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RESIDUAL ERROR ESTIMATORS FOR COULOMB FRICTION*

PATRICK HILD' AND VANESSA LLERAST

Abstract. This paper is concerned with residual error estimators for finite element approxima-
tions of Coulomb frictional contact problems. A recent uniqueness result by Renard in [SIAM J.
Math. Anal., 38 (2006), pp. 452-467] for the continuous problem allows us to perform an a posteriori
error analysis. We propose, study, and implement numerically two residual error estimators associ-
ated with two finite element discretizations. In both cases the estimators permit us to obtain upper
and lower bounds of the discretization error.
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1. Introduction and notation. The numerical approximation of frictional con-
tact problems occurring in structural mechanics is generally achieved using the finite
element method (see [38, 41, 53, 58, 83]). In order to evaluate and control the quality
of a finite element approximation, a current choice consists in developing adaptive
procedures using a posteriori error estimators. The aim of the estimators is to pro-
vide the user with global and local quantities which represent in the best way the true
error committed by the finite element approximation. Actually there exist various
classes of error estimators, any one showing its specificities and advantages. Some
currently used estimators are, e.g., those introduced in [7] based on the residual of
the equilibrium equations, the estimators linked to the smoothing of finite element
stresses (see [85]), and the estimators based on the errors in the constitutive relation,
also called “equilibrated fluxes” (see [57]). A review of different a posteriori error
estimators can be found in, e.g., [3, 8, 37, 79, 80].

The frictionless unilateral contact problem (or the equivalent scalar valued Sig-
norini problem) shows a nonlinearity on the boundary corresponding to the nonpene-
tration of the materials on the contact area which leads to a variational inequality of
the first kind. For this model the residual based method was first considered and stud-
ied in [21, 39, 84] using a penalized approach and in [12] by using the error measure
technique developed in [9]. More recently the analysis without penalization term was
achieved in [46] and in [47] for the corresponding mixed finite element approximation
(see also [10]). Besides the study of error in the constitutive relation was performed
in [27, 81, 82] for the contact problem, and a posteriori estimates for the boundary el-
ement method are studied in [63, 64]. More generally, we mention that the analysis of
residual error estimators for variational inequalities generally leads to important tech-
nical difficulties for any model. Note also that an important amount of work has been
devoted to the obstacle (or obstacle-type) problem in which the inequality condition
holds on the entire domain (see [1, 4, 15, 16, 17, 22, 35, 49, 52, 55, 60, 68, 69, 77, 78]).

*Received by the editors December 21, 2007; accepted for publication (in revised form) September
8, 2009; published electronically November 5, 2009.
http://www.siam.org/journals/sinum/47-5/71155.html
fLaboratoire de Mathématiques de Besancon, UMR CNRS 6623, Université de Franche-Comté, 16
route de Gray, 25030 Besangon, France (patrick.hild@univ-fcomte.fr, vanessa.lleras@univ-fcomte.fr).
The work of the first author was supported by I’Agence Nationale de la Recherche, project ANR-05-
JCJC-0182-01.

3550

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



RESIDUAL ESTIMATORS FOR COULOMB FRICTION 3551

Other a posteriori error analyses involving inequalities linked to plasticity were con-
sidered in [20, 70, 71, 75], and the Bingham fluid problem is studied in [76].

When considering friction in addition to the contact model, there are supplemen-
tary nonlinearities which have to be taken into account. The currently used friction
model is the one of Coulomb (although there exist simplified and/or different models:
Tresca’s friction, normal compliance, smoothed Coulomb friction, etc.; see [53, 74]),
whose associated partial differential equation shows numerous mathematical difficul-
ties which remain unsolved. In our work we consider the so-called static friction
problem introduced in [30, 31] which roughly speaking corresponds to an incremen-
tal problem in the time discretized quasi-static model. For this model, existence of
solutions hold when the friction coefficient is small enough; see [32, 33] and the ref-
erences quoted therein. When the friction coefficient is large, neither an existence
nor a nonexistence result is available. Besides the solutions are generally nonunique
when the friction coefficient is large enough; see [43, 44]. More recently a first unique-
ness result has been obtained in [72] with the assumption that a “regular” solution
exists and that the friction coefficient is sufficiently small. From a numerical point
of view it is well known that the finite element problem, associated with the contin-
uous static Coulomb friction model, always admits a solution and that the solution
is unique if the friction coefficient is small enough (unfortunately the denomination
“small” depends on the discretization parameter and the bound ensuring uniqueness
vanishes as the mesh is refined; see, e.g., [41]). Concerning the a posteriori error
analysis for the Coulomb model, several studies have been achieved: error in the con-
stitutive relation in [25, 62] as well as an heuristic residual based error estimator for
BEM-discretizations in [34]. A simpler model, the so-called Tresca friction problem,
is considered in [13] (see also the study in [14] for a similar problem where residual
estimators are analyzed). Note that the latter model is governed by a variational in-
equality of the second kind (see [6]). Finally an a posteriori error analysis is performed
for the friction model with normal compliance in [59].

Our purpose in this paper is to carry out a residual a posteriori error analysis for
the Coulomb friction model and to obtain an error estimator with upper and lower
bounds involving the discretization error. As far as we know, such a result is not
available in the literature.

The paper is organized as follows. In section 2 we introduce the equations mod-
elling the frictional unilateral contact problem between an elastic body and a rigid
foundation. We write the problem using a mixed formulation where the unknowns are
the displacement field in the body and the frictional contact pressures on the contact
area. In section 3, we choose a classical discretization involving continuous finite ele-
ments of degree one and continuous piecewise affine multipliers on the contact zone.
Section 4 is concerned with the study of the residual estimator which can be seen as
the natural one arising from the discrete problem. Thanks to Renard’s uniqueness re-
sult we obtain a global upper bound of the error. Then local lower bounds of the error
are proved. In section 5 we consider a residual estimator resulting from another dis-
crete model. This second approach has two interesting properties in comparison with
the previous one: First, it involves fewer terms coming from the frictional contact,
and these terms have quite simple expressions. Second, the error analysis we achieve
leads to better error bounds. Section 6 is concerned with the numerical experiments
and the comparison of both approaches.

Finally we introduce some useful notation and several functional spaces. In what
follows, bold letters like u, v indicate vector valued quantities, while the capital ones
(e.g., V,K,...) represent functional sets involving vector fields. As usual, we denote

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



3552 PATRICK HILD AND VANESSA LLERAS

by (L2(.))? and by (H*(.))%, s > 0, d = 1,2, the Lebesgue and Sobolev spaces in
one and two space dimensions (see [2]). The usual norm of (H*(D))? is denoted by
Il - ls,p, and we keep the same notation when d = 1 or d = 2. For shortness the
(L?(D))?-norm will be denoted by || - |[p when d = 1 or d = 2. In what follows the
symbol |-| will denote either the Euclidean norm in R?, or the length of a line segment,
or the area of a plane domain. Finally the notation a < b means here and below that
there exists a positive constant C' independent of @ and b (and of the meshsize of the
triangulation) such that @ < C b. The notation a ~ b means that a < band b < a
hold simultaneously.

2. The frictional contact problem in elasticity. We consider the deforma-
tion of an elastic body occupying, in the initial unconstrained configuration, a domain
Q in R? where plane strain assumptions are assumed. The Lipschitz boundary 0
of Q consists of I'p, 'y, and I'¢, where the measure of I'p does not vanish. The
body € is clamped on I', and subjected to surface traction forces F on I' y; the body
forces are denoted f. In the initial configuration, the part I'c is a straight line seg-
ment considered as the candidate contact surface on a rigid foundation for the sake of
simplicity, which means that the contact zone cannot enlarge during the deformation
process. The contact is assumed to be frictional, and the stick, slip, and separation
zones on I'¢ are not known in advance. We denote by p > 0 the given friction coef-
ficient on I'c. The unit outward normal and tangent vectors of 92 are n = (n1,n2)
and t = (—n2,n1), respectively.

The contact problem with Coulomb’s friction law consists in finding the displace-
ment field u : Q — R? satisfying (1)-(6):

(1) divo(u)+f=0 in(,

(2) o(u)=Ce(u) inQ,
(3) u=0 on FD,
(4) oc(un=F only.

The notation o(u) : Q — Sy represents the stress tensor field lying in Sa, the space
of second order symmetric tensors on R2. The linearized strain tensor field is e(u) =
(Vu + VTu)/2, and C is the fourth order symmetric and elliptic tensor of linear
elasticity. Afterwards we adopt the following notation for any displacement field v
and for any density of surface forces o(v)n defined on I'¢c:

v=v,n+ut and o(v)n=o,(v)n-+o(v)t.
On I'¢, the three conditions representing unilateral contact are given by

and the Coulomb friction law is summarized by the following conditions (see, e.g.,
[33]):

u =0 = |oy(u)| < plon(a),
(6) U
|ug|
The variational formulation of problem (1)—(6) in its mixed form consists in finding
(u,A) = (u, A\, At) € V X My, x My(pdn) =V x M(pA,) which satisfy (see [48, 72])

{ a(u,v) +b(A,v) = L(v) Yvev,

ur #0 = oy(u) = —plo,(u)

(7)
bv—Au)< 0 Vv = (Vp, 1) € M),
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where
V={ve(H'(Q) v=00nTp}
and M(u\,) = M,, x M;(u),) is defined next. We set
M,={veX,: v>0onTl¢c}
and, for any g € M,,
Mi(g)={rveX,: —g<v<gonlc},

where X7, (resp., X{) is the dual space of X, (resp., X;) with X, = {vy ., : v €V}
(resp., X; = {vy)p, : v € V}). Note that Hyg*(Pe) € X, € HY2(Do), Hyb* (D) ©
X; C HY?(T'¢) and that the inequality conditions incorporated in the definitions of
M,, and M;(g) have to be understood in the dual sense.

Remark 1. Note that the previous mixed method is a nonstandard formulation
since there is a bootstrap: find (u, A\p, A\t) € V X M,, x M;(uA,) such that (7) holds.
This weak formulation could be written in a different way without the bootstrap and
by adding a condition: find (u, A\p, A:) € V x M,, x X such that \s € M;(u\,) and
(7) holds.

In (7), f € (L?(Q))?, F € (L3(T'y))?, and the standard notations are adopted:

a(u,v) = /Q(Ce(u)):s(v) i, L) = /Qf.v dQ+/FN F.vdl,

b(v,v) = (Vn, ’UTL>X;L,Xn + (v, vt>Xt/,Xt

for any u and v in (H}(Q))? and v = (v, 1) in X/, x X]. In these definitions the
notations - and : represent the canonical inner products in R? and Ss, respectively. It
is easy to see that if (u, A,,, A¢) is a solution of (7), then \,, = —c,(u) and Ay = —o¢(u).
The space X,, is equipped with the norm
lwl[x, = inf vl
veV:v,=w on I'.

and a similar expression holds for ||.||x,. The dual space of X,, x X} is endowed with
the norm

b(v,w
Wlsr = sup W)

—— YW = (vp, 1) € X, x X].
: wevi{o} [[Wl|1,0 '

To avoid more notation, we will skip over the regularity aspects of the functions defined
on I'c which are beyond the scope of this paper and afterwards write integral terms
instead of duality pairings. Another classical weak formulation of problem (1)—(6) is
an inequality problem: find u such that

(8) uek, a(u,v—u)—,u/F on(u)(|ve] = |ug]) dT > L(v — u) Vv e K,

where K denotes the closed convex cone of admissible displacement fields satisfying
the nonpenetration conditions:

K={veV:uy,<0onlc¢}.
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When friction is omitted (i.e., 4 = 0) the condition (6) simply reduces to o (u) = 0 and
the frictionless contact problem admits a unique solution according to Stampacchia’s
theorem (see, e.g., [36, 54]). The existence of a solution to (8) was first proved for
small friction coefficients in [67] (in two space dimensions), and the bounds ensuring
existence have been improved and generalized in [51] and [32] (see also [33]). More
precisely existence holds if u < /3 —4P/(2 — 2P), where 0 < P < 1/2 denotes
Poisson’s ratio. Recently some multisolutions of the problem (1)—(6) are exhibited for
triangular or quadrangular domains. These multiple solutions involve either an infinite
set of slipping solutions (see [43]), or two isolated (stick and separation) configurations
(see [44]), or two isolated (stick and grazing contact) solutions in [45]. Note that these
examples of nonuniqueness involve large friction coefficients (i.e., 4 > /(1 — P)/P)
and tangential displacements with a constant sign on I'c. Actually, it seems that
no multisolution has been detected for an arbitrary small friction coefficient in the
continuous case, although such a result exists for finite element approximations in [42],
but for a variable geometry. The forthcoming partial uniqueness result is obtained in
[72]: it defines some cases where it is possible to affirm that a solution to the Coulomb
friction problem is in fact the unique solution. More precisely, if a “regular” solution to
the Coulomb friction problem exists (here the denomination “regular” means, roughly
speaking, that the transition is smooth when the slip direction changes) and if the
friction coefficient is small enough, then this solution is the only one.

We now introduce the space of multipliers M of the functions £ defined on I'¢
such that the following norm |[|£|| 5 is finite:

fvt X
lelar = sup  Nevellxe
veex{oy Nlvellx,

Since I'c is assumed to be straight, M contains for any € > 0 the space HY/?*¢(I'¢)
(see [65] for a complete discussion on the theory of multipliers in a pair of Hilbert
spaces). The partial uniqueness result is given assuming that A\; = pA,&, with £ € M.
It is easy to see that it implies |£| < 1 a.e. on the support of \,,. More precisely, this
implies that ¢ € Dirs(u¢) a.e. on the support of A,,, where Dir(.) is the subdifferential
of the convex map x; — |x;|. This means that it is possible to assume that £ €
Diry(ut) a.e. on I'e.

PROPOSITION 2.1 (see [72]). Let (u,A) be a solution to problem (7) such that
At = pA &, with & € M, € € Dirg(ut) a.e. on Te, and pl|€]|ar is small enough. Then
(u, A) is the unique solution to problem (7).

The case £ = 1 corresponds to a homogeneous sliding direction, and the previous
result is complementary with the nonuniqueness results obtained in [43, 44, 45]. The
multiplier £ has to vary from —1 to +1 each time the sign of the tangential displace-
ment changes from negative to positive. The set M does not contain any multiplier
having a discontinuity of the first kind. Consequently, in order to satisfy the assump-
tions of Proposition 2.1, the tangential displacement of the solution u cannot pass
from a negative value to a positive value and be zero only at a single point of I'. For
a more precise discussion concerning the assumption Ay = uA,§, £ € M, £ € Diry(us)
and the cases where the assumption cannot be fulfilled independently of the regularity
of the solution, we refer the reader to [48, Remark 2].

3. Mixed finite element approximation. We approximate this problem with
a standard finite element method. Namely we fix a regular family of meshes Ty, h > 0
(see [18, 19, 23]), made of closed triangles. For K € T}, let hx be the diameter of
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K and h = maxger, hx. The regularity of the mesh implies in particular that for
any edge F of K one has hg = |E| ~ hx. Let us define E}, (resp., N},) as the set
of edges (resp., nodes) of the triangulation and set Ei"* = {E € Ej, : E C Q} the
set of interior edges of T}, (the edges are supposed to be relatively open). We denote
by EN = {E € Ej, : E C 'y} the set of exterior edges included in the part of the
boundary where we impose Neumann conditions, and similarly ES = {E € Ej, : E C
Lo} Set NP = N, NTp (note that the extreme nodes of I'p belong to AP). For an
element K, we will denote by Ej the set of edges of K and, according to the above
notation, we set Bt = Ex N E"t, ENY = Ex NEYN, ES = Ex N EY. For each
interior edge F we fix one of the two normal vectors and denote it by ng. The jump
of some vector valued function v across an edge F € Ei"" at a point y € F is defined
as

[v] p(¥) = lim v(y +aong) —v(y — ang) VE € Ej™.

a—0t

Note that the sign of [[vﬂ  depends on the orientation of ng. Finally we introduce
the patches: denoting by x a node, by E an edge, and by K an element, let wx =
Uik :xex1 K, we = UlxixeE}Wx and wrx = Ufx.xex)wx- The finite element space used
in Q is then defined by

V= {Vh S (C(ﬁ))Q : VK €Ty, Vh|K € (Pl(K))za Vh|FD = 0}'

We recall that the contact area is a straight line segment to simplify. The extension
to a contact area which is a broken line can be made without additional technical dif-
ficulties (see, e.g., [47]). In order to express the contact constraints by using Lagrange
multipliers on the contact zone, we have to introduce the range of V}, by the normal
trace operator on I'c:

WhZ{l/hEC(ﬁ): dvy, € Vy, s.t. vh-nzyhonFc},

which coincides with the range of V;, by the tangent trace operator on I'c. The choice
of the space W}, allows us to define the following closed convex cones:

MhnZ{l/heWhi/ vatp dI' > 0 V¢h€Wh7¢h>0}
Ie
and, for g € Mp,,

Mht(g) = {Vh c Wy :

/ Vptn df‘é/ g dl’ V¢h€Wh,¢h20}.
Fc 1—‘C‘

Remark 2. Tt is easy to check that the functions in My, are not necessarily non-
negative. In the same way the functions in Mp¢(g) do not satisfy |v| < g everywhere.

The discretized mixed formulation of the frictional contact problem is to find
up € Vi and A, € My (uAnn) = Mpy X Mpi(pudny) satistying

( ) { a(uh, Vh) + b()\h,vh) = L(Vh) Vv € Vy,
9
bwn — Ap,up) <0 VUh = (Vhn, Vht) € My (ptAnn)-

Problem (9) could also be written without a bootstrap like the continuous problem
(see Remark 1). Using a fixed point argument it can be proved that problem (9)
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admits at least a solution and that there is a unique solution when p < C(h) (see
[25]). Unfortunately the constant C'(h) vanishes when h vanishes (C(h) ~ h'/?). The
following result proved in [25] gives explicitly the discrete frictional contact conditions.

PROPOSITION 3.1 (see [25]). Let (un,An) be a solution of (9). Suppose that
dim(W},) = p and let ¥x,;,1 < i < p, denote the basis functions of Wy, on I'c. The
p-by-p mass matrix M = (m;j)i1<i j<p on I'c is given by m;; = ch Yy, x,. Let Un
and Ur denote the vectors whose components are the nodal values of up, and upg,
respectively, and let Ly and Lt denote the vectors whose components are the nodal
values of Apn and Apg, respectively. Then the discrete frictional contact conditions in
(9) are as follows: for any 1 <i<p

(MLy); >0, (Un)i <0, (MLy)i(Un)i = 0,
(MLz)i] < (ML),
|(ML7)i| < p(MLy); = (Ur); =0,
(ML7);(Ur); > 0.

Remark 3. The a priori error analysis of (9) remains an open problem, although
an error estimate is obtained in [48] for a slightly different approximation of the
frictional contact conditions (see also [40] for an early convergence result). When
friction is absent, an important number of a priori error analyses have been achieved
(see, e.g., [11, 26, 50] and the references therein). Note that even in this simpler
case, the proof of an estimate of order h in the (H'(Q))?-norm with only (H?(£2))?
regularity (without any additional assumption) remains an open problem.

We consider the quasi-interpolation operator 7,: for any v € L1(Q), we define 7, v
as the unique element in V;, = {v, € C(Q) : VK € T}, vplx € P1(K), valr, = 0}
such that

(10) mo= 3 Gigl;vwww)wm

xENh\N}?

where for any x € N, 9« is the standard basis function in V}, satisfying 1« (x’) =
dxx Vx' € N,. Note that we could also consider other quasi-interpolation operators
like the ones in [22] or in [24]. The following estimates hold (see, e.g., [80]): for
any v € H'(Q) vanishing on I'p, we have ||[v — mpv||x < hi||VV|lwx VK € Tk, and

~

lv — mpolle S h}3/2||VU||wE VE € Ej. Since we deal with vector valued functions
we can define a vector valued operator (which we again denote by 7, for the sake of
simplicity) whose components are defined above. So we get the following lemma.

LEMMA 3.2. For any v € V the following estimates hold:

(11) Iv =7Vl S hrcllviiwe VK €T,
(12) Iv=mnvle S hd?IVliws  VE € By

4. The residual error estimator 7.

4.1. Definition of the residual error estimator. The element residual of
the equilibrium equation (1) is defined by dive(uy) + f = f on K. As usual this
element residual can be replaced with some simple finite dimensional approximation
fi € (Pr(K))? and the difference f — fir will be treated as data oscillation. A current
choice is to take fx = [, f(x) /|K|. In the same way F can be approximated by a
simple quantity denoted Fg on any E € E,le .
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DEFINITION 4.1. The global residual estimator n and the local residual error
estimators N are defined by

n=<z n%>1/27

KeTy,

s 1/2
i=1

mi = hi|/fx|| k.
1/2

=02 (S ez

EcEMUEY
N3K = h}(/QH)\hn + opn(up)||knre s

mak = hlZ | Ane + o (un) | ke,

1/2
5K = (/ _)\thruhn) 5
KNl'e

ek = ||[Arn—||KAre,

1/2
MK = (/ (|)\ht| — [L)\hn+)_|Uht| +/ (Ahtuht)—> 9
KnNl'e KnNl'c

nsi = |(|Ane| — pAnnt)+ | kare,

where the notations ; and _ denote the positive and negative parts, respectively;
JEn(up) means the constraint jump of uy, in the normal direction, i.e.,

(13) Tin(un) = { g‘(fé:ﬁrﬂﬁ v g’,f;t

The local and global data oscillation terms are defined by

1/2

1/2

o= 0 X M-t he Y IF-Fe3] ¢ = ( ) c’é) .

K'Cwk ECEFY KeTy,
(14)

Remark 4. From the previous definition, we see that there are eight contributions
for any local estimator 7. There are only two classical contributions (71 x: equilib-
rium residual and 79k : interior and Neumann jumps) for all the elements which do
not have an edge belonging to I'c. The remaining elements on the contact area have
six supplementary terms. The terms nsx and nyx represent the deviation of the trac-
tion from the equilibrium in the mixed finite element approximation; the terms 7sx
and ngr (resp., N7 and 7nsk ) represent the nonfulfillment of the unilateral contact
conditions (5) (resp., of the friction conditions (6)).

4.2. Upper error bound. We now give an upper bound of the discretization
error. In the forthcoming theorem we assume that the solution to the continuous
problem satisfies the uniqueness criterion of [72].

THEOREM 4.2. Let (u,X) be the solution to problem (7) such that A\x = pAs€,
with € € M, € € Diry(ut) a.e. on e, and ul||€]|ar is small enough. Let (up, Ap) be a
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solution to the discrete problem (9). Then
= wall e+ 1A= Al _gre S 7+C.

Proof. To simplify the notation we set e, = u — up. Let v, € Vy; from the
V-ellipticity of a(.,.) and the equilibrium equations in (7) and (9) we obtain

HeuH1 o Sa(u—up,u—up)
=a(u—up,u—vy)+alu—up, vy, —uy)
=Lu—vp) —bA,u—vy) —alup,u—vy) +bAr — A, v, —up).

Integrating by parts on each triangle K and using the definition of Jg ,(up) in (13)
and the complementarity conditions ch Aty = ch Aty = 0 gives

||eu|\%,95/9f a—vi)+ 3 / (F —Fr)- (u—vy)

EecEN

b, va) + b(A, up) — / Anetint — / Nt
Ie

_ Z/ o(up)n) - (u—vp) — /JEnuh u—vy).

EcE{ EeEmquN

Splitting up the integrals on I'¢ into normal and tangential components gives

HeuniQN/F A uhn+/ Ahnun+/r (At—Ahmuht—um/f-(u—vh>
C C
/JEnuh —Vh Z / F — FE —Vh)

EeELntuEN EGE}JLV
+ > / A + 00 (Un)) (Vnn — un) + > / Ant +o(un))(vne — )
EEES EeE¢
(15) = | AMunn+ [ Anntn + / (Ne = M) (une —wg) + T+ IT+ IIT+ 1V + V.
To To T'o

We now need to estimate each term of this right-hand side. For that purpose, we take
(16) v :uh—l—wh(u—uh),

where 7}, is the quasi-interpolation operator defined in Lemma 3.2.
We start with the term I. From the definition of v, and (11) we get

[u—villx = |len — Theullx S hxlleulltwx

for any triangle K. This estimate together with the Cauchy-Schwarz inequality
implies

(17) < (n+Qlleallro-

We now consider the interior and Neumann boundary terms in (15): as previously
the application of the Cauchy—Schwarz inequality leads to

1< > en)lellu—valle.
EeEi"UuEN
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Therefore using the expression (16) and estimate (12), we obtain
lu=villz = llew = meulls < by leullw.-

Inserting this estimate in the previous one, we deduce that

(18) 11| < nlleullso-
Moreover
(19) 11| < Clleullr o

The two remaining terms are handled in a way similar to the previous ones so that
(20) V] + V] < nlleallr.o-

Noting that up, < 0 on I'c, we have
(21) / Antpn <0,
I'c

and it remains to estimate two terms in (15). Using the discrete complementarity
condition ch Antinn = 0 implies

/\hnun - )\hn (un - uhn) - / (Ahn+ - Ahn—)(un - uhn)
T'e I'c Ie
S - Ahn+uhn - /\hn— (un - uhn)
T'c T'c
S 772 - / /\hnf (un - uhn)
Ie
(22) =n?+ VI

The last term in the previous expression is estimated using the Cauchy—Schwarz and
Young inequalities:

1
VIS Y Do llin = wnlle < 3 (altn = wallp + 1 1)
EcES EeEy

for any a > 0. A standard trace theorem implies that
2 1 2 < 2 UN
(23) V] < allun = unnllpe + = Y Iwn-lE Salleallia+ 5=

4o
EcEf

Estimates (22) and (23) give

1
(24) [ A % alleullt o+ (1 ; —)
I'e ' 4o

for any o > 0.
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We now estimate the term corresponding to the friction:

/Fc ()\ht - )\t)(ut - Uht) = /I‘c(/\ht - ,U/\hnf)(ut - Uht) +/ (H/\hnf - )\t)(ut - Uht)

INe]

(25) - /F (At — 1) (1t — upe) + / 1O — An)€E(uts — une),

INe]
where £ € M, ¢ € Dirg(ut), \r = pA&. The second term in (25) is bounded as follows:

< plléll e llue — unell x, [An = Annll x

/ 1 — An)E (e — )
Te

S wlléllalle = unlLol A = Al -1 r
S plléllalle = upllo(lu = anllie + 7+ 0).
In the last inequality, we have used (30). We deduce from Young’s inequality that

pllEl
26) | [ s = Mgt = uns)| S 1+ lelrllenl+ HEL (7 + 62
C
for any positive a.
Besides the first term in (25) is handled next:
/ (At = pARRE) (Ut — une)
Ie
= Ahtlg —/ HAhng-Eug +/ At EUnt +/ P —E (U — Unt) — AhtUht
Te Te Te T'c Ie
= / (Antus — pXnny [ue]) + / At EUnt + / P& (U — ung) — AhtUnt
FC FC FC FC’

< / (Mt — o) e + / (1Mt || — Anetine) + / s\ |t — ]
T'c T

INe]

< / (el — 1)t — ] + / (Pt = hns ) e
Te I

C
4 / (vt ] — Do) + / it — e + / (el lne] — Anerene)
I'c I'c T'e
S la = upllo(l(Ane] = pAnns )+ live + wl[Ann—|Ire)
+/ [(IAne] = s Anna )+ [une] — ([Ane] = #Anng ) |une|] + 2/ (Anttnt) -
o r

C
S =l At = #Annt ) +llve + w2l Ann—re)

(@) + / (el — M)t + / (Anetne)
T'e T

C

From (26) and (27), we obtain for any o > 0

pll€llar + 20+ 1+ 2
2c

/F(Aht—At)(ut—uht) < (ot (L + a)ulléllar) leall? o+ (n*+¢?).

C

(28)
Putting together the estimates (17), (18), (19), (20), (21), (24), and (28) with «
small enough in (15) and using Young’s inequality, we deduce that if p||£]|as is small

enough, then

(29) [lu—unl10 Sn+C
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We now search for an upper bound on the discretization error A—Ap, corresponding
to the multipliers. Let v € V and v;, € Vj,. From the equilibrium equations in (7)
and (9) we get
b()\ — )\h,V) = b()\, vV — Vh) — b()\h, vV — Vh) + b()\ — )\h,vh)
=L(v—vp)—alu,v—vy) —bAp,v—vy)+alu, —u,vy)

=L(v—vp) —alu—up,v) —a(up,v—vy) —b(An,v—vp).

An integration by parts on each element K gives

b()\—)\h,v):/Qf-(v—vh)—a(u—uh,v)— > [EJEm(uh)-(v—vh)

E€E["UEY

- [E<F—Fm-<v—vh)— 3 /E<Ahn+an<uh))(vn—vhn)

EcEN E€EY

- Z /E(/\ht'f‘fft(llh))(vt—vht).

EcEf

Choosing v;, = m,v, where 7, is the quasi-interpolation operator defined in Lemma
3.2, and achieving a similar calculation as in (17), (18), (19), and (20) we deduce that

b = An, V)| S (lu—wunflo+ 14+ Olvie
for any v € V. As a consequence
(30) A= Anll—1pe S lu=wnllio+n+C

Putting together the two estimates (29) and (30) ends the proof of the theorem. O

4.3. Lower error bound.

THEOREM 4.3. Let (up, Ap) be a solution to the discrete problem (9) and let
1 = n(un, Ap) be the corresponding estimator. Let (u, A) be a solution to problem (7)
such that X € (L?(T'¢))?. For all elements K, the following local lower error bounds
hold:

(31) mr S lu— w1,k + (x,
(32) ek Sllu— e + Cx-

For all elements K having an edge in T¢ (i.e., KNT'¢c = E), the following local lower
error bounds hold:

(33) mire < i IN = Nulls + le—wnlluk + Creo =304,

mie <2014 ) (1A= Al + = wnll + 12 = X[ ull
(34) = w2, =57,
(35) mrx < (L + WA= Anlle, =638

Proof. We mention that we do not suppose that the solution to the continuous
problem is unique. Of course our result holds when (u, A) is the unique solution given
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by Proposition 2.1. Note also that the solution to the discrete problem is not supposed
to be unique.

The estimates of 71k and 72k in (31) and (32) are standard (see, e.g., [79]). We
now estimate ns3x. Writing wg = wg,n + wgit on E € EIC; and denoting by bg
the edge bubble function associated with E (i.e., by = 410, ¥a,, where aj, as are the
two extremities of E; we recall that 1y is the standard basis function at node x in V},
satisfying ¥y (x") = dx x for any node x’; see (10)), we choose wgy, = (Ann+on(un))be
and wgy = 0 in the element K containing F (here we make a slight abuse of notation
to simplify) and wg = 0 in Q \ K. Therefore

|Mm+ammm%~/an+%mmmmn
E

=b(An, Wg) —|—/ o(up): e(wg)

K
=b(An,wWg) —/ o(u—uy) :e(wg) —l—/ o(u):e(wg)
K K
=b(An — A, wg) + L(wg) — /K o(u—uy):e(wg)
SIA=Mllelwele + [fllxlwellk + [[a —unlly kWl x-
An inverse inequality and estimate (31) imply

Wyl A + o (un) |2 S Byl
Shit?

£l x

This estimate gives the bound of 73k in (33). The estimate of g4k in (33) is obtained
as previously by choosing wg, = 0 and wg: = (Ant + o(up))bE.
We now consider nsx. If E € E¢, let F C E be the part of the edge where
= Ahn+ So

/ Ahn+uhn —/ Ahnuhn
- / ()\hn - )\n)(un - uhn) - / /\hnun - / /\nuhn
F F F

- / ()\hn - )\n)(un - uhn) - / (Ahn - An)un - / An(uhn - un)
F F F
< A= Anllsllu—uplls + A = Allellullz + [[u— upl| sl A&

The last estimate implies the bound of 75k in (34) by taking the square root.
The estimate of nsx in (35) is obvious. Since A, > 0 we have 0 < A\p,— <
|/\n — )\hn| on Fc. So

[An—llE < A0 = Analle < 1A = Anl| &

Next we estimate 7. If E € EY, let F C E be the part of the edge where —(|Ans| —
HARn+) = ([Ant] — #Apnt) - So
/ ([ Ant] — W\hn+)—|uht|+/ (Anttnt)— = / (= [Ant] + A nnt)[une| + / (Anttnt)—
E E F

E

(36) :/(_|)\ht|+ﬂ/\hn)|uht|+/(/\htuht)f+/ P r— | Unt |
P B Ja
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The first term in (36) is estimated as follows using (6):
- /F (el — i) e = — /F (el = Prel = vk — M) (eane] — Jue])
- /F (el = el = 1o — A

- / (Ml = )] — [uel)
F

< ()X =Anllsllu = unllz
A = Anllellulle + v —unl[ [ A] 2)-

The second term in (36) is estimated by noting that Aju; > 0 on I'c. Hence

0 < (Anttunt)— < |Aeur — Aprtng]
= | Ae(ur — une) + (At — Ane) (Une — ug) + (Ae — Apg)uel.

So

/(Ahtuht)— <A =Anllellu—unlle + A = Anllellulle + [lu—unl|sl|Alle.
E

The third term in (36) yields, using the estimate of ngx,

vl = [ gt =il [ ] < ANl + o)
This proves the bound of 7. Finally we consider the upper bound of ngx. We have
0 < ([Anel = pAnnt )+ = ([Ane] — #Arn — A=)+ < ([Ane| = pARn )+

Since || — pAn, <0, we have
([Anel = BArn)+ < [ Ane] = [Ae] = pAnn + 1A ] < [Ane = Al 4+ 1l Ann — Anl-
Hence
[([Ane] = pArnt )+ 12 < A= Anelle + pllAn = Annlle < (L+ @A = Aplle. O

Remark 5. Assume that u € (H2())2? (so A € (H2(I'¢))?), and that optimal a
priori error estimates hold (note that this question is entirely open and that the only
aim of the present remark is to try to illustrate our result), and define

1/2
=X nk) " 1<i<s.

KeTy,

Then one would have 7; <

Nh71§1§47 Usi §h1/47 ]:5777 m Shl/Z’ l:6a8 So
U§h1/4-

5. A second finite element discretization and the corresponding esti-
mator 7). The aim of this section is to consider a finite element discretization of the
frictional contact conditions which allows us to obtain a simpler residual error esti-
mator. More precisely a different quadrature formula is used for the frictional contact
conditions (see [53] for the early idea).
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5.1. Preliminaries. For any v = (Vp, V) € Wi, x Wy, and vy, € Vi, we define
the bilinear form ¢(.,.) such that

c(Vh, Vi) =/ (In(Vhnvnn) + In(Vpevne)) dlL,
Ie

where I}, is the classical piecewise affine Lagrange interpolation operator at the nodes
of T¢. Let K, = {vn € Wi, : vy, >0} be the closed convex cone of nonnegative
functions in Wj,. For g € Ky, we set Kpi(g) = {vn € Wit |vn| < g }.

Next, we consider the problem of finding G, € Vj, and (S\hn,j\ht) = A €
K (,u)\;m) Knn % Kni(thny) satisfying

) a(@n,vi) + c(An,vi) = L(vy) Vv, € Vp,
37
c(vp — Ap,ap) <0 Vvy = Whn, Vht) € Kn(ptAnn)-

Problem (37) could also be written without a bootstrap like the continuous problem
(see Remark 1). Using the same techniques as in [25] for problem (9), one can prove
that the problem (37) admits at least a solution and that there is a unique solution
when p < C(h). The proof of this result can be found in the appendix. Besides one
can prove that the pointwise discrete frictional contact conditions incorporated in the
inequality of (37) are as follows. _

PROPOSITION 5.1. Let (ap, Ar) be a solution of (37). Suppose that dim(Wp,) = p
and let Vx,;,1 < i < p, be the basis functions of Wy, on T'c. Let ﬁN and UT denote the
vectors whose components are the nodal values of tpy, and tpg, respectwely, and let
LN and LT denote the vectors whose components are the nodal values of Appn and /\ht,
respectively. Then the discrete frictional contact conditions in (37) are as follows: for
anyl1<i1<p

t
14

(38) (Ln)i =0, (Un)i <0, (Ln)i(Un)i =0,
(39) |(:T)i| < N(I}N)u i

(40) |(Lr)il < p(Ln)i = (Ur)i =0,
(41) (IN/T)Z( NT)i > 0.

Proof. From Mn € Kpn, we immediately get (38). Condition
/ In((Uhn — An)iinn) A0 <0 Yup, € Kpy,
T

is equivalent to
(42)/ Ih(thahn) dl' <0 Yuhn € Knn and / Ih(:\}mfbhn) dl’ = 0.

Fc 1—‘C‘
Choosing in (42) v, = 1)x, and writing ch I (W, pn) = thn (X;) ch by, gives the
second inequality in (38). Equality fF InMninn) = S0 M (X3 ipn (%2 ch P, =
0 implies (Ly)i(Un); = 0,1 < i <p.

Inequality (39) follows directly from Mt € K ht(u;\hn). Since

(43) / I(Vne — Mne)iing) dU <0 Vupy € Kpy(udnn)
Ie
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we choose vy in (43) as follows: vy = u:\;m at node x; and v = A at the p—1
other nodes. We obtain

(44) /F I (Ve — Mne)ing) dT = (i (Xi) — Ane (X2) ) e (%) A Uy, dI' < 0.

Similarly, take v = —,uj\;m at node x; and vy = :\ht at the p — 1 other nodes. We
get

(45) /F Ih((Vht — S\ht)aht) dF = (—ILLS\hn(Xi) — /N\ht(Xi))aht(Xi) - 1/)x1. dF S 0

Putting together estimates (44) and (45) implies (40). R
It remains to prove (41). Define vy in (43) as follows: vy = %/\ht at node x; and
Vht = S\ht at the p — 1 other nodes. Therefore

/ In((Vhe — Ane)lpg) dT = _%)\ht(xi)ﬂht(xi) Py, dI' < 0.
Te I'e
Hence we get inequality (41). O

5.2. Definition of the residual error estimator. As for the first discretiza-
tion the element residual is defined by dive(uy) +f = f on K. The data f can be
replaced by fx € (Px(K))?, and the difference f — fx will be treated as data oscil-
lation. Similarly F can be approximated by a simpler quantity denoted Fg on any
EcEY.

DEFINITION 5.2. The global residual estimator 1 and the local residual error
estimators T are defined by

ﬁ:<z ﬁ%)lm,

KeTy

6 1/2
=1

mr = hi|/fx| K,
1/2

oKk = h}</2 Z e (W) |5 )

EcEUER
s = Myl * | M + 00 (@0) | Kre

ik = h%QH;\ht + o:(Un) || knre,

) 1/2
5K = (/ —Ahnfbhn> )
KnNl'e

) ) 1/2
6K = (/ (HAhn [Tne] — /\htﬂht)> ,
KNl'e

where we recall that Jg n(Qy) is the constraint jump of ap in the normal direction
defined by (13). As in the previous section, the local and global data oscillation terms
Ck and C are defined by (14).

Remark 6. From the previous definitions we have 71 = m1x. We mention that
there are no terms ng and 7g in 7 since Mn > 0 and |5\ht| < UAhn.
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5.3. Upper error bound. As in the statement of Theorem 4.2 we need to
assume that the solution to the continuous problem satisfies the uniqueness criterion
of [72] in order to obtain the upper bound of the discretization error.

THEOREM 5.3. Let (u,X) be the solution to problem (7) such that A\x = pAs€,
with € € M, € € Diry(us) a.e. on T, and p||€||ar is small enough. Let (a,, Ap,) be a
solution to the discrete problem (37). Then

lu—anllLo + A= Anll_y e S+

Proof. We adopt the following notations for the error term in the displacement:
€y = u — 1. As in Theorem 4.2, we obtain for any v, € V,

lealtas [ f-a=vi= 3 [ Tpat)(w-v)

EeEmntuEN

+ Z / (M + 0 (1)) (Vnn — ) Z / e + oo () (vne — us)

E€EY E€ES

+ /F 0o = 1) = S = )

+/FC (In(Mnt (Vnt — ine)) — Mnt (Vnt — ne)) Z / F—-Fg) - (u—vp)

EeEY

+ /F o = M)t = ) + / (e — o) (utg — ine)

I'c
(46) =I+IT+II1+1IV+V +VI+VII+VIII+ / (Ane = Ae)(ur — ding).
I'c
As in Theorem 4.2, we take vy, of the form (16). So
(47) ‘f‘ + ‘f]‘ + ‘IH‘ + ‘ﬁ/‘ + ‘f/‘ < (74 )| éullro-

Now we estimate the two terms in (46) with the interpolation operator using a basic
error estimate of numerical integration (trapezoidal formula):

(48) }VI‘ = A (Ih(xhn(ﬂhéu)n) - /N\hn(ﬂhéu)n)
c

= Z / Ih )\hn 7"-heu)n) - ;\hn(ﬂ'héu)n)
EcEf

N Z hE|(:\hn(ﬂ'héU)n)”|
E€EY

S Y N (mhéw)n)'|
EeES

< > BEINllEN((Théw)n) e
EeES

S > RPN sl mreall x
E€EY
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3/21% ~
IRl DY 1 -
EeES¢

3/2 g ~ -
ST RO + 0 (@0)) 18wl 1,0
EcEf

S A+ 0 () 5l
EcEf

S llléul

A

1,9,

where K is the element containing E. Above we have used the Cauchy—Schwarz
inequality, the H' stability of 7y, proved in Lemma 3.1 of [22] (see also [79]), and the
trace inequality on an element (see [79]). In a similar way, we obtain

(49) VI 5 S0 B0+ o)l pll@ulliwe < lldullio:

EcEf
Noting that @p, < 0 and Apn > 0 on I'e, we have ch Antin < 0, ch Antiy, = 0, and
ch Anting < 0. Consequently, we obtain

(50) VIII < / ~Nhniihn < 72
INe]

It remains to estimate one term in (46): the one coming from the friction approxima-
tion. As in (25) and (26), we obtain

/ (At — Ae)(ue — ting) = / (At — AR €) (ug — i) +/ 1A — An)€(ug — @ing),
T'c T'c I'e

(51)

where £ € M, £ € Dirg(ug), A = pA\n€, and

< (1t aullellarldull2 o + PIEIA (2 4 2

(52) o

/ 1A — An)E(up — Gine)
I'c

for any positive . The first term in (51) is handled as follows:

/ (At — A €) (up — ne) = Aty — / A € +/ M i Ells — At
I'o T'c T r

c T'e

= / (S\htut — U:\hn lue]) + / (,UJS\hnfﬂht - S\htaht)
T

INe]

< / (3] — 13 ] + / (= Xneing -+ fdnn lime))
I'c Ie

(53) < i
By (52) and (53), we obtain for any positive «

plléllar + 2a
2

(54) / Gt — Ae) e — iine) < (1+ a)all€llacl@ulZ0 + (P + ).
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Putting together the estimates (47), (49), (49), (50), and (54) in (46) and using
Young’s inequality, we come to the conclusion that if u||€||as is small enough (see also

(29)),

(55) [u—1tnl10 S7+C

As in the proof of Theorem 4.2, we obtain

(56) IXN=Anll=gre S Hlu—anlie +7+ ¢

Putting together the two estimates (55) and (56) ends the proof of the theorem. O

5.4. Lower error bound.

THEOREM 5.4. Let (in, M) be a solution to the discrete problem (37) and let
7l = 7(@n, M) be the corresponding estimator. Let (u, X) be a solution to problem (7)
such that X € (L*(T'¢))?. For all elements K, the following local lower error bounds
hold:

mr S llu—aLx + Cx,
ok S [0 —nl[1,wx + (k-

For all elements K having an edge in T (i.e., KNT'¢c = E), the following local lower
error bounds hold:

ik ShLPIA = Malle + lu—anl1k + Cx, 0 =3,4,

(57) sk S e ol s
(58) ore S (witarc + i) 2|16y &

Proof. As in Theorem 4.3 we need only estimate sk, Muk, Ts5x, and fgx. In
addition, the bounds of 73k, 74k are obtained as in Theorem 4.3. So we consider
k. I E € E[C;, one has by the trapezoidal integration formula an inverse inequality
and the scaled trace inequality:

/ ~Ninlhn = / (In(Mn@ihn) — Muntinn)
B B

S h?é|(5‘hnﬂhn)”|
< W X
= Wil + o (@) || 1 ||
S hel| A + o0 (@0)|| £l| @, |
/2~ 1~
< il isic ||
S Msk [l
The last estimate implies (57) by taking the square root.
_Finally we consider 7jgr. According to Proposition 5.1 we have for any node x;
in Fc (;L)\hn|’b~bht| — )\htzlht)(xi) = ((u/\;m — |)\ht|)|ﬂht|)(xi) = 0. Let E € EIC;; it is
easy to see that either @y, is of constant sign on E (i.e., nonnegative or nonpositive)

or Upt(x1)Upt(x2) < 0 (where x; and x5 are the extremities of E) and 4y admits a
unique zero denoted m in E.
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Let us first consider the second case: we denote F; = (x3,m) and Ez = (m,xz)
and suppose without loss of generality that up; > 0 in Ey and upe < 0 in Fp. We
denote by J, the piecewise affine Lagrange interpolation operator defined in E at the
points x1, m, x5. Since (u;\hn|ﬂht| — ;\ht@ht)(m) = 0 and using the same arguments
as for 75k, we get

/ (N [int] — Nnieting)
B

=/ (U Gint — Anting) +/ (—pMndine — Antiing)
E1 E2

= / ((ﬂ;\hnaht — Mting) — Jn(uNhnding — S\htaht))
Eq

+/ ((_Mj\hnﬂht — Mtting) = Jn (=N nding — ;\htaht))
E>

< h, |(A i Tone — Aneting)” ™ | + R, (=X ing — Antting)” |

< Wl (A nnting)” | |+ Wl (Anrting)” |
< hBEul;\;Lnﬂht| + h3E|/~\;ztﬂ?zt

< h’ZE:uHS‘EInHE”ﬂ;Lt”E + W3l Nl 2l | 2 ~

= Wl (Ann + 00 (@R)) | Ell@he L + hENAne + 0 (@n)) | £l |5
S hiptt| M+ on (@) | 8|l e + helAne + o0 (@n) | 2l ll e

E2|

2|

1/2 ~ ~ ~
S i (uisre + flare) [l
S (W3 + Nar)||Gn|

1,K-

Hence we get (58) by taking the square root. The first case (i, is either nonnegative
or nonpositive in F) is straightforward and handled as previously. O

Remark 7. Assume that u € (H2(Q))? (so XA € (Hz(I'¢))?) and that optimal a
priori error estimates hold (as for the first finite element approximation, this question
is entirely open and the only aim of the present remark is to try to illustrate our
result). We define

1/2
= (> ) . 1<i<e.

KeTy,

Then it is straightforward to check that 7; < h,1 < i < 4;m; < A2, j = 5,6. So
7 < h'/2. A deeper insight in the estimates of s and 7igr (which we prefer to avoid)
would show that the estimates in [47, Remark 5.7] could also be applied in our case,
and this would lead to the estimate 77 < (— In(h))Y/4h3/4,

6. Numerical experiments. In this section we achieve the numerical imple-
mentation of the residual estimator for both finite element discretizations. The infor-
mation given by the error estimators is then coupled with a mesh adaptivity procedure.
In what follows, we suppose that the bodies are homogeneous isotropic materials so
that Hooke’s law (2) becomes

EP E
A—ap)isp) e 5

where I represents the identity matrix, tr is the trace operator, and E and P denote
Young’s modulus and Poisson’s ratio, respectively, with £ > 0 and 0 < P < 1/2.

(w),

o(u) =
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Our main aim is to discuss the theoretical results by computing the different
contributions of the estimators 1 and 77 and their orders of convergence as h vanishes.
In particular we are interested in the following terms (where we adopt the notations
of Remarks 5 and 7):

1/2 1/2
m= (> ), 1<i<s, n= (> k) 1<is<e
KeTy KeTh

We will also make use of the frictional contact contributions
8 1/2 6 1/2
770=<Z77¢2) ; ﬁCZ(ZﬁzQ) .
i=3 =3

In the following we denote by N¢ the number of elements of the mesh on I'c. In the
case of uniform meshes this parameter measures the size of the mesh. Moreover we
suppose that the friction coefficient p and the meshsize h are such that both discrete
problems (9) and (37) admit unique solutions (up,An) and (Gx, An). In such a case

it is easy to check that u, = 0y and that ¢(Ap, vy) = b(Ap, vi) Vv, € Vi, which
implies that ny = 2.

6.1. A first example with slip and separation. We consider the domain
Q =]0,1[x]0,1[ with material characteristics F = 10° and P = 0.3. The body is
clamped on I'p = {0} x]0, 1], it is initially in contact with I'c = {1}x]0, 1], and no
force is applied on I'y =]0,1[x ({0} U {1}). The body Q is acted on by a uniform
vertical force f = (0, f2) with fo = —76518, and the friction coefficient u equals 0.2.
We use criss-cross meshes (this means that the body is divided into identical squares,
each of them being divided into four identical triangles). Figure 1 depicts the initial
and deformed configurations with Ngo = 32.

FiG. 1. First example. Initial and deformed configurations with = 0.2 and No = 32.

We first observe that all the nodes on I'¢ have a negative tangential displacement
and that I'c is divided into two parts: an upper part where the body remains in
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o1 400007
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-0.18

0 0.2 0.4 0.6
contact zone

displacements

Fi1c. 2. First ezample. Left: normal_and tangential displacements (@hn,@ne) on To. Right:
normal and tangential multipliers (Apyn, —Apt) on Lo

TABLE 1
Contributions in n and 7 for the first example.

Convergence
Errors || N¢ = Nec=2|Nc=4|Nc =8| Noc =16 | No =32 | N¢c =64 rates
N2 =12 71943 89950 72476 48412 29533 17687 12504 0.57
n3 32980 21134 6826.6 2366.7 960.54 565.63 322.29 1.21
73 11092 8681.4 4165.7 1868.4 778.11 391.41 223.87 1.06
i 30028 15319 6299.3 2594.8 1012.5 457.45 244.01 1.19
N4 29379 14325 6079.3 2542.3 997.58 448.78 239.20 1.18
75 13.674 | 8.1415 3.0994 1.5381 0.50073 0.21377 | 0.036429 1.56
n5 14.503 | 3.9747 | 3.1219 | 0.77988 | 0.42660 0.13956 | 0.039897 1.33
N6 12680 11242 1599.8 1945.9 416.70 385.61 79.730 1.43

16 0 0 0 0 0 0 0 -

n7 12.121 13.619 4.8373 4.6372 1.8200 1.4717 0.54418 0.93
ng 2535.9 2248.4 | 319.95 389.18 83.339 77.122 15.946 1.43

contact with the axis = 1 (slipping nodes) and the lower part of I'c where it

separates from this axis with a separation point near (1,0.65) (see Figure 2). In Table 1
we report the convergence rates by averaging the rates between No = 2 and Ngo = 64.
Note that the convergence rate of the terms n1 = i1 = h(Y jer, k%) ~ h
is 1.

From the computations we see that all the terms 7; and 7; converge towards zero
as h vanishes and that 1 = 72 is obviously the term converging the slowest towards
zero. The main part of the error in 7 and 7 is located near the singular points (0, 0)
and (0,1). The error terms for which no optimal error analysis is available (i.e.,
15,76, 17, 18, 715, g ) vanish faster than all the other ones except 77, which has a slower
convergence rate. Note that 7 = 0 since up; < 0 and uj\;m = —E\ht on I'c. We note
also that the error 7j5 is located on one element near the separation point whereas
15, M6, N7, Mg are located on I'¢, especially in the separation area.

Next we couple the error estimator with a mesh adaptivity procedure. The aim of
adaptive procedures is to offer the user a level of accuracy denoted 7y with a minimal
computational cost. We use the h-version in which the size and the topology of the
elements are modified but the same kind of basis functions for the different meshes
are retained. A mesh T™ is said to be optimal with respect to a measure of the error
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n* if (see [56])

T]* =To,
{ N minimal (N: number of unknowns (or degrees of freedom) when using 7).
(59)

To solve problem (59), the following procedure is applied:
1. an initial analysis is performed on a relatively uniform and coarse mesh T';
2. the corresponding global, error n (resp., 77) and the local contributions nx
(resp., i ) are computed;
3. the characteristics of the optimal mesh T* are determined in order to minimize
the computational costs in respect of the global error;
4. a second finite element analysis is performed on the mesh T*.
The optimal mesh 7™ is determined by the computation of a size modification coeffi-
cient rx on each element K of the mesh T rx = hj;/hk, where hj}; represents the
size that must be imposed to the elements of T in the region of K in order to ensure
optimality. The computation of the coefficients rx uses the rate of convergence of
the error which depends not only on the used element but also on the regularity of
the solution [28]. So, to compute the coefficients rx, we use a technique detailed in
[29] that automatically takes into account the steep gradient regions. The mesh T*
is generated by an automatic mesher able to accurately respect a map of sizes. If the
user wishes more accuracy, then the procedure is repeated as far as a precision close
to 1o is reached (see [28]).

Applying this procedure to the example, we obtain a family of adapted meshes
which are refined near the singularities (0,0) and (0,1) (see Figure 3). We also observe
that the difference between the values of 1 and 7 is not significant when refining,
and we note that the contact contributions nc (resp., fjc) are dominated by 13,74
(resp., j3,74), the other terms being small (this observation also holds for the second
and third examples considered hereafter). Denoting by N the number of unknowns,
we observe that the estimators 7 and 7, computed on adaptively generated meshes,
behave like N %% and that the contact contributions behave approximately like N =08,
Figure 3 depicts 77 and 7 as functions of N.

6.2. A second example with stick, slip, and separation. Next we study
an example where none of the terms n; and 7; vanish (i > 2), where the three differ-
ent zones characterizing friction (stick, slip, separation) exist and have softer corner
singularities than in the previous example. We consider the geometry € =]0,2[x]0, 1]
and adopt symmetry conditions (i.e., u, = 0,0¢(u) = 0) on I's = {1}x]0,1[. We
achieve the computations on the square €2 =]0,1[x]0, 1[. We set I'c =]0,1[x{0} and
I'n = (]0,1[x{1}) U ({0}x]0,1[). A Poisson ratio of P = 0.2, a Young modulus of
E = 10%, and a friction coefficient y = 0.5 are chosen. A density of surface forces F
of magnitude 1 oriented inwards 2 is applied on {0}x]0.5,1[ and ]0.5,1[x{1}. Such
a configuration corresponds to a K-elliptic case (see [41, Theorem 6.3]). Figure 4
depicts the initial and deformed configurations of the body. Here again I'c shows a
separation and a contact part with a transition point near (0.26,0). In addition the
contact part is divided into a slip part (on its left) and a stick part (on its right) with
a transition point from slip to stick near (0.47,0) (see Figures 4 and 5).

It is easy to check that the symmetry conditions on I'¢ lead to supplementary
error terms similar to the ones in 74 and 74, and we add these terms to 7, = 7.
Moreover we have 171 = 7; = 0. The results concerning 7 and 7 are reported in Table
2, where the convergence rates are averaged between No = 2 and N¢ = 128.
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Fic. 3. First example. Left: adapted mesh. Right: convergence of the error estimator 7 and
its frictional contact contribution fjc with adaptive refinement.

Fi1c. 4. Second example. Initial and deformed configurations with p = 0.5 and No = 32
(deformation is amplified by a factor 2000).

We observe that the errors 1 and 77 are mainly located near the singularities
(0,0.5) and (0.5, 1) and also near the transition point between contact and separation.
The error near the transition point between stick and slip is much smaller. As in
the previous example, 7y = 72 is the main term in the estimator with the lowest
(but greater than in the previous example) convergence rate and the error terms for
which no optimal convergence result is available (i.e., 15, 6, 77, 8, 75, 76 ) vanish with
a higher rate than theoretically expected. The particularity in this example is that
many terms (in particular 76) converge towards 0 with a nonuniform convergence rate.

We then apply the adaptive procedure described before and depict the initial mesh
and two refined meshes in Figure 6. As previously the error decay using refinement
behaves like N %% and is a bit faster than the error decay using refined meshes (near
N 045 see Figure 7). Figure 7 also shows the convergence of the contact contribution
fic, and we observe that 7jc /7 ~ N~%2 which therefore vanishes when N — co. The
results are similar when considering 7 instead of 7.
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contact zone .
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F1c. 5. Second example. Left: normal and tangential displacements (@pn,tnt) on T'o. Right:
normal and tangential multipliers (Apyn, —Apt) on Lo

TABLE 2
Contributions in 1 and 7 for the second example.

Errors Convergence
x10° N =2|Noc=4|Nc=8|Nc=16| Nc =32 | Noc =64 | Noc = 128 rates
n2 = M2 87774 53444 32022 18577 10449 5740.85 3109.85 0.80
73 16925 | 5164.72 | 2111.32 | 857.613 | 359.365 | 113.333 43.3032 1.44
73 10176 | 4448.27 | 1665.89 | 642.493 | 256.814 | 93.1164 35.8664 1.36
N4 17166 | 7553.27 | 3860.54 | 1818.65 | 848.092 | 388.834 184.881 1.09
M4 9237.09 | 5292.69 | 2825.89 | 1376.62 | 631.021 | 278.175 127.115 1.03
75 39.1890 | 6.22418 | 3.65335 | 3.48613 | 2.18880 | 0.873704 | 0.113440 1.41
M5 52.2094 | 24.4419 | 9.21759 | 2.94782 | 0.220389 | 0.544605 | 0.197534 1.34
76 8624.25 | 1500.79 | 228.240 | 505.892 | 647.810 | 226.079 8.07287 1.68
76 34.2719 | 16.9743 | 6.48435 | 1.95881 | 0.607762 | 0.212090 | 0.0769817 1.47
n7 33.4342 | 19.1663 | 9.98284 | 7.51870 | 6.30249 | 3.09423 | 0.494072 1.01
78 4157.91 | 780.210 | 509.431 | 501.907 | 323.932 | 113.182 9.04330 1.47

6.3. Third example: A case with small friction, comparison with an
example in the literature. Finally we consider an example from the literature
(see [81], “square on a plane”) which is somewhat more regular than the previous
ones. Namely we consider the geometry 0 =]0,1[x]0, 1[ with symmetry conditions
on I's = {0.5}x]0, 1] and compute the solutions on © =]0,0.5[x]0,1[. We set I'c =
10,0.5[x{0}, Ty = (]0,0.5[x{1}) U ({0} x]0,1[), P = 0.3, and E = 10*. A density of
inward oriented surface forces F(x,y) = —22(1 — x)? (resp., F(z,y) = 2y%(1 — y)?)
is applied on ]0,0.5[x{1} (resp., {0}x]0,1[). We choose a small friction coefficient
p# = 0.1 keeping in mind that the numerical example in [81] is frictionless. Figure
8 depicts the initial and deformed configurations of the body (with No = 64). The
boundary part I'c shows a transition point between contact and separation near
(0.08,0). Due to the (small) friction we observe that (only) the last contact element
near (0.5,0) is stuck on the foundation. Figure 9 shows the surface displacements and
tractions on I'¢.

The adaptive procedure is summarized in Figures 10 and 11. The initial mesh
and two refined meshes are shown in Figure 10; the refined meshes are more uniform
than in the previous examples and contain more small elements near the boundary
(except where symmetry holds). Note that the error decay is optimal (like N~0-)
when uniform meshes are used and that the frictional contact contribution in the error
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F1c. 7. Second example. Left: convergence of the error estimator i with uniform and adaptive
refinement. Right: convergence of the error estimator 7 and its frictional contact contribution fc

with adaptive refinement.

estimator behaves approximately like N ~0-8%; see Figure 11. These results obtained
for a small friction coefficient show many similarities with the ones obtained in [81]

without friction.

7. Conclusion and perspectives. In this paper we propose, analyze, and im-
plement two residual error estimators n and 7 corresponding to two finite element
discretizations of the static Coulomb friction problem by using the partial uniqueness
result obtained in [72]. To our knowledge our study yields the first results (for the
Coulomb friction problem) involving residual estimators with both upper and lower
bounds of the discretization error. From the definitions and the theoretical estimates
we observe that 7] is simpler to define and yields better bounds. From the numerical
experiments, we observe that all the terms in 7 and 7 for which no optimal theoreti-
cal results can be provided behave better than theoretically expected and that both
approaches are worth being considered.

Another line of research could consist in obtaining a uniqueness result for the
quasi-static problem by adapting the techniques in [72] and then to perform an a
posteriori analysis (note that the existence results obtained in [5, 73] for the quasi-
static problem are of the same type as the ones for the static problem).

Another (difficult) study consists in extending the estimators obtained in this
paper to the so-called XFEM method for crack problems (see [66]), where frictional
contact occurs on the crack lips and where the mesh of the body does not coincide
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F1G. 8. Third example. Left: initial and deformed configurations with p = 0.1. Right: zoom
near the separation zone.

contact zone
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F1c. 9. Third example. Left: normal and tangential displacements (@hn, —tnt) on Do. Right:
normal and tangential multipliers (Apyn, Apt) on T'o.

with the crack. This study is actually under investigation in [61].

Appendix.
PROPOSITION 7.1. For any positive u, problem (37) admits at least a solution.
Proof. Let 1 > 0 be given. We introduce the problem of friction P(gp,) with a
given threshold pgp, and gp, € Kpyp. It consists in finding uy, € Vi, and (Apn, Apt) =
An € Ky (pgnn) = Kpn X Kpi(pugns) satisfying
a(uh, Vh) + c()\h,vh) = L(Vh) Vvi € Vi,
(60)  P(gnn) {

c(wn —Ap,up) <0 Vv = (Uhn, Vae) € Kn(gnn).

Problem (60) is equivalent of finding a saddle-point (Wp, Aun, Ant) = (Un, Ap) € Vi ¥
K, (gnn) verifying

L(up,vn) < L(ap, An) < L(Vh, Ap) Vv, € Vi, Yo € Ki(pgnn),
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Fic. 11. Third example. Left: convergence of the error estimator i with uniform and adaptive

refinement. Right: convergence of the error estimator 7 and its frictional contact contribution

with adaptive refinement.

we deduce that there exists such a saddle-point. The strict convexity of a(.,.) implies
that the first argument uy, is unique. Suppose that the second argument is not unique:

By using standard arguments on saddle-point problems as in [41, Theorem 3.9, p. 339],
then the equality in (60) implies

where

Vv € V.

AL, vi) =0

c(X, —

A — A7 on I'¢. From the definition of

2

The definition of W}, allows us to choose vy,

0. Consequently, the second argument
ion. The next lemma is a straightforward

¢(.,.) we come to the conclusion that A} — A
Ap, is unique and (60) admits a unique solut

and (60).

)
s discrete frictional contact problem (37)

are the solutions of P(Any), where Apy is a fized point of ®y. The functional Oy is

defined as follows:

h
37

(

LEMMA 7.2. The solutions of Coulomb

consequence of the definition of problems

Khn — Khn7
— )\hna

g

Dy, :

hn
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where (up, Ap) is the solution of P(gny)-

To establish existence of a fixed point of ®;,, we use Brouwer’s fixed point theorem.
First we prove the mapping ®;, is continuous. Set Vh ={vpeVy: v =00nT¢}.
From the definition of W4, it is easy to check that the definition of H.||7%7h given by

ol g = sup Lol
2 .

VREV, th”LQ

is a norm on Wy,. Let (un, Ay, Ane) and (W, Aun, An¢) be the solutions of P(gn,) and
P(Gnn), respectively. On the one hand, we get

a(uh,vh) —l—/ Ih()\}m’l)}m) dl' = L(Vh) Vv € Vh,
I'c

a(u_h, Vh) —l—/ Ih()\—}m’l}}m) dl’ = L(Vh) Vvy, € Vh.
I'c

Subtracting the previous equalities and using the continuity of the bilinear form a(., .)
gives

1,0 Vvy € Vh.

/ In (O — M) o) dU = a(W — wnvi) < [[un — 85l llval
I'c

Hence, we get a first estimate
(61) Ann = Mnnll =1 Sl —Tll1,0.

On the other hand, we have from (37)

(62) a(up,vy) +/

Ih(/\;mv;m) dr +/ Ih(/\htvht) dl' = L(Vh) VYvy, € Vi,
Ie

INe]

(63) a(un, vn) +/

Ih(mvhn) dr +/ Ih(/\_ht'Uht) dl' = L(Vh) Vv, € V.
Ie

INe]
Choosing vy, = u; — Uy, in (62) and v, = @, — uy, in (63) implies by addition
a(uy — Ty, w, — ) = / T((Rm = M) (1t — i) dT
INe]

(64) +/F In((Ant — Ant) (unt — Trz)) dr.

Let us notice that the inequality in (60) is obviously equivalent to the two following
conditions:

(65) / In((Uhn — Awn)Upn) dI' <0 Yuhn € Kpn,
T
(66) / In((Wne — Ant)une) dI' <0 Vune € Knt(ftghn)-
T

According to the definition of Kj},, we can choose vy, = 0 and vy, = 2\, in (65),
which gives

/ In(Apnupn) dl=0 and / Iy, (Vhntp,) dT' <0 Yupn € Kpn,
I'c Ie
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from which we deduce that
/ In((Mhn — An) (Whn — Tip) dT < 0.
INe]
Hence (64) becomes

(67) I / I ((Rr — Ane) oane — T057)) "
I'c

From the definition of Kpt(ugnn), we get

/ I (\nTig) dT° < / T(| | [Tiz]) T < / I (11 i) T
Ie

I'c T

A similar expression can be obtained when integrating the term Iy (Ansup¢). Besides
from (66)

~ [ ) dr <= [ T(oneune) dr
T'c T
p
== une(X)un(xi) [ U, dU Vope st [vie] < pgin.
i=1 To

If upe(xi) > 0, we choose vpt(X;) = ugnn(xi), and if up(x;) < 0, we choose vpi(x;) =
—pgnn(x;). This yields the following bound:

p
= [ Brune) 4 < =D gnn o) )| [ == [ Taagnn lund) ar
T'e Py T'o T'e

A similar expression can be obtained when integrating the term I, (/\_htu_ht) Finally,
(67) becomes

T2 < 1 / In((ghn — ) (] — [une])) dT
T

< u/ In(|ghn — Ghnl [@nt — une|) dT
T

=1 (gnn — Fam) (x0)| [(@ht — wne) (xi)| | x, dL

i=1 Ic
1 1
p 2 p 2
_ _ 2
< u( (gnm — ghn><xi>|2> (Z (7 — une) 1) )
i=1 i=1
(68) S uC(h)llghn = Ghnll -1 p [0 — unl|10,

where the equivalence of norms in finite dimensional spaces has been used as well as
the trace theorem. Combining (68) and (61) implies that there exists a constant C'(h)
such that

(69) i = Rl S BB lgin — Tl -

Hence ®4, is continuous.
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Let (up, Apn, Ant) be the solution of P(gp,). Taking vy, = uy, in (60) gives

(70) a(up,up) +/

Ih(/\;mu;m) dar —|—/ Ih()\htuht) dl’ = L(uh).
INe]

Te

According to
/ I, (Apntpyn) dl'=0 and / In(Antupt) dU > 0,
Fc 1—‘C‘

we deduce from (70) the V-ellipticity of a(.,.) and the continuity of L(.):
lunll} o S alun, up) < Lun) < l[unzo-

So, we deduce that ||upl/1,o is bounded. In other respects

a(uh, Vh) +/ Ih(/\}ml}}m) dl' = L(Vh) Vv, € Vh
Ie

leads to
/ In(Awntnn) dU S Jlunllnellvallie + [Vallie  Yvi € Vi
I'c

Therefore || @5 (gnn)ll - 15 = [Annll— 1 n S lunllre +1 51 Vgrn € Mpy. This bound-
edness of @, together with the continuity of ®; proves that there exists at least a
solution of Coulomb’s discrete frictional contact problem according to Brouwer’s fixed
point theorem. 0

Remark 8. From (69), we obtain a meshsize dependent uniqueness result when
uw C(h) < 1. This means that uniqueness holds when g is small enough, where
the denomination “small” depends on the discretization parameter. A more detailed
study would show that this uniqueness criterion disappears when h vanishes (i.e.,
limy, 0 C(h) = +00).
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