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Abstract — Thermoacoustic instabilities, caused by the coupling between
unsteady heat release and acoustic waves, are a major challenge for the safe
and efficient operation of gas turbines. Since these self-sustained oscillations
can lead to severe structural damage, developing fast and reliable simulation
tools is crucial.

This thesis presents the extension of STORM (State-space Thermoacous-
tic Reduced Order Model), a reduced-order solver originally developed by
C. Laurent, and designed to study thermoacoustic instabilities in realistic
gas turbine configurations. STORM is based on a modal decomposition of
the acoustic field and a state-space formulation that couples acoustics, flame
response (via Flame Transfer Functions), and boundary conditions.

This work builds on a comprehensive understanding of existing model-
ing strategies, emphasizing the synergy between experimental and numeri-
cal approaches. In this thesis, the STORM methodology has been signifi-
cantly strengthened: boundary conditions are handled more robustly, and
a major numerical conditioning issue—responsible for spurious non-physical
modes—has been resolved. Moreover, a key contribution is a new formu-
lation for modeling jump conditions at interfaces, where the discontinuity
is treated as a source term directly within the Helmholtz equation. This
approach avoids domain splitting and the associated numerical instabilities,
and has been successfully validated on academic 1D test cases.

The last chapter illustrates the application of STORM to several experi-
mental and industrially relevant configurations.

o« MIRADAS, an academic burner from IMFT, serves as a benchmark
for validation, with experimental Flame Transfer Functions and outlet
impedance data. STORM accurately reproduces the observed instabil-

1ty.

o Safran post-combustor: STORM is used for a parametric study by
varying FTF parameters. Around 100 full thermoacoustic computa-
tions (~ 1000 modes on a 2-million-node mesh) were completed in
under 2 hours. With conventional finite element solvers, a single mode
typically takes ~ 30 minutes, making this scale of analysis practically
impossible. STORM thus enables the construction of complete multi-
mode stability maps within feasible time.

o« HYLON, an academic case with a two-velocity inlet flame, shows STORM'’s
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flexibility. While frequencies match experiments well, growth rates are
less accurate, likely due to missing injector impedance data or limita-
tions in the double-input FTF model.

o MICCA, a 16-injector annular combustor (EM2C), was also modeled.
Thanks to STORM’s flexibility, injector impedances have been incorpo-
rated via transfer matrix models, an essential factor to accurately pre-
dict the thermoacoustic modes. STORM successfully reproduced the
experimental parametric study involving two injector types arranged
in various configurations, correctly capturing the evolution of thermoa-
coustic modes with injector placement.

In conclusion, this work delivers a complete and efficient tool for ther-
moacoustic stability analysis based on reduced-order modeling. Its main
achievements include a robust and modular solver applicable to complex ge-
ometries, direct integration of experimental flame and impedance data, the
ability to conduct fast parametric studies and design analyses, and validation
on several academic and industrial configurations.

Future work will focus on applying STORM to increasingly complex sys-
tems to identify its current limitations and guide future developments. The

aim is to progressively broaden the range of configurations the solver can
handle.
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Mots clés : Instabilités de combustion, State-Space, Modeéle d’ordre réduit,
Expansion modales.

Résumé — Les instabilités thermoacoustiques, causées par le couplage entre
le dégagement de chaleur instationnaire et les ondes acoustiques, représentent
un défi majeur pour le fonctionnement stir et efficace des turbines a gaz.
Ces oscillations autoentretenues pouvant entrainer des dommages structurels
importants, le développement d’outils de simulation rapides et fiables est
crucial.

Cette these présente 1'extension de STORM (State-space Thermoacous-
tic Reduced Order Model), un solveur bas ordre initialement développé par
C. Laurent, concu pour étudier les instabilités thermoacoustiques dans des
configurations réalistes de turbines a gaz. STORM repose sur une décom-
position modale du champ acoustique et une formulation en state-space qui
couple I'acoustique, la réponse de la flamme (via des Fonction de Transfert
de Flamme) et les conditions aux limites.

Ce travail s’appuie sur une compréhension approfondie des stratégies de
modélisation existantes, mettant en avant la synergie entre approches ex-
périmentales et numériques. Dans cette these, la méthodologie STORM a
été significativement renforcée : les conditions aux limites sont désormais
traitées de maniere plus robuste, et un probleme majeur de conditionnement
numérique — responsable de modes non physiques parasites — a été résolu.
De plus, une contribution clé est une nouvelle formulation pour modéliser
les conditions de saut aux interfaces, ou la discontinuité est traitée comme
un terme source directement dans I’équation de Helmholtz. Cette approche
évite la subdivision du domaine et les instabilités numériques associées, et a
été validée avec succes sur des cas académiques 1D.

Le dernier chapitre illustre I'application de STORM sur plusieurs config-
urations expérimentales et industrielles pertinentes.

o« MIRADAS, un briileur académique de 'IMFT, sert de référence pour
la validation, avec des Fonction de Transfert de Flamme expérimentales
et des données d’impédance en sortie. STORM reproduit avec précision
I'instabilité observée.

o Chambre de post combustion Safran : STORM est utilisé pour une
étude paramétrique en faisant varier les parametres des FTFs. Environ
100 calculs thermoacoustiques complets (~ 1000 modes sur un mail-
lage de 2 millions de nceuds) ont été réalisés en moins de 2 heures.
Avec les solveurs classiques éléments finis, un mode unique prend typ-



iquement ~ 30 minutes, rendant ce type d’analyse pratiquement im-
possible. STORM permet donc de construire des cartes completes de
stabilité multi-modes en un temps raisonnable.

« HYLON, un cas académique avec une flamme a deux entrées de vitesse,
illustre la flexibilité de STORM. Si les fréquences correspondent bien
aux expériences, les taux de croissance sont moins précis, probablement
en raison de I’absence de données d’impédance injecteur ou des limites
du modele FTF a double entrée.

o MICCA, une chambre annulaire a 16 injecteurs (EM2C), a également
été modélisée. Grace a la flexibilité de STORM, les impédances des
injecteurs ont été intégrées via des matrices de transfert, un facteur es-
sentiel pour prédire précisément les modes thermoacoustiques. STORM
a reproduit avec succes 1’étude paramétrique expérimentale impliquant
deux types d’injecteurs disposés selon diverses configurations, capturant
correctement ’évolution des modes thermoacoustiques en fonction du
positionnement des injecteurs.

En conclusion, ce travail fournit un outil complet et efficace pour I'analyse
de stabilité thermoacoustique basé sur un modele d’ordre réduit. Ses prin-
cipales réalisations comprennent un solveur robuste et modulaire applicable
a des géométries complexes, I'intégration directe de données expérimentales
de flamme et d’impédance, la capacité a réaliser des études paramétriques
rapides et des analyses de conception, ainsi que la validation sur plusieurs
configurations académiques et industrielles.

Les travaux futurs viseront a appliquer STORM a des systeémes de plus en
plus complexes afin d’identifier ses limites actuelles et orienter les développe-
ments a venir. L’objectif est d’élargir progressivement la gamme de configu-
rations que le solveur peut traiter.
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Chapter 1

General introduction

Contents
0.1 Contextl . . ... ...
1.2 Combustion instabilitiesl . ... ... .. ... .. 3
[1.3 Thesis objectives| . . . . . .. ... ... ...... 10

1.1 Context

Why should we seek to make aircraft engines more environmentally friendly
when reducing the number of flights could directly lower emissions? This is
primarily a political and societal question. From a scientific perspective, the
issue can be reformulated as follows: how can aircraft engines be made more
eco-friendly 7

The aerospace industry is striving to achieve the ambitious objective of
net-zero carbon emissions by 2050, as promoted by international organiza-
tions such as the International Air Transport Association (IATA). Achieving
this target will require a combination of complementary levers rather than
a single technological breakthrough. These include improvements in aircraft
and engine efficiency, operational and air traffic management optimizations,

as well as the development of alternative energy carriers and fuels. In the


https://www.iata.org/en/programs/sustainability/flynetzero/

2 1.1. CONTEXT

short to medium term, Sustainable Aviation Fuels (SAF) are widely regarded
as a key contributor to emission reductions, as they can be integrated into
existing propulsion systems with limited modifications. In parallel, hydrogen-
based propulsion concepts are being investigated as a potential long-term so-
lution, although they still face significant technological, infrastructural, and
certification challenges. Institutions such as the European Union Aviation
Safety Agency (EASA) and industrial actors like Airbus emphasize the need
for sustained research efforts to assess the feasibility and maturity of these
emerging technologies. This multi-faceted strategy is reflected in initiatives
such as the Destination 2050 initiative , which outlines the European aviation
sector’s roadmap toward net-zero emissions.

Figure shows that the two main development pathways to achieve the
Clean Aviation goal according to Airbus are Sustainable Aviation Fuels and

new aircraft technologies.

Aviation’s decarbonisation pathway

£ New Aircraft
J'a Technologies
- &

Improved ATM

i T & Aircraft Operations
; = Sustainabl
=50 achieved E ) B Avation Fueis
]

due to:

Emissions per passenger kilometre (%)

. | i Market-based
( @ = Il Measures
optimised advanced next-gen
aerodynamics materials engines
T T T T T T 1
| 1000 2000 =0 AIRBUS

Figure 1.1: Aviation’s decarbonisation pathway by Airbus.

Hydrogen is particularly appealing due to its clean combustion, primarily


https://www.easa.europa.eu/en/light/topics/hydrogen-and-its-potential-aviation
https://www.easa.europa.eu/en/light/topics/hydrogen-and-its-potential-aviation
https://www.airbus.com/en/sustainability/respecting-the-planet/decarbonisation
https://www.gifas.fr/news/le-secteur-europeen-de-l-aviation-lance-destination-2050-et-se-fixe-un-objectif-de-zero-emission-nette-de-co2-d-ici-a-2050
https://www.airbus.com/en/sustainability/respecting-the-planet/decarbonisation
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producing water vapor as a byproduct. However, when burned in air, it can
also generate nitrogen oxides (NOx). Additionally, its unique physical and
chemical properties, such as high flame speed and wide flammability limits,
introduce significant challenges in terms of combustion stability and safety.
On the other hand, SAF, derived from renewable sources like biomass or
waste oils, can serve as a drop-in replacement for conventional jet fuel, al-
lowing the use of existing engine technologies while reducing greenhouse gas
emissions. The integration of these fuels into aviation represents a transfor-
mative step toward sustainability.

Despite the focus on alternative fuels, the continued study of traditional
kerosene-fueled engines remains essential. Indeed kerosene will remain the
dominant fuel in aviation for the foreseeable future, especially given the lo-
gistical and technological hurdles associated with the large-scale deployment
of hydrogen and SAF. Ensuring that conventional engines are optimized for
performance, emissions reduction, and reliability is therefore crucial to bridge
the gap during this transitional period. Moreover, studying kerosene engines
provides valuable insights into the fundamental combustion processes, many

of which are also relevant to alternative fuels.

1.2 Combustion instabilities

Regardless of the fuel used —hydrogen, SAF, or kerosene— all combustion
systems are susceptible to thermoacoustic instabilities. These instabilities,
driven by the coupling between heat release and acoustic waves, pose signif-
icant challenges for the design and operation of propulsion systems. They
can lead to self-sustained oscillations, structural damage (see Fig. , and
decreased efficiency, making their study a critical priority for both current

and future combustion technologies. Understanding and mitigating these in-
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stabilities is key to ensuring the reliability and safety of engines across all

fuel types.

Figure 1.2: Burner nozzle without (left) and with (right) damage
due to combustion instabilities. From || .

Thermoacoustic instabilities in combustion systems arise from a complex
feedback loop between unsteady heat release and acoustic pressure oscilla-
tions. When these two phenomena are in phase, the energy from the heat
release amplifies the pressure waves, creating a positive feedback mechanism
that can lead to self-sustaining oscillations. This coupling is governed by the
Rayleigh criterion , which states that instabilities grow when the time and
volume-integrated product of pressure and heat release rate fluctuations is
positive.

Several physical mechanisms contribute to the onset of thermoacoustic

instabilities:

o Flame Dynamics: The unsteady behavior of the flame is a primary
driver of instabilities. Variations in the incoming air-fuel mixture (due
to turbulence or flow instabilities) or fluctuations in the combustion

process itself can lead to oscillations in the heat release rate. This

4
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unsteady heat release interacts with the acoustic field within the com-
bustor [3H6]. Any disturbances in the mixing process, such as flow
separation or vortex shedding, can lead to oscillations in heat release

and, consequently, thermoacoustic instabilities.

e Acoustic Resonances: Combustion chambers and connected compo-
nents, such as ducts and nozzles, exhibit natural acoustic modes. When
the system is forced at or near one of these resonant frequencies, acous-
tic energy is retained within the chamber, allowing pressure fluctuations
to accumulate over time [7-9]. However, for these fluctuations to ac-
tually drive thermoacoustic instabilities, the heat-release rate must be
properly phased with the local pressure and temperature variations, as

stated by the Rayleigh criterion [10].

« Boundary Interactions: The interactions between acoustic waves and
boundaries, such as walls, nozzles, or flame holders, can either damp
or amplify instabilities [11H14]. For example, reflecting waves at open
or closed boundaries can reinforce oscillations, depending on the phase

relationship of the pressure around the flame with the heat release.

o Nonlinearities and Saturation: As oscillation amplitudes grow, nonlin-
ear effects in the combustion process or acoustic field often emerge,
leading to complex behaviors such as limit cycles or chaotic dynam-
ics [15-H19]. Nonlinear acoustic effects are generally negligible in gas-
turbine engines and become significant primarily in systems such as

rocket engines.

These mechanisms are influenced by various factors, including combus-
tor geometry, operating conditions, and the type of fuel used (e.g., kerosene,

SAF, or hydrogen). The interplay between these factors is illustrated in

5
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Fig. and creates a highly coupled, multi-physics problem that is chal-
lenging to predict and control. A deep understanding of these mechanisms is
desirable for designing stable combustion systems, whether for conventional
fuels or emerging alternatives like hydrogen and SAF. By characterizing how
instabilities arise and propagate, researchers can develop strategies to miti-

gate their impact and ensure safe, efficient, and reliable operation.

Combustor Acoustics

Flame Acoustic
dynamics o perturbations
— Emitted acoustic Impedance at ! Reflected acoustic |
waves boundaries | waves i

)
™My 'i ‘J‘\\
/S

8
N 4
|\l\|

Flame dynamics [ Burner Aerodynamics

Coherent fluctugtior"ns of feactants Convected Equivalence Fuel feed @'
consumption inducing

e ratio oscillations | modulation
- Heat release rate oscillations E ‘—|

- Entropy waves|g Vortex 7 Air feed E]'
shedding/Mixture modulation

- - mass flow oscillations
Stochastic fluctuations of reactants

consumption : Turbulence I /

Figure 1.3: Thermoacoustic coupling in a combustion chamber.
Adapted from ETH Zurich website (CAPS).
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The study of thermoacoustic instabilities requires a multidisciplinary ap-
proach that combines theory, experimentation, and advanced computational
techniques. Each method provides unique insights into the mechanisms driv-

ing instabilities and helps to develop strategies to mitigate their effects.

o Laboratory Experiments. Controlled experiments in laboratory
settings are a cornerstone of research in thermoacoustic instabilities.
These experiments often use simplified combustion setups that repli-
cate key physical phenomena while allowing for precise measurement
and control [20-22]. Techniques such as high-speed imaging, laser di-
agnostics (e.g., Particle Image Velocimetry or PIV) |23], and pressure
transducers [24] are employed to study the flame dynamics and oscilla-
tions, the acoustic wave propagation or the interaction between flames
and combustor walls. Laboratory studies are particularly useful for iso-
lating specific mechanisms, testing hypotheses, and validating numeri-
cal models [25]. They provide a safe and cost-effective environment to
explore extreme conditions that might be difficult or dangerous to test

in real-world engines.

e Numerical Simulations. The advent of high-performance computing
has revolutionized the study of combustion instabilities through numer-
ical simulations. Techniques such as Computational Fluid Dynamics
(CFD) allow researchers to model the complex interactions between
fluid dynamics, heat release, and acoustics. The Large Eddy Simula-
tions (LES) is widely used for capturing the detailed, turbulent flow
structures that influence combustion dynamics [26, 27]. It provides
high fidelity but is computationally expensive. Such simulations are

computationally expensive, especially when fine resolution is required
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across the entire domain. To mitigate these costs, Adaptive Mesh Re-
finement (AMR) techniques can be used. AMR dynamically refines
the computational grid in regions where higher resolution is needed
(e.g., near flame fronts or strong acoustic gradients), while coarsening
it elsewhere. This allows for more efficient simulations by preserving

accuracy [28, 29].

To complement high-fidelity simulations, reduced-order models (ROMs)
offer faster predictions by simplifying the governing equations [30].
ROMs are particularly useful for exploring parameter spaces and de-

signing active control strategies.

Theoretical Modeling. Theoretical approaches play a foundational
role in understanding thermoacoustic instabilities. Using simplified
equations derived from fluid dynamics, acoustics, and combustion the-
ory, researchers can identify the key parameters governing system be-
havior [30, [31]. Classical models, such as the Rayleigh criterion or
linear stability analysis [32-34], help explain how fluctuations in heat
release interact with acoustic waves. These models often lead to the
development of analytical or semi-analytical tools [35-37] that provide
physical insights and guide both experimental design and numerical
simulation. Although idealized, theoretical models are essential for in-
terpreting complex results and identifying dominant instability mech-

anisms.

Engine Testing by Manufacturers. Large-scale testing in indus-
trial facilities is essential for evaluating the performance and stability
of full-scale engines under real operating conditions [38-40|. Compa-

nies like SAFRAN conduct extensive engine tests, simulating various
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operational scenarios to identify potential instabilities and ensure re-
liability. These tests often involve running engines at different power
levels to identify critical resonance frequencies, measuring emissions,
pressure oscillations, and structural responses or evaluating the impact
of alternative fuels like SAF or hydrogen. While costly, these tests
provide invaluable data that cannot be obtained from simplified setups
or simulations. They ensure that research findings translate effectively

into practical, operational systems.

These main traditional approaches are increasingly supplemented by al-
ternative techniques that maintain prediction capabilities while reducing
computational costs. In particular, there is a growing interest in hybrid
modeling strategies, which combine high-fidelity simulations with low-order
models or empirical data. For example, coupling Large Eddy Simulations
(LES) with acoustic solvers [41}44] has proven effective in predicting ther-
moacoustic instabilities in complex geometries by leveraging both detailed
flow dynamics and efficient acoustic analysis.

In parallel, Al-based models are also being more widely explored to pre-
dict instabilities by learning from large experimental and simulation datasets.
These approaches include Bayesian inference methods [45], classification al-
gorithms [46], machine learning techniques |47], and neural networks [48].

The combination of experimental studies, industrial engine testing, and
numerical simulations provides a robust framework for studying thermoa-
coustic instabilities. While high-fidelity simulations offer detailed insights,
their computational cost remains a major limitation for industrial design
applications. In response to this challenge, this thesis focuses on the de-
velopment of a low-order numerical tool that maintains predictive accuracy

while significantly reducing computational costs, enabling efficient paramet-
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ric analyses and design iterations.

1.3 Thesis objectives

This thesis, funded by SAFRAN, aims to pursue the development of a soft-
ware tool to calculate thermoacoustic instabilities in combustion engines.
The focus of the project is on enhancing a low-order method based on the
Galerkin method, specifically using a technique known as frame modal ex-
pansion. This approach was adapted for thermoacoustics by Laurent et al.
in 2019 [49]. It particularly improves the definition of boundary conditions
and jump conditions, which were previously poorly handled in the original
Galerkin method. An overview of the different numerical methods that exist
to compute thermoacoustic instabilities is provided in Chapter [2|

The frame modal expansion method is implemented in the code STORM
(STate-space low-ORder Model). It is based on a network approach, where
the combustion chamber is decomposed into different subdomains, each char-
acterized by its own dynamics. To connect these subdomains, the state-space
formalism is used [50], allowing the definition of both temporal evolution
and input/output relations for each subdomain. Thanks to these choices,
STORM offers the advantage of enabling easy parametric studies, such as
varying boundary conditions or flame transfer functions, in a flexible man-
ner. However, the main challenge with this method is that it generates
non-physical modes in the output solution.

In Chapter [3], it is shown that these spurious modes can originate from
different sources. The first source is related to the frame modal expansion
method itself, which requires the inversion of an ill-conditioned Gram matrix
to compute the final modes. This poor conditioning is one of the main causes

of the generation of spurious modes. The second source lies in the modeling

10
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of the transfer functions used to represent various system components (such
as impedance or flame response). To incorporate such frequency-dependent
behavior into a low-order model, these transfer functions must be approxi-
mated using rational functions, which also introduce non-physical modes into
the results. A detailed analysis of these types of spurious mode, along with
a strategy to remove them from the output, is provided in Chapter [3

Since the code is intended for application to geometrically complex config-
urations, it is essential to accurately model the system’s boundary conditions.
These boundaries, which are 2D surfaces that can be arbitrarily curved, intro-
duce significant numerical challenges and are another source of non-physical
modes in the output. Chapter [4is dedicated to the study of these boundary
conditions, although some aspects remain not fully understood. Moreover,
an alternative approach is proposed in this chapter in which boundary con-
ditions are treated as source terms in the Helmholtz equation. This new
formulation may offer a way to overcome numerical issues related to the ini-
tial implementation of boundary conditions. It is tested and validated on 1D
configurations, but has not yet been extended to 3D cases.

Following these steps, the method is applied to real configurations (post-
combustion application, experimental test rigs), with the aim of demonstrat-
ing its potential for improving the prediction and control of thermoacoustic
instabilities in more complex industrial settings (Chapter [5)).

Ultimately, the STORM tool is intended to be used by engineers at
SAFRAN, as well as by future PhD students working on thermoacoustic
instabilities, either directly or indirectly. A remaining objective of this thesis
was hence to implement a user-friendly Application Programming Interface
(API), ensuring that STORM can be easily adopted by both researchers and

engineers. This facilitates the integration of the tool into ongoing research

11
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and development efforts, and ensures that the outcomes and advancements
achieved throughout this work contribute to the long-term progress in the
field of combustion instability research. All of these aspects are detailed in
the Annex [D] which describes the API implementation and how STORM
has been designed for accessibility and ease of use. Additional annexes also
provide practical information regarding numerical treatments (Annex|C|) and
state-space realizations (Annex [A).

The work presented in Chapter [3] led to the publication of the following
article, which was presented at the 2023 Symposium on Thermoacoustics in
Combustion (SoTiC), held in Ziirich:

M. Cances et al. “Robustness and reliability of state-space, frame-based

modeling for thermoacoustics*, JCP, 2025, vol. 520, p. 113472.
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2.1 Existing methods

The most complete mathematical description of combustion instabilities re-
lies on the compressible, reactive, multi-species Navier—Stokes equations.
Solving these equations typically requires advanced Computational Fluid Dy-
namics (CFD) approaches, such as Direct Numerical Simulation (DNS) [51}
52| or Large Eddy Simulation (LES) [53| 54], which offer high fidelity but
are computationally expensive. To make the problem more tractable, the
governing equations can be simplified by neglecting certain effects (e.g., vis-

cosity, detailed chemistry), reducing them to acoustic wave equations and,

13



14 2.1. EXISTING METHODS

ultimately, to the Helmholtz equation. Unlike high-fidelity methods such as
DNS or LES, Helmholtz solvers do not resolve the Navier-Stokes equations.
Instead, they focus exclusively on the acoustic field, making them a low-order
modeling approach that is computationally efficient for thermoacoustic anal-
ysis.

Figure summarizes different approaches, highlighting how they bal-
ance accuracy and computational cost depending on the complexity of the

problem.

Navier-Stokes equations

e ~

Large Eddy Simulations (LES) Low Order Models (LOMs)
Helmholtz equation

e Small turbulence scales filtered

e The mean flow is frozen (sound speed
e Larger scales resolved: flow,
. ) and temperature)
acoustic, species

e Modeling of the flame: the heat release rate
/ \ is a function of acoustic quantities

= 1

1
Brute force LES of LES of flame 1 Finite Element Network-based, Pseudo-analytical :
thermo-acoustic transfer function 1 Method modal expansion methods 1
instabilities 1 methods 1
|—>I |
L e o e e e e e e e e e e e e o e e e

FTF
Expensive Low cost

Computational cost

Figure 2.1: Numerical methods for thermoacoustic instabilities.
On the left, the LES method. On the right, the class of Low-
Order Models, which require a Flame Transfer Function (FTF) as
an input. Adapted from Poinsot

e Direct Numerical Simulation (DNS) is a high-fidelity computa-
tional method used to study turbulent flows and combustion phenom-
ena [51], [52]. Unlike approaches that model turbulence (such as RANS
or LES), DNS solves the Navier-Stokes equations without any tur-

bulence model, resolving all relevant spatial and temporal scales —

14
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from the largest flow structures to the smallest dissipative eddies (Kol-
mogorov scale). This makes DNS particularly powerful for capturing

fine-scale physical details.

In combustion, DNS provides detailed insight into complex processes
such as flame-turbulence interaction, heat transfer, and chemical ki-
netics [55]. It also inherently captures the coupling between unsteady
heat release and pressure waves, making it a valuable tool for studying
thermoacoustic instabilities [56]. Thanks to its high accuracy, DNS is
often used to generate reference data for validating reduced-order mod-

els and improving the physical understanding of combustion dynamics.

However, DNS comes with a prohibitive computational cost. Because
it must resolve all flow scales, the number of degrees of freedom for
an industrially relevant case often reaches 10° to 10, far exceeding
current computational capabilities. As a result, DNS remains restricted
to academic studies or simplified geometries and is not practical for

routine industrial design.

« Large Eddy Simulation (LES) is a numerical method that serves as
an excellent alternative to Direct Numerical Simulation (DNS), partic-
ularly for studying turbulent combustion. Unlike DNS, which resolves
all spatial and temporal scales of the flow, LES filters the flow field to
resolve the larger, energy-containing turbulent eddies while modeling
the smaller, subgrid-scale physics using a turbulence model. This makes
it well-suited for high-Reynolds-number flows, such as those in gas tur-
bines and aero-engines, where DNS is too costly. In unsteady com-
bustion, LES effectively captures thermoacoustic interactions, offering

valuable insights into the coupling between heat release and acoustic

15
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modes. As a result, it has become a key tool for studying combus-
tion instabilities in both research and industry, with industrial cases

typically involving ~ 107 to 10® degrees of freedom.

This approach significantly reduces the computational cost compared to
DNS, making LES more practical for realistic engineering applications
[26, 53, 54, 57, 58]. Based on massive parallelism, Wolf et al. [59]
showed that full annular LES of two helicopter combustors can capture

self-established thermo-acoustic modes.

Helmholtz solvers are specialized numerical tools designed to solve
the Helmholtz equation (see Eq. in the next part), which governs
the coupling phenomenon between acoustic waves and the heat release

rate of a flame in a cavity.

To use a Helmholtz solver, two critical inputs are required. First, the
mean flow fields must be known, particularly the distribution of the
speed of sound ¢y(x) and density pg(x). These mean fields are typically
derived from higher-fidelity simulations, such as LES [26] or Reynolds-
Averaged Navier-Stokes (RANS) computations [60, 61]. The accuracy
of the acoustic predictions depends on the quality of these mean fields,

as they define the basis through which the acoustic waves propagate.

Second, a Flame Transfer Function (FTF) or a Flame Describing Func-
tion (FDF) is needed to model the acoustic response of each flame
present in the geometry. The FTF modeling was first proposed by
Crocco [62], and quantifies how the unsteady heat release rate from
the flame responds to acoustic perturbations, capturing the coupling
between the flame and the acoustic field. This concept of flame re-

sponse has been widely used in thermoacoustic studies [63-70], as it is

16
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essential for accurately representing the interaction between combus-
tion dynamics and acoustics. The Flame Describing Function (FDF)
corresponds to a non-linear extension of the FTF that accounts for
amplitude-dependent effects [66] |71} 72]. Instead of a single gain/phase
per frequency, the FDF response varies depending on the amplitude of
the perturbations. FDF is more accurate for large perturbations, where

the flame response deviates from linear behavior.

A major disadvantage of Helmholtz solvers is that they do not account
for certain important physical mechanisms of acoustic energy dissipa-
tion —such as perforated plates or dilution holes— which must be

included as a separate model.

The main advantage of Helmholtz solvers is their efficiency. The mesh
resolution required for a Helmholtz solver can be coarser, as it only
needs to resolve the acoustic wavelengths, not the smaller low or flame
structures. As a rule of thumb, it typically requires 10 points per
wavelength to capture thermoacoustic modes, which leads to a number

of DoFs of the order of ~ 10° or 10° in industrial configurations.

Helmholtz solvers are particularly useful for analyzing thermoacoustic
instabilities in practical systems, as they enable the rapid prediction
of resonant modes and instability frequencies / growth rates. While
they lack the detailed physical fidelity of high-order simulations, their
reliance on mean fields and flame transfer functions makes them a prac-
tical tool for industrial design and optimization, especially for systems

where multiple flames and complex geometries are involved.

17
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2.2 Helmholtz equation

Coupling mechanisms between acoustic waves and flames control two impor-
tant phenomena in the development of modern combustion systems: com-
bustion noise and combustion instabilities. From a numerical point of view,
the combustion noise is directly produced by the flame, but there is no feed-
back loop feeding the flame. In contrast, combustion instabilities result from
the constructive coupling between the intrinsic acoustics of a cavity and the
unsteady heat release rate of a flame, which generates sound [30].
Combustion instabilities are fully described by the well-known Navier-
Stokes equations, but some simplifications are necessary to build a thermoa-

coustic Low Order Model (LOM). The main assumptions are listed below.
o« H1: The fluid is a perfect gas.

o H2: Viscous forces are neglected, and no viscous stresses are retained
in the volume. Consistently, only the normal velocity goes to zero at

solid boundaries (i.e slip wall).

o« H3: The flame is considered a black box with an acoustic input and
a fluctuating rate of heat release output, where all the multi-species

transport and chemical phenomena are hidden.

o H4: The linear acoustics assume that for any flow variable f, its oscil-
lating part f” is very small compared to its mean value fy. f(x,t) =
fo(x) + f'(x,t), except for the velocity fluctuations (see next point).
The baseline temperature, sound speed and density are then static

fields Ty(x), co(x) and po(x).

o« H5: The mean flow speed is assumed to be zero, and the acoustic

velocity is small compared to the speed of sound: u'(x) < co(x). In

18
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practice, this hypothesis remains true while the Mach number M (x) =

up(x)/co(x) is lower than 0.3.

Under these approximations, and using some mathematics that are de-
tailed in 73], one can obtain the spatio-temporal evolution of thermoacoustic

fluctuations:

1 1 0% v — 10wy
V- |=Vy)| - — = — 2.1
(po p) Ypo OF? Yo Ot 21

In this equation, pg is the homogeneous static pressure, py and v stand
for the baseline density and heat capacity ratio, respectively. Moreover,
p' = p'(x,t) is the field of pressure fluctuations, while w/. is the fluctuating
rate of heat release (in W.m™3). The right-hand-side term represents the
acoustic forcing due to the work done by the gas during unsteady combustion,
accounting for both energy added during gas expansion and energy absorbed
during gas contraction. When dealing with linear acoustics, it is convenient

to introduce p(x,w), the Fourier transform of the acoustic field p/(x, t):

“+o00

P, w) = / P (e, t)eietdt
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With this convention, all the acoustic quantities are proportional to e/«
Applying this transformation to Eq.[2.1]leads to the frequency domain Helmholtz

equation:

1 w? —1
V. (—Vﬁ) Ty S Tt Sy S (2.3)
Po YPo YPo

Finally, boundary conditions (BCs) must be provided to close the prob-

lem. The three main BCs are:
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o Rigid wall This condition assumes zero acoustic velocity normal to

the surface u], = 0. It represents a perfectly reflecting boundary. It
corresponds to the Neumann condition for the pressure, that is V,,p’ =

0.

Open atmosphere This condition imposes zero acoustic pressure p’ =
0, resulting in total reflection of the acoustic wave with a phase inver-
sion. It is often used to approximate an idealized open end, although

real open boundaries exhibit partial transmission and energy losses.

Impedance boundary This more general condition relates pressure
and velocity fluctuations through an acoustic impedance Z(w). It im-
poses the dimensionless ratio between pressure and acoustic normal
velocity: Z(w) = p/pocots - ng. It allows modeling of partially absorb-
ing or reflective surfaces, depending on the impedance value. Some
example of the use of impedance boundary conditions can be found in

[747).

In addition to the standard boundary conditions listed above, more ad-

vanced models are sometimes required to accurately capture the complex

acoustic behavior at interfaces:

o Multiperforated Liners (MLPF) In industrial combustion cham-

bers, perforated plates are used to separate the combustion zone, where
the hot gases reside, from the fresh gas flow that cools the chamber
through the small holes in the plate. From a thermoacoustic perspec-
tive, these plates act as acoustic attenuators and are modeled by a
jump term. For instance, the Howe’s model [79] relates the acoustic
pressure jump across the plate to the temporal variation of the normal

velocity upstream of the plate. In the Helmholtz equation, this jump
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condition is represented by the relation: Ap oc dul,/0t. The work of
Gullaud et al. [80] investigates the impact of multiperforated plates
on acoustic modes in combustion chambers within the Finite Element
framework. A detailed modeling of these plates using the modal ex-

pansion approach is presented in Section

o Acoustic Transfer Matrices (ATM) can be used to model acoustic
elements in industrial combustion chambers, such as injectors. A trans-
fer matrix relates the acoustic variables (pressure and velocity) at the
inlet and outlet of a component, providing a compact representation of
its acoustic response [81-83|. This approach is particularly useful for
characterizing the acoustic behavior of injectors, which often exhibit
complex interactions with combustion dynamics. Using measured or
computed transfer matrices, engineers can efficiently incorporate these
components into thermoacoustic stability analyses, enabling a more

accurate prediction of instabilities.

When the flame is modeled using a flame transfer function (detailed in
Section , the Helmholtz equation becomes a eigenvalue problem for
the acoustic pressure. The complex eigenmodes (w,y,, Pm)men represent the
thermoacoustic modes of the system, characterized by their frequency, growth

rate, and mode shape.

2.3 Classes of Helmholtz solvers

Helmholtz solvers can themselves be classified into different categories, each

associated with a distinct numerical resolution method.

21



22 2.3. CLASSES OF HELMHOLTZ SOLVERS

2.3.1 Pseudo-analytical methods

The pseudo-analytical approach should be considered when dealing with sim-
ple academic cases. The system is treated as a network of 1D elements, in
which the acoustic pressure is approximated by 1-dimensional planar waves
p(z,t) = Atellke=wt) 4 A=e=ilkz+wt) - This approach allows the dispersion
equation to be written analytically in the form A(w)X = 0. The square
matrix A depends on the geometrical dimensions of the system and the an-
gular frequency w. The eigenvector X contains the unknown amplitudes A
and A~. The solutions w satisfy the dispersion relation det(A(w)) = 0 and
are usually computed using a numerical algorithm. Different academic cases
use this approach to understand the fundamental mechanisms of thermoa-
coustic coupling. A canonical example of such a method is the ATACAMAC
approach [37], where a one-dimensional model is developed to compute az-
imuthal thermoacoustic modes in an annular chamber fed by an annular
plenum through N burners. In this approach, the acoustic waves in all the
different components of the geometry (i.e chamber, plenum and burners)
are approximated by 1-dimensional planar waves. This analytical approach
allows to categorize the coupling between the chamber and the plenum, de-
pending on the parameters of the flames that are set up in each burner. The
pseudo-analytical method is the least computationally expensive approach,
but it only allows for 1D calculations. At CERFACS, a pseudo-analytical
tool called SoundTube allows to compute the thermoacoustic modes of N
duct of surface S,, connected to each other, where a flame can be set in each

duct.
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2.3.2 Finite Element Method

For more complex 3D geometries, the coupled Helmholtz equation Eq. is
not reducible to an analytical set of equations. The Finite Element Method
(FEM) must be employed to solve it on a discretized mesh of a complex
geometry. A mesh is a division of the domain into smaller, non-overlapping
subdomains called elements, connected by nodes. Figure illustrates the
discretization of N, ~ 2x10° of Degree of Freedoms (DoFs) in an aeronautical

engine.

Figure 2.2: Example of a mesh discretization in the annular com-
bustion chamber of the SILVERCREST engine from Safran Air-
craft Engines.

Since the Helmholtz equation is typically solved as an eigenvalue prob-
lem to determine the natural frequencies and associated mode shapes, the
pressure field is separated into a spatial component and a time-harmonic

oscillation: Py, (€, wy) = pm(x)e?mt. The integer subscript m labels each
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A Pi(x)

i—1 I i+1
Node i

Figure 2.3: Basis functions corresponding to Lagrange elements, in
the case of a 1-dimensional mesh.

eigenmode (frequency and shape pair). The unknown shape p,,(x) is ap-
proximated using basis functions () (see Eq. [2.4), often simple polyno-
mials. These functions are local, meaning they are non-zero only on specific
elements. For example, Lagrange basis functions are piecewise linear and

designed to be 1 at the node indexed by i, and 0 at all other nodes (see

Fig. .

pul@) = as(@) (2.4)

i=1

The problem is hence to find the N, unknown amplitude coefficients a;,
called the nodal values, and the complex value of w,,. The finite element

formalism results in an eigenvalue system A(w,,)V,, = —w? B(wy,)Vy, where:

e V,, is the vector of unknowns a;. The total number of unknowns a;,
also called degrees of freedom (DoFs), is proportional to the number of
nodes in the mesh. When using Lagrange elements [84], the size of V,,
is equal to NV,. Lagrange elements are the most commonly used as they

are simply linear functions on the elements, as illustrated in Fig. [2.3]
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e Wy, is the complex eigenfrequency in rad.s~! associated with the mode
m, and for which the real part (resp. imaginary part) gives the angular

frequency (resp. growth rate) of the mode m.

e A and B are the stiffness matrix and mass matrix respectively, which
results from the contributions of all the elements of the mesh. Their
structure depends on the physics and boundary conditions of the prob-
lem. In the case of non-reactive flows with simple boundary conditions
(such as Dirichlet or Neumann), A and B are independent of the eigen-
frequency w. The resulting eigenvalue problem is therefore linear and
can be solved directly. However, when the system involves more com-
plex conditions —for instance, impedance boundaries, multiperforated
liners, or an active flame— the matrices A and B become a function of
the eigenfrequency w. This dependence makes the eigenvalue problem
nonlinear. To solve it, an iterative approach is used: (1) The user pro-
vides an initial guess wy for the eigenfrequency. (2) Using this guess,
A(wp) and B(wp) are assembled and the eigenvalue problem is solved.
(3) The solution is used to update the estimate of w. (4) Steps 2-3
are repeated until convergence toward a value w,,. The algorithm ulti-
mately returns the converged eigenfrequency w,, corresponding to the
thermoacoustic mode closest to the initial guess wy. Since the proce-
dure converges toward a single mode per run, it must be repeated with

different initial guesses to identify additional modes [74].

The mesh resolution must be chosen carefully to accurately capture the
spatial variations of the acoustic pressure field. In particular, the mesh size
is typically dictated by the smallest wavelength of the mode of interest. As

a general rule of thumb, 10 elements per wavelength are recommended to
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ensure adequate accuracy. Moreover, for the resulting system to remain well-
conditioned, it is important to control the variation in mesh element sizes.
The ratio between the volume of the largest and smallest elements in the mesh
should not exceed 10®. Exceeding this threshold may lead to ill-conditioning
of the system matrices, resulting in numerical instabilities or convergence
issues during the eigenvalue computation. In industrial configurations, due
to the geometrical complexity of components such as injectors, it is often
necessary to refine the mesh locally to represent small features. This localized
refinement leads to small elements, while the rest of the domain remains
relatively coarser. As a consequence, the total number of mesh points can
reach around N, ~ 10°.

Although considerably reduced compared to LES, the calculation time of
the Finite Element Method applied to the Helmholtz equation is too large to
be used in parametric studies, where different physical parameters are prone
to be modified, and several modes have to be computed. Note also that there
is no guaranty that all the thermoacoustic modes of interest will be found, as
is often the case when dealing with non-linear eigenvalue problems. Intrin-
sic thermoacoustic modes (ITA) are usually missed when using this approach
[85],[86]. Buschmann et al. [87] proposed an integral method based on Beyn’s
algorithm that guarantees the identification of all eigenmodes within a spec-
ified contour. However, this method is not explored in the present thesis,
as it does not address the fundamental challenge in thermoacoustic mode

computation: the nonlinear nature of the underlying eigenvalue problem.

2.3.3 Modal expansion methods

For linear partial differential equations (LPDEs) —such as the Helmholtz

equation— another appropriate resolution approach is the Modal Expansion
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Method (MEM). MEM are used to solve complex differential equations, par-
ticularly in dynamic systems [88], fluid mechanics [89], and acoustics [14].
The idea is to search the unknown pressure field p/(z, t) solution of the reac-
tive Helmholtz equation as a linear combination of modes which are solutions

of the non-reactive Helmholtz equation. The main steps are then:

o The choice of basis functions (also called modes). The solution to the
problem is approximated as a linear combination of modes, which are
pre-selected basis functions. For the Helmholtz equation, these modes
are the pure acoustic modes of the domain, which are the solution of

the non-reactive Helmholtz equation with trivial boundary conditions.

e The projection. The reactive Helmholtz equation is projected onto
the space spanned by the chosen modes. This involves multiplying the
residual of the equations by each basis function and integrating over the

domain. This results in a reduced set of ordinary differential equations

(ODEs) for the modal amplitudes.

e The reduced system of ODEs is assembled into a compact eigensystem
that captures the dominant thermoacoustic dynamics. Because only a
limited number of basis modes are retained, this reduced model can be
solved efficiently to determine eigenfrequencies, growth rates, and mode

shapes, enabling fast parametric studies and control-oriented analyses.

Contrary to FEM, the acoustic pressure field p'(x,t) is no longer decom-

posed into a mesh basis functions, but on a modal basis so that:

Ninodes

Plat)= Y plt)filx) (2.5)
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v

Figure 2.4: Illustration of the modal decomposition in a 1-
dimensional duct.

The modal basis is composed by N,,.qs basis functions f;, defined as the
pure acoustic modes of the studied geometry. Fig.[2.4] illustrates this modal
decomposition in a 1-dimensional case.

The modal expansion method focuses on a small number of dominant
modes N,odes, significantly reducing the degrees of freedom in the system.
Only a few ordinary differential equations (ODEs) are solved, rather than
large systems of algebraic equations, as for the finite element method.

In the context of thermoacoustics, two types of modal expansion will be
discussed, the Galerkin modal expansion [90] and the frame modal expan-
sion [49]. The next chapter delves into the details of solving the Helmholtz
equation using the modal expansion method and a network modeling. It
explores the limitations of the Galerkin modal expansion, particularly in
handling boundary conditions, and explains why the frame modal expansion
is a more suitable approach. However, this alternative also comes with its

own challenges, which will also be discussed in the following chapter.

28



Chapter 3

Frame modal expansion and
state-space network modeling

Contents
[3.1 Network representation of thermoacoustic systems| 30
3.2 State-space formalism|. . ... ... ........ 32

3.3 From (alerkin to frame modal expansion|. . . . 35

3.4 Limits of the frame modal expansion|. . . . . . . 39

[3.4.1 State-space representation of an acoustic geomet- |

[ rical subdomainl. . . . . . . ..o 40
[3.4.2  Conditioning issues|. . . . . . . . . . .. ... ... 41

3.5 Singular Value Decomposition of the frame|. . . 45
3.5.1 SVD of the framel. . . . . .. ... ... ... ... 45

[3.6 Truncated SVD - Removing multicollinearity] . 49
3.7 Flame modelingl . ... ............... 53
[3.7.1 Flame shape and projection| . . . . . . . . ... .. 54
.72 Flame Transfer Functionl. . . . . . . ... ... .. 56
13.7.3  Flame low-order model - Fitting process| . . . . . . 57
[3.7.4  Spurious eigenmodes due to the fit| . . . . . . . .. 60
[3.7.5  Vector Fitting algorithm|. . . . . . ... ... ... 62
3.8 Numerical framel . . . ... ... .. ... ... .. 66
3.8.1  Finite Flement Methodl . . . ... ... ... ... 67
[3.8.2 Frame size and mesh resolutionl . . . . . . ... .. 76
B9 Conclusionl . .........ovuiiuiinn.n. 78



3.1. NETWORK REPRESENTATION OF THERMOACOUSTIC
30 SYSTEMS

The work presented in this chapter has been published in a peer-reviewed
journal: M. Cances, L. Giraud, M. Bauerheim, L. Gicquel and F. Nicoud.
«Robustness and reliability of state-space, frame-based modeling for ther-
moacoustics.» Journal of Computational Physics. Vol. 520, p. 113472, jan.
2025. doi: 10.1016/j.jcp.2024.113472. This paper was presented at the 2023

Symposium on Thermoacoustics in Combustion (SoTiC), held in Zirich.

3.1 Network representation of thermoacous-
tic systems

The present work makes use of the state-space formalism and a divide and
conquer strategy. The idea is first to decompose the thermoacoustic system
(e.g. a gas turbine) into a set of subdomains, individually described by
their own dynamics. Input and output quantities are also defined for each
subdomain, which allows them to be connected to each other. The state-
space formalism adapted for connecting subdomains will be detailed later.
To illustrate how a combustion chamber can be divided in this way, Fig.
shows an example of such a network decomposition.

In this sketch, several subdomains are present:

e () is a 3D subdomain with hot gases.
e ()5 is a 3D subdomain with cold gases.

e H is a 3D subdomain associated with a heat source in the €; subdo-

main.

o Multiple 2D subdomains noted C, which represent different connection

elements, such as a liner-type pressure jump condition between the two
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\ gas\es turbine
___________ S >

Injector

mm Impedance boundary condition (Z)
—— Rigid wall (v = 0): S,

---- Multiperforated liner

Figure 3.1: Schematic representation of a combustion chamber de-
composition from state-space point of view.
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geometrical subdomains €2y and €25, or impedance boundary conditions.
They are all noted C' because they all follow the same formalism specific

to 2D surfaces.
All above subdomains can be sorted into 3 different classes.

o Geometrical subdomains, noted €2, can be defined by their respective
pure acoustic modes, obtained as solutions of the Helmholtz equation
(Eq. without combustion forcing (right-hand-side term set to 0)
and associated with open (p = 0) or closed (V,p = 0) boundary con-
ditions, or to a mixture of these two types of conditions. V,, stands
for the gradient operator projected onto the normal direction of the
boundary. Only objects of this class are modeled by the frame modal

expansion detailed in Section [3.3]

o Connection subdomains, noted C', are defined by jump relations or
boundary conditions. They can represent multiperforated liners, impedance
condition or any type of condition applied to an interface or a frontier

of a geometrical subdomain.

o Flame subdomains, noted H, and defined by a relation modeling the
flame response to the acoustics. For instance, a flame transfer func-
tion links the unsteady heat release rate of the flame to the velocity

fluctuations upstream of the flame.

3.2 State-space formalism

Once the network decomposition is chosen, the coupling between subdomains
remains to be formulated. This operation is done by associating a continuous

time-invariant state-space to each subdomain [91]. A state-space for any
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subdomain (i) is a system of two matrix equations, for which A;, B; and C;

are time independent:

{Xi(t) = A Xi(t) + BUi(t) (3.1)

Y.(t) = C:X;(t)+ D;Ut)

The first line of Eq. is the evolution equation. It describes the dy-
namics of the subdomain () under the forcing of other subdomains present
in the network. This forcing is the product of the input matrix B; and the
input vector U;(t). The dynamic variables of interest related to subdomain
(1) are stored in the state vector X;. The second line of Eq. serves to
define an output vector Y; for the subdomain (7), allowing to assemble it to
other subdomains, by connecting their respective inputs/outputs (U /Y). In
the state-spaces presented here, all the feedthrough matrices D; are zero, so
they are omitted from the rest of the text. The Appendix details how an
element of the input vector U; can be incorporated into the state-vector X;
to simplify the output equation of the state-space representation by removing
the feedthrough term D,;U;. The inputs/outputs of each type of subdomains
are summarized in Table , where the acoustic quantities u,,, ¢ and p’ are
respectively the velocity normal to the boundary, the acoustic potential and
the pressure measured at the edge of the connected subdomain.

All the individual state-spaces can then be assembled by applying recur-
sively the Redheffer Star Product [92], which consists in relating the input
and output vectors of subdomains that are connected. The result of this
inter-connection process is a global state-space representing the complete

thermoacoustic system, which reads:

X, (1) = A X, (1) (3.2)
Once this global system is assembled, all physical information present in
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Table 3.1: Input/output vectors associated with the three different
subdomain classes. () is the fluctuating heat release rate represent-
ing the flame. ¢ is the acoustic potential defined as p' = —pydp/0t.
The superscript 7' is the transpose operator.

Subdomains Geometrical () Flame (H) | Connection (C)

n

Input vectors U || U5 = [u;, ¢ Q)] | Ufy = [w, p'] | UL =[u;, p]

Output vectors Y’ Y] = [u, p] Y, = [Q)] YE =[u, ¢

matrices A;, B; and C; of each subdomain contribute to the global state
matrix A,, while all the input/output vectors U, and Y; vanish. The global
state vector X is merely the concatenation of each subdomain state vector
X;. Note that Eq. can be solved in time, or the eigen solutions of the dy-
namic matrix A, can be computed to obtain the set of thermoacoustic modes
of the global system. In the second case, the eigenvalues/eigenvectors of A,
give the pulsations/shapes of all the thermoacoustic modes of the global sys-
tem. If w, is a complex eigenvalue of A,, R(w,,) and F(w,), respectively, give
the growth rate and the pulsation of the mode n. The associated eigenvector
V,, contains all the information to compute the pressure and velocity fields
corresponding to the mode n.

If we note Vi = [ay, by, -+ ,an,,by,]* the portion of the global eigenvector
V,, associated with the geometrical subdomain ;, then the pressure p®(x)

and velocity u‘%(z) fields in this subdomain are constructed such that:

(@) = b0 () (3.3)
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1
ph()

uti(x) = —

2 aanﬁffi () (3.4)

where (¢$4),<n, is the modal frame associated with subdomain €; and N;
is the size of this basis. These quantities are more detailed in the section [3.3|
The density field in the subdomain ; is noted pj ().

Note that A, is a square matrix, typically of size ~ 1000 or much less,
as it corresponds to the sum of the size of each connected subdomain (X, is

the concatenation of each individual Xj).

3.3 From Galerkin to frame modal expansion

In order to solve Eq. [2.3] the divide and conquer strategy defined earlier is
used. As illustrated in Fig. 3.1} a global system is decomposed into different
subdomains, which individually represent a particular physics. This section
is dedicated to any element belonging to the geometrical subdomain class (see
Tab. , which is described by its pure acoustic modes. A classical method
for describing an acoustic domain relies on the Galerkin modal expansion,
introduced by Morse in 1968 [93]. In that case, the acoustic pressure p’ on a
subdomain €; is decomposed on a known modal basis (¢%%),en. To simplify
the notation, and since we are focusing on a single sub-domain, the index ¢

referring to subdomain €2; is omitted, so that:

Pl@t) =3 Lu(t)o(e) (3.5)

I, corresponds to the temporal derivative of the modal amplitude T,
introduced here for convenience in the equations. ¢,(x) are solutions of the
Helmholtz equation (Eq. , without sources and with the Neumann bound-

ary condition, that is V,,¢,, = 0 (where V,, is the gradient operator, projected
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onto the outward normal vector of the surface). Since it is numerically not
possible to build a set of infinite number of vectors, an arbitrary value N is
usually prescribed to limit the size of the modal basis which becomes (¢, )<y

and for which,
1 Wn
\%E (—ngn) +—¢, =0 (3.6)
Po YPo

Using the relation Vp' = —podu’/0t, the modal expansion for velocity
fluctuations is also known through its projection onto the modal basis, or

more precisely, the gradient of the modal basis:

o0

u'(x, 1) Z )V (x (3.7)

=1

The problem is hence reduced to finding the N amplitudes I',(¢) corre-
sponding to each component ¢,(x) in the subdomain €2;. The inherent issue
of such a Low-Order Model (LOM) using the Galerkin modal expansion is
the proper definition of the boundary conditions of the problem. By con-
struction, the acoustic field is always decomposed onto a basis satisfying a
single type of boundary condition (homogeneous Neumann modeling a wall,
or Dirichlet modeling an open atmosphere) at the frontier of each subdomain.
To further illustrate this issue, let us consider the example of a 1D closed duct

connected to an impedance block representing a complex boundary condition

(Fig.3.2) .
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Duct subdomain: €2
. Impedance
P’Q(xa t) = En I (1) pn(Z) subdomain; C
™ AN
Y :
N
\ H
Vvl -
5 » Galerkin: ¢,, = 0", n € [1,4]

0 T 7 » Frame: ¢, = ¢% U, me[l,2]

Figure 3.2: State-space decomposition of an academic configura-
tion: A 1-dimensional duct connected to an impedance block defin-
ing the boundary condition p’ = pycyZul,, where Z is the value of
the impedance. The difference between the frame and the Galerkin
modal decompositions is also illustrated. In the duct geometrical
subdomain, the frame is built as the concatenation of two orthog-
onal basis ¢ and ¢°, while the Galerkin basis is only composed by
one orthogonal basis ¢".

37



38 3.3. FROM GALERKIN TO FRAME MODAL EXPANSION

The network decomposition of this simple academic case is based on two

elements:

e One geometrical subdomain €2 representing the 1D duct for which the

pressure field is decomposed onto the corresponding basis.

e One connection subdomain C' representing the impedance boundary
condition p = pgcoZi,, where Z is the value of the impedance and 4,

the fluctuating velocity normal to the surface.

If the Galerkin decomposition is used for the duct, and for instance the
modal basis satisfies the Neumann boundary condition at the impedance in-
terface, the gradient of the computed acoustic pressure is necessary 0 because
the vectors ¢, (x) constituting the basis are all satisfying V, ¢, = 0. So, re-
gardless of the modal amplitudes T',, the pressure gradient (and acoustic
velocity) will be zero at the impedance location, which is non-physical. The
same issue is also present if the basis satisfies Dirichlet boundary condition,
which will impose a node for the acoustic pressure field at the impedance
location. To remedy this inconsistency, the frame modal decomposition has
been proposed and developed for thermoacoustics by Laurent et al. [49]. As
the value of the pressure field is unknown at the interface, the Galerkin basis
is over-completed with another basis, satisfying a different boundary condi-
tion at that interface. In the duct, the pressure field is hence decomposed

onto a frame, so that:

P(xt) = 3 Ta(t)dn(@)

with (dn)nsy = (@5)m<ny2 U (O )m<ny2

(3.8)

Note that if N is not even, the frame can be defined as (¢,)n<y =

(@0 )m<(N+1)/2 U (0% )m<(n—1)/2 Or Vice-versa. Note that the set of vectors
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(¢n(x))n<y introduced in Eq. is no more an orthogonal basis but a
frame, defined as the concatenation of two orthogonal basis (49 (x))n<n/2
and (¢ (x))n<n/2 which correspond to the solutions of the Helmholtz equa-
tion (Eq. with two different types of BCs at the impedance interface:
Dirichlet and Neumann (see Fig. [3.2).

Note also that for this simple case, an analytical solution of the system
exists but it is not used, the goal is to propose a methodology for representing
any geometrical subdomain under the state-space framework. Generally, for
1D, 2D or 3D cases, the frame representation is applied to each geometrical
subdomain 2 which has an interface C' (see Fig. where the behaviour
of pressure is non-trivial (neither Neumman nor Dirichlet). These interfaces
can be either a jump relation between acoustic quantities as multiperforated
liners, or impedances. Using the frame allows the pressure field to be well-
defined at the interfaces/boundaries of each geometrical subdomain, contrary
to an orthogonal basis for which a Gibbs phenomenon usually appears at
these positions (Fig. 3 in [49]). Depending on the boundary condition used
to define the Galerkin modal basis, the Gibbs phenomenon appears either
on the pressure (Dirichlet BC) or on the velocity fluctuation (Neumann BC)
fields.

3.4 Limits of the frame modal expansion

Although frame model expansion eases the treatment of interfaces and BCs,
it also comes with its own limitations. To understand these limits, the test
case presented in Fig. is considered. The configuration consists in a 1-
dimensional tube of length L = 1 m with zero velocity on one side (x = 0) and
a finite-valued impedance Z = 0.5 at the other boundary (z = L). The value

1

of the sound speed is set to ¢g = 390.3 m.s™'. The system is decomposed
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40 3.4. LIMITS OF THE FRAME MODAL EXPANSION

into two subdomains: the duct 2 and the impedance block C. A state-space

(Eq. is then associated with each subdomain.

3.4.1 State-space representation of an acoustic geo-
metrical subdomain

The fact that pressure fluctuations decomposed using Eq. are also solution
of the thermoacoustic problem expressed by Eq. must now be translated
into the state-space language. Since the unknowns of the problem are the
modal amplitude coefficients I',,(t), these become the state variables of the
state-space set of equations. The equation governing the time evolution of
each I',, can be found by injecting the pressure frame decomposition (Eq.
into Eq. [2.3] After some algebra [49], the differential equation of the modal

amplitudes in the duct hence reads,

P(@t) = 3, Ta(t)ou(e)

Do) = —wiTn(t) + pocg AT Ty (t) + A Fy(t)
The last term on right-hand side of the second line of Eq. represents

(3.9)

the external forcing contribution to the subdomain due to the impedance
block C. This connection is managed by the term Zy4(¢), which involves
the projection of the frame ¢ onto the connection interface C', the acoustic
potential and the normal velocity at this interface. Its explicit expression,
which is not useful for the present analysis, is provided in [94]. py and ¢, are
the mean density and sound speed at the location of the connection. A=t is
the inverse of the Gram matrix, defined as the inner product between frame
components: A = ¢’ ¢ where ¢ is the row vector ¢ = [¢y, -+, dn]. The
term JF ,(t) represents the volumic source in the case where a flame is present
in the system. Its explicit expression is detailed in Section Still, A—1

can be difficult to compute numerically due to poor numerical conditioning.
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This issue would arise as soon as a vector ¢, of the frame ¢ is close to a
linear combination of other vectors of the frame: ¢, ~ > 4n QG- This
situation which is in fact more and more likely when the frame size increases

as discussed in the next section.

3.4.2 Conditioning issues

In the case depicted in Fig. [3.2] the explicit expression of the modal frame
¢ of the duct is:

¢ = (¢n(m))n§N

¢ = <c0s mmc) U (cos (@m+ Dz 1)7m> (3.10)
L/ m<ny/2 R 2L mEN/2
i e

This frame ¢ is associated with the following eigen-frequencies:

f = (fn)nSN
_me (2m + 1)co 3.11
f = (QL >m<N/2U ( 4L )m<N/2 ( )
—
™ %

The maximum value reached by f in Eq. i fiae = (N + 1)co/4AL.
It is the upper limit of the computable frequencies for the whole system and
so that no mode with a frequency higher than f,,,. can be reconstructed by
a linear combination of modes of lower frequencies. This reasoning can be
extended to cases which involve several geometrical subdomains. Effectively,
the global frequency upper limit is the minimum of all the f,,,, defined for
each geometrical subdomains.

Once the frame is defined, the second line of Eq. can be written as a

state-space representation (Eq. , where the state vector associated with
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the duct, Xy, is the concatenation of all the unknown modal amplitudes I',,(¢)
and their temporal derivative Fn(t) The explicit expression of state-space
matrices for a generic geometrical subdomain can be found in Appendix
A of [49]. Another state-space is associated with the impedance block C.
Once all the state-spaces are defined, the Redheffer star product allows us to
assemble a global system of the form Xg = A,X, by connecting respective
inputs/outputs of each individual state-space. The schematic in Fig.

illustrates this specific step.

Duct Q
Uyl - Y.
o Xy = AqXu+ BaUg =
Y = C X I
. - Redheffer Global system G
star product o
Impedance C Xy = Ay X,
XZ = AzXz + Bz Uz
:lv. = CX. U.

Figure 3.3: Block diagram of the state-space representation of the
configuration depicted Fig. , in which 2 blocks are involved (i.e.
2 subdomains): the duct 2 and the impedance C.

Note that the final assembled equation Xg = A X, is also a State-space

but without any input/output. For this case it reads:

Gl ol e

X, B.C, A, X,
W—/ N ~~ SN——
X, Aq X,

where the index "d" stands for contributions and variables from the duct
while the index "z" refer to variables or contributions associated with the
impedance condition. The inverse of the Gram matrix A~! appearing in the
coupling terms of A, (particularly in By and Cy, see appendix A in [49)]) is

computed using the Moore-Penrose pseudo-inverse [95]. The global system

(Eq. [3.12)) is solved with LAPACK [96], for 3 different values of the frame
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size, namely N = 12, 20 and 26, increasing the range of accessible frequencies
(i.e increasing fiq4.). Figure shows the frequency and the growth rate
of the modes between 0 and f,,,, returned by the frame expansion method
for each frame size. They are compared to the analytical complex frequen-
cies s4 = fA 4 io?, solutions of the dispersion relation associated with the

configuration, given by:

) 2rsA
iZ tan < - ) =1 (3.13)
Co
N =12 N =20 N =26
. X
730001 1 X
A,
© X
5 O7m ™ ™ X X KRG R KRN | POKOOCIIIRK
g' X
5 3000 1 X
© X
0 250 500 750 0 500 10001500 0 1000 2000
Frequency [H 2] Frequency [H z] Frequency [H 2]

Figure 3.4: Modes of the configuration depicted in Fig. dis-
played in the frequency plane. Crosses: Numerical results from
the frame modal expansion method, with different values of the
frame size: N = 12 (left), N = 20 (middle), N = 26 (right). Blue
circles: analytical solutions (Eq. . Only modes with frequency
between 0 and f,,,. = (N + 1)¢o/4L are plotted.

The agreement is very good for N = 12 since all the five first analytical
modes are well represented by the frame-based numerical procedure, both for
the oscillation frequency and for the growth rate. The agreement is still good
for N =20 and N = 26 but some spurious modes appear (see the x symbols
that do not match the reference circles for N = 20 and for N = 26). The
generation of these non-physical components is due to numerical rounding

errors in the inversion process of the Gram matrix A. As the inverse of
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the Gram matrix is involved in the computation of modal amplitudes I',
(see Eq. , numerical errors appearing while estimating A~! propagate,
resulting in some spurious modes in the output of the method. To support
this claim, Figure displays the singular values s(A) of the Gram matrix
for each frame size N = 12, 20 and 26. The condition number of the matrix,
k(A), allows quantifying the conditioning of the geometrical subdomain (the
duct), and is defined as the ratio between the maximum and the minimum

of singular values:

~ max s(A)
w(A) = min s(A)

The presence of spurious modes is expected if 1/k(A) approaches the ma-

(3.14)

chine precision, about 107'¢ for double precision coding. From Figure [3.5]
this condition is met for N = 20 and 26 for which cases a plateau-like be-
haviour is present for the lowest singular values (around 107!6), which is
responsible for the poor numerical conditioning of the system. However this
plateau is not reached for N = 12, in other words, A=! is computed accu-
rately for N = 12 only, which is consistent with the results in Fig. 3.4}

The frame size N must be chosen based on the highest frequency of inter-
est in the system, denoted f,,. For a given IV, the frame can only represent
frequencies up to a limit f,,,.. To ensure that all relevant thermoacoustic
modes are captured, we must select N such that: fp.(N) > fup. In the
example of Fig. [3.2] N is deliberately increased only to illustrate the numer-
ical ill-conditioning that can arise for large frame sizes. In practical cases
where high-frequency modes (such as screech) are of interest, a large N is
unavoidable to reach the target frequency f,,, and ill-conditioning issues can

occur.
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Figure 3.5: Singular values distribution of the Gram matrix nor-
malized by the maximum of singular values, for N = 12 (left),

N = 20 (middle) and N = 26 (right). The red horizontal dashed
lines correspond to 107!, an indication of the machine precision.

3.5 Singular Value Decomposition of the frame

To overcome these ill-conditioning issues even for large values of N, the pro-
posed methodology is first to transform the frame into an orthonormal basis
using the Singular Value Decomposition (SVD) approach, and then trun-
cate the frame by removing all vectors associated with the smallest singular

values.

3.5.1 SVD of the frame

In each geometrical subdomain €2; (i.e only the duct in the case studied), the
SVD decomposition is applied to the frame ¢ as follows. For convenience,

the subscript ¢ is omitted for all provided expressions.

o=UxVT (3.15)

where U is a matrix of columns vector U = [U;(x) - - - Un(x)] of the same
shape as ¢ and which contains a set of orthonormal column vectors spanning

the same space as ¢. X is the diagonal matrix of singular values, sorted in

45



46 3.5. SINGULAR VALUE DECOMPOSITION OF THE FRAME

descending order. The unitary matrix V' contains the right singular vectors
of ¢. Doing this SVD requires a metric adaptation detailed in Appendix [C.1]
Once this decomposition is done, the new state-space based on the U basis
has to be derived. For this purpose, the unknown modal amplitudes are now
denoted T, (see Eq. . Recall that the index ¢ referring to any geometrical
subdomain 2; is omitted so the pressure fluctuations is decomposed onto the

U basis instead of the frame ¢ such that,

pla.t) =) Tu(t)Un(x) (3.16)

To proceed with this new basis, the corresponding Helmholtz equation
for which solutions are the components of U needs to be obtained. This is
achieved by remarking that the classical Helmholtz equation can be written

in the following vector form:

1 1
V. (—V¢) + —p0? =0 (3.17)
Po Do
where Q is the diagonal of eigenfrequencies, © = diag(wy, - ,wy). By

substituting ¢ = UXVT and then right-multiplying the equation by (XV1)~! =
VX! the following modified Helmholtz equation is obtained:

1 1
\& (—VU) +—U [ZVv'*’vy =0 (3.18)
Po Do

For which a coupling between U,, components reads:

N
1 1
V- (—VUn(a:)> +—) [EVIVE, . Uk(z) =0 (3.19)
Po TPo \
No boundary condition needs to be defined for this equation since it is

never solved in practice; instead the U basis is computed thanks to the or-

thonormalization process ¢ = UXVT. This equation does not represent any
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physical phenomenon, but is needed to express the new state-space of geo-
metrical subdomains. Note that there are similarities between this modified
Helmholtz equation for U, and the classical Helmholtz equation for ¢,. For
example, the set of equivalent pulsations [EVTQ2VE1, . with k € [[1, N]
can be associated with the mode U, just like w? is associated with the mode
¢n. The new state-space of any geometrical subdomain §2; can hence be

expressed from Eq. and is written:

(V@) = ) Tu(t)Ua(2)

T.t) = =SV [EVIQVE,  Tr(t)
{ (3.20)
+  pociZu(t)

\ + Ful(t)

The state-space realization of this system is given in Appendix[A.2] Some
similarities can be highlighted between the modified state-space (Eq.
and the original one (Eq.[3.9). Terms Zy (t) and Fy (t) are the counterpart of
the A™'Z, and A1 F4(t) of Eq. and respectively represent the external
forcing contributions from the other subdomains and the volumic source
induced by the flame. Note that the A~! dependency vanishes since U is an
orthogonal basis, and the projection terms Zy and Fy are now depending
on U, vectors instead of ¢,. The numerical illposedness of the SVD-based
state-space (Eq. is related to the conditioning of 3 (see the term 37!
in Eq. instead of A for the original state-space formulation (Eq. .
Since A = VX2V the singular values of ¥ are the square root of those
of A, so k(X) = \/k(A). Thanks to this specific relation, the state-space
of Eq. [3.20] should be better conditioned than the one using the original
frame modal expansion. Still, one can expect that numerical quality issues

will remain for cases where k(X) > 10'6) or equivalently x(A) > 1032 To
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illustrate this point, the configuration described in Fig. [3.2)is solved using the
SVD-based state-space (Eq. for the same values of frame size (N = 12,
20 and 26) as in Figs. and 3.5 The results in terms of frequencies are
presented in top row of Fig. [3.6]

- N =12 N =20 N =26
7
=180
8
g0 : X X
=
£
2 IS0 o x| RORORRORK KX RO
0 250 500 750 0 500 1000 1500 0 1000 2000
Frequency [H z] Frequency [H z] Frequency [H ]
\Teeste,e e e =
10~ Ce o "% . “‘».
101 s * - %
—10 s(X) ° “Q .GD
10 b max s(X) b ° T -.
10794 A e hd IS S S S S ‘e
10—2() 1

1 5 9 12 1 5 9 131720 1 6 11 16 21 26
Frame indices Frame indices Frame indices

Figure 3.6: Top row: Modes of the configuration depicted in
Fig. displayed in the frequency plane. Crosses: Numerical re-
sults from the SVD-based modal expansion method, with different
values of the frame size: N = 12 (left), N = 20 (middle), N = 26
(right). Blue circles: analytical solutions (Eq. . Only modes
with frequency between 0 and f,,,, = (N +1)cy/4L are plotted. Bot-
tom row: Singular values distribution of the ¥ matrix normalized
by the maximum of singular values, for N = 12 (left), N =20 (mid-
dle) and N = 26 (right). The red horizontal dashed lines correspond
to 107!°, an indication of the machine precision.

The agreement between physical modes and the reference frequencies re-
mains good for all the values of the frame size N. For N = 12, both the direct
frame (Eq. and the SVD-based approach (Eq.|3.20) give the correct re-

sults, without spurious modes, since the global system is well conditioned in
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both cases. For N = 20 the conditioning of the problem is x(X) ~ 1.2 x 10
using the SVD-based framework and x(A) ~ 1.4 x 10%® for the original formu-
lation (Eq. . Consistently, the three spurious modes observed previously
disappear with the new framework (compare Fig. [3.4 and top row of Fig.
for N = 20). Note that, comparing Fig. [3.5] and the bottom row of Fig. [3.6]
the theoretical relation between the sets of singular values s(X) = /s(A),
is not met for the lowest singular values for N = 20 and N = 26. The
computation of singular values itself is actually sensitive to the conditioning,
and singular values close to/lower than 107% x max(s) cannot be computed
accurately. The important point to understand is if a plateau-like behaviour
is present for the lowest singular values, then all singular values located at
or below this plateau are considered as numerical zeros, leading to an ill-
conditioned system, and consequently, the apparition of spurious modes. As
it is illustrated in Fig. for N = 26, the two lowest singular values have
reached a plateau around 6 x 107!® and two spurious modes are still present
even with the new framework. Removing spurious modes in such cases where
even the SVD is ill-conditioned is obtained by truncating the U basis. This

approach is considered in the following section.

3.6 Truncated SVD - Removing multicollinear-
ity

Even if the U basis is better conditioned than the original frame ¢, the

SVD process is just a change of basis and we have no control on the con-

ditioning. The previous section shows that even the U basis can be ill-

conditioned (case N = 26), leading to the appearance of spurious modes

in the results when x(X) ~ 10'® or more. For further understanding, one

needs to recall that in each geometrical subdomain, the frame ¢ is built from
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two concatenated bases. Therefore, if a vector ¢, of the first basis can nu-
merically be approximated by a linear combination of modes in the second
basis (¢, >~ > 4n Q@) then this ¢, leads to a small singular value, which
increases £(3X). This phenomenon is commonly called multicollinearity [97]

and can be removed by using a so-called truncated SVD expressed by,

¢t - UtEtV;T (321)

The truncated SVD serves to approximate the space spanned by the initial
¢ basis with another basis ¢, built from a truncated set of vectors U; as
well as truncated matrices 3; and V,T. The difference between the classical
SVD (Eq. and the truncated SVD (Eq. is the size of matrices
U, X and V. The matrix ¥ in Eq. is the diagonal matrix of singular
values of ¢, sorted in descending order such that 3 = diag(oy,- - ,on) with
oy > --- > oy, where N is the frame size. The matrix X, in Eq.
is a reduction of 3, where singular values lower than ¢, x max(s(X)) are
removed, where ¢; is the truncation threshold. The truncated singular matrix
is then 3, = diag(oy,--- ,0n,), where N; < N is the number of remaining
singular values in ;. U, is a row vector of size V; which contains the first
N, orthonormalized vectors, corresponding to the NV; largest singular values.
V.l is of size N; x N in order to have ¢; of the same size as ¢. Figure
illustrates the truncated SVD of ¢.

The natural choice for the threshold of the truncated SVD is machine
precision €, = 1071%. However, as explained earlier, the lowest singular values
being difficult to compute accurately, a preferred threshold is set to ¢, =
10712, just above the plateau of the two lowest singular values (see the left
plot in Fig. . Since spurious modes are still present for the case N = 26,

only this case is focused on the following. To study the robustness of the
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Figure 3.7: Schematic representation of the truncated SVD of the
frame ¢ and associated matrix dimensions. Truncated blocks are
highlighted in red.

method, six different values of the truncation threshold are tested from ¢; =
1071 to g, = 107!, which as a result automatically decreases the size of the
reduced frame from N = 26 to N; = 24 up to N; = 14 in the last case. The
results are presented on the right hand side frame of Fig. [3.8 where the two
spurious modes have vanished from the numerical solutions because the two
multicollinear modes have been removed from the frame.

The truncation threshold is seen not to impact the calculated growth rate
compared to the analytical solutions until &, = 1072. While for g, = 1072
the results remain stable with a small shift occurring at higher frequency,
for a truncation threshold fixed at &, = 107!, the method strongly deviates
from the analytical solutions. Overall, results clearly show the robustness of
the proposed methodology, indicated by the large extent of ¢; values that is
user-defined, and which does not seem to impair the final quality of obtained

results.
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Figure 3.8: Left: Singular values distribution of the ¥ matrix nor-
malized by the maximum of singular values, for N = 26. The red
horizontal dashed lines correspond to 107'%, an indication of the
machine precision. In this plot, the truncation threshold is set to
g, = 1071° just above the plateau, leading to N, = 24 remaining vec-
tors in the U-basis. Right: Modes of the configuration depicted in
Fig. displayed in the frequency plane, for six different values
of the truncation threshold ¢,. Crosses: Numerical results from
the truncated-SVD-based modal expansion method, with the ini-
tial frame size N = 26. Blue circles: analytical solutions (Eq.|3.13)).
Only modes with frequency between 0 and f,,.. = (N + 1)co/4L are
plotted.
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Once a truncated SVD is performed, the distance between the spaces
spanned by either ¢; or ¢ can be quantified thanks to the Eckart-Young
Theorem (see [98, Theorem 2.4.8, p. 79]) which states:

¢ — @tll2 = on, 41 (3.22)
where || - ||2 denotes the 2-norm of a matrix that is:
@l = Hgﬁafl [l (3.23)

For instance, with ¢, = 107!°, two modes have been removed from the
frame 50 || — dy||a = 095 =~ 2.8 x 1071°. The truncation threshold hence al-
lows the user to control the precision of the search space in which the pressure
field is decomposed. This section has shown how the truncated SVD ensures
that the geometrical subdomains are properly defined and well-conditioned.
With this foundation in place, we next address the flame subdomains, which

introduce the unsteady heat release driving thermoacoustic interactions.

3.7 Flame modeling

As explained in the introduction, Helmholtz solvers describe how acoustic
waves propagate inside a given geometry. But unlike Large Eddy Simula-
tions (LES), which explicitly resolve both acoustics and the flame dynamics
in a time-dependent manner, Helmholtz solvers only solve the linear acous-
tics. The latter do not actually simulate the flame itself, but instead rely on
a simplified model to represent how the flame responds to acoustic pertur-
bations. This is done in the context of the frame approach by adding a new
state-space dedicated to flame objects. To understand how flames are mod-

eled in such a framework, a flame is added to the 1D duct case depicted in
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Fig. at the position zy = 0.23 m (see Fig.[3.9). The truncation threshold
of the SVD is set to &, = 107! for this section.

Y Flame H U
_fo = Afo-l—Bfo‘—f

Yy = C5Xy

N

\ vl . Duct Q Y,
\ ) Xy = AyXg+ BaUg

Yo = CuXy

v
} } } > . Impedance C

r=0 xf r=1L X, = AX.+B.U. |&
Y2l v, = C.X. U.

Figure 3.9: Left: studied academic configuration, composed of a
1D duct of length L = 1 m, an impedance boundary condition on
the right side and a flame positioned at z; = 0.23 m of thickness
0y = 0.02 m. Right: the corresponding block diagram.

The first step is to decompose the source term wr(x,t) of Eq. as a
product of a support function that represents the mean flame shape and the

fluctuating heat release rate that is,

wr(@,t) = H(z)Q'(t) (3.24)

where H(x) is a support function (in m™2) that allows to locate the
flame in the system, and @Q'(t) is the fluctuating heat release that must be

modeled. This is where the Flame Transfer Function (FTF) comes into play

(see Section [3.7.2]).

3.7.1 Flame shape and projection

A mean flame shape H(x) must be provided to position the flame in the
domain. As explained in [49], a Dirac function leads to Gibbs oscillations, so

a Gaussian with a narrow width is preferred:
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9 - (ﬂf—ﬂgf)2
o (3.25)

\/71'(5]06

where z; is the flame position and ¢ the flame thickness, set at 0y = 0.02

H(x) =

m in the example depicted in Fig.[3.9} Note that the function H(z) (in m=3)
has to be normalized over the whole volume V' such that: [, H(z)dz = 1.
Following these notations, the expression of the term Fy (t) in the state-

space of the 1D duct (Eq. [3.20)) is written:

(V@) = 33 Tult)Un()

T.0t) = =V [EVIQVE, , Ti(t)
(3.26)
+ pocgZu(t)

\ + (v = D{H|U»)Q'()

The term (y—1)(H|U,)Q(t) traduces the influence of the flame onto each
modal amplitude Y,, of the unknown pressure field.  is the heat capacity
ratio, and is fixed at v = 1.4. The term (H|U,) is the projection of the
normalized flame shape onto the frame mode U, defined as: (H|U,) =
[, H(z)U,(x)dx. The flame shape is therfore approximated by its projection
on the space spanned by the U-basis. The error between the real flame shape

H(x) and its projection can be evaluated using

| @) - 2N H U U@)]|
€fs =
1H ()2
where || - ||2 denotes the classical 2-norm of the vector. As highlighted by
Fig.|3.10| the frame size N = 26 (used in the previous case without flame) is

(3.27)

too low to yield a correct spatial representation of the flame shape through its

projection onto the U-basis. The projection error is €5(N = 26) = 2.7x 107!
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The frame size is thus increased to N = 100 to have a better approximation

of the flame shape, resulting in €,(N = 100) = 5.8 x 1074

A
H(x)% N =26 H(x) N =100
N ~ f
N il ~ i
NI A : ~ i
g Lya ‘4"""""""*"‘“"“‘“,5 ._._.._.._,_J e ———— *
} : —> : } —»
xr=0 xy x=1L r=0 xy r=1L

Figure 3.10: The flame added to the configuration depicted in
Fig.[3.9] Gray plots: real flame shape H(z) defined in Eq.[3.25, Red
dashed plots: reconstruction of the flame shape through its pro-
jection onto the U-basis. Left: case N = 26. Right: case N = 100.

3.7.2 Flame Transfer Function

The FTF is a black box that characterizes how heat release fluctuations @' (t)
respond to upstream acoustic perturbations |62, 63, 99]. Since heat release
acts as an acoustic source, its interaction with pressure waves determines
whether an instability will grow or decay. The N —7 FTF based on Crocco’s
ideas [62] is a common approach, which postulates that the instantaneous
heat release of a flame, Q)'(¢) (in watts), is directly proportional to a velocity
fluctuation upstream of the flame, measured at a reference point x,, and at

an earlier time ¢t — 7. This is written:

Q'(t) = QNu’(a:T,t —7) (3.28)

u

where, ) and 7 are respectively the global flame power (in watts) and the
velocity of the baseline flow (in m.s™!). Note that the velocity fluctuation v’
used in the flame transfer function must be evaluated at a specific reference

point x,, typically located just upstream of the flame front x;. For the
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problem to be investigated, @, = 0.21 m and x; = 0.23 m.
Taking the Fourier transform of Eq. leads to the frequency-domain
expression of the N — 7 FTF:

Qw) = %Ne‘j‘”ﬁ(wr, w) (3.29)

In certain cases, the flame response can also depend on the amplitude of
the velocity oscillations in which case it is called a FDF (Flame Describing
Function) [15, 100]. FTFs and FDFs are required for any Helmholtz solver
and can be obtained analytically in simple cases [101},|102], numerically [103,
104] or experimentally [65]. Regardless of the method used to obtain the
flame dynamics, once acquired, employing a Helmholtz solver allows for the

computation of thermoacoustic instabilities of the system.

3.7.3 Flame low-order model - Fitting process

In addition to the conditioning issues related to the ill-conditioned Gram
matrix (addressed in Sec. [3.5.1), the introduction of flame subdomains also
leads to the emergence of non-physical modes that do not correspond to any
physical thermoacoustic resonance. These modes originate from numerical
artifacts associated with the flame modeling, particularly through the flame
transfer function fitting process. Detecting and mitigating these modes is
therefore essential. This part illustrates this phenomenon and presents a
method to remove these non-physical modes.

The necessary condition to build a time-invariant state-space represen-
tation of the flame —or more generally any state-space— is that the ratio
between the output and the input can be written at least as a ratio of poly-
nomials. The first step is thus to express the transfer function of Eq. as

a ratio N(w)/D(w). However, a flame transfer function is often available as
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a dataset of discrete points, defined by a gain N, and a phase yp = wy7} for
each pulsation wy. The subscript k refers to the sampling of measurements.

In this context, the fitting step is essential for building the low-order
model of the flame. To perform such a fit, the Vector Fitting (VF) algorithm
developed by Triverio et al. |[105H10§] is chosen. To do so, the open source
code provided by the authors in Matlab language has been translated in
Python to be part of the STORM package. The reasons of the choice of this
algorithm is discussed in more details in section [3.7.5] The Vector Fitting
algorithm returns the function 7-[(jw) that approximates the given dataset,

composed of k measurements:

H(jwr) = Nye 7™ vk € [1,k] (3.30)

The general form of H is a sum of so-called Pole Base Functions (PBFs)

of the form:

(3.31)

where R; and p; are the residues and the poles of the fit, respectively and
Nppr is the order of the fit. The heat release rate that is finally read by the

code follows the expression of the form

Q'(t) = % (Ro+ ip . o ) u'(x,, 1) (3.32)

As detailed in Tab. the state-space of the flame subdomain takes
u' (@, t) as input and must return @’(t) as an output to be connected to the
duct subdomain. The corresponding state-space is given in Appendix [A.5]
Under this formalism, a resolution can be performed for the case depicted in

Fig.[3.9 All the different parameters used for this resolution are summarized
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in Tab.[3.2] The gain N and the delay 7 of the FTF are a priori depending on
the frequency w but they are set constant for simplicity and to be compared
to the pseudo-analytical solutions. The latter are obtained using the same

methodology as provided in App. [B.2]

Table 3.2: Physical and geometrical parameters of the configura-
tion depicted in Fig.

Geometric Flame and FTF

L=1m r, =021l m

vy=1.4 ry=0.23m

po = 1.177 kg.m™3 o =0.02m

co = 390.3 m.s " Q=40 W

N =100 (Frame size) | Npgr = 20

Z =0.5 T=1ms
u=1m.s"!
N=1(N—-r71FTF)

Results of the presented modal expansion method are compared to the
pseudo analytical solutions, provided by the approximation of a 1D duct and
an infinitely thin flame. Results in terms of frequencies and growth rates are

reported in Fig.

The frequency and growth rate of each physical modes appear to be cor-
rect, the little shift between black crosses and blue dots in Fig. is due
to the modeling of the flame, which has a zero thickness when using the
pseudo-analytical method instead of 6y = 0.02 m in the presented method.
Three non-physical modes however emerge in the numerically obtained solu-
tions (see the cross points that do not match the blue circles in Fig. [3.11]).

They correspond to the complex poles of the fit p, which have not converged
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Figure 3.11: Left: Gain N and phase ¢ = wr of the FTF. Gray
plot: constant N — 7 FTF with N =1 and 7 = 0.001 s. Red dashed
plot: the fit reconstructed using Eq. Right: direct results of
the modal expansion method (black crosses), and pseudo analytical
solutions (blue dots).

towards a physical mode.

3.7.4 Spurious eigenmodes due to the fit

The method to identify these spurious modes and remove them from the so-
lution is based on the observation that physical modes should be independent
of the order of the fit Npgp. The strategy is to fit a given FTF with two
different orders and compare both numerical results obtained using these two
fits. The modes with the highest shift in the complex plane are then consid-
ered as non-physical. To do so, the shift €,(n) associated with each mode n
is defined as follows. If fIBI gPBI are the frequency and growth rate of
the mode n in the family of modes obtained using Nppp, and fLBF2 gPBIF
are the frequency and growth rate of the mode m in the family of modes
obtained using Nppp, —it can be assumed that mode m is the closest mode

in the frequency plane to mode n— then,
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eu(n) = \J (F2PF — fEEPYE 4 (oFBF — gk (3.33)

For the problem considered, the second fit is obtained using Npgp, = 25
while Npgr, = 20. On the left part of Fig. [3.12] this shift is the cartesian
distance between a black cross and the closest red star. The value of In(es(n))
is depicted on the right part of Fig. [3.12l The one-dimensional K-means
algorithm [109] is applied to the dataset In(es(n)) to automatically identify
two clusters: the first with the lowest center value is colored in green which
corresponds to the physical modes (smaller shift), and the second one colored
in orange which coincides with pole-induced solutions that are effectively

non-physical.

103
10° 1
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Figure 3.12: Left: direct results of the modal expansion method
using either Npgppr, = 20 (black crosses) or Nppp, = 25 (red stars),
and pseudo analytical solutions (blue dots). Right: In(e;) computed
for each modes (each black crosses on the left figure). The coloring
is based on the K-means algorithm with two clusters.

In this academic configuration, the two clusters of physical and non-
physical modes are well separated, allowing us to clearly identify the physical

ones (green crosses one the right part of Fig. [3.12). The capability of the
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overall methodology to handle a more complex case is investigated in chap-
ter

Since these spurious modes originate from the poles of the fitted flame
transfer functions (or impedance functions), it is essential to ensure that
the fitting procedure itself is accurate and robust. The choice of the fitting
algorithm plays a central role in ensuring numerical efficiency and stability.
The next section presents the Vector Fitting algorithm and explains the

reasons for its selection over alternative approaches.

3.7.5 Vector Fitting algorithm

Consider a dataset (wy, Hy) of size k, which represents frequency-domain
measurements, such as a flame transfer function or an impedance. The goal

is to determine a rational function H that approximates these measurements:

H(jwr) ~ Hy, Vk e [1,k] (3.34)

Enforcing a rational form for H is essential, as it enables the construc-
tion of a state-space representation of the system under consideration (e.g.,
impedance or flame). The two main formulations of H are the Padé approx-

imation [110, [111] and the Pole-Residue approximation |112} 113].

o Padé approximation. The function H is a ratio of two polynomials
as follows:

(j) = )"

Zn:[} bn (jw)n

where a,, and b,, are unknown coefficients, and n is the order of the fit.

(3.35)

» Pole-Residue approximation. The function H is written as a pole-

residue formulation:
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- "R,
H(]w) = RO‘I—ZH

n=1

(3.36)

where p,, are the poles, R,, are the residues, and Ry is a constant off-
set that accounts for any nonzero behavior at high frequencies (e.g., a
static gain or asymptotic value). Compared to polynomial-based ap-
proximations, pole-residue formulations provide a more compact and
physically meaningful representation, particularly for systems exhibit-
ing resonances or exponential decay. The fit order n also referred to as
the number of Pole-Base Functions (PBFs) used in the approximation,

is henceforth denoted as Npgp.

Considering either the Padé or the pole-residue approximation, the prob-
lem is to determine the unknowns (e.g. a, and b, for Padé or R, and p, for
pole-residue) by minimizing a given error. To do so, the Ly norm between

the sample Hy, and the model H (jwy)

62:

S =

S (Hk G| (3.37)

is usually used. Note that the both the Padé and the pole-residue formula-
tions are mathematically equivalent, as there is a relation between coefficients
ayn, b, and the pole-residue p,,, R,. This relation is explicited by Douasbin
[114] (Chapter 8).

Vector Fitting (VF) is a numerical algorithm that approximates a function
H from frequency-domain data (wg, Hy);<; in the form of a sum of rational
basis functions. It has been originally proposed by Gustavsen and Semlyen in
1999 [115]. Its primary goal is to identify a set of poles and residues that ac-

curately represent the function while ensuring stability and robustness. The
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combustion community has used this algorithm to approximate the response
of flame and acoustic impedance [33, [116-122].

Unlike traditional polynomial regression or Padé approximation methods,
Vector Fitting iteratively refines the pole locations using the Sanathanan-
Koerner transformation [123], which helps mitigate numerical sensitivity is-
sues and avoids the introduction of spurious poles. One of the key advantages
of this method is its ability to provide a stable model, even when the ini-
tial data might lead to unstable poles using other approximation techniques.
Additionally, it naturally enforces causality in the pole identification process.
In dynamic system theory, causality dictates that a system’s response to an
excitation cannot precede the excitation itself. Mathematically, this implies

that the poles must lie in the left half-plane

R(pn) <0, Vn (3.38)

to ensure an exponentially decaying impulse response [107, 124, [125].
This constraint guarantees a stable and physically realizable system.

Another fundamental aspect of Vector Fitting is the capability to handle
real-valued transfer functions. In practice, if a transfer function originates
from a physical system with real parameters, it must satisfy the Hermitian

symmetry condition [126) |127]:

H(—jw) = H*(jw) (3.39)

This property imposes that poles and their associated residues must ap-
pear in complex conjugate pairs when the frequency-domain data is real.
Consequently, during the pole decomposition process, if p, is a pole, then

py must also be a pole, with associated conjugate residues. This condition

prevents the introduction of artificial imaginary components in the system’s
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time-domain response. Under the reality condition, the general formulation

of the Pole-Residue formulation Eq. can be rewritten:

. Ny Rn Nyr+MNe Rn R*
w) =R S —— L 3.40
H(juw) °+§jw—pn+n§ﬂLw—pﬁjw—pz (3.40)

where n, is the number of real poles and n. the number of complex ones.
The fit order (i.e number of pole-base functions) is then Nppp = n, + 2n,.

Finally, a set of initial poles must be provided to the algorithm. This
choice is discussed in [105] 128], where numerical tests show that a linear
distribution of initial poles with a small and negative real part over the
bandwidth spanned by the samples Hj leads to the best conditioning of the
least squares problems to be solved. Furthermore, if Npgp is even and the
frequency sample (wg )<y, is sorted in ascending order, the initial poles can

be set as [125]:

(-Oé‘i‘j) w1+&(n—1) fOI"TLSNPBF/2
NPBF/2 —1
PO = (3.41)
(p’fzo—)NpBF/2) for n > Nppp/2

where « is a constant parameter that is typically set to 0.01. This ini-
tial setup generates Npppr/2 pairs of complex conjugate poles, linearly dis-
tributed over the frequency sample range [wq,w;]. The imaginary part is set
to be significantly larger than the real part (relative to « which appears only
for the real part) to improve the numerical conditioning of the algorithm.
Initial poles can be also distributed logarithmically for optimal results if the
frequency range of interest spans several decades, but this is rarely the case

when dealing with thermoacoustics.

65



66 3.8. NUMERICAL FRAME

Note that although the algorithm ensures a precise fit over the given
frequency points, it does not necessarily generalize well outside the sampled
frequency range.

In summary, Vector Fitting is an effective approach for function approx-
imation, ensuring causality and compliance with real-valued function prop-
erties. Its real-valued form, with the automatic pole initialization provided,

is implemented in STORM.

3.8 Numerical frame

The first step in the modal expansion method is the computation of frame
modes (¢, (x))n<n. For simple geometric domains, the frame can be con-
structed analytically. However, in more complex 3D cases, it must be com-
puted using a Helmholtz solver, based on the FEniCS library in the present
work.

FEniCS is an open-source library designed to solve PDEs using the fi-
nite element method (FEM) |129]. Widely used by scientists and engineers,
it provides an efficient framework for solving partial differential equations
(PDEs) while maintaining a high level of abstraction. It offers a scalable
framework for computationally demanding problems with MPT [130] paral-
lelization, adapted for HPC clusters. It also has Python interface named
mpidpy [131} [132]. Using massive parallelism, it can handle large-scale simu-
lations and complex problems with high efficiency. Additionally, its Python-
based scripting interface simplifies the definition of equations in the code,
while the C++ backend ensures speed and scalability.

The problem we are interested in relies on the homogeneous Helmholtz
equation with no source term in the frequency space, or equivalently the

eigenproblem expressed by:
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Vantn =0o0n 'y (3.42)

\ ¢, =0o0nI'p

where V,, is the gradient operator projected onto the outward-pointing
normal vector to the surface where the BC is applied. 2 is the geometrical
domain and its boundary 0€2 = I'y UT'p is split into two parts where either a
wall BC (I'y) or an open atmosphere BC (I'p) is applied. These conditions
correspond to the homogeneous Neumann and Dirichlet boundary conditions,

respectively.

3.8.1 Finite Element Method

To solve this equation using FEniCS, the weak form must be formulated. To

do so, one starts by defining the Sobolev space H'(2):

HY(Q) = {¢n € L*(Q)|V., 00 € L?(),1 < i < 3} (3.43)

where ¢,, is the unknown solution of Eq. and function of w,, and
L? is the space of square-integrable functions in the domain Q. The inner

product in this space is defined as:

(Gulbun) = / (@) () dz (3.44)

To approximate the solution numerically, test functions vy, from the finite-

dimension function space Vj, C H'(f2) are introduced so that:

Vi, = {Uh S HI(Q)|vh7K S Pk(K) VK € T} (345)
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where Py (K) is the space of polynomials of degree < k on each element
K of the mesh (composed of triangles for 2D and tetraedra for 3D) and T
stands for the set of elements of the mesh. For further developments, we only
consider Lagrange elements of order 1, i.e. £k = 1. Elements v, of the space

V), are therefore of the form:

up () = Z a;ii(x) (3.46)

where a; are unknown coefficients and ; are the linear basis functions
associated with the mesh, as illustrated in Fig. N, is the number of
vertices of the mesh.

Within the finite element framework, Eq. is multiplied by a test

function v, € V}, and integrated over the domain {2 to obtain:

1 1
—/ V- (—V¢n> vpdx = wi/ —o¢pupdax, Yo, € V), (347)
Q Po Q 7Po

Applying integration by parts and the Green theorem to the first term

leads to:

1 1 1
Q

Po Q Po a0 Po

. s

~
Boundary term

The boundary term can be further decomposed using the two kind of
boundary conditions i.e Dirichlet and Neumann. The total boundary surface
012 is the union of the surfaces where these two different boundary conditions

are applied 0Q =T'p UT'y:

1 1 1
/ _vn¢nvhd5 - / —anbnvhds + / —anbnvhds (349)
0 r T

Q Lo p MO ~ PO
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The first term on the right hand side of Eq. [3.49] vanishes if the test
function vy, is correctly chosen (v, = 0 on I'p). The second term then always
vanishes because V, ¢, = 0 on I'y (Neumann boundary). The weak form of

the homogeneous Helmholtz equation with no source term is hence written

1 1
—Vo, - Vu,de = wi/ —ppupda (3.50)
Q Po Q 7Po

Like vy, (@), the unknown function ¢, () is approximated using Lagrange
elements of order 1 so ¢pu(x) = >, bithi(x) = Pntp(x)". The vector ¢,
contains the value of ¢, at each vertex of the mesh (i.e the amplitude
coefficients b; here). Note that in the Galerkin formulation [133] developed
here, the function vy, is chosen to be equal to the basis function v; for each
degree of freedom i. Evaluating Eq. at each degree of freedom leads to

the generalized discrete eigenvalue problem

A ¢n=w, B én (3.51)
1
where A;; = [ —V1; - Vip;dz are the coeflicients of the stiffness ma-
Q Po
trix A and B, ; = —1;dax are the coefficients of the mass matrix B
- Q YPo -

weighted by ypo when the classical mass matrix M associated with a mesh

reads,

Q
which can be useful to approximate numerically the inner product be-

tween two functions as

(@nlon) = [ ou(@)on(@)de = 61 M 41, (3.53)

Note that M is a priori not proportional to B as v may depend on .
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FEniCS, SLEPc and UFL

The Unified Form Language (UFL) is a domain-specific language in
Python designed to define finite element variational forms. It is commonly
used in libraries like FEniCS for solving partial differential equations (PDEs).
UFL provides a high-level, symbolic syntax, enabling users to specify inte-
grals, test functions, trial functions, and differential operators in a concise and

readable way. Its symbolic expressions are compiled into efficient low-level

code for numerical computation. We define the weak form of the Helmholtz

equation (Eq.[3.50) as follows:

Listing 3.1: Defining weak formulation of the Helmholtz equation
using FEnICS

The weak form is then used by the FEniCS Form Compiler (FFC) [135],
which generates the matrices of the generalized eigenvalue problem Eq.
This generates low-level C codes for local tensors to be globally assembled
by DOLFIN, the C++ core of the FEniCS project. These tensors are then
assembled as sparse matrices and formatted with PETSc (Portable, Exten-

sible Toolkit for Scientific Computation) |136], the primary linear algebra
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backend.

Listing 3.2: Assembling PETSc sparse matrices with FEniCS

# Assuming a given mesh

a_petsc = PETScMatrix (mesh)
b_petsc = PETScMatrix (mesh)
assemble (a, tensor=a_petsc)
assemble (b, tensor=b_petsc)

FEniCS also uses SLEPc (Scalable Library for Eigenvalue Problem Com-
putations) [137] and its Python bindings slepcdpy [138]. This library is built
on top of PETSc which is specialized in solving large-scale eigenvalue prob-
lems. SLEPc can handle several types of eigenproblem, particularly the Gen-

eralized Hermitian Eigen-Problem (GHEP) as defined by Eq/3.51}

Listing 3.3: Defining the eigensolver and some of its parameters
using FEniCS

# Initialize the eigensolver with PETSc matrices
eps = SLEPc.EPS().create(mesh)
eps.setOperators(a_petsc.mat(), b_petsc.mat())
eps.setType (SLEPc.EPS.Type.KRYLOVSCHUR)
eps.setTolerances (tol, max_ite)
eps.setConvergenceTest (SLEPc.EPS.Conv.REL)

# Generalized Hermitian Problem
eps.setProblemType (eps.ProblemType . GHEP)

The SLEPc solver must however be configured according to different pa-
rameters summarized in Table [3.3] where default values are provided.
Among all possible parameters, provided ones are chosen for the following

reasoins.

« Solver type

Krylov eigensolvers are among the most successful methods to approx-
imate eigenvalues/vectors of large and sparse matrices. The reader is

referred to 139, [140] for details. Those solvers use Krylov subspace

71



72

3.8. NUMERICAL FRAME

Table 3.3: Solver parameters and their default values once incor-
porated in the STORM package.

Solver parameter Default value
Solver type Krylov-Schur
Convergence Test Relative to eigenvalues
Tolerance 107¢
Maximum iterations 10°

Spectral Transform Shift and invert
Shift 10
Spectrum Smallest positive

[141}4143] to capture the essential information of the matrix A and al-
lows us to approximate the solution of a system. To do so, the Krylov
subspace K(A, b) is generated by repeatedly applying the matrix A to
an initial vector b. The idea is to approximate the solution of a problem
without having to handle the full matrix directly, which is particularly

useful for large-scale problems and such that,

K(A,b) = span (b, Ab, A%, - - - ,Am_lb) (3.54)

where m is the size of the Krylov subspace, that grows at each itera-
tion of the solver. Without restarting (standard Arnoldi/Lanczos), it
increases indefinitely, making computations impractical for large prob-
lems, particularly due to memory issues. Restarting techniques, like
Implicitly Restarted Arnoldi [144] or Krylov-Schur [145], limit the sub-
space size to a fixed value M. The solver hence expands the subspace

up to M, then restarts by shrinking it while retaining key spectral in-
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formation before growing again. This cycle prevents excessive memory
usage while still refining eigenvalue approximations efficiently. By de-
fault in STORM, the Krylov-Schur solver is used but users are free
to choose other options such as Implicitly Restarted Arnoldi, Jacobi-
Davidson [146], or Lanczos [147]. They can even implement their own

custom solver if needed.

Note that a general rule of thumb for the maximum size of Krylov
subspace is M = 2% N,,0qes, where Nyoqes 18 the number of eigenvalues

requested by the user.

« Convergence test

The solver stops iterating when the relative error in the computed eigen-
values is below a given tolerance. This ensures precision in the eigen-
value computation, particularly when their magnitudes vary widely. By
default, the convergence test is set relative to the eigenvalue, meaning
that the criterion compares the relative error of the computed eigen-
value with respect to its estimated value. Mathematically, if A and v
are a couple of eigenvalue/vector of A at a given iteration, the conver-

gence condition is expressed as

|Av — \v||

< tol 3.55
B (3.55)

Other types of convergence tests can also be used, like the absolute

convergence test, or even a custom criterion defined by the user.

« Tolerance

Specifies the stopping criterion for the convergence test. A lower toler-

ance provides higher accuracy but increases computational cost. The
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typical range of this parameter for our systems is about 1072 to 1075.

Maximum iterations

The solver stops after the maximum of iterations is reached even if
convergence hasn’t been reached. Typically, the number of maximum

acceptable iterations is set to ~ 105.

Spectral transform

One possibility for computing interior eigenvalues of a given matrix
A is to apply a spectral transformation like a shift-and-invert. In this
case, the eigensolver builds a Krylov subspace Eq. [3.54]associated to the
shifted and inverted matrix, (A —7I)"!, so that the eigenvalues closest
to the shifting parameter 7 become dominant and well separated. This
approach has been used successfully for a long time especially in the
context of symmetric problems [148, [149]. Others spectral transfor-
mations like Cayley transforms [150], Jacobi-Davidson [151], and ra-
tional approximations |[152] may be more suited for particular types of
eigenvalue problems, such as non-Hermitian systems. Since the homo-
geneous Helmholtz equation with trivial boundary conditions Eq.
leads to a symmetric eigenproblem, the shift-invert preconditioner is

chosen.

shift

The shift 7 in the shift-invert preconditioner must be close to zero as we
focus on the smallest positive eigenvalues. However, setting 7 = 0 leads
to conditioning issues when 0 is also an eigenvalue of A. This happens
when Neumann boundary conditions are applied at all boundaries of a

domain, which gives a constant mode with a zero frequency. To bypass
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this issue, the shift is set to a value close to zero: i.e by default 7 = 10.
This value is close to zero in the sense that the first non-zero, positive
eigenvalue A, is typically on the order of A\, = 472 f2, ~ 10° and
for which f,,;, is the minimum frequency of a pure acoustic mode: i.e

~ 100 Hz for mostly all problems of thermoacoustics.

e Spectrum

The spectrum parameter refers to the part of the eigenvalue spec-
trum that the solver is targeting for computation. In the case of the
Helmholtz equation, this spectrum corresponds to the smallest positive

eigenvalues.

Note that the use of a preconditionner eases the resolutions of problems
and Tab.[3.4]illustrates such gains in terms of computational time for different
numbers of vertices of a mesh. For the three cases, the solver tolerance is set

to 107° and the number of requested eigenvalues is 10.

Number of CPU Time [s]
vertices | no preconditioner | shift-invert
3 x 104 1.1 x 104 18
2 x 10° 4.3 x 10° 187
1.5 x 10° > 1.6 x 10° 1512

Table 3.4: CPU time for computing 10 modes on different meshes,
when using the shift-invert preconditioner or not. Three meshes
with different number of vertices have been tested. The simulations
are performed on 36 processors.
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3.8.2 Frame size and mesh resolution

To properly capture a wave-like function on a mesh, a general rule of thumb is
to have at least 10 mesh points per wavelength for the mode in question. This
ensures that the function is sufficiently resolved. In the case of a frame ¢ =
(1 -+ ¢n], the mesh that is needed to evaluate ¢ in a discrete form should
be refined such that there are at least 10 mesh points within the smallest
wavelength, corresponding to the highest frequency f,,.. and associated to
mode ¢y. Additionally, for a given subdomain €2, the frame size N must be
set large enough to properly decompose the pressure field p’ = ij:l f‘nqﬁn.
Effectively, this indicates that the discretization quality actually depends on
the value of N, and the mesh size, as well as node distributions, should
change with N.

In this context, we introduce a notion of consistency, noted €., between a

given mesh and the minimum wavelength defined at each point of the mesh:

Co
€c _— = @
o fmax \n/ @

where the underline - denotes an array that contains values at each point

(3.56)

of the mesh. c¢p is the array of sound speed, Vp is the dual volume of nodes
and n is the geometrical dimension of the mesh. In 2D, the dual volume
could be interpreted as the area of a polygon formed by the centroids of the
neighboring cells, as shown in Fig. [3.13] In 3D, this would correspond to the
volume of a polytope formed by the centroids of the adjacent cells. Note that
@ is an estimate of the local resolution and thus €. is a measure of the
number of mesh points in the smallest local wavelength. As a general guide-
line, the mesh is considered sufficiently resolved if at least 95% of the mesh

points satisfy the condition of having more than 10 points per wavelength.
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Figure 3.13: Two dimensional, unstructured, mesh with a dual vol-
ume associated with the node P. The centroid of neighbor elements
are denoted by c;. Taken from [153].
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3.9 Conclusion

This chapter introduces the frame-based approach and details its implemen-
tation within the STORM solver. Beyond the general formulation, particular
attention is given to addressing some intrinsic weaknesses of the method. It
is shown that some modes in the initial frame are nearly linear combinations
of others, which leads to difficulties when inverting the Gram matrix numeri-
cally. To overcome this problem, a truncated SVD method is introduced and
validated on an academic configuration. This approach effectively "cleans'
the initial frame, preventing numerical perturbations. It is now implemented
in STORM for 1D, 2D, and 3D configurations.

Furthermore, the occurrence of non-physical modes associated with the
fitting of transfer functions is analyzed, together with strategies to identify
and remove them. These developments ensure that the frame expansion
can be applied in practice while maintaining both robustness and physical
relevance.

This chapter also introduces the FEniCS library, which is used to compute
the initial frame by solving a linear eigenvalue problem (the homogeneous
Helmholtz equation with trivial boundary conditions). Since the problem
size can be relatively large (~ 10° degrees of freedom), we rely on Krylov
subspace methods for computing the eigenvalues and eigenvectors, combined
with a shift-invert preconditioner to accelerate convergence.

By combining these elements, STORM now provides a robust and efficient
framework for constructing and solving a well-conditioned thermoacoustic
problem based on the frame approach.

The next chapter extends this methodology by incorporating additional
types of boundary conditions into the modal expansion, enabling the treat-

ment of increasingly complex thermoacoustic problems.
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The purpose of this chapter is to present how various classical acoustic
models such as impedance boundary conditions, pressure jump conditions
and model components (e.g., injectors) can be reformulated within the state-
space framework. While these models are well established in the thermoa-
coustic literature, their translation into a consistent matrix form is necessary
for integration into the STORM solver. The standard boundary/jump con-

ditions used in thermoacoustic modeling are the following:

o Impedance boundary condition

Relates pressure and velocity fluctuations through an acoustic impedance.
It is widely used to represent partially absorbing or reactive bound-

aries |74} 75] |78].

o Multiperforated liners (MLPFs)

Commonly found in industrial combustion chambers, they act as acous-
tic dampers and can be modeled through pressure jump conditions

across perforated plates [80], [154].

« Acoustic Transfer Matrix (ATM)

Relates upstream and downstream acoustic variables across compo-
nents like injectors. These are particularly valuable for integrating

complex subsystems into global models [82, 83].

Accurate integration of these conditions is crucial in predicting the acous-

tic response of complex systems.
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4.1 Impedance boundary condition

We begin with 1D constant impedance boundary conditions, which form the
basis for many other models. This section recalls the definition of acoustic
impedance and specifies the conventions adopted here, particularly regard-
ing the orientation of the normal vectors. It also explains how impedance
boundary condition can be modeled and incorporated within the state-space

framework.

4.1.1 Convention and impedance definition

In this part, the acoustic quantities are supposed to be 1-dimensional planar

waves, and the velocity is aligned to the z-axis: u), = ule, . Pressure

fluctuations are noted p’. The value of the density and sound speed at the

position x = x( are noted py and ¢y, respectively.

[ NG N N N N N N NN

9
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| | ’
1 1

x =10 x =1L

Figure 4.1: Scheme of a 1-dimensional duct of length L. f and g
correspond to the forward/backward waves that propagate in the
duct. In the presented method, the surface normals 77 are always
pointing outward from the domain.
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The impedance boundary condition is defined by the following relation:

}3 = poCQZﬁn (41)
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where 1, = 1, - n is the Fourier transform of the fluctuating velocity
projected onto the outward pointing normal to the surface.

The presented low-order frame-based method involves acoustic perturba-
tions of pressure and velocity, which directly describe the acoustic oscillations
in the domain. Alternatively, some models use the Riemann invariants f and
g, which represent traveling wave components moving in opposite directions.
This formulation is particularly useful in problems involving characteristic
methods or wave-based approaches [155, |156], as it naturally captures wave
propagation and reflections at boundaries. Typically the reflection coefficient
R is defined as the ratio between the reflected wave and the incoming one.
In the scheme Fig. the reflection coefficient is therefore defined differently
at the inlet and the outlet of the domain:

R(x=0) = / at the inlet
g
(4.2)
R(x=1L1L) = % at the outlet

p
PoCo = Jrg
(4.3)
u, = f—yg

Inversing this relation leads to the expression of the Riemann invariants:

1 /
1)
2 \ poco

()
g9 = 5 — Uy
2 \ poco

(4.4)
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The point now is to express the relation between Z and R. Combin-

ing Eqs. and and using the outward pointing convention depicted in
Fig. leads to:

o At the inlet: u/, = —u/

:f-l—g_l—l—R(x:O)

Z(x=0) = F 1= R@=0) (4.5)
o At the outlet: u/ =u/
Z(x_L)_f-l—g_l—f—R(x:L) (4.6)

- f—-g 1-R(x=1)

The general formula involving the vector normal to the surface n and

using the impedance definition of Eq. [4.1]is written:

f+g
f—g

This equation shows that the direction of the normal to the surface n

7 —

e: n (4.7)

plays a role in the relation between Z and R. Three different conventions are
possible, as detailed in the Tab. [4.I] For example, the convention for which
e, is always aligned with wu,, is often utilized when dealing with 1-dimensional
systems, as defined in Poinsot [73]. Note that, the reflection coefficient must
always be defined as the ratio between the reflected wave over the incoming
one.

Having established the definition and conventions for impedance bound-
ary conditions, we now turn to their representation within the state-space
framework. This translation is necessary to integrate the impedance condi-

tions directly into the state-space formalism employed in STORM.
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Table 4.1: Link between the impedance Z and the reflection coef-

ficient R depending on the conventions used for the normal vector
n to the surface.

Normal direction || Outward pointing | Inward pointing [
Inlet vectors u, = —ul ul, = ul, ul, = ul,
Outlet vectors w, = u, u, = —u, ul, = ul
Inlet relation Z = %Zz Z = % 7 = %
Outlet relation Z = % Z = % Z = 1%};
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4.1.2 Constant impedance

As a first step, we focus on the case of a constant impedance, which offers
a simple way to validate the numerical implementation. While it does not
account for frequency-dependent effects, this assumption allows us to verify
the consistency of the approach and to build the appropriate state-space.

The impedance boundary condition is typically defined in the complex
frequency domain (see Eq. , as it originates from the Helmholtz formu-
lation. In contrast, the state-space framework operates in the time domain
and describes the physical dynamics of the system. Bridging these two repre-
sentations requires a careful translation from the frequency-domain bound-
ary condition to an equivalent time-domain formulation. A practical way
to achieve this is to consider a small control volume around the boundary,
which allows us to derive a dynamic relationship between pressure and veloc-
ity fluctuations, compatible with the state-space formulation. In this way, we
denote by C' the connection element, and we consider a small control volume
of width L; that encloses the boundary, as illustrated in Fig.

To impose the boundary condition given in Eq. 4.1 we consider that
the control volume receives the following two quantities: p and pocoZu'’,
which arise from the geometrical subdomain €2;. Under the assumption of
zero Mach number, the Linearized Euler Equations (LEEs) are averaged over
the control volume C"

. —Vp (48)

The averaging operator - is defined as the integral over the control volume

and is written for any function f:
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Subdomain C'
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Figure 4.2: Schematic representation of a geometrical subdomain
(); connected to a connection subdomain C. The control volume of
length L; that encloses the boundary is represented by the thick
dashed lines. The thin dashed line denotes the boundary where
the impedance must be imposed.

f= % //C fdv (4.9)

Since the impedance is defined in the Fourier space, Eq. is rewritten

in that domain:

_ 1
jwtt = ——Vp (4.10)
Po

Assuming that pg is uniform in the control volume, Eq. becomes:

1
= — Vp dV 4.11
poVe //c P (4.11)

Using the Green-Ostrogradski theorem leads to:

S

jw

.= 1 #
Jjwtt = — pdS 4.12
poVe Jac (4.12)

where d.S' is the outward pointing surface vector. The closed integral term

represents the fluxes entering or leaving the control volume (see Fig. ,
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which originate from the subdomain €2;. This equation is then projected

onto the z-axis (normal to the boundary), and is written:

L= 1 . .
Jwie = = (=p(x =20 — Lt/2) — p(2 = 20 + L1/2)) (4.13)
0Lt

which leads to:

1 7z
iy = ——pt — D (4.14)

poLi Ly

Note that replacing one of the two boundary pressure values with the
impedance condition yields the same global results. Here, we choose to ap-
ply the impedance condition at the right boundary. This invariance arises
because, at low frequencies (i.e., w << ¢/ L;), equation simplifies to the
quasi-static expression p — pocoZaSH = 0 which is exactly the impedance
boundary condition to impose. Therefore, by choosing a sufficiently small
value for L, for instance L; = 107, the correct acoustic boundary condition
is enforced for the thermoacoustic frequencies of interest (typically until ~ 10
kHz).

Recasting this equation in the time-domain allows us to write the state-
space realization of the constant impedance subdomain, where the dynamic

equation of the form X (t) = AX (t) + BU(t) is written:

slml=lom] ][22 LR ] e

and the output equation of the form Y (¢t) = C X (t) is written:
(w]=[1][%] (4.16)

This state-space is the one used for the case studied in Section [3.4] The

state variable W, (t) is the averaged velocity in the normal direction of the
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boundary, which is defined only in the control volume. The input variables
p(t) and ufh(t) are the pressure and normal velocity fluctuations evalu-
ated through their modal expansion at the boundary, and correspond to the

output variables of the state-space of the geometrical subdomain €);.

4.1.3 Frequency dependent impedance

In general cases, impedance depends on frequency because the physical phe-
nomena that affect the absorption, reflection, and transmission of acoustic
waves vary with frequency. This dependence arises from several factors such
as the dissipation and visco-thermal losses at the walls. Viscous and ther-
mal conduction effects influence how acoustic energy is dissipated [157, [158],
and these mechanisms are inherently frequency dependent. In addition, the
properties of the materials used for acoustic damping contribute to this de-
pendence. Such materials often exhibit dispersive behavior [159, |160], mean-
ing that their acoustic response—and thus their impedance—changes with
frequency.

As a result, in realistic thermoacoustic models, the impedance is often
represented as a complex function of frequency Z = Z(w) to better capture
the dynamics of thermoacoustic instabilities. However, Equation [4.15] which
provides the state-space formulation for a constant impedance, is no longer
valid when Z is frequency-dependent. This is because a frequency-dependent
function can only be expressed in state-space form if it can be written as a
rational function of w, i.e., as a ratio of polynomials. To enable this, the
impedance function Z(w) is approximated using the Pole-Residue formula-
tion —similar to the approach used for modeling flame transfer functions—
using the Vector Fitting algorithm. This method constructs a rational ap-

proximation of Z(w) suitable for conversion into a state-space representation.
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The detailed state-space formulation of the corresponding subdomain is given

in Appendix [A.6]

4.2 3D-3D spectral connections

The second type of boundary condition addressed in this chapter differs from
impedance conditions, as it does not apply at the outer boundary of a do-
main but rather at the interface between two geometrical subdomains. This
type of condition, more precisely, a jump condition, is motivated by config-
urations found in real combustion chambers, where multiperforated plates
separate the hot (combustion) and cold zones. These plates induce a jump
in the acoustic pressure across the interface. In the STORM framework,
such conditions are modeled using spectral connections, which connect two
subdomains via a shared surface and allow to impose general acoustic jump

relations between upstream and downstream quantities.

4.2.1 Modeling

Two 3D subdomains can be connected to each other through a connection
interface S, that is a 2-dimensional manifold. It is demonstrated in [94] that
a spatial discretization of the surface gives some oscillations in the 3D shape
of the global output modes. To fix this issue, a spectral discretization is
preferred as it provides a more robust method, less sensitive to numerical ap-
proximations. To do so, we define the 2D acoustic potential over the surface
(s, t) and the normal velocity to the surface u, (xs,t). These quantities are
decomposed onto a 2D spectral basis (KCx)ren that satisfies the curvilinear

Helmholtz equation on the surface manifold, which is written:

1 w}
Vo=V )+ 2K =0 (4.17)
Po YPo
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where V. is the curvilinear gradient operator over the surface manifold.
The 2D acoustic potential and the normal velocity are decomposed onto the
basis formed by the functions K, truncated to a finite number of elements

NKZ

oat) = 3 mlHKi(,)
= (4.18)

un(@st) = S mHK(e,)

\

As for the geometrical subdomains, the goal here is to derive a differential
equation for each modal amplitudes pu(t) and v, (¢) in order to construct
the corresponding state-space formulation. This derivation has already been
carried out in [94]. Only the temporal evolution of modal amplitudes are

recalled:

U+ wivy = "ML (si{up | ICr) 4 55 (ull | Ki))
¢
(4.19)
) 1 i ;
e = m (s:(P"|ICh) + 5;(" |Ck))

The operator (-) denotes the 2-dimensional inner product on the interface

Se, for which the family of spectral modes (K )ren is an orthogonal basis:

0l = [ K@iz, =0, vi (4.20)

The acoustic variables p, p/, u! and w/ are the pressure and normal
velocity arising from the two connected subdomains €2; and €2;. They are
evaluated at the connection interface using their modal expansion, which

allows Eq. to be rewritten in terms of modal quantities:
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N;

L N ;
. Co V. U . V.Ul
U+ wivy, = — S; < >T§L+s- —< le>T
* AkLt n=1 j; po
.
1 N; N
= i (UL T U3 |y T4
i = S | H T+ 5D K T

(4.21)

In these equations, the superscripts i and j refer to the two connected
3D subdomains §2; and €2;. Their orientation with respect to the surface are
defined by s; and s; that satisfy s; = —s; = £1. This value is automatically
determined when the network is constructed: for each spectral connection,
the user specifies the two connected geometrical domains. The first domain
listed by the user is assigned s; = +1, while the second is assigned s; =
—1. )\ is the norm of the k™ spectral mode, \y = (Ki|K.), ¢ and py
are the mean sound speed and density at the interface. As in the case of
impedance modeling, the length L; here represents the thickness of a small
control volume that surrounds the surface defining the interface between the

two geometrical subdomain subdomains. The state-space representation of

Eq. is given in Appendix [A.3]
4.2.2 Selection Algorithm

As explained in [94], not all components Ky, are required to accurately project
the 3D modes U,,. Using a too large basis (), may introduce non-physical
oscillations in the output. The selection algorithm described in [94] enables
the identification of a reduced subset of surface modes that are sufficient to
represent all projections of the 3D vectors U, on the interface. Once the
solutions to the curvilinear Helmholtz eigenproblem in Eq[4.17] are obtained

—either analytically or with a FEM solver— a finite number N of surface
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modes must be retained to construct the state-space representation of the
interface. This selection ensures an accurate representation of the acoustic
pressure and velocity at the boundary of the 3D subdomain. As shown in
Eq. [4.19] the interface pressure p(x,) and velocity u(z;) are evaluated by
projecting the restriction of the 3D modal basis U, (xs) onto the selected

surface modes K (x5).

( Ng

Un(xs) = Z<Un|lck>lck(w8)
. (4.22)

\ k=1

where (-]-) is the 2D inner product over the connection interface (see
Eq. . The selection algorithm is then built to construct automatically
and robustly the optimal surface basis (Ky)g. It is based on the Singular
Value Decomposition of the matrix defined as the inner products between
the 3D modal basis and the 2D surface modes ((U,|Kk))nk. It is detailed in
Appendix C. in [94].

4.2.3 Practical implementation

Equation is easy to write on paper, but computing the inner products
between the restriction of the U, modes at the interface and the spectral
modes K require some adaptations. To build this corresponding connec-
tion, two 3D meshes M, and M are necessary, which defines the two 3D
subdomains that must be connected. The connection interface is therefore
defined by two boundary patches M? and ./\/l? from the two 3D meshes. The-
oretically, these two surface meshes M? and ./\/lg’ represent the same manifold,

but numerically they are two distinct surfaces. Consequently, two distinct
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basis of spectral modes are computed on each interface mesh M? and M?,
respectively denoted (Ki)g>1 and (K.)gs>1. The amplitude coefficients of the
acoustic potential and velocity are also associated with a mesh, so we de-
note by pui, vi and ,Lbi, u,f; these coefficients, respectively for the meshes M?
and M;’ Theoretically, p& must equal ,u{c (same for 1) so the numerical
treatments detailed in this section will impose this equality.

To understand how the Eq. is computed, we take the example of
i but the same treatments are also applied to the equation on v;. The
temporal evolution of py is rewritten to highlight the meshes on which the

inner products are numerically computed.

N; N;
si» L (ULIKL) +s; ) T (UIIKE) (4.23)

n

1
A Lipo

i = jil, =

Same mesh Same mesh,

This equation shows that the inner products are well defined on each
separate mesh and are computed with the classical first order finite element

approximation:

<mm@:ﬂjm@mawmﬁwgwﬂﬂm; (4.24)

where M? is the mass matrix associated with the 2-dimensional mesh
M? representing the interface manifold. U? and K. are the numerical arrays
containing the values of the functions U! and K%, respectively. In some cases
where the connection interface is a non-degenerate surface, the two surface
basis (Ki), and (K1)x are exactly the same (same frequencies and shapes)
and no further numerical treatments are necessary. However, it is not rare
that the surface interface is degenerate as it is the case for the case depicted
in Fig. 4.3, the spectral modes K and ICi can be rotated by a given angle

that can depend on the mode index k. However, only a single spectral basis
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is supposed to describe the interface. So, let us assume that we choose the

basis K, to describe the interface. The equation on i}, is then written:

1
e Lipo

i, =

N; N;j
s> YL (UKL +s; Y T), (UIIK) (4.25)
n n Different mesh

Same mesh

In this case, the first inner product is well defined on the same mesh, but
the second one is defined on the two different meshes M? and M;’ The goal
here is to rewrite this equation to highlight the ICi modes, so that the second

inner product is correctly computed on a single mesh: M;’ The two sets of

spectral modes (KC) and (K1), are linked by the following relation:

Ng
L= (KKK (4.26)

l

Combining Eqgs. £.26] and leads to:

N; Nk N
—— S C /) G KA s, ST (Ud |k
= T[S TGk D | (KL, & 3T (o)
Same mesh Different mesh Same mesh
(4.27)

This equation demonstrates that even though the two families (K})r<n,
and (K] )r<n, originate from different meshes, the scalar products with their
respective 3D modes can still be computed on the same meshes. However, to
establish a connection between the two domains, it is necessary to compute
by extrapolation the scalar products between the two families of 2D modes:
(K3|KCL). These inner products are gathered in the matching matrix, defined

as My, [k, 1] = (KJ|KL). There are some points to note here:

o In the case of a non-degenerate connection, K = Kt so (KC/|K}) = o

and Eq. leads to the previous equation (4.23)).
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 Actually, even for non-degenerate connection, K& might be equal to
—KCJ (reversed), so (KJ|KL) = —dy. This new formula takes into ac-

count this change of sign.

« For all degenerate surface connections, (K/|Ki) € [~1,1]. The match-
ing matrix therefore corresponds to a rotation matrix and satisfies the

orthogonality relation: M1 = MT.

e Errors that appear from numerical extrapolation are reduced because
only the surface modes are extrapolated, and in practical cases the
number of spectral modes is lower than the number of 3D modes in the

two connected geometrical subdomains: Nx < INV; or ;.

« The two basis (Ki)r<n, and (K)r<n, are required to span (approx-
imately) the same subspace. In addition, the vectors of the two basis
must be ordered consistently in terms of frequency, since no processing
is applied to the pulsation values. This is equivalent to assuming that

VE € [0, Nk, wi = wi.

The state-space realization of the 3D3D spectral connection element is

given in Appendix [A.3]

4.3 3D3D connections - Validation

To study the robustness of the 3D3D spectral connection modeling, this for-
malism is tested on different simple cases that cover a wide range of industrial
configurations. To do so, the geometry depicted in Fig. is used for all the
cases where different mean fields are set. The mean fields considered in the

course of this study are as follows:

o Uniform over the whole geometry.
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o Uniform with a temperature jump at the interface.
o Non-uniform without temperature jump.

o Non-uniform with a temperature jump.

Case 4 typically mimics an industrial post-combustion configuration (see
the real case in Sec. . The first three cases are designed to verify, step
by step, that each physical effect, such as non-uniformity and temperature
discontinuity, is correctly captured by the model.

Subdomain £,

Assembled domain {Q + Q2 + Q.}

Subdomain Q. Inlet (wall)
Vap' =0

Outlet (Open end)
p=0

Figure 4.3: 3-dimensional configuration used to validate the surface
modal expansion method. Two geometrical subdomains €2; and (2,
are connected through a connection subdomain (2.

Still in the objective of approaching industrial configurations, the geo-
metric dimensions of the test cases are chosen as follows: R; = 22.90 mm,
Ry = 34.16 mm and L = 156 mm. The boundary conditions are set to an
open atmosphere (p' = 0) at the outlet, i.e right side of the ducts, and a wall
(V,.p' = 0) at all the other boundaries.
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4.3.1 Uniform fields

Here we consider the case depicted in Fig. [£.3] For the first test case we as-
sume that the temperature is uniform and constant over the whole geometry.
The value of the mean pressure, mean sound speed and mean density are set
to po = 101300 Pa, ¢y = 347.12 m.s~* and py = 1.177 kg.m 3. The reference
solutions are obtained by calculating the acoustic modes with FEniCS, on a
single domain that represents the same geometry as the assembled system.
For the network-based approach, two frames are computed (one for each
subdomain), and the SVD methodology detailed in Sec. is applied in
both the subdomains €2; and €2,. The formalism of spectral connection with
the matching matrix correction detailed in Sec. [£.2.3] is used to model the
connection interface. To compute the 2-dimensional basis (K )r<n,, the first

step is to extract the two manifolds from the two 3D subdomains. The two

boundary meshes M4 and M} are shown in Fig. [4.4]

Figure 4.4: The two boundary meshes M’ and M} that define
the connection interface, where the two surface modal basis are
computed.

Then the two surface modal bases (IC,(:)) and (IC,(f)) are computed respec-
tively on M4 and M5. As explained in the previous section, and as illustrated
in Fig. [4.5] the 2D acoustic modes of the surface can be degenerate.

It is noted that the 2D modes were computed with the same boundary
condition (Dirichlet) on the right side, in order to comply with the boundary
condition of the global system. As illustrated in Fig. [4.5, we observe that
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Figures/chap_BCs/degenerate_modes.pdf

Figure 4.5: Examples of behaviors that can occur when comput-
ing the surface modal basis. Mode 5: longitudinal mode that is
reversed from one mesh to the other. Mode 6 and 7: example of
rotated modes which are not aligned between the two meshes.

modes 6 and 7 are rotated by a certain angle ¢, and mode 5 is inverted. The
matching matrix, which represents the link between these two basis, therefore

takes the following form for its indices 5 to 7:

-1 0 0
(Mm)SSk,l§7 = 0 COS(Q) sm(@) (428)
0 —sin(f) cos(d)

The inner products between two quantities defined on different meshes are
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computed by linearly extrapolating the values from the mesh MY onto the
mesh M$. The FEniCS script used to perform this extrapolation is provided
in Appendix

For this simulation, we used N; = 100 modes in the frame of the subdo-
main 2; and Ny = 100 modes for the frame of the subdomain 5. We set
the number of spectral modes to Nx = 100, but the selection algorithm only
retains 56 modes, which are not necessarily the 56 first modes. The results

of the first 12 frequencies of this configuration are presented in the Tab. [1.2]

Table 4.2: Frequencies of the case depicted in Fig. using uniform
fields. The mean relative error is computed using Eq. with
Nmodes = 12.

Mode index || Reference solution [Hz] | Storm output [Hz] | Relative errors [%]
1 556 554 0.36
2 1669 1663 0.36
3 2784 2773 0.40
4 3033 3079 1.52
5 3033 3080 1.55
6 3419 3456 1.08
7 3419 3457 1.11
8 3901 3883 0.46
9 4084 4107 0.56
10 4084 4108 0.59
11 4917 4926 0.18
12 4917 4928 0.22

Mean relative error [%] 0.70
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The results are very close to the reference values, with a mean relative
error (MRE) of 0.7 % on the frequencies for the first 12 modes. To study
the importance of the selection algorithm, different simulations have been
performed, using different number of spectral modes from Nx = 10 up to
N = 100 with a step of 10. When no selection algorithm is applied, the
spectral modes are chosen according to the lowest Ny eigenfrequencies in
ascending order. When the selection algorithm is used, it identifies the most
relevant modes regardless of their frequency ranking. The Fig. [4.6] shows the

mean relative error of the 12 first modes depending on Nk, computed as:

modes

MRE:Nl Z

modes

fta'rget,n - fstm"m,n (429>

ftarget,n

where fiarger and fstorm are the reference frequency and the the one re-

turned by STORM.
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Figure 4.6: Black crosses: mean relative errors on the first 12
modes as a function of the number of spectral modes used for the
connection, without applying the selection algorithm. The red dia-
mond is the result when the selection algorithm is applied starting
from an initial set of Ny = 100 modes, of which 56 are retained.
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Note that for Nx = 30 40 or 50, the mean relative error is also very
low and thus comparable to those obtained from the simulation using the
selection algorithm (red diamond in Fig. . It can be observed that for
low values of Nk, increasing N reduces the error. However, this effect no
longer holds for higher values of Nk, where adding more modes actually
disturbs the overall result.

This section validated different key aspects: 1) the implementation of the
3D-3D connection state-space in the case of uniform mean fields, using the
correction introduced by the matching matrix, and 2) the performance of the

mode selection algorithm in this context.

4.3.2 Non-uniform fields

In a real combustion chamber, the temperature and sound speed fields are far
from uniform. Typically, the gas density is low near the flame and increases
as the gases cool down. To verify that the implementation remains efficient
in this context, we introduce a quadratic profile for py along the length of the
tube, representing a temperature decrease. This profile is not based on any
physical consideration; it is simply used to test the numerical method in the
presence of a non-uniform field. The mean field py used for this simulation
is provided in Fig. [4.7]

For this simulation, we keep the same frame size that is N; = 100 in 4
and Ny = 100 in £25. The number of spectral modes is set to Ng = 100 and
the selection algorithm only retains 55 modes.

The results in terms of frequencies of the 12 first modes are presented in
Tab. [£.3] In this case, the selection algorithm is used.

The frequencies match the reference results accurately, with low relative

CITors.

102



CHAPTER 4. BOUNDARY AND JUMP CONDITIONS

103

Subdomain €25
6.8601

I: 0.65
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rho0

—0.55
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l 4.3e01

Subdomain 2
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Figure 4.7: Quadratic profile of p, over both the subdomains (2,
and (2;. The graph in the last row is plotted along the black arrow

shown in subdomain ;.
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Table 4.3: Frequencies of the case depicted in Fig. using
quadratic fields. The relative error is computed using Eq. |4.29|

Mode index || Reference solution [Hz| | Storm output [Hz| | Relative errors [%)]
1 750 47 0.4
2 2335 2327 0.34
3 3911 3895 0.41
4 4351 4413 1.42
D 4351 4414 1.45
6 4902 4957 1.12
7 4902 4958 1.4
8 D487 5461 0.47
9 o775 5810 0.61
10 d7TH 5811 0.62
11 6934 6947 0.19
12 6934 6949 0.22

Mean relative error [%)] 0.70
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4.3.3 Temperature jump through the connection inter-
face and uniform fields

A common feature of industrial combustion chambers is the use of multiper-
forated plates surrounding the chamber. Their purpose is to separate the hot
gases inside the chamber from the fresh gases flowing around the plate. The
small holes in the plate allow a thin film of fresh air to pass through, cooling
the chamber. From a network modeling perspective, the system is divided
into two subdomains: the inner domain, which contains hot gases, and the
outer domain, where the fresh gases flow. In this context, a uniform mean
field is applied, with low density (hot gases) in the inner domain and high
density (fresh gases) in the outer domain. The mean field of py used for this
simulation is provided in Fig. [4.§8

For this simulation, the frame size is kept at N; = 100 in 2; and Ny = 100
in Q5. The number of spectral modes is also kept at Nx = 100 and the
selection algorithm only retains 56 modes. The results are summarized in
Tab. 4.4

We observe that the mean relative error remains very small, but it is 10
times greater than in the previous configuration without the temperature
jump across the interface. This increase can be attributed to differences in
the mean flow field: in the reference case, the full 3D domain is meshed,
and there is no strict separation between the two subdomains, whereas in
the test case the interface explicitly divides them. As a result, the mean
density field (see Figure is not defined exactly the same way in both
configurations. Nevertheless, given the very low error levels, these results
still validate the 3D3D connection method in the presence of a temperature

and density discontinuity at the interface.

105



106 4.3. 3D3D CONNECTIONS - VALIDATION

Reference configuration

—08

rho0

— 06

l 4.3e-01

Network configuration

Subdomain 29

Subdomain €24

Figure 4.8: Mean fields with a temperature jump across the inter-
face. The first figure is the reference configuration corresponding
to a full 3D geometry. The second one corresponds to the net-
work approach, where two distinct 3D subdomains are connected
through the interface.

Influence of modal discretization in 3D subdomains

The modes 6 and 7 have a large relative frequency error compared to the ref-
erence case. This is not shown in Table[.4] but if we look at the growth rates
of these modes, they are not exactly zero in the STORM output: og = 0.98
st and o; = —0.98 s71. This is because these modes have a stronger ra-
dial component, which requires more modes in the frame to properly capture
them. These two modes are degenerate — or more precisely, form a pair of
complex conjugates — and the reason they do not exactly match the ref-

erence is the same for both. Therefore, we arbitrarily focus on mode 6 to
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Table 4.4: Frequencies of the case depicted in Fig. using a
uniform temperature jump across the interface. The relative error

is computed using Eq. 4.29,

Mode index || Reference solution [Hz] | Storm output [Hz] | Relative errors [%]
1 734 742 1.09
2 2193 2213 0.91
3 3614 3644 0.83
4 4239 4382 3.37
5 4239 4383 3.40
6 4612 4753 3.06
7 4612 4753 3.06
8 4983 5011 0.56
9 5273 5410 2.60
10 5274 5411 2.60
11 6114 6251 2.24
12 6116 6251 2.21

Mean relative error [%] 2.16

explain this.

The main phenomenon responsible for this error is the poor modal dis-

cretization of the geometric subdomains €2; and €2,. As shown in Figure 4.9|

when the number of modes in the geometrical domains increases, the error in

the final mode 6 decreases. Note that the error displayed in the bottom row

of the Fig. accounts for the growth rate, which is particularly relevant for

mode 6 as it has a non-null growth rate.

It is interesting to note that the convergence of the mode does not follow
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Figure 4.9: First two rows: Frequency and growth rate of the
mode 6 in the configuration depicted in Fig. [4.3] using a uniform
temperature jump across the interface. Bottom row: Relative error
compared to the reference frequency, computed using Eq. by
including the growth rate contribution. Red dashed line: target
frequency/growth rate.

any smooth or predictable trend. Instead, the solution abruptly converges
once a certain frame size is reached, that is, Ny = Ny = 180. In fact,
the mode in question (here, mode 6) requires a few specific components of
the frame to be accurately captured. This behavior is clearly illustrated in
Fig.

Figure m shows the absolute value of modal amplitudes AS% of mode
6 at ~ 4700 Hz, associated with each component of the frame ¢$%, in each

subdomain (€2; and ). Recall that in each subdomain §2;, the pressure

mode 6 is written: pfi(x) = S0, A%¢% (z). Actually, since the pressure
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Adding 100 modes Adding 100 modes
in the frame (1), in the frame (¢%2),,
3 N ; S
N 5| 1% >
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Figure 4.10: Left: absolute value of the modal amplitudes of the
mode 6 at ~ 4700 Hz in the inner domain (£2;), associated with each
component of the frame ¢. Right: same for the outer domain
(). Two different frame size are tested, which are N = 100 (red
crosses), and N = 200 (black diamonds).

field is decomposed onto an orthonormal basis of the frame (the U-basis, see
Sec. , some processing of the output eigenvector is required to obtain
the modal amplitudes associated with the initial frame components. This
procedure is detailed later in the text.

In the Fig.[4.10] the components of each frame (with N = 100 or N = 200)
are individually sorted in increasing order of frequency. We observed that
the error previously seen on mode 6 comes from an insufficient number of
components in the frame to accurately represent it. In particular, in do-

main (), increasing the frame size from 100 to 200 modes reveals that mode
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6 requires higher-frequency components from the frame to be properly re-
constructed. This is illustrated by the green-circled points on the graph,
which correspond to non-negligible modal amplitudes associated with high-
frequency modes. Interestingly, although mode 6 is around 4600 Hz, it relies
on frame components at much higher frequencies, around ~ 20000 Hz (fre-
quency of frame components in the leftmost green circle). This is not an
intuitive result, as one would typically expect a mode to be well represented
by frame components of similar frequency.

Actually, the explanation lies not in the frequency content, but rather in
the spatial structure of the modes. Mode 6 exhibits a strong radial com-
ponent, and accurately capturing its shape requires basis modes that share
similar spatial structure, regardless of their frequency. This is precisely what
happens here: the high-frequency basis modes that contribute a lot to mode
6 (marked with a green circle in Fig. also exhibit a strong radial struc-
ture, as illustrated in Fig. [£.11] Its spatial alignment with the target mode
makes it an important component for the reconstruction, despite the large

frequency gap.
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Figure 4.11: Spatial structure of mode 6 and contributing high-
frequency basis modes with strong radial components. Top row:
mode 6 (~ 4700 Hz), plotted over both subdomains to visualize
the complete spatial structure of the global mode. Bottom rows:
high-frequency basis modes (~ 20000 Hz), in subdomain ;, where
a strong radial component is required to discretize mode 6 ac-
curately. This issue does not appear in subdomain 2, where the
modal basis already captures the radial structure sufficiently with
low-frequency basis modes. The selected modes correspond to the
leftmost green circles in Fig.
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The note below details how to get the modal amplitudes A% plotted in
Fig.

How to get modal amplitudes on frame components ?

Due to the SVD that is performed in each geometrical subdomain (see sec-
tion [3.5.1]), the amplitude coefficients of mode 6 that are plotted in Fig.
are computed from the global solution eigenvector Vg. As 3 subdomains are
present in the configuration, this global eigenvector can be noted by Vg =
[V?l, V?C, V%] . The portion of this global eigenvector corresponding to the
geometrical subdomain €2; contains all the information to build the pressure
and the velocity shape of mode 6. If we note V?i = [a?i, b?i, ‘e ,a%’i, b%ﬂ,

7

the pressure in €; is built as follows:

N;
pi(x) =Y brUY (w) = UTb™ (4.30)
n=1

where U is given by the SVD of the frame: ¢% = U%XEHYV T
and b%% is the column vector that contains the coefficients b%. This allows
us to express the modal decomposition of mode 6 in terms of the frame
modes rather than the orthonormalized modes, the latter having little phys-

ical meaning, such as:

P () = PV (8) % (431)

In the same way that b* corresponds to the modal amplitudes of the de-
composition on U, the product V% (X%)~1p% corresponds to the modal

amplitudes of the decomposition on ¢%.
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4.3.4 Temperature jump through the connection inter-
face and non-uniform fields

Building on the previous two sections, we focus on a test case that brings ev-
erything together: a non-uniform temperature field along the interface, com-
bined with a sharp jump in temperature in the direction normal to it. This
setup closely resembles the typical conditions encountered in post-combustion

chambers. The mean fields used for this section are displayed in Fig.

Reference configuration

1.2e+00
B

— 0.9
— 038
— 0.7
— 0.6
— 0.5
— 0.4

I
1.9e-01

rho0

Network configuration

Subdomain 29

Subdomain €2

Figure 4.12: Mean fields with a temperature jump across the in-
terface, and a linear profile of the density in €);. The first figure
is the reference configuration corresponding to a full 3D geometry.
The second one corresponds to the network approach, where two
distinct 3D subdomains are connected through the interface.

As explained in the previous section, a frame that is too small may fail

to properly resolve the modes of interest, even at low frequencies. For this
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reason, a sufficiently large frame size is chosen for this case, with Ny = Ny, =
200. The resulting frequencies are listed in Tab. [4.5]
Table 4.5: Frequencies of the case depicted in Fig. using the

fields shown in Fig. The relative error is computed using
Eq. [4.29

Mode index || Reference solution [Hz] | Storm output [Hz] | Relative errors [%]
1 741 748 0.94
2 2338 2369 1.33
3 3855 3900 1.17
4 4579 4647 1.49
d 4580 4648 1.48
6 5106 5241 2.64
7 5107 5243 2.66
8 5279 0321 0.80
9 5651 5789 2.44
10 5652 5790 2.44
11 6424 6551 1.98
12 6427 6552 1.94

Mean relative error [%)] 1.78

For this simulation, although the number of 3D modes was doubled com-
pared to previous cases (200 instead of 100), we kept Nx = 100 spectral
modes to discretize the 2D interface. As a result, the selection algorithm re-
tained all the spectral modes to represent the 200 3D modes present in each
3D subdomain. This means that, according to the algorithm’s criteria, some

2D modes are missing. However, as seen in the results, the representation

114



CHAPTER 4. BOUNDARY AND JUMP CONDITIONS 115

remains accurate, at least for the first 12 modes of the geometry.

4.4 Multiperforated liners

The series of test cases presented in the previous sections have demonstrated
the validity of the numerical method based on spectral connections used to
enforce continuity conditions across interfaces between geometrical subdo-
mains. These tests have covered a variety of mean field configurations and
confirmed the robustness of the approach in handling both uniform and non-
uniform conditions.

Building on these results, we now turn to a practical application of this
framework: the modeling of multiperforated plates. The role of multiperfo-
rated plates is to separate the hot combustion gases inside the chamber from
the cooler air circulating around it. Thanks to the small holes distributed
across the plate, a thin film of fresh air can pass through and flow along the
chamber walls. This film acts as a thermal barrier, cooling the walls and
protecting them from high-temperature gases. In addition to their thermal
behavior, these plates also influence the acoustic of the chamber.

To model the acoustic influence of multiperforated plates, we use the
Howe model 154} |161] in the STORM framework. This model introduces
a pressure jump condition across the interface, which depends on Rayleigh
conductivity (noted Kg, in [m]) that depends on several physical and geo-
metrical parameters such as the aperture radius, plate thickness, frequency.

The pressure jump is expressed as:

P p% = _pud? Ous
Kr Ot

where p — p is the pressure jump through the multiperforated plate

(4.32)

and u$ is the upstream fluctuating velocity normal to the plate. The hole
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spacing is noted d, and the upstream density p,.

This model was successfully implemented and validated by Laurent dur-
ing his Ph.D. [94]. In the following, we describe how the 3D3D connection
formalism is extended to incorporate this pressure jump condition. For clar-

ity, here we recall only the form of the state equations:

/ —-—2
.o c 3 j
U +wiy, = —&LL(SKUZVCHJFSNU%VCH)
t
- L (106 + 5071 — 2% i i)
— Si S —Sz‘ u
\ T Ny T AT R A

(4.33)

Note that these equations are similar to those of system [4.19 with the
addition of a new term that accounts for the pressure jump induced by the

multiperforated plate model. The complete state-space realization of this

formalism is provided in Appendix [A.4]

4.5 New strategy for handling discontinuities
in thermoacoustic systems

In all the previous developments, jump conditions (based on 3D3D connec-
tions) have been implemented by explicitly splitting the geometry at the
location of the discontinuity, so that each side of the interface is treated as
a separate subdomain. Although this approach is effective within the state-
space formalism, it raises several conceptual and practical concerns.

First, one may question the relevance of building global thermoacoustic
modes as linear combinations of local solutions defined on individual subdo-

mains rather than on the entire geometry. This is more of a philosophical
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remark, as the method remains mathematically justified. However, from a
numerical perspective, this decomposition required the introduction of frames
to ensure compatibility at the interfaces. As discussed in Chapter [3] frames
can lead to conditioning issues that have been specifically addressed.

More critically, 3D3D connections do not always behave as expected,
especially in complex configurations. For instance, in the post-combustion
geometry discussed in Chapter 5], non-physical modes appear due to a 3D3D
connection. These limitations motivated us to reconsider the entire approach
based on geometrical splitting.

Instead, we propose a new modeling strategy for jump conditions, in
which the geometry is no longer split at the location of jump conditions.
The full domain is treated as a single, unified geometry, and jump conditions
(e.g., multiperforated liners) are modeled as volumetric source terms in the
Helmholtz equation, just like lame models. The state-space formulation is
still used, but the only subdomains are now flame-like or source-like elements
that impose the desired jump in acoustic pressure and/or velocity. This
new vision eliminates the need for frames at the interface, since no explicit
interface is defined, and requires only a single modal basis to describe the
solution across the entire domain.

Consider a given volume where a jump condition on pressure or velocity
fluctuations is imposed through an interface S, (See Fig. 4.13)).

The surface S; where the discontinuity is imposed is parametrized by
x = xg. The unitary normal vector to the surface is noted n. The goal
is to properly impose a pressure jump [p| and/or a velocity jump [u] at the

position xgq.
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Figure 4.13: Schematic a low domain where a pressure or velocity
jump is imposed at the interface S,.

4.5.1 Modified Helmholtz equation

The classical Helmholtz equation Eq. must be modified to consider a
pressure or velocity jump at the position xg. We start from the mass and
momentum equations, where the source term associated with the flame is

omitted for simplicity:

o Mass equation:

a /
8_/; +poV - u' =mld(x — x0) (4.34)

e Momentum equation:

’

u
Po~5y + Vp' = fié(z — zo) (4.35)

The flow rate induced by the velocity jump and the force induced by

the pressure jump are noted m!, of the unit [kg.s7!] and f. of the unit
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[N], respectively. To be consistent with units of force f. and flow rate m/,,
the Dirac function (@ — o) introduced here is 3-dimensional, with unit
of [m™?], and normalized to 1 over the whole volume. Therefore, we also
introduce 9, (x — xo) = Sz0(x — @) the 1-dimensional Dirac function which
is normalized to 1 over the normal direction to the surface S,.

Assuming a given mean flow (pg, po and 7) and taking the difference
between the time derivative of Eq. and the divergence of Eq. [4.35 a
Helmholtz equation can be obtained for the pressure fluctuation (isentropicity

is used to relate the density fluctuation to the pressure oscillation, i.e. p’ =

ple):

1, 1 0%/ 1 om,
v (%Vp> Tom O T g ot @ )
(4.36)

+ V. (%féé(w — :co))

The explicit expressions of m,, and f. must now be derived. Consider a
small volume element Ay = S3A, of surface S; and of width A, surrounding

the position where the jump occurs. Integrating Eq. over this volume:

1 /
2/// — AV + // Voudy = e (4.37)
ot Ay PO Ay Po

The first term tends to 0 when the volume Ay tends to 0. By using the

Green-Ostrogradsky theorem, it comes:

m, = polulSy (4.38)
Integrating over the same volume Ay
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/// Wl av 4 // vp'dV = f! (4.39)
Ay ot Ay

The first term tends to 0 when the volume Ay tends to 0. This equation

is projected onto the normal of the surface n It comes:

///A ) V.pdV = f-n (4.40)

where V,, is the gradient operator projector onto the normal direction to
the surface. So the only component of the force f. is normal to the surface

and:

Salpl = fe-m (4.41)

Replacing d,(x — xg) = Szd(x — xo), the explicit form of the Helmholtz

equation including flames and jump condition on p’ and u’ is written:

1 1 9% v — 10wl
v (=vy)-— = 127
(PO p) Ypo Ot Ypo Ot
flame
Olu]
~ o (@ @) (4.42)

~
Jjump of u’

BV - (%5,1(:3 _ :co))

N J/
-~

Jjump of p’

Applying the Fourier transform to Eq. leads to the following frequency-

domain Helmholtz equation:
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1 w? . -1
V. (—Vﬁ) 4+ —p = —jw7 wr
Po VPo YPo

flame

ZJwluldn(x — o) (4.43)
jump u’

+ @5;(33 — )
N

jump p

where ¢/ = V.6, is the derivative of the Dirac function in the normal
direction to the surface. In the sense of distribution, the Dirac 6, (x) is

defined by the following property:

+o0
/ on(x — x0) f(2)dz = f(20) (4.44)

o0

for any test function f(x) that is continuous at @ = xo. Note that
the integration is performed in the normal direction to the surface. Applying
integration by parts to Eq. leads to the expression for the first derivative
of the Dirac function, denoted o) (x). Its projection on the normal to the

surface is defined in the sense of distributions by:

+o00
| dle - @) f@)ds = -V, flao) (4.45)

o0

4.5.2 State-space of geometrical domain

Introducing the pressure decomposition Eq. in the modified Helmholtz
equation and projecting it on the basis mode U, leads to the follwing

temporal evolution of modal amplitudes Y,,(¢):
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T.t) = =SV [EVIQAVE,  Ti(t)
(4.46)
_HUE / [p) (o, )dt

+  (H|Un)poci[u](xo, 1)

In the same way as for the definition of flame shapes, a sharp Gaussian
shape H(x), of unit [m™!] here, and of finite thickness o is introduced to
approximate the Dirac function 6,(x — o), to avoid the Gibbs oscillation
at the pressure or velocity jump position. This equation is valid in any 3-
dimensional case where no flame is present in the system. Depending on

the modeling of the pressure or velocity jump, the state-space representation

may vary. Different cases are provided in Appendices [A.8] [A.9, and [A.10]

When a pressure jump is present in a geometrical domain, it is also nec-

essary to modify the modal expansion of velocity fluctuations u’ according

to Eq. 435

9, 1 1
—u'(x,t) = ——Vp' + —[pld,.(x — o)1 4.47
S (e.0) =~ 98+ Lyl (o~ wo) (147

The modal expansion of the pressure field is never modified and remains
Pz, t) = SN T,U,(x). Equation must be considered when defin-
ing the output vector of the geometrical subdomain (see Appendices
and and when constructing the velocity mode shape at the end of the
method.
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4.5.3 Validation

To validate the newly introduced approach for modeling jump conditions,
the configuration shown in Fig. is considered. It is a 1-dimensional duct

where a pressure or a velocity jump is applied at the position x = x;.

NONCNON N N NN

: RN
:¢—[u] or [p] N
; RN
N

. . I >
=20 iy x =1L

[/ [/

ey

Figure 4.14: Scheme of the academic configuration of a single 1-
dimensional duct of length L = 1 m, where either a pressure jump
[p] or velocity jump [u] is applied at the position o = 0.32 m.

In this section, three distinct test cases are considered. Each case targets

a specific type of discontinuity and serves to evaluate the method:

o A velocity jump condition of the form [u] = au(xy). Depending on
the value of «, this condition typically models either a cross sectional

change or the effect of a flame.

o A pressure jump condition of the form [p] = ap(xy). While this con-
dition may not correspond directly to a physical interface, it is used
here as a mathematical test to assess the general applicability of the

formulation.

o A pressure jump of the form [p| = —po/Kg - Ouy, (20, t)/0t, which is the
Howe model for multiperforated liners [154, [161]. In this notation, Kg

is the Rayleigh conductivity with unit of [m™1].
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In all test cases, the density and speed of sound are constant and set to
po = 1177 kg-m~3 and ¢y = 347.12 m-s~!, respectively. Neumann boundary
conditions (i.e., u,, = 0) are applied at both ends of the domain.

Since the geometry is not split into multiple subdomains, no frame is
required. A single orthogonal modal basis satisfying the Neumann boundary
conditions is sufficient to represent the solution across the entire domain.
This simplification highlights one of the key advantages of the new method.

For each test case, a pseudo-analytical reference solution is provided in

the corresponding appendix (see App. B.1.2) and [B.1.3]). The associ-

ated state-space realizations for both the geometrical domain and the source

domain are also detailed in Appendices [A8] [A.9] and [A.T0]

4.5.3.1 Velocity jump condition: [u] = au(z)

This first test case focuses on a velocity jump condition of the form [u] =
au(xg). As for flame definition, the Dirac function acting as support for
the source term must be approximated by a Gaussian function to avoid any
Gibbs perturbation (see Sec. for more details). The Gaussian thickness
is set to 0 = 0.015 m. The size of the modal basis is set to N = 100, leading
to a projection error of €,,,; ~ 1.7 x 1073, This projection error is calculated
in the same way as for flames, that is, using Eq. [3.27 in Section [3.7.1] The
velocity jump is set to mimic a jump section that is: a = S;/Ss — 1, where
S; =10"* m? and Sy = 2.107* m?2.

The comparison in terms of frequencies between the pseudo-analytical
solution and the modal expansion approach is given in Tab.

Figure shows the shape of the pressure and velocity of the first three
modes.

The results of the modal expansion method, including the velocity jump
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Table 4.6: Frequencies of the first five modes of the case depicted
in Fig. [4.14}, using the pseudo-analytical method or the modal ex-
pansion approach.

Pressure

Velocity

—_
L

— O

o

modulus

Mode index Pseudo-analytical [Hz] Network-based [Hz]
1 191 189
2 331 331
3 516 012
4 712 708
5 855 856
Mode 1 Mode 2 Mode 3
.\\ ﬁ\\ N NN/
\\ P “ “I i \‘.\ ”l \ l"
\ 7 vV ON S N A
N Vi \' / \ / \ V] \ !
N/ L N voou oo
\‘v', V \‘/l “:', “l‘ “l'

modulus

0 025 05 075 1
Length [m]

0 025 05 075 1

Length [m]

0 025 05 075 1

Length [m]

Figure 4.15: Shape of the pressure and velocity fluctuations (mod-
ulus) of the first three modes in the case depicted in Fig. [4.14]
Dashed lines: results of the modal expansion method. Full line:
pseudo-analytical results, computed with Eq.

term as a source term in the Helmholtz equation, are correct, which validates

the capability of this method. However, a slight deviation is observed in the

mode shapes, particularly in the velocity of mode 1. Indeed, it is not possible

to represent a discontinuity using a modal expansion formalism unless a very
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large basis size N, which is not the goal here. Figure [4.16| shows that this
discontinuity is smoothed by the modal expansion. To obtain a steeper slope
at the velocity jump position, one simply needs to reduce the width of the
Gaussian function used to represent the analytical Dirac function. To keep
a relatively low projection error, the size of the modal basis is increased
when the Gaussian function is sharpened. To illustrate this convergence,
four different cases were performed by keeping a relatively low projection

error. They are summarized in Tab. [4.7]

Table 4.7: The four cases performed to illustrate the convergence
by sharpening the Gaussian shape.

Frame size N Gaussian thickness o [m] Projection error e,,,; [—]
100 0.015 1.7 x 1073
150 0.01 1.6 x 1073
250 0.005 9.5 x 107%
500 0.002 4.1 x 1072
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Mode 1 Mode 1 (zoom)

o o
Sy OO0 =

<
=~

Velocity

e
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[an}

0.28 0.38
Length [m]

Figure 4.16: Left: Shape of the velocity fluctuations (modulus) of
mode 1. Right: Zoom around the velocity jump position. Full
line: analytical solution. The blue, red, black and green dashed
lines correspond to the cases parametrized by lines 1, 2, 3 and 4 of

Tab. respectively.
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4.5.3.2 Pressure jump condition: [p| = ap(xg)

This second test case introduces a pressure jump condition of the form [p] =
ap(xy) applied at a given interface location xy. Unlike the previous velocity-
jump case, this configuration requires a modification of the velocity modal
expansion.

As explained earlier (see Eq. , the presence of a pressure discontinuity
modifies the modal expansion of the velocity field. For clarity, the corrected
velocity expansion used in this test case is recalled below. The full derivation

of this formulation is provided in Appendix [A.9

(e t) = —%zlewwvn(w)
(4.48)

T ORI

where n is the unitary vector normal to the surface where the jump occurs.
As before, the analytical reference solution and the corresponding state-space

models used in this configuration are provided in Appendices[B.1.2]and [A.9],

respectively.

For this test case the frame size is set to N = 100 and the Gaussian
thickness to o = 0.015 m, as in the previous section. However, as explicitly
stated in Eq. [£.43] the support for the pressure jump is the derivative of
the Dirac function, which is therefore approximated by the derivative of the
Gaussian. For the same value of the frame size N = 100, the projection
error is increased up to €,,,; = 7.6 x 1072 when considering a pressure jump,
instead of &,,,; = 1.7 x 1072 for the velocity jump.

The shapes of the first three modes are presented in Fig. and the
frequencies are given in Tab. [1.8

Despite the non-physical nature of the imposed pressure jump condition,
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Table 4.8: Frequencies of the first five modes of the case depicted
in Fig. when considering a pressure jump of the form [p| =
ap(zg), and using the pseudo-analytical method or the network-
based approach.

Mode index Pseudo-analytical [Hz] Network-based [Hz]
1 183 185
2 338 339
3 018 018
4 705 707
5 860 865

Mode 1 Mode 2 Mode 3

Pressure
modulus
—_

o

—_
L

Velocity
modulus

o

0 025 05 07 1 0 025 05 075 1 0 025 05 075 1
Length [m] Length [m] Length [m]
Figure 4.17: Shape of the pressure and velocity fluctuations (mod-
ulus) of the first three modes in the case depicted in Fig. ,
when considering a pressure jump of the form [p] = ap(z,). Dashed
lines: results of the modal expansion method. Full line: pseudo-

analytical results, computed with Eq. @

this test case provides a valuable verification of the proposed modeling strat-

egy. The results obtained for both the frequencies and the mode shapes
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show excellent agreement with the reference solution. This confirms that the

formalism accurately captures the correct global modes.

4.5.4 Multiperforated liner jump condition

The last test case investigates a pressure jump condition representative of a
multiperforated liner, a common acoustic treatment in aeronautical combus-
tion chambers. The discontinuity is modeled using Howe’s formulation [154,
161], in which the pressure jump is proportional to the time derivative of the

normal velocity:

1 0u,(xo,t)
Kgr ot

This type of condition introduces both a reactive and a dissipative be-

[p] = — (4.49)

havior depending on the value and frequency dependence of the Rayleigh
conductivity Kg. In this simplified validation case, a constant value of Kp
is considered. However, if Kr depends on pulsation w, the function must be
fitted using the Vector Fitting algorithm, similarly to what is done for flame
transfer functions or impedance models.

Because of the pressure discontinuity, the modal expansion of the velocity
field must again be modified. Only the final corrected expression is recalled

below, while the full derivation is provided in App. [A.10]

.

(e t) = —%zfjﬂm)vvﬂ(w)

~ (4.50)

po (KR + ;I(xo>> Lt Xnl0)VaUn(o)

+

\
where n is the unitary vector normal to the surface where the jump occurs.

As in the previous configurations, the method is validated by comparing the
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frequencies and mode shapes against pseudo-analytical solutions given in
App. [B.1.3

For this test case we set the frame size to N = 100 and the Gaussian
thickness to ¢ = 0.015 m, as in the previous section. The Rayleigh con-
ductivity is arbitrary set to Kz = 0.5 m~!. Comparison between the modal
expansion method and the pseudo-analytical one in terms of frequency is

presented in Tab.

Table 4.9: Frequencies of the first five modes of the case depicted
in Fig. when considering a pressure jump of the form [p| =
—po/Kgr x 0ul,(xp,t)/0t that models a liner, and using the pseudo-
analytical method or the network-based approach.

Mode index Pseudo-analytical [Hz] Network-based [Hz]
1 77 79
2 264 264
3 514 013
4 251 280
) 769 769

The shapes of the first three modes are presented in Fig.

The difference in the pressure jump for mode 1 is only due to the graph
display, as there is a change of sign in the real part at the jump position, that
is smoothed by the modal expansion. If we look at the real part instead of the
absolute value, this difference disappears, as shown in Fig. However,
the differences observed between the pressure and velocity shapes for mode
3 are due to the non-zero thickness of the Gaussian profile. As explained in
Sec. [4.5.3.1], the error can be reduced by sharpening the Gaussian function
and increasing the frame size (similar trends can be seen in Fig. [4.16).
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Figure 4.18: Shape of the pressure and velocity fluctuations of the
first three modes (modulus) in the case depicted in Fig. [4.14, when
considering a pressure jump of the form [p| = —py/Kg x 0ul,(x¢,t)/0t
that models a liner. Dashed lines: results of the modal expan-
sion method. Full line: pseudo-analytical results, computed with

Eq. [B.9
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Figure 4.19: Shape of the pressure (real part) of the mode 1 in
the case depicted in Fig. 4.14, when considering a pressure jump
of the form [p] = —po/Kr x Oul,(xo,t)/0t that models a liner. Dashed
lines: results of the modal expansion method. Full line: pseudo-

analytical results, computed with Eq. [B.9
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According to Tab. [4.9] the frequencies are correct except for mode 4.
The discrepancy with the pseudo-analytical method arises from the nonzero
thickness of the Gaussian and its projection onto the modal basis, or more
precisely the projection of its derivative. Indeed, increasing the number of
modes in the geometrical domain reduces this error and allows convergence
toward the analytical solution. Two competing phenomena are at play here.
The first is that the Gaussian thickness must be sufficiently small to accu-
rately represent the pressure jump. The second is that the finer the Gaussian,
the larger the number of modes required in the modal basis for an accurate
projection. If the number of modes is insufficient, the projection of the Gaus-

sian shape is poor, leading to spurious fluctuations in the output modes, as
illustrated in Fig.

Table 4.10: Summary of the three cases used to illustrate spurious
oscillations when sharpening the Gaussian profile while keeping
a constant frame size. The projection error is computed on the
derivative of the Gaussian function.

Frame size N Gaussian thickness o [m] Projection error €,,,; [—]
100 0.015 7.6 x 1073
100 0.0125 3.8 x 1072
100 0.010 1.4 x 107t
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Figure 4.20: Left: Shape of the velocity fluctuations (modulus) of
mode 3. Right: Zoom. Full line: analytical solution. The blue,
red and black dashed lines correspond to the cases parametrized
by lines 1, 2 and 3 of Tab. [4.10 respectively.
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4.6 Conclusion

This chapter first recalled how impedance boundary conditions are imposed
in the 1D case, to illustrate the general method for deriving a state-space
representation of such conditions. We also adapted the spectral connection
methodology, introduced and implemented by C. Laurent within the STORM
framework, which allows boundary or jump conditions to be enforced in 3D
cases. Due to the numerical challenges of these 3D-3D connections, aligning
the spectral modes becomes necessary - as explained in Sec. - using the
matching matrix, which modifies the initial state-space.

The 3D-3D connection framework was then successfully tested and val-
idated on a simple geometry under various mean field configurations, to
demonstrate the robustness and applicability of the method. Ensuring a
robust and accurate implementation of spectral connections is essential, as
multiperforated plate models are typically based on this formalism. The pres-
sure jump induced by the liner is added as an extra term in the state-space
formulation of the spectral connection.

In a second step, an alternative approach is proposed to impose jump
conditions in a thermoacoustic system. Instead of splitting the domain into
two subdomains (as explained in Chap. , the system is treated as a single
global domain, and the jump condition is introduced as a discontinuity in the
Helmholtz equation itself. This leads to additional source terms and modifies
the modal expansions and therefore the state-space equations.

This new formalism was tested and validated in a 1D configuration for

various types of jump conditions:

o A velocity jump proportional to the upstream velocity, which typically

represents a cross-section area change or a flame.
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o A pressure jump proportional to upstream pressure — not physically

meaningful, but still numerically verified.

o A pressure jump proportional to the time derivative of upstream veloc-

ity, as in the Howe’s model for multiperforated liners.

In the case of internal discontinuities, particular care must be taken when
projecting the Gaussian function used to localize the discontinuity onto the
modal frame. If the projection is not accurate, spurious, non-physical oscilla-
tions may appear in the reconstructed mode shapes. Moreover, the Gaussian
function must be sufficiently narrow to represent the discontinuity accurately.
However, the sharper the Gaussian, the larger the number of frame modes
required to project it correctly. A balance must therefore be found between
the sharpness of the Gaussian function and the size of the modal frame.

Extending this formalism to three-dimensional configurations on complex
meshes would be a natural but challenging next step, and is therefore not ad-
dressed in the present work. In three dimensions, additional constraints arise
from the spatial discretization of the computational mesh. In particular, an
accurate enforcement of jump conditions requires sufficient mesh resolution
at the interface to ensure a precise projection of the support function used to
define the discontinuity. Inadequate discretization at this interface may lead
to significant projection errors and, consequently, to inaccurately imposed
jump conditions.

Moreover, an additional difficulty specific to three-dimensional configu-
rations lies in the definition of the Gaussian function used to localize the
jump condition. Unlike the one-dimensional case, where the discontinuity is
associated with a single spatial location, the jump condition in 3D is sup-
ported on a two-dimensional patch that may exhibit a complex and non-

planar geometry. Defining a Gaussian function consistently centered on such
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a surface, while maintaining both sufficient spatial localization and numerical
robustness, is a non-trivial task that would require dedicated developments.
Addressing these challenges would demand substantial methodological and

computational efforts.
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140 5.1. THE MIRADAS CONIFGURATION

5.1 The MIRADAS conifguration

The methodology to make the frame-modal expansion approach more reli-
able and predictive is tested on an experimental configuration studied at the
Institut de Mecanique des Fluides de Toulouse (IMFT), named MIRADAS.
The configuration setup is detailed in Fig. 1 and Fig. 2 in and is shown
in Fig. 5.1}

Outlet
impedance Z(w)
PI-MAX4+ B g
Telecentric Lens - — o~
=] | | AT
Water
Cooling
| : 2
022 N Swigler = L
Ml ~ Wire (HW) S
Microphonef \ AY )
Convergent @L \ 2 B
SS S
?65 S H, or CH,
. 2
H b N
oneyeom @HHH!\ [l
Main Z . Main
Mixture )ﬁ = Mixture
MB Microphone Wall v/ =0

—

Figure 5.1: Left: Experimental setup of the MIRADAS config-
uration. Taken from [162]. Right: Computational domain and
boundary conditions used in the simulation.

Oztarlik et al. have notably measured the Flame Transfer Function for
different operating points (see Fig. 14 in [162]). In this section, the operat-
ing point named "Ref" is studied, which presents an unstable mode around

f = 591 Hz (see Tab. 2 in [162]). The FTF and its fit with the Vector
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Fitting algorithm are depicted in the left part of Fig. [5.2l The reflection
coefficient R(w) at the output of the combustion chamber was also measured
by Oztarlik, given in Fig. 4.7 in [163]. As this reflection coefficient depends
on w, the outlet impedance Z(w) = (1+ R)/(1 — R) must also be fitted with

the Vector Fitting algorithm (see right part of Fig. [5.2)

",’-"ﬁ__~~ 0.251
— PN _»/ T~ =
— & N - —_ I ces===
- < R 0,00 { s
01, .
T e _ /2 g — =
= /2] S e ’/,—_
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Figure 5.2: Left: Modulus and phase of the flame Transfer Function
associated with the "Ref" operating point in Oztarlik et al [163].
Right: Modulus and phase of the impedance boundary condition
at the combustion chamber outlet. Gray lines: experimental mea-
surements from [162}, 163]. Red dashed lines: the fits reconstructed
using Eq. and the Vector Fitting algorithm [105]. The num-
ber of Pole Base Function is set to N};lBF = 6 for the FTF fit and to
Np#. =9 for the impedance fit.

The mean physical fields y(x), po(x) and the value of py used to compute
the frame modal basis (see Eq. are determined by the LES solver AVBP
[164] developed at CERFACS and used for the presented thermoacoustic
study (see Fig.5.3]). The value of the mean pressure is py = 101400 Pa.

As an impedance boundary condition has to be applied at the outlet of the
combustion chamber (see Fig. , the two orthogonal basis constituting the
frame are computed by applying either a Dirichlet or a Neumann boundary
condition at the outlet. The modes are computed with the FEniCS software
[129, |165], using Krylov-Schur method. The number of modes in each basis

is set to 30, leading to a total of 60 modes in the initial frame. The solver
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- . :,-_

gamma
1.3e+00 1.28 1.3 1.32 1.34 1.36 1.38 1.4e+00
—_—— ; ' U
rhed
1.9e-01 04 0.6 0.8 1 1.2e+00
—_— : ‘

Figure 5.3: Mean fields v and p, used to compute the frame modal
basis, determined using Large Eddy Simulation.

tolerance is set to 1077, As detailed in Appendix , the frame truncation
threshold should theoretically be set close to the solver tolerance. To ensure
the quality of the truncated frame, the truncation threshold is set just above
the solver tolerance: &; = 1075 (see the singular value distribution in Fig. |5.4)).
All the modes associated with a singular value lower than the threshold, that
is to say a total of 23 modes, were removed. This process effectively eliminates
23 non-physical modes from the overall output of the method.

The presented method is compared to the well-established thermoacoustic
code AVSP developed at CERFACS [166]. As two different fit are used in
this configuration (impedance and flame), the criterion to identify the non-
physical modes uses a cross-comparison based on the Eq.[3.33] A total of nine
simulations are performed, using three different values for the impedance fit
order, Np¥». = 9, 10, and 11, and three different values for the flame fit
order, NJ\. . = 6, 7, and 8. The values N2??. = 9 and N}, = 6 are chosen
as the base orders since they provide a good fit of the impedance and the
FTF. The orders are then incremented by one to identify non-physical modes.
The case N IJ;ZB » = 6 and N},”g% = 9 is defined as the main case and eight sets
of errors €5(n) (see Eq. are computed using the eight other simulations.

As the cost of one fit followed by one simulation is about 2 seconds, we are
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100 | e———

110 19 28 37 46 5560
Frame indices

Figure 5.4: Singular value distribution of the > matrix normalized
by their maximum, associated with the MIRADAS configuration.
¥ is given by the SVD of the frame, Eq. [3.15] The red dashed line
corresponds to 107!%, an indication of the machine precision. The
blue dashed line corresponds to the truncation threshold set to
g, = 1079, just above the solver tolerance at 1077 (horizontal black
line).
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not limited by the number of simulations in terms of computational cost.
s
These sets of errors are added to define a global error: €,(n) = > ., €.(n),

where the index ¢ refers to the eight different cases summarized in Tab. [5.1]
The logarithm of €,(n) is plotted in Fig. [5.5]

Simulation | N7 | NIL
index ()
Main 6
1 9 7
2 8 31
3 10 6
~ 2 1
4 10 7 ‘? %
5 10 8 — 19
X
6 11 6 N
7 11 7 ! X |
200 400 600 800
8 1 8 Frequency [Hz]

Table 5.1: Value of the fit or- Figure 5.5: Log of the global er-

der in the nine different sim- ror ¢;,, computed as the sum of
ulations performed used to eight sets of errors ¢,. The col-
identify non-physical compo- oring is based on the K-means
nents in the output. algorithm with two clusters.

The frequency and growth rate of the three modes with the lowest global
errors €,(n) (green crosses in Fig. are plotted in the frequency plane in
the right part of Fig. [5.0]

The presented method found an unstable mode (mode 3) at f3; = 606 Hz,

! which is consistent with the mode measured in the experiment at

o3 =255"
591 Hz. It corresponds to the coupling between the flame and the second pure
acoustic mode (at 602 Hz). The second mode at fs = 546 Hz is computed as
a marginally unstable mode (low growth rate: oo = 1.2 s71), and corresponds

to a small coupling between the flame and the first pure acoustic mode of the
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Figure 5.6: Left: Experimental measurements of the pressure am-
plitude (adapted from Oztarlik [162]). Right: Numerical results
using the truncated SVD modal expansion method (black crosses)
and the FEM solver AVSP (blue dots). Modes are indexed in in-
creasing order of frequency.

geometry, which is at 558 Hz. The first mode at f; = 297 Hz is only found by
the presented method. The Finite Element solver AVSP requires an initial
guess fy to compute one by one the thermoacoustic modes. By setting the
initial guess at f;, AVSP converges to the mode 2. As the phase difference
of the mode 1 between the velocity upstream and downstream of the flame is
—n (see Fig. p.7), the mode can be classified as an Intrinsic Thermoacoustic
(ITA) mode [167].

Furthermore, as the basin of attraction of I'TA modes is very small when
using iterative algorithms to solve the non-linear eigenvalue problem [85],
AVSP failed to find this mode. Fortunately, the modal expansion method
does not require an initial guess, and all the thermoacoustic modes are com-
puted in one step, as the eigenproblem which defines the global system is
linear.

To give an order of magnitude for the computation times in this configu-
ration (approximately 30,000 degrees of freedom), the nonlinear eigensolver

AVSP requires about 30 minutes to 1 hour to compute the two thermoacous-
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Figure 5.7: Top: Modulus of velocity fluctuations associated with
the mode 1, normalized by its L2-norm. Flame shape H(x) used in
the simulation that satisfies [, H(x)dz = 1. Bottom: Phase of the
mode 1.

tic modes (excluding the ITA mode). In contrast, the presented frame-based
modal expansion method requires an initial frame construction step. Specifi-
cally, 60 pure acoustic modes are computed using the Finite Element Method
(~ 5 minutes), after which the global thermoacoustic system is assembled us-
ing the state-space formalism. This results in a linear eigenvalue problem of
size ~ 100, which is solved using a direct solver in about 1 second. To
identify the three physical modes among the results, eight additional sim-
ulations (each taking 1 second) are performed, so the identification process
takes approximately 10 seconds in total. Furthermore, once the frame is
built, the method allows instantaneous recomputation of the system in re-
sponse to small changes in the Flame Transfer Function (FTF) or boundary

conditions, at no additional computational cost.
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5.2 The HYLON configuration

The MIRADAS setup is primarily designed to study methane-air flames with
a small percentage of hydrogen, and it is particularly interesting to observe
that the addition of hydrogen can stabilize the lame. However, this geometry
is not suitable for studying hydrogen-air flames. A new configuration, called
HYLON (HYdrogen LOw Nox), has therefore been developed to investigate
non-premixed hydrogen-air flames [168H170]. The configuration is depicted
in Fig. [5.8|

Outlet: p' =0 ,
— P rpiniminininininieie T ‘ ‘
Pis4 PR T, :
pad ! swirler| |
7 ] |
" | 0 e P14
[ | SHER. Al | W
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S o ! i | \ \
py| >~ ATl D5
Ps b1y ¢
P L.l
<« |Ho inlet: ' =0 D2f be
|Air inlet: v’ = 0|
V2% e | D7

Figure 5.8: Left: Experimental setup studied at IMFT, includ-
ing a detailed view of the HYLON burner. The inlet and outlet
boundary conditions used in the simulation are also shown. Right:
Computational domain with the locations of the microphones.

The two inlet lines Air/H, are well separated to prevent the gases from

mixing before combustion. Several microphones are placed in the setup to
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148 5.2. THE HYLON CONFIGURATION

measure the instantaneous pressure at different locations. Microphones pg
and p; are located in the plenum, p;; and pys are in the fuel line (Hs), ps
is also in the plenum near the converging section just before the air swirler,

and py4 is placed in the combustion chamber after the injector.

5.2.1 Cold case validation

We first compare the passive acoustic modes observed in the experiment with
those predicted by STORM (specifically using FEniCS for the passive simu-
lation). For this validation, both the experiment and the simulation involve
only air in the domain (no Hj), and the setup is at ambient temperature,
meaning there is no flame present. The value of sound speed is therefore set

1

uniform, with value ¢y = 347.12 m.s™. The boundary conditions used in

the simulation (which are the same as those in the experiment) are given in
Fig. 5.8

The results in terms of frequencies for the first four acoustic modes are
provided in Tab.
Table 5.2: Frequencies of the first four acoustic modes in the pas-
sive simulation of the HYLON configuration, from both experi-

mental measurements (by H. Paniez, unpublished) and FEniCS
calculations.

Mode index N Experimental measurements [Hz] FEniCS solver [H z]
1 66 64
2 166 189
3 256 263
4 420 446

The experimental pressure measurements at the different probe locations
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are compared with the pressure signals computed using FEniCS. The results

are presented in Fig.
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Figure 5.9: Green dashed line: Mode shape computed with FEn-
iCS, plotted along a line that passes through the fuel line. Full
black line: Same plot, but along a line passing through the plenum
and the combustion chamber. Green crosses: Experimental pres-
sure measurements at microphones p;; and py; (fuel line). Black
dots: Experimental pressure measurements at microphones p;, pg,
ps and pyu. The middle figure shows the microphone positions
within the geometry as a visual reference.

149



150 5.2. THE HYLON CONFIGURATION

The discrepancies observed can be explained by some simplifying assump-
tions. For instance, acoustic losses in the geometry - especially around the
injector - are not accounted for. Additionally, the boundary conditions in
the simulation are fully reflective, whereas in the real experiment, partial
reflections may occur. These could be better represented using impedance
boundary conditions. Even though the experiment reflects the real physical
behavior, some discrepancies may also arise from uncertainties in the pres-
sure measurements themselves, due to the limitations and precision of the
measurement devices. Overall, the experimental and numerical results are
consistent, which allows us to proceed to the next part of the study: the

flame response in hot conditions.

5.2.2 Double entry FTF

The combustion of hydrogen is an increasingly studied subject, particularly
because it is considered "cleaner" from an emissions standpoint. The experi-
mental burner HYLON has been built to study the behavior of non-premixed
flames composed of air and hydrogen (H2). Besides the experimental and/or
numerical challenges related to turbulent hydrogen combustion, the addition
of a hydrogen injection line separate from the air injection questions the clas-
sical N —7 FTF model. Indeed, this model assumes that the unsteady rate of
heat release Q' depends only on an acoustic velocity perturbation measured
at a certain reference point. In the case of dual air/hydrogen injection, one
can attempt to model the heat release in a way that accounts for two inlet
velocities, each measured in the two different lines. In the work of Polifke
[171], the flame is modeled as a Multiple Input Single Output (MISO) sys-
tem, where ()’ responds to equivalence ratio fluctuations on top of velocity

fluctuations. ¢’ cannot be related in a straightforward manner to the veloc-
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ity at the burner exit, but instead are coupled to the acoustics of the entire
combustion system, including the fuel lines.

The double input / single output system has been implemented in the
STORM framework (Eq. [5.1)), but the methodology can be extended to any
number of inputs. In the case considered, inputs are from the two inlet lines,

air and H2.

/ ) ' /
Q=0 (Nairej“Tair UATawr) | g eierm TH) E"””H)) (5.1)

Ugqir qu
5.2.3 Pseudo-analytical solutions

Before performing a simulation of the double FTF with the modal expansion
framework, we first computed a simplified configuration trackable analyti-
cally to verify the numerical implementation. The schematic representation

of the case studied is depicted in Fig. [5.10]
Ll L3

Si|e,pr Lrye c3, P3
So| €25 P2 Lr2 e

Ly

Figure 5.10: Schematic representation of the 1D test case used to
validate the numerical implementation of the double entry FTF.

S3

The single flame is positioned at the outlet of the two inlet lines, and is
represented by the red line in Fig. [5.10} z,4 and z,9 are the two reference
points for velocity perturbations in the double entry FTF. L; and S; are
respectively the length and surface of each ducts. ¢; and p; are the sound
speed and density. The value of all these parameters are summarized in
Tab. 5.3l The boundary conditions are set as walls at the inlet of the two

fuel lines, and open atmosphere and the outlet of the combustion chamber.
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Table 5.3: Geometrical and physical parameters of the test case

depicted in Fig.

Geometrical Physical FTF
L =308 mm | ¢; =1299.36 m.s™" | 2,1 =306 mm N; =1
Ly =535 mm | co =336.832 m.s™ ' | 2,0 =533 mm Ny=1

Ly =765 mm | c3 =371.788 m.s7' | Q =250 W 7 =1ms
S =8L7Tcem? | pp=0.084 kgm™3 |u=1m.st 7=0.7ms

Sy =782 cm? | py = 1.25 kg.m™3 Uy =1 m.s~!
Ss =200 cm? | p3 = 1.026 kg.m ™3

Details of the pseudo-analytical method used to compute the eigenmodes
for this configuration are provided in Appendix [B.2] These solutions serve as

reference results for the State-space approach presented in the next section.

5.2.4 State-space and network approach

The state-space of the double entry FTF flame takes as input vector Uy the
output vectors from the 2 connected ducts where the reference points are
placed (z,; and z,2). It also takes as input the output from the third duct
where the flame is located: z;.

Since the double-entry FTF (Eq. contains two frequency-dependent
functions (corresponding to the responses of each input), each of these func-
tions is fitted separately using the Vector Fitting algorithm.. The fluctuating

heat release Q' then has the form:
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Q) = 4 (Ro,l + S

Uy

R
Y
JW — P1k
(5.2)
R
B Y
JW — P2k

Based on the formalism developed for the single input FTF, the state-

Q N,
+ R(LQ + Zk:l)lf2

Uo

space of the double entry FTF is of size Npyp1 + Npppo + 6. 1t is written:

uqef
P!
d | X A, 0| |X B, 0 0| |uY
a f1 _ f1 f1 4 f1 fef (5'3)
Xf2 0 Af2 sz O Bf2 0 pQ
uéoc
-ploc-
The output equation is the following:
, Xfl
-ve|=[cn sl (54)
f2

For i = 1,2, the matrices Ay, By, and Cy, and vectors X¢; respectively
correspond to the state matrix, input matrix, output matrix and state vec-
tor of the state-space associated with a single input FTF. This state-space
stands for the definition of either 1D or 3D flames. All the matrices involved
in this state-space are detailed in the Appendix [A.5] This formalism is im-
plemented in the STORM framework, and the results in terms of frequencies
of the configuration depicted in Fig. [5.10] using the parameters of Tab.
are presented in Tab. 5.4

The results show good agreement. Minor discrepancies can be attributed

to the finite flame thickness in STORM, modeled with a Gaussian profile,
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Table 5.4: STORM vs. analytical results for the frequencies and
growth rates of the first 5 modes of the 1D configuration described
in Fig. The last column shows the error, computed as the
relative Cartesian distance between STORM and the analytical
solution in the frequency/growth-rate plane.

Mode Analytical STORM Errors

index | f [Hz] o [s7']| f[Hz] o[s7']| [%]
1 80 -4.2 81 -4.7 1.5
2 182 4.3 183 4.0 0.4
3 316 -13 320 -15 1.6
4 475 3.2 476 1.4 0.4
5 545 7.9 550 11.4 1.1

and to the fact that the reference points are taken 2 mm upstream of the
flame. In contrast, the analytical model assumes an infinitely thin flame with
reference points located exactly at the flame position. Overall, these results
validate the numerical implementation of the double-entry flame state-space.
This framework is now applied in the next section, using experimentally

measured flame transfer functions on the HYLON test rig.

5.2.5 HYLON results

As part of the HYLON project, experiments were conducted at IMFT to
measure the flame response to an acoustic velocity perturbation, either in
the air line or the H, line. These experimental measurements, conducted by
H. Paniez (unpublished data), are used to construct two transfer functions,
which are fitted using the Vector Fitting algorithm, in the same manner as

for single-input FTFs. The causality parameter, which enforces a negative
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Figure 5.11: Crosses: Experimental measurements (conducted by
H. Paniez at IMFT, unpublished). Solid lines: Fits obtained using
the Vector Fitting algorithm. Left: Gain and phase of the flame
response to an acoustic perturbation in the Air line. Right: Same
quantities for an acoustic perturbation in the H, line. The fit orders
are set to Npyr 4y = 16 and Ny g, = 15.

real part for the poles, is activated. The experimental data and the resulting
fits for the two transfer functions are presented in Fig. [5.11]

Since no impedance data are available at the outlet, an open-atmosphere
boundary condition is applied at this location: p’ = 0. All other boundaries
are treated as solid walls, with a zero normal pressure gradient imposed:
V,p = 0. The mean flow fields used in the simulation include a temperature
jump from 293 K in the plenum to 900 K in the chamber. The resulting
density field po() is shown in Fig. . As the hydrogen line contains only
H,, its density remains low despite the relatively low temperature in that
region.

The reference points @, 4, and x, g, for the flame response in the air
and H, lines, respectively, are taken 6 mm upstream of the chamber in their
corresponding line. The frame size is set to N = 100. Since only trivial

boundary conditions are applied, the acoustic modes form an orthonormal
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Figure 5.12: Density field py(z) used in the simulation under hot
conditions. The positions of the two reference points are also
shown.

basis of the solution space. There is no need to construct a frame, and
the use of SVD is not required. The mean flame power is Q = 5.2 kW,
and the mean velocity in both lines are 4, = 32.9 m.s™! and uy, = 18.9
m.s~!. Since two transfer functions are involved in the simulation, multiple
fits must be performed with different orders (as explained in Chapter [3).
A total of nine simulations are conducted to identify non-physical modes
caused by the poles introduced by the fitting process. The fit orders used
are: Npyr air = 14,15,16 and Ny g, = 14,15, 16.

The frequencies and growth rates then identified as physical by the method
are presented in Tab. [5.5

Although the experimental setup exhibits only one thermoacoustic mode
around 430 Hz, the numerical simulation predicts three unstable modes at
approximately 62 Hz, 302 Hz, and 447 Hz. The third mode matches well
with the experimentally observed instability. The first mode, at 62 Hz, is

only marginally unstable and could likely be stabilized by accounting for
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Table 5.5: Frequency and growth rate obtained with STORM in
the HYLON configuration, in the frequency range [0,500] Hz.

Mode index | f [Hz] | o [s7}]

1 62.5 3.52
2 3029 | 13.57
3 447.8 | 14.33

acoustic losses that are neglected in the current model. The second mode,
however, appears significantly unstable and is more difficult to explain. This
could be attributed to several factors.

First, the numerical model uses idealized boundary conditions, such as
fully reflective walls or pressure-released atmosphere, which may artificially
enhance the acoustic feedback and promote instabilities that are otherwise
damped in the real system. In reality, partial reflections and acoustic losses
at the boundaries can stabilize certain modes.

Second, the mean flow used in the simulation is based on simplified as-
sumptions, such as a stepwise temperature jump between the plenum and
the combustion chamber. These approximations misrepresent the real tem-
perature, density, or velocity gradients, thus modifying the coupling between
pressure and heat release and potentially leading to instable modes.

Third, the flame model used in the simulation is based on a double-
input Flame Transfer Function, built as the sum of the flame’s responses to
acoustic perturbations in the air and hydrogen lines, treated independently.
In reality, there may exist cross-coupling effects between these two inputs
that cannot be captured by a simple additive model. Introducing an explicit

coupling term between the two inputs might improve the accuracy of the
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representation.

Fourth, the simplified treatment of the injector impedance may also con-
tribute to the discrepancies. As discussed in Sec. on the MICCA con-
figuration, non-trivial acoustic impedances at the injector level can play a
significant role in the stability of thermoacoustic modes. Neglecting these
effects in the current model may lead to an inaccurate prediction of unstable
modes.

Further investigations are required to fully validate these assumptions
and better understand the origin and physical relevance of the additional

unstable modes.

5.3 The MICCA test rig

The goal of this section is to investigate the MICCA configuration, a laboratory-
scale annular combustor developed at the EM2C laboratory (CentraleSupélec,
Université Paris-Saclay, CNRS). MICCA is specifically designed to study
thermoacoustic instabilities in representative aero-engine geometries, partic-
ularly focusing on azimuthal modes. The experimental results used in this
study are taken from the work of Latour et al. [172] and serve as a reference
to validate the STORM simulation framework. The experimental setup is
detailed in the paper previously cited.

In the experimental rig, each injector can be individually modified, and
two types of injector are available: type U and type S. Since the flame re-
sponse is affected by the injector characteristics, replacing one injector type
with another (e.g., switching from S to U) allows for a parametric investi-
gation of how the number and arrangement of each injector type influence
the thermoacoustic instabilities. The different injector configurations tested

experimentally are provided in Fig. 4 and Fig. 7in |[172] and are also recalled
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Figure 5.13: Injector configurations tested in the MICCA experi-
ment. Image taken from [172].

in Fig. [5.13

The objective is to assess the ability of STORM to reproduce the domi-
nant thermoacoustic features observed experimentally in this laboratory con-
figuration. The results using the STORM framework presented in this part

was obtained in collaboration with Y. Gentil, a post doctoral researcher at

CERFACS.
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Figure 5.14: Illustration of the MICCA configuration: geometrical
domain (left) and corresponding STORM network representation
(right). In the left image, the flames are shown schematically. In
reality, they are modeled as spherical regions located just down-
stream of each injector.

5.3.1 Geometry, FTFs, and network representation

A first simulation is performed under hot conditions. The network represen-
tation and the geometry of the MICCA configuration are shown in Fig. [5.14]

The mean fields used in this simulation include a temperature jump be-
tween the plenum and the chamber. The sound speed is set to ¢, = 346

1

m.s~! in the plenum and ¢, = 776 m.s~*

in the combustion chamber. An
end-length correction is applied at the chamber outlet, consistent with the
treatment proposed by Latour et al. [172]. To model this boundary, the spe-
cific impedance expression from [173| is fitted using the Vector Fitting (VF)
algorithm with two different orders, N, = 4 and 7. The resulting fit for
order 4 is shown in Fig. [5.15| For this simulation, the frame size is set to
N = 400, and the number of spectral modes at the outlet is set to Nx = 15.

The flame transfer functions used to model the U and S injectors are
measured experimentally. These are fitted using the Vector Fitting algorithm

with different orders Ny € [7,8,9], and the resulting fits for order 7 are
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Figure 5.15: Impedance fitting for the outlet boundary condition
using the Vector Fitting algorithm (order 4 shown). The solid line
corresponds to the fitted model, while the crosses represent the
experimental impedance data.
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Figure 5.16: Flame Transfer Function fitting for U (right) and S
(left) injectors using the Vector Fitting algorithm (order 7 shown
for both cases). Solid lines show the fitted models, while the crosses
represent the experimental data.

shown in Fig. |5.16

5.3.2 Preliminary results

The results obtained from STORM are compared with both experimental
data and an analytical model developed in [172]. In terms of frequency, the
experimental setup allows for precise measurement of the thermoacoustic
modes, which can be directly compared to the eigenfrequencies predicted by
STORM. However, growth rates cannot be directly measured in the experi-
ments, as only the amplitude of the limit cycle is observable. Since STORM
does not predict limit cycle amplitudes, a direct comparison with growth
rates is not possible.

Fortunately, the experimental study includes a validated ad hoc low order
model that provides an estimate of the growth rates of the modes. This model
serves as a reference for assessing the accuracy of the growth rates predicted
by STORM. The comparison of frequencies (with respect to experimental

measurements) and growth rates (with respect to the analytical model) is
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Figure 5.17: Comparison between STORM predictions and ref-
erence values for the MICCA configuration. Left: Frequencies
compared with experimental measurements taken in [172]. Right:
Growth rates compared with the analytical model from Latour et
al. [172]. Empty markers correspond to the reference values from
the cited paper, while filled markers show the results obtained us-
ing the STORM framework. All values are plotted as a function
of N;, the number of S-type injectors in the configuration. Blue
circles represent configuration type C, orange triangles type L, and
yellow diamonds type A. The different injector configurations are

described in Figureb.14]

presented in Fig.

Although the predicted frequencies are within the correct order of magni-
tude (700 vs 800 Hz), the trend observed when varying the number of S-type
injectors is not correctly captured (STORM predicts that the frequency of
oscillation increases with Ny while the measurements show the opposite),
which is a significant issue. Moreover, the predicted growth rates follow the
correct trend compared to the analytical model from Latour et al. [172],
even though the absolute values appear to be shifted by a significant offset
of order 600 s

One possible explanation for these discrepancies is the acoustic transfer
function of the injectors themselves. Since the injectors are not acoustically

transparent, their influence on wave propagation must be accounted for. This
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aspect is investigated in the following section.

5.3.3 Influence of Injector Acoustic Transfer

One important phenomenon that can affect acoustic propagation in combus-
tors involves the interaction between acoustics and vorticity. This occurs in
localized regions of low velocity, particularly near the injector trailing edges,
where shear layers develop due to fluid viscosity. When subjected to acous-
tic forcing, these shear layers are modified, and energy is transferred from
the acoustic field to vortices [174, [175], effectively introducing an acoustic
damping mechanism.

This phenomenon is frequency dependent and exhibits a linear behavior
at low acoustic amplitudes, transitioning to a nonlinear regime as ampli-
tudes increase [176]. As pointed out by Latour et al. [177], such flow regions,
especially within swirlers, are “weakly transparent to acoustic waves”, and
accurately modeling their effect is critical for reliable thermoacoustic predic-
tions.

Although this effect is not directly captured in the inviscid Helmholtz
equation, it can be incorporated using an Acoustic Transfer Matriz (ATM)
approach. The ATM framework connects upstream and downstream acoustic
quantities (p’ and ') across a compact element using a transfer matrix, and
has been implemented in advanced Helmholtz solvers [81} [178]. In particular,
Ni et al. [81] demonstrated the relevance of this model for swirlers, dilution
holes, and perforated plates in a combustor geometry developed by SAFRAN.

While the ATM approach has already been incorporated into finite ele-
ment Helmholtz solvers, it had not yet been fully implemented within the
framework of modal-expansion-based methods. This section explores such

an implementation within the STORM framework.
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Acoustic Transfer Matrix implementation

Before applying the Acoustic Transfer Matrix (ATM) model to the full 3D
MICCA configuration, a dedicated test case is used to validate its numerical
implementation in the STORM framework. This verification step is essen-
tial to ensure that the model has been correctly integrated into the modal
expansion solver.

The ATM formulation implemented in STORM is expressed as follows:

[ ﬁdA ] _ [Tn(w) T12<W)] { ﬁuA ] (5.5)
PoColld Tor(w) Tao(w)] |pocotia

where T11(w), Tia(w), To1(w), Tea(w) are frequency-dependent transfer
functions. The subscripts d and u refer to downstream and upstream quan-
tities. These functions can be derived from experimental data, Large Eddy
Simulations (LES), or analytical models. Since they are functions of pul-
sation w, they are fitted using the Vector Fitting algorithm, following the
same procedure as for impedances and Flame Transfer Functions. In this
formulation, pg and ¢y denote the average density and sound speed between
the two domains connected by the transfer matrix.

The state-space representation of this transfer relation is provided in Ap-
pendix [A.7]

To validate this implementation, we use an academic 1D test case, illus-
trated in Fig.[5.18] The configuration is a 1D duct of length L = 1 m, divided
into two segments: a 0.4 m upstream duct and a 0.45 m downstream duct.
These two segments are connected through a transfer matrix that models the
acoustic propagation over the remaining 0.15 m of the domain, such that the
total physical length remains 1 m. The boundary conditions, as well as the
values of the density pg and sound speed ¢y, are indicated in the figure. Since

the transfer corresponds to a 1D wave propagation, the analytical expressions
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Figure 5.18: Schematic of the 1D validation configuration. The
domain 1D duct of total length L =1 m divided into two segments
of 0.4 m and 0.45 m, connected by an Acoustic Transfer Matrix
modeling a 0.15 m wave propagation. The values of density p, and
sound speed ¢y are specified, along with the boundary conditions
used for the simulation.

of the four transfer matrix coefficients are known and given by:

Th(w) = Ty(w) = cos(kA,)
(5.6)
Tio(w) = Tun(w) = —jsin(kA,)

where k = w/c¢p is the wavenumber and A, = 0.15 m is the equivalent
propagation length.

The results of this validation case are presented in Tab. [5.6] It reports
the frequencies of the first seven acoustic modes computed using the STORM
method with the implemented Acoustic Transfer Matrix model, and compares
them to analytical solutions obtained for the full 1D tube.

The excellent agreement between both approaches confirms the correct
numerical implementation of the state-space formulation associated with the

transfer matrices.

Application of ATM model to MICCA

In this section, the Acoustic Transfer Matrix (ATM) model, numerically

validated in the previous section, is applied to the MICCA configuration.
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Table 5.6: Frequencies of the first seven acoustic modes computed
with STORM using the Acoustic Transfer Matrix (ATM) model,
compared with analytical results for the full 1D duct. Associated
relative errors are shown in the last column.

Mode index | STORM [Hz] | Analytics [Hz] | Errors [%]
1 86.75 86.75 1.2 x 1076
2 260.25 260.25 4.8 x 1079
3 433.75 433.75 4.4 %1078
4 607.25 607.25 7.7%x107°
) 780.75 780.75 6.3 x 1079
6 954.25 954.25 3.1x107°
7 1127.75 1127.75 6.8 x 107°

This application is particularly relevant since, in the experimental study by
Latour et al. |172], the four transfer matrix coefficients (731, Th2, To1, T22)
were measured and are provided in the appendix of their article.

The dataset of their measurements, along with the corresponding Vector
Fitting results, is shown in Fig.[5.19 In order to apply the non-physical mode
identification criterion defined in Sec. [3.7.4] multiple fits with different orders
were performed. The fitting orders used for the four coefficients 111, Tis, To,
and Ty are: Nyj € [4,5,6], N2 € [4,5,6], Noy € [5,7,9] and Noy € [4,5,6].
These ranges were selected based on the low model-sample error observed
between the Vector Fitting results and the original datasets.

To apply the acoustic transfer matrix formalism, the injectors must first
be removed from the geometry, as illustrated in Fig. [5.20, This operation
separates the 3D domain into two subdomains: the plenum and the combus-

tion chamber. These two regions are then connected through the ATM model
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Figure 5.19: Transfer matrix coefficients (711, T12, T21, T52) measured
experimentally (crosses), and corresponding fits obtained using the
Vector Fitting algorithm (solid lines). The fit orders are: 4 for T},
4 for Ti5, 9 for T, and 4 for T5,.

Figure 5.20: Modified MICCA geometry after removal of the in-
jectors. This operation is necessary to apply the acoustic transfer
matrix (ATM) formalism. The remaining domains are the plenum
(upstream) and the combustion chamber (downstream), which will
be connected via ATM blocks.

168



CHAPTER 5. INDUSTRIAL AND EXPERIMENTAL APPLICATIONS 169

Outlet Outlet
impedance impedance
Length correction
..... x16 flames
l _..- Flame 2 Flame3 _
Flame 1 'S, f / Flame 4
Chamber ...... Chamber =7
’."':/' \.\“\ x16 injectors
W~ -A- R N 3 A‘: Injector 1 f ‘\ Injector 4

;9' ) -e i -e- —QD njector2 - Injector3
l ~ Plenum _I X f

Plenum

Figure 5.21: STORM network representation (right) and corre-
sponding 3D geometry (left) after applying the ATM model be-
tween plenum and combustion chamber.

using two patches, following the connection method described in Sec. [{.2]
The resulting STORM network, along with a visual representation of the
split geometry, is shown in Fig. |5.21]
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Figure 5.22: Comparison between STORM predictions using ATM
and reference values for the MICCA configuration. Left: Fre-
quencies compared with experimental measurements given in [172].
Right: Growth rates compared with the analytical model from La-
tour et al. [172]. Empty markers correspond to the reference
values from the cited paper, while filled markers show the results
obtained using the STORM framework. All values are plotted as a
function of N,, the number of S-type injectors in the configuration.
Blue circles represent configuration type C, orange triangles type
L, and yellow diamonds type A. The different injector configura-
tions are described in Fig. [5.14]

The results obtained by including the acoustic transfer through the injec-
tors are presented in Fig.[5.22] As in the comparison shown in Fig. [5.17] the
predicted frequencies are compared against the experimental measurements,
while the growth rates are compared to the analytical model developed and
validated in the work by Latour et al. [172].

The results shown in Fig. demonstrate a clear improvement once
the non-acoustic behavior of the injectors is taken into account. This is
particularly evident in the predicted frequencies. Not only they are closer in
absolute value to the experimental measurements (with a maximum deviation
of about 3%), but they also follow the correct decreasing trend as the number
of S-type injectors increases - a behavior that was not captured without the

transfer matrices (see left figure of Fig.[5.17)). Similarly, the predicted growth
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rates are in better agreement with those obtained from the analytical model
proposed by Latour et al. [172].

While in some practical applications such as MIRADAS (see Sec. it
may not be necessary to account for the acoustic transfer through the injec-
tors, the MICCA setup provides a clear example where such effects cannot
be neglected. This study has enabled the formulation and numerical im-
plementation of the Acoustic Transfer Matrix (ATM) model, its validation
on a simple 1D configuration, and its successful application to a complex

experimental configuration.

5.4 Post combustion application

Post-combustion is a technique commonly used in military jet engines to
provide a temporary thrust boost. It involves injecting additional fuel down-
stream of the turbine and burning it using the residual oxygen in the hot gases
[179]. Tt is typically used for short durations during critical flight phases such
as take-off, climb, landing, or during tactical manoeuvres. Post-combustion
is a non-expensive solution for providing a thrust increase up to ~ 70%. As
the efficiency of such systems is comparatively lower than that of classical
combustors, post-combustion systems are not an attractive option for civil
aircraft applications, where fuel efficiency is of primary importance.

In addition to azimuthal and longitudinal instabilities |[180], one of the
most critical and damaging phenomena in afterburners is the occurrence of
screech, a high-frequency self-excited thermoacoustic instability [181]. Screech
in afterburners is typically associated with radial acoustic modes, unlike the
azimuthal or longitudinal modes often observed in main combustors. This is
due to the cylindrical geometry of the afterburner, which is completely filled

with reactive gas. In contrast, main combustors usually have a toroidal or
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annular shape with central obstructions, which favor azimuthal/longitudinal

modal structures.

5.4.1 Geometry

The configuration studied is a simplified geometry representative of the af-
terburner chamber of Safran’s M88 engine. The geometry and the boundary
conditions used for the simulation are provided in Fig. [5.23] This config-
uration is particularly relevant as it allows us to test the capabilities and
limitations of the STORM method, and to explore how such a low-order
approach can be applied to post-combustion systems. The mesh associated
with this geometry contains approximately 1.5 million points.

The mean fields necessary to compute the frame was computed using LES
by C. Mocquard. Details of the numerical model used for the LES can be

found in [182]. The temperature and mean sound speed fields are shown in

Fig.

)
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Figure 5.23: Geometry and boundary conditions used to simulate
the afterburner chamber.
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Figure 5.24: Mean temperature and sound speed computed using
LES by the PhD student C. Mocquard, non-published.
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5.4.2 Multiperforated plate modeling

As shown in Fig. [5.24] the sound speed field is non-uniform along the surface
of the liner, and a temperature jump - and thus a jump in sound speed -
is present across the liner interface. This configuration is in the scope of
the validation previously performed on a simplified geometry (Sec. .
However, a notable difference exists: the liner in this case does not separate
two distinct 3D domains, but is instead embedded within a single continuous
3D domain. As a result, in the STORM network representation, there is only
one 3D domain, which is connected to itself across the liner. This differs from
the previously validated configuration, where the liner served as an interface
between two clearly separated 3D domains.

The first step in assessing whether a liner model can be reliably applied
is to verify that a simple 3D-3D connection, enforcing pressure and velocity
continuity across the liner interface, works correctly. To do so, we compare
the results obtained using the state-space 3D—-3D connection based on spec-
tral connections (Sec. to those obtained from a simulation of the same
geometry, with same mean fields but without the liner. The results in terms
of frequencies are given in Tab. [5.7] Since no flame is present in this simu-
lation and only trivial boundary conditions are applied, all growth rates are
expected to be zero, and only the frequencies are considered for comparison.
The frame size is set to N = 1000 and the number of spectral modes to
Ng = 200.

The results show that the continuity condition across the liner interface
is properly enforced, as the frequencies obtained with the connection closely
match those from the reference case without the liner. This confirms that
the 3D3D connection is properly implemented and operational, even in this

complex configuration. However, for reasons not yet fully understood, non-
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Table 5.7: Computed frequencies for the configuration shown in
Fig. [5.23, based on the mean flow fields displayed in Fig. [5.24l
Column 2: Results obtained by removing the liner interface from
the global domain and serving as a reference. Column 3: Re-
sults obtained by applying a continuity condition (pressure/veloc-
ity) across the liner interface, via a 3D-3D connection. The x2
symbol indicates that the mode is degenerated.

Mode | Reference case | Continuity condition
index f[HZ] f [HZz]
1 238.0 238.9
2 302.9 306.3
3 352.7 (x2) 356.4 (x2)
5 438.6 439.0
6 459.7 (x2) 460.5 (x2)
8 4971 (x2) 500.1 (x2)
10 593.2 (x2) 600.6 (x2)
12 665.3 (x2) 667.9 (x2)
14 682.4 (x2) 689.3 (x2)
16 694.2 697.4
17 814.7 (x2) 817.1 (x2)

physical modes still appear in the output. This is illustrated in Fig. [5.25]
which shows the frequencies and growth rates of all the modes returned by
the STORM method in the range of frequency [0,950] Hz.

This graph shows that the physical modes are correctly captured by the
modal expansion method when replacing the liner with a continuity condi-
tion (blue diamonds matching the red crosses). However, many non-physical

modes appear in the output. These modes seem to occur in complex con-
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Figure 5.25: Frequencies and growth rates of modes in the config-
uration depicted in Fig. Blue diamonds: Reference values.
Red crosses: Results obtained with STORM by applying a conti-
nuity condition at the liner interface.

jugate pairs, i.e., each mode with a positive growth rate is mirrored by one
with a negative growth rate of the same absolute value. Note that these
non-physical modes still appear in the output, despite the application of the
SVD-based frame conditioning described in Chapter |3.5.1] and the selection
algorithm detailed in Section [4.2.2] This suggests that their origin lies else-
where — possibly in the spectral mode conditioning rather than the frame
itself. One hypothesis is that these spurious modes arise from the particular
setup where the liner is embedded within the 3D geometry, instead of clearly
separating it into two distinct domains. Additionally, geometric singularities
at the corner of the liner may contribute to the emergence of these modes.
This is visually evident when inspecting one of the non-physical modes (see

Fig. [5.26)), which exhibits a surface-like structure with high amplitude local-
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ized at the corner region.

Figure 5.26: Top: Physical mode at 238 Hz. Bottom: Non-physical
mode. The figure highlights the singularity at the upstream edge
of the liner in the geometry.

Before these spurious modes are properly filtered out, it is not advisable
to include a liner model at the interface, as it would introduce additional
complexity and potentially amplify the influence of these non-physical modes.
Similarly, adding a flame model at this stage would not be appropriate, since

these spurious modes could couple with the flame response, making it even
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more difficult to identify and isolate non-physical modes a posteriori. Further
investigations are necessary to understand the origin of these modes and to
develop a robust method to remove them from the output.

However, the next section presents a flame simulation in such a complex
case, where no Flame Transfer Function (FTF) is available and the flame

present in the system is not compact.

5.4.3 Flame modeling - Parametric study

In the previous section, we discussed the challenges introduced by the pres-
ence of a multiperforated plate in the configuration, particularly from a nu-
merical standpoint. In order to carry out a study focused on the flame dy-
namics and to avoid potential numerical artifacts associated with the plate,
we consider a simplified geometry in which the multiperforated plate is re-
moved. The next step consists in modeling the flame. The first requirement
is to define its shape, which in this case is extracted from the LES simulation
of C. Mocquard, where the heat release field is available. This field serves as
the basis for identifying the flame region. A heat release threshold is applied:
regions where the heat release exceeds a given value (here 108 W.m™3) are
considered to belong to the flame. This threshold is arbitrary and can be
adjusted by the user. The resulting flame shape is shown in Fig.

The post-combustor includes nine main injection arms arranged azimuthally,
each generating a separate flame. We therefore model the flame as consisting
of nine azimuthal sectors. Each sector is associated with a reference velocity
probe located 4 cm upstream the injection arm.

Each of these nine flames is too long to be considered compact, as clearly
seen in Fig. [5.27] A practical modeling approach is to split each flame longi-

tudinally, for instance into three segments. An example of such segmentation
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Figure 5.27: Flame shape extracted from LES simulation using a
heat release threshold of 10® W.m™3.

on a single sector is shown in Fig. [5.28

In total, the flame system is composed of 9 x 3 = 27 flame segments.
Because no experimental or LES-based FTF data is available for this config-
uration, we adopt a simplified modeling approach and perform a parametric
study. We assume that all flames behave identically within each longitudinal
segment. We also assume that these FTFs share a common gain N, while
each has a distinct time delay 7;, specific to the segment ¢ = 1,2,3. The

formulation for each FTF is:

Gig(w) = %Ne‘jw“ﬂ(xnk, w) (5.7)

In this equation, §;,(w) represents the heat release rate fluctuation of
the i-th flame segment in the k-th sector, which is modeled as proportional

to the velocity fluctuation u(x, ,w) measured at a reference point z,j just
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Figure 5.28: Example of the flame structure in one of the nine
azimuthal sectors. The flame is segmented into three equal-length
parts of L = 0.22 m for modeling purposes, with distinct colors
used for visual clarity: green (first segment), blue (second), and
red (third). Each segment is associated with a mean flame power
Q, and a time delay 7;.

upstream of the k-th injector arm. @ = 185 m/s is the mean velocity, assumed
identical for all lame segments and extracted from the LES. The mean heat
release (); is segment-dependent: as we move downstream, each segment
contributes less heat due to flame dilution. The heat release values, measured
from LES integration, are: Q; = 1.94 x 105 W, @, = 1.06 x 105 W, and
Q, = 0.72 x 10 W. The time delays 7; are linked to account for convective
transport of perturbations along the flame. Considering each segment of the

same length (here L = 0.22 m), they are defined as:

~

L
72271+:a.ndT3:TQ+: (58)
U

IS

The parametric study therefore focuses on two independent FTF param-
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eters: the gain NV and the initial delay ;. All segments share the same gain
N, and the time delays are deduced from 7;. The parameter space is explored
by varying N from 0 to 3 in steps of 0.2, and 74 from 0.1 ms to 1 ms in steps
of 0.1 ms, for a total of 15 x 10 = 150 thermoacoustic simulations.

As explained in Chapter [3] the STORM method requires several rational
fits of each FTF to identify spurious modes. In this configuration, three
distinct FTFs are used—one per flame segment stage—each associated with
its own time delay. For each of these three FTFs, three different fits are
performed, yielding a total of 3 x 3 = 9 rational approximations. The fit

orders are adapted to the different time delays of the stages:
o Nppp1 = 18,19, 20 for the first-stage FTF
o Npppo = 26, 27, 28 for the second-stage FTF
o Nppys = 34, 35, 36 for the third-stage FTF.

These values are selected by identifying the minimum order at which the
fit accurately captures the FTF dynamics, and then increasing it by one to
allow the removal of non-physical modes, as detailed in Chapter |3, For each
parameter pair (N, 1), 27 simulations are performed, resulting in a total of
27x 150 = 4050 STORM runs to generate the full parametric plot (Fig. .

From a computational standpoint, the process is highly efficient: con-
structing the modal basis, common to all cases, requires about 30 minutes
on 36 processors, while the full set of 4050 simulations is completed in roughly
1 hour on a single processor. This efficiency highlights a key advantage over
classical finite element solvers, which typically require about one hour per
mode and parameter point, making such studies practically infeasible with

conventional methods.
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182 5.4. POST COMBUSTION APPLICATION

The results of this parametric study, plotted in the frequency/growth rate
plane, are presented in Fig. [5.29|
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Figure 5.29: Results of the parametric study showing the computed
thermoacoustic modes in the frequency—growth rate plane. Each
point corresponds to a mode obtained from a STORM simulation
using a specific combination of gain N and time delay 7, with
o =7+ L/u and 73 = » + L/u (with L = 0.22 m and @ = 185 m/s).
All flame segments share the same gain N, varied from 0 to 3 by
steps of 0.2, and the base time delay 7; is varied from 0.1 ms to 1
ms by steps of 0.1 ms. The three subplots below show zoomed-in
views on selected regions (red dashed lines). These zooms provide
better visibility of how growth rates evolve locally with varying
FTF parameters. Gray dashed lines in the zoomed-in plots indicate
levels of constant gain N.
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First longitudinal mode ~ 237 Hz

First azimuthal mode of
the chamber ~ 590 Hz

First transverse mode
in the chamber ~ 1220 Hz

0 Pressure modulus [-] | (Phase at the outlet [rad]
e — | —

Figure 5.30: Representative acoustic modes of the chamber: the
first longitudinal mode at ~ 237 Hz, the first azimuthal mode at
~ 590 Hz, and the first transverse mode at ~ 1220 Hz (i.e., the lowest
frequency mode of each family). The left side shows the pressure
magnitude distribution for each mode, while the right side displays
their phase at the outlet of the combustion chamber.

183



184 5.4. POST COMBUSTION APPLICATION

The resulting plot in Fig. displays the typical trajectories of ther-
moacoustic modes as a function of FTF parameters. As expected, when the
gain N varies, the eigenvalue trajectories follow straight lines converging at
the frequency of the pure acoustic mode. When the time delay 7 varies, the
trajectories form circular arcs around the same frequency. These trends are
consistent with the theoretical behavior of N — 7 constant FTF models [183].

Interestingly, even when using purely longitudinal FTFs based on the
axial reference velocity, unstable transverse modes still appear in the simula-
tions. For instance, Fig. [5.30| shows the first azimuthal mode of the chamber
and the first transverse mode. The transverse unstable modes, commonly
referred to as screech modes [184-186], are characteristic of post-combustion
chambers and are known to be particularly damaging to chamber compo-
nents. Capturing such modes is therefore of critical importance, and this
study highlights the ability of STORM to detect them even when using sim-
plified flame models.

Furthermore, the structure of the parametric plot in Fig. [5.29| reveals the
presence of mode degeneracy due to the symmetry of the configuration. This
is clearly visible in the zoom around 1015 Hz, where pairs of eigenvalues
share nearly identical frequencies and growth rates. This degeneracy reflects
the azimuthal symmetry of the geometry and is well captured by the model.

This parametric study also enables the generation of stability maps, which
depict the stability of individual modes in the (IV,7;) plane. Although such
maps can be constructed for all identified modes, we focus here on two modes:
the first azimuthal mode at approximately 590 Hz and the first transverse
mode at approximately 1220 Hz (see Fig. |5.31]).

Beyond these physical insights, this study also demonstrates the robust-
ness of the mode identification procedure presented in Chap. Across all
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Figure 5.31: Stability maps in the (N, ;) plane for two representa-
tive modes. Red regions indicate instability with a positive growth
rate (o > 0), while blue regions indicate stable conditions (o < 0).

4050 simulations, no spurious modes were misidentified, which validates the
effectiveness of the fitting and filtering methodology used.

Finally, while the FTF model adopted here is simplified due to the lack
of experimental or LES-based FTF data, the resulting predictions already
offer valuable design information. In practical terms, such stability maps
can help engineers rapidly identify safe operating zones or detect parameter
ranges prone to instability. Future studies may further refine this approach by
incorporating nonlinear effects or cross-coupling between segments, but the
present results already underscore the power and efficiency of the STORM

solver for parametric thermoacoustic analysis.

5.5 Conclusion

This chapter presented the application of the STORM framework to four
different experimental configurations, each introducing increasing levels of

physical and numerical complexity.
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The first part focused on the MIRADAS setup, where STORM yielded
results in good agreement with experiments by using measured FTFs and
boundary conditions. This configuration serves as a solid validation case,
demonstrating that STORM can reliably handle 3D geometries with realistic
flames and complex boundary conditions.

In the second part, the HYLON configuration is studied. It features a
non-premixed flame fed by two distinct injection lines. A two-input FTF
model was implemented in STORM and shown to be numerically consis-
tent. However, the results did not match the experimental observations as
closely. This discrepancy may arise from several factors, an example is the
limitations of the two-input FTF model itself, which approximates the total
flame response as the sum of its individual responses to each line, neglecting
interaction effects.

The third part examined the MICCA setup, a 360° configuration with
multiple flames. This case highlighted the ability of STORM to handle
large and complex systems. It was shown that accounting for the injectors
impedance is essential to accurately recover the experimental results. The
implementation of transfer matrices was first validated on a 1D test case
and then successfully applied to MICCA. This entire study was conducted
mainly by Y. Gentil, a post-doctoral researcher at CERFACS. It was part
of a preliminary effort to study the potential of STORM when used by an
external scientist who was not involved in developing the solver.

Finally, the last configuration aimed to push the limits of the STORM
methodology by applying it to a physically challenging geometry represen-
tative of a real afterburner. This test case introduces numerous difficulties,
both physical and numerical, such as the absence of FTF or boundary condi-

tion data. However, the parametric study highlights the key advantage and

186



CHAPTER 5. INDUSTRIAL AND EXPERIMENTAL APPLICATIONS 187

novelty of the STORM framework: its ability to perform large-scale thermoa-
coustic analyses in a computationally affordable way. Covering a 2D space
of 150 FTF parameter sets and performing 4050 full thermoacoustic simula-
tions was achieved in under one hour on a single processor, after an initial
modal basis computation that took only 30 minutes on 36 cores. Such an
exploration would be practically impossible with conventional finite element
solvers, which typically require an hour per point in the parameter space.
Despite using simplified flame models, the study successfully captures im-
portant physical phenomena such as mode trajectories with respect to gain
and time delay, the triggering of transverse screech modes, and modal degen-
eracy due to geometric symmetry. These results demonstrate not only the
accuracy and flexibility of STORM, but above all its ability to unlock para-
metric design studies that were previously out of reach due to computational
cost.

Overall, this chapter clarifies the current status of the STORM frame-
work, what it can do, and where its limits lie. There are still important
questions to be addressed, particularly regarding non-physical surface modes
observed in the post-combustion simulation, which appear only when a liner
is included in the geometry. In Section [4.5] a new approach was proposed to
treat impedance jump conditions as source terms in the governing equations.
This strategy has already been validated in 1D. Once fully implemented and
validated in 3D, it could be applied to the post-combustion configuration to
assess whether these non-physical modes disappear, paving the way for more

accurate and robust simulations.
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Chapter 6

General conclusion and
perspectives

This thesis presents a comprehensive contribution to the development, vali-
dation and application of the STORM framework for the prediction of ther-
moacoustic instabilities in complex combustor systems. The work is struc-
tured around four main chapters, each addressing a critical component of the
modeling chain.

Chapter [2] reviews the fundamental mechanisms of combustion instabil-
ities and provides an overview of existing numerical methods for thermoa-
coustic stability analysis. Within this context, the STORM framework is
introduced, highlighting its key strengths: a modal frame-based expansion
strategy and a network-based formulation that enable efficient and flexible
modeling of arbitrarily complex systems.

Chapter [3| focuses on the core numerical methodology of STORM: the
frame modal expansion. While this approach offers computational efficiency,
it also introduces numerical conditioning issues. A systematic method based
on Singular Value Decomposition (SVD) was proposed to clean the modal ba-
sis, thus improving numerical robustness. This procedure is now an integral

part of STORM. Additionally, the chapter details the treatment of flame
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dynamics using Flame Transfer Functions (FTF), including the automatic
fitting process via Vector Fitting. Since such fitting operations introduces
non-physical modes in the output, a dedicated method is developed to iden-
tify and remove them. This identification method is generic and is applied
to all frequency-dependent models, including impedances, liner conductivity,
Acoustic Transfer Matrices (ATM), etc. The chapter also justified the use of
the FEniCS library for finite element assembly and provided code examples
throughout.

Chapter (4] details how boundary and jump conditions in thermoacoustic
systems are treated under the STORM framework. These conditions are es-
sential, either to close the Helmholtz problem (boundary conditions) or to
model physical effects not directly captured by the inviscid Helmholtz for-
mulation (jump conditions), such as hydrodynamic-acoustic interactions, or
liners. In 3D, these conditions are imposed using spectral connections, a
technique originally introduced in STORM by C. Laurent [94] in 2021. Sev-
eral numerical issues associated with these connections are identified, and
practical solutions are implemented. Toward the end of the chapter, a new
perspective is proposed: instead of relying on interface-based modeling via
spectral connections, we introduce a volumic source-term formulation for
jump conditions. This approach simplifies the domain decomposition, avoids
the use of non-orthogonal frames, and provides a promising alternative for
future developments. It is validated in 1D configurations, and further inves-
tigations are needed to extend it to realistic 3D setups.

Chapter [5] tests the current limits of STORM by applying it to a series
of experimental and industrial configurations. This serves as a benchmark of
the method’s maturity and reveals new directions for improvement. While

very good agreements are found with experimental results for the MICCA
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and MIRADAS setups, challenges remain for more complex cases such as HY-
LON and the afterburner configuration. The latter, in particular, reveals the
presence of non-physical modes, despite prior validations of the spectral con-
nections. Based on the structure of these modes, we hypothesize they origi-
nate from numerical conditioning issues in the spectral connection formalism.
Two promising research directions are therefore identified: (i) improving the
numerical robustness of the spectral connections, or (ii) transitioning to the
newly introduced source-term-based jump condition approach to eliminate
these spurious components. In this same chapter, a large-scale paramet-
ric study is conducted on the afterburner configuration, which demonstrates
STORM'’s unique ability to explore a wide range of Flame Transfer Function
parameters efficiently. Such a study would be practically impossible using
a traditional finite element solver due to its prohibitive computational cost.
This highlights one of STORM’s key advantages: its ability to enable high-
throughput stability analyses of realistic configurations at a fraction of the
computational expense.

All the developments presented in this thesis are integrated into the
STORM Python package, maintained at CERFACS and released under the
CeCILL-B license. The package includes functional and integration tests to
ensure the reliability of continuous development. It is fully documented on
the CERFACS intranet, and provides a serial of 1D, 3D, and multi-domain
tutorials, complete with schematics and automated scripts to facilitate user
adoption. STORM is containerized for deployment on various HPC environ-
ments, using Docker or Singularity, which is also detailed in the documenta-
tion. It is important to note that this thesis is the third one which focuses on
STORM, following those of C. Laurent and A. Badhe. Together, these con-

tributions have significantly advanced the method’s capabilities, robustness,
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and usability. Today, STORM is used by Safran Aircraft Engines to study
thermoacoustic phenomena in their combustion chambers.

Although many axes for improvement remain, the current version of
STORM provides an efficient and accurate tool for high-level parametric
studies of thermoacoustic instabilities. It bridges the gap between low-order
modeling and practical industrial application, offering a unique combination

of flexibility, speed, and predictive power.
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State-spaces realizations
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A.1 Eliminating the feedthrough matrix in
the State-Space formalism.

Let’s assume that a complex-valued, time-dependent input variable u(t) is

in the input vector U; of a given subdomain €2;, and must be used for the
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A.1. ELIMINATING THE FEEDTHROUGH MATRIX IN THE
194 STATE-SPACE FORMALISM.

output equation Y;(t) = C;X;(t) + D;U;(t). The idea is to incorporate

this variable u(t) in the state-vector X; to simplify the output equation and
make the Redheffer star product easier. As usual with the formalism adapted
for the Helmholtz equation, variables of interest are decomposed into a static
modulus and a temporal phase: u(t) = |u|e’*t. Then, a new variable x(t) is

introduced, which satisfies the following differential equation:

@(t) + Qox(t) = Qo |ule’ (A1)
(t)

where )y is a constant that will be well chosen. The solution of this

equation is:

Qo

x(t) = Ae 0t 4 ——2 4,

(1) (A.2)
where A is an arbitrary constant (from the homogeneous solution). The
variable z(t) tends to u(t) as €y tends to infinity: Q%iinoo z(t) = u(t). Finally,
the modified state-space can be written, by adding z(t) to the original state-
vector:
d | Xi A O X, B;| | U;
— = + (A.3)
dt | (1) 0 —Ql |z Q| |u(®)
The last line of the state-space represents the Eq. Therefore, any

variable from U; can be incorporated in X; and the modified output equation

is written:

— | (A.4)
X;
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A.2 Geometrical block, truncated-SVD of the
frame

A.2.1 1D case

Consider a 1D geometrical subdomain where the frame size is N. The trun-
cated SVD is performed on this frame, which reduces the frame size to N;.

The modal expansion of the pressure field is written:

Plat) = Tu(t)Un() (A.5)

Recall that the U,, functions result from the orthonormalization of the
original frame (¢, ),<y. For simplicity, we consider a single one-dimensional
connection (a section jump, for example) located at xy, which introduces a
normal velocity forcing u/f(xg,t) and an acoustic potential forcing ¢/ (g, t).
Similarly, we assume that only one flame is present in the domain, positioned
by a function shape H(x) which generates a heat release denoted by Q'(t).
The formalism is generalizable to any number of flames or connections simply
by adding each contribution.

Under these considerations, the temporal evolution of the modal ampli-

tudes T,, is written:

o) = =Y [BVIQ2VE,  Ti()
— Py SUn(x0)uf (20, 1)

+ pocgsann(fEO)S&f (o, t)

+ (v = DH|U)Q'(?)
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where V,, is the gradient operator projected onto the outward normal
vector of the surface. Even in 1D cases, the cross-sectional area is taken
into account, typically to enforce the continuity of mass flux. Here, this
area is denoted by S. The dynamic equation is recast as a state-space

formulation as follows:

XlD = AipXip+ BipUip

(A.7)
Yip = CipXip
where
u{i Zo,t
(1) (7o) il (0, 1)
Xip=| . , Uip = o/ (x0,1) , Yip =
Tn (t) , P/ (-1'07 t)
(v = 1DQ'®)
) ) (A.8)
0 1 - 0 1
—[ZVTQ?VE-1Y,, 0 --- —[ZVIQ2VE-!, N O
) 0 0 0
Bip = pocyS (A.10)
—Un(xo) ViUn(zo) (H|Un)
1
e ==V Un(o) 0
Cip = Po (A.11)
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A.2.2 3D case

When considering a 3D geometrical domain, the previously established 1D
state-space formulation must be adapted by incorporating the spectral con-
nection formalism. The source term representing the flame is not modified
and is therefore omitted here for simplicity. The necessary modifications ap-
pear only in the boundary forcing terms, specifically the acoustic potential
forcing o/ (x,,t) and the normal velocity forcing uf (x4, t). These quantities
are now approximated using a 2D modal expansion over the interface surface

modes (Ky)r<ny, as follows:

ol (s,t) = 08 () Ki(@s)

(A.12)
uf(xs,t) = chvjl p () K. (5)
where @, denotes the coordinate along the surface.
The temporal evolution of the modal amplitudes Y,, is written:
T.(t) = =30 [EVIQRVEY,  Ti(t)
— pocd S n (k| Un) i () (A.13)

o S nE (VU Kk (t)

where (-|-) denotes the 2-dimensional inner product over the connection

\

interface.

The state-equation is written:
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B, -+ Bin, U,
Xsp=AspXsp+ | ¢ - : : (A.14)
By, -+ Bynng| [Ung
~ ~ N —
Bsp Usp
where
0 0 i (t)
Bk = poc; , Up = (A.15)
—8i{Un| k) (VaUn|Kr) Vi(t)

The state matrix/vector are unchanged compared to the 1D case: Asp =
AID and X3D = XlD-

The output equation is written:

Y, Cii - Cip
= : : Xsp (A.16)
YNK CNK e CNK,Nt
Yop Csp
where
1
Cr.n = Ss; Po Y= (A.17)
0 (U IK) (plKr)

In this equation, the quantity s; € {+1,—1} is introduced to define the
orientation of the geometrical domain connected to the spectral connection.
This sign is particularly relevant when two 3D domains are connected through
a shared interface. The value of s; is automatically determined when the
network is constructed: for each spectral connection, the user specifies the
two connected geometrical domains. The first domain listed by the user is

assigned s; = +1, while the second is assigned s; = —1.
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A.3 3D3D spectral connections

The temporal evolution of modal amplitudes v, and pu; associated with the

3D3D connection is written:

- (situnlich) + S

N i Co
v, + W}%’/k = — L
i 1
W
. N i
v, = 1 (KCHIC ) vy,
j N 7 j 7
\ 1 = 11 UCLIKCE) i,

(A1) (i 1))

(setIK0) + S G Kk s, (1K)

(A.18)

The two last lines are the link between modal amplitudes associated with

each boundary mesh M? and M?} that defines the 3D3D connection.

The state-space realization is written:

p X Ay 0 X B, B vy U,
dt - *
X A B U
(A.19)
where the blocks Xy, Ay, Uy and By is written:
. si(up | KC.)
vy 0 10 ,
¥ 9 si(P'| )
Xy= ||, Ar=|-w? 0 0|, Up= ,
. s {u3, [KCr)
4 0 00 ,
|55 (P 1K) |
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0 0 0 0
_ s 0 - ik 0
By = | =3I, ML, 1 (A.20)
0 ) 0 K| Ki
porLe WA

And the output equation is written:

Y, Cii -+ Cing X,
= : : (A.21)
YNK CNK,l e CNK,NK XNK
N—— N ~  —— —
Y C X

where the blocks Y, and Cj; is written:

i, 0 0 Ak
Vi 0, 0 0
}fk - f ) Ck,l - W -
My, 0 0 (KiIK3)
X (Kl o 0

A.4 Spectral connections - multiperforated liner

When modeling a pressure jump caused by a multiperforated liner, the tem-
poral evolution of the spectral amplitudes v, and py is modified. The for-
mulation provided here corresponds to the case where the jump coefficient

Kr(w) is replaced by the second order polynomial expansion given by:

2 3 2
Ta 5 2a ma‘h
o Kr=3m e (A22)

Kp(w) = —Kjjw + KBw? |, with Kjy = —

If Kr(w) is not of this form, for example if it is measured experimentally,
the function Kr(w) can be approximated using the Vector Fitting (VF) al-

gorithm. This algorithm constructs a rational approximation of the function
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required for state-space implementation. Once fitted, the resulting model
can be incorporated into the state-space framework in the same way as for
flame models or impedance boundary conditions.

r .
002

et =~y (sl + SO s (1))

" 1 i | ki e pud’ Li ki
My = W (&'(p 1K) + Z;\;}i (K1) 85 1K) — SiK_R<unVCk>>

vl = LUK
\ weo= s (KK
(A.23)
The state-space realization is written:
p X, Ay 0 X, B, B U,
i - *
XNK 0 ANK XNK BNK s BNKJVK UNK
~ - ~ vV vV
X A B U
(A.24)
where the blocks Xy, Ay, Uy and By are written:
Vi 0 10 0 it [ KC)
2 .
i —w; 0 0 0 s (pi|KC
7 . J
M )\kLtm Sj <un‘ ]f)
| 2k 0 00 —KA/KB 55 (P [K) |
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0 0 0 0
Sh 0 QK 0
D) L )\ L
By, = kot 1 . k tO 1 KK (A.25)
. poMLe PoALe !
i 0 0 0

And the output equation is written:

Y, Cl,l Cl,NK X,

Pl=1 0 : : (A.26)
YNK CNK,l CNK,NK XNK

Y E X

where the blocks Y, and Cj; are written:

,u}'c 0 0 (Swg 0
l/i 5l,kz 0 0 0
Yi=| |, Ci= o
14, 0 0 (KK 0
| (KilKh) 00 0

A.5 Flame block: single entry FTF

Under the Vector Fitting formalism, the fluctuating heat release rate Q’'(t)

is written:

Ny Nyr+ne
R*
Q' Ry + g E { k *] u, (@, t
) TGy 2 = Liw —pi to—pp) ) nl?

(A.27)
Even though it is possible to work with matrices containing complex

numbers, the model is currently coded to work only with real matrices. In

this way, Eq. is recast:
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Q Ry "SR jw2R(Ry) — 2R(pkRY)
Q)==2(Ro+) - + : (@, 1)
(0= | fo g;yw—pk h§;1@M”—%w%@w—aﬂ (
(A.28)
Then we introduce a new variable z; that satisfies:
1 /
VAR ; U,
JW — Dk
Vk <n,
Ze = Pzt
(A.29)
1 /
2y = _ u,
: —w? — jw2R(pr) + |kl
Yk > n,

5 =

= 2R(pr) 2 — ol 2x + s,
Equation can be rewritten:

Ny Nr~+ne
Q/<t> = % (R()U;L(CUT, t) + Z szk +

> 2R(Re)i — 25}3(ka7§)%>
k=1 k=n,+1
(A.30)
which is recast as a state-space formulation as follows:
X; = A;X;+ B;Uy
Yy

= CXy
where

(A.31)
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Zk<n,
!
X = U = tn () Y; = — 1) (A.32)
f , Uy , Yr=1 (y-1)Q :
Zk>n, p (9’57»)
Zk>nr
| 2(t) |
Pr<n, 0 0
Af = ' (A.33)
0 1
0 _‘pk>nr|2 2%(pk>nr) 0
0 0 -
1 0 Ry,
Do - 10 :
By = ,Cf = - 1e = )@ ) (A.34)
0 0 —2R(pr1};)
1 0 2R(Ry,)
i Qy O | i Ry |
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Qo is set to a high value to built a time-derivator in the last line, forcing

the variable x(t) to exponentially converge to u! (x,,t) (detailed in Appendix

).
A.6 Frequency dependent impedance Z(w)

The dynamic equation of the averaged velocity in the control volume is writ-

ten:

Wi, = p(xs) — Uy (T s A.35
it = —=p(e) (@) (4.35)

Under the state-space framework, the impedance Z = Z(w) is approxi-

mated by the pole residue formulation, which is written:

-~ Ry "R jW2R(Ry) — 2R (pr RRy)

Z(w) ~ Ry + . + .
W=Rot) = A — 2R () — o

(A.36)

k=n,+1

As for flame transfer functions, we introduce the variable z;, that satisfies:

( L ()
z = ; U, \Ts
g JwW — Pk
vk < n,
(2 = prae ()
(A.37)
4 1 ,
z = - Up (L s
g —w? — jw2R(pr) + |px/? ()
Vk > n,
o= 2R(pw)ak — pel* 2k + up, ()

To build the temporal state-space associated with the impedance subdo-
main, the dynamic equation is expressed in the temporal domain and

the z;, variables are introduced:
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T L)
o ol
¢ n
- L_O (Roup,(s) + >y Rrzr) (A.38)
t
C NrTNc 2 *
= L i OR(R)% — 2R (R =)
which is recast as a state-space formulation as follows:
X; = AX;+BU;
{ Y, = C.X, (A.39)
where
Zk<n,
. /
X; = U, = [ U7((;Us)) } Y, =[] (A.40)
Zk>n, p s
’ék>77/r
| Un
Dk<n, 0 0
A; = 0 1
0 - |pk>nr ’ 23%<pk>nr> 0
Co Co Co
——Ri<pn, |+ —2R(prR;) ——2R(R 0
i Lt k<n Lt (pk k:) Lt ( k) |
(A.41)
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1 0 :
0
B; = 0 0 | ,cT=|": (A.42)
1 0 0
0
_C()RO 1 _T_
Ly poLy i

A.7 Acoustic Transfer Matrix (ATM)

Acoustic transfer matrices are used to model wave propagation in linear
acoustic systems. They provide a compact way to relate acoustic quan-
tities such as pressure and velocity (or alternatively, Riemann invariants)
between two locations in a system, such as the inlet and outlet of a duct or
across components like injectors, heat sources, or nozzles. By representing
each element of the acoustic path with a matrix, complex systems can be
constructed by chaining these matrices together, making this approach par-
ticularly suitable for network-based modeling and frequency-domain analysis.
Under the network framework presented in this thesis, two subdomains 2,
and €2y are connected through a connection subdomain C' that defines the
acoustic transfer. A schematic representation is given in Fig. [A.T]

In their most common form, transfer matrices link pressure and velocity at
two cross-sections of a component. These matrices are frequency-dependent
and can capture effects such as reflections, transmissions, resonance, dissipa-
tion, and phase lag.

The form of the transfer matrices implemented in the STORM tool is the

following:

207



208 A.7. ACOUSTIC TRANSFER MATRIX (ATM)

Subdomain C

~
ush uste
Ty -«—
Subciomain 04 Subdomain €29
Ly

Figure A.1: Schematic representation of two geometrical subdo-
mains (); and (), that are connected through a connection element
C, which models the acoustic transfer.

Q2 931

{ Poﬂcjoug2 } B { géz)) ﬁgi’}; } { ,00]20%221 } (4.43)
The subscripts 1 and 2 correspond to upstream and downstream quan-
tities, respectively (see Fig. . po and ¢y correspond to mean density
and sound speed between the two connected domains. In the same way as
for the section jump subdomain, a small volume is defined to enclose the
component modeled by the transfer matrix. The mean pressure and velocity
within this small volume of length L; are then introduced and satisfy the

volume-averaged Euler equations as follows:

G = ool (P R — )

(A.44)

op pocy (1
—_ = — _S Q1 T Q1 Qo
P = 8 (g™ + T+

Note that in the case of a uniform fields, and by setting P = 1, R = 0,
S =0and T = A;/As, this state-space becomes exactly the same as that of
the section jump between two tubes with cross-section areas A; and A,. The

coefficients of the transfer matrix are a priori depending on the pulsation.
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They are therefore fitted using the Vector fitting algorithm, which is written

on the generic form:

\

NP szp
P(w) = Rop + 3424 6 — Prp
R(w) = Rop + ), ks
JwW — pk,r
Ns Rk,s
S(w) = Ros + 3324 J6 — Prs
T(w) = Roys + Zif;l L
JW — Pkt

(A.45)

The state-space associated with the ATM component must satisfy the

convention for input/output vectors of connection elements (defined in Tab.

51).

Atm =

Ap
Ag 0
Ag
Arp
1 1
C C 0 0 0O O
poLy P poLy R
Co Co
0 0 —Cg —Cr |0 O
L, % T
1
0 0 0 0 0 ——
Po

209
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0 Bp 0 0
pocoBr 0 0 0 -
uh
0 Bg 0 0
™
Btm = POCOBT 0 0 0 7Utm = (A47>
Qo
9 Rey ——Ry, 0 ! -
Lt2 O oLy P , poLy P
PoCy Co LoCy L .
—R —Rys —— 0
L™ Lo L
0 0 0 0
1 (0) 0000 1 00
QO(O) 0 00O0] 0 01
Un(Lt) 00 0O0|—-1 00
o(Ly) 0000 0 0°1

Where individual matrices A{p r,s,1y, B{p,r,s,1}, Cip,r,s,1} a0d X{p R 51}
are associated with the corresponding Vector Fitting formulations provided
in Eq. [A.45] The subscripts p, r, s, and ¢ previously written on the poles py,

the residues Ry, and the variables z;, are omitted here for clarity.

Prk<n, 0
AtprsTY = - (A.49)
0 1
0 _|pk:>nr |2 2§R(pk>nr)
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Cprst) = [ oo Ri<p, - ‘ o 2R(pRRy) 2R(Ry) - } (A.50)
BfP’R,S’T}:[... 1 ‘ 0 1 } (A.51)
X?P,R,S,T} = [ o Zk<n, ‘ C Zksne Zksn,. ] (A.52)

A.8 Velocity jump as a source term: [u| =
au' ()

When considering only a source term of the form [u] = au/,(x)), the temporal

evolution of modal amplitudes T,, in the geometrical subdomain is written:

.

P t) = 33 Ta(t)Un(x)

T.t) = =SV [EVIQAVE,  Ti(t) (A.53)

+  (H|Un)pocion, (o, t)

where H(x) of the unit [m™!] is the Gaussian shape in the normal direc-
tion to the surface. The state matrix A of the geometrical subdomain is not

modified (i.e Eq. [A.9)), only the input/output components change, such as:

Tn U;L(Zlfo,t)
X =1 U= [ pocaau, (g, t) ] Y = (A.54)
Tn p/(on,t>
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1
0 oo ==V Uy () 0
B= . C = Po (A.55)

(H|Un) - 0 U, (o)

The state-space realization associated with the velocity jump of the form

[u] = au! (xq) is written:

: _ ul, (xo,t)
[ (t) ] = [ —Q ] [ x(t) ] + [ Q 0 } (o 1 (A.56)
[y(t) } = [ pocga] [:U(t) ] (A.57)

The value of € is set high enough, typically Qy = 27 x 10° so that x(¢)
converges exponentially to u! (zg,t). This allows to return a source term
y in the output equation that exponentially converges such that y(t) AN

pociau! (zo,t).

A.9 Pressure jump as a source term: [p] =
ap(zo)

Assume that at the position xg, a pressure jump of the following form is

applied:

[p] = ap(z) (A.58)

When considering a pressure jump, we need to encounter the velocity

field correction.
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Velocity field correction

As explained in section 4.5 the modal expansion of velocity fluctuations is
corrected as follows:
ou, (x,t) 1 1
— 2 = VP (x,t) + —[p|H(x A.59
S = V() + () (4.59)
Integrating this equation and replacing the terms by their modal expan-

sion leads to:

w(@t) = —%zﬁ_ﬂnu)vm(w)
(A.60)
" iazil T (U (20) F ()2

where m is the unitary vector normal to the surface where the jump

condition is applied.

State-space realization

When considering only a pressure jump of the form [p] = ap’(xy), the tem-
poral evolution of modal amplitudes T, (¢) in the geometrical subdomain is

written:

T.(t) = =X [EVIQAVE,  Th(t) (A.61)

t
_ (U / P (o, #)l¥
Here H’ is the derivative of the Gaussian that approximates the Dirac

function. The integration of pressure fluctuation is obtained through the
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modal expansion by:

P(o,t) = 33 Tu(t)Un(xo)
(A.62)
J P (o, t)dt = 3T (U (20)
The state matrix A of the geometrical subdomain is not modified, only

the input/output components change, such as:

B = 0 ,C=| ... Upzg) 0 --- (A.64)
(H'|Un)

The state-space realization associated with the pressure jump of the form

[p] = ap/(xp) is written:

ul, (o, t)

i) ] =[] [0 ]+ [0 ] [rtearae |49

[ y(t) } = [ —cda } [ x(t) } (A.66)

The value of €y is set high enough, typically Qy = 27 x 10° so that

z(t) converges exponentially to [ % (xo,t")dt’. This allows to return a source
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term y in the output equation that exponentially converges such that y(t) iR

—cta ft P (g, t")dt.

A.10 Multiperforated liner as a source term

The Howe’s model for multiperforated plates relates the pressure jump to
the velocity perturbation upstream of the liner so that:

1 oul(zo,1)

[p] = " Kn OT (A.67)

where Kp is the Rayleigh conductivity of the liner in [m~']. When con-

sidering a pressure jump, we need to encounter the velocity field correction.

Velocity field correction

As explained in section 1.5 the modal expansion of velocity fluctuations is

corrected as follows:

ou) (x,t) 1 1
—n = V0 (x,t) + —[p|H (x A.68
) — V) + () (A.68)
Including Eq. it comes:
oul, (z,t) 1 1 oul,(zo,t)
n - _ / ——n 7’ H A.
) vt - ) (o)

Evaluating this equation at z = z( allows to determine the value of the

velocity field u), at zo:

Ouy,(zo,t) 1 ( 1
ot 1+ H(x)/Kr \ po

By integrating this equation, and approximating all the terms by their

L, @, )) (A70)

modal expansion, one can express the modal expansion of velocity fluctua-

tions, at the position xg:
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N
1 1

ul, (o, t) = — — S Y,V U,(x A.71
(@0.) HH(%)/KR< Tl <o>) (A7)
where H is the projection of the Gaussian shape H on the modal basis:

N N
H(zo) = > (H|Up)U, (o) (A.72)

n=1

Integrating Eq. leads to the expression of the modal expansion of

velocity fluctuations:

(

(e t) = —%zﬁzlmwvvﬂ(w)

- (A.73)
H(x)n

Po <KR + ﬁ(%))

+ SN T () VLU (o)

\

where m is the unitary vector normal to the surface where the jump

condition is applied.

State-space realization

The temporal evolution of modal amplitudes Y, (¢) in the geometrical sub-

domain is written:

T.t) = =SV [EVIQVE,  Tit) (A.74)

1
+ (H'|Un)cGpo 1ty (wo,t)
\ Kr

The state matrix A of the geometrical subdomain is not modified (see

Eq. [A.9), only the input/output components change, such as:
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T, 2 ' (o, t
x| o= B |y [0
Tn KR p/(l'o,t)
; e Vula)
B = ,C = po(1 + H(xg)/Kg)
(H'\Uy) 0 Un (o)

(A.76)
The state-space realization of the liner-type pressure jump condition there-

fore is written:

_ uy, (o, t)
L2 | =~ |2 |+ | 20 0] o (A7)
IREIED (ATS)

The value of € is set high enough, typically Qy = 2 x 10° so that w(t)
converges exponentially to u,(zg,t). This allows to return a source term
y in the output equation that exponentially converges such that y(t) N

cpou! (zo,t)/Kg.
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Appendix B

Pseudo-analytical solutions

B.1 Jump conditions in a duct

The configuration in Fig. considered is a 1-dimensional duct where a

jump condition either on the pressure or on the velocity fluctuation is imposed

at the position xr = x.

NONCN N N NN

™\
N :
J ok N
N : ™~
; AN
A
: : —>
rx =20 iRy =1L

Figure B.1: Scheme of the academic configuration of a single 1-
dimensional duct of length L. = 1 m, where either a pressure jump
[p] or velocity jump [u] is applied at the position o = 0.32 m.

B.1.1 Velocity jump in a duct: [u] = au(z))

The pseudo-analytical solutions are given by applying the conservation of the

pressure and the acoustic flux at the position x = xy. To derive the pseudo-

analytical solutions, the pressure and velocity fluctuation are decomposed in
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each side of the jump position zy as a couple of forward/backward waves:

P = Aff‘ejki(zi—fvio) _|_A,_e—jki($i—$io)
' ' (B.1)

piCill; = A;rejki(l‘i—xw) _ A;e—jkz‘(l‘i—xio)
where p; and ¢; are the density and sound speed. The subscript ¢ denotes
either the left part of the duct ¢ = 1 (i.e x < x¢) or the right side i = 2 (i.e

x > x9). By construction, the values of the z-axis origin shift are z19 = 0

and x99 = 9. The jump relations are then written:

us(xo) — (L + @)ur(zg) = 0
2(20) — (1 + a)us(ao) -
p2(o) — p1(zo) = 0
Boundary conditions must also be imposed to close the system. We chose

rigid-wall BCs on both sides that are written:

Combining Eqs. [B.1][B.2] and [B.3] lead to the following relations for the

coefficients A} and A; :

(B.3)

Af-A7 =0
Agrej’fz(lf—wo)_Age—jkz(lz—m) = 0
(B.4)
1 1 . .
(A — A7) S (A - Arehm) —
P22 pic
Afeihizo 4 Aze=ikizo _ A¥ AT =

\
This system is rewritten in the form of A(w)X = 0 where the A matrix

and the X vector are given by:
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1 —1 0 0
0 0 edk2(L—xo)  _ p—jk2(L—o)
A= (B.5)
_H_aejk’lxo H_ae—jklxo L _L
pic pic P2C2 P2C2
eJk1zo e~ Jk1zo -1 -1
T _ _
X" = A A7 AF A (B.6)

The dependency of matrix A on w is not explicit here, but the pulsation is
related to the wavenumbers such as: w = k;c;. The pseudo-analytical method
consists in deriving analytically this system and then solving det A = 0. This

is performed with the Python library Scipy.

B.1.2 Pressure jump in a duct: [p] = ap(zy)

Applying only pressure jump condition of the form [p| = ap(x) at the posi-

tion x( leads to the dispersion relation det A = 0, where A is defined as:

1 —1 0 0
0 O ejkg(L—xo) _e—jkg(L—xo)
A= 1 1 (B.?)
__ejkll’o _e_jk’ll’o - -
P1C1 P1C1 P2C2 P2C2
(1+ a)etM@ (1 4 q)e Mo -1 —1

B.1.3 MLPF jump type in a duct

The Howe’s model for multiperforated plates relates the pressure jump to

the velocity perturbation upstream of the liner so that:
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B.2. DOUBLE ENTRY FTF

[p] =

K70 o

1 oul(xo,t)

(B.8)

Pseudo-analytical solution are given by solving the dispersion relation

det A = 0 where A is written:

1 —1 0 0
0 0 edk2(L—xo)  _ p—jka(L—wo)
A=
_Lejklxo Le_jklxo - _L
pic pic1 P2C2 P2C2
jw jk1x jw —jk1x
_ — 1) edkrzo -1 Jkizo 1 1
i ( Kpey )e <KRCQ )e
(B.9)

B.2 Double entry FTF

The double input / single output FTF model that has been implemented in
the STORM framework (Eq. [B.10) takes the following form.

/ ) ] /
Q/ _ @ (Nairejwmirw + NH2 eIWTH, M) (B.lO)
Ugir UH,
Ly Ls
Sl C1,pP1 Lrie c3, P3 S
S| €25 P2 Lr2 e 3
Loy

Figure B.2: Schematic representation of the 1.5D test case used to
validate the numerical implementation of the double entry FTF.

In each duct i the spatial evolution of pressure/velocity fluctuations is

expressed as a couple of forward/backward waves as follows. The origin
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x; = 0 is defined in each duct, as the left side of the duct. The indices ¢ = 1,
i = 2 and ¢ = 3 can be respectively associated with the H2 inlet, the Air inlet
and the combustion chamber. The single flame is positioned at the outlet
of the two inlet lines, and it is represented by the red line in Fig. B.2] z,;
and z,o are the two reference points for velocity perturbations in the double
entry FTF. L; and S; are respectively the length and surface of each ducts.
¢; and p; are the sound speed and density. The value of all these parameters
are summarized in Tab. [5.3] The boundary conditions are set as walls at
the inlet of the two fuel lines, and open atmosphere and the outlet of the
combustion chamber.

In each duct 7, the pressure and velocity fluctuation are decomposed as

follows:

Plet) = (Afehm 1 Aremitin) g
X (B.11)
ui(x,t) = (Afeikimi — A7 emikimi) gmiwt
PiCi

Note that the sign convention used to derive the analytical solution (e=7?)
is the opposite from the one used in STORM, but this has no impact on the
final results. The 6 unknowns A; and A; are determined by applying the

boundary/jump conditions. The 3 boundary conditions are the followings:

(

ui(z;=0) = 0 = AT —A; =0

uh(zy =0) = 0 = A —A; =0 (B.12)

L ph(wz = L3) = 0 = Afeiksls 4 AgeIhsls =

The continuity of pressure leads to the following relations:
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pi(z1=L1) = phlzz=0) = Afell 4 ATe bl = AT 4+ A7

py(re = Lo) = ph(ws3=0) = Afelt2lz 4 Aje ikele = AT + A7
(B.13)

Under the forcing induced by the unsteady heat release rate @' of the

flame, the flux conservation is expressed as follows:

/ / —1 ! /
Siuy(zy = Ly) 4+ Soud(za = Lo) + fY’yp Q' = Ssuy(z3 = 0) (B.14)
0

Combining Egs. and leads to the following dispersion

relation:

A;r 1 <Sl€jk1L1 + T 1 _QNlejWTlejklmrl)

ﬁl C1 YPo Ui

+
1—‘1

J/

+ AI L <_Sl€jk‘1L1 o Y — 1 QNleijl ejk1m,-1>

pia YPo Ui g
ry
X A; 1 <82€jk2L2 4 S 1_QN2€jw7'2€jk2£ET2) (B15>
P2c2 TPo U2 g
rf

+ Ay L <_S2€jk2L2 _0= 1_QN2€jWT2ejk2xr2)

f)zcz TPo U2
ry
S
— (A - A7) =0
P3C3
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225

The unknowns modal amplitudes are then found by solving the linear

system AX = 0 where

Al
Af
Ay
Ay
Ag
Ay

and A =

1
0
0
kil
0
Iy

-1
0
0
e—ikiln
0
Iy

0
1
0

0

eikala

Iy

0
-1

0

0

e~ Jk2L2

Iy

0
0
ejk3L3
—1

-1
S3

P3C3

0
0
o—iksls
—1
-1
53

p3Cs |
(B.16)

This linear system has non-trivial solutions only if det(A) = 0, leading to

the dispersion relation. To solve this equation, we use the Python function

minimize from Scipy library, by minimizing the quantity 1/x(A), where r(A)

is the condition number of A, defined as the ratio between the largest and

the smallest singular values.
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Appendix C

Singular Value decomposition

C.1 Metric adaptation

The initial frame ¢(x) and the orthonormalized basis U (x) are row-vectors
defined as follows: ¢(x) = [¢1(x) -+ on(x)] and U (x) = [Ui(x) - - - Un(x)].
In this notation, each component ¢;(x) or U;(x) is an analytical function,
and we note by ¢; or U; the numerical array containing the approximation
of the function at each vertex of the mesh.

The SVD orthonormalization process must be done with respect to the
inner product: (¢p|¢m) = [, ¢n(€)dm(x)de, involving the volume integral of
the component-wise product of the two vectors ¢,, and ¢,,. From a numerical
point of view, this inner product must be weighted by the volume of each

vertices of the mesh as follows:

(On|dm) = i M b (C.1)

where M is the mass matrix associated with the mesh. This quantity
is inherent to each mesh, and is calculated as the inner product between
each basis function spaces of the mesh. If the SVD is directly done on
¢(x) without any modification, the algorithm will orthonormalize the frame

with respect to the numerical inner product ¢l @m without considering the
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volume of each vertex dx;. Thus, a metric adaptation is applied on ¢ before

computing the SVD. The metric-adapted frame $ is:

¢»=Co (C2)

where C' is the lower triangulate matrix from the Cholesky decomposition
of the mass matrix such as: M = ng The SVD is then done on this
metric-corrected frame ¢ to orthonormalize the frame with respect to the

correct numerical inner product defined in Eq. [C.1] It is written:

6=UxVT (C.3)

Finally, the U basis required is obtained with U = g_lﬁ .

C.2 Short note on the threshold selection for
the eigensolver and truncated SVD

Let A € R™" be a symmetric matrix.

C.2.1 Residual versus forward error on eigenvectors

The purpose of this section is to describe a bound on the norm of the dif-
ference between an exact unitary eigenvector ¢ of A and the one computed
numerically ¢. This bound includes the 2-norm of the residual r = (A—\I)¢
associated with the corresponding eigenpair (5\ = $TA$, q,’A)) and the distance

with the closest eigenvalue of A.

Theorem 1. (See e.g., (187, Theorem 3.9, p. 63]).
Let gg be an approximate eigenvector of unit norm of A, A= qAbTA(Z) its as-
sociated approrimate eigenvalue and r = (A — XI)(% Let X be the eigenvalue

of A closest to X and & the distance from \ to the rest of the spectrum, i.e.,
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§ = min;{|\;— |, \s # A}. The eigenvalue for which the minimum distance 6
is reached is noted \;, i.e 6 = |5\— Al If @ is the eigenvector of A associated

with A we have

7]l
5

sinf(p, @) < (C4)

Let us write (ﬁ = cosf¢ + sinfz where z is a unit vector orthogonal to
¢. If < 1, so that cosf ~ 1 and sin 6 ~ 6 then $ — ¢ = 0z so that

2

| — &2 < 5

Notice that the assumption § < 1 can be discarded to get an exact expression

of

| — ¢|l2 = tan 6(1 + sin®6)? (C.5)

that is not much useful as we shall try to compute the eigenpairs ac-
curately enough using a stopping criterion based on the residual (possibly
scaled).

In practice the closest eigenvalue to ) is not known so that § cannot be
computed, but a lower bound can be derived that only involves the computed

eigenvalues and the residual norm [187, p. 64]:

~ ~

e D Y e (11

This result indicates that the computed eigenvectors are at a distance that
depends on the associated residual norm and how close are the computed
eigenvalues of A.

For a set of computed eigenvectors (frame) o= [le, @ ~] we will give in
the next section the norm of the difference between @Z and its approximation

extracted from its truncated SVD.
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C.2.2 Error associated with a computed eigenvector (ﬁ
versus truncated SVD of ¢

Let & = UXVT be the SVD of &, where U = [uq, ..u,] € R are the left
singular vectors that form an orthonormal basis of Tange(i)), 3 is a diagonal
matrix where the diagonal entries are the non-zero singular values o; is a
decreasing order and V' = [vq, ..., v,] € R™*" the right singular vectors.

For £k < m , we define the best rank k£ approximation of d as &, =

UkEkV}CT with Uk = [ul, ...,’U,k],

Theorem 2. Eckart-Young Theorem (See e.g., [98, Theorem 2.4.8, p. 79]).
min || — [ly = || — gl = a1
rank(¥)=k

Coming back to the definition of the 2-norm of a matrix that is

|1l = max |||,
B!

and considering the canonical basis vectors we have
(& — Dr)eills = [ s — Dreillz < orsa-

This shows that the best approximation of any vector qg in the space
spanned by Uy is at most at a distance (in 2-norm) of oy, that is

&e;;iinr(luk) i — DIl < s (C.6)

The bounds and indicate that the stopping criterion threshold

for the eigensolvers used to compute the @ and the threshold used to define

the truncated SVD should be chosen consistently. In practice, the truncation

threshold is chosen to be ten times higher than the solver tolerance.
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Appendix D

Code development and package
management

The Python module developed in the framework of this thesis, named STORM,
is organized following the common conventions for Python packaging and
code readability (as recommended by PEP8 and community guidelines). The
goal of this structure is to clearly separate the core functionalities (solvers
and numerical routines), input /output utilities, and testing framework, while

ensuring the code remains modular and easy to extend.
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D.1 Code organization

The global directory tree of the module is presented below, highlighting the

organization of its main components.

storm/
README . md
CHANGELOG .md
CONTRIBUTING.md
LICENSE
setup.py
setup.cfg
Dockerfile
docs/
tests/
unit/
func/
src/storm/
| smio.py
| _preproc/
VF/
create_shapes.py
fenics2storm_mod.py
fenics2storm_connection.py
fits2storm.py
flame2storm.py
helmholtz_solvers.py
| postproc/
plot_modes.py
results.py
spurious_id.py
| _state_spaces/
state_space.py
assembler.py
geometrical.py
connection.py
flame.py
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D.1.1 General workflow

In addition to the internal structure of the STORM module, it is important
to clarify how a user should organize a project folder in order to run a simula-
tion efficiently. While STORM is designed as a standalone Python package,
each study (or simulation case) requires a specific directory layout to prop-
erly handle input data (such as geometry, boundary conditions, and transfer
functions), configuration files, and the results generated by the solver.

The recommended folder organization for a typical simulation case is il-
lustrated in Fig. This structure, along with the role of each file and
subdirectory, allows users to quickly set up, run, and post-process their com-

putations using STORM.
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My simulation

3D domain 1

Auto-created

Fol
olders folders

file-to-execute.py auto-generated-file.h5

mesh.py

]
¥y
helmholtz2d-single.py %@I

create-field.py => my-mean-flow.h5

helmholtz3d.py

check-consistency.py

FLAME SHAPES

fl-flame-projected.h’5
fl-flame-visu.h5

— fl-shape.py

TRANSFER-FUNCTIONS

vy ]

vy > (]

BOUNDARIES projection.py = file-connection-infos.h5
patch2
JUMPS patch3-patchd [ connection.py = file-connection-infos.h5
helmholtz2d-twice.py 2D patch 3
2D patch 4
NETWORK network.py = D patch 4

spurious-identification.py

plot-modes.py

Figure D.1: Blue boxes represent the main directories that the user
must create depending on the studied case (e.g., geometry, bound-
ary conditions, and transfer functions). Green boxes correspond to
directories automatically generated by STORM during the simula-
tion, which are later used for post-processing or visualization. The
.py files shown in the structure are Python scripts that the user
must execute to set up, run, or analyze the simulation. Templates
for these scripts are provided in the STORM documentation to

guide new users.
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The folder structure presented in Figure provides the physical organi-
zation of a STORM simulation case. Complementary to this, Figure[D.2]illus-
trates the logical workflow of a typical simulation, detailing the order in which
the different Python scripts are executed and how the results produced at
each step are stored within the folder hierarchy. This diagram guides the user
through the successive stages of a simulation — from mesh and data prepa-
ration, through pre-processing and core computations, to post-processing —
while indicating decision points based on data availability (e.g., AVBP fields,

experimental transfer functions, or non-trivial boundary conditions).
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0
s
yes yes yes yes
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— I |
4 \ 4 \ 4
Y Y fl_shape.py | fit.py | | fit.py |
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Figure D.2: Logical workflow of a STORM simulation, showing the
sequence of Python scripts to execute and decision points based
on data availability. Outputs from each step are organized into the
folders introduced in Figure
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D.1.2 Tutorials and documentation website

Building upon the folder organization and the simulation workflow, the STORM
documentation provides a series of tutorials that illustrate typical use cases
of the solver. These tutorials not only guide new users through practical
examples but also strictly adhere to the directory structure (Fig. and
workflow (Fig. previously described, ensuring consistency between user
practices and the internal logic of the code.

From a development perspective, the tutorials serve as part of STORM’s
continuous integration system: they are executed automatically every time
new code is pushed to the repository, ensuring that core functionalities remain
operational. According to the coverage metric reported by pytest, these
functional tests cover approximately 70% of the STORM codebase. The test
suite includes a wide range of cases, such as a simple tube with a flame, a
multiperforated plate on an annular geometry, the MICCA combustor with
experimentally measured transfer matrices, etc. This variety of test cases
ensures that the solver remains robust and consistent across different physical
and geometrical configurations.

The documentation also details how to install STORM. For Linux users,
a Docker-based installation is provided. For high-performance computing
(HPC) environments, a Singularity container is recommended, ensuring porta-
bility across clusters. Both the Dockerfile and Singularity files are distributed
within the STORM source code, allowing users to build and customize their

own containers if needed.
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D.2 FEniCS scripts

This section provides examples of FEniCS scripts, illustrating how the finite
element library is used within STORM. These examples aim to serve as
practical references for developers who wish to customize or extend the solver
by leveraging FEniCS functionalities for mesh handling, field manipulation,

or numerical solvers.

Throughout the work conducted in this thesis, the FEniCS Project Dis-

is an invaluable resource. This community-driven platform
contains a wealth of examples, ranging from basic syntax demonstrations
to advanced applications, which significantly helped the development of the
STORM’s source code.

D.2.1 Extrapolating values

The following lines of code allow to compute the value of the inner product
between mode 6 of the mesh M and mode 7 of the mesh M} i.e (M,,)67r =
(1K)

Listing D.1: Example to compute inner products between modes
that are not defined on the same mesh (extrapolation) using FEn-
iCS
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Articles and conference

o M. Cances, L. Giraud, M. Bauerheim, L. Gicquel and F. Nicoud. «Ro-
bustness and reliability of state-space, frame-based modeling for ther-

moacoustics.» Journal of Computational Physics. Vol. 520, p. 113472,
jan. 2025. doi: 10.1016/j.jcp.2024.113472.

o This paper was presented at the 2023 Symposium on Thermoacoustics

in Combustion (SoTiC), held in Zirich.

e A part of the work conducted in this thesis, in particular the results
related to the post-combustion study, was presented at the INCA 2024
conference (Initiative Nationale en Combustion Avancée), held in Mar-

seille and co-organized by the M2P2 laboratory and Safran Tech.
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