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PART 1

Discrete Fracture Model (DFM)



generic (non reduced) model

1

Find phase pressures u', u? and velocities q*, g*:

Darcy law: q¢ = —k%*(x,S%(x, p)) A(x)Vu®

Volume conservation:  ¢(x)9:S%(x, p) + div(q®*) =0

Closure equations:  p = u® — ul,

( St(x,p) + S%(x,p) =1

a : phase parameter (1 =w, 2 = nw)

p : capillary pressure 5% : phase saturation

N : permeability tensor ¢ : porosity

k® . phase mobility p% : phase mass density



Dimensional Hybridizing: Geometry

m Dimensional hybridizing = Reducing the fracture dimension by 1

equi-dimensional model: hybrid-dimensional model:

0\ 0y Q Q\ 9 ~ O\ r O\l




Dimensional Hybridizing: Averaging over the fracture width

m Dimensional hybridizing = Averaging the model equations over the
fracture width

equi-dimensional model: hybrid-dimensional model:
AT AT
| |
() (@) (u.) E
_d 3 d n W (“m: qm) = (“T’“ qm)
2 ! 2
nt=— —n- nt~——n"

[Alboin et al. 02], [Masson et al. 03], [Jaffré et al. 05]



Dimensional Hybridizing

: Matrix Equations

n-

m Hybrid dimensional matrix domain Q\ I':

Darcy law: qo

kin(Sm(pm)) AmV u®

Volume conservation:  ¢m0:S%(pm) + div(q%,) =0



Dimensional Hybridizing: Averaging over the fracture width

n~—f—n"

(N O : .
N = ( 0 Arn > in (7, n) coordinates

q = —k(5(p)) AVu

= —k(S5(p)) A Vou  —k(S(p)) A pOpun
normaI‘fﬁJx g-nn

tangential flux q-
~ qf . . MO .
interfacial transmission conditions



Dimensional Hybridizing: Fracture Equations

A= —K(S(p) A, Vru  —K(S(p)) Arpdum
—_— —
qr ~ qf g-nn ~ interf. transmission cond.
1 dr
2
m U= — u dn
dr _%
dr

2

2
" qr= / ,, O dn = —drke(S¢(pr)) ArVrur (Darcy Law)

= dordiSi(pr) + divo(ar) +a-nt| , +an| , =0
2

(Conservation Equation)



Transmission conditions at the matrix fracture interface

T+

a= —k(S(p)) Ar;Vru  —k(S(p)) NrnOnun
qr ~ qf g-nn ~ interf. transmission cond.
dy
Eq- ni) o
Si(“/ipm) 2 H ]]+
u [ulx
, ki (S A ~ k(S A
Si(py) + (S (v2pm)) N dr /2 +ke(Se(pF))N\fon dr /2
+
|y
B YnFdm +4- ni)iﬁ = NS+ (V+£Pm)
e |
trace operators at I; [ul+ = v+ um — ur

n € RT; St =05,+(1—-0)S, ie.




Weak Formulation of the Hybrid Dim Model

Z {—/OT/ AP Su(Pu)Oeop + /OT/Mdukﬂ(Sﬂ(Pu)) AuVUM'VSOu}

ne{Q,r}
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PART 2

The Gradient Discretization
Framework



Gradient discretization framework: spacial discretization

m Vector space of discrete unknowns: Xg

m Matrix and Fracture gradient reconstruction operators:
B VD XS - [2(Q)4 and VXY — [2(M)91

m Matrix and Fracture function reconstruction operators:
m N0 XY = (2(Q) and N XY — L2(T)

m Trace and Jump reconstruction operators at I':
mT5: XS = L3(M)  and  [Jip: X3 — L3(T)

[Eymard et al. 2010], [Droniou et al. 2013], [Eymard et al. 2012]



Space-time gradient discretizations

m Time discretization: 0=t"<tl<...<tN=T

m Backward Euler method



Weak Formulation of the Hybrid Dim Model

> {- ' [ dsusitene+ | ' JREICHER) Ao Vo, )
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Discrete Model

T
Z {/0 /du¢u5t5u(n%PD)n%VD
n

ne{Q,r}

T
i
T + +
+ ; {/0 /rn[fstsi(TDPD)] Tpvp

T [[UD]]ID
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+ kf(sf(népp))%’)u%uw}



Coercivity

m Coercivity: (discrete Poincaré inequality)

MN2v. + Inf v + TEv
m Cp= max || D D||L2(Q) || D D||L2(r) Zi || D D||L2(r)
0#vp€XY lvpllo

m For {D'}jen:  Cpi < Cp < 0

Norm on X3: [[vpllo = VBV iz + IVhvp izt + 3 Ivole ol
+



Consistency

m Consistency error: for all u = (up, us) € V°

u SD(U) =
min {HVgVD - vum”L?(Q)d + HV%VD - V7-Uf||L2(r)d*1
V'DEXOD
+NBvp — tmllizi) + Mo vp — urllizr)

+ 3 (Ivolsp = [ulsllze) + 1 THvp - viumnu(r))}
+

m For {D'}jen (I — o0): Spi(u) =0



Limit Conformity

m Conformity error: for all @ = (qm,qr) € W, pr € Cg°(I)
u W’D(q)@ﬂ:) =

sup /(ngp-qm—f—(ﬂgvp)divqm) —Z/'yniqu%deT(x)
V’DEX% Q + r
lvoll=1

+ / (VvaD -qr + (I'IvaD)diVqu>
.

+ Z / (T%VD —Nhvp — [[VD]]i,D)‘PidT(X)}
= Jr

m For {D'Vjen (I = 00):  Wpi(q, 1) — 0



Compactness

m Compactness (in space): (& = (£,,,&f) € R x RI71)
= Tp(§) =

sup { INBvp (- +&m) —NBvplliz@) + IMbvp (- +&F) — Mhvpllir)
V’DEX%
[lvpl=1

+ Z ITovo (- + &) — T%VDHB(r)}
¥

m For {D'}jen: lim sup7pi(§) =0
|€]—0 1eN



Convergence Result

m For coercive, consistant, limit conforming, compact gradient schemes:

(N, N Y upr — (um, ur) in L2((0,T)xQ) x L2((0,T)xT)
(V2 VE ) upr = (Vum, Veug)  in L2((0,T)xQ)? x L2((0,T)xT)~1
T Upi — Yl in L2((0,T)xT)
[up]y o = [u]+ in L2((0,T)xT)

(Sm(NBpp1), Se(Myppi))
— (Sm(pPm), St(pr)) in L2((0,T)xQ) x L2((0,T)xT)

( T55:(pp) = Sx(y=Pm) in L2((0,T)xT)



PART 3

Numerical Tests



Comparison of the Models d.o.f.

m Equi dim

m Hybrid dim

Vertex Approximate Gradient (VAG) Discret.: [Eymard et al. 10], [Brenner et al. 16]



Comparison of equi- and hybrid-dimensional models

Q = (0,400) x (0,800) m
Equi-dimensional mesh: 22500 triangles

Hybrid dimensional mesh: 16900 triangles
Matrix:

¢om = 0.2, A, isotropic
Fractures:

dr =4m, ¢r =0.4, Nr isotropic

Injection of oil in the bottom fracture

Initially saturated with water



Drains: Ar/A,, = 1000

Capillary Pressure: p, = —10°In(S}%); pr =0

m Equi dim

m Hybrid dim




Drain-Barrier: AZ@in /A, = 1000; ABarrier /A, = 0.01

Capillary Pressure: p, = —10%In(S%); pr =0

m Equi dim

m Hybrid dim



Drain-Barrier: AZ@in /A, = 1000; ABarrier /A, = 0.01

Equi dim. Hybrid dim




Computational Performance

Model Nb Cells | Nb dof Nb dof el.

equi dim. 22477 45315 22838

hybrid dim. 16889 35355 18466

Model ‘ Na¢ ‘ N vewton ‘ N GmRes ‘ NChop ‘ CPU

Test Drains
equi dim. 3054 18993 | 425182 406 | 30697
hybrid dim. 1530 7839 75220 20 4123
Test Drain-Barrier

equi dim. 2777 15518 | 227961 376 | 24199
hybrid dim. 1305 6444 63022 9 3546




Conclusion and Perspectives

m Discrete fracture models 4+ VAG scheme

pressure discontinuity at matrix-fracture interfaces
discontinuous capillary pressure

[
u
m polyhedral meshes
[

saturation stratification inside the DFN

m Gradient Discretization Framework

m convergence results
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