. When scaling the mesh twice, these dips become clearly visible; with the
further deterioration of the grid quality and/or an increase in the Mach number of the shock wave, these
dips can reach negative pressure values and thus lead to an emergency stop of the calculation. Using an
incomplete solver for the Riemann problem, as seen in Fig. 4 (left column), reduces the depth of the dips,
but does not solve the problem.

Using a MinMod limiter instead of a WENO reconstruction avoids pressure dips for a much higher
degree of anisotropy. The results using the Roe solver are shown in Fig. 5. When using the LF solver for
meshes with hz/hx = hy/hx = 1/8, dips in density and pressure were observed only at t < 0.01, that is, during
the period of smoothing of the initial profile of the shock wave.

4. SUPERSONIC FLOW AROUND A CYLINDER

In this and the next sections, we will consider two-dimensional problems on triangular meshes with
almost no obtuse triangles. Since the approximation of the Laplacian by the classical Galerkin method
with piecewise linear basis functions on grids without obtuse-angled elements is monotonic, the problems
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described in the previous section do not arise. We compare two methods for suppressing shock-wave
instability: switching to a two-wave solver and introducing artificial viscosity in the form of an addition to
molecular viscosity.

WE consider a supersonic f low around a cylinder with the Mach number M = 3. The computational
domain is set by the inequalities 1 < r < 3 and 105° < ϕ < 255° and, as well as by a cover with an unstruc-
tured triangular mesh with a step of 0.026. The total number of triangles is 34016, of which 17 are obtuse.

Let us carry out the calculations with the following settings: (a) using the Roe solver without artificial
viscosity; (b) the same with artificial viscosity; and (c) with a switch to the LFR solver in the vicinity of a
shock wave without artificial viscosity. For each of the options, we will carry out calculations (1) according
to the EBR-WENO scheme and (2) according to the EBR-WENO scheme with a switch to EBR-Min-

Fig. 4. Dependence of the minimum density and pressure for grids with different anisotropy coefficients in calculations
with artificial viscosity and thermal conductivity.
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Fig. 5. Dependence of the minimum density and pressure for meshes with different anisotropy coefficients in calculations
with artificial viscosity and thermal conductivity using the MinMod limiter.
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Mod in the vicinity of the shock wave. The calculation results are summarized in Fig. 6, which shows 25
isolines of the local Mach number, ranging from 0.1 to 25 with a step of 0.1.

First of all, we note that the only calculation that converged to a stationary solution was the calculation
with the introduction of artificial viscosity and aswitch to the MinMod limiter. Accordingly, the results of
this calculation are the most accurate. The scheme with a switch to the MinMod limiter and an incom-
plete solver also gives an acceptable result. In the results of the other calculations, strong oscillations are
observed.

Next, we will carry out calculations in the same geometry, but with the Mach number M = 10. The
results of the calculations using the EBR-WENO scheme with a switch to EBR-MinMod in the vicinity

Fig. 6. Calculation results for the problem of supersonic f low around a cylinder: (a) Roe solver; (b) the same with artificial
viscosity; (c) LFR solver without artificial viscosity. Top row: EBR-WENO scheme; bottom row: EBR-WENO circuit
with a switch to MinMod in the vicinity of the shock wave.
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of the shock wave are shown in Fig. 7: on the left, using artificial viscosity; and on the right, with a switch
to an incomplete solver in the vicinity of the shock wave. The third calculation, without suppressing the
carbuncle-instability, ended with an emergency stop due to the occurrence of negative pressure. As with
M = 3, the use of artificial viscosity gives a better result and allows us to achieve a stationary solution.

5. MACH DOUBLE REFLECTION PROBLEM
Let us now consider the problem of a double Mach ref lection. Although the use of unstructured grids

makes it possible to calculate this problem in a physical setting [34], we will use the classical setting [35].
The calculation is carried out in the area 0 < x < 3, 0 < y < 1. The initial data are set in the form of a shock
wave, the front of which passes through the point (1/6, 0) and the normal to the front of which is rotated
by 30 degrees clockwise relative to the X axis. The values ahead of the front (to the right of the front) are
set equal to ρR = 1.4, uR = 0, and pR = 1; and to the left of the front, equal to ρL = 8, |uR | = 8.25, and pR =
116.5 (uR is directed normal to the front). To avoid contamination of the solution by the parasitic wave
arising from the rearrangement of the shock wave front under the grid profile, Rodionov’s technique of is
used [27]. At each time step, the values in all cells lying to the top left of all discontinuities and removed
by more than 5l from them, for all physical variables, are kept equal to the exact solution for the shock wave
in free space. An exact solution is also specified at the upper boundary of the computational domain.

The results of calculations on an unstructured mesh with the characteristic edge length h = 1/240 are
shown in Fig. 8. Visually, both methods (the Roe solver with artificial viscosity and the Roe solver with a
switch to the LFR solver without viscosity) give similar results. In particular, both approaches avoid the
curvature of the Mach stem. A detailed examination shows that when switching locally to an incomplete
solver, the head jump is slightly thicker.

For comparison, Fig. 9 shows the result of the calculation according to the EBR-MinMod scheme in
the entire computational domain (Roe solver, with artificial viscosity). It can be seen that the vortex on
the right side of the computational domain dissipated very strongly due to the numerical viscosity intro-
duced by the MinMod limiter. This confirms the need to use more accurate reconstructions than the lin-
ear reconstruction with the MinMod limiter outside the vicinity of the shock wave.

6. SUPERSONIC FLOW AROUND A SPHERE
Let us turn to three-dimensional calculations and consider the problem of a supersonic f low around a

sphere with the Mach number M = 10. The computational domain is set by the inequalities 1 < r < 1.8,

Fig. 7. Calculation results for the problem of supersonic f low around a cylinder at M = 10. EBR-WENO circuit with a
switch to MinMod in the vicinity of the shock wave. Left: Roe solver with artificial viscosity; right: Roe solver with a
switch to LFR solver, no artificial viscosity.
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105° < ϕ < 255°, where ϕ is the angle with the axis x. We cover an unstructured tetrahedral mesh with a
step of 0.03 (coarse mesh), and we will also use a mesh obtained by grinding a coarse mesh (fine mesh).
The total number of tetrahedra in the coarse mesh is 1185311, of which 485238 (41%) are obtuse-angled
(i.e., such that the center of the circumscribed sphere lies outside the tetrahedron). The crushed mesh
contains 9 482488 tetrahedra, of which 3436878 (36%) are obtuse-angled.

Let us calculate this problem using the same schemes as the previous one. The results of the calcula-
tions in the section z = 0 are shown in Fig. 10.

It can be seen from Fig. 10 that, on a coarse mesh, the introduction of artificial viscosity made it pos-
sible to obtain a more symmetric f low pattern than switching to an incomplete solver of the Riemann
problem. However, on a fine mesh, both schemes gave an asymmetrical picture. This result is consistent
with the fact that on a coarse grid, only calculation (a) converged to a sufficiently small discrepancy. In
calculations (b), (c), and (d), the result was visually established as shown in Fig. 10; however, persistent
oscillations remained at the shock front. Presumably, these f luctuations, depending on the random
arrangement of the nodes of the unstructured mesh, determine the observed asymmetry in the solution.

Let us also indicate the minimum pressure value for all grid nodes. In the calculations with a switch to
an incomplete solver without using artificial viscosity, it did not fall below 0.9999 when using an explicit
scheme in time and decreased with an increasing time step when using an implicit scheme. When using

Fig. 8. Results of calculating the problem of double Mach reflection. EBR-WENO circuit with a switch to MinMod in
the vicinity of the shock wave. Top: Roe artificial viscosity solver; bottom: Roe solver with a switch to LFR solver, no arti-
ficial viscosity.
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artificial viscosity and the Roe solver, it weakly depended on the Courant number and was approximately
0.948 on a coarse grid and 0.886 on a refined grid. With the simultaneous use of artificial viscosity and
switching to an incomplete solver, the minimum pressure on the refined mesh is approximately 0.997.

7. CONCLUSIONS

In this study, two methods of suppressing shock-wave instability were considered, namely, the intro-
duction of artificial viscosity on the shock wave and local switching to an incomplete solver of the Rie-
mann problem. These methods are compared in relation to the EBR-WENO scheme for approximating
convective f luxes and the Galerkin method with piecewise linear basis functions for approximating the
diffusion terms on unstructured triangular and tetrahedral meshes. Both methods successfully suppress
shock-wave instability, but exhibit different properties.

On grids of acute-angled triangles, the introduction of artificial viscosity is preferred. However, on the
grids containing obtuse-angled elements, violation of the discrete maximum principle for the discrete
Laplace operator can lead to the appearance of dips ahead of the shock front. These dips deepen as the
mesh quality deteriorates. They can cause additional numerical oscillations, and when negative values are
reached, an emergency stop of the counting. When switching in the shock wave zone from the WENO
reconstruction to the MinMod limiter, the depth of the holes decreases significantly.

The method of switching to an incomplete solver of the Riemann problem on grids without obtuse-
angled elements is inferior in quality to the method of introducing artificial viscosity. However, it is much
less sensitive to mesh quality and thus more reliable. The sensor used in [26, 27] to determine the coeffi-
cient of artificial viscosity is suited for determining the zone in which switching to an incomplete solver of
the Riemann problem should be performed.

Also, for the EBR-WENO scheme, the importance of switching to the use of the MinMod limiter in
the shock wave zone was confirmed, as well as, vice versa, the importance of using a high-precision recon-
struction outside the vicinity of the front.
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Fig. 10. Mach number isosurfaces in the central section for the problem of the flow around a sphere at M = 10. EBR-WENO
scheme with switching to MinMod in the vicinity of the shock wave: (a) Roe solver with artificial viscosity; (b) switching
to the LF solver, without artificial viscosity; (c) and (d) the same schemes on a fine mesh.
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