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The linear elasticity equation

e Q C RY open connected domain;
0 00 =TNUFUTP, 191 (P) > 0;
o MV T and I'P are disjoint.

—V.oq=f in Q

oq = Ae(uq) in Q
coqn=g on N
oqn =20 onl
ug=20 on P

Hooke's law for a linear elastic material: Ae(uq) = 2pe(uq) + Atr(e(uq)) Id
Compliance:

J(Q) = j(Q,00) = / A" loq 0q dx
Q
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A problem in structural shape optimization

Minimization of the compliance under a volume constraint: minge,, J(Q2)

U ={Q C R? : oq is the stress tensor fulfilling the linear elasticity equation
on Q and V(Q) = |Q] is fixed}.

Gradient-based shape optimization:
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A problem in structural shape optimization

Minimization of the compliance under a volume constraint: minge,, J(Q2)

U ={Q C R? : oq is the stress tensor fulfilling the linear elasticity equation

on Q and V(Q) = |Q] is fixed}.

Gradient-based shape optimization:

Given the domain €y, set j=0 and iterate:

1. Compute the solution of the state equation;

2. Compute a descent direction Oj and an admissible step pj;

3. Update the domain Qi1 = (Id+pu;0;)9;;

4. Until the stopping criterion is not fulfilled, j=,j+1 and repeat.
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A problem in structural shape optimization

Minimization of the compliance under a volume constraint: minge,, J(Q2)

U ={Q C R? : oq is the stress tensor fulfilling the linear elasticity equation

on Q and V(Q) = |Q] is fixed}.

Gradient-based shape optimization:

Given the domain €y, set j=0 and iterate:

1.

2.
3.
4

Compute the solution of the state equation;

Compute a descent direction GJ- and an admissible step pj;

Update the domain Q3 = (Id+p;60;)Q;;

Until the stopping criterion is not fulfilled, j=j+1 and repeat.

Classical optimization Shape optimization
)[ré]ilgl f(x) , f:R"=>R nin J(Q)
Gradient-based descent direction Gradient-based descent direction
in x: ‘ vs.t. (VFf(x),v) < 0‘ at ‘9 s.t. (dJ(Q),0) < 0‘
X1 = X MY Q1 = (Id +10,)Q;
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Shape gradient

Let # € X be an admissible smooth deformation of 2. The objective functional J

is said to be X-differentiable at Q € U,y if there exists a continuous linear form
dJ(Q2) on X such that V6 € X we have:

J(1d+6)Q) = J(Q) + (dJ(Q),6) + o(6)
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Shape gradient

Let 6 € X be an admissible smooth deformation of Q2. The objective functional J
is said to be X-differentiable at Q2 € U,y if there exists a continuous linear form
dJ(Q) on X such that V8 € X we have:

J((1d+0)Q) = J(Q) + (dJ(Q),0) + o(6)

Surface expression

Volumetric expression
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Computing a descent direction

Descent direction: 6 such that (dJ(Q),6) <0
Surface expression of the shape gradient:
(dJ(Q), 6) = / hu(ug, 0q, )6 - n ds
29

Volumetric expression of the shape gradient:

(dJ(2),0) :/th(uQ,aQ,-,H) dx

The Boundary Variation Algorithm

Given the domain £y, set tol >0, j=0 and iterate:
Compute the solution of the state equation;
Compute the solution of the adjoint equation;
Compute a descent direction OJGX;

Identify an admissible step pj;

Update the domain Q3 = (Id+u;60;);;

While (dJ(;),0;) >tol, j=j+1 and repeat.

o O WN -
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Q

The Boundary Variation Algorithm

Given the domain £y, set tol >0, j=0 and iterate:

Compute the solution of the state equation;

Compute the solution of the adjoint equation;

Compute a descent direction 6; € X s.t. (0},00)x+(dJ(Q;),50)=0 V0 € X;
Identify an admissible step pj;

Update the domain Q1 = (Id+p;60;)%;;

While (dJ(;),0;) >tol, j=j+1 and repeat.

OO WN -
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© Minimization of the compliance under a volume constraint
@ Shape gradient using the pure displacement formulation
@ Shape gradient using a dual mixed variational formulation
@ A preliminary experimental comparison
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Minimization of the compliance under a volume constraint

We introduce a transformation Xp : RY — R and we define the open subset
Qa C Rd as Qg = XQ(Q) where F(’," = Xg(rN), rg = Xg(r) and Fg’ = Xg(rD)

Perturbation of the identity map: Xy = Id+6 4+ o(f) , 6 € WhH(RY;RY).
Jacobian of Xp: Dy =1d+V8+0(VO) , lp=detDy

Under the assumption of a small perturbation €, Xy is a diffeomorphism and
belongs to the space

X={Xy : (Xo—Id) € Wh*(R%R?) and (X, —Id) € WH>(R?;RY)}.

Minimization of the compliance under a volume constraint: ming,cs,, J(€20)

Usg ={Qo :TXp € X, Qg = Xp(R) , 0q, is the stress tensor fulfilling the linear
elasticity equation on Q4 and V(Qy) = |Q|}
U

. L(Q) = J(Q0) + V()

in L(Q2
Qgnelll/’]{ad ( 0)
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Minimization of the compliance under a volume constraint

We introduce a transformation Xy : RY — R? and we define the open subset
Qg C R as Qp = X@(Q) where FQ’ = Xg(rN), Mg = Xg(r) and FE = Xg(rD)

Perturbation of the identity map: Xy = Id+6 4+ o(f) , 6 € WhH(RY;RY).
. lg:=det Dy

Jacobian of Xjp: Dy =1d+V0 + o(V6)

Under the assumption of a small perturbati
belongs to the space

X ={Xy : (Xp—1d) € Wh>(R?;RY)

Minimization of the compliance under a vol

uad = {Qg : E|X9 cX s Qo = XQ(Q) y 0Q,
elasticity equation on Qg and

I
) L(QG)

Q:)nelgad L(Q9)
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The pure displacement formulation

Data: f € H(R?;R?), g € H*(RY;RY)
Functional space for the variational formulation:

Vo = Hg,rD(Q;Rd) ={ve H' (%R’ : v=0o0onT"}

State problem: ‘We seek uq € Vo s.t. ag(uq,du) = Fa(du) VYoéu € Voq ‘

ag(uq,0u) = / Ae(uq) : e(du) dx , Fo(du) = / f-du dx—|—/Ng -du ds.
Q Q r
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The pure displacement formulation

Data: f € H(R?;R?), g € H*(RY;RY)
Functional space for the variational formulation:

Vo = Hg,rD(Q;Rd) ={ve H' (%R’ : v=0o0onT"}

State problem: ‘We seek uq € Vo s.t. ag(uq,du) = Fa(du) VYoéu € Voq ‘

ag(uq,0u) = / Ae(uq) : e(du) dx , Fo(du) = / f-du dx—|—/Ng -du ds.
Q Q r

Compliance:

J(Q):/QA_lUQ:UQ dx:/ﬂAe(uQ):e(uQ) dx:/ﬂf~un dx+/rNg~uQ ds

I

Q) = — i A : —
J1(Q0) min /Qe e(ug,) : e(uq,) dxs 2/

uQ, €Va, Q

f-ug, dxo — 2/ g - ug, dss =: j1(0)
0 ri
Shape gradient of the compliance:
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Shape gradient using the pure displacement formulation
Transformation: Py : Hé‘rD(Q;]Rd) — Hé’rg(ﬂg;]Rd) . Vo, = Po(va) = v ng_l

Lemma

Compliance:
. R l -1 —Tw. T . 1 —1 T, T
1(6) = ugg\r}n/ﬂA (2 (VuQDQ +D, VUQ)> : (2 (VUQDG +D, Vun)) lo dx

—2/fOXg‘UQ lo dx—2/ g o Xp - ug Cof Dy ds.
Q v
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Shape gradient using the pure displacement formulation
Transformation: Py : HéyrD(Q;Rd) — H} (Q0;RY) | vo, = Po(va) = vao X, '

o

. W Il that Xy = Id +6 0). H :

Let uq € H} (o(R?). We consider ug, = Ps © recal st Ao el e
1 . Dy = Id+V0 + o(V0)

2 (vXe U, + Vi “ﬂe) = & (Uay) DJ =1d+VoT 4 o(V8)

where V, (respectively V) represents the gr: Dy ' = 1d—V6 + o(V0)
the deformed (respectively reference) domain. det(ld+C) = 1 + tr(C) + o(C)

Compliance: Cof(ld+C) = 1d +tr(C) Id —C + o(C)
i - mi 1 -1 7o, 7\ . (1 1 T T
A(0) = UKFFEI\I}Q/QA <2 (VUQDQ + Dy VUQ)) : (2 (VUQD9 + D, Vu9)> lo dx

—2/foX9-UQ /9 dX—2/ gOX9~UQCOfD9 ds.
Q rv

Shape gradient of the compliance (By differentiating j1(0) w.r.t 6 in § = 0):

(dh(Q),0) :/QAe(uQ): (Vurvo + VOVl dx—/QAe(uQ) + e(ua)(V - 0) dx

+2/(Vf6‘« UQ+f‘UQ(V'9))dX+2/ (Vg -ug+g-ua(V-0—-V0n-n))ds
Q rn
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A dual mixed formulation with weakly-enforced symmetry
of the stress tensor
Functional spaces for the variational formulation:
H(div,Q; My) == {7 € [2(Q;My) : V-7 e [2(Q;RY)}
Yo ={r e H(div,Q;My) : Tn=gonT" and rn=0o0nT}
Y00 = {7 € H(div,Q;My) : Tn=00onTVUT}

Vo =L2(4RY) | Qo =L*(UKy) , Wa:=VoxQ

State problem: We seek (oq, (uq,nq)) € La x Waq such that

aq(oq,d0)+ba(do, (ua,na)) =0 Véo € Lap
ba(oq, (0u,dn)) = Fa(du)  V(du,dn) € Wo

aq(oq,d0) = / A loq : o dx
Q
ba(oq, (du,0n)) = | (V-0q)-du dx+ 2i oq 1 on dx
w

Fa(du) = —/ f-du dx.
Q
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Shape gradient using a dual mixed formulation |

Compliance:
J5(Q0) = inf sup / A71099 oq, dxo + (V:oq, +f) - ug, dxo
Qg

o0, E):Qe (UQQ ,”]QG)GWQS Qg

1
+ — oq, : Na, dxe =: j3(0
2)“‘ QG 0 6 ( )

Mapping H(div, Qy; My) to H(div, Q; My)

A key aspect of this transformation is the preservation of the normal traces of the tensors
under analysis. = Special isomorphism known as contravariant Piola transform.

Transformations:
. . 1 _
Qo : H(div, ; My) — H(div,Q0;My) , 70, = Qo(7a) = ED@TQ o X, 'Dy

Re: P(QRY) = LP(Q;RY) ,  va, = Ra(va) = Dy "va o X,

Let oo € H(div, Q2; My). We consider g, = Qs(0q). It follows that
1
Vi 00y = EDoVwUQ

where V,, - (respectively V) represents the divergence with respect to the coordinate of
the deformed (respectively reference) domain.
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Shape gradient using a dual mixed formulation |

Compliance:

Jj3(0) = inf sup 1 Dg DypoaDy Dy : oq dx
0 €Xq (ug,n0)€Wa 2“
A 1 T T
— m/ E tr (Dg DGUQ) tr (Dg DQUQ) dx
1 1
+ ﬂ o Dg DgUQDg Dy : i) dx

+/(V~UQ)-UQ dX+/fOX9'(D9_TUQ) lp dx.
Q Q

Shape gradient of the compliance:
(ds(Q), 0) :i /Q (N(8)oq : o0 + oal(0) : oq) dx
- m /Q 2tr (N(0)og) tr (o) dx
4o [ (000 s 10+ 0aN(0) : ) o
+/Q (er cug+fua(V-0)—f- (veTuQ)) dx

1
where N(0) = V0 + V0™ — 5(V-0)id.
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A cantilever with six holes (Vy = 40.59, ~, = 0.13)

Numerical error in the shape gradient
1e+0 T T

Error of the shape gradient
T
o
T
L

1e-3 | E

1e-4
Te+3 1e+d 1e+5 1e+6
Number of Degrees of Freedom

[ 0.000e+00
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A cantilever with six holes (Vy = 40.59, ~, = 0.13)

Pure displacement formulation:

Energy
3.0898-08

:0.00231 67

10 iterations 20 iterations 30 iterations

0.0015445

EU.DOD77224

0.000e+00

Dual mixed formulation:
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A bulky cantilever (Vo =45, ~ = 0.1)

Pure displacement formulation:

Ensrgy
E1.577&-D@
0.0011828

7 0.00078841

10 iterations 20 iterations 30 iterations

reee

Dual mixed formulation: En.onwaam
0.000e+00

M. Giacol Volumetric shape gra



A preliminary experimental comparison

Pure displacement (in red) VS dual mixed (in blue) formulations

Cantilever with six holes:

B
s
3 H
E b :
= H
= 5
o s o i B = E) h

J(Q) L(Q2) = J(Q) +yV(Q)
Bulky cantilever'
i

uuuuuuuuuuuuuuuuuuuuuu
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Conclusions

From the experimental results:

Better convergence rate using the volumetric shape gradient.

More robust approach using the dual mixed formulation of the problem.

Configurations with lower compliance (and elastic energy) are obtained
starting from the dual mixed formulation.

The dual mixed formulation seems to provide better convergence rate than
the pure displacement one.

Ongoing and future investigations:

@ Proof of the equivalence of the volumetric expressions in the continuous
framework

@ A priori estimate of the error due to the numerical approximation of the
shape gradient
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