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Introduction

� Flow past a circular cylinder

Figure – Drag crisis [?]

Figure – Illustrate picture of flow separation
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Transition k − ε− γ

� Akhter 2015 transitional model using ε = β∗ωk , equations can be transformed in :

∂ργ

∂t
+∇ · ρuγ = Cg1γ(1− γ)

Pk

k︸ ︷︷ ︸
Production

+ ρCg2
k2

ε
∇γ · ∇γ︸ ︷︷ ︸

Auxiliary production

(1)

+∇ · [σγ(1− γ)(µ+ µt)∇γ]︸ ︷︷ ︸
Dγ

(2)

with Cµg = 10−7 = cµg (β∗)2 and the turbulent viscosity

µ∗t =

[
1 + Cµg

k3

ε2
γ−2(1− γ)‖∇γ‖2

]
cµfµ

k2

ε
(3)

� Initial and boundary condition :

γ∂C = 1, and γ∞ = 0.01 = γ(x, 0) ∀x ∈ Ωf
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Results

Name Mesh size y+
w C d C ′l −C pb Lr θ

Present simulation
URANS k − ε 0.6M 1 0.50 0.24 0.51 1.00 109
URANS k − ε− γ 0.6M 1 0.51 0.23 0.49 1.10 110

Table – Bulk coefficient of the flow around a circular cylinder at Reynolds number 1M

Figure – Gamma field
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� Why the model does not work ?

• idea 1) Too much production : the production term must be defined with the
shear stress

Pγ = µ∗t
∂u
∂y

the production term related variation of velocity with body topology.

• idea 2) γ = 1 on the boundary means that the flow is completely turbulent,
replaced by Neumann B.C

∇γ · n = 0

γ must be free on the boundary.

• idea 3) Gamma influence on others variables is too small, modify the turbulent
viscosity is not sufficient. We propose the following k equation based on the
transitional Menter model :

∂ρk

∂t
+∇ · (ρuk) = max(γ, α1)Pk −max(γ, α2)Dk +∇ · [(µ+ µtσk )∇k]
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Transition k − ε− γ

� Problem Averaged Navier-Stokes compressible equations with k − ε closure model :
Find (ρ, ρu, ρE , ρk, ρε, ργ) solution of :

∂ρk

∂t
+∇ · (ρuk) = max(γ, α1)Pk +∇ · [(µ+ µtσk )∇k]−max(γ, α2)Dk ,

∂ρε

∂t
+∇ · (ρuε) =

(
c

(1)
ε τ : ∇u− c

(2)
ε ρε+ C (2)

) 1
T (k, ε)

+∇ · [(µ+ µtσε)∇ε]

∂ργ

∂t
+∇ · (ρuγ) = Cg1γ(1− γ)

Pγ

k
+ ρCg2

k2

ε
∇γ · ∇γ

+∇ · [σγ(1− γ)(µ+ µ∗t )∇γ]
(4)

with µ∗t =
[
1 + Cµg

k3

ε2 γ
−2(1− γ)‖∇γ‖2

]
cµfµ

k2

ε
and Pk = τ : ∇u and Dk = ρε.
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� Parameter α1 and α2

• α1 = 0.5 deal with the production term

• α2 = 0.1 deal with the destruction term
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Jacobian

� Approximate viscous jacobian matrix of turbulent model :
0 1 0
1

T (k,ε)
2 c

(2)
ε

T (k,ε)
0

0 0 ∂Pγ
∂ργ

 (5)

� Approximation of the γ jacobian source term on a tetrahedron :

∂Pγ,h
∂ργ

∣∣∣∣
T

' Cg1
1

ρhkh
(1− 2γh)

T

Pk (6)

(
∂Dγ,h
∂ργ

∣∣∣∣
T

)
i

' σγ
(
µ+ µt

T
)(1− γhT )

4∑
j=1

1
ρj

∂φj

∂xi
−
(
1
ρ

)
h

T 4∑
j=1

γj
∂φj

∂xi

 (7)
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Set up

� Set up

• Mach = 0.1,

• regime :
sub-critical Re = 3900

supercritical Re = 1M

transcritical Re = 2M

• U∞ = 34.025, ρ∞ = 1.225

• turbulence intensity : Ik = 0.5%

• k∞ = 3
2 (IkU∞)2, ε∞ = k∞/10

� Boundary conditions :

∇γ · n∂C = 0, and γ∞ = 0.01

� Mesh : y+
w = 1⇔ δ = 4× 10−5

Figure – Radial mesh
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Sub-critical Results

Name Mesh size Cd C′l −Cpb Lr θ St

Present simulation
k − ε − γ 176K 0.97 0.17 0.78 1.68 89 0.21
k − ε Goldberg 176K 0.96 0.11 0.85 1.56 111 0.20
k − R 176K 1.00 0.11 0.86 1.53 93 0.20
Numerical simulation
Spalart 3D [Abalakin et al., 2019] - 0.97 0.11 0.83 1.67 89 0.21
DVMS WALE 3D [Moussaed et al., 2014] 1.46M 0.94 - 0.85 1.47 - 0.22
Experiment
[Norberg, 1994] - 0.94-1.04 - 0.84-0.93 - - 0.20
[Parnaudeau et al., 2008] - - 0.1 - 1.41-1.58 - -
[?] - - - - - 86 -

Table – Bulk coefficient of the flow around a circular cylinder at Reynolds number 3900, C d

holds for the mean drag coefficient, C ′l is the root mean square of lift time fluctuation, C pb
is

the pressure coefficient at cylinder basis, Lr is the mean recirculation length, θ is the mean
separation angle.
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Figure – Meanflow pressure distribution at Re
= 3900

Figure – Meanflow skin friction distribution at
Re = 3900
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Supercritical Results

Name Mesh size y+
w Cd C′l −Cpb Lr θ

Present simulation
URANS k − ε 0.6M 1 0.50 0.24 0.51 1.00 109
DDES k − ε Goldberg ITW 4.8M 1 0.50 0.07 0.54 1.22 103
k - ε / cubic WALE ITW 4.8M 1 0.48 0.11 0.55 1.14 109
URANS k − ε − γ 0.6M 1 0.27 0.0 0.20 0.47 134
URANS k − ε − γ/ DVMS 0.6M 1 0.30 0.10 0.31 0.90 140
URANS k − ε − γ/ DVMS WALE 0.6M 1 0.31 0.12 0.33 0.80 130
Experiments
[Shih et al., 1993a] 0.24 - 0.33
[Schewe, 1983] 0.25 - 0.32
[Gölling, 2006] - 130
[Zdravkovich, 1997] 0.2-0.4 0.1-0.15 0.2-0.34

Table – Bulk coefficient of the flow around a circular cylinder at Reynolds number 1M, C d

holds for the mean drag coefficient, C ′l is the root mean square of lift time fluctuation, C pb
is

the pressure coefficient at cylinder basis, Lr is the mean recirculation length, θ is the mean
separation angle.
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Results

Figure – Integration to the wall meanflow pressure distribution, without transitional model on
left side, within k − ε− γ model on right side
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Discussion about blending function

� The blending function that we choose writes :

θ = 1− fδ

(
1− tanh

(
∆T

k3/2 ε

))
(8)

fδ = exp

(
−

1
ε0

min(δ − d , 0)2
)
, ε0 > 0 small (9)

� Which value of δ ?

Figure – Boundary layer [Wilcox, 1994]

I δ can be chosen as the end of turbulent
boundary layer :

δ =
Y +Re

20
(10)

I with Y + = 500
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Discussion about blending function

� As we can see, larger Y+ is, damped are the fluctuations :

Figure – Graphs of the lift coefficient fluctuation, comparison with two boundary layer
thickness in hybrid run.
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Skin friction coefficient

� Skin friction coefficient using Achenbach definition :

Cf =
τw

1/2ρ∞U2
∞

√
Re, with τw the mean value of wall shear stress (11)

Figure – Distribution of skin friction coefficient as a function of polar angle. Comparison
between experiment.
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Transcritical Results

Mesh C d C ′l −Cpb θ St

Present simulation
URANS k − ε 0.6M 0.52 0.25 0.60 111 -
URANS k − ε/DVMS WALE 0.6M 0.48 0.27 0.60 109 -
URANS k − ε− γ 0.6M 0.25 0.0 0.19 130 -
URANS k − ε− γ/DVMS WALE 0.6M 0.25 0.03 0.26 135 -
Other simul.
LES/ TBLE [Sreenivasan and Kannan, 2019] 0.24 0.029 0.36 105 -
Measurements
Exp. [Shih et al., 1993b] 0.26 0.033 0.40 105
Exp. [Schewe, 1995] 0.32 0.029 -

Table – Bulk coefficients of the flow around a circular cylinder at Reynolds number 2× 106.
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Figure – Integration to the wall meanflow pressure distribution, without transitional model on
left side, within k − ε− γ model on right side
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Figure – Distribution of skin friction coefficient as a function of polar angle. Comparison
between experiment.
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Figure – Gamma distribution on cylinder surface.

Figure – Separation of the fluid flow.
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� Conclusion and summary

• We shown a new transition model

• It provide a good behavior in sub-critical case

• In super critical flow, pressure distribution and separation of boundary layer are in
good agreement with experiment

• But the lift is not caught, it need to be blend with LES-like model

• In order to be efficient, θ must be 0 where y+ > 500, else lift coefficient is
dissipated by RANS effect
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