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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F

Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR
Q@ O SetUKO .= Uk-1andi.=1.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

Q@ O SetU°:=Ur"'andi:=1. | ‘
@ Do an algebraic solver step = U""' s.t. (R algebraic res.)

Ak_1 Uk,i _ Fk—1 . Rk’i.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

Q@ O SetUK:=U"andi:=1. ‘
@ Do an algebraic solver step = U"' s.t. (R algebraic res.)
Ak_1 Uk,i _ Fk—1 _ Rk’i.

@ Convergence? OK = U¥ .= UK. KO= i :=i+1, back
fo 3.2.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F

Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q@ UX' = matrix A" and vector F*': find U" s.t.
ARTUK ~ PR
Q@ O SetUY:=Uk"Tandi:=1. v .
@ Do an algebraic solver step = U"' s.t. (R algebraic res.)
Ak_1 Uk,i _ Fk—1 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO= i :=i+1, back
fo 3.2.

©Q Convergence? OK = finish. KO = k := k + 1, back to 2. rc
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Context and questions

Approximate solution
@ approximate solution U does not solve A(UX') = F
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"
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@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,f"

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = fin Q
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Approximate solution
@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = fin Q

Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?

@ What is a good stopping criterion for the nonlinear solver?
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"

Partial differential equation

@ underlying PDE, v its weak solution: A(u) = fin Q
Question (Stopping criteria)

@ What is a good stopping criterion for the linear solver?

@ What is a good stopping criterion for the nonlinear solver?

v

Question (Error)

@ How big is the error ||u — u';,” | on Newton step k and :
algebraic solver step i, how is it distributed in Q? rc
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Outline

@ Introduction

@ A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

Q Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

© Application to complex porous media flows

e Conclusions and outlook -
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_ Reconstructions  Efficiency Applications and numerics
Ouitline

@ A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration
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&1»’2&6?/- ot

_ A posteriori estimates & error components balancing 4 /71



_ Reconstructions  Efficiency Applications and numerics
Laplace model problem

Model problem
—Au=f in Q,
u=20 on 90Q

@ Q c RY d = 2,3 polygon/polyhedron
e fel?(Q)
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Laplace model problem

Model problem

“Au=f inQ,
u=20 on 09
@ Q C RY, d = 2,3 polygon/polyhedron
e fel?(Q)
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)

h.m&m,m.mm
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Laplace model problem

Model problem
—Au=f in Q,
u=0 on 90Q

@ Q c RY d = 2,3 polygon/polyhedron
e fel?(Q)

Weak formulation

Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)

Properties of the weak solution

@ u e Hl(Q) (primal variable constraint)

@ o := —Vu (constitutive relation)

@ V.o = f (equilibrium)

@ o € H(div, Q) (dual variable constraint) &’1/71
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

...............
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

o uye H'(Th) == {v e L2(Q), v|x € H'(K) VK € Tp) be
arbitrary (thus up ¢ H1(Q2) and —Vuy, € H(div, Q) in gen.);
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

o uye H'(T,) = {v e l2Q), vix € H(K) VK e Ty} be
arbitrary (thus up ¢ H1(Q2) and —Vuy, € H(div, Q) in gen.);

@ s, € HI(Q)
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )
@ Letu € H}(Q) be the weak solution;
o uye H'(Th) == {v e L2(Q), v|x € H'(K) VK € Tp) be
arbitrary (thus up ¢ H1(Q2) and —Vuy, € H(div, Q) in gen.);
® s, € H}(Q) and o, € H(div, Q) be such that

(Veop, 1)k = (f, 1)k forall K € Tp.

...............

M. Vohralik A posteriori estimates & error components balancing 6/ 71



| Laplace Algebraic error Inexact Newton Porous media C Reconstructions Efficiency Applications and numerics

A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

o uye H'(Th) == {v e L2(Q), v|x € H'(K) VK € Tp) be
arbitrary (thus up ¢ H1(Q2) and —Vuy, € H(div, Q) in gen.);

® s, € H}(Q) and o, € H(div, Q) be such that

(Veonp 1)k = (f,1)k forall K € Th.
Then
h 2
19— w2 < 3 (IVun + ol + 2 = V-onlli)
I e g ™

KeTh constitutive relation

+ ) IV(un — sn)llx -
~———

KeTh primal constraint

equilibrium

...............
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)

'rc

Y )
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

V(s = un)ll = min_[[V(v—up)
veH; ()

-~

distance of uj to H} ()
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

V(s = un)ll = min_[[V(v—up)
veH; ()

-~

distance of uj to H} ()
@ dual norm characterization

IV(u=s)l = sup  (V(u~=s),Vyp)
e H) () [ Vepll=1
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

V(s = un)ll = min_[[V(v—up)
veH; ()

-~

distance of uj to H} ()
@ dual norm characterization, definition of s

IV(u =)l = sup  (V(u—up), Vo)
e H) () | Vepll=1

2
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

V(s = un)ll = min_[[V(v—up)
veH; ()

distance of uj to H} ()

@ dual norm characterization, definition of s, definition of u:

IV(u=s)ll = sup  {(f,¢) = (Vun, Vo)}
peH)(Q): IVell=1

dual norm of the residual

irc
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min [[V(v — up)[| < [[V(up — sp)]l
veHl(Q)
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_|[V(v — un)ll < [IV(un = sp)l
veH}(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, Vo) = (f = V-opn, ) = (Vup + p, V)

hmﬂ;m/mmmm
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

— (VUh = O'h,Vgo) = — Z (VUh +oh, VSO)K
KeTh
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,9) = (Vun, Vo) = (f = V-opn,¢) — (Vup +op, V)
@ Cauchy-Schwarz inequalities

— (VUn+ 05, Ve) < > [IVUn + aallx| Vel
KETh
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Proof Il

Proof (continuation).
@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

@ Cauchy—Schwarz inequalities
— (Vun+0n, Vo) < > [[Vup+ onllkl Vel
KeTh
(f=Veonp)= > (f=V-one )k
KeTh
e —
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Proof Il

umerics

Proof (continuation).
@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

@ Cauchy-Schwarz inequalities, equilibration:
— (VUn+ 05, V9) < > [IVUn + aallx| Vel
KeTh
(f - V'O'h, 90) = Z (f - V'O'h, "2 S‘DK)K
KeTh
e
rrvau—. ...
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,9) = (Vun, Vo) = (f = V-opn,¢) — (Vup +op, V)

@ Cauchy—Schwarz and Poincaré inequalities, equilibration:
— (Vun+0n, Vo) < > [[Vun+ onllkl Vel

KeTh
(f - V'O'h, 90) = Z (f - V'O'h, Y — S‘DK)K
KeTh h
K
<Y —f = VeanlkVelk
KETh irc
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Global potential and flux reconstructions

Ideally

op = ar min Vu,+v
h thEV/7,V-Vh=|_|thH h+ h”

Sp:=arg min ||V (up — vp)||
vheVp

@ V, C H(div,Q), Qy C L3(Q), V4 C H}(Q)
@ too expensive, global minimization problems (the
hypercircle method .. .)

v d

informatics #Pmathematics
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Local potential and flux reconstructions

Definition (ConS’[r. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))
For each a € V), solve the local mixed FE problem

ol =ar min 1aVUp + Vpllo. -
h=G e Gy [aVup + Vhll.
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Local potential and flux reconstructions

Definition (ConS’[r. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))
For each a € V), solve the local mixed FE problem

op=arg min 11aVup + Vallw,-
Vhevh,V~Vh:noﬁ(waf_v¢a'vuh)
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Local potential and flux reconstructions

Definition (ConStr. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))
For each a € V), solve the local mixed FE problem

op=arg min |aVup + Va|w,-
VhEVE VVh=Tga (yar—vya-vuy)

Definition (ConStrUCtion of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € V, solve the local conforming FE problem

s :=arg min [|[V(vVatp — Va)|lws-
V/7€\/;7i

M. Vohralik
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Local potential and flux reconstructions

Definition (Constr. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))
For each a € V), solve the local mixed FE problem

op=arg min 11aVup + Vallw,-
Vhevh,V~Vh:n0’a7(waf7v¢a'vuh)

Definition (ConStrUCtion of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € V, solve the local conforming FE problem

s :=arg min [|[V(vVatp — Va)|lws-
V/7€V;7i

Key ideas
@ local minimizations
@ cut-off by hat basis functions 5
@ V&: homogeneous Neumann BC on dwa
& V2: homogeneous Dirichlet BC on dwa

. a o a :
® o=} of Spi=) s S
acv, = 2570
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_ Reconstructions  Efficiency Applications and numerics
Potential reconstruction

Potential up Potential reconstruction sy,

: informatics #Pmathematics
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Equilibrated flux reconstruction

M. Vohralik

Flux reconstruction o

v d

&tmﬂ;m’m.mm |

A posteriori estimates & error components balancing 12/ 71




H(div, )-conformity
@ o c H(div,Q) = op =3 50y, 0f € H(div, Q)

- :
: informatics Fmathematics
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Comments

H(div, )-conformity

@ o} € H(div,Q) = op = ) 5cy, 0% € H(div, Q)
Neumann compatibility condition

e fora € Vi, one needs (Yaf — Vba-Vup, 1), =0

v d

h.m&m,m.mm k
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Comments

H(div, )-conformity

@ o} € H(div,Q) = op = ) 5cy, 0% € H(div, Q)
Neumann compatibility condition

e fora € V™, one needs (Yaf — Viba-Vup, 1)u, =0 =

Assumption A (Galerkin orthogonality wrt hat functions)

There holds 4
(VUun, Vpa)w, = (f, Ya)w, va e V.

&tmﬂ;m’m.mm
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Comments

H(div, )-conformity

@ o} € H(div,Q) = op = ) 5cy, 0% € H(div, Q)
Neumann compatibility condition

e fora € V™, one needs (Yaf — Vipa-Vup, 1), =0 =

Assumption A (Galerkin orthogonality wrt hat functions)

There holds
(VUp, Vba)ws = (F,Va)ws,  Va € VM.

Divergence
@ Neumann compatibility condition gives

V-odlk = No,(Waf — Via-Vup)|lk VK€ Ty

@ the fact that op|x = Zaew o8|k and the partition of unity
> acy, VK = 1|k vield

Vah|K7I'Ith\K VKET/&/,?: z
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@ A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

[

Multilevel (multigrid) setting
Domain decomposition methods

(]

[

Stopping criteria, efficiency, and nonlinearity-robustness
Applications and numerical illustration
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Continuous-level patch problems

Definition (Continuous-level flux reconstruction)

For each a € Vy, set

a .
7T i YaVUup + V| wa-
veH(div,wa) V'V=(waf—v¢a.vuh)“ & [
sWa 7V.nWa:0 on awa (\89)
4 informatics g mathematics
&1740/-
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Continuous-level patch problems

Definition (Continuous-level flux reconstruction)

For each a € V, set

o? = arg

min |vaVUup + V||w,-
veH(div,wa) VV=(tpaf =Viba-VUp)

’V-Ny, =0 0N dwa (\02)

Definition (Continuous-level potential reconstruction)

For each a € V), set

Si—arg min [V(Yath— V)|l
VEH&(wa)

v d

h.m&m,m.mm h
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Assumptions for efficiency

Assumption B (Weak continuity)

There holds ([up, Ve =0 Ve € &,

v d

: informatics #Pmathematics
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Assumptions for efficiency

Assumption B (Weak continuity)

There holds ([up, Ve =0 Ve € &,

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum | are piecewise
polynomial. The degrees of the MFE reconstructions o, and sy,
are chosen correspondingly. The meshes 7;, are shape-regular.
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /

continuous Stablllty Braess, Pillwein, and Schéberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A~ and C
hold. Then there exists constants C.; > 0 only
depending on the shape-regularity parameter r+ such that

lo5+aV tnllwe < Citll o +4baV Un|l g :
IV ($atin—57)llwa < Cstl|V (atin—5)|q

v d

h&,mnm
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /

continuous Stablllty Braess, Pillwein, and Schéberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A, B, and C

hold. Then there exists constants Cy, Ceonipr, Ceontopr > 0 only

depending on the shape-regularity parameter -+ such that

HUeribaVUhHwa < CstHO'a—i-anUh”wa < Csthont,PF”v(U* Uh) ”wa;
IV (¥ath—57)lwa < CstllV(hatih—5%)|wa < Ct Ceont,bpE ||V (U — Un) ||ivar

v d

h&,mnm
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /

continuous Stablllty Braess, Pillwein, and Schéberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A, B, and C

hold. Then there exists constants Cy, Ceonipr, Ceontopr > 0 only

depending on the shape-regularity parameter -+ such that

HUeribaVUhHwa < CstHO'a—i-anUh”wa < Csthont,PF”v(U* Uh) ”wa;
IV (thatin— 57)llwa < CutllV (thatin = %) [lwa < Cst Ceont,pEl|V (U~ Un) [lue

Remarks

@ C, can be bounded by solving the local Neumann
problems by conforming FEs

@ = maximal overestimation factor guaranteed
v d

h;/mnm
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Q

@ A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions

Polynomial-degree-robust local efficiency

@ Applications and numerical illustration

©

[

Multilevel (multigrid) setting
Domain decomposition methods

(]

[

Stopping criteria, efficiency, and nonlinearity-robustness
Applications and numerical illustration

®

0 © ©O

lozia



_ Reconstructions  Efficiency Applications and numerics
Conforming finite elements

Conforming finite elements
Find u, € Vj, such that

(Vuh, VVh) = (f, Vh) Yvh € V.

informatics g mathematics :
&t%— ot

_ A posteriori estimates & error components balancing 17 /71



| Laplace Algebraic error Inexact Newton Porous media C Reconstructions  Efficiency Applications and numerics

Conforming finite elements

Conforming finite elements
Find u, € V}, such that

(Vup, Vvp) = (f,vp) Yvp € Vp.

@ V= Pp(75) N H)(Q), p> 1

@ Assumption A: take v, = 94

® Vi, C HY(Q): sp := up, no need for Assumption B
@ Assumption C: technical, always satisfied

v d

&tmﬂ;m’m.mm
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_ Reconstructions  Efficiency Applications and numerics
Nonconforming finite elements

Nonconforming finite elements
Find u, € Vj, such that

(Vunp, Vvp) = (f,vn) Yvp € Vp.

informatics g mathematics
&zua/- —
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(VUh,VVh) = (f, Vh) Yvp € Vp.

@ Vp:=Pu(Th), p>1, vy € V) satisfy
(Ivel,gn)e =0 Van € Pp_1(€), Ve € &,

@ Assumption A: take vy = 13
@ Assumption B: building requirement for the space Vj,

v d

&tmﬂ;m’m.mm
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy

AU AA—
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy

© Vyi=Fp(7h), p> 1
@ Assumption A: take v, = 15 for 6 = 0,

AUAA—
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, V)= Y {{{Vun}ne, [Val)e+-0({VVn}-Ne, [unl)e}

KeTh ecéy
+ ) {ahg upl, [valde = (f.vh) Vv € Vi
ecéy

@ Assumption A: take vy, = 1, for 8 = 0, otherwise:
e estimates for the discrete gradient

( =Vup — 0 Z [[uh]]
ecéy
e jumps lifting operator le : L2(€) — [Po(Te)]?
(te(Tunl). va) = ({vn} e, [url)e VA € [Po(Te))?
e = modified Galerkin orthogonality

v d

(QS(Uh),V'I/Ja)wa - (f wa)wa / ’?mzla mmmmmmmmmm -
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Discontinuous Galerkin finite elements: Assumption B

Nonsymmetric and incomplete versions
@ broken Poincarée—Friedrichs inequality with jumps:

||V(¢3(L~I - Uh))Hwa §(1 + CbPF,oJahUJavaaHOO,wa)”v(u - Uh)”wa

1/2
+ CoPF,wa s [ Va [ 00,4 { > h N[ Hze}

ecéy,ace
@ include the jump terms in the error and estimators

h;/mnm E
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Discontinuous Galerkin finite elements: Assumption B

Nonsymmetric and incomplete versions
@ broken Poincarée—Friedrichs inequality with jumps:

||V(wa(L~l - Uh))Hwa §(1 + CbPF,wahUJavaauoowa)”v(u - Uh)”wa

1/2
+CbPF7wahwa||v¢aHoo,wa{ Zh: H”g[[uh]]\lg}
ecéy,ace
@ include the jump terms in the error and estimators
Symmetric version
@ discrete gradient & satisfies

(6(un),RzVepa)u, =0  Va eV

@ modified potential reconstruction: local MFE problems with
data 7§ := 1aRz &(up) and g := (Rz Vipa)- &(uUp)
@ local efficiency

||Q5(Uh — Sh)HK < Csl Cuml‘P Z ”6(1'] _’uh’)”“}mm

acVy za—
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_ Reconstructions  Efficiency Applications and numerics
Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-Vp) =0 Yvp € Vi,
(V-on,an) = (f,qn)  Vgn e Qp.

informatics g mathematics
&zua/- —
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-vp) =0 WY € Vp,
(V-on,qn) = (f,qn)  Van < Qn

@ postprocessed solution up € Vi, Vi :=Pp(74), p > 1;
vy € Vj, satisfy

(Ivil.gn)e =0 Van € Py(e), Ve € &y

@ Assumption A: no need for flux reconstruction, o, comes
from the discretization

@ Assumption B satisfied, building requirement for the
space Vj,

v d

h;/mnm E
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Model problem

—Au=f inQ:=(0,1)3
u=0 on 990

- :
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_ Reconstructions  Efficiency Applications and numerics
Numerics: smooth case

Model problem

~Au=f inQ:=(0,1)
u=0 on 9Q

Exact solution

u(x, y) = sin(2rx) sin(2ry)

informatics #Pmathematics :
&zua/- e o
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Numerics: smooth case

Model problem

—~Au=f in Q:=(0,1)?
u=0 on oQ

Exact solution
u(x, y) = sin(2rx) sin(2ry)

Discretization

@ symmetric interior penalty discontinuous Galerkin method
@ unstructured triangular grids
@ uniform h refinement

v d

h;/mnm
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Uniform refinement: asymptotic exactness

h pllIVa(u=up)ll [Ju—tnloc [[Vatn+onl  nese  [[Va(un—sp)ll] 7 DG Fr R

ho 1 1.07E-00 1.09E-00 1.12E-00 5.55E-02 4.16E-01 1.25E-00 1.26E-00(1.17 1.16
~hy/2 5.56E-01 5.61E-01 5.71E-01 7.42E-03 1.82E-01 6.07E-01 6.11E-01(1.09 1.09
~hy/4 2.92E-01 2.93E-01 2.96E-01 1.04E-03 8.77E-02 |3.10E-01 3.11E-01|1.06 1.06
~hy/8 1.39E-01 1.39E-01 1.40E-01 1.10E-04 3.85E-02 1.45E-01 1.45E-01|1.04 1.04

hy 2| 1.54E-01 1.55E-01 1.55E-01 5.10E-03  3.05E-02 1.63E-01 1.64E-01|1.06 1.06
~hy/2 4.07E-02 4.09E-02 413E-02 3.53E-04 7.55E-03 |4.23E-02 4.26E-02|1.04 1.04
~hy/4 1.10E-02 1.11E-02 1.12E-02 2.51E-05 1.97E-03 1.14E-02 1.15E-02|1.03 1.03
~hy/8 2.50E-03 2.52E-03 2.54E-03 1.30E-06 4.21E-04 |2.57E-03 2.59E-03|1.03 1.03

hy 3| 1.37E-02 1.37E-02 1.37E-02 3.58E-04 1.74E-03 1.41E-02 1.41E-02|1.03 1.03
~hy/2 1.85E-03 1.85E-03 1.85E-03 1.26E-05 2.10E-04 1.88E-03 1.88E-03|1.01 1.01
~hy/4 2.60E-04 2.60E-04 2.60E-04 4.73E-07 2.54E-05 |2.62E-04 2.62E-04|1.01 1.01
~hy/8 2.75E-05 2.75E-05 2.75E-05 1.15E-08 2.55E-06 |2.76E-05 2.76E-05|1.01 1.01

hy 4| 9.87E-04 9.87E-04 9.84E-04 2.12E-05 1.11E-04 1.01E-03 1.01E-03|1.02 1.02
~hy/2 6.92E-05 6.93E-05 6.92E-05 3.96E-07 7.44E-06 |7.00E-05 7.00E-05|1.01 1.01
~hy/4 5.04E-06 5.04E-06 5.04E-06 7.58E-09 4.98E-07 |5.07E-06 5.07E-06|1.01 1.01
~hy/8 2.58E-07 2.59E-07 2.58E-07 8.96E-11 2.47E-08 |2.60E-07 2.60E-07|1.01 1.01

hy 5| 5.64E-05 5.64E-05 5.63E-05 1.06E-06 4.50E-06 |5.75E-05 5.75E-05|1.02 1.02
~hy/2 2.01E-06 2.01E-06 2.01E-06 9.88E-09 1.46E-07 |2.03E-06 2.03E-06|1.01 1.01
~hy/4 7.74E-08 7.74E-08 7.73E-08 1.01E-10 4.35E-09 |7.76E-08 7.76E-08|1.00 1.00
~hy/8 1.86E-09 1.86E-09 1.86E-09 1.70E-12  1.00E-10 1.86E-09 1.86E-09|1.00 1.00

hy 6| 2.85E-06 2.85E-06 | 2.85E-06 4.70E-08 2.18E-07 |2.90E-06 2.90E-06|1.02 1.02
~hy/2 5.42E-08 5.42E-08 5.42E-08 2.40E-10 4.02E-09 |5.46E-08 5.46E-08|1.01 1.01
~hy/4 1.07E-09 1.07E-09 1.07E-09 1.03E-11 6.90E-11 1.08E-09 1.08E-09|1.

7
informatics g mathematics
V2% 77,
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Model problem

—Au = 0 inQ:=(1,1)2\]0,1],
u = up onoN

P :
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_ Reconstructions  Efficiency Applications and numerics
Numerics: singular case

Model problem

AU = 0 in Q:=(1,1)2\[0,1]2,
u = up onoN

Exact solution
u(r, 6) = r*?sin(2¢/3)

: informatics g mathematics
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Numerics: singular case

Model problem

~Au = 0 inQ:=(1,1)2\]0,1]?
u = up on o
Exact solution
u(r, ¢) = r**sin(2¢/3)
Discretization
@ incomplete interior penalty discontinuous Galerkin method

@ unstructured non-nested triangular grids
@ hp-adaptive refinement

v d

h;/mnm
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Laplace Algebraic error

Inexact Newton Porous media C

Reconstructions  Efficiency Applications and numerics

hp-adaptive refinement: exponential convergence

error in energy norm

1e-01

1e-02

1e-03

1e-04

1e-05

20 30 40 50 60
DoF'®

M. Vohralik

error in energy norm
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hp-refinement grids

Reconstructions  Efficiency Applications and numerics

level 1

total view

1OE+00 0.0E400 LOE+00  ~1.0E+00

level 12

hp

LOE+00  ~10E+00 0.0E400 LOE+00

zoom 10x

T .

~1OE-01 0.0E+00 LOE-01  ~1.0E-01

M. Vohralik

0.0E+00

LOE-01  ~1.0E-01 0.0E+00 1.OE-01
V4

: informatics gFmathematics
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@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

e Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

o
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.

h&,mnm
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Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.

Linear algebraic system

Find U, € RN such that
ApUp = Fp

&1/,,7,",“m
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
Linear algebraic system
Find U, € RN such that
ApUp = Fp
Algebraic solver (iterative)
On each iteration i > 1: approximate vector Ul € RN such that

ApU, = Fp— RL (Rl := Fp — ApUL)

h;,mnm
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
Linear algebraic system

Find U, € RN such that
ApUp = Fp

Algebraic solver (iterative) ‘
On each iteration i > 1: approximate vector Ul € RN such that
ApUL,=Fn— R, (R, := Fn— ApU})

Algebraic error representer .

On each iteration i > 1: approximate solution u;, € V}, such that
(Vup, V) = (1) = (rp,br)  VI=1,...,N,

where the algebraic error representer rl € L?(Q) is such that

(risv) =Ry 1=1,...,N,;

v d
hlz;au;lmmmm
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Including iterative algebraic solver (conforming FESs)

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.

Linear algebraic system

Find U}, € RN such that
ApUp = Fp

Algebraic solver (iterative)
On each iteration i > 1: approximate vector Ul € RN such that
ApUL,=Fn— R, (R, := Fn— ApU})

Algebraic error representer .

On each iteration i > 1: approximate solution u;, € V}, such that
(VU;MV¢/):(f7¢/)_(rfva/) VI:17'-‘7N7

where the algebraic error representer r} € L2(Q) is such that

(I’fi],(/)/) = (R;I)/, | = 1,...,N;
= (Y~ ). Vv) = (hovi) v a5
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@ Introduction

O A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

e Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

O Application to complex porous media flows

O Conclusions and outlook
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(up —up)ll = llohael
algebraic error upper algebraic est.
v d
informatics g mathematics
Crsia -
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(up = tp)ll = lloh agl
algebraic error upper algebraic est.
IV(un = up)ll=  sup  (V(un— up), Vvp);
VA€ Vi, ||V V| =1
(V(un— U;r)’ Vvp) = (rl’v Vh) = (V'U’h,alg’ Vh) = _(Ulh,algv V).

h&,mnm E
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(un = up)ll = llohagll
algebraic error upper algebraic est.
IV(up—up)ll = sup  (V(Up— Up), Vvh);
Vh€ Vi, ||V Vp[|=1
(V(un— U;r)’ Vvp) = (rl’v Vh) = (V'U’h,alg’ Vh) = _(U%,algv V).

i i
Constructions of o}, ,,

Qo sweep trough 75, local min. (JSV (2010))
Q by precomputing v iterations (EV (2013))
© multilevel flux reconstruction &1/,7;’2 )
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)

Find v}, € Vi :=P(7) N H}(Q) such that
(Voly, Viba)we = (T, Ya)us Va € Vy

&tmﬂ;m’m.mm
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)
Find v}, € Vi :=P(7) N H}(Q) such that
(Voly, Viba)we = (T, Ya)us Va € Vy

Definition (Algebraic error flux reconstruction)

a,i :
O palg = arg min |VhHwav
e vhevz,V-vh:I'IQah(uarAsz,za-Vu;#

ine mesh 7; of
informatics #Pmathematics
&t% .
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)
Find v}, € Vi :=P(7) N H}(Q) such that
(Voly, Viba)we = (T, Ya)us Va € Vy

Definition (Algebraic error flux reconstruction)

A Y i i R avi
Thag =14 mn - L'VhH“a’ Thalg -= T h,alg
VhGVWV'VhZHQah(Uafhfv’l.fa'\—l’,_, acy,

v
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)
Find v}, € Vi :=P(7) N H}(Q) such that
(Voly, Viba)we = (T, Ya)us Va € Vy

Definition (Algebraic error flux reconstruction)

= arg min ||VhHwa7 0-;7,a1g = Ia7:;1g

= VhGV?],V-VhZI_IQah(UaI‘AfV’L'a-V'U;_I) acyy

v

@ homogeneous Neumann problems

@ mixed FE spaces

@ fine meshes of coarse patches wa

@ Riesz representer (solve on Ty) =
hat function orthogonality on 7y

@ extends to arbitrary number of levels

ine mesh 7j, of w
informatics g mathematics
&1/740/— .
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Divergence of the algebraic error flux reconstruction

] a,i
Lemma (Divergence of o7, )

There holds V-o}, ., = I},

-— - -——— European Research Counci
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Divergence of the algebraic error flux reconstruction

Lemma (Divergence of o al(,)

There holds V'U;‘l,alg = il

v

@ every fine grid element K € 7y, lies exactly in (d + 1)
coarse patches wa, @ € Vy

@ partition of unity Zaechﬁa P2 =1k

o
K= Z v‘7'/7&1g|K

acVy,KCwa

= Y Ng,(var, — Viba-Vup)lk = rhlx

aeVy,KCwa

i
v'O'h,nlg

-— - - —— e e

,,,,,,,,,,,,
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Algebraic residual lifting

Definition (Algebraic residual ||f’[|ng, ~ Babusgka and Strouboulis (2001), Repin (2008))
Find o2 € X2 := Pp(7p) N H](wa) such that

(VU:J’ vvh)wa = (r/{n Vh)wa vvh € Xﬁ
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Algebraic residual lifting

Definition (Algebraic residual ||f’[|ng, ~ Babusgka and Strouboulis (2001), Repin (2008))
Find o2 € X2 := Pp(7p) N H](wa) such that

(VU:J’ vvh)wa = (r/{n Vh)wa vvh € Xﬁ

Set i a,i
vpy = vy

acVy
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Algebraic residual lifting

Definition (Algebraic residual |If’[|ng, ~ Babuska and Strouboulis (2001), Repin (2008))
Find o2 € X2 := Pp(Tp) N H} (wa) such that

(VU:J’ vVh)wa = (rll;u Vh)wa vvh € Xﬁ

Set

i . a,i
’Uh = Uh 0
acVy

@ homogeneous Dirichlet problems
@ conforming FE spaces

@ fine meshes of coarse patches wy
@ works for arbitrary number of levels
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Algebraic error lower bound

Theorem (Lower bound via algebraic residual liftings)

2
Wa

ZaeVH ||sz7l
Vol

lower algebraic est.

There holds ||V (up — u},)|| >
—

algebraic error
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| Laplace Algebraic error Inexact Newton Porous media C

Multilevel setting Domain decomposition
Algebraic error lower bound

Theorem (Lower bound via algebraic residual liftings)

. Vo2
There holds |V (up, — ub)|| > Zaew ,. IIh o
v
algebraic error P h
lower algebraic est.

IV (un — up)|| =

i
sup (1, vh)
VA€ Vi, ||V vp|=1

(rhvh)  Cacvu (T vn )en
vl IVl
e lIVORIE,
A

M. Vohralik

European Research Counci
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_ Multilevel setting Domain decomposition
Numerical illustration

Peak Q = (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2—100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [-1,0], u(r, ) = r?/3sin(20/3)

informatics gPmathematics
&z'zca/- e aa
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Numerical illustration

Peak Q= (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2 —100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [~1,0], u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements withp=1,...,5
@ unstructured triangular meshes

@ 4 uniform refinements

@ stopping criterion 7}, < 0.1(nf. + 7osc)

h;/mnm
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Numerical illustration

Peak Q= (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2 —100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [-1,0], u(r, ) = r?/3sin(20/3)
Discretization
@ conforming finite elements withp=1,...,5
@ unstructured triangular meshes
@ 4 uniform refinements
@ stopping criterion 7}, < 0.1(nf. + 7osc)
Multigrid setting
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel

v d
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Numerical illustration

Peak Q= (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2 —100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [~1,0], u(r,8) = r?/3sin(26/3)
Discretization
@ conforming finite elements withp=1,...,5
@ unstructured triangular meshes
@ 4 uniform refinements
@ stopping criterion 7, < 0.1(Njig + Nosc)
Multigrid setting
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel
PCG setting
@ incomplete Cholesky with drop-off tolerance 1e-4

preconditioning s e
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Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Peak problem, multigrid

MG algebraic total discretization
p iter error eff. UB eff. LB error eff. UB eff. LB error eff. UB eff. LB
1(2.55 x 10%)[ 1 [8.1x 1073 114 110 1[1.0x10°2 1.63 1.19°1|6.1 x 10°3  2.42 —
2 [43x10~* 1.13 1.127'[6.1x 103 1.13 1.05~" 113 1.06~"
2(1.03x 10%)] 1 [8.8x 1073 1.17 1.08~7[8.8x 10°° 1.72 1.1871[3.9x 10~ % 3.28 x 107 —
2 6.1 x107% 1.19 1.0371|[72x10"% 1.75 {1.12~! 2.89 —
3 [20x107% 1.19 1.037'(3.9x10"* 1.08 1.04~" 1.08  1.047"
3(2.34 x 10%)[ 1 [4.9x 1073 114 1.06"1[4.9x10°° 159 1.26°1[1.9x 1075 3.33 x 10° —
3 27x107% 1.17 1.047'(3.3x107% 1.69 1.17~! 2.60 —
5 (1.6 x10~7 1.15 1.04~'[1.9x 1075 1.02 1.09~' 1.02  1.09~'
4417 x 10%| 1 [56.8x10™° 122 1.05-1[58 x 10~° 1.83 1.17-1[81 x 10~/ 1.12 x 10% —
3 [1.0x107% 1.16 1.037'[1.0x107* 1.71 1.087! 1.76 x 102 —
5 24x107% 114 1.037'[25x 10" % 162 1.107" 4.12 —
7 16.7x108 113 1.037'(82x 107 1.10 1.16~" 110 1.167"
5(6.52 x 10%)[ 1 [4.8x 1073 1.19 1.04~1[4.8x 10°3 1.74 1.19-1[3.1 x 1078 221 x 105 —
3 21x107* 1.14 1.037'[21x10~* 1.63 1.09~" 8.78 x 10° —
5 [1.5x107° 1.11 1.027'[(1.6x10~% 155 1.07~" 5.57 x 10° —
7 [1.4x107% 112 1.027'[{1.4x107® 157 1.05~" 5.34 x 10"  —
9 [1.4x10~7 1.14 1.01~'|{1.4x 107 1.65 1.06~" 6.06 —
11(1.3%x 1078 116 1.017'|3.4x 1078 1.41 1.38"' 1.47 1.
13 [1.2%x107% 1.16 1.0171|3.1x 1078 1.05 1.217" 1.05 1.
v d
informatics gFmathematics
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| Laplace Algebraic error

L-shape problem, PCG

Inexact Newton Porous media C

Multilevel setting Domain decomposition

algebraic total discretization

p eff. UB eff. LB eff. UB eff. LB error eff. UB eff. LB

1(7.97 x 10%) 1.25 4.081 1.38 6.15~ 1 3.6 x 1072 111 x 107 —
1.24 417! 1.24 112! 124  1.127!

2(3.22 x 10%) 1.14 3.62°1 1.26 6.037 1 1.4x 1072 1.76 x 107  —
1.18 3.1771 1.47 1.3271 1.49  1.3571
147 3.53~! 1.29 1.30~! 129 1.30~"

3(7.27 x 10%) 1.06 4.5371 1.10 1.08 x 10" 7' [8.6 x 1073 1.58 x 102 —

1.10 3.5577 1.24 6.027" 1.41x 100 —

1.10 3.58' 1.71 267" 2.99 —
1.10 3.55~' 1.51 1.42—1 152 1.4371

4(1.29 x 105) 1.24 23471 1.42 3.35° 1 6.2 x 10~3 3.66 x 101 —
1.22 27977 1.78 1.83~1 1.90 293~
1.27 2.33~' 1.44 1.62~" 1.44 1627

5(2.02 x 10°) 1.09 41471 1.16 7.427T 47 %1073 271 x 102 —

141 3.7571 1.23 577" 219 x 10 —

115 3.127! 1.76 3.4371 3.31 —
115 3.4777 1.56 1.80~! 157  1.8271

v d
informatics gFmathematics
Cia
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

L-shape problem, p = 3, total error, 16th PCG iteration

Total error on elements Total error indicators

%10

i

v d

informatics #Pmathematics
&ZW .
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_ Multilevel setting Domain decomposition
L-shape problem, p = 3, alg. error, 16th PCG iteration

Algebraic error on elements

informatics g mathematics
&zua/- ot
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@ Introduction

O A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

e Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

O Application to complex porous media flows

O Conclusions and outlook
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Numerical illustration (mixed FES)

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 90
_ { 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise

=

h;/mnm
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Numerical illustration (mixed FES)

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_{ 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise
Exact solution

=

u(x,y)=x(1-x)y(1-y)

h;,mnm
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Numerical illustration (mixed FES)

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_ { 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
' 15—10sin(27x) sin(27y) otherwise
Exact solution
ulx,y) =x(1-x)y(1-y)

=

Setting
@ Schwarz domain decomposition
@ 9 subdomains
@ Robin transmission conditions
@ lowest-order mixed finite element discretization

Ve

h;,mnm
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting  Domain decomposition

Numerical illustration (mixed FEs)

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_{ 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
' 15—10sin(27x) sin(27y) otherwise
Exact solution

=

u(x,y) =x(1-x)y(1 -y)

Setting

@ Schwarz domain decomposition

@ 9 subdomains

@ Robin transmission conditions

@ lowest-order mixed finite element discretization
Error components and stopping criteria

@ distinction of discretization and algebraic (DD) error

tics g mathematics

@ stopping criterion 77{313 <0.1 (ntgisc + Tosc) g s
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Error and estimate

S

1
S10 —
e error.
is —~—total. est
s}
()]
3 ]
—
S
s}
O
D ]
3
4
v

-2

10 L L

27 10" 10" 10” 10’

Number of DD iterations

CF O CAAR
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting  Domain decomposition

Effectivity index

~-effectivity ind|

w
Ul

¢ A 8

Effectivity index
N
ul

2 i ]
1.50 5, .
?i"n..k
10 ‘1 ‘2 3
10 _ 10 , 10
Number of DD iterations
LU — .
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| Laplace Algebraic error Inexact Newton Porous media C

DD stopping criterion

Multilevel setting  Domain decomposition

-

=
o

=

|
<

[
o

—-—total. est.
‘‘‘‘‘ -disc. est
-v-DD. est.

Components estimators

10

0

1

Numberlgf

M. Vohralik

2
1] 1 O 1]
DD 1terations
CF O CAAR
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting  Domain decomposition

Error and estimators distribution, 20th DD iteration

Total estimator

5 2
Disc. estimator 5,10 x 10~
3
10 .8
8
612

&1/,,7,",“m
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_ Stopping criteria & efficiency Applications and numerics
Ouitline

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

informatics #Pmathematics :
&zua/- e o
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| Laplace Algebraic error Inexact Newton Porous media C Stopping criteria & efficiency Applications and numerics

Model nonlinear problem, discretization

Quasi-linear elliptic problem

—Vo(u,Vu)=f in Q,
u=2~0 on 0f2

o p>1,q:= 52, feliQ)

e example: p-Laplacian with a(u, Vu) = |VulP~?Vu
@ f piecewise polynomial for simplicity

e weak solution: u ¢ V .= W] ”(Q) such that

(a(u,Vu),Vv) = (f,v) VveV

v d

h&,mnm
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Model nonlinear problem, discretization

Quasi-linear elliptic problem
—Vo(u,Vu)=f in Q,
u=20 on 0f2
o p>1,q:= 52, feliQ)
e example: p-Laplacian with a(u, Vu) = |VulP~?Vu
@ f piecewise polynomial for simplicity
e weak solution: u ¢ V .= W] ”(Q) such that

(a(u,Vu),Vv) = (f,v) VveV

Numerical approximation

@ simplicial mesh 7, linearization step k, algebraic step /
o U eV(Ty) = {velP(Q), vk e WP(K) YKeTp} ¢ V

V2577 o
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| Laplace Algebraic error Inexact Newton Porous media C Stopping criteria & efficiency Applications and numerics

Abstract assumptions

Assumption A (Total flux reconstruction)

There exists o' € H(div, Q) such that

V-o";,’i =f

rezia—.,
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Abstract assumptions

Assumption A (Total flux reconstruction)

There exists o' « H9(div, Q) and py € L9(R) such that

K,i K,i
Vo, ' =f—  p,
~—
algebraic
remainder

rezia—.,
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| Laplace Algebraic error Inexact Newton Porous media C Stopping criteria & efficiency Applications and numerics

Abstract assumptions

Assumption A (Total flux reconstruction)
There exists o' < H9(div, Q) and pi' € L9(Q) such that

ki ki
Vo, ' =f—  p,
~—~—

Assumption B (Discretization linearization, and alg. fluxes)

There exist fluxes oy s agl’m, T g € [LI(Q)]? such that

. K,i K,i 5
(I) Oh = Ohdis + Uh lm + Uh alg’
(i) as the linear solver converges, ||a h alg||q — 0;

(iii) as the nonlinear solver converges, Hcr,,jhan — 0.

el —

Jirc
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)
Let

@ u € V be the weak solution,

° u,’;’i € V(Ty) be arbitrary,

@ Assumptions A and B hold.

Then there holds
K,i K,i K,i K,i K,i K,i
jU(uh ) S ndisc + '71in + Ualg + Trem +77quad'
: : : g
dual norm of the residual + NC o tnllq lokglla "ollon”llax
v d

h&,mnm
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Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications and numerical illustration

® 6 ¢

Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

k,i K,i
77rem < “Yrem max{”dlsc’ nlm ’ nalg}
nalg < Yalg max{ndlsc’ Min }

7711[71 < ’Ylinndi’sc
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

nrergn < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndlsc’ Min }

7711[71 < ’Ylinndi’sc

Theorem (Global efficiency)

Under the global stopping criteria and usual assumptions,
k,i ki | ki | kK
Naise  Thin T Tagg + Mhem < C(Tu(uy") + Uquad)

where C is independent of & and q.

h&,mnm
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

nrergn < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndlsc’ Min }

7711[71 < ’Ylinndi’sc

Theorem (Global efficiency)

Under the global stopping criteria and usual assumptions,
k,i ki | ki | kK
Naise  Thin T Tagg + Mhem < C(Tu(uy") + Uquad)

where C is independent of & and q.

@ local (elementwise) stopping criteria = local efficiency

v d
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

nrergn < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndlsc’ Mhin }

7711[71 < ’Ylinndi’sc

Theorem (Global efficiency)

Under the global stopping criteria and usual assumptions,
k,i ki | ki | kK
Naise  Thin T Tagg + Mhem < C(Tu(uy") + Uquad)

where C is independent of & and q.

@ local (elementwise) stopping criteria = local efficiency
@ robustness with respect to the nonlinearity thanks to the

H informatics gZmathematics
choice of 7, as error measure 57e
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@ Introduction

O A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

O Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

O Application to complex porous media flows

O Conclusions and outlook

lozia



_ Stopping criteria & efficiency  Applications and numerics
Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj, such that

(@(Vup),Vvy) = (f,vy)  VYvpe V.

informatics g mathematics
&zua/- —
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj, such that

(@(Vup),Vvy) = (f,vy)  VYvpe V.

o E(VUh) = \Vuh\P*Vuh
@ Vj, ¢ V the Crouzeix—Raviart space
@ leads to the system of nonlinear algebraic equations

A(U)=F

v d

h.m&m,m.mm
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Linearization
Find uf € Vj, such that

(@ N(VUE), Vi) = (f,00e)  Vee &M

- :
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| Laplace Algebraic error Inexact Newton Porous media C Stopping criteria & efficiency  Applications and numerics

Linearization

Linearization
Find uf € Vj, such that

(@ N(Vuh), Vibe) = (f.0e)  Vee &
@ u? € V), yields the initial vector U°
@ fixed-point linearization

() = [Vu PR

@ Newton linearization

(&) = VU PRE+ (p - 2) Vg P

(VU o vuk—") (¢ - vul)
@ leads to the system of linear algebraic equations
ARTTUK = FRT S
Zia— .
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Algebraic solution
Find u,';” € Vj, such that

(Ek_1 (Vufl;’i)a vwe) = (fa ¢e) - Rlef,i Ve S gli’lm'

e :
: informatics Fmathematics



_ Stopping criteria & efficiency  Applications and numerics
Algebraic solution

Algebralc solution
Find uh € V4 such that

@ (VU), Ve) = (f,00e) — RET Ve e &M

@ algebraic residual vector %/ = {Rg”}eegzm
@ discrete system

Ak71 Uk — ka1 - Rk’i

informatics #Pmathematics :
&1»’2&6?/- e o
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| Laplace Algebraic error Inexact Newton Porous media C Stopping criteria & efficiency  Applications and numerics

Flux reconstructions

Definition (Construction of (ah gis TR o))

For all K € T,
(a-hd1+0-h’lin)|K = 1(VU/I;’IN (x Xk) Zd\D ! (X—Xk)| ke

. eclx
where R&" = (f,4¢) — (" 1(Vul), we) Ve € &,

nnnnnnnnnn
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| Laplace Algebraic error Inexact Newton Porous media C

Flux reconstructions

Stopping criteria & efficiency  Applications and numerics

Definition (Construction of (ah gis TR o))

Forall K € Ty,
(Ot o)l === (Vup") i+ (x—xk) Z

Dy X
where R&" = (f,4¢) — (" 1(Vul), we) Ve e g

Definition (Construction of o’ o)

For all K € Tp,

o ki flk
o-hchs’K U(Vuh I)‘ =+ 7 X— Z d’D | X XK)‘Ke?
ecéy

where B = (f,1pe) — (E(VU’;"), Vie) Vee &M
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Flux reconstructions

Definition (Construction of (ah gis TR o))

For all K € Tp,

_ K,i
(a-hdls+o-h11n)|K ::_Uk 1(Vuhl)| X X ) Zd‘D|
eclx

where R&" = (f,4¢) — (" 1(Vul), we) Ve € &,

(X—Xk)

Definition (Construction of o’ o)

For all K € Tp,

Ki | pe ki flk
ah,dis’K T _U(vuh )‘ + 7 X— Z d’D ‘ X XK)‘Kea

— . ecéy
where B = (f,1pe) — (E(VU’;’), Vie) Vee &M

Definition (Construction of ah 1(,)

Set o g ¢ = (di"T 1) - (ah dis T Oh il ) for (adaptlvely

chosen) v > 0 additional algebraic solvers steps; R/t ~- ph’

IKss

uuuuuuuuuu
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements
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@ various finite volumes
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Linearizations

o fixed point
@ Newton
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations

o fixed point
@ Newton

Linear solvers

@ independent of the linear solver
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations

o fixed point
@ Newton

Linear solvers

@ independent of the linear solver

v d

... all Assumptions verified s 7
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Numerical experiment |

Model problem

@ p-Laplacian

V-(|VuP2vVu)=f inQ,
u=up onoQ2
@ weak solution (used to impose the Dirichlet BC)
1 2 2\ 2T 1(1)5
u(xy) = =25 ((x = 12+ (v = $7) 7 + 21(})
@ tested values p=1.5and 10
@ Crouzeix—Raviart nonconforming finite elements

v d
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step.

10 T T T T T T 10 T 1 T T

T
—e—error
—=— estimate

—A— discretization est.
10721 _ —4— linearization est.
r algebraic est. 7
10°H —e—error up _ adaptive stopping criterion

—=— estimate

Error and estimates
=
o,
I
|
Error and estimates

—A— discetization est.

i tesL usual stopping criterion \ 0 :7 \’A_‘,# U S S A 7:
10° : = I I N \ \ I | | |
0 100 200 300 400 500 600 700 0 5 10 15 20 25 30 35
Conjugate gradiets iteration Conjugate gradients iteration
Usual stopping criterion Adaptive stopping criterion

v d
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Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh

Wer—T1 717 17 17 17 1T T =—Ct——T—3
3 —e—errorup 3
N\ —=—estimate |
1074 —A—disc. est. |5
E —+—lin.est. |3
w0' .
5 5 f i
= ) 0
a &} r ]
w0 E
0 1
DY Y Y N I B |
0 2 4 6 8 10 12 14 16 18 20 1 2 3 4 5 6 7 8 9 10 11 12 13
Newton iteration Newton iteration
Usual stopping criterion Adaptive stopping criterion
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Predicting the error distribution

KAl KR
R (" O

"¢ () S
P IR

4}i§1F - o)
s | | 2

Estimated error distribution Exact error distribution

European Research Counci
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Newton and algebraic iterations: huge savings

Stopping criteria & efficiency  Applications and numerics

Number of Newton iterations

Newton it. / refinement

Number of algebraic st

——tull
—e—inex.

—A—adapt. inex.

F|—e—inex.
[[|—4—adapt. inex.

Total number of algebraic solver terations

10' | |

3 4
Refinement level

M. Vohralik

Newton iteration

alg. it. / Newton step

3 4
Refinement level

alg. it. / refinement

v d

&tmﬂ;m’m.mm )

e Counci

A posteriori estimates & error components balancing 56 / 71



_ Stopping criteria & efficiency  Applications and numerics
Effectivity indices, p = 10 vs p = 1.5: robustness

L8 1.25 T
" o
Sa17+ = k]
2 2 121 —
216~ - 2z
2 2
5 5
215 = 2 115 =
5 T
8 14 - s
3 8 11 B
S 13 - E]
3 3
$12- — £ 105 —
3 3
z =
E11 = g
2 i A
g 1= - &
=} =]
ool il il 0l oosb— il il el
10" 10° 10° 10* 10° 10! 10° 10° 10" 10°
Number of faces Number of faces

p=10 p=15

informatics g mathematics
&zua/- ot
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Numerical experiment I

Model problem
@ p-Laplacian

V-(|VulP2vVu)=f inQ,
u=up onoQ2

@ weak solution (used to impose the Dirichlet BC)
u(r,0) = ré sin(62)

@ p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
@ Crouzeix—Raviart nonconforming finite elements

v d

h;/mnm
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Error distribution on an adaptively refined mesh

\\ S vzvzl 8 NN, Ny

AR

() 2T NN

0 |
A \

¢
A

Estimated error distribution Exact error distribution

&t.mé.,m,mm.mm
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Energy error and overall performance

—e—energy error uniform |
C - 4 -energy error adaptive|]

Energy error

100—

.
Total number of algebraic solver iterations
8
8
T

A A
a .

- - A - AT
s Y Y B
4 10 11 12 13

3| 1 1 |
10 T BT B
10" 10° 10° 10* 10
Number of faces

Energy error Overall performance

6 7 8
Refinement level
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Q Introduction

Q A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

Q Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

o Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

e Application to complex porous media flows

o Conclusions and outlook
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Multiphase, multi-compositional flows

Two-phase immiscible incompressible flow

0t(#Sa) + VU, = Qa,s a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {o,w},
So + Sw = 17

Po — Pw = pc(sw)
+ boundary & initial conditions

h;/mnm
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Multiphase, multi-compositional flows

Two-phase immiscible incompressible flow

0t(#Sa) + VU, = Qa,s a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {o,w},
So + Sw = 17

Po — Pw = pc(sw)
+ boundary & initial conditions
Mathematical issues

@ coupled system

@ unsteady, nonlinear

@ elliptic—degenerate parabolic type
@ dominant advection

v d
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Global and complementary pressures

Global pressure

Xo(@)

INEESYELA

Sw
p(Sw; Pw) = Pw + /0

informatics ¥ mathematics
&t%— e aa
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Global and complementary pressures

Global pressure

Sw
p(Sw, Pw) == P W

Complementary pressure

S AR COL G
q(sw) :== _/0 mpc(a)da

h&,mnm
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Global and complementary pressures

Global pressure

Sw
SW7 w) = W+/ N (A N (A
PlSwpw)i=pvt | 5

Complementary pressure

S AR COL G
q(Sw) = _/0 mpc(a)da

Comments
@ necessary for the correct definition of the weak solution

@ equivalent Darcy velocities expressions

Uy (Sw, Pw) = — K(Aw(Sw)VD(Sw, Pw) + Va(Sw) + Aw(Sw)pwgV 2),
Uo(Sw, Pw) == — K()‘O(SW)VP(SWHDW) — Va(sw) + /\O(SW)POQVZ)

v d

h;,mnm
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Energy space

X = [2((0, T): H())
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Weak formulation

Energy space
X = L2((0, T); H ()

Definition (Weak solution (Arbogast 1992, Chen 2001))

Find (sw, pw) such that, with s, :=1 — s,
sw € C([0, T]; L3(R2)), su(-,0) = 80,
Orsy € L2((0 T); (Hp(2))"),
p(Sw )
q(S

/ 81‘ ¢Sa (u(l(sW7pW)7v90) qon }dt -
Vo € X, a € {o,w}.
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

€Xn, [[#llx=1/In

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{o,w}

n=

2
- (ua(SW7 pw) - uoz(sw7h~rva,h7')7 Vgp)}dt} }

uuuuuuuuuuu
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

X, el =1 In

\73’1,7pw(sw,h7'>pw,h7')::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{o,w}

n=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)
Let (sw, pw) be the weak solution.

...........
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{o,w}

X, el =1 In

n=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy hr, Pw,n-) be arbitrary
such that p(sy p,. Pw.pr) € X and q(s,, ».) € X (and satisfying
the initial and boundary conditions for simplicity).

...........
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{o,w}

€Xn, [[#llx=1/In

n=

2
- (ua(SW7 pw) - uoz(sw7h~rva,h7')7 Vgp)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy hr, Pw,n-) be arbitrary
such that p(sy p,. Pw.pr) € X and q(s,, ».) € X (and satisfying
the initial and boundary conditions for simplicity). Then

[Sw — Sw.hrll2((0,7):H-1()) T+ la(Sw) — a(Sw.ar)ll 2(2x(0,7))
+ [P (Sw> Pw) = p(Sw,trr P, )l 20, 7): 1 ()
1

N 2
< C{Z jsr;,pw(sw,h’ra pwJ’IT)Z} .

n=1

uuuuuuuuuuu
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
ij,Pw(Sw,hT’pw,hT) E Tsp + " F i+ Tatg

» .m%(m/w.m; E
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,
@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nk,i nk,i nk,i n,k,i n.k,i nk,i
ij,Pw(Sw,hT’pw,hT) E Tsp + " F i+ Tatg

Error components
nk,i.

@ 7 . spatial discretization

o nhk/: temporal discretization

o 77k linearization

° n;’gk": algebraic solver )i
(i
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
ij,Pw(SW,hT’pw,hT) < nSp + Mm + hin + 77211g .
Error components Full adaptivity
o ' spatial discretization @ only a necessary number of
e 1™%/: temporal discretization all sc.>lver |te.ra.|t|ons
ki L @ “online decisions”:
@ 7, : linearization . . .
rl, p algebraic step / linearization

@ 7,, : algebraic solver step / space mesh refinement

/ time step&é@ﬁ%@_
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Estimators and stopping criteria

10* 10"
10° - 10° N
10 Lttt 00 | 10°
o ¢
2.2 £ 107
£ 10" g soppgcrteron] 1
& & gl | A= spaal
107 B temporal
—=—total —— linearization|
—A—spatial 10°H algebraic B
107 ——temporal i
107 Sloebiaie ) | | 1 1 I I L L L L L L L L N
0 20 40 60 80 100 120 140 160 180 200 220 1 2 3 4 5 6 7 8 9 10
GMRes iteration Iterative coupling iteration
Estimators in function of Estimators in function of
GMRes iterations iterative coupling iterations

v d
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GMRes iterations

T
250[-| —=— classical |
-adaptive

Number of GMRes iterations

I
|
'
'
'
]
'
! b

R R ALY AU S Y Y

Cumulative number of GMRes iterations

T\n;ellgera;lvi:rl:ou.plin.g st.ep 218 X 10° : - Time
Per time and iterative Cumulated
coupling step

v d
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Space/time/nonlinear solver/linear solver adaptivity

Fully adaptive computation

uuuuuuuuuuuuuuuuuuuuu

M. Vohralik A posteriori estimates & error components balancing 68 /71



Q Introduction

Q A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

Q Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

Q Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

o Application to complex porous media flows

@ Conclusions and outlook
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Conclusions and outlook

Conclusions

@ guaranteed energy error estimates

@ robustness (polynomial degree, nonlinearity)

@ full adaptivity (linear solver, nonlinear solver, mesh)
@ unified framework for all classical numerical schemes
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Conclusions and outlook

Conclusions

@ guaranteed energy error estimates

@ robustness (polynomial degree, nonlinearity)

o full adaptivity (linear solver, nonlinear solver, mesh)
@ unified framework for all classical numerical schemes

Ongoing work
@ convergence and optimality

@ higher-order time discretizations
@ nonlinear problems
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