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Abstract: In this work we consider a stabilized Lagrange multiplier method in order to approxi-
mate the Coulomb frictional contact model in linear elastostatics. The particularity of the method is
that no discrete inf-sup condition is needed. We study the existence and the uniqueness of solution
of the discrete problem.

Key words: unilateral contact, Coulomb’s friction law, finite elements, mixed method, stabiliza-
tion.
AMS subject classification: 65N30, 74M15.

1. Introduction and notation
The numerical approximation of frictional contact problems occurring in structural mechanics is
generally achieved using the finite element method (see [23, 26, 36, 38, 49]). An important aspect
in these simulations consists of choosing finite element methods which are both easy to implement
in practice and accurate from a theoretical point of view. The frictionless unilateral contact prob-
lem (or the equivalent scalar valued Signorini problem) shows the nonlinearity on the boundary
corresponding to the non-penetration of the materials on the contact area which leads to a varia-
tional inequality of the first kind. When considering friction in addition to the contact model, there
are supplementary nonlinearities which have to be taken into account. We consider in what follows
the simplest model: linear elasticity, small strains and Coulomb friction. Although there exist sim-
plified and/or different models: Tresca’s friction, normal compliance...(see [36, 47]), we consider
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the so-called static friction problem introduced in [19, 20] which roughly speaking corresponds to
an incremental problem in the time discretized quasi-static model. Let us mention that a detailed
study of several mixed finite element methods for frictionless and frictional contact problem can
be found in [25, 26]. We can find also numerical analysis and convergence analysis in [16, 33].

For this elementary model without friction, some results were improved and/or generalized in
many directions using different kind of multipliers [9, 10, 18], quadratic finite elements [8, 32]
or an augmented Lagrangian [14]. In fact, any of the mixed methods cited above need an inf-sup
condition (see [3, 12, 13]) and a number of convenient choices are ruled out by this condition.
In the present work we consider a mixed finite element method which does not require an inf-
sup condition. Such methods which provide stability of the multiplier by adding supplementary
terms in the weak formulation have been originally introduced and analyzed in [4, 5]. The great
advantage of such methods compared to original one in [3] is that the finite element spaces on
the primal and dual variables can be chosen independently. In penalty methods, the penetration
between two contacting boundaries is introduced and the normal contact force is related to the
penetration by a penalty parameter ([2, 45]). Moreover, contrary to penalization techniques, in the
method of Lagrangian multipliers, the stability is improved without compromising the consistency
of the method. Later, the connection was made in [48] between the stabilized method of Barbosa
and Hughes [4, 5] and the former one of Nitsche [44]. The studies in [4, 5] were generalized to
a variational inequality framework in [6] (Signorini type problems among others). This method
has also been extended to interface problems on nonmatching meshes in [7, 24] and more recently
for bilateral (linear) contact problems in [29]. My aim in this paper is to extend the work of Hild
and Renard in [34] to the more general and currently used Coulomb’s frictional contact model but
without convergence analysis.

The paper is outlined as follows. In section 2, we introduce the equations modelling the fric-
tional unilateral contact of a linear elastic body with a rigid foundation under the small strains
hypothesis. We write the problem using a mixed formulation where the unknowns are the dis-
placement field in the body and the frictional contact pressures on the contact area. In section 3,
we propose an extension of ”Barbosa-Hughes-Nitsche’s” concept to the frictional contact problem
and we study the properties of the discrete problem.

Finally, we introduce some useful notations and several functional spaces. In what follows,
bold letters like u,v, indicate vector or tensor valued quantities, while the capital ones (e.g.,
V,K, . . .) represent functional sets involving vector fields. As usual, we denote by (L2(.))d and
by (Hs(.))d, s ∈ R, d = 1, 2, 3 the Lebesgue and Sobolev spaces in one, two or three space di-
mensions (see [1]). The usual norm of (Hs(D))d (dual norm if s < 0) is denoted by ‖ · ‖s,D and
we keep the same notation when d = 1, d = 2 or d = 3. Finally the notation a . b means
here and below that there exists a positive constant C independent of a and b (and of the meshsize
of the triangulation) such that a ≤ C b. The notation a ∼ b means that a . b and b . a hold
simultaneously.
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2. The frictional contact problem in elasticity
We consider the deformation of an elastic body occupying, in the initial unconstrained confi-
guration, a domain Ω in R2 where plane small strain assumptions are assumed. The Lipschitz
boundary ∂Ω of Ω is polygonal and we suppose that ∂Ω consists in three nonoverlapping parts
ΓD, ΓN and the frictional contact boundary ΓC with meas(ΓD) > 0 and meas(ΓC) > 0. The
normal unit outward vector on ∂Ω is denoted n = (n1, n2) and we choose as unit tangential vector
t = (−n2, n1). The body is clamped on ΓD for the sake of simplicity. It is subjected to volume
forces f = (f1, f2) ∈ (L2(Ω))2 and to surface loads g = (g1, g2) ∈ (L2(ΓN))2. The contact
boundary is supposed to be a straight line segment. In its initial stage, the body is in contact on
ΓC with a rigid foundation (the extension to two elastic bodies in contact can be easily made, at
least for small strain models). The contact is assumed to be frictional and the stick, slip and se-
paration zones are not known in advance and we suppose that the unknown final contact zone after
deformation will be included into ΓC . We denote by µ ≥ 0 the given friction coefficient on ΓC .

.
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Figure 1: Setting of the problem. The domain Ω and its boundary divided in three open disjoint
parts: ΓD, ΓN and ΓC .

The unilateral contact problem with Coulomb’s friction law in linear elasticity consists in fin-
ding the displacement field u : Ω → R2 verifying the equations and conditions (2.1)–(2.6):

div σ(u) + f = 0 in Ω, (2.1)
σ(u) = Aε(u) in Ω, (2.2)

u = 0 on ΓD, (2.3)
σ(u)n = g on ΓN , (2.4)

where σ = (σij), 1 ≤ i, j ≤ 2, stands for the stress tensor field and div denotes the divergence
operator of tensor valued functions. The notation ε(v) = (∇v+∇v

T
)/2 represents the linearized

strain tensor field and A is the fourth order symmetric elasticity tensor having the usual uniform
ellipticity and boundedness property. For any displacement field v and for any density of surface
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forces σ(v)n defined on ∂Ω, we adopt the following notations:

v = vnn + vtt and σ(v)n = σn(v)n + σt(v)t.

On ΓC , the three conditions representing unilateral contact are given by:

un ≤ 0, σn(u) ≤ 0, σn(u) un = 0, (2.5)

and the Coulomb friction law is summarized by the following conditions:




ut = 0 =⇒ |σt(u)| ≤ µ|σn(u)|

ut 6= 0 =⇒ σt(u) = −µ|σn(u)| ut

|ut| .
(2.6)

The weak variational formulation of (2.1)–(2.6) uses the Hilbert spaces

V =
{
v ∈ (

H1(Ω)
)2

: v = 0 on ΓD

}
, Wn =

{
vn|ΓC

: v ∈ V
}

, Wt =
{

vt|ΓC
: v ∈ V

}
,

and their topological dual spaces V′, W ′
n, W ′

t , endowed with their usual norms. Since ΓC is a
straight line segment, we have H1/2

00
(ΓC) ⊂ Wn ⊂ H1/2(ΓC) (resp. H1/2

00
(ΓC) ⊂ Wt ⊂ H1/2(ΓC))

which implies W ′
n ⊂ H−1/2(ΓC) (resp. W ′

t ⊂ H−1/2(ΓC)). Classically, H1/2(ΓC) is the space of
the restrictions on ΓC of traces on ∂Ω of functions in H1(Ω), and H−1/2(ΓC) is the dual space of
H1/2

00
(ΓC) which is the space of the restrictions on ΓC of functions in H1/2(∂Ω) vanishing outside

ΓC . We refer to [39] and [1] for a detailed presentation of trace operators and/or trace spaces.
We introduce the following convex cone of multipliers on ΓC : M(µλn) = Mn × Mt(µλn)

where
Mn =

{
ν ∈ W ′

n, ν ≥ 0 on ΓC

}
,

and, for any g ∈ Mn

Mt(g) =
{

ν ∈ W ′
t , −g ≤ ν ≤ g on ΓC

}
,

and the inequality conditions incorporated in the definitions of Mn and Mt(g) have to be under-
stood in the dual sense.

We adopt the following notations:

a(u,v) =

∫

Ω

σ(u) : ε(v) dΩ, b(ν,v) =
〈
νn, vn

〉
W ′

n,Wn
+

〈
νt, vt

〉
W ′

t ,Wt
,

L(v) =

∫

Ω

f · v dΩ +

∫

ΓN

g · v dΓ,

for any u and v in V and ν in W ′
n × W ′

t . In these definitions, the notations · and : represent
the canonical inner products in R2 and S2 (the space of second order symmetric tensors on R2)
respectively and the notation 〈., .〉W ′

n,Wn
represents the duality pairing between W ′

n and Wn.
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The mixed formulation of the unilateral contact problem with Coulomb friction (2.1)–(2.6)
consists then in finding u ∈ V and λ ∈ M(µλn) such that

{
a(u,v) + b(λ,v) = L(v), ∀v ∈ V,

b(ν − λ,u) ≤ 0, ∀ν = (νn, νt) ∈ M(µλn).
(2.7)

It is easy to see that if (u, λn, λt) is a solution of (2.7), then λn = −σn(u) and λt = −σt(u).

The space Wn is equipped with the norm

‖w‖Wn = inf
v∈V:vn=w on ΓC

‖v‖1,Ω,

and a similar holds for ‖.‖Wt . We write afterwards integral terms instead of duality pairings.

Another classical weak formulation of problem (2.1)–(2.6) is a variational inequality:
find u such that

u ∈ K, a(u,v − u)− µ

∫

ΓC

σn(u)(|vt| − |ut|) dΓ ≥ L(v − u), ∀v ∈ K, (2.8)

where K denotes the closed convex cone of admissible displacement fields satisfying the noninter-
penetration conditions:

K =
{
v ∈ V : vn ≤ 0 on ΓC

}
.

When friction is omitted (µ = 0) then the condition (2.6) simply reduces to σt(u) = 0 and
the frictionless contact problem admits a unique solution according to Stampacchia’s theorem (see
[37]). The existence of a solution to (2.8) has been proved for small friction coefficients in [43]
and the bounds ensuring existence have been improved in [35] and [21]. In [22] existence is stated
when µ ≤ √

3− 4P/(2 − 2P ) where 0 ≤ P ≤ 1/2 denotes Poisson’s ratio. In [30, 31], some
multi-solutions of the problem (2.1)–(2.6) are exhibited for triangular or quadrangular domains.
These multiple solutions involve either an infinite set of slipping solutions or two isolated (stick
and separation) configurations. Note that these examples of non-uniqueness involve large friction
coefficients (i.e. µ >

√
(1− P )/P ) and tangential displacements with a constant sign on ΓC . Ac-

tually, it seems that no multi-solution has been detected for an arbitrary small friction coefficient
in the continuous case, although such a result exists for finite element approximations in [28], but
for a variable geometry. The forthcoming partial uniqueness result is obtained in [46]: it defines
some cases where it is possible to affirm that a solution to the Coulomb friction problem is in fact
the unique solution. More precisely, if a regular solution to the Coulomb friction problem exists
(here the denomination regular means, roughly speaking, that the transition is smooth when the
slip direction changes) and if the friction coefficient is small enough then this solution is the only
one.

We now introduce the space of multipliers M of the functions ξ defined on ΓC such that the
following equivalent norm is finite:

‖ξ‖M = sup
vt∈Wt
vt 6=0

‖ξ.vt‖Wt

‖vt‖Wt

.
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Since ΓC is assumed to be straight, M contains for any ε > 0 the space H1/2+ε(ΓC) (see [41] for
a complete discussion on the theory of multipliers in a pair of Hilbert spaces).

The partial uniqueness result is given assuming that λt = µλnξ, with ξ ∈ M . It is easy to see
that it implies |ξ| ≤ 1 a.e. on the support of λn. More precisely, this implies that ξ ∈ Dirt(ut)
a.e. on the support of λn, where Dirt(.) is the subdifferential of the convex map xt 7−→ |xt|. This
means that it is possible to assume that ξ ∈ Dirt(ut) a.e. on ΓC .

Proposition 1. Let u be a solution to Problem (2.8) such that λt = µλnξ, with ξ ∈ M , ξ ∈ Dirt(ut)
a.e. on ΓC and µ < (C0‖ξ‖M)−1 where C0 is independent of ξ. Then u is the unique solution to
Problem (2.8).

Proof. see [46]
In two space dimensions (d = 2), the case ξ ≡ 1 corresponds to an homogeneous sliding

direction and the previous result is complementary to the non-uniqueness results obtained in [30,
31].

The multiplier ξ has to vary from −1 to +1 each time the sign of the tangential displacement
changes from negative to positive. The set M does not contain any multiplier having a singularity
of the first kind. The tangential displacement of the solution u cannot pass from a negative value
to a positive value and being zero only at a single point of ΓC .

3. Discretization with the stabilized Lagrange multiplier method

3.1. Discrete problem
Let Vh ⊂ V be a family of finite dimensional vector spaces indexed by h > 0 coming from a
regular family Th (see [11, 13, 15]) of triangulations of the domain Ω. For T ∈ Th, let hT be
the diameter of T and h = maxT∈Th

hT . We choose standard continuous and piecewise affine
functions, i.e.:

Vh =
{
vh ∈ (C(Ω))2 : vh|T ∈ (P1(T ))2,∀T ∈ Th,vh = 0 on ΓD

}
.

Next, let be given x0, ...,xN some distinct points lying in ΓC (note that we do not suppose that these
nodes coincide with some nodes of the triangulation Th). These nodes form a monodimensional
family of meshes of ΓC denoted TH and we set H = max0≤i≤N−1 |xi+1 − xi|. In order to express
the contact constraints by using Lagrange multipliers on the contact zone, we have to introduce
a finite dimensional space WH approximating W ′. There are two elementary possible choices of
WH . We can set either

W0H =
{

µH ∈ L2(ΓC) : µH|]xi,xi+1[
∈ P0(]xi,xi+1[), ∀0 ≤ i ≤ N − 1

}
,
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or
W1H =

{
µH ∈ C(ΓC) : µH|]xi,xi+1[

∈ P1(]xi,xi+1[),∀0 ≤ i ≤ N − 1
}

.

The choice of the space WH allows us to define the following closed convex cones:

MHn =
{

νH ∈ WH : νH ≥ 0
}

and, for g ∈ MHn:

MHt(g) =
{

νH ∈ WH : |νH | ≤ g
}

.

The discrete problem is to find uh ∈ Vh and λH = (λHn, λHt) ∈ MH(µλHn) = MHn ×
MHt(µλHn) such that





a(uh,vh) + b(λH ,vh) +

∫

ΓC

γ(−λHn − σn(uh))σn(vh)dΓ

+

∫

ΓC

γ(−λHt − σt(uh))σt(vh)dΓ = L(vh), ∀vh ∈ Vh,

b(νH − λH ,uh) +

∫

ΓC

γ(νHn − λHn)(−λHn − σn(uh))dΓ

+

∫

ΓC

γ(νHt − λHt)(−λHt − σt(uh))dΓ ≤ 0, ∀ (νHn, νHt) ∈ MH(µλHn),

(3.1)

where γ is defined constant on each element T as γ = γ0hT where γ0 > 0 is independent of h.

Remark 2. The particularity of (3.1) is the presence of stabilization term involving γ.

Remark 3. When γ=0, using a fixed point argument, [17] states the existence of a solution and
the uniqueness when µ ≤ C(h) (C(h) ∼ h

1
2 ).

The method is consistent in the sense that λHn and −σn(uh) (resp. λHt and −σt(uh)) are both
some approximations of λn = −σn(u) (resp. λt = −σt(u)) and the additional stabilization term
is vanishing for the solution to the continuous problem. Of course this stabilization term modifies
the discrete solution. In fact, it reinforces the correspondence between λHn and −σn(uh) (resp.
λHt and −σt(uh)).

3.2. Existence and uniqueness of the solution

Proposition 4. For any positive µ and for γ0 small enough, problem (3.1) admits at least a solution.
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Proof. Let µ > 0 be given. We introduce the problem of friction P (gHn) with a given thres-
hold µgHn and gHn ∈ MHn. It consists of finding uh ∈ Vh and λH ∈ MH(µgHn) = MHn ×
MHt(µgHn) satisfying:

P (gHn)





a(uh,vh) + b(λH ,vh) +

∫

ΓC

γ(−λHn − σn(uh))σn(vh)dΓ

+

∫

ΓC

γ(−λHt − σt(uh))σt(vh)dΓ = L(vh), ∀vh ∈ Vh,

b(νH − λH ,uh) +

∫

ΓC

γ(νHn − λHn)(−λHn − σn(uh))dΓ

+

∫

ΓC

γ(νHt − λHt)(−λHt − σt(uh))dΓ ≤ 0, ∀νH ∈ MH(µgHn).

(3.2)

Problem (3.2) is equivalent of finding a saddle-point (uh, λHn, λHt) = (uh,λH) ∈ Vh ×
MH(µgHn) verifying

Lγ(uh,νH) ≤ Lγ(uh,λH) ≤ Lγ(vh,λH), ∀vh ∈ Vh, ∀νH ∈ MH(µgHn),

where

Lγ(vh,νH) =
1

2
a(vh,vh)−L(vh)+b(νH ,vh)−1

2

∫

ΓC

γ(νHn+σn(vh))
2dΓ−1

2

∫

ΓC

γ(νHt+σt(vh))
2dΓ.

Let E be an edge (of a triangle) on ΓC and let T ∈ Th be the element containing E. Note that
we can suppose without loss of generality that ΓC is a straight line segment parallel to the x−axis
and we write v = (vx, vy). Consequently we deduce, for any vh ∈ Vh :

‖σn(vh)‖0,E = ‖σyy(vh)‖0,E =
|E|1/2

|T |1/2
‖σyy(vh)‖0,T

∼ h
−1/2
E ‖σyy(vh)‖0,T ∼ h

−1/2
T ‖σyy(vh)‖0,T

Let hΓC
be the function equal to

γ

γ0

which is independent of γ0. By summation on all the edges

E ⊂ ΓC we get

‖h1/2
ΓC

σn(vh)‖2
0,ΓC

≤ C‖σyy(vh)‖2
0,Ω ≤ C‖vh‖2

1,Ω. (3.3)

We have the same inequality with σt(vh). Hence, from Korn inequality and (3.3), when γ0 is small
enough, there exists C > 0 such that for any vh ∈ Vh:

a(vh,vh)−
∫

ΓC

γ(σn(vh))
2dΓ−

∫

ΓC

γ(σt(vh))
2dΓ ≥ C‖vh‖2

1,Ω. (3.4)

By using classical arguments on saddle-point problems as Haslinger, Hlaváček and Nečas ([26],
p.338), we deduce that there exists such a saddle-point. Indeed, the existence of a solution to
problem (3.2) when γ0 is small enough follows from the fact that
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• Vh and MH(µgHn) are two nonempty closed convex sets,

• Lγ(., .) is continuous on Vh ×W 2
H ,

• Lγ(vh, .) (resp. Lγ(., νH)) is strictly concave (resp. strictly convex) for any vh ∈ Vh (resp.
for any νH ∈ MH(µgHn)),

• by taking νH = 0 and by (3.4) with γ0 small enough, we obtain

Lγ(vh, 0) ≥ C

2
‖vh‖2

1,Ω − ‖L‖V ‖vh‖1,Ω

which tends to infinity when ‖vh‖1,Ω −→∞. So limvh∈Vh,‖vh‖1,Ω→∞ Lγ(vh, 0) = +∞

• choosing vh = 0 leads to limνH∈MH(µgHn),‖γ1/2νH‖0,ΓC
→∞ Lγ(0,νH) = −1

2

∫

ΓC

γν2
HndΓ

− 1
2

∫

ΓC

γν2
HtdΓ = −∞.

The strict convexity of a(., .) implies that the first argument uh is unique.
Besides, suppose that the second argument is not unique. The inequality in (3.2) allow us to write
by choosing νHn = λ2

Hn and νHt = λ2
Ht,

∫

ΓC

(λ2
Hn − λ1

Hn)uhn dΓ +

∫

ΓC

γ(λ2
Hn − λ1

Hn)(−λ1
Hn − σn(uh))dΓ

+

∫

ΓC

(λ2
Ht − λ1

Ht)uht dΓ +

∫

ΓC

γ(λ2
Ht − λ1

Ht)(−λ1
Ht − σt(uh))dΓ ≤ 0

and by choosing νHn = λ1
Hn and νHt = λ1

Ht,
∫

ΓC

(λ1
Hn − λ2

Hn)uhn dΓ +

∫

ΓC

γ(λ1
Hn − λ2

Hn)(−λ2
Hn − σn(uh))dΓ

+

∫

ΓC

(λ1
Ht − λ2

Ht)uht dΓ +

∫

ΓC

γ(λ1
Ht − λ2

Ht)(−λ2
Ht − σt(uh))dΓ ≤ 0

By addition we obtain −‖γ1/2(λ1
Hn − λ2

Hn)‖2
0,ΓC

− ‖γ1/2(λ1
Ht − λ2

Ht)‖2
0,ΓC

≥ 0 and we come to
the conclusion that λ1

Hn = λ2
Hn, λ1

Ht = λ2
Ht. Consequently, the second argument λH is unique

and (3.2) admits a unique solution. The next definition is a straightforward consequence of the
definition of problems (3.1) and (3.2).

Definition 1. The solutions of Coulomb’s discrete frictional contact problem (3.1) are the solutions
of P (λHn) where λHn is a fixed point of ΦH defined as follows:

ΦH : MHn −→ MHn

gHn 7−→ λHn.

where (uh, λH) is the solution of P (gHn).
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Continuation of the proof: To establish existence of a fixed point of ΦH , we use Brouwer’s fixed
point theorem.
Step 1. We prove that the mapping ΦH is continuous.

Let (uh, λHn, λHt) and (uh, λHn, λHt) be the solutions of (P (gHn)) and (P (gHn)) respectively.
On the one hand, we get

‖γ1/2(λHn − λHn)‖2
0,ΓC

=

∫

ΓC

γλ2
Hn dΓ− 2

∫

ΓC

γλHnλHndΓ +

∫

ΓC

γλHn
2
dΓ

By using (3.2) and νHt = λHt, we obtain ∀ νHn ∈ MHn

∫

ΓC

(νHn − λHn)uhn dΓ +

∫

ΓC

γ(νHn − λHn)(−λHn − σn(uh))dΓ ≤ 0

∫

ΓC

γλ2
Hn dΓ ≤

∫

ΓC

(λHn − νHn)uhndΓ +

∫

ΓC

γ(νHn − λHn)σn(uh)dΓ +

∫

ΓC

γνHnλHndΓ (3.5)

and
∫

ΓC

γλHn
2

dΓ ≤
∫

ΓC

(λHn − νHn)uhndΓ +

∫

ΓC

γ(νHn − λHn)σn(uh)dΓ +

∫

ΓC

γνHnλHndΓ. (3.6)

Taking νHn = λHn in (3.5) and νHn = λHn in (3.6) and (3.3) implies:

‖γ1/2(λHn − λHn)‖2
0,ΓC

≤
∫

ΓC

(λHn − λHn)uhn dΓ +

∫

ΓC

γ(λHn − λHn)σn(uh)dΓ

+

∫

ΓC

(λHn − λHn)uhn dΓ +

∫

ΓC

γ(λHn − λHn)σn(uh)dΓ

≤ ‖γ1/2(λHn − λHn)‖0,ΓC
γ
−1/2
0 ‖h−1/2

ΓC
(uhn − uhn)‖0,ΓC

+‖γ1/2(λHn − λHn)‖0,ΓC
γ

1/2
0 ‖h1/2

ΓC
(σn(uh)− σn(uh))‖0,ΓC

. ‖γ1/2(λHn − λHn)‖0,ΓC
γ
−1/2
0 ‖uh − uh‖1,Ω

+‖γ1/2(λHn − λHn)‖0,ΓC
γ

1/2
0 ‖uh − uh‖1,Ω

Hence, we get a first estimate

‖γ1/2(λHn − λHn)‖0,ΓC
. (γ

1/2
0 + γ

−1/2
0 )‖uh − uh‖1,Ω. (3.7)

On the other hand, we have from (3.2) ∀vh ∈ Vh,

a(uh,vh) +

∫

ΓC

λHnvhn dΓ +

∫

ΓC

γ(−λHn − σn(uh))σn(vh)dΓ

+

∫

ΓC

λHtvht dΓ +

∫

ΓC

γ(−λHt − σt(uh))σt(vh)dΓ = L(vh) (3.8)
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and

a(uh,vh) +

∫

ΓC

λHnvhn dΓ +

∫

ΓC

γ(−λHn − σn(uh))σn(vh)dΓ

+

∫

ΓC

λHtvht dΓ +

∫

ΓC

γ(−λHt − σt(uh))σt(vh)dΓ = L(vh) (3.9)

Choosing vh = uh − uh in (3.8) and vh = uh − uh in (3.9) implies by addition:

a(uh − uh,uh − uh) =

∫

ΓC

(λHn − λHn)(uhn − uhn) dΓ +

∫

ΓC

(λHt − λHt)(uht − uht) dΓ

+

∫

ΓC

γ(λHn − λHn − σn(uh) + σn(uh))σn(uh − uh)dΓ

+

∫

ΓC

γ(λHt − λHt − σt(uh) + σt(uh))σt(uh − uh)dΓ (3.10)

Let us notice that the inequality in (3.2) is obviously equivalent to the two following conditions:
∫

ΓC

(νHn − λHn)uhn dΓ +

∫

ΓC

γ(−λHn − σn(uh))(νHn − λHn)dΓ ≤ 0, ∀νHn ∈ MHn,(3.11)
∫

ΓC

(νHt − λHt)uht dΓ +

∫

ΓC

γ(−λHt − σt(uh))(νHt − λHt)dΓ ≤ 0,

∀νHt ∈ MHt(µgHn). (3.12)

According to the definition of MHn, we can choose νHn = 0 and νHn = 2λHn in (3.11) which
gives ∀νHn ∈ MHn

∫

ΓC

λHnuhn dΓ+

∫

ΓC

γ(−λHn−σn(uh))λHndΓ = 0 and
∫

ΓC

νHnuhn dΓ+

∫

ΓC

γ(−λHn−σn(uh))νHndΓ ≤ 0,

from which we deduce that

−
∫

ΓC

λHnuhn dΓ +

∫

ΓC

γλHnσn(uh)dΓ = −
∫

ΓC

γλ2
HndΓ,

∫

ΓC

λHnuhn dΓ−
∫

ΓC

γλHnσn(uh)dΓ ≤
∫

ΓC

γλHnλHndΓ.

Similarly we have

−
∫

ΓC

λHnuhn dΓ +

∫

ΓC

γλHnσn(uh)dΓ = −
∫

ΓC

γλHn
2
dΓ

∫

ΓC

λHnuhn dΓ−
∫

ΓC

γλHnσn(uh)dΓ ≤
∫

ΓC

γλHnλHndΓ.
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Denoting by α the ellipticity constant of the bilinear form a(., .), (3.10) becomes

α‖uh − uh‖2
1,Ω ≤ −

∫

ΓC

γλHn
2
dΓ + 2

∫

ΓC

γλHnλHndΓ−
∫

ΓC

γλ2
HndΓ

+

∫

ΓC

γσn(uh − uh)
2dΓ +

∫

ΓC

(λHt − λHt)(uht − uht) dΓ

+

∫

ΓC

γ(λHt − λHt − σt(uh) + σt(uh))σt(uh − uh)dΓ

= −
∫

ΓC

γ(λHn − λHn)2dΓ + γ0‖h1/2
ΓC

σn(uh − uh)‖2
0,ΓC

+

∫

ΓC

(λHt − λHt)(uht − uht) dΓ

+

∫

ΓC

γ(λHt − λHt − σt(uh) + σt(uh))σt(uh − uh)dΓ

≤ Cγ0‖uh − uh‖2
1,Ω +

∫

ΓC

(λHt − λHt)(uht − uht) dΓ

+

∫

ΓC

γ(λHt − λHt − σt(uh) + σt(uh))σt(uh − uh)dΓ (3.13)

Moreover from (3.12), (3.3), ∀νHt ∈ MHt(µgHn) and ∀νHt ∈ MHt(µgHn):
∫

ΓC

(λHt − λHt)(uht − uht) dΓ +

∫

ΓC

γ(λHt − λHt − σt(uh) + σt(uh))σt(uh − uh)dΓ

=

∫

ΓC

λHtuht dΓ +

∫

ΓC

λHtuht dΓ−
∫

ΓC

γλHt(λHt + σt(uh))dΓ

−
∫

ΓC

γλHt(λHt + σt(uh))dΓ + 2

∫

ΓC

γλHtλHtdΓ +

∫

ΓC

γσt(uh − uh)
2dΓ

−
∫

ΓC

λHtuht dΓ +

∫

ΓC

γλHtσt(uh)dΓ−
∫

ΓC

λHtuht dΓ +

∫

ΓC

γλHtσt(uh)dΓ

≤
∫

ΓC

λHtuht dΓ +

∫

ΓC

λHtuht dΓ−
∫

ΓC

γλHt(λHt + σt(uh))dΓ

−
∫

ΓC

γλHt(λHt + σt(uh))dΓ + 2

∫

ΓC

γλHtλHtdΓ + γ0‖h1/2
ΓC

σt(uh − uh)‖2
0,ΓC

−
∫

ΓC

νHtuht dΓ +

∫

ΓC

γνHt(λHt + σt(uh))dΓ−
∫

ΓC

γλ2
HtdΓ

−
∫

ΓC

νHtuht dΓ +

∫

ΓC

γνHt(λHt + σt(uh))dΓ−
∫

ΓC

γλHt
2
dΓ

174



V. Lleras Stabilized Lagrange multiplier method for frictional contact problems

≤ −
∫

ΓC

νHt(uht − γλHt − γσt(uh))dΓ−
∫

ΓC

νHt(uht − γλHt − γσt(uh))dΓ

+

∫

ΓC

λHt(uht − γλHt − γσt(uh))dΓ +

∫

ΓC

λHt(uht − γλHt − γσt(uh))dΓ

−
∫

ΓC

γ(λHt − λHt)
2dΓ + Cγ0‖uh − uh‖2

1,Ω (3.14)

To evaluate the latter inequality, let us first introduce the matrices M1 = (m1ij)1≤i,j≤p, M2 =
(m2ij)1≤i≤p,1≤j≤q, M3 = (m3ij)1≤i≤p,1≤j≤r on ΓC as

m1ij =

∫

ΓC

φiφjdΓ, m2ij =

∫

ΓC

φiψjdΓ, m3ij =

∫

ΓC

φiχjdΓ

where φi and χi are the basis functions on Vh|ΓC
.n and ψi are the basis functions on WH .

Let UT , UT , ΛT , ΛT , ΣT , ΣT , GN , GN denote the vectors of components the element values of
uht, uht, λHt, λHt, σt(uh), σt(uh), gHn and gHn respectively. From the definition of MHt(µgHn),
we get ∀N ∈ Rp such that |Ni| ≤ µ(GN)i, 1 ≤ i ≤ p

−
∫

ΓC

νHt(uht − γλHt − γσt(uh))dΓ

= −
∫

ΓC

p∑
i=1

νHt(xi)φi(

p∑
j=1

uht(xj)φj −
q∑

j=1

γλHt(xj)ψj −
r∑

j=1

γσt(uh)(xj)χj)dΓ

= −
p∑

i=1

Ni((M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i).

It is easy to construct a vector N minimizing the sum : if (M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i ≥ 0,
we choose Ni = µ(GN)i and if (M1UT )i−γ(M2ΛT )i−γ(M3ΣT )i ≤ 0, we choose Ni = −µ(GN)i

and it yields the following bound:

−
∫

ΓC

νHt(uht − γλHt − γσt(uh))dΓ = −
p∑

i=1

µ(GN)i|(M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i|.

A similar expression can be obtained when integrating the term−
∫

ΓC

νHt(uht−γλHt−γσt(uh))dΓ.

Besides from the definition of MHt(µgHn), we get:
∫

ΓC

λHt(uht − γλHt − γσt(uh))dΓ =

p∑
i=1

(ΛT )i((M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i)

≤
p∑

i=1

|(ΛT )i||(M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i|

≤
p∑

i=1

µ(GN)i|(M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i|
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A similar expression can be obtained when integrating the term
∫

ΓC

λHt(uht − γλHt − γσt(uh))dΓ.

Finally, (3.14) becomes with the Hölder inequality:
∫

ΓC

(λHt − λHt)(uht − uht) dΓ +

∫

ΓC

γ(λHt − λHt − σt(uh) + σt(uh))σt(uh − uh)dΓ

. µ

p∑
i=1

(GN −GN)i(
∣∣(M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i| − |(M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i|

)

+Cγ0‖uh − uh‖2
1,Ω −

∫

ΓC

γ(λHt − λHt)
2dΓ

. µ

p∑
i=1

(GN −GN)i|(M1UT )i − γ(M2ΛT )i − γ(M3ΣT )i − (M1UT )i + γ(M2ΛT )i + γ(M3ΣT )i|

+Cγ0‖uh − uh‖2
1,Ω −

∫

ΓC

γ(λHt − λHt)
2dΓ

. µ

(
p∑

i=1

(GN −GN)2
i

) 1
2
((

p∑
i=1

(M1(UT − UT ))2
i

) 1
2

+

(
p∑

i=1

(γM2(ΛT − ΛT ))2
i

) 1
2

+

(
p∑

i=1

(γM3(ΣT − ΣT ))2
i

) 1
2
)

+ Cγ0‖uh − uh‖2
1,Ω −

∫

ΓC

γ(λHt − λHt)
2dΓ

. µ‖GN −GN‖Rp(‖UT − UT‖Rp,M1 + γ‖ΛT − ΛT‖Rp,M2 + γ‖ΣT − ΣT‖Rp,M3)

+Cγ0‖uh − uh‖2
1,Ω −

∫

ΓC

γ(λHt − λHt)
2dΓ.

The notation ‖.‖Rp and ‖.‖Rp,Mk
represent norms on Rp. As a consequence, there exist constants

depending on h such that:
∫

ΓC

(λHt − λHt)(uht − uht) dΓ +

∫

ΓC

γ(λHt − λHt − σt(uh) + σt(uh))σt(uh − uh)dΓ

. Cγ0‖uh − uh‖2
1,Ω −

∫

ΓC

γ(λHt − λHt)
2dΓ

+µC1(h)‖γ1/2(gHn − gHn)‖0,ΓC
‖uht − uht‖0,ΓC

+µC2(h)γ0‖γ1/2(gHn − gHn)‖0,ΓC
‖γ1/2(λHt − λHt)‖0,ΓC

+µC3(h)γ0‖γ1/2(gHn − gHn)‖0,ΓC
‖h1/2

ΓC
(σt(uh)− σt(uh))‖0,ΓC

. Cγ0‖uh − uh‖2
1,Ω − ‖γ1/2(λHt − λHt)‖2

0,ΓC
+ µC4(h)(1 + γ0)‖γ1/2(gHn − gHn)‖0,ΓC

‖uh − uh‖1,Ω

+µC2(h)γ0‖γ1/2(gHn − gHn)‖0,ΓC
‖γ1/2(λHt − λHt)‖0,ΓC

where the trace theorem and (3.3) have been used.
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Furthermore, by using Young’s inequality we have for any β > 0:
∫

ΓC

(λHt − λHt)(uht − uht) dΓ +

∫

ΓC

γ(λHt − λHt − σt(uh) + σt(uh))σt(uh − uh)dΓ

. Cγ0‖uh − uh‖2
1,Ω − ‖γ1/2(λHt − λHt)‖2

0,ΓC
+ βµ2γ2

0C5(h)‖γ1/2(gHn − gHn)‖2
0,ΓC

+
1

4β
‖γ1/2(λHt − λHt)‖2

0,ΓC
+ βµ2C6(h)(1 + γ0)

2‖γ1/2(gHn − gHn)‖2
0,ΓC

+
1

4β
‖uh − uh‖2

1,Ω

. Cγ0‖uh − uh‖2
1,Ω + βµ2γ2

0C5(h)‖γ1/2(gHn − gHn)‖2
0,ΓC

+βµ2C6(h)(1 + γ0)
2‖γ1/2(gHn − gHn)‖2

0,ΓC
+

1

4β
‖uh − uh‖2

1,Ω (3.15)

From (3.15), (3.13) becomes:

‖uh − uh‖1,Ω . µ

√
(1 + γ0)2C6(h) + γ2

0C5(h)√
1− 2γ0

‖γ1/2(gHn − gHn)‖0,ΓC
(3.16)

Combining (3.16) and (3.7) implies that

‖γ1/2(λHn − λHn)‖0,ΓC
. µ(γ

1/2
0 + γ

−1/2
0 )

√
(1 + γ0)2C6(h) + γ2

0C5(h)√
1− 2γ0

‖γ1/2(gHn − gHn)‖0,ΓC
.(3.17)

Hence ΦH is continuous.

Step 2. Let (uh, λHn, λHt) be the solution of (P (gHn)). Taking vh = uh in (3.2) gives

a(uh,uh) +

∫

ΓC

λHnuhn dΓ +

∫

ΓC

γ(−λHn − σn(uh))σn(uh)dΓ

+

∫

ΓC

λHtuht dΓ +

∫

ΓC

γ(−λHt − σt(uh))σt(uh)dΓ = L(uh).

According to ∫

ΓC

λHnuhn dΓ +

∫

ΓC

γ(−λHn − σn(uh))λHndΓ = 0

and ∫

ΓC

λHtuht dΓ +

∫

ΓC

γ(−λHt − σt(uh))λHtdΓ ≥ 0,

we deduce

a(uh,uh) +

∫

ΓC

γλ2
Hn dΓ−

∫

ΓC

γσn(uh)
2dΓ +

∫

ΓC

γλ2
Ht dΓ−

∫

ΓC

γσt(uh)
2dΓ ≤ L(uh).

From (3.4) and the continuity of L(.):

C‖uh‖2
1,Ω ≤ a(uh,uh)−

∫

ΓC

γσn(uh)
2dΓ−

∫

ΓC

γσt(uh)
2dΓ ≤ L(uh) ≤ C ′‖uh‖1,Ω.
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So, we get

‖uh‖1,Ω ≤ C ′

C
.

In other respects

‖γ1/2λHn‖2
0,ΓC

=

∫

ΓC

γλ2
HndΓ =

∫

ΓC

λHnuhn dΓ−
∫

ΓC

γλHnσn(uh)dΓ

. ‖γ1/2λHn‖0,ΓC
γ
−1/2
0 ‖uh‖1,Ω + ‖γ1/2λHn‖0,ΓC

γ
1/2
0 ‖h1/2

ΓC
σn(uh)‖0,ΓC

. ‖γ1/2λHn‖0,ΓC
γ
−1/2
0 ‖uh‖1,Ω + ‖γ1/2λHn‖0,ΓC

γ
1/2
0 ‖uh‖1,Ω

That implies

‖γ1/2λHn‖0,ΓC
. (γ

−1/2
0 + γ

1/2
0 )‖uh‖1,Ω . (γ

−1/2
0 + γ

1/2
0 )

C ′

C

Finally
‖γ1/2ΦH(gHn)‖0,ΓC

. 1, ∀gHn ∈ MHn,

This boundedness of ΦH together with the continuity of ΦH proves that there exists at least a solu-
tion of Coulomb’s discrete frictional contact problem according to Brouwer’s fixed point theorem.

Proposition 5. When µ and γ0 are small enough, problem (3.1) admits a unique solution.

Proof. From (3.17), we obtain a mesh size dependent uniqueness result when

Cµ(γ
1/2
0 + γ

−1/2
0 )

√
(1 + γ0)2C6(h) + γ2

0C5(h)√
1− 2γ0

< 1. This result means that uniqueness holds

when µ and γ0 are small enough.

Remark 6. When µ = 0, there is existence and uniqueness of the solution if γ0 is small enough.

4. Conclusion
We adapt the Barbosa-Hughes stabilization technique to the nonlinear small strain elastostatics
problem with frictional contact. We have obtained a result of existence and uniqueness for the
frictional contact problem in elasticity. Afterwards, we can search the theoretical error estimates
for the Coulomb friction model.

The characteristic of the Barbosa-Hughes stabilization method is to circumvent the Babuška-
Brezzi inf-sup condition. The advantages of the stabilization method can be exploited whenever the
Babuška-Brezzi inf-sup condition is difficult or impossible to obtain. Therefore we want to adapt
this technique to the so-called eXtended Finite Element Method for crack problems (see [42]). In
[40], we combine the XFEM approach together with the Barbosa-Hughes stabilized formulation
following the ideas of [27].
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