The Gradient Discretisation Method

J. Droniou®, R. Eymard ®, T. Gallouét ), C. Guichard ¥, R. Herbin ()

(a) Monash University
(b) Université Paris-Est
(¢) Aix-Marseille Université

(d) Université Pierre et Marie Curie

SEPTEMBER, 2016 CARGESE



Finite Volume for Complex Applications 8

june, 12-16 th, 2017
Université de Lille

https://indico.math.cnrs.fr/event/1299/overview

Contact : C. Chainais-Hillairet, C. Cances


https://indico.math.cnrs.fr/event/1299/overview

Conforming finite element method

—Au="finQQ,
T =0 on 09,
where Q is a polygonal subset of RY and f € L?(Q)
Find @ € H3(Q) such that, for all v € H} (),
/Vﬂ(x) - Vv(x)dx = / f(x)v(x)dx.
Q Q

weak formulation :

simplicial mesh of Q (e.g. triangles in dimension d = 2)
h mesh size used as index of a family of regular discretisations
space V), = continuous piecewise linear functions on the mesh with zero value on 992

Find up € V4 such that, for all v, € V,,

/QVLI/,(X) - Vp(x)dx = /Q f(x)va(x)dx.

Existence and uniqueness of a discrete solution thanks to || V[ 2y norm on Vj,



Convergence of conforming finite element method

(Cea’s lemma)

VT = Vun|l 2y < Sn(@) with Su(p) = WTei'\}h [Vwh = Vol 2y, Vo € Hs ()

There exists Cp > 0 such that, Vv, € V},

Poincaré inequality :
olncare inequality ||Vh||L2(Q) S CP ||vVh||L2(Q)d )

then | [lun — Tl 12y < CpSn(T)

provides the convergence of the method if
Sh(¢) — 0as h — 0 for all p € Hy(Q)

Limitations of conforming finite element method
@ Not in conservation form (no fluxes)
@ Not adapted to heterogeneous anisotropic problems (flow in porous media)

@ Not easily suited to some coupled nonlinear problems



Nonconforming finite element method

simplicial mesh M of a domain Q

For any uy, = Z UsPo

Uefint
VK € M,¥x €K, Vamun(x) = Y usVkps
0E€Fing K

Approximation method

Find up € V4 such that, Vv, € V4, /VMuh(x) - Vmvp(x)dx = / f(x)va(x)dx.
Q Q

Existence and uniqueness of a discrete solution thanks to ||VM~HL2(Q) norm on Vj



Convergence of nonconforming finite element method

Second Strang lemma :

[Vd = Vaunll 2y < Sh(@) + Wh(Va),
where Sy(p) = inf [|Vp — Vavillizg)» Vo € Ho ()
Vh h

/ (9(x) - Vaawn(x) + divep(x)wa(x))dx
and Wh() =  sup ¥

wp € Vp\{0} HWh”h

9 ch S Hdiv(Q)

Discrete Functional Analysis proves discrete Poincaré inequality :
There exists Cp > 0 such that, Vv, € V,,

|Vh||L2(Q) <Cp ||thhHL2(Q)d :

then | |lun — UHLz(Q) < Cp(Sh(T) + Wih(V1)).

Convergence of the method if

Sk(p) — 0 as h — 0 for all p € H3(Q)
Wi(p) — 0 as h — 0 for all ¢ € Haiv(Q)

limitation : V aqup computed from up € V
V mup cannot be reconstructed independently of up (cf. mixed methods)



Finite difference/volume approzimation

VKeM, Y Fio= / f(x)dx, S e s
ocEFK K Z

and flux conservativity across each interior edge :

Vo € Fint common face of K and L o Vs |7

FK,U T FL,o =0. - ;UH -

Us — Uk K |
with Fro = _|J|dist(z,,x,<)' T Nk
u, =0if o C 09,

variational formulation

find ((ux)kem; (Uo)oer) such that u, =0 if o C OQ

s.t. for all ((vk)kem, (Vo )oecr) such that v, =0 if o C 90

Z Z ﬁ(w — vk)(Us — uk) = Z VK/Kf(X)dX-

KeM oeFyk KeMm

no clear way to see this method as nonconforming finite element method




Reformulation of Finite difference/volume approzimation

Xp.o = {((vk)kem, (Vo )oer) such that v, = 0 if & C OQ}

Yup € Xp,o, Mpup(x) = uk for a.e. x € K
Vs |7
’
Vksup = VEE)SUD Nk,o + VEES)UD Nk o/ §
g Us — Uk (o) Uyr — UK K| —
with V(U)UD =<2 = and V up = ———— ng,
¢S B dlSt(Xar7XK)

diSt(ia7 XK)

Vup € Xp,o, Vpoup = Vi sup on Vi s

Then, for (up, vp) € X5 .0, Z VK/ f(x)dx = / f(x)Mpvp(x)dx and
Kem 7K 2

Z Z ﬁ(wf —vk)(Uo — uk) = /QVDUD(X) - Vpvp(x)dx.

KeMoeFk

Find up € Xp,o such that, for all vp € Xp o,
/VDUD(X) -Vpvp(x)dx = / f(x)Npvp(x)dx.
Q Q

Existence and uniqueness of a discrete solution thanks to |[[Vp-[[2q) norm

on X’D"Q



Error estimate for the finite difference/volume method

||Vﬁ = VDUDHLz(Q)d < SD(H) + WD(VH)

with 5p(p) = min (H”DWD = ¢@ll2) + IVowp — VsOHLz(Q)d) , Vo € Hy(Q)
(e(x) - Vovp(x) + divee(x)Mp vp(x)dx)dx

and Wp(p) = sup 22 , Ve € Haiv(R)
vDEXD 0 HVDVDHLZ(Q)d

Discrete Functional Analysis proves discrete Poincaré inequality :

There exists Cp > 0 such that, Vvp € X’D,O HI_IDV'D”LZ(Q) < Cp ||VDVDHL2(Q)d .

then |||_|’DUD = HHLQ(Q) < (CP + 1)SD(E) + Cp W’D(Vﬁ)

Convergence of the method if (Dp)men is such that

Sp,(p) — 0 as m — oo for all p € H3 (Q)
Wp,,(¢) = 0 as m — oo for all ¢ € Haiv(Q2)




Synthesis of the three examples

VT — VDUDHLz(Q)d < Sp(u) + Wp(Va)
|||-|DUD 7U”L2(Q) < (Cp + 1)5D(E) + CPWD(VH).

with
conforming FE nonconforming FE Fin. Diff./Vol.
XD,O RVint R int RMFFint
Np(u) Z Usps Z Us Po uk in K
SEVint g€ Fint
Vo(u) Z usVps Z usVo, in K Viksuon Vi
SEVint occFk
Cp Continuous Poincaré | Disc. Funct. Anal. | Disc. Funct. Anal.
Sp —0a h—0 —0ash—0 —0a h—0
Wp 0 —0ash—0 —0ash—0

and many other examples (mixed finite element method, DDFV, HMM,. . .)

included in the Gradient Discretisation Method




The Gradient Discretisation Method p € (1, +00)

Gradient discretization D = (Xp,o, b, Vp)

@ Xp,o finite dimensional real vector space

o [p: XD,O — LP(Q) linear

o Vp : Xpo — LP(Q)? linear such that | - |5 = |V -
Consistency and stability requested for convergence of the GDM
(Dm = (Xpp0s Moy V,))men family of gradient discretizations

1p(0)¢ 1S @ norm on Xpo.

. IND vl ) . )
© Coercivity :| Cp= max ——————— = discrete Poincaré inequality
vexpo\{o}  [lv[p

Cp,, remains bounded
@ Consistency : Sp,,(¢) = 0

Yo € WgP(Q), So(e)= min (INov — elua + VoY — Veluay)

@ Limit-conformity : Wp,,(¢) — 0

Vi € WEL(Q), Wolp) = / (Vou- o+ Mpu dive) dx

ma
uEXp, 0\{0} ||U||D

@ For nonlinear problems : Compactness : For any sequence (um)men ;
Um € Xp,,0 ||Um||p, < C, then the sequence Np,, uy, relatively compact in
LP(Q2) (implies coercivity)

@ Piecewise constant reconstruction : There exists a basis (e;)ics of Xp,0 and
disjoint subsets (;)icg of Q s.t. Mpu = Z uilg, for all u = Z uiei € Xpo

ieB i€eB



Application to p— Laplace problem p €]1,+oo]

—div(|Va@|°*Va) = f + div(F) in Q,
with boundary conditions 7 = 0 on 0%,

under the following assumptions :

Q is an open bounded connected subset of RY (d € N*)
p €]l +oof, f € LP(Q) and F € 1P (Q), 1 + L =1

weak solution is given by

T € argmin (%/Q|Vv\’3dx—/Qf(x)v(x)dx—&—/nF(x)-Vv(x)dx)

vewy ()

T € W, P(Q) and, for all v € W,"P(Q),
/ |Va|P*Vi(x) - Vv(x)dx = / f(x)v(x)dx — / F(x) - Vv(x)dx
Q Q Q

application of the GDM method
up € argmin (3 / Vo v(x)[Pdx — / F(x)Npv(x)dx + / F(x)-va(x)dx)
P Ja Q Q

vEXD o

Find u € Xp o such that, for any v € Xp ,

/Q Vou(x)P 2V u(x) - Vov(x)dx = /ﬂ Al — /Q ) Tk




Error estimate for the p— Laplace problem p €|1, +0o0]

estimates .

IV ys < (CopllFll iy + IFll o @ye) 7

and .

IVl ipaye < (CollFll iy + IF o ye) 7T
If pe(1,2],

IV = Voup|| e < So(8) + Cu(p) [Wo (V" ~>VE + F) + Sp ()]
_P_
X [$p(@)° + [(Co + Con)lIfllp (@) + Il gys] 77|

2—p

2

If p € (2,+00),
VT — Voupllin@pe < Sp(T) + Gi(p) [Wo(IVTP >V + F)

1

1 1p—2] =
+50(8) [(Cr.ollFll gy + IFll o) 7T + S(@)] ] 7.

and
@ — Npupllise) < Sp(a) + Co(Sp(@) + V3 = Voup iwgy)- |

Convergence thanks to coercivity, consistency and limit-conformity



Application to quasilinear elliptic problem p = 2

—div(A(x, T(x))VE) = f in Q,
with T = 0 on 09

hypotheses

Q is an open bounded connected subset of R? (d € N*)

A is a Caratheodory function from Q x R to M4(R),

A(x, s) is measurable w.r.t. x and continuous w.r.t. s,

there exists A\, A > 0 such that, for a.e. x € Q, for all s € R,
A(x, s) is symmetric with eigenvalues in [\, A],

fel?Q)

weak form of the problem

T € HYQ), Vv € H3(Q),
//\(x,ﬁ(x))Vﬂ(x) - Vv(x)dx = / f(x)v(x)dx
Q Q

Find u € Xp o such that for any v € Xp o,

GDM : //\(x, Npu(x))Vou(x) - Vov(x)dx = / f(x)Mpv(x)dx
0 Q




Properties of the discrete problem

Existence of a discrete solution : mapping RY - RY, W — U such that

=S WD u= Y e
Find u € Xp.o such that, v € Xp.o,
/ A(x, Mpw(x))Vpu(x) - Vpv(x)dx = / f(x)Mpv(x)dx
EstimQate letting v =u :
AHVDUHi?(Q)d < HfHLZ |||_|DL’||L2 < CD”fHL? ||VDU||L2(Q)d

L C
implies ||V ul|2(g)e < THH‘B(Q)

Proves mapping well defined, and that Brouwer theorem applies.

G
coercivity hypothesis implies | ||V, unll;2(q)¢ < TPHfHLz(Q)

compactness hypothesis implies subsequence such that lNp,, u, converges in L2(Q) to
T and Vp,, un weakly converges in [*(Q) to G
passing to the limit in limit-conformity relation and prolongement by 0 imply

Ve € Haiv(R?), / G(x) - p(x) + u(x)divep(x)) dx = 0.

T = 0 outside Q implies G = V@ and T € Hy (Q)




Passing to the limit on the discrete problem

consistent interpolation Pp : Hy () — Xp o defined by
Ppy € argunin (IMov = @l ) + 1IVDY = Vellziaye ) -
vEXD o

We have
Mo (Ppe) = ¢l 2) + IVD(Pp@) = Vol 2() e < Sp(¥)

//\(x MNp,, um(x)) Vo, u(x) - Vo, (Pp,,p)(x dx—>/ x, u(x))Vu(x) - Vio(x)dx

and /f x)Mp,,(Pp,¢)(x)dx — / f(x)e(x as m — oo.

implies T is a solution to the continuous problem

fign /Q 52 T 1) i, 060 - Vi G165

m—» 0o

:/f(x)U(x)dx://\(x,H(x))VH(x)~VH(x)dx
Q Q

thanks to

/Q/\(x, Mo, um(x))(Vp,, um(x) — VU(x)) - (Vp,,um(x) — Vi(x))dx — 0 as m — oo

gives strong convergence of the gradient



Transient problems p € (1,400)

space—time gradient discretisation for T > 0

Dr = (D7ZDa (t(n))n:O,.“,N) with

D = (Xp,0,Mp, V) GD such that Mp(Xp,e) C L™P2(Q),
Ip @ L*(Q) = Xpyo

0 — 0< @ < M) — T 6t(n+%) — 1) _ t(n), St = Maxy—o.. N_1 6t(n+%)

definition of space-time reconstructions for 8 € [0,1] and all t € [0, T]

Vv = (V') pmo,...n € XD b Vn=0,...,N =1, Yt € (¢, ¢"1)],
vo(t) = v .= oy 1 (1 = 9)v") and, for a.e. x € Q,
NS v(x, t) = No[ve(t)](x), VHv(x, t) = Voplve(t)](x)

(n+1) (n)
_dntd) Mpv —MNpv
dpv(t) =6p 2vi= D

and I'Igg)v(-,O) =Mpv®

definition of dual norm

Yw € Np(Xp,0), lwll, », = sup {/ w(x)Mpv(x)dx : v € Xpo, ||v|p = 1}
Q




Key tool : discrete Aubin-Simon theorem

B Banach space, T >0, 6 € [0,1], (fn)men sequence of LP(0, T; B) such that

Q@ (Xm)men “compactly embedded in B” : any sequence (um)men such that
Um € Xm for all m € N and (||umllx_)men is bounded is relatively compact in B

@ Xm C Yy for all m € N and, for any sequence (um)men such that
@ um € Xm for all m € N and (||um||x, )men bounded,
@ |[lumlly,, — 0as n— +oo,
® (Um)men converges in B,

it holds u, — 0 in B.

O Forall meN, thereexists N e N*, 0=t <« tM) « ... « tM) = T and
(V') ozo..v € XN such that, for all n€ {0,...,N — 1} and a.e.
te (8 ) £ (1) = 0vD + (1= )W), Gfn(t) = v v
) y I'm = y OmIm = t("*l) —t(")
@ (fn)men bounded in LP(0, T; B)
o (”fm”Lp(o,T;Xm))meN bounded
9 (”(Smf’””Ll(O,T;Ym))meN bounded.

Then (fm)men relatively compact in LP(0, T; B)



Application to Gradient Discretisation Method

space-time consistency for a sequence ((D7)m)men :
e Vo € Wy P(Q)NL(Q), lim Sp,(p) =0.
m— o0

where Sp(yp) = o (H”Dv = @llmaxe22 () + VDV — Vs@llw(md)

o Vuc L*(Q), Jim |lu— N, Ip, ul] 2 = 0.

® dtp, — 0 as m — oo.

T>0 pe(l,+00)and 6 €0,1]

(D7)m = (Dm, Iy, (85 ) =0,y ))men sequence of space-time-consistent and
compact space-time GD

Forany meN, v, € Xg:fol s.t. 3C > 0 with

.

Vm €N, / (o8} 5, dt < C
0

and

)
¥m e, [ 160,un(t)l. m, de < €
0

Then sequence (I'I(g')n Vm)men relatively compact in LP(Q x (0, T))



Application to quasilinear parabolic problem p = 2

in Q x (0, T)

8,7 — div (A(x, T)VT) = f
(-, 0) = uini, on Q,

u =0 on 902

weak solution

e Q is an open bounded connected subset of R,
deN"and T >0,

e A:Qx (0, T) = My(R) is a Caratheodory function
HA,X >0st, forae xeQ forallseR
A(x, s) symmetric, eigenvalues € [\, ],

o fel?(Qx(0,T)),

o upni € L*(Q).

T e L2(0, T; HA(Q)) and, for all v € L2(0, T; HA(Q))
such that 8,v € L2(Q x (0,T)) and v(-, T) =0,

-
—/ /U@ﬁdxdt—/uini(x)V(x,O)dx
o Ja Q
T T
+/ //\(x,ﬁ)Vﬂ-Vdedt:/ /dexdt
o Ja o Ja

gradient scheme

u©® = Ipulm and, for all n=0,.

n+1
= / / fMNpvdxdt
n+2)

SN —1, u(™) satisfies Vv € Xp,0,

/5 mtd 2 uMpvdx + / A(x, Npu "+9))Vpu("+9) - Vpvdx




Error estimate in the linear case p = 2

F=0 and A(,s)=1d, 3hp > 0 such that
Vo € W2(Q) N HAQ), Sp(¢) < ho [l e) -

Ve € WH(Q)Y, Wo(p) < ho el ey »

Vi € Wh(Q) N Hy(Q), INpZoe — ¢lli2(q) < Mo el
e C3(Qx[o,T]

then

mw‘hgdyﬂ—ﬁuﬂ

te[0,T]

and HV%)U - Vu

< C(étp + hp)
L2(2)
< C(étp + hp)

L2(Qx(0,T))d

proof : follow elliptic error estimate, and sum on n using L° linear interpolation



Convergence analysis in the non-linear case

Hypotheses : compactness (implies coercivity), space-time consistency, limit-conformity

Estimate (take v = u as test function)

for any k =0,.

/(I'Ipu dx—|—/ / X, I'I D u-V(Dg)udxdt

(k)
/(npzpu,m(x)) dx+/ /fng)udxdt

sup HI‘I(Q H < and HV

tel0,T]

< G.

L2(Qx(0,T))d

consequence : existence of a discrete solution (Brouwer or topological degree)

=
estimate on dual norm / ||6Du(t)\|i pdt < G
o :

Application of discrete Aubin Simon theorem provides strong convergence
pass to the limit on the scheme

uniform-in-time convergence (i.e. in L(0, T; L*())
strong convergence of gradient thanks to uniform-in-time convergence



Application to degenerate parabolic problems p = 2

in Qx (0, T),

U(X,O) = Llini(X)
in Q,

(@) =0
on 902 x (0, T)

8¢ — div (Mx)VC(T)) = f

weak sense

e Q is an open bounded connected polytopal subset of R? (d € N*)
and T >0,

e ( : R — R is non-decreasing, Lipschitz continuous with Lipschitz
constant L¢ > 0, ¢(0) = 0 and, for some Mo, My > 0,
[¢(s)| > Mols| — My for all s € R,

o A: Q — Mgy(R) is measurable and there exists A > )\ > 0 such that,
for a.e. x € Q, A(x) is symmetric with eigenvalues in [\, \].

o uini € L3(Q), f e l2(Q2x(0,T)).

) € 12(0, T; H3 (Q)),

/ /u@tvdxdt—/uml( )v(x,0)dx
/ //\(x V{(a) - Vvdxdt—/ /fvdxdt

Vv e L2(0; T; Hy(f2)) such that 9;v € L*((0, T) x Q) and v(-, T) = 0.




Continuous insight

Alt&Luckhaus : ’ Bttt — A(Um) = fm

multiplication by T provides HC(U'")”LZ(O,T;H(%(Q)) < Cand ||[um|lyoo (0 020y < €
one naturally gets ||9¢uml|;2(g 7,4-1(q)) < C does not lead compactness on ((um) in
L%(0, T; L*(Q))

Problem : identify limit ¢ of ¢(um) as (1)

remarkable ideas :
/ 77/(C(um(x‘t+7))7((um(x, £)))2dxdt
<0C/78T/(((um(x t+7)) — C(um(x, t))(um(x, t + 7) — um(x, t))dxdt
OT T ' T ’ '
= c/ /(( U, £+ 7)) — C(um(x, £)) / etim(x, ¢ + 5)dsdxde

== / / (V¢(um(x, t+7)) = VG (um(x, £)) V¢ (um(x, t + 5))dsdxdt + Term in f,
0
< Cr(lI6Cum) 2o, rpnqayy + - )

provides strong convergence of ((um)

allows application of Minty trick : lim / / um) — ¢(@)(um — p)dxdt > 0

m— o0

-
thanks to the strong-weak limit in / / C(um)umdxdt,
0o Jo

implies

implies ¢ = ¢(1)

/OT /Q(Z— C(9))(T — p)dxdt > 0



Use of Aubin-Simon in the continuous setting

[um| oo (0, 7:120)) < € and [[Geumll 20, 71-1(2)) < €

imply compactness on u,, in L*(0, T; H'(Q)) -

weak convergence of ¢(um) in L*(0, T; H'(Q)) to ¢
T

thanks to the weak-strong limit in / / C(um)umdxdt, apply Minty's trick
o Ja

/ ' @@ eyixac 20| imples ¢ = (@

Conclude compactness on ¢(u) in L*(0, T; L*(R)) with

/ / C(um(x, t)))*dxdt

< c/ /(g (%, D)@ = i, t))dxdt = 0

use of time translates no longer necessary...
application to the GDM



Scheme and estimate

u

Mpu = Z,.E, ujXq; piecewise constant reconstruction for managing time term

) = Ipuini and, for all v = (V(n))n:L_”,N C XD,o,

/ ! / [pu(x, MY v(x, 1) + AC)VEC()(x, 1) - T v(x, )] axdt
0 Q T

/ F(x, )NY v (x, t)dxdt.
Q

0

n:R — R defined by| VseR, n(5)=/ ¢(g)dg > %52_
0

Mg
Mo

for Toe (0, Tland k=1,...,N st To e (t* ), t¥)]

/ NS n(u)(x, To)dx + / / (x)VEC(u)(x, t) - VE¢(u)(x, t)dxdt
/I'Ipn(Ipuml)(x dx+/ /f X, t)I'I g(u)(x t)dxdt.

Estimates (take ((u) as test function) use coercivity and space-time consistency

sup
te[o,T]

and

|

sup
te[0,T]

<cC ’v“) C
1O gy < G TR g 0.y <
T
[n@ue)] , < i and / I6pu(t)|2 5 dt < Gs
L2(Q) 0 ’

leads to existence and uniqueness of the discrete solution




Convergence analysis

Discrete H™' Aubin-Simon theorem (use compactness hypothesis) :

if Vm €N, / Hn ) (£ H dt < Cand Vm €N, / 160, vm(£)]|7 5, dE < C.
and I'I v,,, cv weakly in L%(0, T [*(Q)) as m — oo to some v € L2(0, T; L3(Q))

Then, as m — oo, defining reciprocal discrete and continuous Laplace operators

NG (Ab, vim) = Alv and V) (A, vim) = V(AV) in L2
and, if g > 1 then dp,, (A, vm) — 0:(A'V) weakly in L9(0, T; L*(Q))

Consequence : lim / / D, Um C 1 . Um dxdt—/ /quxdt
m— o0

Minty trick implies { =T

Consequences : convergence (use space-time consistency and limit-conformity)

NG um — weakly in L*(Q x (0, 7]
NG Clun) = ¢(@  in L2 x (0, T)),
Vi, {lum) = VC(@) in (@ (0, 7))’




Analysis tools for properties of GDM

Xz,0 = {v = ((vk)kem; (Vo )ocF)

vk ER, v, ER, v, =0 forall 0 € Fexe}
Vv € Xz,0, VK € M, for a.e. x € K,
Mzv(x) = vk

Vzv(x) = Vkv:

|K| Z |O—‘(V0' VK)nKU

oEFK

|K| Z |o|Vonk o

oeFk

VVEXTQ, V|Tp Z Z |O"dK¢7

KeMoeFyg

A cell K of a polytopal mesh

polytopal toolbox (Xz,0, Mz, Vs, | |1 ,)

not a GD, since norm is not that of the discrete gradient



Control of a GD by a polytopal toolbox

control of D = (X’D’O, HD,VD) by TP : XD,O — X‘z,o,

d(v Mpv — Nz®(v
max [®( )If;,,,7 S(D,T,8) = max [ WMoy
vexp oo} |[Vllp veXp o\ {0} vl

[@llp<=

)

1
p>p

/va(x) Vg@(v)(x)}dx

v 1—
wY (D, T, ®) = K|*P
@58~ mox, o <Z' |

KeM

then

Cs depending only on Q, p and regularity factors of toolbox

Cp < WH(D7 T, @)+ G H'I>||D,$

for all p € W' (Q)

Wo(#) < [llwr gy [Cobaa(1 + [ 2l5.) + (D, T, @) + w7 (D, T, ®)].

consequence

sequences (Dm)men, (Tm)men, hrm,, — 0 as m — oo under regularity conditions
sup H‘I)'"HD,,,,L" < 400,
meN

if { lim w"(Dm, T, ®m) =0, and

m— oo
lim @Y (Dm, T, ®m) = 0.
m— oo
Then (Dm)men is coercive, limit-conforming and compact




Local linearly exact (LLE) GD

LLE gradient discretisation D = (Xp,0, Mp, Vp) defined by

edof S= (X,'),'e/ C Rd, (Oz,'),'el C LOO(Q),

o Xpo={ueF(,R): u(i)=0,Viel} | wherel=IqgUlpandd=1IonNls
o M finite family of open disjoint subsets of Q such that (J, K=Q
e for all K € M, Ix C I such that
forall i€l and all K € M, if i ¢ Ix then aj =0 on K
for a.e. x € Q and all v € Xp o, Za;(x) = 1‘ Mpv = Zie, vioy
iel

o for all K € M, Gk : F(Ix,R) — L=(K)?
for any affine function L : RY — R, if £ = (L(x;))iei then Gk& = VL on K

Vov = Gk [(Vi)ielK} ‘ on K forall v € Xpo

® VD - |l p(y¢ is @ norm on Xpo.

hat = max diam(K)
KeM

LLE regularity of D defined by
dlst(x,, K) )

X am(K) +esssup2\a,(x

re(P) = gz (196l + ma .
X icl

LLE GDs are consistent



Non-conforming finite element methods

Non conforming P; GD

locally linearly exact | = F = Fint U Fext
S= (ia)JEF
M simplicial mesh of Q

1
@(V)K = m EZ]: Vo = I_IDV(XK)
oEFK

and ®(v), = vo = MNpv(X,). K

Then exists (7 s.t.

||®]|p,x < Osd"/,
W'(D, %, ®) < hu,
wV(D,%,®) = 0.



Multi-point flux approzimation MPFA-O scheme

S

VK,s

xk  dko %o

(1) (1) .
X0 X1 r

I=MU{ros : 0 €F, s€V,}and S = ((xx)kem, (Xo,s)occF,scv, )
Ik ={K}U{o,s : 0 € Fx,s € Vs}

aj=1fori=K and a; = 0 for i = g, s, implies

Vv € Xpo, VK € M, Vx € K, Mpv(x) = vk.

|VKs| Z |7'a,s‘(Vo,s_VK)nK,o~

Tl oEFK s

for a.e. x € Vs, Grv(x) =

polytopal toolbox ¥’ built with cells and subfaces
D : Xpo — Xgrost. ®(u)k = uk and ®(u)r,, = Uos




Hybrid mimetic mized schemes (SUSHI)

polytopal mesh T = (M, F, P, V)
I=MUF, S =((xx)kem, (Xo)ocF)
(ak)kem and (ao)oer such that
ak =1 on K, ak = 0 outside K, and a, =0
implies Vv € Xp, VK € M, for a.e. x € K,
Npv(x) = Nsv(x) = vk.
. = 1
recall polytopal gradient Vxv = m Z |o|Vonk,o
oEFK
VK e M, Vv € F(Ix,R), Yo € Fx, fora.e. x€ Dk,
= d
Gkv(x) = Vkv + d\F

® =1d: Xpo — X0

(VU — VK — ﬁKV . (ig — xK))nK,‘,

A cell K of a polytopal mesh




Conforming Galerkin methods and derived methods

A = (¢i)ies linearly independent family of elements of W, *(Q)
XD,O = 7(/,R) and, for all u = (U,),e/ S XD 0,

n’DUZZUi‘Pi and Vpu =V n’DU ZU:V‘P:
icl =

coercivity continuous Poincaré’s inequality
consistency for convenient choice of shape functions
limit-conformity Wp,, () = 0 for all ¢ € Wdi"”’,(Q)
compactness Rellich’s theorem

Mass-lumped P; GD

Yv € XD70, VseV,
I_I%Lv = vs on §s.

Partitions for the mass-lumping of the P; GD

The Vertex Average Gradient method ‘ ’
Elimination of the face degrees of freedom (4
Mass lumping at centres and vertices S s




The RTy mized finite element scheme

Hain (Q) = {p € L2(Q)?, dive € 2(Q)},

V= {v e (L3(Q))% v|k € RTk(K), YK € M},

Vi = Vi N Haie (Q),

Wy = {p € L*(Q) ; plx € P«(K), YK € M}, spanned by (xi)ics

My ={u: |J &= R, ulo € Pu(0), uloa = 0}, spanned by (§)jes
oEF

primal formulation

X’D,O = T(/,R), MNpu= Z U,‘X,‘7VU S XD,07
iel
Yu € Xpo, AVpu e Vi,

/ v(x) - Vpu(x)dx + / Npu(x)dive(x)dx =0, Vv e Vi,
Q Q

dual formulation
Xpo=F(UJLR), Npu=> ux;and Tzu=>_ug, Yu€ Xz,

icl jed

Vu € X5 4, AVzu € V) and / w(x) - Vzu(x)dx —|—/ M5 u(x)divw(x)dx
K K

= Z Fsu(x) wlk(x) - nk,ody(x) =0, Yw € V.

oc€FKY Y







Non-conservative problems

v(x, £, u(x, 1), Vu(x, 1)) deu(x, £) — div(u(IVu(x, 1)) Vu(x, 1)

= f(x,t), forae. (x,t) €Qx(0,T)
with the initial condition u(x,0) = uini(x), for a.e. x € Q,
and boundary conditions u(x, t) = 0, for a.e. (x,t) € 9Q x (0, T).

for image processing, approximation of level-set equation

u® = Tpuin; and, for n=0,..., N — 1, ul™Y satisfies
(n+1

¢(n+1) 7
/ / v(x, t, Npul™), VDU("+1))($(D’1+§)U(X)HD v(x)dxdt
t(n) Q
ot D) / w1V D™ (x) )V ™D (x) - Vov(x)dx
Q

(1

)
= / / f(X, t)nDV(X)dth, Vv € X’D,O-
t(n) Q




Non-linear time-dependent Leray—Lions problems

0:u — div a(x, T, Vu) = f in Q x (0, T),
U(x,0) = uini(x) in Q,
a(x,u, Vi) -n=gon dQ x (0, T).

u® = Tpum € Xp and, forall n=0,..., N — 1, u™ satisfies

1
82 y(x)Mpv(x)dx
Q
+/ a (x Nput™® Vo u("w)(x)) - Vpv(x)dx
Q

(n+1)
_ W / / F(x, )MTpv(x)dxdt
b )/ / g(x, )Tov(x)ds(x)dt, Wv € Xo.
" n)




Two phase flow

®(x)0:S(x, p) — div(ki(x, S(x, p))A(X)Vu) = f1,
®(x)0:(1 — S(x, p)) — div(ka(x, S(x, p))A(X)VV) = £,
p=u—v, for eQx(0,T),

Initialization : 5(0)(x) = S(x, Mpp?(x)),
Forn=0,...,N—1:

" g € Xp,0, vt _gp e Xp,0,
p(n+1) _ u(n+1) _ (n+1) (n+l)(x) S(X, I'IDp("+1)(x)),
(n+1)
(n+) _ sox) - sh (X)
0p 2'sp(x) = s

/ﬂ <¢(x)5‘ Dsp(x)pw(x) + ki(x, s0 (x))/\(x)VDu("“)(x)-VDW(X)> dx =

.
6t(n+2)

/ ( ()6 D sp (x)Mpw(x) + ka(x, s (X))AX) Vo v ™ (x) - va(x)> dx =
Q

!7+1
/ /fl(x HMpw(x)dxdt, Yw € Xp.o,

n+1
ﬁ/ /fz x, t)Mpw(x)dxdt, Yw € Xp .




Stokes problem

HiQ), 7 e L3(9),
H~de+/Vﬂ: Vde—/ﬁdidex: / (f-v+G:Vv)dx
Q Q

o
m

Q (Q)d Q

qdlvudx =0, Vge LS(Q),

\ <§3

ue X’D,o7 pc Ypyo,
77/ I'Ipu-l'lpvder/VDu : VDvdxf/X'Dp divpvdx
Q Q Q

(f-Mpv+ G :Vpv)dx, VveE Xp,y,
Q

/ xpqdivpudx =0, Vg€ Ypyp.
Q




