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Abstract

In this work we propose, analyse and implement a residual a posteriori error esti-
mator for the elasticity system in two space dimensions approximated by the eXtended
Finite Element Method (XFEM). The XFEM allows to perform finite element compu-
tations on multi-cracked domains using meshes of the non-cracked domain by adding
supplementary basis functions of Heaviside type and singular functions in order to take
into account the crack geometry and the singularity at the crack tip respectively.
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residuals.
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1 Introduction and notation

The eXtended Finite Element Method (XFEM) was initially introduced in [24, 23] (in
the linear elasticity context) in order to avoid remeshing in domains with evolutionary
cracks. The idea of the method is to enrich the classical finite element basis with both non-
smooth functions representing the singularities at the reentrant corners (as in the singular
enrichment method introduced in [30]) and also with step functions (of Heaviside type) along
the crack since the finite element mesh does not coincide with the cracked domain. After
numerous numerical works developed in various contexts of mechanics, the first convergence
results with a priori error estimates were recently obtained in [9, 10]: in the convergence
analysis, a difficulty consists in evaluating the local error in the elements cut by the crack
by using appropriate extension operators and specific estimates. In the latter references,
the authors obtain an error estimate of order h (h denotes the discretization parameter)
with a H?1¢ regularity assumption on the regular part of the solution keeping in mind that
the solution is only H3/27¢ regular for any positive . A more recent work in [25] proves an



optimal error estimate of order h under a H?-regularity hypothesis of the regular part of
the solution.

Some remarkable numerical work has been performed on a posteriori error estimation
for XFEM. A simple derivative recovery technique and its associated a posteriori error
estimator have been proposed in [5], [6], [7] and [27]. These recovery based a posteriori error
estimations outperform the superconvergent patch recovery technique (SPR) introduced by
Zienkiewicz and Zhu. In the present work, we propose and analyze an error estimator of
residual type (see [2] for the early ideas and analyzes and e.g., [31] and the references therein
for a more complete overview) for the XFEM applied to the linear elasticity system. Since
the meshes do not coincide with the domain near the crack we need to introduce and to study
a specific quasi-interpolation operator of averaging type (see e.g., [3, 11, 13, 20, 28, 29] for
various averaging type operators). The use of such an operator allows us to obtain an upper
bound of the discretization error. In the last section, we present several numerical results,
achieved with the finite element library Getfem++ ([26]). The numerical experiments show
that the error estimator and the discretization error admit similar convergence rates as the
discretization parameter vanishes.

We introduce some useful notation and several functional spaces. As usual, we denote
by (L2(.))¢ and by (H*(.))% s > 0,d = 1,2 the Lebesgue and Sobolev spaces in one and
two space dimensions (see [1]). The usual norm of (H*(D))¢ is denoted by || - ||s.p and we
keep the same notation when d = 1 or d = 2. For shortness the (L?(D))%norm will be
denoted by || - ||p when d = 1 or d = 2. In the sequel the symbol | - | will denote either
the Euclidean norm in R?, or the length of a line segment, or the area of a plane domain.
Finally the notation ¢ < b means here and below that there exists a positive constant C
independent of a and b (and of the mesh size of the triangulation) such that a < C b. The
notation a ~ b means that a < b and b < a hold simultaneously.

2 The elasticity problem on a cracked domain

Let Q be an open subset of R? having a crack, with a polygonal boundary 052 where I'c C 99
denotes the crack (the crack I'c consists of two distinct straight line segments having the
same location). We consider a “partition” of 92 into three open disjoint subsets I'p, T'y
and T'c so that Q2 = I'p UT'xy UT¢. An homogeneous Dirichlet condition is prescribed
on I'p and an homogeneous Neumann condition holds on I'y U T'¢. The homogeneous
conditions on I'p and I'y are chosen to simplify and the extension to the nonhomogeneous
case is straightforward. We further suppose that the measures of I'p and I'c are positive
(see Figure 1).
In this paper we consider the elasticity problem: for f € (L?(2))? let u be the displace-

ment field solution to

—divo(u) =f inQ,
(1) u =0 onlp,

o(u)n =0 onI'yUTl¢g,

where o(u) = Ce(u) denotes the stress tensor field obtained from the elasticity operator C
and from the linearized strain tensor field e(u) = (Vu + Vu®)/2 and n stands for the unit
outward normal on 0€2. Set

V:{UE(HI(Q))Q:’U:OODFD}.
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Figure 1: The geometry of the cracked domain €2

Then, the variational solution of (1) is the unique solution u of
(2) ueV, / dx—/f~vdx, YveV,
Q

where the notation - (resp. :) stands for the inner product in R? (resp. in the space of
second order symmetric tensors of R?). The solution u to the elasticity problem can be
written as a sum of a regular part u, and a singular part us = Kju; + Kjrurr where Kj
and K are the stress intensity factors (see for instance [22]) and the functions u; and wujy
are defined in polar coordinates (r,6) as follows in the case of an horizontal crack with a
crack tip at the right extremity (as in Figure 1):

0
C x+p [ [ o8y
(3) ur = G\ o b (a+bcosh),
sin —
2
.0
n o At i 81n§(c+2+0059)
w(BN+2u) \ 27 0

cos = (2 —c—cosh)

In the previous definition r denotes the distance to the crack tip, A and p are the Lamé
coefficients and

20 b*—2)\+’u A+ 3u

a=2+ , = , c= .
A2p A 2p A p

Note that the normal (resp. tangential) component of u; (resp. ujr) is discontinuous across
the crack (i.e., # = ). It can be checked that for any positive ¢, the functions u; and wujs

lie in (H%_‘E(Q))2 (see, e.g. [17, 18]).

3 Discretization of the elasticity problem with the XFEM

We approximate problem (1) by the so called XFEM (eXtended Finite Element Method)
introduced in [24]. Namely we consider a regular family of triangulations 7}, h > 0 of the
noncracked domain made of closed triangles T such that Q = Uper, T (see [8, 12, 14]). For
T € Ty, we recall that hp is the diameter of 1" and h = maxrer, hr. The regularity of the
mesh implies in particular that for any edge E of T one has hp = |E| ~ hp. Since the



triangles in T, do not coincide with the crack we define the family of generalized elements
G, h > 0 containing the following elements (see Figure 2):

e the triangles in T" € T}, whose interior does not intersect I'¢c,

e the (non closed) triangles and quadrangles obtained when the crack cuts (into two
parts) a triangle in T},

e the (non closed) cracked triangle containing the crack tip.

T T T G G G
T T T G G G

T T T G Gl G G
T T T G G G

T T T G G G
T T T G G G

Figure 2: Standard elements T' € T}, and generalized elements G € G,

— — o (o]
This implies that Q = Ugeg, G and Ugeg, G C §2 where G denotes the interior of G.
We next give an important definition:

Definition 3.1 Let N, be the set of nodes of the triangulation Tj,. We say that a node
x € N}, is enriched if the patch w, surrounding x: w; = Uren, T is cut in (at least) two
subsets by the crack (see Figure 3) and we denote by ./\/’,f{ C N, the set of enriched nodes.
We say that a triangle T € Ty, is enriched (resp. partially enriched) if its three nodes (resp.
one or two nodes) are enriched.

We denote by h, the diameter of the patch w,. If T' € T}, we denote by wp the union of all
elements in T} having a nonempty intersection with 7". Similarly for a edge F of a triangle
in T}, we denote by wg the union of all elements in 7T}, having a nonempty intersection with
E. Set NP = M, nT'p (note that the extreme nodes of I'p belong to N,?)

Let Ej denote the set of edges of the elements in G} (the edges are supposed to be
relatively open) and Ei" = {E € Ej, : E C Q} be the set of interior edges of Gj,, Ef*t =
Ey \ Ei"t. We denote by EN = {E € E, : E CTn}, ES = {E € Ej : E C T} the set
of exterior edges included into the part of the boundary where the Neumann condition is
prescribed. For a generalized element G € Gy, (resp. standard element T' € T},), we will
denote by F¢ the set of edges of G (resp., by Ep the set of edges of T') and according to the
above notation, we set Eglt = EgNEM™, Eév =FEgnN E,ILV, Eg =FEgnN E,? For each edge
FE € E; we fix one of the two normal vectors to the element and we denote it by ng. The
jump of some scalar or vector valued function v across an edge E € Ej, at a point y € E is
defined as ,

ahjgg v(y +ang) —v(y —ang) VE € B,
[[v(y)]]E v(y) VE € E}c;xt‘

The main idea of the extended finite element method is to enrich the classical finite
element space by:
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Figure 3: Enriched nodes x € N, ,f{

e singular functions at the crack tip in order to take into account the singularity of the
displacement field,

e discontinuous functions located along the crack in order to take into account the
discontinuity of the solution across the crack.

Following [24], the singular functions at the crack tip are constructed using the four
singular basis functions:

F = /rsin(6/2),
F, = /rcos(6/2),
F3 = /rsin(0)sin(6/2),
Fy = /rsin(6)cos(6/2).
The discontinuous functions are constructed from a Heaviside like function H which is equal

to 1 on one side (of the straight extension, see Figure 4) of the crack and to —1 on the other
side. This allows the following definition of the extended finite element space:

4
Vi, = {vh ECEO)Pion = D ashet Y beHN+x D ciF
1

€N}, ze/\/}fl 1=
(5) = Unpr + XVh,s, Az, bxa Ci € R2} C V7

where )\, denotes the classical finite element P; shape functions at node x € N, satisfying
Ae(2') = 6440, for any 2’ € N, and x € C%(2) is a cutoff function satisfying

1 if r <,
(6) x(r) = pe(0,1) ifrg<r<ry,
0 if r >y,

where r denotes the the distance to the crack tip and rg and 71 are given positive numbers
such that ro < r;. Such a cutoff function x was introduced in [9, 10] in order to improve
the performances (in terms of convergence) of the original method in [24].

The finite element approximation of (2) consists of finding uj;, such that

(7) up, € Vi, / o(up) : e(vp) de = / fopdx, Yo, € V.
Q Q

5



Note that Lax-Milgram Lemma implies the existence of a unique solution to problem (7).

Remark 3.2 A quasi-optimal a priori error estimate is obtained in [9, 10] for the XFEM
involving the cutoff function x. Under a (H**¢(Q))? regularity assumption for u — xus
(for some positive €), the authors prove that ||u — upll1,0 S hllu — xusll2teq. This result
has been recently improved in [25] where a convergence of order h is proved with (H?())?
reqularity for u — xus. Note that when using a classical finite element method one obtains
a convergence rate of only h'/?=¢ since u lies in (H3/275(Q))? for any e > 0.

4 The quasi-interpolation operator

The aim of this section is to introduce a quasi-interpolation operator which will be used in
the forthcoming a posteriori error analysis. This operator was already considered by the
authors in [21] and we recall its properties to render the paper self contained.

4.1 Definition

Quasi-interpolation operators of averaging type are a common tool for residual a posteriori
error analysis (see e.g., [3, 11, 13, 20, 28, 29] for various operators). At a node x, the value
of the quasi-interpolation is often an ”average” of the function on the patch w, surrounding
x. To simplify the forthcoming discussion we suppose (as in Figure 1) that the end points
of the crack belonging to 9Q are not submitted to Dirichlet conditions. For the sake of
simplicity, we first build the quasi-interpolation operator mp, in the scalar case: let us set

X={veH' (Q):v=00nTp}.

and

X, = {thC(Q):vh: Z Oz g + Z BeHM\y, ozx,ﬁwER} c X.

zeN, zeNH

The quasi-interpolation operator 7, will be defined as
Th : X — Xh-
Remark 4.1 Note that X} does not involve any singular function at the crack tip.

The first idea would be to use such an operator on the regular mesh T}. In such an approach,
terms such as ||u — upl[1,w, (Where T' € T},) do appear and unfortunately u and w; do not
lie in (H'(£2))? (hence u — uy, does in general not lie in (H!(wr))?) due to the discontinuity
across the crack.

A second idea would be to define v (with v € H'(Q)) separately on each side of the
crack. If we divide §2 into 27 and €5 using the crack and a straight extension of the crack
(see Figure 4) one could first try to define wpv on 5 (resp. Q2) by using the only values of
v on € (resp. Q2). This consists of defining m,v on each generalized element G € Gp,. It
is easy to see that this approach leads to technical difficulties since the elements in G}, are
sometimes quadrangles.

As a consequence, we choose an approach which consists in determining 7,v separately
on each side of the crack by defining mpv|,, G € G}, and by using the values of v on both
sides of the crack. This leads us to use extension operators.
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Figure 4: Domain decomposition using a straight extension of the crack

As already mentioned, let us divide 2 into 2; and 29 using the crack and a straight
extension of the crack (see Figure 4). Let v € H'(Q) and let v; = v, € H'() and

V2 = v, € H 1((22) be the restrictions of v on Q; and €9, respectively. Let us consider an
extension of vy defined on Q (see [1, 15]) denoted 91 such that

(8) 101l 3 S llorllnaen < llvllie

and an extension ¥y (defined on Q) of vy such that

1,9, < HU

(9) 12l < llv2 1.9-

For any v € H'(Q), we define v as the unique element in X,

(10) TR = Z az(v)Ag + Z Bz(v)H A,

zEN, zeNH
satisfying the following conditions:
e Step 1. Definition of 7,v at the nodes N}, of the triangulation Tj,.

(i) (not enriched nodes) If € N}, \ NP is such that w, is not cut (i.e., not divided
into more than one part) by the crack then

o) = — / o(y) dy.

|wa|
From Cauchy-Schwarz inequality, we get

mho(@)] S lwal ™ ollws ~ bz Hollws < Rl + 1V,

Note that the three nodes of the triangle containing the crack tip are concerned
with the latter case (see Figure 3).

(ii) (enriched nodes) If z € N}, \ WP, x € Qp, £ = 1,2, is such that w, is cut by the
crack then we set

mh(x)

1 -



We deduce
1 0(@)] S lwal 2 [Tellws ~ bz Dellws < By lbellw, + V]|, -

Note that if x lies on the crack and (ii) is satisfied then there are two possible
values for 7pv(x): one corresponding to pv(x) on 1 and the other one to mxv(x)
on 9. See step 2 for the determination of 7, in this case.

(iif) If z € NP, denote I'; = w, NT'p (recall that Tc NTp = P to simplify the
discussion) and set:

1
mpo(x) = ‘F‘/F v(y)dr.
x xT
By using a scaled trace inequality (see, e.g., [17, 19]):
(1) olle S kg *ollr + b2 |Vole, Yo € HY(T),NT € Ty, VE € Er,
we get

(@) S T2l ~ bz elle, S 02 (R 2o, + Y20, )

hz vl + V0]l -

IZANRAN

e Step 2. Definition of 7,v on €.

With the previous nodal expressions we define by linear interpolation the function
mpv on any triangle T € T} excepted those cut by the crack. Note that a triangle
can be totally enriched (i.e., its three nodes are enriched) and not cut by the crack.
If the triangle is cut by the crack then it is either enriched (three nodes enriched) or
partially enriched (one or two enriched nodes). The definition on the triangles cut by
the crack is given hereafter.

Consider first a totally enriched triangle T" with e.g., 1 € Q1 and z9,z3 € Q2. In
order to determine (mpv),, ., We write:

(12) Fo(z) = —— / 31(y) dy.

B |we |

for x = x1,x2,x3. Then %,111) is defined by linear interpolation on T and then mwpv is
defined on 7'M §); as the restriction of 7?,111) on T Ny.

Similarly we define (mv) to be the restriction on T'N Qg of 77 defined for z =

x1, T2, x3 by
~ 1 -
(13) Fo(r) = / () dy.

lognT

B |we |

A similar construction is achieved for the partially enriched triangles: if a node x is
not enriched then we compute the value of m,v(z) at this node and if it is enriched
then we compute both quantities (12) and (13) corresponding to ¥; and 2 at this
node.



Remark 4.2 From the previous construction of mpv and expression (10) we see that a, (v) =
mo(x) if v € N \ N If o € N, 2 € Q. and denoting £ = 3 — k, we have

02 (0) + Ba(0) H(z) = ‘wl, / Ty, and0(0) - B0 H () = ,j‘ / ) dy
Hence
as(0) = g [ @)+ 0 dy and 0) = 10 [ (aulo) — 0l

4.2 Stability

Next we consider the stability properties of the quasi-interpolation operator on the gener-
alized elements.

Lemma 4.3 For allv € HY(Q) and all T € T}, one has:
(i) if none of the nodes of T is enriched (so the crack does not cut T') then:

Imnollr S vllor +holVollor,
(ii) if the three nodes of T' are enriched, then for £ =1 and £ = 2, we have:
[mnollrne, < 10ellwr + BrlIVoelwr,

(iii) if one or two nodes of T are enriched and if wr is cut by the crack (so T C Qy for
¢=1 or{=2) we have:

Imnvlle S 0ellwr + Bl Vel wr

(iv) if one or two nodes of T are enriched and if wy contains the crack tip then for £ =1
or f =2, we have:

Imnollrone, S [0clwr + 0llwr + hrllVoellor + hr([Vollop.

Remark 4.4 Due to the mesh reqularity there is a mesh independent bounded number of
triangles satisfying (iv): more precisely this set is contained in wp~ where T™ is the triangle
containing the crack tip. Some of the triangles in this set are cut by the crack and others
no.

Proof: (i). If none of the nodes is enriched then for each of the three nodes of T', we have:
mhv(@)] S et vllw, + V0l

Writing mpv = Y- cp Thv(2)Ap on T and using ||Az||7 ~ hr ~ h, implies the result.
(ii). Set e.g., £ = 1. Noting that for any of the three nodes of T', we have

Tav(@)] < b 191w, + V51w,

and using the same estimates as in (i) yields the result. The same result holds when ¢ = 2.
(iii) and (iv). These estimates are obtained as the previous ones. [

Now we consider the stability properties of 7, on the edges of the generalized elements
not located on the crack.



Lemma 4.5 For allv € HY(Q) and all edge E of a triangle T € Tj, one has:
(i) if both end points of E are not enriched:

—1/2 1/2
lmolle S hg 2 ollws + A V0w,

~

(ii) if both end points of E are enriched then for £ =1 or { = 2, we have:

—1/2) ~ 1/2)1w ~
Imnolln, St el + b1V up.
(iii) if only one end point of E is enriched and if wg is cut by the crack (so E C Qy for
=1 or{=2), we have:
—1/2) ~ 1/2)1w ~
Imwolle S b 0ellus + i1Vl

(iv) if only one end point of E is enriched and if wg contains the crack tip then for £ =1
or f =2, we have:

—1/2, ~ —1/2 1/2 ~ 1/2
Imnvllgng, S g oeles + g 2lvlls + R IV Eellws + B V0] lwp-

Remark 4.6 There is a mesh size independent bounded number of edges satisfying (iv).
More precisely, all these edges have an end point belonging to the triangle containing the
crack tip.

Proof: (i). For both end points of F, we have:
mhv(@)] S b Hlvllw, + 1V,

Writing mpv = 3, p T (2) A, and using [ Az|| g Nih]lE/Q, hg < h, implies the result.
(ii). Suppose first that E lies in €y. Then FNQy = E and for both end points of E, we
have:
Tho(@)] S by oellw, + Vo, -

The estimate is obtained as in (i). If E is cut by the crack the discussion is the same.
(iii) and (iv). Straightforward (see (i) and (ii)). [

Now we need to study the stability of the quasi-interpolation operator 7 on the crack.
We denote by Fj, C Ej, the set of edges lying on the crack (these edges are the ones of the
generalized elements on the crack).

Lemma 4.7 For all v € HY(Q) and all edge F € F}, one has:
(i) If F C T € Ty, where T is totally enriched, then for £ =1 and £ = 2, we have:

1/2; 1~ 1/2 ~
l(mnv)ig, e S B 2R el + b2 IV O

(i) If F C T € Ty, where T is partially enriched, then for £ =1 and ¢ = 2, we have:

1/2; 1~ 1/2 ~ 1/2, — 1/2
)i, e S BB el + hi 2V + by 2B 0o + B[V 0l

(i) If F C T € T, where the crack tip lies in the interior of T', (then (mpv)), = (mpv),,
on F), we have:

1/2, — 1/2
Imnole S b A ollor + B2 1V 0] -

~

10



Proof: Consider an edge F' = (a,b) and fix f =1 or £ = 2. On F, we have

(WhU)IQZ = (Whv)\nz (a))‘a + (Whv)\nl (b)/\bv

where A\, and )\, are the edge basis functions at @ and b. Let T' = z1x9x3 € T}, be the triangle

containing F'. Since (ﬂ-h‘v)k)g is constructed by the restriction of an affine extension on T,

it is straightforward that (mv)), 0, (a) and (7rhv)|w (b) are convex combinations of 7, v(x;) or
mpv(x;) depending on the fact that x; is enriched or not. So we have either:

Tho(@) S b 10l + 1V lw,

or
v (20| S B vl + 11V, -

Using || Aallr ~ || Aol ~ hll[,/z, implies the result in (i), (ii) and (iii). ]

4.3 Error estimates

We now consider the local error estimates in the L2-norms.

Lemma 4.8 For allv € HY(Q) and all T € T}, one has:
(i) if none of the nodes of T is enriched then

lo =mpollr S hrl|Voller,

~

(ii) if the three nodes of T are enriched then for £ =1 or £ = 2, we have:

v —mpvllrng, S hrlVodlws,

~

(iii) if one or two nodes of T are enriched and if wr is cut by the crack (so T C Qq for
¢=1 orl=2) we have:
o —mpollr < bl Voellwr,

~

(iv) if one or two nodes of T are enriched and if wr contains the crack tip then for £ =1
or f =2, we have:

o =mnvllrne, < hrv—In(hr) (Voo + [[Volla) -

Proof: We first note that 7, preserves the constant functions (note that we can suppose
that constant functions are extended on the other side of the crack by the same constant
functions). Hence, for any v € H'(2) and any constant function ¢(x) = ¢ we can write:

v—Tpv =v —c—mp(v —c).
(i) In this case
[v=mpvllr < llv = clloy + Mo =)z S hrlVollo,,

~

where we use Lemma 4.3(i) and we choose ¢ = |wp|™? fw:r v(x)dx together with hr ~ he,,.

11



(ii) We write, for any constant function c:

< oe = elloy + lmn(v = ) llrney
S o = cllor + hrl[Vorllwr
S hrl|Voellwr

lo = mnollTaa,

where ¢ = |wr|™! fw U¢(z)dz and we conclude as in (i) using Lemma 4.3(ii).
(iii) As the previous cases.
(iv) This estimate is obtained as follows using Lemma 4.3(iv) and choosing
c=|wp|™! fw:r Ug(x)dx:

< [oe = ellor + lImn(v = e)llrney
S N0 = cllor + llv = cllor + hrlVellwr + hrl|Vollwy
S N0e = vllor + hrlVillor + Azl Vol

[ = mhvllTng,

Moreover, denoting by 1x the characteristic function of the set X, we write

100 = vllwr = [I(0e =)l lla

1oe = vll o) lur |l 20,

IN

()

2

< hy "o —vllLae)
1,12

S qzhy o — vl
1,1-2 .

S q2hy TIV(0 =)l
1 1-2 .

S @2hy T(IVOlla + [[Volla)

where 2 < g < oo and we used the Sobolev inequality ||wl|zq) < Cq'?|w|1.q, see e.g.
[16]. We obtain the final estimate by choosing ¢ = — In(hr). ]

Lemma 4.9 For allv € HY(Q) and all edge E of a triangle T € Ty, one has:
(i) if both end points of E are not enriched:

~

1/2
lo=mivlle < A [Vollos,
(ii) if both end points of E are enriched then for £ =1 or £ = 2, we have:
1/2 1o~
lo—molena, S kg IV

(iii) if only one end point of E is enriched and if wg is cut by the crack (so E C Qq for
=1 or{l=2), we have:

1/2 ~
v = mnvllz S Bl V|,

(iv) if only one end point of E is enriched and if wg contains the crack tip then for £ =1
or £ = 2, we have:

1/2 ~
v — 0l g, S P/ —(he) (Ve + | Vollo).

12



Proof: (i) Since 7, preserves the constant functions we have for all v € H(f2) and all
constant function ¢(z) = c¢: v — v = v — ¢ — (v — ¢). So by the scaled trace inequality
(11) and Lemma 4.5(i), we obtain

—1/2

1/2
lv = ol < [lv—cllg + lm(v =)z < o = cllug + i

IVl
and we choose c= |wE\_1 f v(x)dz together with hg ~ hy,

(1V) This estimate is obtalned as follows by using Lemma 4.5(iv) and choosing ¢ =
lwp| ™! wa O¢(z)dz. We then achieve the same calculations as in Lemma 4.8(iv):

100 = clle + llmn(v = ©)ll png,
—1/2 —-1/2

[0 = 7hvll gng,

1/2 1/2

< 15 = el + b2 ll0 = ellop + BRIVl lwp + B V0llup
< ”ﬂ\w — Wl + B Vel + Bl V0]
< h};W—lnwE)(uwumkum.

The next lemma consists of estimating the error committed by the averaging operator
on the edges of the generalized elements located on the crack. We recall that the set of such
edges is denoted Fj,.

Lemma 4.10 For allv € H'(Q) and all edge F € F), one has:
(i) If F C T € Ty, where T is totally enriched, then for £ =1 and ¢ = 2, we have:

1/2 ~
I =)o e S A1V

~

1 C T €1}, where T 1s partially enriched, then for £ =1 and ¢ = 2, we have:
If F CT €Ty whereT ll hed, then for { =1 and £ =2, we h
1/2 -
(v =mhv)o, lF S he!* /= Tn(hr) (| V3]l + [ Volle).

(i) If F C T € T, where the crack tip lies in the interior of T', (then (mpv), = (Tpv),,
on F), we have:

1/2|

[0, = mnvllF < V|-

~

Proof: (i) Since 7, preserves the constant functions we have for all v € H(Q) and all
constant function ¢(x) = ¢: v — TV = v — ¢ — (v — ¢). By the generalized scaled trace
inequality (see [17, 19]):

—1/2 1/2
lwllr S hy'?lwllr + by Vwlir,
and Lemma 4.7, we obtain
(v = 7o) lr < l0e = cllp + llmn(vr = )|
—1/2, ~ 1/2 ~ 1/2, — ~ 1/2 ~
< b P = clir + bl PV Bellr + b 2hp 15 — cllog + hil VTl luy-

Hence the conclusion. The proof of (ii) and (iii) are the same as previously. ]

Having defined and analyzed the quasi-interpolation operator 75, : X — X}, in the scalar
case, the extension to the vector valued case is straightforward: we define

T V=XxX—X,xX,

such that for any v = (vi,v2) € X x X we have ;v = (mpv1, mpv2). Of course the error
estimates in Lemmas 4.8, 4.9 and 4.10 also hold for 7}.
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5 Error estimators

5.1 Definition of the residual error estimators

Writing up, = up» + Xup,s as in (5), the element residual is defined by
Rg = f+div o(up) = f+div o(xups)

on each generalized element G' € Gj,. Since div o(up,s) = 0 we deduce that the expression
div o(xup,s) vanishes excepted on the elements (distant from the crack tip) having an
nonempty intersection with the ring shaped area where x maps onto (0,1). To simplify we
denote by n instead of ng the normal vectors to the elements on the edges F.

Definition 5.1 (Residual error estimator) Let G € Gy, and T € Ty, be the triangle
containing G. The local and global residual error estimators are defined by

mae = hrC(hy)|f +div o(xuns)llas

1/2
1/2
ma = WD) [ S ewnlpl |
E€BZ*UENUES
1/2
e = (me+mae) ',
1/2
no= | ]
GeGy,

where C(hr) = \/—In(hr) for the elements in case (iv) of Lemma 4.8, otherwise C(hr) =1
and D(hr) = \/—In(hr) for the elements in case (iv) of Lemma 4.9 or in case (ii) of Lemma
4.10, otherwise D(hr) = 1.

Remark 5.2 The presence of the Iln(hy)-terms in the estimator results from technical rea-
sons and appears only for a bounded number (independent of the mesh) of elements near
the crack tip. From a numerical point of view, these In(hr)-terms are negligible. In the
case of a standard finite element method with coinciding finite element meshes on the crack
we have Gy, = Ty, and G = T (obviously the XFEM is not a generalization of a standard
finite element method with noncoinciding finite element meshes on the crack). In the case of
coinciding meshes on the crack it is easy to show that the cases involving the In(hy)-terms
disappear (i.e., C(hy) = D(hr) = 1) and we recover the classical residual estimator (see

e.g., [4, 31]).

5.2 Upper error bound
Theorem 5.3 Let u € V be the solution of (2) and let up, € V3, be the solution of (7). Then

v —uplli0 S0

Proof: Denoting the error by
e =u— up,

14



we have, according to (2), (7) and Korn inequality:
lelfa 5 [ ot etu—u) = [ olm):eu—w)
= /f-(u—uh)—/a(uh):s(u—uh)
Q Q
= / f(u—wp)— / o(up) :e(u—wvy), Vop € Vp.
Q Q

Splitting up the integrals on each generalized element G' € G, and writing up, = up, » + Xup,s,
we arrive at

e s 3 /G £+ (u—vp)

GeaGy,
_ Géh /G o(upy) :e(u—uvp) — Ggg:h /G o(xuns) : e(u—vp)
= Géh /G(f +div o(xuns)) - (u —vp)
(14) — EEZE%M /E [o(un,)n] - (v —vp) — EGE%EJE’?/EJ(uh)n- (u—wp), Yo, € Vy,

where we used the Green formula on each generalized element (note that although the
triangle containing the crack tip has a boundary which is not Lipschitz, it can be divided
in two parts by using a straight extension of the crack and then one can use separately
Green’s formula on each part to obtain the desired result) as well as div o(up,) =0 on G
and [o(xups)n], =0 for all E € E;™.

At this stage we fix the choice of v,. We set

vp = up, + 75 (U — up,).

We consider (14): with the above choice we are able to estimate each term of the right-hand
side of the previous expression. Cauchy-Schwarz inequality implies

> /G(f+div o(xuns)) - (u—vp) < Y |If +divo(xuns)llallu — vnlle.

GeGy, GeGy

Therefore it remains to estimate ||u — vp||¢ for any generalized element G. Let T € T}, be
the triangle containing G. Using Lemma 4.8, we obtain for the triangles considered in cases

(i) (iii):

(15) lu — vnlle = lle = mhelle < hrllelliwr
or
(16) lu = vnlle = lle = mpella S hrllélliwr,

where € is an extension of the error across the crack (see (8), (9)). If T" belongs to the finite
set of triangles (iv) in Lemma 4.8, we have

(17) lu —vnllc = lle = mhelle < hrv/—n (hr) ([l€flLa + lle

1.0) -
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So, depending on the cases (i)—(iv) of Lemma 4.8 and using estimates (15)—(17), we can
write

() 3 [ (7 +div otuna) - (w =)

GeGy,
1/2 1/2
. ~ 2
S Y Wl A+ divo(euns) 17 > (lellhwr + llelliwr)
GEeGy, cases(i)—(ii1) GeG}, cases(i)—(iii)
1/2 1/2
+ > (= In(hr)) | f + div o(xuns)|E > (lellig +llelig)®
GeGy, case(iv) GeGy, case(iv)
S nlelle

Let us now pass to the estimate of the remaining terms: as above the application of Cauchy-
Schwarz inequality leads to

Z/ o(upe)n]p - (w—vp) = Y / o(up)n - (u—vp)

EeE™ EcENUES
= — Z / o(up)n] g - (e — mre)
E€E)UE™UEY
(19) < Y. letwnlgllsle - mells.
E€EUE™UEY

Using Lemmas 4.9 (i,ii,iii) and 4.10 (i,iii) and denoting by T' € T}, a triangle containing F,
we obtain
).

(20) le = miells S ha'* (Iell1r
If E belongs to the finite set of triangles in Lemma 4.9(iv) or in Lemma 4.10(ii), we have

1,0) -

Using estimates (20) and (21) with (19) as well as (18) ends the proof of the theorem. ]

(21) le — mtells S byl /= In (hy) (|6

6 Numerical experiments

In this section we implement the residual estimator of Definition 5.1 on three examples
using Getfem++ (see [26]). We suppose that the body 2 is homogeneous isotropic so that
Hooke’s law o(v) = Ce(v) becomes

o(v) = Atr(e(v))I + 2ue(v)

where I represents the identity matrix, tr is the trace operator, A > 0 and > 0 denote the
Lamé coefficients.
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6.1 The opening mode (Mode I)

In the first example we choose the domain Q = (0,1)? depicted in Figure 5 with a crack
[0,0.5] x {0.5} and 'y = 0. Here the mesh coincides with the crack so that T}, = G,.
We impose nonhomogeneous Dirichlet conditions on the boundary I'p. The coefficients of
Lamé are A = 200 and p = 150. The cutoff function x in (6) is chosen polynomial of degree
five with 79 = 0.01 and 71 = 0.49 and it is defined by

X(T) _ —6r°+15(rg+r1)r*—10(rg +4ror1+73)r3+30rry (ro+71)r? —30r2r3r+rd (r2—5r1ro+10r?)
- (r1—ro)®

ifrg <r <rq.

Figure 5: First example. The cracked body

6.1.1 TUniform refinement

The domain is discretized with a family of uniform triangular meshes. In the following we
denote by Np the number of elements of the mesh on a side of the square (0,1)2. Since we
use uniform meshes, the parameter Np measures the size of the mesh. The exact solution
u = uy is known (given by (3)) so we can evaluate the norm ||u — upl|1,o and consequently
the effectivity index which is equal to n/||u — us||1,0 (see Table 1).

Np 8 16 32 48 64 80 96 112 128

N (x1072) | 7.48248 | 4.34222 | 2.46972 | 1.74772 | 1.35644 | 1.10928 | 0.938618 | 0.813512 | 0.717829

' —unlliq || 6.99878 | 4.39294 | 2.4652 | 1.71217 | 1.31164 | 1.06293 | 0.893545 | 0.770712 | 0.677583
(x107%)

Effectivity 106.91 98.84 100.18 | 102.07 | 103.41 104.36 105.04 105.55 105.93
index

Table 1: Values of 1, ||u — up|[1,0 and effectivity index for the first example.
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Figure 6 depicts the convergence rates of n and ||u—wup||1,o of Table 1. The error estima-
tor 7 admits a similar convergence rate as the error norm ||u — upl|1,o and the convergence
behaves (up to a constant) like h as the discretization parameter vanishes.

i | —— estimator, slope= -0.8
.| —+— error norm, slope= —0.93294 |

errors

Number of elements on a side of the square

Figure 6: Convergence of the estimator 1 and of the error norm |[u — upl/1,0

The main part of the error in 7 is located near the crack tip (0.5,0.5) (see Figure 7).
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Figure 7: Map of the local error estimators ng with Np = 16 (left) and Np = 80 (right)

6.1.2 Refinement with a threshold

Now we use the error estimator with an adaptive mesh refinement procedure. The criterion
to refine the mesh is as follows: we define a threshold and the element G is refined if ng
is greater than the threshold. Mesh refinement is stopped as soon as 7g is lower than the
threshold for any G. A initial uniform mesh is chosen. Taking a threshold of 10~° or of
1075 and an exponential cutoff function x(r) = exp (—2075r%) in 2 leads to the meshes
depicted in Figure 8. Choosing now as cutoff x the previously defined polynomial function
of degree five leads to the meshes in Figure 9. Finally the error estimator n obtained at each
intermediate mesh with a threshold equal to 1079 is reported in Table 2 (for the exponential
cutoff function) and in Table 3 (for the polynomial cutoff function of degree five). In this
example the different cutoff functions lead to different refined meshes with a satisfactory
error reduction in both cases.
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Figure 8: Case of an exponential cutoff function y: initial mesh (left), final mesh with a
threshold equal to 1075 (middle) and final mesh with a threshold equal to 1076 (right)
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Figure 9: Case of a polynomial cutoff function x of degree five: initial mesh (left), final
mesh with a threshold equal to 1075 (middle) and final mesh with a threshold equal to 106
(right)

Degrees of
freedom 730 1106 1472 1500 1526

n (x1072) || 4.45143 | 2.94918 | 2.07349 | 1.91532 | 1.82311

Table 2: Values of n with an exponential cutoff function y

Degrees of
freedom 730 1666 1714 1734 1740

n (x1072) || 4.34222 | 2.30949 | 2.04415 | 1.93209 | 1.90008

Table 3: Values of n with a polynomial cutoff function y of degree five

6.2 The shear mode (Mode II)
6.2.1 TUniform refinement

We choose the same geometry and material characteristics as the previous example. But
now the exact solution u = uj; is given by (4). In Table 4, we report the contributions of
1, |lu — upl|1,0 and the effectivity indexes for a family a uniform triangular meshes.
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Np 8 16 32 48 64 80 96 112 128

N (x1072) | 8.65243 | 4.64238 | 2.44897 | 1.6639 | 1.26226 | 1.01857 | 0.855114 | 0.73785 | 0.649653

u—up|1,0 || 9.24249 | 5.68551 | 3.14573 | 2.17081 | 1.65698 | 1.33966 | 1.12436 | 0.968637 | 0.850816
4
(x107%)

Effectivity 93.62 81.65 77.85 76.64 76.17 76.03 76.05 76.17 76.35
index

Table 4: Values of 7, ||ju — upl|1,0 and effectivity index for the second example.

We report the convergence rates of  and ||u —uy||1,o in Figure 10. The conclusions are
the same as in the first example: the estimator and the H'-error norm are of order h as
h — 0. Moreover the main part of the error in 7 is still located near the crack tip (0.5,0.5)

(see Figure 11).

errors

Number of elements on a side of the square

Figure 10: Convergence of the estimator 7 and of the error norm ||u — up 1,0
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Figure 11: Map of local error estimators ng with Np = 16 (left) and Np = 80 (right)

6.2.2 Refinement with a threshold

The criterion to refine the mesh is the same as before. The initial and final meshes using an
exponential cutoff function for two different thresholds are depicted in Figure 12. Figure 13
depicts the same quantities when a polynomial cutoff function of degree five is used. Finally
the error estimator 1 obtained at each intermediate mesh with a threshold equal to 1076 is
reported in Table 5 (for the exponential cutoff function) and in Table 6 (for the polynomial
cutoff function of degree five).

PERRER,

SEieeh

SRS

S

Figure 12: Case of an exponential cutoff function x: initial mesh (left), final mesh with a
threshold equal to 1075 (middle) and final mesh with a threshold equal to 10~% (right)

Degrees of
freedom 730 1146 1782 1808 1850 1880

n (x1072) | 5.50767 | 3.87577 | 2.45115 | 2.26363 | 2.08548 | 2.07013

Table 5: Values of n with an exponential cutoff function x
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Figure 13: Case of a polynomial cutoff function x of degree five: initial mesh (left), final
mesh with a threshold equal to 1075 (middle) and final mesh with a threshold equal to 106
(right)

Degrees of
freedom 730 1668 1848 1874 1944

n (x1072) || 4.64238 | 2.97789 | 2.49811 | 2.32357 | 2.08207

Table 6: Values of n with a polynomial cutoff function y of degree five

6.3 The L-shaped body:

In the third example, we consider a cracked L-shaped body (which corresponds to three
quarters of the square (0,1)2) represented in Figure 14. The crack tip is located at
(0.375,0.25). Now the mesh doesn’t coincide with the crack. We set I'p = (0,0.5) x {1} and
'y elsewhere. A density of surface forces F=(0,-1) is applied on I'ny = (0,1) x {0} C 'y
and N stands for the number of elements of the mesh on I'p. The material characteristics
and the cutoff function are the same as in the previous examples.

6.3.1 Uniform refinement

In this example, we don’t have at our disposal the exact solution. Therefore we only report
the values of n in Table 7 when using a family of uniform triangular meshes.

N 8 16 32 48 64 80 96

n (x1072) || 28.1005 | 15.7341 | 8.323 | 5.69931 | 4.34828 | 3.52219 | 2.96384

Table 7: Values of n for the third example
We observe in Figure 15 that the convergence rate of the estimator is close to one and

it is therefore similar to the ones in the previous examples. The main part of the error in
n is located near the crack tip (0.375,0.25) (see Figure 16).
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Figure 14: Third example. The cracked body

6.3.2 Refinement with a threshold

Using the same mesh refinement criterion as in the previous examples, we report the initial
and two final meshes using an exponential cutoff function in Figure 17. The initial and
two final meshes for a polynomial cutoff function of degree five are depicted in Figure 18.
Finally the error estimator n obtained at each intermediate mesh with a threshold equal
to 107 is reported in Table 8 (for the exponential cutoff function) and in Table 9 (for the
polynomial cutoff function of degree five).

Degrees of
freedom 1740 2978 3242 3296 3316

n 0.195918 | 0.131541 | 0.113071 | 0.105575 | 0.103496

Table 8: Values of n with an exponential cutoff function x

Degrees of
freedom 1740 3156 3244 3312 3326

n 0.157341 | 0.117158 | 0.108942 | 0.103859 | 0.102766

Table 9: Values of n with a polynomial cutoff function y of degree five
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error

Figure 15: Convergence of the estimator n

7 Conclusion

We propose, study and implement numerically a residual a posteriori error estimator for the
two dimensional elasticity system approximated by XFEM. The estimator is a generalization
of the existing one in the case of a classical finite element method with standard meshes.
An upper bound of the H'-error norm is obtained and the numerical experiments show that
the estimator and the H'-error norm admit similar convergence rates.

This work is supported by ”I’Agence Nationale de la Recherche”, project ANR-05-JCJC-
0182-01.
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