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Compressible isentropic Navier-Stokes
pt + div(pu) = 0. (1a)

(pu)e +div(pu@u) = -Vp+V-S (1b)

: density

: velocity

: pressure, p = ap”

: viscous stress, S = uVu, >0

hoT D
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Boundary condition
ulpo =0 (1c)

Initial values

p(x,0) = po >0 (1d)




Introduction

Compressible isentropic Navier-Stokes
pt + div(pu) = 0. (1a)

(pu); +div(pu®@u) = -Vp+V-S (1b)

. density

. velocity

. pressure, p = ap”

: viscous stress, S = uVu, u >0

hT D

Boundary condition
u|39 =0 (lc)
Initial values
p(x,0) =po >0 (1d)

Main goal: convergent scheme.
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Weak solution

e A. Valli. 1982. strong solution for sufficiently smooth initial data,
for small time interval.

e P.-L. Lions. 1998. v > 9/5.
e E. Feireisl, A. Novotny, and H. Petzeltova. 2001. ~ > 3/2.




Full system FD, FV, FEM, BGK, DG




Numerical scheme

Full system FD, FV, FEM, BGK, DG

Isentropic

@ B. Liu, 2000, Error estimates, finite element method

o T. Gallouét, L. Gastaldo, R. Herbin, J.C. Latché, 2008;
G. Ansanay-Alex, F. Babik, J.C. Latché, D. Vola, 2011.
pressure projection, [2-stability

e J. Haack, S. Jin, J. Liu, 2012, all speed asymptotic-preserving
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Numerical scheme

Full system FD, FV, FEM, BGK, DG

Isentropic
@ B. Liu, 2000, Error estimates, finite element method
o T. Gallouét, L. Gastaldo, R. Herbin, J.C. Latché, 2008;
G. Ansanay-Alex, F. Babik, J.C. Latché, D. Vola, 2011.
pressure projection, [2-stability
e J. Haack, S. Jin, J. Liu, 2012, all speed asymptotic-preserving
Convergent FV-FE, T. Karper, 2013, ~+ >3
o E. Feireisl, R. Ho3ek, D. Maltese, A. Novotny,2015;
T. Gallouét, R. Herbin, D. Maltese, A. Novotny, 2015
error estimates for v > 3/2 by using the relative energy
o E. Feireisl, M. Luka¢ova-Medvid'ova, dissipative measure-valued
solution, v € (1, 2)
Extension to full system
E. Feireisl, R. Ho3ek,T. Karper, M. Michalek, A. Novotny
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Numerical scheme

Full system FD, FV, FEM, BGK, DG

Isentropic

@ B. Liu, 2000, Error estimates, finite element method
o T. Gallouét, L. Gastaldo, R. Herbin, J.C. Latché, 2008;
G. Ansanay-Alex, F. Babik, J.C. Latché, D. Vola, 2011.
pressure projection, [2-stability
e J. Haack, S. Jin, J. Liu, 2012, all speed asymptotic-preserving
Convergent FV-FE, T. Karper, 2013, ~+ >3
o E. Feireisl, R. Ho3ek, D. Maltese, A. Novotny,2015;
T. Gallouét, R. Herbin, D. Maltese, A. Novotny, 2015
error estimates for v > 3/2 by using the relative energy
o E. Feireisl, M. Luka¢ova-Medvid'ova, dissipative measure-valued
solution, v € (1, 2)
Extension to full system
E. Feireisl, R. Ho3ek,T. Karper, M. Michalek, A. Novotny

Our motivation simplify; Karper's idea in 1D
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Notations |

@ Elements: Q, = UK
@ Faces: £ ! ° ! o !
@ Exterior faces: Eop = 0N U E.
o Interior faces:Einy = & \ Eext 5 »
@ Faces of element K: £(K)
@ Primary grid o :
] o 3 o %

density, pressure

@ Dual grid x : velocity

E(K) = {O'_K:t;es,KEQ;”S_]_,...’d}’

1
ost=K=+ Ees.
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Between grids
1
{f}a = E(fK + fL), Vo = K|L € Eint.
1 gc},l—i— + g;,l—

gk = 5 g§,2+ + g%,z—
ga,3+ + ga',3—

The s-th component of vector g is defined on the face o € £.




Notations I

Between grids
1
{f}gza(fK—FfL), VU:K|LE£,‘,,,;.

~ 1 g%,l«l» + g%]_,
gk = 5 85,2+ + 85,2—
g3, +823

The s-th component of vector g is defined on the face o € £.

Functional spaces
We denote the space for PO functions with respect to the grid Qj by

X(Qp) = {f € L®(Q); flx = fx € R}.

The s-th component of g is constant in the neighbourhood of the edge,
not in the element K.

X(En)® = {g € X(€): 8

fore =0}
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Discrete differential operators |

B.She (she@math.cas.cz)

Time )
Ohor = £

Space

Let o =K|L L=K+e,,s=1,23.

(03F)s = L

, £ e X (),

85te, — &5
(ai:gs)a+%e, = ﬂT? gc X(ginf)3'

When r =s, (0;g°)k = 75’”;5’5‘ .
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Discrete differential operators |

* . Time o
Oho" = 4t
K o} 3 o} k space
Let o =K|L L=K+e,,s=1,23.
f—f

* * (05f)o = ——5, F e X(Q),
T 0 (058 = T g e X(En)

: " When r =s, (95g°)x = Sost_Boe=

Laplace

(Anf)k = % > (fi—fy),

LEN(K)
1 3
(Bhg)e = 4 Z 8o e, — 285 + 8ote,)-
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Upwind flux
Let f* =max{0,f}, f~ =min{0,f}. The upwind flux is given by

Up[f’ u]ﬂ = fK(u§)+ + fl—(u;)_’

Upwind discrete derivative and upwind divergence

Up[fa u]a,s+ - Up[f’ u]o’,s—

agp[fa u]K = h

3
diVUp[g) u]K = Zagp[fa u]K-

s=1




Discrete differential operators |l

Upwind flux
Let f* =max{0,f}, f~ =min{0,f}. The upwind flux is given by

Up[ﬁu]g = fK(U(SJ')+ + fL(“csr)_’

Upwind discrete derivative and upwind divergence

agp[fy U]K = Up[f7 U]U$s+ ; Up[f’ U]U,$7 )
3
divyp[g, ulk = Zaé“’[f,u]x.
s=1

Let £ € X(Qp),v = [v',v?,v®] € X(Ent)?, then Z divyp[f,v]k = 0.
KeQy,

B.She (she@math.cas.cz) Convergent FD scheme for viscous isentropic flow 8 /21



Numerical Scheme

(9,:,0’;( + diVUp[pn, ulx — h(App")k =0, (2a)

{04(pt)"}o + {divup[p"d", u"} 5 + (5ZP( ") s

— pu(Apu") —haZ{ah {a"}opp")}, =0, (2b)

for all K € Qp,0 € iy and n={1,..., N}, with boundary conditions.
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Numerical Scheme
(9,:,0’;( + diVUp[pn, ulx — h(App")k =0, (2a)

{0h(pi)"}5 + {divup[p"a", u"l}s + (95pP(p")) €5
3

— u(Apu") — h° Z {or({0"}050")}, =0, (2b)

r=1

for all K € Qp,0 € iy and n={1,..., N}, with boundary conditions.

Stability + Consistency Convergence
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Let gz_l € X(4), uh_1 € X(Eint)? be given; g',’{l >0 for all K € Q.
Then the numerical scheme (2a-2b) admits a solution

o € X(Q), 0% > 0 for all K € Qp,ull € X(Eime)*.

Moreover, is satisfies the discrete conservation of mass

Dook=> okt

KeQy, KeQy,




Lemma 1 (Existence of num sol)
Let o]t € X(Qp), ul™' € X(Eint)? be given; it > 0 for all K € Q.
Then the numerical scheme (2a-2b) admits a solution

of € X(Qp), 0% > 0 for all K € Qp,ufl € X(Eint)®.
Moreover, is satisfies the discrete conservation of mass

> o= X i

KeQy, KeQy

’ Positivity <~ non-negativity + strictly positivity‘

’ Mass conservation < upwind flux + artificial diffusion ‘
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Lemma 2 (Energy stability)

Let (pn, up) be the numerical solution obtained through the scheme
(2a-2b). For any time step m=1,--- , N the following estimate holds,

il 3
P Y (B Lo pm) eatu Y S5 (G

KeQy n=1 KEQ, r=1 s=1

s (o lBP 1,
ZN<h > (A5 + —=p(0). )

KeQy,

3

=830 3 30 5 (07 4 R G e )

n=1 KeQ, s=1

//n n—1

AchZ"(jK 0Lk N5 = 8K Y° S B ot

n=1 KEQ, n=1 KEQ),

m

1 n n =n
No= Atk 23" 37 |Uplo” w1550

n=1 o €E;p,
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Lemma 3 (Uniform bounds)

Let (pn,up) be a numerical solution obtained through the scheme

(2a)—-(2b) and let the total initial energy D be defined by

1 1
D:/fpou2+7p po)dx.
[ 300+ =5 (00)

Then
loall=r@)y S D5 Ilp(on)llse(uray S D-
lv/Phtinl Lo 12(0)) S D-
IVaunlle(z@)) S D-
lunll2(s(e)) S D-
B.She (she@math.cas.cz) Comvarzit: FD edbams G oissus e fw
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Lemma 4 (Consistency for continuity )

Let pf, 0} be piecewise constant and piecewise affine representations,
respectively, of the solution to the numerical scheme (2a-2b). Then for
any ¢ € CY(Q) it holds that

/ Ol R pdx — / ppan - Vpdx = h? / Ry, - Vodx, (4)
Q Q Q
where ﬁ > 0 and ||Rh||L1(O,T;L3/2(Q)) 5 1.

Idea of proof

Multiply (2a) with (" ¢)k.
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Lemma 5 (Consistency for momentum)

Let (pfl,uf) be piecewise constant representations of the solution to
numerical scheme (2a-2b). Then for any v € C3(2) N W29(Q),q > 1 it
holds that

/ Oh(pptip)" - vdx — / ppup @ up : Vevdx — / p(pp)divivdx

Q Q Q (5)

o [[(Th) Vv = W, ) 4 (),
Q

where rl € [1(0, T; L5755 (Q)), r2 € L}(0, T; L9()), 61,6, > 0.

Idea of proof

Multiply momentum scheme (2b) with MPv.
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Q=1[0,1*, 4 =001, a=1.0,7=1.4,a=0.83.

At = CFLL

|u|max




L ||

|

(a) density p (b) velocity U (c) velocity V
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Cavity flow, upper boundary u = (16x3(1 — x)2,0)7.

Table: Convergence results of cavity flow

h HVUHLZ(LQ) EOC ||U||L2(L2) EOC ”pHLl(Ll) EOC ||p||L<>c(m) EOC

1/16 6.17e-01 - 4.65e-02 - 7.74e-03 - 4.94e-02 -
1/32 3.08e-01 1.00 | 2.32e-02 1.00 | 4.23e-03 | 0.87 3.19e-02 0.63
1/64 1.51e-01 1.03 | 1.12e-02 1.05 | 2.15e-03 | 0.97 1.96e-02 0.70
1/128 6.60e-02 1.19 | 4.75e-03 | 1.23 | 8.45e-04 | 1.35 9.97e-03 0.97
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(a) density p

B.She (she@math.cas.cz)

(b) velocity U (c) velocity V

Convergent FD scheme for viscous isentropic flow
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U(vaa)/) = Ur(r) * (y - 05)//’,
V(0,x,y) = u(r) (0.5 —x)/r.

where r = \/(x — 0.5)2 + (y — 0.5)2 and

2r/R if0<r<R/2,
u(r)=7{ 20-r/R) R/2<r<R,
0 if r > R,

Table: Convergence results of Gresho vortex test

h [Vulli22) | BOC | flulli2i2) | EOC | [lplliaery | EOC | [lpllioe(uy) | EOC
1/16 | 2.23e 01 — [ 78403 | - | 3.19e06 | - 6.66e-03 -
1/32 | 1.19e-01 | 091 | 4.09e-03 | 0.94 | 1.63e-06 | 0.97 | 4.27e-03 | 0.64
1/64 | 6.04e-02 | 0.97 | 2.01e-03 | 1.03 | 5.92e-07 | 1.46 | 2.27e-03 | 0.91
1/128 | 2.66e-02 | 1.18 | 8.98e-03 | 1.16 | 2.24e-07 | 1.40 | 1.17e-03 | 0.96
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FD scheme

Stability
Consistency

Convergence

Error estimate - - -

Higher order ?




Thank you for your attention!
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Established by the European Commission

B.She (she@math.cas.cz) Convergent FD scheme for viscous isentropic flow 21 /21



Appendix

Positivity Recall the renormalized continuity equation with test function

B(z) = max(—z,0)

S B(2)z-B(2)=0. Y Blok) = 3 (Blok™) ~ Px) <.

KeQy KeQy
Z max{—pk,0} < 0. — pi > 0.
KeQy,

Choose K € Qp, such that pi < pf for all L € Q4. Then we have
P — it = —Atdivyp[p”, u"lk + Ath®(App™)

3
At _
> =0 (ks — kU, (e, — PG, + (o — Pe—e U5 )

s=1

> —Atp’,’((divhu")K > —Atp',’(|(div;,u")K|.

1
1+ At|(divyun)

Pl > pk > K|p’,’{1 > 0, for any L € Qp,
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