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Abstract

In this work, we investigate the prediction of the flow around a circular cylin-
der from sub-critical to super-critical Reynolds numbers using a hybrid ap-
proach which combines a dynamic variational multiscale (DVMS) large-eddy
simulation (LES) model and a transitional RANS model. In the proposed
hybrid approach, the variational multiscale model, aiming to limit the effects
of the subgrid-scale (SGS) model to the smallest resolved scales, is combined
with the dynamic procedure which provides a tuning of the SGS dissipation
in space and time. For representing laminar to turbulent boundary layer
transition, the equations of the RANS part of the hybrid approach are com-
pleted with a transition model based on an intermittency transport equation.
Results are compared to those of other numerical simulations in the litera-
ture and with experimental data. They highlight the overall good prediction
capabilities of the proposed hybrid strategy for the simulation of such mas-
sively separated flows, even with the use of coarse meshes. In particular, the
intermittency-based hybrid model was found to be able to predict the drag
crisis of a circular cylinder, as well as the sharp increase in vortex shedding
frequency, unlike the equivalent hybrid approach when no laminar-turbulent
transition model is introduced.
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1. Introduction

The flow around a circular cylinder is an important type of flow that oc-
curs in many engineering applications and in the environment. It is an inter-
esting and important benchmark for CFD computations, because, although
the geometry is simple, the physics of this flow is complex, varies with the
Reynolds number and involves a rich variety of physical phenomena. These
include boundary layers, flow separations due to adverse pressure gradients
(not due to geometric singularities, which increases the difficulty of predic-
tion), shear layers, laminar to turbulent transition, and shedding of vortex
structures that are convected downstream and may be eventually broken up
and diffused by turbulent motion. Different flow regimes can be distinguished
depending on the range of Reynolds number (Re) considered: sub-critical,
critical, super-critical and trans-critical (see, for example, [1, 2, 3]).

In the sub-critical regime (103 < Re < 2 × 105), the boundary layers
separate in the laminar regime and the transition to turbulence occurs in the
separated shear-layers. The separation is early, leading to a large wake and
a high value of the drag coefficient of the order of 1.2, the Strouhal number
being approximately 0.2.

For 2× 105 < Re < 5× 105, the critical regime is reached. The boundary
layer remains laminar on one side of the cylinder. On the other side, the
boundary layer is partly turbulent (transition to turbulence occured) and
detaches further downstream from the obstacle, which results in a sudden
decrease in the drag coefficient down to a minimum value of around 0.2.
This phenomenon is known as drag crisis. Asymmetric forces acting on the
cylinder surface are then observed with a non-zero mean lift coefficient. It is
also seen that the Strouhal number increases sharply and that the separation
angle increases up to 130-140 degrees.

In the super-critical regime (5 × 105 < Re < 2 × 106), the laminar to
turbulent transition occurs in the boundary layer on each side of the cylinder,
leading to a late separation and a thinner wake compared to the sub-critical
case. The separation angle reduces from 140 degrees to 120 degrees, resulting
in an increase of the drag coefficient with the Reynolds number.

The Reynolds number range 2 × 106 < Re < 4 × 106 corresponds to the
trans-critical regime. The boundary layers separate in the turbulent regime
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with a laminar-turbulent transition in the front part of the cylinder. The
drag coefficient continues to increase and reaches a plateau up to a value of
0.5-0.6. It is also observed that the Strouhal number decreases.

The flow past a circular cylinder therefore constitutes an interesting and
challenging test case for evaluating the performance of a turbulence model,
especially if a wide range of Reynolds numbers is considered. RANS mod-
els, which are widely used, generally struggle to provide accurate predictions
for flows with massive separation, as for instance flows around bluff bodies.
An alternative approach is large-eddy simulation (LES), which is more accu-
rate for massively separated flows but more computationally expensive than
RANS. Indeed, the LES grid must be fine enough to resolve a significant part
of the turbulent scales, and this becomes particularly critical in the regions
close to the wall. Moreover, the cost of LES increases with the Reynolds
number. In this context, hybrid strategies have been proposed in the liter-
ature, which combine the RANS and LES approaches (see [4, 5, 6, 7] for a
review).

Among the publications dealing with the simulation of circular cylinder
flows by hybrid methods, one can mention the work of Travin et al. [65] in
which Spalart-Allmaras Detached Eddy Simulations (DES) past a circular
cylinder were performed in sub-critical and super-critical regimes. In this
study, the inflow eddy viscosity is set to zero in the laminar-separation cases
and to a non zero value in the turbulent-separation cases in order to manage
the transition. Another interesting work is that of El Akoury et al. [66] in
which, among the different turbulence models used for the simulation of a
circular cylinder flow at Reynolds number 140.000, a DES/OES (Organised
Eddy Simulation) and a DES based on an algebraic Reynolds stress model
were applied, and for which the simulation results were compared to time-
resolved PIV, phase-averaged fields and time-averaged wall pressure results.

The present work is part of a research activity aimed at developing and
validating turbulence modeling approaches for the simulation of fluid dy-
namic problems in an industrial context. In this work, a hybrid approach
blending an intermittency-based RANS model and a dynamic variational
multiscale (DVMS) LES model [8] is proposed and evaluated on the sim-
ulation of circular cylinder flows. In particular, the impact of transition
modeling in the hybrid simulation of such bluff body flows is investigated.
The hybrid strategy adopted in this paper is based on the work presented
in [9] but with a RANS part, given by the k − ε model of Goldberg et al.
[10], equipped with an intermittency transport equation, and the variational
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multiscale model used in [9] as LES part is now combined with the dynamic
procedure [8]. The proposed hybrid model enjoys attractive features such as:
i) DVMS [8] as LES part, which combines the varational multiscale approach
[11], allowing the eddy-viscosity introduced by the LES closure to be re-
stricted to the smallest resolved scales, with the dynamic procedure, [12, 13]
providing a tuning of the SGS disspation in space and time, allows to re-
duce the often excessive damping introduced by SGS eddy-viscosity models.
This is an interesting and important feature when considering scale-resolving
simulation of turbulent flows, in particular those characterized by strong un-
steadiness and vortices that can possibly be transported over a significant
distance.
ii) In the RANS part, the selected k − ε model [10], which shows ability to
properly predict separated flows with adverse pressure gradients, is combined
with a one equation intermittency model, based on the works of Akhter et
al. [14, 15, 16] and Menter et al. [17], which allows to represent laminar
to turbulent transition. These phenomena, separation induced by adverse
pressure gradients and transition, often occur in engineering problems, and
it is therefore important that the selected turbulence approach can properly
take them into account.
iii) The blending strategy, in which the closure terms provided by a RANS
and a subgrid-scale (SGS) eddy-viscosity model are blended together through
the introduction of a blending function [9], permits a natural integration of
the DVMS approach.

The above hybrid model is herein applied to the simulation of the flow
past a circular cylinder for flow regimes ranging from sub-critical to super-
critical using a mixed finite element-finite volume framework. The objective
is to assess the ability of the hybrid model to predict, using grids with a
not too large number of nodes (about 0.6 million), massively separated flows
presenting various physical features that are encountered in engineering ap-
plications and whose physics changes significantly with the Reynolds number.
Particular attention is paid to the prediction of the drag crisis which is a chal-
lenging phenomenon to capture for turbulence models. Many publications
deal with the simulation of the flow around a circular cylinder, but there
are only few works in the literature investigating the drag crisis phenomenon
using three-dimensional computational methods (some contributions can be
found in [18, 19, 20, 21, 22, 23, 24, 25]), with results not always satisfactory
mainly due to insufficiently accurate turbulence models. Among these publi-
cations dealing with the drag crisis, one can mention the work of Lehmkuhl
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et al. [18, 19] whose numerical results obtained with LES on fine meshes
can be considered as reference numerical data due to the detailed analysis
performed of the simulated flows and the prediction accuracy achieved.

The remainder of this paper is organized as follows.
In the next section, we specify the ingredients of the hybrid turbulence ap-
proach used in this work. In particular, some details are given on the tran-
sitional RANS model and the DVMS approach which are combined in the
proposed hybrid strategy. In Section 3, we give some information about the
numerical discretization based on a mixed finite element-fine volume formu-
lation. In Section 4, the hybrid model is applied to the simulation of the
flow around a circular cylinder for flow regimes ranging from sub-critical to
super-critical, with an emphasis on the drag crisis phenomenon. Based on the
numerical results obtained for this flow problem, conclusions are formulated
in Section 5.

2. Turbulence modeling

In this section, we specify the three key ingredients of the proposed hy-
brid approach, namely the RANS part, the LES part and the hybridization
strategy.

2.1. Transitional RANS model

The baseline RANS model used in our hybrid approach is the k − ε
model proposed in Goldberg et al. [10]. This low-Reynolds RANS model
was designed to improve the predictions of the standard k−ε one for adverse
pressure gradient flows, including separated flows, which is an interesting
feature for the prediction of many academic and industrial flows such those
considered in this study.

According to the Reynolds number considered, the flow past a circular
cylinder can be characterized by laminar-turbulent transition in the bound-
ary layers, and the correct capture of this mechanism is essential for an
accurate prediction of these flows. The transition, a complex phenomenon
encountered in many engineering applications and which concerns the whole
process of passing from a laminar to a turbulent flow, is a challenging prob-
lem to take into account by any RANS model. Among the CFD transition
methods proposed in the literature (see [26, 27] for a review), the intermit-
tency approach was chosen in this work to modify the baseline RANS model
with the aim of improving its capability for capturing laminar to turbulent
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transitions. In a first attempt, we combined the one equation intermittency
model of Akhter et al. (details can be found in [14, 15, 16]) with our baseline
k − ε model. This choice was motivated by the fact that, on the one hand,
this model is quite simple since it is based on only one transport equation
governing the intermittency factor γ which defines the fraction of time dur-
ing transition for which the flow is turbulent, and on the other hand, it has
shown good abilities to predict boundary layer transition under the influence
of free stream turbulence and pressure gradient for a flat plate and a turbine
engine. However, as will be seen later, this intermittency model combined
with the k − ε of Goldberg et al. failed in predicting the flow around a
circular cylinder in the supercritical regime. Following the work of Menter
et al. [17], the model of Akhter et al. [14, 15, 16] was modified so that
the intermittency factor γ no longer acts on the eddy viscosity but on the
production and destruction terms in the transport equation governing the
turbulent kinetic energy k of the baseline RANS model, and a zero normal
flux is also imposed on γ at the wall.

The resulting intermittency-based k−εmodel used in our hybrid approach
to deal with the boundary layer region is then given by:

∂ρk

∂t
+∇ · (ρuk) = P̃k − D̃k +∇ · [(µ+ µtσk)∇k]

∂ρε

∂t
+∇ · (ρuε) = (cε1Pk − cε2Dk + E)T−1t +∇ · [(µ+ µtσε)∇ε]

∂ργ

∂t
+∇ · (ρuγ) = cg1γ(1− γ)

Pk
k

+ ρcg2
k2

ε
∇γ · ∇γ +∇ · [σγ(µ+ µt)∇γ]

(1)

P̃k = γPk (2)

D̃k = max(γ,0.1)Dk (3)

µt = cµfµ
k2

ε
(4)

cg1 = 0.19 cg2 = 1.0 (5)

where Pk andDk are the production and destruction terms from the turbulent
kinetic energy equation of the k − ε model of Goldberg et al. (for details
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and constants see [10]). From the above equations, one can notice that the
baseline RANS model is recovered for an intermittency value γ = 1 (fully
turbulent mode).
Following the work of Akhter et al. [14, 15, 16], the production term of
turbulent kinetic energy is set to zero before the onset of the transition
location predicted by the empirical correlation of Abu-Ghannam et al. [28]:

Reθ,S = 163 + exp(6.91− Tu) (6)

where Reθ,S denotes the Reynolds number based on the momentum thickness
at the transition onset location and Tu is the turbulence intensity. Although
the empirical correlation (6) is rather simple, this approximation was found
to be appropriate in the simulations performed by Akhter et al. [14, 15, 16]
for the prediction of transitional flows in turbine blade and flat plate.

With the objective of carrying out hybrid simulations of circular cylinder
flows involving possibly transitional boundary layers, the proposed intermittency-
based k − ε model was evaluated on the flow around a circular cylinder at
Reynolds number 106 (based on the far-field velocity and the cylinder diame-
ter). For this simulation, the computational domain is a cylinder of diameter
20 times larger than the obstacle, and with a span of 2 times the obstacle
diameter. Free-slip is imposed on the side surfaces, and the flow is assumed
to be periodic in the spanwise direction. The inflow Mach number is set to
0.1 so that the compressibility effects can be considered as negligible, and
the inflow turbulence intensity is set to 0.6 %. The mesh of 6× 105 vertices
is radial with a first layer of vertices corresponding to a dimensionless wall
distance of y+ = 1 and with an expansion ratio in the near wall region of
1.08. On the other hand, a uniform meshing along the azimuthal and span-
wise directions is used with 400 and 30 points, respectively, on the cylinder
surface along these directions.

The main bulk flow parameters predicted by the proposed transition
model are summarized in Table 1, together with some experimental data.
The results obtained with the intermittency model of Akhter et al. are also
reported. One can notice the important improvement brought by the present
transition model for all the bulk coefficients presented in this table. The
RANS approach based on the transition model of Akhter et al. was unable
to properly account for the transitional boundary layer leading to an early
flow separation and a too high drag coefficient. The distribution over the
cylinder surface of the mean pressure coefficient, shown in Fig. 1, confirms
this trend.
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As will be seen in the applications part, the good behavior of this transi-
tional RANS model will be confirmed by hybrid calculations of the flow past
a circular cylinder at different flow regimes.

Cd C ′l −Cpb θsep

Present simulation
URANS k − ε− γ (model of Akhter) 0.512 0.23 0.50 110
URANS k − ε− γ (present model) 0.261 0.02 0.25 130
Experiments
Shih et al. [29] 0.24 - 0.33 -
Schewe [30] 0.22 0.02 - -
Gölling [31] 0.22 130
Zdravkovich [2] 0.2-0.4 0.1-0.15 0.2-0.34 -
Roshko [1] 0.29 - 0.34 -

Table 1: Bulk coefficients of the flow around a circular cylinder at Reynolds number 106;
Cd holds for the mean drag coefficient, C ′l is the root mean square of lift time fluctuation,
Cpb

is the mean pressure coefficient at cylinder basis, θsep is the mean separation angle.

Figure 1: Flow past a cylinder at Reynolds number 106: distribution over the cylinder
surface of the mean pressure coefficient obtained in the simulations compared to experi-
mental data (Warschauer [57]). ”URANS-gamma Akhter” holds for the baseline URANS
model equipped with the intermittency model of Akhter, and ”URANS-gamma” is the
present intermittency-based URANS model.

8



2.2. LES-like model: DVMS

We now briefly present the DVMS model which is preferred to the classical
LES approach in our hybrid strategy because of some specific properties, as
will be specified hereafter, that allow this model to have a better behavior in
some regions of the flow, such as shear layers and wakes. Further information
on the description of this approach can be found in [11, 8].

The Variational Multiscale (VMS) model for the large eddy simulation
of turbulent flows has been introduced in [32] in combination with spectral
methods. In [11], an extension to unstructured finite volumes is defined.
In the present work, this method is integrated in the hybridization strategy
for the closure of the LES part. Let us explain this VMS approach in a
simplified context. Suppose the mesh is made of two embedded meshes. On
the fine mesh we have a P 1-continuous finite-element approximation space Vh
with the usual basis functions Φi vanishing on all vertices but vertex i. Let
V2h represents its embedded coarse subspace. Let V ′h be the complementary
space: Vh = V2h ⊕ V ′h. The space of small scales V ′h is spanned by only the
fine basis functions Φ′i related to vertices which are not vertices of V2h. Let

us denote the compressible Navier-Stokes equations by:
∂W

∂t
+∇·F (W ) = 0

where W = (ρ, ρu,E) are the flow variables, ρ being the density, u the
velocity vector and E the total energy per unit volume.
The VMS discretization writes for Wh =

∑
WiΦi:(

∂Wh

∂t
,Φi

)
+ (∇ · F (Wh),Φi) = −

(
τLES(Wh

′),Φi
′) (7)

where F denotes the convective and diffusive fluxes, and Wh
′ represents the

small scale component of the resolved flow variables Wh. For a test function
related to a vertex of V2h, the RHS vanishes, which limits the action of the
LES term to small scales. In practice, embedding two unstructured meshes
Vh and V2h is a constraint that we want to avoid. The coarse level is then built
from the agglomeration of vertices/cells as sketched in Fig. 2. It remains to
define the modeling term τLES(W ′

h). This term represents the subgrid-scale
(SGS) stress term, acting only on the small revolved scale component W ′

h,
and computed from the small resolved scale component of the flow field by
applying either a Smagorinsky [33] or a WALE [34] SGS model, the constants
of these models being evaluated by the Germano-Lilly dynamic procedure
[12, 13]. The resulting model, for which a detailed description can be found
in [8, 11], is denoted DVMS in this paper. It has been checked that combining

9



Figure 2: Building the VMS coarse level: agglomeration of some cells of the dual mesh
into a macro-cell (two-dimensional case).

the VMS approach and the dynamic procedure effectively brings improved
predictions [8].

A key property of the VMS formulation is that the modeling of the dissi-
pative effects of the unresolved structures is only applied on the small resolved
scales, as sketched in Fig. 3. This property is not satisfied by LES models
which also damp the large resolved scales. Important consequences are that
a VMS model introduces less dissipation than its LES counterpart (based on
the same SGS model) and that the backscatter transfer of energy from small-
est scales to large scales is not damped by the model. The VMS approach
then generally allows better behavior near walls, in shear layers and in the
presence of large coherent structures. Moreover, in this work, the dynamic
procedure, which provides a tuning of the SGS dissipation in space and time,
is combined with the VMS approach, which limits its effects to the smallest
resolved scales, so that the resulting DVMS model ensures synergistic effects.

Figure 3: Modeling of the dissipative effects of the unresolved scales: VMS principle.

2.3. Hybrid strategy

The hybrid model adopted in this work is based on the work of Moussaed
et al. [9]. The central idea of this approach is to combine the mean flow
field obtained by the RANS part with the application of the DVMS model
wherever the grid resolution is adequate. In the present hybrid approach,
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the k− ε model of Goldberg equipped or not with an intermittency equation
(see subsection 2.1) is used as the RANS part.

Let us write, in a concise way, the semi-discretization of the RANS equa-
tions as follows:(

∂〈Wh〉
∂t

,Φi

)
+ (∇ · F (〈Wh〉),Φi) = −

(
τRANS(〈Wh〉),Φi

)
(8)

where F represents the convective and diffusive fluxes, 〈Wh〉 denotes the
RANS flow variables, τRANS(〈Wh〉) is the RANS closure term, and Φi are the
basis/test functions.

Given Eqs. (7) and (8), which govern the DVMS and RANS flow variables
respectively, and by introducing a blending function θ which varies between
0 and 1, a natural hybridation writes:(

∂Wh

∂t
,Φi

)
+ (∇ · F (Wh),Φi) =

−θ
(
τRANS(Wh),Φi

)
− (1− θ)

(
τLES(W ′

h),Φ
′
i

)
(9)

where Wh denotes now the discrete flow variables of the hybrid model. More
details about the derivation of Eq. (9), not given here for brevity, can be
found in [9].
From Eq. (9), we can see that the RANS approach is recovered when θ = 1.
Conversely, wherever θ < 1, additional resolved fluctuations are computed
through the last RHS term of Eq. (9), and the full DVMS approach is
recovered as θ → 0.
In the numerical applications presented in this study, for which only the
circular cylinder benchmark is considered, θ is set to 1 in a thin circular
crown around the cylinder containing the boundary layer (i.e. the RANS
model is activated), and in the remainder of the flow, θ is set to 0 (i.e.
DVMS is used), with a smooth transition between these two regions. This
zonal approach was used in the present work in order to ensure that the
entire boundary layer is processed by the RANS model for all flow regimes
considered in the simulations.

3. Numerical discretization

In this section, we briefly recall the main features of the numerical scheme.
More details can be found in [35]. The governing equations, here the Navier-
Stokes equations for compressible flows equipped with a turbulence model,
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are discretized in space using a mixed finite element-finite volume method
which applies to tetrahedrizations (unstructured or structured, depending
on the geometries considered). The adopted scheme is vertex centered (i.e.
all degrees of freedom are located at the vertices). P1 Galerkin finite ele-
ments are used to discretize the diffusive terms. A dual finite-volume grid is
obtained by building a cell Ci around each vertex i. The convective fluxes
are discretized on this tessellation by a finite-volume approach using the ap-
proximate Riemann solver of Roe [36] with low-Mach preconditioning [37].
The MUSCL linear reconstruction method (Monotone Upwind Schemes for
Conservation Laws), introduced by Van Leer [38], is adapted for increasing
the spatial accuracy. The basic idea is to express the Roe flux as a function
of reconstructed values of W at the boundary between two neighboring cells.
Attention has been dedicated to the dissipative properties of the resulting
scheme, which is a key point for its successful application to LES and hybrid
simulations. The numerical dissipation in the resulting scheme is made of
sixth-order space derivatives using suited reconstructions [35]. Moreover, a
tunable parameter directly controls the amount of introduced numerical vis-
cosity, which allows to reduce it to the minimal amount needed to stabilize
the simulation. Time advancing is carried out through an implicit linearized
method, based on a second-order accurate backward difference scheme and
on a first-order approximation of the Jacobian matrix [39]. The resulting nu-
merical discretization is second-order accurate both in time and space, with
a tunable numerical dissipation proportional to high-order space derivatives.

4. Applications

In all the numerical simulations presented in this section, the computa-
tional domain is a cylinder of diameter 20 times larger than the obstacle,
and with a span of 2 times the obstacle diameter, which is greater than or
equal to the spanwise length used for example in the LES computations of
[18, 19, 44, 54, 65]. Free-slip conditions are imposed on the side surfaces and
the flow is assumed to be periodic in the spanwise direction. The inflow Mach
number is set to 0.1 so that the compressibility effects can be considered as
negligible, and the inflow turbulence intensity is set to 0.6 %.

Relatively coarse meshes were designed in this study, which provide suf-
ficient resolution for a hybrid model while not being too computationally
expensive. This was based on previous works by the present authors group
on cylinder flow calculations and on hybrid simulations (see for example ref-
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erences [8, 9]). For each investigated Reynolds number, the mesh of 609.000
vertices is radial with a first layer of vertices corresponding to a dimensionless
wall distance of at most y+ = 1, the expansion ratio in the near wall region
being 1.08, and with a uniform meshing along the azimuthal and spanwise
directions, made of 400 and 30 points respectively on the cylinder surface
along these directions. The resulting meshes are regular and more refined
near the cylinder, so that the boundary layer mesh resolution is sufficient for
a low-Reynolds RANS model (activated via a hybrid model in our case). By
way of example, the computational grid used for the simulations performed
at Reynolds number 106 is depicted in Fig. 4 with a spanwise-cross section
view around the cylinder and in the vicinity of its surface.

Figure 4: Computational grid: vertical cut-plane of the mesh around the cylinder and
zoom close to its surface.

The time step is set to 10−5 s, so that the sampling in time steps of the
vortex shedding period is between 800 and 2100 depending on the Reynolds
number. These values, which allow a fine time resolution of the flows con-
sidered in this work, correspond to a sampling in time as fine or finer than
those used by our team in previous studies (see for example [8]).

For all simulations, statistics are computed by averaging in the spanwise
homogeneous direction and over time for at least 25 vortex-shedding cycles
(for a sensitivity of averaged quantities to the time average interval, see [40]).

Let us add that in the numerical results of the literature presented there-
after, LES simulations, most often carried out on fine grids, are preferred for
comparison purposes.

4.1. Sub-critical regime

We carried out simulations at three sub-critical Reynolds numbers, namely
3900, 20,000 and 105. In this flow regime, the separation is laminar and oc-
curs early, with a large wake and a high value of the drag coefficient.
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The main bulk coefficients and quantities of interest are summarized in Table
2 for the different Reynolds numbers considered. They are compared with
some LES results in the literature and some experimental measurements.

For Reynolds numbers 3900 and 20,000, the results obtained by the
present intermittency-based hybrid model are in good agreement with the
experimental data, with overall prediction accuracy as good or better than
the LES simulations presented in Table 2 which are performed on finer grids
(between 1.3× 106 and 7.6× 106 grid points for references [45, 46, 48]).

For Reynolds number 105, the drag coefficient is slightly overestimated
with a too low value of the base pressure, while the lift fluctutations are
too large. This somewhat high drag value is however more in line with the
MARIN experiments obtained at a Reynolds number slightly higher than
105 which are given in Vaz et al. [61] and shown in Fig. 8. Very few
three-dimensional simulations have been performed at this high sub-critical
Reynolds number. We can mention the LES simulation of Botterill et al.
[22] on a mesh of 2.5 × 106 cells. As it can be seen from Table 2, the
results obtained are not in good accordance with the experimental data,
which confirms the difficulty of simulating the flow past a circular cylinder
at this Reynolds number.

For all the investigated Reynolds numbers, the Strouhal number, com-
puted from spectral analysis of the lift coefficient, is well predicted showing
a good agreement with the measurements. With values close to those ob-
served in the LES simulations presented in Table 2, early separation angles
are obtained by the hybrid approach based on the RANS transition model
which manages to process the boundary layer in laminar mode. On the other
hand, a symmetric flow separation is predicted, as shown in Fig. 10, which
is confirmed by a very small mean lift coefficient (zero when rounded to two
decimal places, see Table 2), as for example observed in the LES simulations
of Behara et al. [44] and Yeon et al. [25] for different sub-critical Reynolds
numbers.

From Table 2, we can also notice that the results are degraded with the
hybrid approach using the baseline RANS model which fails to process the
boundary layer in laminar mode, except for Reynolds number 3900 for which
good predictions are obtained by this model. Indeed, although the hybrid
approach operates in RANS mode in the near-wall region, which means here
that the laminar boundary layer is handled by the baseline RANS model
designed for fully turbulent flows, some RANS models, such as the one used
in this study, can be able in some cases to deal with laminar boundary layers
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due to the low eddy viscosity they introduce into these flow regions. This
observation was also made by D’Alessandro et al. [41] who note about the
behavior of different RANS models in the laminar boundary layer that eddy
viscosity is not exactly zero in the attached boundary layer, but it is small
enough for its effects to be negligible, for the Detached Eddy Simulations
of the flow past a circular cylinder they performed at the same Reynolds
number 3900.

The good behavior of the transitional hybrid approach, and the improve-
ment brought by this model compared to its non-transitional counterpart, is
confirmed in Fig. 5, showing the distribution of the mean pressure coefficient
over the cylinder surface at Reynolds number 20,000 for which experimental
data are available.

Figure 5: Flow past a cylinder at Reynolds number 20,000 (sub-critical regime): distri-
bution over the cylinder surface of the mean pressure coefficient obtained with the hybrid
model with and without transition modeling (in green and purple, respectively), compared
to experimental data (Norberg [43]).

The overall results obtained in the sub-critical regime with the present
intermittency-based hybrid model, in particular at Reynolds numbers 3900
and 20,000, show that a hybrid approach may be suitable to predict such
massively separated flows also at moderate Reynolds numbers, as it was
observed in [41] with the Detached Eddy Simulation of a circular cylinder
flow in the low sub-critical regime.
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Cd |CL| C ′l −Cpb θsep St

Present simulation Re=3900
k − ε/DVMS 0.967 0.00 0.11 0.85 90 0.20
k − ε− γ/DVMS 0.998 0.00 0.11 0.86 88 0.21
Simulation
LES of Kravchenko [45] 1.04 - - 0.94 88 0.21
LES of Park [46] [0.99-1.04] - - [0.89-0.94] - 0.21
Experiments
Norberg [42, 43] 0.97 - 0.10 0.84 - 0.21
Ong [47] - - - - - 0.21
Present simulation Re=20,000
k − ε/DVMS 1.102 0.00 0.60 0.85 85 0.22
k − ε− γ/DVMS 1.227 0.00 0.48 1.19 89 0.21
Simulation
LES of Aradag [48] 1.20 - - 1.25 - -
VMS-LES of Wornom et al. [49] 1.27 - 0.60 1.09 86 0.19
Experiments
Norberg [43, 50] 1.16 - 0.46 1.19 - 0.19
Lim [51] 1.19 - - 1.09 - -
Present simulations Re=105

k − ε/DVMS 0.660 0.00 0.25 0.60 90 0.21
k − ε− γ/DVMS 1.327 0.00 0.77 1.10 90 0.20
Simulation
LES of Botterill [22] 0.72 - - 1.82 90 0.25
Experiments
Norberg [42, 50, 52] 1.21 - 0.52 1.29 - 0.19
Schewe [53] 1.20 - 0.30 - - 0.20
Roshko [1] 1.20 - - 1.16 - -

Table 2: Bulk coefficients of the flow around a circular cylinder at Reynolds numbers
3900, 20,000 and 105 (sub-critical regime). Cd holds for the mean drag coefficient, |Cl|
denotes the absolute value of the mean lift coefficient, C ′l is the root mean square of
the lift coefficient, Cpb

is the value of the mean base pressure coefficient, θsep is the
mean separation angle, and St is the vortex shedding frequency. k − ε/DVMS holds for
the hybrid model without intermittency modeling, and k − ε − γ/DVMS is the present
intermittency-based hybrid model.

4.2. Critical regime

The critical Reynolds numbers investigated in this work are 2.5×105 and
3.8×105, which correspond to those chosen by Lehmkuhl et al. in [18, 19]. In
this flow regime, the flow separation is asymmetric, with a partly turbulent
boundary layer on one side of the cylinder, and a laminar one on the other
side, which is accompanied by a sudden decrease in drag.

16



The bulk flow parameters are presented in Table 3, together with some ex-
perimental data. The LES results of Lehmkuhl et al. [18, 19] obtained on
grids of 38.4 million (Re=2.5× 105) and 48.6 million (Re=3.8× 105) control
volumes, as well as those of Yeon et al. [25] on grids of 67-134 million nodes,
are also reported.

Let us first focus on Reynolds number 2.5 × 105. The drag coefficient
predicted by the intermittency-based hybrid model is underestimated com-
pared to the experimental data but it is consistent with the LES results of
Lehmkuhl et al., and in better agreement with the measurement than that of
Yeon et al. It can also be observed that the Strouhal number is in excellent
agreement with the experiments, and that the base pressure coefficient is a
little underestimated compared to the experimental data and the numerical
results of Lehmkuhl et al. but much larger than the value obtained in the
LES simulations of Yeon et al. The r.m.s. of the lift coefficient is too large
compared to the experimental data and the result of Yeon et al., like the
value obtained by Lehmkuhl et al. which is nevertheless less high. It is also
important to notice that the hybrid model in its transitional version predicts
an asymmetric flow separation with a value of the mean lift coefficient which
is no longer very small (see Table 3), although lower than that obtained by
Lehmkuhl et al., but more in line with the value of the mean lift coefficient
predicted by Yeon at al.

Let us now consider the Reynolds number 3.8 × 105. From Table 3, it
can be noticed that the drag coefficient and the base pressure coefficient pre-
dicted by the hybrid approach combined with the transitional RANS model
are in good agreement with the experimental data and the LES results of
Lehmkuhl et al. The mean lift coefficient and the r.m.s. of this coefficient
are also in line with those predicted by Lehmkuhl et al. The Strouhal num-
ber found corresponds to the first value predicted by Lehmkuhl et al. and is
approximately 30 percent lower than the experimental value given in Table
3. It should be mentioned that the power spectrum of the lift fluctuations
performed in Lehmkuhl et al. [19] show two distinct peaks contrary to what
we can observe in our computations. The scatter observed in the experi-
mental data presented in Fig. 9 in the critical regime shows the difficulty in
evaluating this quantity. Again, the intermittency-based hybrid model pre-
dicts an asymmetric flow separation with a value of the mean lift coefficient
close to that observed by Lehmkuhl et al. (see Table 3).

It is worth mentioning that the hybrid approach, when combined with
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the transitional RANS model, significantly improves the prediction of the
bulk coefficients for both Reynolds numbers considered. In particular, the
baseline RANS model activated in the hybrid approach without transition
modeling predicts a turbulent boundary layer on each side of the cylinder
with symmetric flow separation, which results in symmetric forces acting on
the cylinder surface as indicated by the very small values of the mean lift
coefficient given in Table 3.

Name Cd |CL| C ′l −Cpb St

Present simulation Re=2.5× 105

k − ε/DVMS 0.614 0.00 0.31 0.70 0.30
k − ε− γ/DVMS 0.862 0.15 0.65 0.87 0.20
Simulation
LES of Lehmkuhl et al. [18, 19] 0.83 0.9 0.49 0.99 0.24
LES of Yeon at al. [25] 0.56 0.09 0.12 0.44 0.19
Experiments
Schewe [53] 1.00 - 0.18 - 0.20
Roshko [1] 1.00 - - 0.98 -
Present simulations Re=3.8× 105

k − ε/DVMS 0.583 0.01 0.34 0.60 0.30
k − ε− γ/DVMS 0.458 0.27 0.21 0.53 0.20
Simulation
LES of Lehmkuhl et al. [18, 19] 0.48 0.25 0.22 0.48 0.24/0.36
Experiments
Bearman [62] 0.45 - - 0.51 0.31
Roshko [1] 0.50 - - 0.55 -

Table 3: Bulk coefficients of the flow around a circular cylinder at Reynolds number
2.5× 105 and 3.8× 105 (critical regime). Same symbols as in Table 2

The distribution of the mean pressure coefficient over the upper part and
the lower part of the cylinder surface at Reynolds number 2.5 × 105, de-
picted in Fig. 6, confirms the asymmetric character of the forces acting on
the cylinder predicted by the transitional hybrid model, as observed in the
experiment, with however a higher value of the minimum of this coefficient
compared to the experimental data for both the upper side and the lower side
of the cylinder. On the contrary, the hybrid model without transition mod-
eling predicts a symmetric mean pressure coefficient with a larger deviation
at the rear of the cylinder compared to the measurements.
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Figure 6: Flow past a cylinder at Reynolds number 2.5×105 (critical regime): distribution
over the upper part (purple) and the lower part (green) of the cylinder surface of the mean
pressure coefficient obtained with the present intermittency-based hybrid model (left) and
its counterpart without transition (right), compared to experimental data (Achenbach
[56]).

4.3. Super-critical regime

Two super-critical Reynolds numbers are considered in this work, namely
7.2×105 and 106. In the super-critical regime, a laminar-turbulent transition
occurs on each side of the cylinder, resulting in late flow separation and a
thin wake, as well as symmetric forces acting on the cylinder surface.
The main bulk coefficients obtained in our simulations are shown in Table 4.
They are compared with experimental data and the LES results of Lehmkuhl
et al. [18, 19] on a grid of 89.4×106 control volumes, the LES results of Kim
et al. [54] on a mesh of 6.8× 106 cells, and those of Catalano et al. on a grid
of 2.3× 106 points.

Let us first analyze the results obtained at Reynolds number 7.2× 105 by
the hybrid model in its transitional version. The drag coefficient is in fairly
good agreement with the experiments and the LES results of Lehmkuhl et
al., with a slighlty higher value of the predicted drag, except for the data
from Roshko. As observed in experimental studies [30, 56, 59, 61], this value
is much smaller than those obtained in the critical regime presented in Table
3. As for the Strouhal number, its value is a little too low compared to the
experimental data but consistent with that predicted by Lehmkuhl et al..
The r.m.s. of the lift coefficient is reasonably small, and more in line with
the experimental measurement than the LES results of Lehmkuhl et al. The
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base pressure coefficient matches that of Lehmkuhl et al. and is in good
agreement with the experimental data.

Let us now consider the results predicted by the intermittency-based hy-
brid model at Reynolds number 106 presented in Table 4. It can be first
noticed that the value of the drag coefficient is higher that the experimental
results of Shih [29], Schewe [30] and Gölling [31], but is close to those of
Roshko [1] and falls within the scatter of the experimental data compiled by
Zdravkovich [2], and is also in line with the LES results of Kim et al. and
those of Catalano et al. The r.m.s. of the lift coefficient, very small, is more
consistent with the experimental result of Schewe than the measurements
reported by Zdravkovich. The base pressure coefficient is within the range
of experimental data given by Zdravkovich, although somewhat lower than
the measurements of Shih and Roshko, and that predicted in the LES simu-
lations reported in Table 4. The separation angle is in good agreement with
the experiments. The Strouhal number obtained corresponds to the highest
experimental values presented in Table 4. It can be noticed that two values
of the Strouhal number are reported in some of the presented experiments
which correpond to the sudden decrease of the vortex shedding frequency in
the super- to trans-critical transitional range. This is not observed in our
numerical results and in those of Catalano et al., as well as in the experiment
of Schewe for which this sharp drop of the Strouhal number is measured at
higher Reynolds numbers. However, according to the results of our simu-
lations in the super-critical regime, one can note a strong increase in the
Strouhal number compared to the critical cases considered in our study (see
Table 3), as it was observed in experiments [30, 62] which report an increase
in the vortex shedding frequency when the drag coefficient is approaching its
minimum value.

It can also be noted that the mean lift coefficient predicted by the present
intermittency-based hybrid model is very small for both Reynolds numbers,
which confirms the symmetric flow separation as can be seen in Fig. 10.

Due to the inability of the baseline k − ε model to properly account for
the laminar-turbulent transition in the boundary layer that characterizes this
flow regime, the hybrid model without transition modeling provides, for both
considered Reynolds numbers, poor results which are drastically improved by
the transitional hybrid model.

The good overall prediction of the bulk coefficients obtained by the hybrid
model based on intermittency is confirmed in Fig. 7 which shows the distri-
bution over the cylinder surface of the mean pressure coefficient at Reynolds
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Cd |CL| C ′l −Cpb θsep St

Present simulation Re=7.2× 105

k − ε/DVMS 0.548 0.01 0.31 0.50 110 0.32
k − ε− γ/DVMS 0.246 0.00 0.01 0.22 125 0.43
Simulation
LES of Lehmkuhl et al. [18, 19] 0.21 0.02 0.07 0.22 - 0.45
Experiments
Schewe [30] 0.22 - 0.02 - - 0.47
Gölling [31] 0.21 - - - - 0.49
Roshko [1] 0.27 - - 0.24 - -
Present simulation Re=106

k − ε/DVMS 0.536 0.03 0.30 0.51 110 0.34
k − ε− γ/DVMS 0.289 0.03 0.04 0.25 128 0.50
Simulation
LES of Kim and Mohan [54] 0.27 - 0.12 0.28 108 -
LES of Catalano et al. [55] 0.31 - - 0.32 - 0.35
Experiments
Shih [29] 0.24 - - 0.33 - -
Schewe [30] 0.22 - 0.02 - - 0.44
Gölling [31] 0.22 - - - 130 0.12/0.47
Zdravkovich [2] 0.2-0.4 - 0.1-0.15 0.2-0.34 - 0.18/0.50
Roshko [1] 0.29 - - 0.34 - -

Table 4: Bulk coefficients of the flow around a circular cylinder at Reynolds numbers
7.2× 105 and 106 (super-critical regime). Same symbols as in Table 2

number 106. The results obtained by the hybrid model without transition are
also reported, again showing the improvement brought by the intermittency-
based hybrid model.

4.4. Drag crisis, increase in Strouhal number, wake and shear layer instabil-
ities

We now evaluate the prediction of some important phenomena character-
izing the flow around a circular cylinder provided by the hybrid model with
and without transition modeling.

The drag crisis phenomenon, which is characterized by a sudden drop in
the mean drag coefficient at critical Reynolds numbers as observed in var-
ious experimental studies (see, for example, [30, 56, 59, 61]), is a difficult
mechanism to predict in numerical simulations. Few works based on three-
dimensional calculations have dealt with this phenomenon [18, 19, 20, 21, 22,
23, 24], and for the majority of them the results turned out to be rather inac-
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Figure 7: Flow past a cylinder at Reynolds number 106 (super-critical regime): distribution
over the cylinder surface of the mean pressure coefficient obtained with the hybrid model
with and without transition modeling (in green and purple, respectively), compared to
experimental data (Warschauer [57]).

curate. A successful work on the subject is that of Lehmkuhl et al. [18, 19] in
which, with LES calculations on fine meshes up to nearly 90 million control
volumes, a prediction of the drag crisis in good agreement with the experi-
mental results was obtained.
In Fig. 8, the prediction of the drag crisis by the proposed intermittency-
based hybrid model and its counterpart without intermittency modeling is
presented, as well as the numerical results of Lehmkuhl et al. [18, 19]. Various
experimental data are also reported. It turns out that the results obtained
with the intermittency-based hybrid model are in good accordance with the
experimental measurements, with a correct capture of the drag crisis phe-
nomenon, comparable to that obtained by Lehmkuhl et al. It can also be
noticed that the use of intermittency modeling in our hybrid simulations
drastically improves the prediction accuracy. These results are all the more
satisfactory as the meshes used are not very fine (approximately 0.6 million
nodes). This confirms the usefulness of hybrid turbulence approaches to sim-
ulate turbulent wall flows at a lower cost.

Another important physical phenomenon occurring in the critical regime
is a sharp increase in the Strouhal number as observed in several experimen-
tal studies (see, for example, [30, 31, 43, 56, 62]). Among the very few works
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Figure 8: Impact of the intermittency model (in red) on the drag crisis prediction, in
contrast with the same hybrid model without intermittency modeling (in blue). Compar-
ison with experimental data (Wieselsberger [58], Bursnall [59], Delany [60], Norberg [43],
Schewe [30], Vaz [61]) and the LES results of Lehmkuhl et al. [18, 19].

based on three-dimensional simulations having dealt with this phenomenon
[18, 19, 20, 24, 25], we can still mention the numerical studies by Lehmkuhl
et al. [18, 19], based on LES computations on fine grids, which are certainly
the most accomplished.
The Strouhal number obtained with the proposed intermittency-based hybrid
model and its counterpart without intermittency modeling is summarized in
Fig. 9. The LES results of Lehmkuhl et al. [19] are also reported, along
with various experimental measurements. The dispersion observed in the
experimental data is mainly due to the critical nature of the flow, which
makes the repeatability of the results more difficult. Nevertheless, it can
be observed that the hybrid approach based on transition modeling predicts
reasonably well the rise of the Strouhal number with a correct amplitude,
unlike the same hybrid approach without intermittency modeling, although
the Strouhal number at Reynolds 3.8× 105 is probably lower than expected.

The instantaneous vorticity magnitude field with an extended region
downstream in the wake obtained with the hybrid approach based on inter-
mittency modeling is also shown in Fig. 10 for the various Reynolds numbers
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Figure 9: Impact of the intermittency model (in red) on the prediction of the vortex shed-
ding frequency, in contrast with the same hybrid model without intermittency modeling
(in blue). Comparison with experimental data (Achenbach [56], Bearman [62], Schewe
[30], Norberg [52]) and the LES results of Lehmkuhl et al. [19].

considered in this work. In addition, sequences of instantaneous vorticity
fields are given in Figs. 11, 12 and 13 for Reynolds numbers 105 (sub-critical
regime), 2.5× 105 (critical regime) and 106 (super-critical regime) regarding
the Kelvin-Helmholtz frequency fKH (determined later in this section) for the
first Reynolds number mentioned above and the vortex shedding frequency
fvs for the other two Reynolds numbers. Some well known flow characteris-
tics can be observed, such as a variation, according to the Reynolds number,
in the location at which the boundary layer separates, with an early sepa-
ration in the sub-critical regime and a late separation in the super-critical
regime. One can also notice the Von Karman vortex street behind the cylin-
der at all Reynolds numbers with clockwise rotating vortices (at the top of
the wake) and counterclockwise rotating vortices (at the bottom of the wake),
as well as a reduction in the wake width with the Reynolds number. The
streamwise distance between the emitted vortices also diminishes which is
related to the increase in the Strouhal number, due to the reduction of the
coherent structures. The wake then has a more compact appearance with
more vortices for the same length with respect to lower Reynolds numbers.
These physical features, as well as the three-dimensional character of the flow
and the wake vortical structures, can be highlighted with the visualization
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of the Q-criterion contours for each flow regime (sub-critical, critical and
super-critical), see Fig. 14.

It should also be mentioned that the proposed intermittency-based hybrid
model was able to capture shear layer instabilities, which is clearly visible
at the Reynolds number 105, as can be seen in Figs. 10, 11 and 14. These
Kelvin-Helmholtz instabilities, which play an important role in the transition
to turbulence, lead to the formation of small vortices which are convected
downstream and feed the larger Von Karman vortices. In order to compute
the Kelvin-Helmholtz instabilities frequency, one way consists in computing
the energy spectrum at a sensor located in the shear layers or close to them,
in our case the point (0.3, 0.5, 0) was chosen (point S in the top left image
of Fig. 11), where the cylinder axis corresponds to x = 0 and y = 0, and the
cylinder diameter is 1. The resulting spectral analysis is shown in Fig. 15,
from which a ratio of the Kelvin-Helmholtz frequency to that of the vortex
shedding (fKH/fvs) equal to 37.5 has been deduced. This value is between
that deduced from the scaling proposed by Kourta et al. [63], fKH/fvs =
0.095Re0.5, which in our case would give a ratio equal to 30.1, and the one
deduced from the scaling proposed by Prasad and Williamson [64], fKH/fvs =
0.0235Re0.67, leading to a ratio equal to 52.6.

We would like to mention that the objective of the simulations carried
out in this work is to capture the main physical features of the flow using
not too computationaly expensive three-dimensional grids, together with a
hybrid model, which allow the prediction of important phenomena and main
flow outputs of interest to engineers. The present results show that impor-
tant bulk coefficients, flow characteristics, and physical phenomena like drag
crisis are reasonably predicted, with however less flow details captured in
the present simulations compared to LES computations carried out on finer
grids, such as in [18, 19] for example.

5. Concluding remarks

A hybrid method blending a transitional RANS model and a DVMS ap-
proach has been proposed and investigated in the simulation of the flow
around a circular cylinder using a mixed finite element-finite volume frame-
work. The RANS model is equipped with an intermittency equation so that
the hybrid approach can handle laminar to turbulent transition. An other
positive feature is that the DVMS approach is integrated in the hybridiza-
tion strategy for the closure of the LES part. In order not to degrade the
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Figure 10: Instantaneous vorticity magnitude in spanwise-cross section for various
Reynolds numbers from sub-critical to super-critical flow regimes (from left to right, top
then bottom: Re=3900, Re=20,000, Re=105, Re=2.5× 105, Re=3.8× 105, Re=7.2× 105,
Re=106).

performance of the turbulence model used, the numerical model is based on
a second-order accurate numerical scheme stabilized by a tunable numerical
diffusion proportional to high-order space derivatives.

This hybrid model has been applied to the simulation of the flow past a
circular cylinder for flow regimes ranging from sub-critical to super-critical.
The main flow characteristics are captured and the prediction of the bulk
coefficients in all the considered flow regimes is in overall good agreement
with the measurements and the results of other numerical simulations in
the literature. The challenging problem of the drag crisis phenomenon is in
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Figure 11: Sequence of instantaneous vorticity magnitude fields in spanwise-cross section
for Reynolds number 105 with time sampling equal to (4fKH)−1. The point S in the top
left image denotes the sensor location to compute the energy spectrum for the purpose of
evaluating the Kelvin-Helmholtz frequency.

particular correctly reproduced, as well as the sharp increase in the vortex
shedding frequency when the drag coefficient reaches its minimum. It has
also been observed that the main bulk flow quantities can be reasonably
predicted even with the use of relatively coarse meshes. This confirms the
fact that, at high Reynolds numbers, the hybrid approach is suitable if one
wants to avoid the use of very refined grids leading to huge computational
requirements and costs. On the other hand, the wide range of flow regimes
investigated in this work shows that a hybrid approach can also be suitable
for predicting flows past an obstacle at moderate Reynolds numbers. It also
turned out that the use, in the hybrid method, of a RANS model able to take
into account the laminar to turbulent transition is essential to successfully
simulate massively separated flows such those considered in this work. These
results are encouraging in the perspective of applying this hybrid strategy
to the simulation of complex engineering problems, such as flows over three-
dimensional airfoils in incidence or flows in rotating machines (helicopters,
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Figure 12: Sequence of instantaneous vorticity magnitude fields in spanwise-cross section
for Reynolds number 2.5× 105 with time sampling equal to (3fvs)

−1.

drones).
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