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@ Alejandro Allendes (UTFSM, Chile)
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@ Motivation: From AFC schemes to nonlinear edge diffusion.

© The edge diffusion method: Main properties.
© An a posteriori error estimator.
© Numerical results.

@ Concluding remarks.

University of

Strathclyde
Glasgow

G.R. Barrenechea (£ hclyde) Paris, October 2016



The continuous maximum principle :

Let u be the solution of the problem

—eAu+b-Vu+ou=f in{,

and u =0 on 0Q. Then, if f > 0 in Q, u can not attain a negative interior
minimum in §).
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The DMP :

Let up, € P1(Q) be the solution of the problem
€ (Vuh, V’Uh)g T (b - Vuy, Uh)Q aF (auh, 'Uh)g = (f, 'Uh)Q Y, € Pl(ﬂ) .

2
Then, if f > 0 in Q, the mesh is acute, and W’%Gh < 1, then uy, does not
attain a negative minimum in ).
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The DMP :

Theorem
Let up, € P1(Q) be the solution of the problem
€ (Vuh, V’Uh)n T (b - Vuy, 'Uh)Q aF (O'Uh, 'Uh)Q = (f, 'Uh)Q Y, € Pl(Q) .
h+oh?

Then, if f > 0 in Q, the mesh is acute, and MT < 1, then uy, does not
attain a negative minimum in ).

Remark : Under these hypothesis, the matrix
[(Vebj, Vibi)a + (b Vb, 9)a + (095, ¥i)al

is an M-matrix. This is, it is invertible, all the diagonal elements are positive,

and the off-diagonal ones are non-positive. s
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Starting point : A finite element discretisation of our problem of the form:

AU =G.
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Starting point : A finite element discretisation of our problem of the form:

AU =G.

Define:

D:=(d;;) where d;; :=—max{a;;,0,a;}fori#j, di=— Z d;j .
J#i
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Starting point : A finite element discretisation of our problem of the form:

(A+D)U=G+DU.

Define:

D= (dij) where dij:=—max{ai;,0,a;}fori#j, di=-> di.
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Starting point : A finite element discretisation of our problem of the form:

(A+D)U=G+DU.
——

=:A

Define:

D:= (d”) where dij = —max{aij70,aji} fori 75 j, d“‘ = — Z dij .
J#i

Remark: The matrix A is an M-matrix. Then, it preserves positivity.
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Equivalent system :

AU=G+DU.
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Equivalent system :

AU=G+DU.
From the properties of D it follows that

(]D)U)l = Z fij where fl‘j = dij (u]' — uz) are the fluxes.
J#i
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Equivalent system :

(AU)i =g+ E fij
J#i
From the properties of D it follows that

(]D)U)i = Z fi; where f;; = d;j(u; — ;) are the fluxes.
J#i
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Equivalent system :

(AU)i =g+ Z fij
i
From the properties of D it follows that
(]D)U)i = Z fi; where f;; = d;j(u; — ;) are the fluxes.
J#i

Goal : To limit the fluxes f;; which are responsible for spurious oscillations.
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Equivalent system :

(AU)1_91+Z(1U fzy
J#i

From the properties of D it follows that

U)l = Z fi; where f;; = d;j(u; — ;) are the fluxes.
J#i

Goal : To limit the fluxes f;; which are responsible for spurious oscillations.
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Equivalent system :

(AU)1_91+Z(1U fzy
J#i

From the properties of D it follows that

U)l = Z fi; where f;; = d;j(u; — ;) are the fluxes.
i
Goal : To limit the fluxes f;; which are responsible for spurious oscillations.
The limiters «;; should satisfy the following:
- ay; € 10,1];
- «j; should be as close to 1 as possible;
- a;; ~ 1 where the Galerkin solution is smooth.

- Oéi]' = Olji.
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Equivalent system :

AU +Z 0617 fl] = 9i
J#i

From the properties of D it follows that

U), = Z fij where f;; = d;j(u; — u;) are the fluxes.
J#i

Goal : To limit the fluxes f;; which are responsible for spurious oscillations.
The limiters «;; should satisfy the following:

- Qg S [07 1]a

- a4 should be as close to 1 as possible;

- a;; ~ 1 where the Galerkin solution is smooth.

- Oél'j = Olji.
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A weak formulation : Find u; € P1(2) such that

a(un,vn) + dp(up; un,vn) = (f,on)a Yo, € P1(Q).
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A weak formulation : Find up € P1(£2) such that

a(un,vn) + dp(up;un,vn) = (f,on)a Vo, € P1(Q).
The stabilisation term dp(-; -, -) is given by

dp(un;un,on) = Y (1= ag;(un)) dig(un(z;) — up(@;))on ()

3,j=1

Universityof
Strathclyde
Glasgow

G.R. Barrenechea (Strathclyde) Paris, October 2016



A weak formulation : Find u; € P1(2) such that

a(un, vn) + dp(un;un,vn) = (f,vn)o Vo, € P1(Q).
The stabilisation term dy(+;-,-) is given by

dp(up; up,vp) = ...a couple of lines using the symmetry of o;; and d;...
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A weak formulation : Find up € P1(£2) such that

a(un,vn) + dp(up;un, vn) = (f;on)a Yo, € P1(Q).

The stabilisation term dp(-;-,-) is given by

dp(un; up, vp) = Z (1 — aij(un)) |dij|h g (Osun, Opvn) s -

Ecé&y,

Universityof
Strathclyde
Glasgow

G.R. Barrenechea (Strathclyde) Paris, October 2016



A weak formulation : Find wy, € P1(Q) such that

a(un, vn) + dp(up;un, vn) = (f,on)o Yo, € P1(Q).

The stabilisation term dp(+;-,-) is given by

dp(un; up,vp) = Z (1 — aj(un)) |dij|h g (Osun, Ogvn) g -

Ee€é),

Remark : Then, AFC schemes achieve a stable result by adding edge-based
diffusion to the formulation.
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The method : Find up, € P1(€2) such that

a(un;vp) == a(up, vp) + dp(un; up,vn) = (f,vn)0 Voo, € P1(Q).
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The method : Find up, € P1(€2) such that
a(up;op) = alup, vy) + dp(up; un,vn) = (f,0n)0 Voo, € P1(2).

The stabilisation term dp(- ;-, -) is defined by

dp (unsun,vn) = > Yoog(un)hg (Ocun, Ogvn) g -
Ee€é),
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The method : Find up, € P1(€2) such that
a(up;op) = alup, vy) + dp(up; un,vn) = (f,0n)0 Voo, € P1(2).

The stabilisation term dp(- ;-, -) is defined by

dp (unsun,vn) = > Yoop(un)hg (Oetn, Ogvn) g -
Ee€é),

Here, oy, are limiters defined as:
g wn) = ma 6, (2))”
with &, € P1(£2) given by

3 es, wn(@) = wn(ey)|

wn (i) == Djes, lwnlxi) — wn(z;)]

) if Z |wh($l)_wh(mj)|7é07
JES:
0, otherwise,
gﬂtv;;m’clyde
Glasgow
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o If the mesh is symmetric with respect to its interior nodes, then the
method is linearity preserving, this is,

ap(z)=0 VzeP(wg).
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o If the mesh is symmetric with respect to its interior nodes, then the
method is linearity preserving, this is,

ag(z)=0 VzePi(wg).

@ The nonlinear form dy(+;-,-) is Lipschitz continuous. More precisely, there
exists Chip > 0, independent of h, such that, for all vy, wy,, 2z, € P1(£2), the
following holds

|dn (vh; VR, 20) — din(whs wh, 26)] < ClipYoh [vn — wal1,0 |26]10 -
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o If the mesh is symmetric with respect to its interior nodes, then the
method is linearity preserving, this is,

ag(z)=0 VzePi(wg).

@ The nonlinear form dy(+;-,-) is Lipschitz continuous. More precisely, there
exists Chip > 0, independent of h, such that, for all vy, wy,, 2z, € P1(£2), the
following holds

|dn (vh; VR, 20) — din(whs wh, 26)] < ClipYoh [vn — wal1,0 |26]10 -

The discrete problem has at least one solution. Moreover, if Cipygh < €,
where Chip is the Lipschitz constant, then the solution is unique.
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The semilinear form a(-; -) is said to satisfy the DMP property if the following
holds: If uy(z;) is a local negative minimum, then there exist negative
quantites (¢g)peg, such that

a(un; ;) < Z CE|atUh|E|-

Eeé;
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The semilinear form a(-;-) is said to satisfy the DMP property if the following
holds: If up(z;) is a local negative minimum, then there exist negative
quantites (cg)peg such that

a(un; i) < Y cp|Oeunls| .
Ee€é&;
o Let us suppose that the mesh is Delaunay. Then, if

Yo > Co||bllso, 5 + Ciohg, the semilinear form a(-;-) satisfies the DMP
property.
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The semilinear form a(-;-) is said to satisfy the DMP property if the following
holds: If uy(z;) is a local negative minimum, then there exist negative
quantites (¢g)peg such that

a(un; ;) < Z CE|atuh|E| :

Ecé;

o Let us suppose that the mesh is Delaunay. Then, if
Yo > Col|lbllco, 5 + Ciohg, the semilinear form a(-;-) satisfies the DMP
property.

o For an arbitrary regular mesh, the same result is valid if
Yo > Collblloo, 2 + Crohi + Cachy'.
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Mesh-dependent norm:

th||;21 = a(vn, vn) + dp(un; v, vn) -

General estimate: There exists C' > 0, independent of € such that

=

lu—unl, < Cllu—inullia+ (dn(un; inu,inu))? .
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Mesh-dependent norm:
lonllf, := avn, vn) + dn(wn; vn, vn) -
General estimate: There exists C' > 0, independent of € such that

. . . 1
lu = unlly, < C [lu—inullio +(dn(uns inu, inu))? .
—_——

<Chlul2,0
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Mesh-dependent norm:
lvnll7 := a(vn, vn) + di(wn; vn, vs) -

General estimate: There exists C' > 0, independent of € such that

[V

lu = unlly, < C lu—inully,o +(dn(unsinu, inu))
— —

<Chlul2,0
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Mesh-dependent norm:
lvnll7 := a(vn, vn) + di(wn; vn, vs) -

General estimate: There exists C' > 0, independent of € such that

[V

lu —unlly, < C |lu—inullo +(dn(un; inu, inu))? -
—_——
<Chlul2,0
Consistency error:

dp(un;inu,inu) <vo Y WE|0inull§ 5 < Chllullf g
EE€é&),
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Mesh-dependent norm:
lvnll7 := a(vn, vn) + di(wn; vn, vs) -

General estimate: There exists C' > 0, independent of € such that

[V

lu —unlly, < C |lu—inullo +(dn(un; inu, inu))? -
—_——
<Chlul2,0
Consistency error:

dp (unsinu,inu) <y Y hpl0cinulld 5 < Chlulfq .
EE€é&),

There exists a constant C > 0, independent of h, such that

1
lu = unlln < ChZ [Jufl20 -
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An improved error estimate: The role of linearity preservation

dp (ipu; ipu, ipu) = Z yan(ihu)hQEHatihqu)E
Ecé),
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An improved error estimate: The role of linearity preservation

dp (inusinu, inu) = Y yolag(inu)—ap(ip(u)hE|0i,ullf 5
Ecé),
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An improved error estimate: The role of linearity preservation

dp(inu; inu,inu) < ChQ Y linu—iguli o ¢ liguho
EE€é&),
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An improved error estimate: The role of linearity preservation

dh(ihu;ihu,ihu) S Ch2|u\279|u\179.
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An improved error estimate: The role of linearity preservation

dh(ihu;ihu,ihu) S Ch2|u\279|u\179.

If the form d, (-;-,-) is linearity preserving, then there exists a constant C > 0,
independent of h, such that

= wnlla < Ch (wnm . fnunlsz) -
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Data: ¢ =1, 0 = 1, u(x,y) = sin(27z) sin(27y).

llelloe ord. el ord. lelln ord.  NONRESRS
0.3835 - 3.5299 —  5.5746 -
0.1661 1.21 2.0053 0.82 2.4168 1.21
0.0451 1.88 0.9808 1.03 1.0317 1.23
0.0127 1.82 0.4811 1.03 0.4872 1.08
0.0042 1.59 0.2397 1.01 0.2405 1.02
0.0016 1.38 0.1198 1.00 0.1199 1.00

0 3 O Ut i W~
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The residual equation : Defining e = u — uy, one gets, for all v € H}(Q),

ale,v) = Z (f,v)k —e(Vup, Vo) gk — (b - Vup + oup,v) ik
Keo

University of

Strathclyde
Glasgow

G.R. Barrenechea (S ) Paris, Octobe



The residual equation : Defining e = u — uy, one gets, for all v € H}(Q),

ale,v) = Z (Ri,v)k + Z (—e0nun,v)E

Keo Ee&xNér
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The residual equation : Defining e = u — uy, one gets, for all v € H}(Q),

a(e,v) = Z ((RK,U)K + Z (—E@nuh,v)E>

Keo Ee&xkNEr

Equilibrated fluxes: We need a set of boundary fluzes {gpx : E € éx,K € T}
satisfying:
Consistency:

9.k + 9E, K" = 0 if Eedéxn 6"1{/,
Full first order equilibration: For all n € Vi and all K € 7,

0= (f,\n)k — ax (un, ) — dp; (un; un, An) + Z (98,5 M) g
Ee€ék

for all basis function A, of P1(f2).
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The residual equation : Defining e = u — uy, one gets, for all v € H}(Q),

a(e,v) = Z ((RKaU)K + Z (98,K — Eanuhav)E>

KeT Eeék

Equilibrated fluxes: We need a set of boundary fluzes {g9px : E € éx,K € T}
satisfying:
Consistency:

9.k + 9E, K" = 0 if Eedéxn 6"1{/,
Full first order equilibration: For all n € Vi and all K € 7,

0= (f,\n)k — ax (un, ) — dp; (un; un, An) + Z (98,5 M) g
Ee€ék

for all basis function A, of P1(f2).
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The residual equation : Defining e = u — uy, one gets, for all v € H}(Q),

ale,v) = Z (( 7\251 J U)K+ Z (9B.K —d)nuh,v)E)

Keo — Vo Eeék —oxm

Equilibrated fluxes: We need a set of boundary fluzes {g9px : E € éx,K € T}
satisfying:
Counsistency:

9.k + 9, K’ = 0 if BEedéxgn 6‘}(/,
Full first order equilibration: For all n € Vi and all K € .7,

0= (f, Ak — ax (un, An) — dp (un;un, Ap) + Z (9e. 1, M)
FEc&k

for all basis function A, of P1(92).
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The residual equation : Defining e = u — uy, one gets, for all v € H}(Q),

a(e,v) = Z (oK, VV)k

Keo
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The residual equation : Defining e = u — uy, one gets, for all v € H}(Q),

ale,v) = > (ok, Vo)k

Keo

> lloklloxVollo.x
KeZ

IN
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For each element K € 7, define a local error indicator by the rule

1
K= lokllox -

Then

2
lellg <n? = k.
Keg
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For each element K € 7, define a local error indicator by the rule

1
K= lokllox -

Then

2
lellg <n? = k.
Keg

Remark : ||o k||o,x can be computed analytically.
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Using known/familiar arguments :

k<C Y (CKfllu—UglllK/ + |y (ug;U9—7An))~

K'eQgk

where

Cg = maux{l,PeK7 ah—\/é} .
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Using known/familiar arguments :

m<C Y (CKfllu—UglllK/ + |dj; (uf;;uyﬁn))

K'eQgk

where

Ck := max {1,PeK7 \/Eh—\/é} .

Using the linearity preservation and Lipschitz continuity (as before):

' hic hi _
K .
iz an) <€ (- usly,, + U= tioha,, ).
where @, is the projection of u in Py (Qg).
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There exists C > 0, independent of the size of the elements in the mesh T,
such that, for every K € 7, the following local lower bound holds

hK/ hK/ P
Kk <C Y ( (CK’ + ?> lu —ugll + %|U_UK’|1,K’> :

K'eQk

Universityof
Strathclyde
Glasgow

G.R. Barrenechea (Strathclyde) Paris, October 2016



Data: e=1073, 0 = 1, u(z,y,2) =yz(1 —y)(1 —2) (2 — &—7= ) .

vy
6.203e-02

=004

Eo 000e+00

Figure 2 : 3D Example: Adapted mesh and isovalues of the solution.
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2.0018

10° 10 10 10 10° 10 10’

Number of degrees of freedom Number of degrees of freedom

10

Figure 2 : 3D Example: Error estimator and effectivity indices.
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Figure 3 :

G.R. Barrenechea

(St

Rotating converction field:

-8.19e-10"

adapted mesh, and discrete solution.
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@ AFC schemes can be rewritten as edge diffusion methods.

© A new definition of the limiters: convergence in any regular mesh.
@ Linearity preservation and Lipschitz continuity provide:

© an improved error estimate;
© a computable error bound which can be proven to be locally efficient.
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@ AFC schemes can be rewritten as edge diffusion methods.

© A new definition of the limiters: convergence in any regular mesh.
@ Linearity preservation and Lipschitz continuity provide:

© an improved error estimate;
© a computable error bound which can be proven to be locally efficient.

Future extensions:
@ General meshes.
@ Time-dependent problems.

@ Nonlinear problems.
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