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PRQTS6UWV<QTXYU[Z]\Y^<_[Q?X6U`ZaV<Z�\6b�U

K ced?f]gTh�i _[b�UW\6bkj�Zab g d
l b�V K = C
QTS

R m jDn d V�o[Z]QTXd \�pqQTZaX
o[b;b<UqorX6Q?o[^<b adg : g → gl(g) s b�o ftd U[QTSYU d?fagTh<i _qb;Z]u d?g bv\6b adg

b�UqowXYQ?ox^�b
ad(g) m
y z|{�}�~��"���W���"���������"��{��G�;���W�N���W�
� QTu�uEb<XY�<QTX6UW� d _ f bwox�Y^<QT_ h uEb�\Yb��DX g b f�m
� �����-	#L�M!���,�����9 �¡�¢�£,¤

g ¥ £¦¢ K §©¨?ª¬«�­<®<¯ ¢±°�¢³²�¡�¢1´�¢�¤ ρ : g → gl(V ) ¥ £¦¢ ¯ ¢eµ ¯x¶1· ¢�£ §¤ ¨ ¤�¡� �£G°�¢ g
¤e¢ ª�ª ¢�¸ ¥ ¢ ρ(X)

¢ · ¤ ¥ £¹¢�£%°� �º»  ¯ µ,¼�¡ · º»¢HX6Z f �%Q?oxb�X
o±µ,  ¥0¯ ¤e  ¥ ¤ X ∈ g ½¾� �¤e �£ · g′ = ρ(g) ª¿¨E·   ¥À·�§©¨?ª¬«�­<®<¯ ¢;°�¢ gl(V ) ½�Árª   ¯1·
Â ½wÃ   ¥0¯ ¤e  ¥ ¤ A ∈ g′

´ ª[Ä ¨ µÀµ ª ¡�Å ¨ ¤�¡� �£ ª ¡�£ ¶[¨ ¡ ¯ ¢ adg′A : g′ → g′
¢ · ¤±£,¡ ª µ, �¤e¢�£,¤Æ¢ ½

Ç ½`È�ª ¢qÉT¡ · ¤e¢ v ∈ V
´H£¦ �£O£ ¥�ª ´H¤Æ¢ ª ¸ ¥ ¢ ρ(X)v = 0

´
∀X ∈ g ½

Ê ½`È�ª ¢qÉT¡ · ¤Æ¢ ¥ £¦¢ ®1¨�· ¢ B °�¢
V
¤e¢ ª�ª ¢`¸ ¥ ¢1´6µ,  ¥�¯ ¤Æ  ¥ ¤ X ∈ g

´ ª¿¨ º ¨ ¤ ¯ ¡�Å1¢W°�¢ ρ(X)° ¨ £ · B ¢ · ¤H¤ ¯ ¡ ¨ £ «?¥�ª¿¨ ¡ ¯ ¢ ·�¥ µ ¶�¯ ¡�¢ ¥�¯ ¢1´ ¨?Ë ¢1Åk°�¢ ·`Ì�¶�¯   ·w·�¥�¯�ª¿¨ °?¡ ¨�«  �£ ¨?ª ¢ ½
Í ½ �9 �¡�¤ n = dim V ½RÃ   ¥�¯ ¤e  ¥ ¤ X1, . . . , Xn ∈ g

´ ª[Ä ¢�£%°� �º»  ¯ µ,¼�¡ · º»¢
ρ(X1) ◦ . . . ◦ ρ(Xn)

¢ · ¤H£ ¥0ª¿½
• Ã±¯ ¢ ¥0Ë ¢Î°�¢ 1) mÐÏ�d _W�ÀÑ0�%Q?o[� h Uqb�oxQ?SYo A ∈ g′

b<U©orSYXÒb�X6\6QTuEQT_[�Y�6Z]Uqu�bvX6Z f �%Q coxb<XÀo;\6b
V m � b f]d b<XÀox_ dÔÓ X6bkÕ�SYb adgl(V )A : gl(V ) → gl(V )

b<U©o;X6Z f ��QÔoxb<XÀo`b�ovÕ
S6b
adg′A = adgl(V )A|g′

b�Uqo`X6Z f ��QÔoxb<XÀo m
• 2) =⇒ 3) m"Ö X¹\6^�u�QTXÀo[_[bE� d _�_[b<V�S6_[_qb<X6V�b»UqS6_ k

Õ
S9n¬Z f b�×0Z]U©oxbES6X6bEØ d u�Z f]f b
v1, · · · , vk

\6b l b<V�o[b<S6_qU f Z]X6^ d Z]_qb<uEb<XÀo�Z]X6\6^���b�X6\ d XÀo[UD\6b V
oxb f]f b±Õ
S6b ρ(g)vk d �Y� d _ coxZ]b�XÀo d SÒU[QTS6U c b�U[� d V�b Vk−1

b�X g b<XY\6_[^Î� d _ v1, · · · , vk−1 Ù V1 = {0} ÚÛm j�bk�%QTZ]XÀo 2)u�QTXÀo[_[bkÕ
S6b�V?n¬b<U©o l _ d Z�b<X k = 1 mwÜ SY�6��Q?U[QTX6U`Õ
S6bÎV?n¬b<U©o l _ d Z��%QTS6_WoxQTSYo k < N mj�b�U[QTSYUrb<Uq� d V�b VN−1

b�Uqow\YQTX6VkU©o d?iYf b�� d _ g m`Ö XÒ��b�SYowV�QTX6UqZ]\6^�_[b<_ ftd Ø d V�o[QT_[ZaU d�coxZ]Q?X
ρ : g → gl(V/VN)

\6SKuEQT_[�Y�6Z]Uqu�b
ρ Ý �%QTS6_�oxQTS0o X ∈ g s ρ(X)

b<U©oDX6Z f �%Q?oxb�X
o mÖ X»U d Z¿o d?f QT_[UÞ\9n d �6_ h U 2)
Õ
S9n¬Z f b�×0ZaUqoxb vN ∈ V/VN−1

o[b f Õ
S6b ρ(X)vN = 0 s V<b`Õ
S6ZU[Z g X6Zaß,bvÕ
S6b ρ(g)vN ∈ VN−1 m
• 3) =⇒ 4) m � l Za\6b<XÀo m

à



• Ã±¯ ¢ ¥0Ë ¢k°�¢ 2) mHÖ XÒ\6^�u�Q?X
o[_[b;V<b ftd � d _W_q^<V<SY_[_[b�X6V<b�U[SY_ f]d \6Z]uEb<X6UqZ]QTX"\Yb g′ mÜ Z dim g′ = 0
V?n¬b<U©oÎV ftd Za_ m"Ü S6�6�%QTU[QTXYU f bN_q^<U[S f o d ok\6^�u�Q?X
o[_[^E��Q?S6_ dim g′ < k mÜ QTZao ρ : g → gl(V )

o[b f Õ
S6b dim g′ = k m� QTXYU[Z]\Y^<_[Q?X6U;S6X6bEU[QTS6U cÆd?fagTh<i _[b h ⊂ g′
\6Z���^<_qb<XÀoxbN\6b

g′
u d ×YZau dÔf bk� d _;_ d � c��QT_©o�� ftd \6Zau�b�X6U[ZaQTX m jÞn¬b<Uq� d V�b`Õ
S6Q?o[Z]b�X
o g′/h

b�oÞUqo dÔi6f b��%QTS6_ f n d V�oxZaQTXKV<Q d \�pqQTZ]XÀo[b\6b
h Ý UqQTZao α : h → gl(g′/h) f b`uEQT_[�Y�6Z]Uqu�b�ZaX6\6S6Z¿o m�� n d �Y_ h U 1)

oxQTS0o f b<UH^ f ^�u�b�XÀoxU
adX, X ∈ h s UqQTXÀowX6Z f �%Q?oxb�X
o[U m � QTuEu�b dim α(h) ≤ dim h < k s QTX �%b<SYo d �6� f Z cÕ�SYb<_ f n �ÀÑ���QÔox� h U[bÎ\6b�_[^�V<S6_q_[b<XYV<b��

α Ý Z f b�×0ZaUqoxb Xo ∈ g′/h
o[b f Õ
S6b α(h)Xo = 0 sV<bRÕ�SYZ,U[Z g X6Zaß,b�Õ
S6b [h, Xo] ⊂ h m j�bRUqQTS6U c b<Uq� d V�b l b<V�o[QT_[Zab f�� h⊕ < Xo >

b<U©oÐ\6Q?X6VS6X6bvU[Q?S6U ced?f]gTh�i _[b`\6b g′
o[b faf bRÕ�SYb [h⊕ < Xo >, h⊕ < Xo >] ⊂ h m�	 d Z]U h

^�o d XÀoV1�6QTZ]UqZ]b�u d ×0Zau d?f b s h⊕ < Xo >= g′
b�o

[g′, h] ⊂ h m � QTX6V f S6U[ZaQTX Ý g′
�%QTU[U h \6bkS6XZ]\6^ d?f h \6b;V�Q0\6Zau�b�X6U[ZaQTX à m
 �6� f ZaÕ
S6QTX6U�u d Z]XÀo[b<X d XÀo f n �ÀÑ��%Q?ox� h U[b�\6bv_[^�V<S6_q_[b�X6V<b��

h ↪→ gl(V ) ÝDf bvU[QTSYU cb<U[� d V<b W := {v ∈ V |Av = 0
�%QTS6_ oxQ?SYo

A ∈ h}
X9n b�Uqo�� d Uv_q^<\6SYZao��

{0} m
� b� f S6UkV<QTuEu�b [h, Xo] ⊂ h sDf b�U[QTSYU c b�U[� d V<b W
b<U©oKUqo d?i6f b»� d _ f n b�X6\6QTuEQT_q�6�6Z]Uqu�b

Xo m � QTuEuEb Xo : V → V
b<U©oEX6Z f ��Q?o[b<XÀo s Z f bÛ×0Z]Uqo[b w ∈ W

X6QTX X
S f o[b f Õ
S6b
Xow = 0 m�� Z]X dÔf b<uEb<XÀoÞQTX d u�QTXÀo[_[^ f n¬b�×0Z]U©oxb�X6V<bR\6b w 6= 0

oxb f Õ
S6b Xw = 0
�%QTS6_oxQTSYo

X ∈ g′ m �

� d �6�%b f QTX6UvÕ
S9n¬S6X6b d?f]gTh�i _[bK\Yb�j�Zab g
b�Uqo�£,¡ ª µ, �¤Æ¢�£,¤e¢wUqZ ftd U[SYZaoxbK\¦n Za\6^ d S�× gk\6^�ß,XYZ]b;� d _

• g0 = g

• gk+1 = [g, gk]b<UqoEX
S faf b��O� d _qo[Z]_Î\9n¬S6X V<b�_qo[Z d X _ d X g6m!Ö X l ^<_qZaß,b d Z]U[^�u�b�XÀoNÕ�SYb gk = 0
U[Z b�oU[b<S f b<uEb<XÀoRU[Z��%QTS6_�o[QTSYo X1, . . . , Xk

\ d XYU g
QTX d

adg(X1) ◦ . . . ◦ adg(Xk) = 0. Ù à m à Ú
�`X6bNV<Q?X6U[^�Õ�SYb<X6V�b�\6Za_[b�V�oxbK\Yb ftd \6^�ß,X6Zao[Z]QTX b<Uqo�Õ
S6b f n Zau d?g b ρ(g)

\9n¬S6X6b d?fagTh<i _qb\6b f Z]b g
X6Z f �%Q?oxb�XÀoxbv� d _�SYXÒuEQT_[�Y�6Z]Uqu�b ρ

b<U©o`XYZ f �%Q?o[b<XÀoxb Ù V d _ ρ(g)k = ρ(gk) ÚÛm
��	#�-�D�%�
�'�����%���,�a) ²�¢ ·Î¶ £¦ �£¦Å ¶1·w·�¥ ¡ Ë�¨ £,¤ ·r·  �£,¤ ¶ ¸ ¥ ¡ Ë�¨?ª ¢�£,¤ ·
Â ½ g

¢ · ¤H£,¡ ª µ, �¤Æ¢�£,¤e¢
Ç ½ ad(g)

¢ · ¤H£,¡ ª µ, �¤e¢�£,¤Æ¢
Ê ½ µ,  ¥0¯ ¤e  ¥ ¤ X ∈ g

´
adgX

¢ · ¤ ¥ £!¢�£%°� �º»  ¯ µ,¼�¡ · º»¢w£,¡ ª µ, �¤e¢�£,¤ ½
�
< Xo > �������������� "!#��$&%��(')��*���+,')%-$)���. � ��/�0�����0�1��$&�.�321!4$ Xo 5
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• 1) =⇒ 3) m�Ü SY�6��Q?U[QTX6UKÕ
S6b gk = 0
b�o d �6� f Z]Õ
S6Q?X6U Ù à m à Ú � X1 = . . . =

Xk = X s QTX7Q i o[Z]b�X
o adg(X)k = 0 m
• 3) =⇒ 1) m 
 �6� f Z]Õ
S6QTX6U f bko[�6^<QT_ h uEbÎ\6bN�DX g b fDd SGuEQT_[�Y�6Z]Uqu�b adg : g →

gl(g) m j�bÎ�%QTZ]XÀo 4)
uEQTXÀox_[b�Õ
S6b

adg(X1) ◦ . . . ◦ adg(Xn) = 0
�%QTS6_

n = dim g sU[QTZ¿o
gn = 0 m
• 1) ⇐⇒ 2) m�Ü Z g

b<U©o;X6Z f ��Q?o[b<XÀoxb s UqQTXGZ]u d?g b ad(g)
� d _ f b�u�Q?_[�6�6ZaU[uEb adgb<Uqo dÔf QT_qU`X6Z f �%Q?oxb�XÀoxb m �R^�V<Za�6_[Q�Õ
S6b<uEb<XÀovUqZ ad(g)k = 0

QTX d adg(gk) = 0
V�bÎÕ
S6ZU[Z g X6Zaß,bvÕ
S6b [g, gk] = 0

U[QTZ¿o
gk+1 = 0 m �

� z|{�}�~��"���W���"�����������W����{��"��{��W�
� d �Y��b f QTX6UHÕ
S9n¬S6X6b dÔf]gTh�i _[bW\6b`j�Z]b g

b�Uqo ¯x¶1·   ª ¥Y®<ª ¢DUqZ f]d UqS6Zao[bW\9n Za\6^ d S0× gk
\6^�ß,X6Zab� d _

• g0 = g

• gk+1 = [gk, gk]

b<Uqo`X
S f]f b �N� d _qo[Z]_ \¦n S6X�V<b�_qo d Z]X7_ d X g6m�� QTZaV<Z9\6b�U`V�_[Z¿o h _qb<U�Zau��%QT_qo d XÀoxU m
FH��M�M!�O)9� � Â ½ �9 �¡�¤ ρ : g → h ¥ £�º»  ¯ µ,¼�¡ · º»¢�° Ä ¨?ª¬«�­<®<¯ ¢E°�¢k²�¡�¢ ½"Árª   ¯x· g¢ · ¤ ¯x¶1·   ª ¥Y®<ª ¢ · ¡Ð¢�¤ · ¢ ¥0ª ¢�º»¢�£,¤ · ¡��vb<_ ρ ¢�¤�	eu

ρ ·  �£,¤Þ¤Æ  ¥À· °�¢ ¥ É ¯1¶1·   ª ¥Y®<ª ¢ ·<½
Ç ½�
 £¦¢ ¨?ª¬«�­<®<¯ ¢�°�¢v²�¡�¢ ¯x¶1·   ª ¥Y®<ª ¢ µ,  ·1·�­ °�¢ ¥ £G¡�° ¶[¨?ª�¨À®�¶�ª ¡�¢�£
�

6= 0 �?½
Ã±¯ ¢ ¥0Ë ¢»°�¢ 1) ÝÎÖ X d (

	eu
g)k = ρ(g)k = ρ(gk)

b�o
(ker ρ)k ⊂ gk m � QTXYV»U[Z

gk = 0
QTX�Q i oxZ]b�XÀo (

	eu
g)k = 0

b�o
(ker ρ)k = 0 m �W^<V<Za�6_[Q�Õ
S6b<uEb<XÀokU[S6�6�%QTUqQTX6UÕ�SYb��vb<_

ρ
b�o�	eu

ρ
U[QTXÀoWoxQ?S6U�\6b<S�×�_[^<UqQ f S i6f b�U Ý Z f bÛ×YZaUqo[b k, l

o[b f U�Õ
S6b (
	eu

g)l = 0b�o
(ker ρ)k = 0 m 	 d ZaU (

	eu
g)l = ρ(gl)

\YQTX6V
gl ⊂

�vb<_
ρ m � b f]d Zau�� f Z]Õ
S6b d?f Q?_[UDÕ
S6b

(gl)k ⊂ (
�;b�_

ρ)k = 0 m � QTuEu�b (gl)k = gl+k s QTX7Q i oxZ]b�XÀoRß6X d?f b�u�b�XÀo gl+k = 0 mÃ±¯ ¢ ¥0Ë ¢¹°�¢ 2) ÝCÜ Z g
b<U©o _q^<UqQ f S iYf b Z f bÛ×YZaUqo[b k ∈ N

oxb f Õ
S6b gk 6= 0
b�o

gk+1 = [gk, gk] = 0 m jDn Za\6^ dÔf gk 6= 0
b<U©o`\YQTX6V d?i ^ f Zab<X m �

� d �6�%b f QTX6U f n¬^<XYQTX6V<^;\6S"o[�6^<QT_ h uEb;\6b�j�ZabvÕ
S6b f n¬QTX d \Y^<uEQTXÀox_[^;b�XÒV�QTS6_[U m
� �����-	#L�M!�G)9�a) �9 �¡�¢�£,¤

g ¥ £¦¢ K §©¨?ª¬«�­<®<¯ ¢r°�¢�²�¡�¢ ¯x¶1·   ª ¥Y®<ª ¢1´ V ¥ £ C § ¢ · µ ¨ Å1¢ Ë ¢1Å §¤Æ  ¯ ¡�¢ ª ¢�¤ ρ : g → gl(V ) ¥ £Gº»  ¯ µ,¼�¡ · º»¢��K°�¢ K §©¨?ª¬«�­<®<¯ ¢ · °�¢w²�¡�¢ ½�Árª   ¯x·
Â ½`È�ª ¢qÉT¡ · ¤Æ¢ v ∈ V

´v£¦ �£@£ ¥�ª ´Î¢�¤ λ : g → C K §eª ¡�£ ¶[¨ ¡ ¯ ¢»¤Æ¢ ª · ¸ ¥ ¢ ρ(X)v =
λ(X)v

µ,  ¥0¯ ¤e  ¥ ¤ X ∈ g ½�
gl(V ) �����������1�  �� �0�)21!�+.� ���0� �.�1��%�� %�$&2����"��� � ����������� ��%-�-' C   ��(����!4��$)��� 5 gl(V ) 2 �!��'�" '&$)�

*#��� +.%$�%� ������� K  !4 ��$&!'1$)�3����( ���$)�2 %$��$ K = R %$� C 5
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Ç ½`È�ª ¢qÉT¡ · ¤Æ¢ ¥ £¦¢ ®1¨�· ¢ B
°�¢

V
´ °�¢ · º»  ¯ µ,¼�¡ · º»¢ · K §eª ¡�£ ¶[¨ ¡ ¯ ¢ · λk : g →

C
µ,  ¥�¯ k = 1, . . . , n = dim V

´7¤e¢ ª · ¸ ¥ ¢7µ,  ¥�¯ ¤Æ  ¥ ¤ X ∈ g
´ ª¿¨ º ¨?§¤ ¯ ¡�Å1¢»°�¢ ρ(X)

° ¨ £ · B ¢ · ¤R¤ ¯ ¡ ¨ £ «?¥�ª¿¨ ¡ ¯ ¢ ·�¥ µ ¶�¯ ¡�¢ ¥�¯ ¢1´ ¨?Ë ¢1Åwµ,  ¥�¯ °?¡ ¨�«  �£ ¨?ª ¢
(λ1(X), · · · , λn(X)) ½

Ü Z g
b<U©o S6X6b

C cÆd?fagTh<i _qb7\6b j�Zab�_q^<UqQ f S iYf b7QTX@��b�SYo d �6� f ZaÕ
S6b<_ f b"o[�6^<QT_ h uEb�6_[^�V<^<\ d XÀo d S uEQT_q�6�6Z]Uqu�b d \�pqQTZ]XÀo adg : g → gl(g) Ý Z]V�Z V = g
b�UqowSYX

C c b<Uq� d V�bl b<V�oxQT_qZ]b f�m j�br�%QTZ]XÀo 2) d�� _[uEb`Õ
S9n¬Z f b�×0Z]U©oxbwSYX6b i,d U[b B \6b
g
o[b f]f b`Õ
S6br��QTSY_Ho[QTSYo

X ∈ g s¦ftd u d ox_[ZaV<b�\6b ρ(X)
\ d X6U B b�Uqowo[_[Z d X g S f]d Z]_qbvU[S6�%^<_qZ]b<SY_[b m � b�V<Z³uEQTXÀox_qbÕ�SYb��%QTS6_ o[QTSYo

X ∈ g
b�o

Y ∈ [g, g]

adg(Y )
b�o

adg(X)adg(Y )
UqQTXÀoR\6b<URb<X6\YQTu�Q?_[�6�6ZaU[uEb<U�X6Z f �%Q?oxb�XÀoxU . Ù 6 m 6 Ú

� �����-	#L�M!�G)9�a. �9 �¡�¤
g ¥ £¦¢ K §©¨?ª¬«�­<®<¯ ¢v¢�¤ Bg ·<¨��   ¯ º»¢`°�¢���¡ ª�ª ¡�£ «À½ ²�¢ ·v¶ £¦ �£¦Å ¶1··�¥ ¡ Ë�¨ £,¤ ·v·  �£,¤ ¶ ¸ ¥ ¡ Ë�¨?ª ¢�£,¤e¢ ·

Â ½ g
¢ · ¤ ¯1¶1·   ª ¥Y®<ª ¢

Ç ½ g1 = [g, g]
¢ · ¤ ¯x¶1·   ª ¥6®<ª ¢

Ê ½ g1 ¢ · ¤±£,¡ ª µ, �¤e¢�£,¤e¢
Í ½ Bg(g, [g, g]) = 0

Ã±¯ ¢ ¥0Ë ¢ Ý �Wb<u d _[Õ
S6QTXYU oxQTSYo \9n dÔi QT_q\7Õ�S¦n Z f U[S � oW\6b;\6^�u�Q?X
o[_[b�_�V<bwox�Y^<QT_ h uEb��QTSY_ f b<U d?f]gTh�i _[b�U;\6b j�Z]bNV�QTu�� f b�×0b�U m�Ü Z g
b�Uqo�S6X6b

R ced?f]gTh�i _[bN\6b�j�Z]bNQTX���b�SYoV<QTX6UqZ]\6^�_[b�_ f n d?f]g?h<i _qbRV�QTuE� f bÛ×YZ¿ß,^<b g⊗C = g⊕ ig m j�b<UÐU[S6Z¿oxb<U±\6^<_qZ l ^<b<U�U d oxZaUqØ'QTXÀof b<U`_[b ftd o[Z]QTX6U (g ⊗ C)k = gk ⊗ C
b�o

(g ⊗ C)k = gk ⊗ C mvÖ X u�QTXÀo[_[b d Z]U[^�u�b�XÀof b<UW^�Õ�SYZ lÔd?f b�X6V<b�U�� g b<U©or_q^<U[Q f S i6f b ⇐⇒ g ⊗ C
b�Uqo`_[^�U[Q f S i6f b	� s � g1 b�Uqo`X6Z f ��Q?o[b<XÀoxb

⇐⇒ (g⊗C)1 b�Uqo�XYZ f �%Q?o[b<XÀoxb	�Wb�o
� g1 b<Uqo _[^<UqQ f S i6f b ⇐⇒ (g⊗C)1 b<UqoÐ_[^�U[Q f S i6f b	� mÖ X l Q?Zao d SYU[U[Z�Õ
S6b f n¬^<XYQTX6V<^ 4) d
l b<V g
b<UqoR^�Õ�SYZ lÔd?f b�XÀo � f n ^�X6QTX6V�^ 4) d
l b�V g ⊗ C m

Ã±¯ ¢ ¥0Ë ¢Ðµ,  ¥0¯;¥ £¦¢ ¨?ª¬«�­<®<¯ ¢�°�¢v²�¡�¢kÅ1 �ºrµ ª ¢qÉ0¢ g Ý
• 1) ⇐⇒ 2) m � QTuEuEb f n dÔf]gTh�i _[b Õ
S6QÔoxZ]b�XÀo g/[g, g]

b<Uqo d?i ^ f Z]b<XYX6b s QTX l QTZaob<X¹V<QTX6UqZ]\6^�_ d XÀo f bKu�QT_q�6�6ZaU[uEbÎÕ
S6Q?oxZab<XÀo g → g/[g, g]
Õ�SYb

g
b�Uqo�_[^�U[Q f S i6f bkU[ZDb�oU[b<S f b<uEb<XÀoRU[Z [g, g]

b�UqoR_[^�U[Q f S i6f b Ù V�Ø m j�b<uEuEb 6 m à Ú�m
• 3) =⇒ 2) m
�³l Za\6b<XÀo m
• 1) =⇒ 4) mDÜ Z g b�UqoH_[^�U[Q f S i6f b s QTXEU d Z¿oD\9n d �6_ h U Ù 6 m 6 Ú Õ
S6b adg(X)adg(Y )

b�UqoS6X b<X6\6Q?u�QT_q�6�6ZaU[uEbÎX6Z f ��QÔoxb<XÀor��QTSY_roxQTS0o X ∈ g s Y ∈ [g, g] m � bKÕ
S6ZDZau�� f Z]Õ
S6bÕ�SYb
Bg(X, Y ) = Tr(adg(X)adg(Y )) = 0

�%QTS6_�o[QTSYo
X ∈ g s Y ∈ [g, g] m

• 1) =⇒ 3) mkÜ Z g
b<U©o;_[^�U[Q f S i6f b s QTXGU d Zaov\9n d �6_ h U Ù 6 m 6 Ú Õ�SYbK��QTSY_roxQTS0o Y ∈

[g, g] f n¬b<XY\6QTuEQT_[�6�YZ]U[uEb adg(Y )
b�UqovXYZ f �%Q?o[b<XÀo s V<bkÕ�SYZ�Z]uE� f Z]Õ
S6b;Õ
S6b adg1(Y ) =

adg(Y )|g1

b�UqowXYZ f �%Q?o[b<XÀo m � n d �6_ h U f]d �6_qQT�%QTU[Z¿oxZ]Q?X à m 6 s V<b�V<Z�Z]uE� f ZaÕ�SYb�Õ
S6b g1 b<U©oX6Z f ��Q?o[b<XÀoxb m
�



• 4) =⇒ 2) m � QTu�uEb
g1 b<U©o S6XCZ]\6^ d?f \Yb g f]d V<Q?X6\6Zao[Z]QTX Bg(g, g1) = 0Z]uE� f ZaÕ�SYbRÕ
S6b f]d Ø'QT_qu�b`\6b �vZ faf ZaX g \6b g1 b�Uqo�X
S faf b m � QTX6U[Za\6^<_qQTX6U f]d UqQTS6U ced?f]g?h<i _qb

h := ad(g1)
\6b

gl(g1) Ý b faf bwU d oxZaUqØ d Z¿o f b�UW_[b f]d oxZaQTX6U
Tr(XY ) = 0

��Q?S6_ oxQTS0o
X, Y ∈ h Ù 6 m * Ú

Ö X U d ZaoK\¦n d �Y_ h U f b<UÎ^�Õ
S6Z lÔd?f b<X6V�b<UK\6^�u�QTXÀo[_[^<b�UN�6_[^�V<^<\Yb<uEu�b�X
oNÕ
S6b � g1 b<U©oN_[^ cU[Q f S i6f b ⇐⇒ h
b<U©o�_[^<UqQ f S i6f b ⇐⇒ [h, h]

b�Uqo�X6Z f �%Q?oxb�X
o � m 	 f X6QTSYU�UqS � o;\6QTX6VN\6b\6^<uEQTXÀox_qb<_�Õ
S6b
[h, h]

b<Uqo³X6Z f ��Q?o[b<XÀo s b�o�V<b�o[oxbÐ\6^<uEQTX6U©ox_ d oxZ]Q?X�_qb<�%QTU[b±U[S6_ f b f b<uEu�bU[S6Z l?d X
o m
FH��M�M!�O)9�¿2��9 �¡�¤
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gl(V ) ½ �  �£ · ¡�° ¶�¯  �£ · Na := {X ∈ gl(V )|[X, a] ⊂ a}

¢�¤
N 0

a := {X ∈ Na|Tr(XY ) =
0
µ,  ¥�¯ ¤e  ¥ ¤ Y ∈ Na} ½�Árª   ¯x· ¤Æ  ¥ ¤R¢�£%°� �º»  ¯ µ,¼�¡ · º»¢v°�¢ N0

a

¢ · ¤H£,¡ ª µ, �¤Æ¢�£,¤ ½

 �6� f ZaÕ
S6QTX6UDV�b f b<uEu�b � a = h

b�o
V = g1 m 	eV�Z f b<UÞ_[b ftd o[Z]QTXYU Ù 6 m * Ú Z]uE� f Z]Õ
S6b<XÀoÕ�SYb

[h, h] ⊂ N0
h s b�o \6QTXYV Õ
S6b f]d UqQTS6U ced?f]g?h<i _qb [h, h] ⊂ gl(V )

b�Uqo V�QTuE��QTUq^<b\9n b�X6\6QTuEQT_q�6�6Z]Uqu�b�U�XYZ f �%Q?o[b<XÀoxU Ý [h, h]
b�Uqo�S6X6b dÔf]gTh�i _[bN\6b»j�ZabNX6Z f ��Q?o[b<XÀoxb Ù l QTZa_ftd �6_[b�u�Z h _qbvU[b<V�oxZaQTX Ú�m �

Ã±¯ ¢ ¥0Ë ¢»° ¥¹ª ¢�ºKº»¢ m � QTX6U[Za\6^<_qQTX6U ftd \6^<V�QTuE��QTUqZao[Z]QTXG\6b��?QT_q\ d X X = s + n\9n SYX¹^ f ^�u�b�X
o X ∈ N0
a Ý s

b<U©ov\6Z dÔg QTX d?f Z]U d?i6f b s n b<U©ovX6Z f �%Q?oxb�X
orb�o [s, n] = 0 m 	 fb�×0Z]U©oxbÎS6XYb i,d Uqb (ei)i

\6b
V
oxb f]f b�Õ
S6b sei = λiei d�l b<V λi ∈ C m � QTXYU[Z]\Y^<_[Q?X6U f b�U^ f ^�u�b�XÀoxU ad(X), ad(s), ad(N) ∈ gl(gl(V )) Ý ad(s)

b<U©o \6Z d?g QTX dÔf Z]U d?i6f b s ad(n)b<Uqo X6Z f ��Q?o[b<XÀo�b�o [ad(s), ad(n)] = 0 m 
 Z]XYU[Z
ad(X) = ad(s) + ad(N)

b<U©o ftd\6^<V�QTu��%QTUqZaoxZaQTX�\6b��?QT_q\ d XÒ\6b ad(X) m �DXO� d _©oxZ]V�S f Zab<_�Z f bÛ×0Z]Uqo[bkS6X ��Q f Ñ�X��TuEb Poxb f Õ
S6b ad(s) = P (ad(X)) m � QTuEu�b ad(X)(a) ⊂ a
QTX d ad(s)(a) ⊂ a s Z m b m

s ∈ Na m � QTX6U[Za\6^<_qQTX6UKu d Z]XÀo[b<X d XÀo s′ ∈ gl(V )
\6^�ß,X6Z�� d _ s′ei = λiei m Ü ZÐQTXV<QTX6UqZ]\ h _[b ftdÎi,d U[b Eij

\6b
gl(V )

oxb f]f bvÕ�SYb Eijek = δjkei

QTX d
ad(s)Eij = (λi − λj)Eij et ad(s′)Eij = (λi − λj)Eij.

Ö XCV<QTX6U©o d o[b d?f QT_[UEÕ
S9n¬Z f b�×0Z]U©oxbÒS6X �%Q f Ñ�X��TuEb Q
oxb f Õ
S6b ad(s′) = Q(ad(s)) ÝV<QTuEu�b

ad(s)(a) ⊂ a
QTX d ad(s′)(a) ⊂ a s Z m b m s′ ∈ Na m 
 Ñ d XÀoÒU[S6�Y��QTUq^Õ�SYb

X ∈ N0
a

QTX d Tr(Xs′) = 0 m 	 d ZaU [n, s′] = 0
\6QTX6V

0 = Tr(Xs′) =
Tr(ss′) + Tr(ns′) =

∑

i |λi|
2 + 0 mRÖ X d uEQTXÀox_q^�Õ
S6b s = 0

b�ow\YQTX6V�Õ�SYb
X
b<UqoX6Z f ��Q?o[b<XÀo m �

� z|{�}�~��"���W���"�����������	� ��
,����� ��{��W�
� d �Y��b f QTX6UÐÕ�SYb f bw_ d \6Z]V d?f \9n SYX6b d?f]g?h<i _qbw\6bvj�Z]b g

b<Uqo f bw� f S6U g _ d X6\"Z]\Y^ d?f _[^�U[Q f cS i6f b;\6b g Ý QTX f bvX6QÔoxb Rad(g) m �`XYb dÔf]gTh�i _[bv\6b�j�Z]b g
b<U©o · ¡�ºrµ ª ¢ÐU[Z






• g
b�UqoRX6QTX cÆd?i ^ f Z]b<XYX6b s b�o

• f b�UWU[b<S f UWZ]\6^ d S0× _[^<UqQ f S i6f b�UR\Yb g
U[Q?X
o

{0}
b�o

g mj�b i SYo±\6b`V�b�oqoxbR\6b<_qX6Z h _[bRU[b<V�oxZaQTX»b�Uqo \Yb`uEQTXÀox_qb<_ f n¬^<Õ
S6Z l?dÔf b<XYV<bWb<XÀox_qb f b<UH\6ZaØ cØ'^<_[b�XÀoxb<U`\6^�ß6X6Zao[Z]QTX6U�\Yb f]d X6Q?o[Z]QTX7\9n d?f]g?h<i _qbvU[b<uEZ c U[Zau�� f b m3�%d Z]U[Q?X6U oxQTS0oW\9n dÔi QT_q\f b<UW_qb<u d _[Õ
S6b�URUqS6Z lÔd XÀo[b<U m±Ü Z h b<U©orS6X�Z]\Y^ d?f \Yb g s6d?f QT_qU
• ftd _[b�Uqox_qZ]V�oxZ]Q?X»\6b f]d Ø'QT_qu�bR\6b �vZ f]f ZaX g \6b g

�
h× h

b<U©o ftd Ø'QT_[uEbR\6b �vZ faf Z]X g\6b
h s

• f bkU[QTS6U c b�U[� d V�b h⊥ = {X ∈ g | Bg(X, Y ) = 0
��Q?S6_�oxQTSYo

X ∈ h}
b�Uqo;S6XZ]\6^ d?f \6b g s

• f n¬Z]XÀo[b<_[Uqb<V�oxZ]Q?X h ∩ h⊥
b<U©oRS6XÒZa\6^ dÔf�d
l b<V�S6X6bvØ'QT_qu�bv\Yb �vZ f]f ZaX g X
S faf b m

�DX�SYoxZ f Z]U d XÀo f bvo[�6^<QT_ h uEb 6 m * s QTX d \6QTXYV�Õ
S6b h ∩ h⊥
b�Uqo`S6X�Z]\6^ d?f _[^�U[Q f S i6f b��QTSY_Ro[QTSYo`Z]\6^ d?f h

\6b
g m �DXO� d _qoxZaV<S f Z]b�_��;b�_ Bg = g⊥

b�UqorS6XOZ]\Y^ d?f _q^<U[Q f S i6f b�\Yb
g m
��	#�-�D�%�
�'�����%� .9��� 
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Ç ½ g

£¦¢�µ,  ·1·�­ °�¢Ðµ ¨�· ° Ä ¡�° ¶[¨?¥ É ¨À®�¶�ª ¡�¢�£ · °?¡ � ¶�¯ ¢�£,¤ · °�¢ {0} ½
Ê ½ Rad(g) = 0

Í ½;ª¿¨ �   ¯ º»¢�°�¢ ��¡ ª�ª ¡�£ « Bg

¢ · ¤±£¦ �£ § ° ¶�«�¶ £ ¶�¯x¶ ¢ ½
Ã±¯ ¢ ¥0Ë ¢ Ý • 1) =⇒ 2) m � Q?X6U[Za\6^<_qQTX6UwS6XYbÎ\6^<V�QTuE��QTUqZao[Z]QTX g = g1 ⊕ · · · ⊕ gnb<X Z]\Y^ d S0× UqZ]uE� f b�U s b�o X6Q?o[QTX6U pi : g → gi f b�U»�6_qQ�pqb<V�oxZ]Q?X ÝGf b�U pi

UqQTXÀo \6b�Uu�QT_q�6�6ZaU[uEb<U \9n d?fagTh<i _qb<U m � QTX6U[Za\6^<_qQTX6U f b�U�Z]u d?g b�U pi(a)
\9n¬S6X7Z]\Y^ d?f�dÔi ^ f Z]b�X a

\6b
g m�Ï Q?S6_`V1� d Õ
S6b i s pi(a)

b<U©owS6XÒZ]\6^ d?f�d?i ^ f Z]b<X7\6b gi s u d Z]U gi

^�o d X
o`U[Zau�� f bvQTX dØ'QT_[V�^<uEb<XÀo
pi(a) = 0 Ý a

b<Uqo`\6QTXYVv_[^<\YS6Zao �
{0} m

• 2) =⇒ 3) m�Ü Z Rad(g) 6= 0
Z f bÛ×YZaUqo[b k ∈ N s�d
l b�V a = (Rad(g))k 6= 0

b�o
[a, a] = (Rad(g))k+1 = 0 Ý a

b�UqoRS6X�Z]\6^ d?f�d?i ^ f Z]b<X"XYQTX c X
S f \Yb g m
• 3) =⇒ 4) m j�bWX6Q�Ñ d S �;b�_ Bg

b�UqoHS6XEZ]\6^ d?f _[^�U[Q f S i6f b�\6b g s Z f b�Uqo±\6QTX6VWZ]XYV f SYU\ d X6U f bk_ d \6Z]V d?f \6b g mwÜ Z f bk_ d \6ZaV d?f b<U©ovX
S f�s�f b�X6Q�Ñ d SG\Yb Bg

b<U©ovX
S fÐÝ�f]d Ø'QT_qu�b\6b �;Z f]f Z]X g b<UqoR\6Q?X6V;X6QTX c \6^ g ^�X6^<_q^<b m
• 4) =⇒ 1) m³Ü SY�6��Q?U[QTX6U�Õ
S6b Bg

b<U©o�X6Q?X c \6^ g ^<XY^<_[^�b m � b<S0×�V d U�Uqb±�6_q^<Uqb<XÀoxb�X
o ÝU[QTZ¿o
g
b�UqoNUqZ]uE� f b Ù b�oNQTX d uEQTXÀox_[^ f n¬Z]uE� f ZaV d o[Z]QTX ÚÛs UqQTZao g

�%QTU[U h \6b�S6X Z]\Y^ d?f h

Ù \6Z �¦^�_[b<XÀoR\6b {0} b�o`\Yb g ÚÛm�	 QTXÀox_qQTX6URÕ
S6b f n¬Z]XÀoxb�_[U[b�V�o[Z]QTX h ∩ h⊥ = 0 m
�



Ü SY�6��Q?U[QTX6U�� d _ f n d?i UqS6_[\YbvÕ�SYb h ∩ h⊥ 6= 0 m � QTuEu�brV?n¬b<UqoWSYX�Za\6^ dÔf _[^�U[Q f S i6f b\6b
g
Z f b�×0Z]U©oxb k ∈ N

oxb f Õ
S6b a = (h ∩ h⊥)k 6= 0 d
l b<V [a, a] = (h ∩ h⊥)k+1 = 0 Ý
a
b�UqoRS6X�Z]\6^ d?f�d?i ^ f Z]b�X"X6QTX c X�S f \6b g m �ÞX�V<Q?X6U[Za\6^<_ d XÀoWS6XÒUqS6�6� f ^<uEb<XÀo d Z]_[b F

\6b
a
\ d X6U g s oxQTSYoWb�X6\6QTuEQT_q�6�6Z]Uqu�b ad(X)

U<n¬^<V<_qZaoWb�X�o[b<_[uEb;u d ox_[ZaV<Zab f \6b ftd Ø'QT_qu�b

ad(X) =

(

A B
C D

)

,

d�l b<V A : a → a s C : a → F s C : F → F
b�o

D : F → a mWÜ Z Xo

b<U©orS6X l b�V�oxb�S6_\6b f n¬Z]\6^ d?f�d?i ^ f Z]b<X a s,d?f Q?_[U

ad(Xo) =

(

0 ∗
0 0

)

.

P`QTS6U d�l QTX6Uw�%QTS6_WoxQ?SYo X ∈ g s ad(X)ad(Xo) =

(

0 ∗
0 ∗

) b�o
ad(X)ad(Xo) =

(

∗ ∗
0 0

)

m�	 d ZaU [X, Xo] ∈ a
\6QTXYV

ad(X)ad(Xo) − ad(Xo)ad(X) = ad([X, Xo]) =

(

0 ∗
0 0

)

.

� b<V<Z�uEQTXÀox_qbvÕ�SYb
ad(X)ad(Xo) =

(

0 ∗
0 0

) b�oW\YQTX6V;Õ
S6b
Bg(X, Xo) =

Tr(ad(X)ad(Xo)) = 0
�%QTS6_ oxQ?SYo

X ∈ g mHÖ X�Q i o[Z]b�X
o f �ÎS6X6b;V<Q?X
o[_ d \YZ]V�o[Z]QTX"V d _
Bg

b�UqoRU[SY�6��Q?U[^<b�X6QTX c \6^ g ^<X6^�_[^�b m
Ö X d \6QTXYVkuEQTXÀox_[^;Õ
S6b g d \6uEb�o f]d \6^�V<QTuE�%QTU[Z¿oxZ]Q?X g = h ⊕ h⊥ m j�b�o[_ d
lÔd Z fb<UqoHoxb�_[uEZ]X6^ÐV d _ÞV1� d Õ
S6bRZ]\Y^ d?f,d Ø'QT_qV<^�u�b�X
oHS6XYbWØ'Q?_[uEb�\6b �;Z f]f Z]X g X6QTXN\6^ g ^<X6^�_[^<b mÖ X7_qb<V<Q?u�uEb<X6V�bwV<b�o[o[bv�6_[Q�V<^�\6S6_[b;�%QTS6_ V1� d V<S6X7\9n¬b<XÀo[_[b;b<S0× m 
 �Y_ h UWS6X"XYQTu i _qbß,X6Z9\9n¬^�o d �%b<U�QTX d _[_[Z l b �ÎSYX6bw\6^�V<QTuE��Q?U[Zao[Z]QTX g = g1 ⊕ · · · gp

b<X"UqQTu�uEbr\YZ]_[b�V�o[b\9n Za\6^ d S0×7U[Zau�� f b<U m �

�


