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Chapter 1

Lattices

1.1 Haar measure

In this section, we briefly recall the elementary properties of Haar measures
that we will use. First, we have the following fundamental existence result:

Theorem 1.1.1. Let G be a locally compact topological group. Then G ad-
mits a non zero Radon measure that is invariant under left translations. This
measure is unique up to multiplication by a non zero real number.

Such a measure is called a (left) Haar measure on G (and sometimes the
Haar measure of G, since it is essentially unique).

Example 1.1.2. Haar measure of R? is Lebesgue measure. Haar measure of
discrete groups is the counting measure.

FExample 1.1.3. One of the difficulties which one encounters in the study of
Haar measure is that it is not in general right invariant. For example, if P
denotes the group of matrices of the form

(g abl) a,beR, a#0,
then one easily checks that the measure ﬁdadb is left invariant, but that it

is not right invariant.

Definition 1.1.4. Let GG be a locally compact topological group with left
Haar measure dg. The modular function of G is the unique function Ag :
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G — R such that, for any continuous function ¢ with compact support on
G, for any h in G, one has

/ o(gh™")dg = Ag(h) / o(9)dg.
G G

The existence of Ag follows from the uniqueness part in Theorem 1.1.1.
Note that Ag is a continuous multiplicative morphism.

FExample 1.1.5. If P is as above, one has Ap (8 ab1) = ‘a%’

Definition 1.1.6. A locally compact topological group is said to be unimod-
ular if its Haar measures are both left and right invariant.

Ezample 1.1.7. Discrete groups are unimodular. Abelian groups (and more
generally, nilpotent groups) are unimodular. Compact groups are unimod-
ular since the modular function is a morphism and R does not admit any
compact subgroup. The groups SL4(R) and GL4(R), d > 2, (and more gen-
erally, any reductive Lie group) are unimodular.

Let us now study Haar measure on quotient spaces. Recall that, if G is
a locally compact topological group and H is a closed subgroup of G, then
the quotient topology on GG/H is Hausdorff and locally compact.

Proposition 1.1.8. Let G be a locally compact topological group and H be
a closed subgroup of G. Then there exists a non zero G-invariant Radon
measure on G/H if and only if the modular functions of G and H are equal
on H. This measure is then unique up to multiplication by a scalar.

In particular, if both G and H are unimodular, such a measure exists
(and this is the main case of application of this result).

Remark 1.1.9. There is a formula which relates measure on quotient spaces
and Haar measures on GG and H. Let dg and dh denote Haar measures on GG
and H. For any continuous compactly supported function ¢ on G, set, for
gin G, p(gH) = fH ©(gh)dh. Then ¥ is a continuous compactly supported
function on G/H and, if the assumptions of the proposition hold, one can
chose the G-invariant measure p on G/H in such a way that

/G/Hﬁduz /Gw(g)dg
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(that is, to integrate on G, one first integrate on fibers of the projection
G — G/H and then on the base space G/H).

When G is second countable (which is of course the interesting case for
geoemtric purposes!), this formula can easily be extended to any Borel func-
tion ¢ which is integrable with respect to Haar measure.

Note that if H is discrete, one can chose the counting measure as Haar
measure, so that, for g in G, (gH) = >, . ©(gh).

Ezample 1.1.10. Since G = SLy(R) is unimodular and its subgroup

{3 Do

is unimodular, the space G/N admits an invariant measure: indeed, as a
homogeneous space, this space identifies with R? \ {0} and this measure is
nothing but the restriction of the Lebesgue measure of R2.

The projective line does not admit any Radon measure that is invariant
under the action of SLy(R), since it is the quotient of SLy(R) by the group P
of Example 1.1.3 which is not unimodular. The fact that P} does not admit
any SLo(R)-invariant measure can of course be proved directly!

1.2 Definition and first examples of lattices

Lattices are discrete subgroups that are very large:

Definition 1.2.1. Let G be a locally compact topological group and I' be a
discrete subgroup of G. We say that I is a lattice in G if the locally compact
topological space G/I" admits a finite Radon measure that is invariant under
the natural left action of G.

Example 1.2.2. For any integer d > 1, the subgroup Z? is a lattice in R
Indeed, since they are abelian groups, the quotient is an abelian group and its
Haar measure is invariant under translations. Since the quotient is compact,
this measure is finite.

As we saw in Proposition 1.1.8, if H is a closed subgroup of G, there is
no reason for the homogeneous space G/H to admit a G-invariant Radon
measure. In fact, we have

Proposition 1.2.3. Let G be a locally compact topological group which ad-
mits a lattice. Then G is unimodular.
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Proof. Let I' be a lattice in G. Since G/I" admits a G-invariant measure, by
Proposition 1.1.8, the modular function Ag of G is trivial on I'. Let H be the
kernel of Ag, so that H D I'. The image of the G-invariant measure on G/I'
is a finite G-invariant measure on G/H. This means that the quotientgroup
GG/ H has finite Haar measure, that is, it is compact. Now, Ag factors as an
injective morphism G'/H — R’_. Since this latter group does not admit non
trivial compact subgroups, we get H = GG as required. O

By using the elementary properties of Haar measure, one can show

Proposition 1.2.4. Let G be a locally compact topological group and I' be a
discrete subgroup of G. If ' is cocompact in G (that is, if the space G/T" is
compact), then T' is a lattice.

Ezxample 1.2.5. Let H (resp. I') be the Heisenberg group (resp. the discrete
Heisenberg group), that is, the group of matrices of the form

x7y7z -

O O =
O~ 8
— QW

with z,y,z in R (resp. Z) and let Z = {hoo.|z € R}. One easily proves
that Z is the center of H, hence in particular, that Z is a normal subgroup
of H. One has H/Z ~ R? and I'Z is a closed subgroup of H and I'Z/Z is a
cocompact lattice in H/Z. Therefore, since I'N Z is also a cocompact lattice
in Z, the space H/I' is compact and I' is a lattice in H.

FExample 1.2.6. Let G be the sol group, that is the semidirect product U x V/,
where U = R acts on V' = R? through the one-parameter group of auto-

t
0 eqt) . Now, let A be a hyperbolic element of SLy(7Z)
teR

morphisms (6
21
11
SLy(R) such that B = gAg~' is diagonal. By construction, B preserves the
lattice A = ¢gZ% in V. We set ' = BZA. One easily checks that, since A is
cocompact in V and BZ is cocompact in U, the group I is cocompact in G

and hence, that it is a lattice.

with positive eigenvalues (for example, A = ( )) Then there exists ¢ in

Example 1.2.7. Let S be a closed orientable surface of genius ¢ > 2 with
fundamental group I'. Choose a uniformization of S, that is, equivalently,
equip S with a complex manifold structure or with a Riemannian metric
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with constant curvature —1. Then the universal cover of S is identified with
the real hyperbolic plane H? and I' acts on H? by orientation preserving
isometries, that is, one is given an injective morphism from I' to PSLy(R)
(which has discrete image). Since, as a PSLy(R)-homogeneous space, one has
H? = PSLy(R)/PSO(2) and since S = T'\H? is compact, the image of ' in
PSLy(R) is a discrete cocompact subgroup, that is, it is a lattice.

In the sequel, we will prove that, for d > 2, SL4;(Z) is a non cocompact
lattice in SL4(Z). Nevertheless, there are groups all of whose lattices are
cocompact. Indeed, one has the

Proposition 1.2.8. Let G be a locally compact topological group. Assume
G is nilpotent. Then every lattice in G is cocompact.

Remark 1.2.9. This does not mean that every such group admits a lattice!
Indeed, by dimension arguments, one can easily prove that there are a lot of
14-dimensional nilpotent Lie groups which do not admit lattices.

For solvable groups, the situation is more complicated. On one hand, one
has the

Theorem 1.2.10 (Mostow). Le G be a solvable Lie group. Fvery lattice in
G is cocompact.

On the other hand, there exists an example by Bader-Caprace-Gelander-
Mozes of a locally compact solvable group G with a non cocompact lattice.
In this example, the group G is not compactly generated. To my knowledge,
is is not known wether this can be done with a compactly generated group.

Let us now describe compact subsets of spaces of the form G/I'; where I
is a lattice in G.

Proposition 1.2.11. Let G be a locally compact topological group, I' be a
lattice in G and A C G/T". Then A is relatively compact if and only if there
exists a neighborhood U of e in G such that, for any x = gI" in A, for any
v#einT, one has gyg~* ¢ U.

Remark 1.2.12. This propoition is a group-theoretic translation of the fol-
lowing fact: if a Riemannian manifold M has finite Riemannian volume but
is not compact, then, close to infinity in M, the injectivity radius is small.
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Proof. Assume A is contained in a compact subset L. For every x = gI" in
L, the group gl'g~! is discrete in G, hence there exists a neighborhood W,
of e in G such that gT'g™' N W, = {e}. Let us prove that we can chose a
neighborhood of e that does not depend on x in L. Indeed, there exists a
symmetric neighborhood V, of e such that V,V,V, C W,. By construction,
for any h in V., we have

hgUg *h™* NV, = h(glg ' Nh~'V,h)h™t C h(gTg ' NW,)h ™! = {e}.

Now, we pick zy,...,2, in L such that L C V2 U--- UV, x, and we
set U =V, N---NV, . By construction, we have, for any z = ¢I' in L,
gLg™'NU C {e}.

Conversely, assume there exists such a compact neighborhood U. Let
g be the invariant measure on G/T", that we normalize in such a way that
the formula from Remark 1.1.9 holds, when G is equipped with a given
Haar measure and I' is equipped with the counting measure. Choose a non
zero continuous compactly supported function ¢ > 0 on G, with support
contained in U. Set e = [,¢(g)d(g), so that, for any = in A, we have
pw(Uzx) > e. If FF C A is a finite subset such that for any x # y in F,
UzNUy = 0, one has §F < e~!, hence one can choose such a F' to be maximal.
Then, for any z € A\F, one has Uz NUF # () and hence A C U 'UF, so
that A is relatively compact. n

Corollary 1.2.13. Let G be a locally compact topological group, H be a closed
subgroup of G and I' be a discrete subgroup of G such that I' N H is a lattice
in H. Then the natural map H/(T' N H) — G/T is proper. In particular, the
set H/(I' N H) is a closed subset of G/T.

Remark 1.2.14. If ' N H is cocompact in H, there is nothing to prove.

Fxample 1.2.15. This is far from being true if one does not assume I' N H
to be a lattice in H: for example, if G = R, I' = Z and H = Z«, where «
belongs to R\ Q, one has H NI" = {e} and H has dense image in G/I'!

Proof. Let L be a compact subset of G/I". Note that the first part of the proof
of Proposition 1.2.11 only uses the fact that I' is a discrete subgroup of G, so
that, reasoning in the same way, we get that there exists a neighborhood U of
e in G such that, for any # = gI" in G/T, one has gT'g ' NU = {e}. If z also
belongs to H/(T'N H), we get g(TNU)g~'N(UNH) = {e}. By Proposition
1.2.11, we get that LN (H/(I'N H)) is a compact subset of H/(I'N H), what
should be proved. O
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Finally, let us give an elementary criterion for a group to be a lattice:

Proposition 1.2.16. Let G be a unimodular second countable locally compact
group and 1" be a discrete subgroup of G. Then I' is a lattice if and only if
there exists a Borel subset S of G with finite Haar measure such that G = ST'.
If this is the case, one can choose S in such a way that the natural map
G — G/T is injective on S.

Proof. Assume first that such a set S exist and apply the formula from
Remark 1.1.9 to the indicator function ¢ of the set S. Since G = ST, we
have @ > 1 on G/T', hence, since S has finite Haar measure, G/I" has finite
G-invariant measure.

Conversely, let us first construct a Borel subset S of G such that G = ST’
and the natural map G — G/T" is injective on S. Since I' is discrete in G,
for any ¢g in G, there exists an open neighborhood U, of g in G such that the
map h — hI',G — G/T is injective on U,. Since G/I' is second countable,
there exits a sequence (gi)r>0 of elements of G such that the union (J,~, Uy,

covers (G. We set
s=J (ng ~J Ugr)

k>0 <k
and we are done. In particular, if ¢ is the indicator function of S, we have
@ =1on G/T, so that, again by Remark 1.1.9, if G/I" has finite G-invariant
measure, S has finite Haar measure. ]

1.3 Lattices in R? and the group SLy(Z)

We will now prove that SLg(Z) is a lattice in SLg(R). To this aim, we first
study lattices in R%. We equip R with the usual scalar product and Lebesgue
measure.

We have the following elementary

Proposition 1.3.1. Let A be a discrete subgroup of RY. Then there exists
k < d and a linearily independent family of vectors vy, . .., v in R? such that
A is the subgroup spanned by v,...,vx. In particular, A is a free abelian
group and A\ is a lattice if and only if it has rank d.

If A is a lattice in RY, we equip RY/A with the unique Radon measure
that is invariant under translations associated to the choice of Lebesgue mea-
sure on R? and the counting measure on A (see Remark 1.1.9). The total
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measure of this quotient space is called the covolume of A; in other words,
the covolume of A is the absolute value of the determinant of an algebraic
base of A. We say A is unimodular if it has covolume 1 (this has nothing to
do with the notion of a unimodular group).

Proposition 1.3.1 implies that every lattice in R is the image of the
standard lattice Z? by an element of GL4(R). Since the stabilizer of Z¢ in
GL4(R) is GL4(Z), the space of lattices of R identifies with GL4(R)/GLg4(Z).
In the same way, the space of unimodular lattices of R? identifies with
SL4(R)/SL4(Z). Since we know that SLy(R) is unimodular, by Proposition
1.2.16, to prove that SL4(Z) is a lattice, we only have to exhibit a Borel
subset S of SLy(R) with finite Haar measure such that SLy(R) = SSL4(Z).
The starting point of the construction of S is the following elementary lemma
which tells us that lattices are not too far away from 0:

Lemma 1.3.2. Let A be a unimodular lattice in R?. Then A contains a non

zero vector with euclidean norm < (%) 4,

Proof. Let v be a non zero vector with minimal norm in A. If ||v]] < 1, we
are done. Else, let D be the open disk with center 0 and radius ||v||. By
assumption, we have D N A = {e}. Now, since v is a primitive vector of
the free abelian group A, there exists a vector w in A such that (v, w) is a
basis of A, and hence the determinant of (v, w) is +1. Thus, A contains an
element whose distance to the line Ruv is ﬁ Now, the set E of such vectors
is a union of two affine lines whose intersection with D are intervals of length

2, /lv?]| — W Since £ N A is stable under the translations by v and does

not encounter D, we have
1
2\ [0 = —5 < vl
o]

4
lo][* <

that is,

W

57

which should be proved. O
Now, to construct the set S, we need some structure results about SL4(R).

We let K denote SO(d), A denote the group of diagonal matrices with positive

entries and N denote the group of upper-triangular matrices all of whose
eigenvalues are equal to 1.
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Proposition 1.3.3 (Iwasawa decomposition for SLy(R)). One has SLy(R) =
KAN. More precisely, the product map K x A x N — SL4(R) is a homeo-
morphism.

Proof. This is a translation of Gram-Schmidt orthonormalization process.

]

Remark 1.3.4. Here is an interpretation of Iwasawa decompostion: if e; de-
notes the vector (1,0,...,0) and if g is an element of SLy(R) with Iwasawa
decomposition kan, then a;; is the norm of the vector ge;.

The set S that we will build will be given as a product set in the Iwasawa
decomposition. In order to compute its Haar measure, we need the

Lemma 1.3.5. Equip the groups K, A and N with Haar measures. Then
the image by the product map K x A x N — SLy4(R) of the measure

Q5

dkdadn

a ..
1<i<j<d 7
is a Haar measure on SLy(R).

Proof. Consider the product map K x AN — SLy4(R), (k,p) — k~'p. Since
SL4(R) is unimodular, the inverse image of a Haar measure by this map is
a measure on K x AN that is right K x AN invariant, so that it is the
product of right Haar measures of K and AN. Since K is compact, it is
unimodular and this right Haar measure is also a left Haar measure, so that
it only remains to prove that the measure [, i<d %dadn is a right Haar
measure on AN.

An elementary matrix computation shows that one can choose dn to be
the product measure [, ;dn; ;. Now, N is a normal subgroup of AN and the
adjoint action of an element a of A multiplies this measure by [[, <icj<d %

The result follows by easy computations. ]

For ¢t,u > 0, we set

A={ac AV1<i<d—1 a;; <tajprim)
and &;, = KAN,.
The set &, is called a Siegel domain. It is our candidate for being the set

S in Proposition 1.2.16.
First, we check that Siegel domains have finite Haar measure:
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Lemma 1.3.6. For any t,u > 0, the set &, has finite Haar measure in
SL4(R).

Proof. Since K and N, are compact, by Lemma 1.3.5, it suffices to prove

that one has
/.

where da is a Haar measure on A.
Now, one easily checks that the map

_ 2.2 Qd.d
A—R? 1,ar—>(log— .., log : )
ay 1 Ad—1,d—1

a. .
t 1<i<j<d 23

is a topological group isomorphism. Therefore, we can choose da in such a
way that

al’L —8i—...—8j—
/ da = / H ’ 1181 ..... sd_lz—logtdsl e C]-Sd—l
A

t 1<i<j<d 4j.j Y i<i<j<d
d=1 oo
T[T e,
r—1 —logt
The lemma follows, since the latter integral is finite. m

Example 1.3.7. This proof might seem mysterious at a first glance. Let us
check what it means for d = 2. In this case, the space SLy(R)/N is R* \ {0}
and the SLy(R)-invariant measure is the restriction of the Lebesgue measure
of R%2. Under this identification, the right N-invariant set K A, N may be seen
as the intersection of R? \ {0} with the euclidean disk of radius v/#. This set
is not compact in R? \ {0}, but it has finite SLy(R)-invariant measure.

We now have all the tools in hand to prove the

Theorem 1.3.8 (Hermite). For any d > 2, the subgroup SLq(Z) is a lattice
in SLq(R). More precisely, one has SLy(R) = 6% %SLd(Z).
37

Remark 1.3.9. Note that this lattice is not cocompact. Indeed, if one sets

110 - 0 2 00 0
010 -+ 0 010 0
' la—2 ' la—2

(@)
(@)
o
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(where by 1,2 we mean a (d — 2) x (d — 2) identity matrix), then = is an
element of SL4(Z) and g~"y¢g" —— e, so that, by Proposition 1.2.11, the
n—o0

sequence (¢~ "SL4(Z)) is not relatively compact in SL4(R)/SL4(Z).

Proof. Note that the second part of the Theorem implies the first one, thanks
to Proposition 1.2.16 and Lemma 1.3.6. Thus, let us prove that one has
SL4(R) = 6%7%8Ld(Z).

First, we prove by induction on d > 1 that one has

SLa(R) = KA NSL4(Z).

Indeed, for d = 1, there is nothing to prove. Assume d > 2 and the result
is true for d — 1. Pick g in SL4(R), set A = ¢gZ% and let v; be a non zero
element with minimal euclidean norm in A. Since v; is a principal vector of

the free abelian group A, there exists vs,...,vg in A such that vy,..., vy is
a basis of A. Now, let v be the element of GL4(Z) that sends eq,...,e4 to
g vy, ..., 9 vy (where ey, ..., e, is the canonical basis of RY). After maybe

replacing v; by —v;, we can assume vy belongs to SL4(Z). By construction,
the matrix gv sends e; to v;. Let k& be an element of K that sends v; to
are1, where a; 1 = ||vy||. Then the matrix kgy has the form

al,l*
0 h)’

where h is an element of GLy—1(R) with determinant aj ;. By applying the
1

induction assupmption to the matrix af? h, we can find £ in K, ¢ in SL4(Z)
and ag2,...,044 > 0, with Q; g < lgai-l-l,i—l-lu 2<1<d-— 1, such that gg(;
belongs to the set aN, where a is t{n;e diagonal matrix with diagonal entries
ai,...,aqq4. To conclude, we only have to prove that one has a;; < %CLQQ.
To this aim, we will use Lemma 1.3.2. Indeed, recall that a;; is the minimal
norm of a non zero vector in A = gZ%. Now, consider the discrete group

A = go(Zey & Zes) C A.

By construction, (a1’1a2’2>_%A is a unimodular lattice in the euclidean plane

1
go(Re; @ Rey), all of whose vectors have norm > (%) *. By Lemma 1.3.2,

we get a;; < \%am as required.
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To finish the proof, it suffices to prove that one has N = N1 (N NSLy(Z)).
Again, we will prove this by induction on d > 1. For d =1, there is nothing
to prove. Assume d > 2 and the result is true for d — 1. Pick g in N and
let ko, ..., k4 be relative integers such that |g; ; + k;| < %, 2 <j<d, and
let v be the matrix in N with entries v1; = k;, 2 < j < d, and v;; = 0,
2<i<j<d Setg =gy Then all the coefficients ¢ ;, 2 < j < d have
absolute value < % The result follows by applying the induction assumption
to the lower right (d — 1) x (d — 1)-block in ¢'. O

Now that we know that SL4(Z) is a lattice in SLy4(R), Proposition 1.2.11
gives a characterization of compact subsets of SL4(R)/SL4(Z) in eterms of
the adjoint action of SL,(R). We can also give a characterization of them in

terms of the identification of this space with the space of unimodular lattices
in R?. This will use the

Definition 1.3.10. Let A be a lattice in R?. Then the systole s(A) of A is
the smallest norm of a non zero vector of A.

Corollary 1.3.11. Let E be a subset of SLy(R)/SLy(Z). Then E is relatively
compact if and only if there exists € > 0 such that, for any x = gSL4(Z) in
E, one has s(g\) > ¢.

Proof. Assume E is relatively compact and let L be a compact subset of
SL4(R) such that E C LSLy(Z). Set C' = sup,c;, g~ "||. Then, for any v # 0
in Z% and g in L, one has ||gv|| > &.

Conversely, assume there exists € > 0 as in the statement of the corollary.
For t > 0, set

A ={a€cAlag; >ecand V1 <i<d—1 a;; <tajiim1}
= {a € Aila,; > ¢€}.
We claim first that £ C KAS%N%SLd(Z). Indeed, by Theorem 1.3.8, for g
in SLy4(R), one can write g as kanvy, where k is in K, a is in A%, n is in
Ny and 7 is in SL4(Z). In particular, one has ||gy~'e;|| = a1, so that, if
gSL4(Z) belongs to E, a belongs to A%, . Now, we claim that for any ¢ > 0,

e
Af is a compact subset of A. Indeed, for any a in A7, one has, for 1 <14 <d,
1

a;; > t'""ay > t'7e, whereas since agq = PeT——

» =i dds) ;g
a;; < t ‘g4 = <tz el

Q11 Qd—1,d-1
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that is, the coordinate functions are bounded on A7, so that it is compact.
Both statements imply that £ is relatively compact. ]
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Chapter 2

Howe-Moore ergodicity
Theorem

In this chapter, we present a general theorem which shows how group-
theoretic tools can be used in order to prove dynamical results.

2.1 Group actions and representations

In this section, we make the link between group actions on probability spaces
and unitary representations in Hilbert spaces.

To be precise, we need to introduce a natural assumption on the proba-
bility spaces we shall encounter. Let (X, .A, i) be a probability space, that is
X is a set, A is a g-algebra of subsets of X and u is a probability measure on
(X, A). Recall that the space L*(X, A, 1) may be viewed as the dual space
to the space L'(X, A, u) of classes of integrable functions on X, so that it
admits a weak-* topology. In general, this space is not separable.

Definition 2.1.1. We say (X, A, 1) is a Lebesgue probability space if the
space L*(X, A, 1) contains a separable weak-* dense subalgebra A which
separates points, that is, there exists a measurable subset E of X with u(E) =
1 such that, for any = # y in E, there exists f in A with f(x) # f(y).

Every natural probability space that appears in geometry is a Lebesgue
space. More precisely, we have

Proposition 2.1.2. Let X be a locally compact second countable space, B

19
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be its Borel o-algebra and p be a Borel probability measure on X. Then
(X, B, i) is a Lebesgue probability space.

Proof. Take A to be the image in L>(X, A, ) of the algebra of bounded
continuous functions on X. OJ

Up to atoms (and to isomorphism!), there exists only one Lebesgue prob-
ability space:

Proposition 2.1.3. Let (X, A, pu) be a Lebesque probability space. Then,
there exists t in [0,1] such that, as a probability space, (X, A, ) is isomor-
phic to the disjoint union of [0,t], equipped with the restriction of Lebesque
measure of R, and of N, equipped with the full o-algebra and a measure of
mass 1 —t.

Now, we will study group actions on these spaces.

Definition 2.1.4. Let (X, A, 1) be a Lebesgue probability space ang G be a
locally compact group. A measure preserving action of G on X is an action
of G on X such that the action map G x X — X is measurable and that,
for any ¢ in GG, the map x — gz, X — X preserves the measure p.

For example, if X is a locally compact second countable space and G acts
continuously on X if u is a Borel probability measure on X that is preserved
by the elements of G, we get a measure preserving action of G. Of course,
this is the main example of such an action. But, even in geometric situation,
it may happen that certain operations (such as taking quotients) break the
topological structure.

Given a measure preserving action of G on (X, A4, i), we get actions by
isometries of G on the spaces LP(X, A, ), 1 < p < oo, defined by gf = fog™!,
g€ G, felP(X, A n). The understanding of these representations plays a
great role in the study of the dynamical properties of the action of G. We
first define a notion of continuity for actions on Banach spaces.

Definition 2.1.5. Let GG be a locally compact group and FE be a Banach
space and let G act on E by isometries. We say that the action is strongly
continuous if the action map G x E — F is continuous.

One easily checks that this amounts to say that, for any v in F, the orbit
map g — gv, G — E is continuous at e.
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Proposition 2.1.6. Let G be a locally compact group and (X, A, u) be a
Lebesgue probability space, equipped with a measure preserving action of G.
Then the associated actions of G on LP(X, A, n), 1 < p < 00, are strongly
continuous.

Ezample 2.1.7. In general, the action of G on L*(X, A, i) is not strongly
continuous. For example, if G = X is the one-dimensional torus T = R/Z,
acting on itself by translations, the orbit map associated to the characteristic
function of an proper interval is not continuous.

The proof uses the following elementary property of Haar measure:

Lemma 2.1.8. Let G be a locally compact group and B be a measurable
subset of G with finite positive Haar measure. Then, the set B~'B is a
neighborhood of e in G.

Proof. Let A be a right Haar measure on G. Since the Haar measure is
a Radon measure, B contains a compact subset with positive measure K.
Again since the Haar measure is a Radon measure, there exists an open
subset V' of G containing K with A(V) < 2A(K). Finally, as K is compact,
there exists a neighborhood U of e in G with KU C V. We claim that
U c K'K c B7'B. Indeed, for any g in U, we have KgU K C V and
AMKg) + AMK) = 2MK) > A(V), hence Kg N K # (), which should be
proved. [

Proof of Proposition 2.1.6. Let f bein LP(X, A, 1) and let (hy)r>o be a dense
sequence in LP(X, A, i) (which exists since the probability space is Lebesgue).
Let K be a compact subset of G with positive Haar measure. Fix € > 0. For
any h in LP(X, A, p1), there exists k in N with ||h — hy||; < e. For kin N, the
map

KxX—R
(t,x) = | f(g™ 2) — h(2)]
is measurable. Therefore, by Fubini Theorem, the map

K—R
tllgf — hell,

is measurable and the set

By ={g € K|llgf = hull, < e}
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is a measurable subset of G. As we have K = |J, .y B, we can find a k
such that By has positive Haar measure. By Lemma 2.1.8, there exists a

neighborhood U of e in G such that U C B, 'By. Then, if g belongs to U,
there exists 7 and s in By, with ¢ = 7715 and we have

lgf = fll, = llr="sf = fFll, = lIsf = rfll, < Irf = hull, + lsf = hall < 2,

since  and s belong to By. Hence the map g — ¢ f is continuous at e, which
should be proved. O

2.2 Howe-Moore Theorem for SL,(R)

We will now focus on the study of unitary representations of groups in Hilbert
spaces. We first start by giving a property of the representations of SLy(R),
which will later be extended to all connected semisimple Lie groups. The
following theorem says that, in unitary representations of SLy(R) with no
invariant vectors, the coefficient functions decay.

Theorem 2.2.1 (Howe-Moore). Let H be a Hilbert space equipped with a
strongly continuous unitary action of SLa(R). Assume H does not admit
any non zero SLa(R)-invariant vector. Then, for any v,w in H, one has
(gu, w) ﬁ—m> 0.

In this statement, (gv, w) —— 0 means that, for any € > 0, there exists
g—o0

a compact subset K of SLy(R) such that, for any ¢ in SLy(R) . K, one has
[(gv, w)| <e.

Remark 2.2.2. Assume G is a locally compact abelian group. Then Howe-
Moore theorem does not apply to G. Indeed, by Pontryagin theory, the
characters of G, that is the continuous morphisms from G to T = R/Z, sepa-
rate points. Let y be a non trivial character. Define a unitary representation
of G in the Hilbert space H = C by letting an element g of G act through the
multiplication by e*™x() Then this unitary representation does not admit
non zero G-invariant vectors, but for any g in G, we have (g1,1) = 27X
which has constant modulus 1.

In other words, Howe-Moore theorem is a way of saying that SLy(R) is
far away from being abelian.
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To prove the theorem, we need a new decomposition in linear groups. We
let AT denote the set of diagonal matrices a with positive entries in SL4(R)
such that a; 1 > -+ > agq4.

Proposition 2.2.3 (Cartan decomposition for SL4(R)). One has SLy(R) =
KAYK. More precisely, for any g in SLy(R), there exists a unique a in
AT N KgK.

Proof. Let g be in SLy(R) then the matrix g'g is symmetric and positive,
so that it admits a positive symmetric square root s. By construction, one
has ¢ = ks with k in K. The existence of the decomposition follows by
diagonalizing s. Uniqueness comes from the uniqueness of the square root.

[

Proof of Theorem 2.2.1. Let v be in H. We have to prove that one has
gv — 0 in H for the weak topology. Since, by Banach-Alaoglu theorem,

g—00

the closed balls of H are weakly compact, it suffices to prove that all the
weak cluster points of gv as g — oo are 0. Since SLy(R) is second countable,
after having replaced H by the closure of the subspace spanned by SLy(R)v,
it suffices to prove that, for any sequence (g,) going to infinity in G, if
gp¥ p_}—(; u weakly, for some u in H, then u = 0.

Now, let u, v and (g,) be as above. For any p, write a Cartan decomposi-
tion of g, as kya,l,, so that a, goes to infinity in A*. After having extracted

a subsequence, we can assume k, — k and ¢, —— ¢, for some k,/ in K.
p—o0 pP—00

We claim that a,fv —— k~'u. Indeed, for any p, one has

pP—o0

[(aplyv, by w) — (aplo, k™ w)|

< [aplpv, b, w) — (aplpv, k™ w)| + [{aplpv, k' w) — (aplv, k™ w)|
and, on one hand,

[(aplyv, by w) — (aplpv, k™ 'w)| = [{aplyv, k) tw — k™ w)|

< |]v|| ||kp’lw —klw

Y

whereas, on the other hand,

[(aplyv, k™ w) — (aplo, k™ w)| = [(Gu — L, a ' k™ w)| < [[6v — o] ]|,
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so that

‘(apﬁpv, k;1w> — (aplv, k’lwﬂ p_>—oo> 0.

Since g,v —— u weakly, we get
p—00

(aplpv, k) w) —= (u,w) = (k™ u, k™ w)
and we are done.
We set v/ = fv and v = k~'u. We claim that u’ is N-invariant. Fix n in
N. First, let us note that, for any n in N, since a, goes to infinity in A%,
one has a;lnap —— e. Now, we write, for any w in H, for any p,

p—0o0

(nay’, w) = (a, 'nav’, a; w)

and
|<a;1napv’,aglw> — <U',a;1w>| = !(aglnapv' — v’,aglw)‘
< ||a; 'nayv” — '] Jw]] — 0.
P—00
Thus, we get

(nayv’, w) — (ayn’, w) — 0,

p—o0

hence (nu',w) = (u',w), that is, nu' = u'.

We will now prove that this implies that u’ is actually SLy(R)-invariant,
which finishes the proof, since then, by assumption ' = 0, hence u = ku' = 0.

Indeed, for g in G, set ¢(g) = (gu’,u'). The function ¢ is continuous and
left and right N-invariant. Consider ¢ as a function on G/N ~ R? \ {0}:
it is constant on N-orbits in R? \ {0}. Now, for every y # 0 in R, the
N-orbit of (0,y) in R? is the line R x {y}, so that ¢ is constant on each of
these lines. Since ¢ is continuous, it is also constant on R* x {0}. In other
words, for any p in P, we have (pu/,u’) = ||/ Hz, hence, by the equality case
in Cauchy-Schwarz inequality, pu’ = «’/, that is, «’ is P-invariant and ¢ is
left and right P-invariant. Now, consider ¢ as a function on G/P =~ P%.
Again, it is constant on P-orbits in P;. Since the P-orbit of R(0, 1) is equal
to PL N IR(1,0), ¢ is constant, hence v’ is SLy(R)-invariant, which should be
proved. O

Remark 2.2.4. This proof may be seen as a translation in group theoretic
language of Hopf’s proof of mixing for geodesic flows.
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2.3 Howe-Moore Theorem for SL;(R)

We will now extend the proof of Howe-Moore theorem for any d > 2.

Theorem 2.3.1 (Howe-Moore). Let H be a Hilbert space equipped with a
strongly continuous unitary action of SLy(R). Assume H does not admit
any non zero SLg(R)-invariant vector. Then, for any v,w in H, one has
(gu, w) !H—OO> 0.

Proof. Fix vin H. Again, it suffices to prove that, if (g,) is a sequence that
goes to infinity in SL4(R) such that g,v —— u for some u in H, then u is
pP—o0

SL4(R)-invariant. By using Cartan decomposition as in the proof of the case
where d = 2, one can assume (g,) = (a,) takes values in A*. In particular,

one has {@liL o
(ap)d,a p—00

For any 1 <1 < j < d, let N;; be the group of those n in IV such that
nge = 0 for any 1 < k < ¢ < d with (4,j) # (k,¢). For n in N4, we
have a,; 'na, — e in SL4(R), so that, reasoning again as in the case where

p—00

d = 2, we get that the vector u is N; g-invariant. Now, for 1 <i < j <d, let
Si; be the group of matrices of SLy(R) of the form

1,1 O 0 0 O
0 =x 0 * 0
0 0 1541 0 O
0 0 * 0
0 0 0 0 14—

(where, for any k, 1, means an identity square block of size k). In other
words, the group S; ; is the subgroup spanned by N;; and by its image by
transposition of matrices. The group S; ; is isomorphic to SLy(R), so that, by
the case where d = 2, we get that the vector w is Sy g-invariant. In particular,
u is invariant under the matrix

2 0 0
g = 0 1d—2 0
o 0 1

k

Fix 2 < j < d. Again, since, for any n in Ny ;, we have a;*nal —— e, we
’ k—o0
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get that u is Nj j-invariant. Hence u is S; j-invariant. Set

2 0 0 O

10 2 0 0

“=1lo 0o L o

0 0 0 14
For any 1 <i < j < d, for any n in N, ;, we have aj_kna;? k—> e, so that
— 00

u is N; j-invariant, hence S; j-invariant. Since SL4(R) is spanned by these
subgroups, we are done. O

The combinatorial game that appears in this proof may be extended to
any connected simple Lie group by using the general structure theory of these
groups (which we are trying to avoid to do in these notes). One then gets
the full Howe-Moore Theorem:

Theorem 2.3.2 (Howe-Moore). Let G be a connected simple Lie group and
H be a Hilbert space equipped with a strongly continuous unitary action of
G. Assume H does not admit any non zero G-invariant vector. Then, for
any v,w in H, one has (gv, w) — 0.

g—00

2.4 Dynamical consequences of Howe-Moore
theorem

Let us now give an interpretation of these results in the language of er-
godic theory. Recall that, if (X, .4, ) is a probability space, if T is measure
preserving ransformation of X, then T is said to be ergodic if, for any mea-
surable subset A of X such that T'!A = A almost everywhere (that is,
w(T7YAAA) = 0), one has p(A) =0 or u(A) = 1. In other words, the trans-
formation 7T is ergodic if and only if the isometry f + foT of L3(X, A, u)
does not admit any invariant vector besides the constant functions.

Remark 2.4.1. Note that, if A is a subset of X such that T7'A = A almost
everywhere, there exists a measurable subset A’ such that T-'A’ = A’ and
u(AAA") =0, so that in the definition of ergodicity one can forget the words
“almost everywhere”.
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Now, the transformation 7" is said to be (strongly) mixing if for any
measurable subsets A, B of X, one has

WA B) — w(A)(B).

Strong mixing implies ergodicity, since, if T7!A = A, one gets u(A) =
w(T~"AN A) = u(A)? hence u(A) € {0,1}. One easily checks that T is
(strongly) mixing if and only if, for any ¢, in L?(X, A, i), one has

/gpoT”@/)du—)/ gpd,u/ Yd .

Ezample 2.4.2. Equip T = R/Z with Lebesgue measure and the transforma-
tion x +— 2z. Then this dynamical system is strongly mixing. Indeed, for
any k in Z and x in T, set ey(z) = €™, Then, for any k, £ in Z, k # 0, one
has
/ek(Q"x)eg(:v)dx = / eank(z)ep(z)dr =0
T

T

as soon as [2"k| > |¢|, whence the result by density of the trigonometric
polynomials in the space of square-integrable functions on the torus.

Now, consider the transformation x — x + «, where « belongs to R \. Q.
This transformation is ergodic, but it is not mixing: indeed, for anu n, one
has

/Tel(:c + na)e_y(z)dr = er(na),

which has modulus 1! This is the dynamical version of the phenomenon that
is described in Remark 2.2.2.

Let us now draw the conclusions of Howe-Moore Theorem for the action
of semisimple groups on finite volume homogeneous spaces. We begin with
a special case:

Corollary 2.4.3. Let g be an element of SLq(R) that is not contained in a
compact subgroup. Then the map x — gz of SLg(R)/SL4(Z) is mizing for
the SLq(R)-invariant measure.

This will follow from Howe-Moore that we will apply to the natural action
of SL4(R) on L?(SL4(R)/SL4(Z)). To prove that the only invariant functions
are the constant ones, we will need the following extension of Remark 2.4.1:
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Lemma 2.4.4. Let G be a locally compact second countable toplogical group
and (X, A, ) be a Lebesque probability space, equipped with a measure pre-
serving G action. Let ¢ be a measurable function on X such that, for any
g in G, one has p o g = ¢ almost everywhere. Then, there exists a measur-
able function o1 on X such that ¢ = p1 almost everywhere and p1 0 g = @,
everywhere, for any g in G.

Proof. Let A be a right Haar measure on GG and let E be the set of those
(g,h,x) in G such that ¢(gx) = ¢(hx). Then, by Fubini Theorem, E has
full measure for A® A ® p. Therefore, again by Fubini Theorem, the set A of
those z in X such that, for A ® A-almost every (g, h) in G?, ¢(gz) = ¢(hx) is
a measurable subset of full measure for p. Since A is right invariant, this set
is G-invariant. For any x in A, the map g — ¢(gx) is A-almost everywhere
constant on GG. We let ¢(x) denote its almost constant value. Again, since
A is right invariant, ¢ is a G-invariant function on A. We extand ¢; to all
of X by setting ¢; = 0 on X ~\ A. This is a G-invariant function. Now, again
by Fubini Theorem, for pu-almost any x in X, for A-almost any g in G, we
have ¢(gz) = p(x), so that p1(z) = ¢(x) and the result follows. O

Now, we need to prove that, if an element g of SL4(R) does not belong to
a compact subgroup, its powers go to infinity. This we could do directly by
studying the Jordan decomposition of g. Instead, we will prove that this is
a general fact in locally compact groups by establishing a general dynamical

property.

Lemma 2.4.5. Let X be a locally compact topological space and T : X — X
be a continuous map (resp. ()0 be a continuous semiflow). Assume, for
every x in X, the semiorbit {T"xzin > 0} (resp. {@pi(z)|t > 0}) is dense in
X. Then X 1s compact.

By a consinuous semiflow, we mean a family (¢;);>o of continuous maps
such that ¢;1s = @0 @, s,t > 0, and the map Ry x X, (t,z) — ¢(x) is
continuous.

Proof. We prove the result in the case of one map, the proof for semiflows
being analoguous. Let Y be a compact subset of X that contains a non empty
open subset U. For any x in X, there exists n > 1 such that T"x € U. For
z in X, we set 7(z) = min{n > 1|T"xz € U}. Since U is open, T is an upper
semicontinuous function. In particular, Y being compact, 7 is bounded on Y
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by some constant m > 1. Thus, one has Unzo ™Y = Uogngm T™Y and this
set is compact. Since it is stable by 7T, it is equal to X and X is compact. [

Corollary 2.4.6. Let G be a locally compact group and g be an element of
G. Assume g” is dense in G. Then either G = g% or G is compact.

Proof. Assume G is different from g%, that is, G is not discrete. Then, for
any neighborhood V' of e, for any integer n > 0, there exists an integer p > n
such that g? € V. Indeed, one can assume V' to be symmetric. Now, since G
is not discrete, the set V'~ {¢g*| —n < k < n} has non empty interior, hence,
it contains some g7, with |p| > n. Since V is symmetric, it contains g/’ and
we are done.

Now, let us prove that ¢ is dense in G. Indeed, for any open subset U of
G, there exists k in Z such that ¢g* belongs to U. Let V be a neighborhood
of e such that Vg¥ € U and let p > |k| be such that g” belongs to V. We
get gP*% € U and p + k > 0, and the result follows.

Equip the group G with the map x +— gx. Then every semiorbit ¢V is
dense in G. By Lemma 2.4.5, G is compact. O

Proof of Corollary 2.4.3. Consider the natural action of SL4(R) on the space
SL4(R)/SL4(Z). Let ¢ be an element of L?(SLy(R)/SL4(Z)) that is SL4(R)-
invariant. By Lemma 2.4.4, ¢ admits a representative that is an SL;(R)-
invariant function. As the action of SL4;(R) on SL4(R)/SL4(Z) is transi-
tive, ¢ is constant. Therefore, the space of functions with zero integral in
L?(SL4(R)/SL4(Z)) does not admit any non zero SL4(R)-invariant vector.
The mixing property now follos from Howe-Moore Theorem, since, by Corol-
lary 2.4.6, for any ¢ in SL4(R) that does not belong to a compact subgroup,
one has g" ——— in SL4(R). O

Let us give an extension of this result for actions on quotients of semisim-
ple groups by lattices. Note that, in case one is working with semisimple but
non simple groups, the result may be untrue in general. Indeed, for example,
in the group G = SLy(R) x SLy(R), the subgroup I' = SLy(Z) x SLy(Z) is
a lattice, but the action of an element of the form (g,e) on G/I" is never
ergodic! Thus, we need to introduce a new notion:

Definition 2.4.7. Let GG be a connected semisimple Lie group and I' be a
lattice in G. We say I is irreducible if, for any non discrete proper normal
closed subgroup H of G, T" has dense image in G/H.



30 CHAPTER 2. HOWE-MOORE ERGODICITY THEOREM

Ezample 2.4.8. By using the same technique as in the proof that SLy(Z) is
a lattice in SLy(R), one can show that the image of SLy(Z[v/2]) in SLy(R) x
SLy(R) by the map g — (g,0(g)) (where o is the non-trivial automorphism
of the field Q[v/2]) is a lattice. It is clearly irreducible.

The study of the quotients of semisimple groups by lattices essentially
reduces to the study of quotients by irreducible ones:

Proposition 2.4.9. Let G be a connected semisimple Lie group and I' be a

lattice in G. There exist normal closed connected subgroups G, ...,G, of G
such that
(i) G=G1---G,.

(11) for any 1 <i<j<r, G;NG; is discrete.
(iii) for any 1 <i<r, Iy =T NG, is a lattice in G;.
(iv) the group T'y--- T, has finite index in T,

Now we can state a very general mixing property:

Corollary 2.4.10. Let G be a conneceted semisimple Lie group, I' be an
irreducible lattice in G and g be an element of G that is not contained in a
compact subgroup. Then the map x — gz of G/T is mizing for the SLg(R)-
mvariant measure.



Chapter 3

Recurrence of unipotent flows

In this chapter, we will establish a fundamental result by Dani and Margulis
about the trajectories of certain one-parameter subgroups on quotients of
semisimple groups by lattices. It has applications in itself, in particular in
Diophantine approximation, and plays also a key-role in the proof of Ratner’s
Theorem.

Let us state this result. We will say that a one-parameter subgroup
(u)ter of SLg(R) is unipotent if its derivative is nilpotent, that is, if there
exists a nilpotent d x d matrix X such that, for any ¢, u; = exp(tX). We
will establish the following

Theorem 3.0.11 (Dani-Margulis). Let (u;) be a unipotent one-parameter
subgroup of SLy(R) and x be an element in SLy(R)/SL4(Z). Then, for any
e > 0, there exists a compact subset K of SLy(R)/SL4(Z) such that, for any
T >0, one has

HO<t<Tjux e K}| > (1 —¢)T.

By |.|, we mean Lebesgue measure of R.

Remark 3.0.12. Let u be the SLy(R)-invariant probability measure of the

space SL4(R)/SL4(Z) and (K,) be a sequence of compact subsets inside

SL4(R)/SL4(Z) such that u(K,) —— 1. We know that the action of (u;) on
n— o0

SL4(R)/SL4(Z) is mixing, hence ergodic with respect to the SLy(R)-invariant
measure . Therefore, we know from Birkhoft’s ergodic theorem that, for pu-
almost any z in SL;(R)/SL4(Z), for any n, one has
1
T {0 <t <T|uzx € K,,}| —— p(K,),
n—oo

31
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so that the theorem clearly holds for p-almost any x in SL4(R)/SL4(Z). But
it is much more difficult to prove it for any x!

FExample 3.0.13. The assumption that the one-parameter subgroup is unipo-

tent is crucial for the theorem to hold. Indeed, assume d = 2 and consider
t

the point = SLy(Z) and the one-parameter subgroup (% eg) . Then,
teR

in SLy(R)/SLy(Z), by Corollary 1.3.11, one has a;x — since a,Z>
—00

contains a non-zero vector with norm e—?.

3.1 Recurrence in case d =2

We start by giving the proof of Dani-Margulis Theorem in case d = 2, which
is simpler than the general case.

Proof of Theorem 3.0.11 in case d = 2. All the unipotent subgroups of the
group SLy(R) are conjugate, so that we can assume, for any ¢, one has

(1t
Ut—01

Now, set A = gZ?* where g is in SLy(R) and 2 = ¢gSLy(Z). The set A is a
unimodular lattice in R? and we distinguish between two cases.

First, assume A contains a non zero vector in the coordinate axis Re;.
Choose v to be a generator of A N Re; and w in R? such that (v,w) is
a basis of A, so that, in particular, wy, # 0. Then, for any ¢, we have
u(w) = (wy + tws, wy), hence, if to = L&, u,(w) = w + v and we have
u, (A) = A, that is uy,z = x. Therefore, the orbit of z under (u;) is compact
and the result naturally follows.

Now, assume A NRe; = {0}. We will use Corollary 1.3.11 to prove that
the trajectory (u;z) spends most of its time in compact subsets, that is, we
will prove that, most of the time, the systole of the lattice u;A is not too
small. Set

E:{tGR

s(u\) < %min(s(A), 1) } ,

where s denotes systole. For any ¢t in R, let F; C A denote the set of vectors
v in A such that ||uv| = s(u:A) and, for any v in A \ {0}, let E, denote the
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set of t in E such that v € F;. We claim that E, is both open and closed in
E and that, for any ¢ in F,, F; = {£v}. On one hand, since

E,={te€ ENVw e AN {0} |uw]| > |Jusv|},

E, is clearly closed in E. On the other hand, let ¢ be in F, and I be

a neighborhood of ¢ in R such that, for any s in I, one has [juv| < 3.

We claim that, for s in I, Fy, = {fv}. Indeed, for any v' in F,, we have

']l < Jlusol] < 4, hence

det (w0, u') < ugv|| |Jued’|| < i
whereas, A being unimodular, we have det(v,v') = det(usv, uv’) € Z, hence
det(usv, uv') = 0. This gives v = Fv, since |Juw| < |Jug'|| and [Jusv'|] <
||usv||, and we are done.

Let Z be the set of connected components of F, which is at most count-
able. Fix I in Z. By the property above, there exists a vector v’ in
A such that, for any t in I, one has s(uyA) = HutvI”. By assumption,

we have v! ¢ Rey, so that [Juvyl| ﬁ oo and I is a bounded interval
t|—o0

(a,b). Note that, by construction, we have [|u,v’|| = 3min(s(A),1). Fix
0 < e < $min(s(A, 1) and let us study the set of ¢ in I such that s(uA) < e.
Set w = u,v’, so that if t = a+risin I and s(u;A) < &, we have

(w1 + rws)? + w? = ||Juw|]* < &%

If wy > €, this inequation has no solution. If not, we have

w? = imin(s(/\), 1)? —ws > imin(S(A)a 1)? - > % min(s(A), 1)*

hence, for T' > a, the set
{a <t <T[|luv] < e}
is empty if T'< a+ ﬁ min(s(A), 1). Else, we have

2e

||

Ha <t <T|[juwl| <e}| < < 8emin(s(A), 1)(T — a).

In any case, we get, for any 7" > 0,

H{a <t <min(T,b)|s(wA) < e} <8 min(s(A),1)|[0,7]N (a,d)].
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Hence, we have

{0 <t < Tls(uh) <e}| =Y {0 <t < Tls(uh) < e}
<> {te o, TN 1|s(uA) < e}
< 8emin(s(A), 1) Y [[0,7] N1

< 8smin(s(A),1)T

and the result now follows from Corollary 1.3.11. m

3.2 Preliminaries from multilinear algebra

We will now give the full proof of Dani-Margulis Theorem. As in case d = 2,
we need to control the amount of time when polynomial functions take small
values, but now this polynomial functions have larger degrees. This is not a
great difficulty, and we will prove below an elementary lemma on polynomial
functions with bounded degrees (whose conceptual statement will turn out
to be easier to handle that the very explicit computations we made in case
d = 2). The main problem when the dimension d is > 3 is that the vector
of a lattice in R that achieves the minimum of the norm has no reason to
be unique. Indeed, for example, for any ¢ > 0, there are (up to sign change)
two vectors of the lattice A, = e 'Ze; @ e~ Zey ® €**Zes. In this example,
this phenomenon is related to the fact that the dual lattice A} has systole
et that is, much smaller than the systole of A; (where, by the dual lattice
of a lattice A in RY, we mean the set of linear forms ¢ in the dual space
of R? such that ¢(A) C Z). For this reason, to control efficiently the way
a family of lattices goes to infinity in SL4(R)/SL4(Z), we need to introduce
new functions on this space, which are other versions of the systole. These
functions will be defined by using notions from multilinear algebra. When
d = 3, there is only one new function to consider, which is precisely the
systole of the dual lattice of a given lattice in R3.

Let us proceed to this definition. As we said, we need to recall elements
of multilinear algebra. Given a finite-dimensional real vector space V' with
dimension d and an integer k > 0, we let AV denote its k-th exterior power
(with the convention that A’V = R): this space may be seen as the space of
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alternate k-linear forms on the dual space V* of V. In particular, it is 0 if
k > d. If T is a linear endomorphism of V', we let A¥T" denote the associated
linear endomorphism of A¥V, so that, for vy, ..., v, in V, one has

ATy A Aog) = (To)) A== A (Twy,).

We let & denote the group of permutations of {1,...,k} and ¢ : &, —
{#£1} be the signature morphism.

Lemma 3.2.1. Let V' be a euclidean space and k > 0. There exists a unique

scalar product on AFV such that, for any vi, ..., v, in V, one has
k
2 J—
log A Awgl]” = (Vi, Vo (i) -

geS, i=1
Proof. For vy, ... v and wy,...,wg in V', define

k

@(Ulv"'avk7w17"'vwk E Hvlawa()
oeS i=1

Then ¢ is 2k-linear and it is alternate in the k-first variables and in the
k-last variables. Therefore, ¢ defines a bilinear for on AV, which we still
denote by ¢. Now, let eq,...,e; be an orthnormal basis of V| so that (e;; A

A €, )1<iy<-<iy<d 18 a basis of AFV. One easily checks that this basis
is orthonormal for ¢, hence that ¢ is a scalar product. Existence follows.
Uniqueness is evident. O

In the sequel, we shall always equip the exterior powers of a euclidean
space with this scalar product. Here is a geometric interpretation of this
construction:

Lemma 3.2.2. Let V be a euclidean space and vq,...,vr be a free set of
vectors in V. Then the euclidean volume of the set

k
Cvr,...,u) = {Ztﬂ)i

i=1

Vi<i<k tie[O,l]}

is equal to the norm of vy A -+ A vg.
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Proof. Tt suffices to prove this result when k = d. By Gram-Schmidt theorem,
there exists an orthogonal basis wy, ..., wy of V such that the matrix of the
basis wi,...,wy with respect to vq,...,vy is unipotent. In particular, the
unique linear map 7" that sends v; to w;, 1 <17 < d, has determinant 1, hence
T preserves the euclidean volume and AT is the identity map in A%V Since
TC(vy,...,vq) = C(wy, ..., wy), it suffices to prove the result when vy, ... vy
is orthogonal. In this case, one clearly has

Clor,- 0l = loall - lfoall = flor A -+~ Aval

When £k varies, these norms are related by a nice inequality.
Lemma 3.2.3. Let V be a euclidean space, h,k,{ > 0 be integers and u =
WA Au, EANV, o= AL AU €AV and w = w AL Awp € ATV
be pure tensors. One has

[l flu Av Awll < flu Al {lu Awl]

Proof. We can assume u, v and w are # 0. Since u Av, u Aw and u Av A w

are not changed by adding linear combinations of uq, ..., uy, to vy, ..., v, and
Wi, ..., wp, we can assume that vy, ..., v, and wy,...,w, are orthogonal to
Ui, ..., uy. Now, the left member of the inequality we have to prove is equal

to ||u||* ||v A w|| whereas the right member is equal to ||u||* ||v|| ||w||. So that
we are reduced to proving the simpler inequality

lo A wll < [loff fJwl]-
Let W be the linear span of wy, ..., wy, W+ be its orthogonal subspace and,
for 1 < i < k, let v} be the orthogonal projection of v; on W+, so that
v; € v, + W. We have v A w = v' A w, hence
lo Awl = [l Awll =[] lw] -
Besides, by using the definition of the scalar product in A*V, one easily

checks that the tensors v and v — v’ are orthogonal, so that ||v/|| < ||v|| and
we are done. ]
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Let us now introduce unipotent flows and make explicit their link with
polynomial functions. Let (u;) be a one-parameter subgroup in GL(V).
Recall (u;) is said to be unipotent if its generator is nilpotent, that is,
if there exists a nilpotent endomorphism N of V such that, for ¢ > 0,

uy = exp(tN) = Zi;é Z%Np. In particular, we at once get

Lemma 3.2.4. Let V be a a euclidean space and (u;) be a unipotent one-
parameter subgroup in GL(V'). Then for any integer k > 0 and any v in

NEV | the function t H/\kuth2 is polynomial wth degree < k(d —1).
We will now use these objects to define new systoles in lattices.

Definition 3.2.5. Let A be a lattice in R? and k be an integer in [1,d]. The
k-systole of A is the positive real number si(A) defined by

sp(A) = min{||vy A~ Awvgl| g, ..., €A vy A-- Ay # 0F

In other words, by Lemma 3.2.2, sg(A) is the smallest covolume of the
intersection of A with a k-dimensional subspace of R?. In particular, sg(A)
is the covolume of A.

Assume A is unimodular. We can identify the space A 'R¢ with the dual
space of R? through the map that sends a pure tensor w; A - - - A wg_1 to the
linear form v +— det(wy, ..., wg_1,v). Under this identification, the scalar
product on A?'R? is the one one obtains on the dual space of R?, through
the natural identification of a euclidean space with its dual space. Then,
the lattice A%"'A identifies with the dual lattice A* of A and the number
sq—1(A) is the systole of A*. More generally, for any 1 < k < d — 1, one has
SR(A) = Sd,k<A*).

The systoles are comparable to each other.

Lemma 3.2.6. Fiz d > 1. There exists a constant C' > 1 such that, for any
unimodular lattice A in R?, for any 1 < k < <d, one has

LM < sh(A) < Csi(M)E

C
Proof. Let us sketch this briefly, since we will note use it later. First, note
that there exists Cy > 1, such that, if aq,...,aq are positive numbers with

a1 --ag = 1 and a; < \%aiﬂ, 1 <i<d-1,onehasa;---a, < Cy By

Theorem 1.3.8, this tells us that any unimodular lattice A in R? satisfies
Sk (A) < Cd.
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Let A be a unimodular lattice in RY, 1 < k < ¢ < d and V be an (-
dimensional subspace of R? such that ANV is a lattice with covolume s,(A)
in V. By the remark above, there exists vq,...,v; in ANV with

o1 A -+ Avg|| < Cose(A)?,
hence .
Sk<A) S OgSg(A)Z.

Now, recall that, since A is unimodular, we have sx(A) = s4_x(A*) and
s¢(A) = sq_¢(A*). By applying the same inequality, we get

se(A) < Cy_psp(A)ir,
]

Given a unipotent one-parameter subgroup (u;) of SLg(R), we will study
the behavior of the functions ¢ — s;,(u;A)%. As these are piecewise polynomial
function with bounded degrees, we will need an elementary lemma about the
small values of polynomial functions.

Lemma 3.2.7. Let m > 0 be an integer. For any e > 0, there exists a > 0
such that, for any polynomial function p with degree < m and maxp 1 [¢| > 1,
one has

{0 <t <1flp(t)] <a}f <e

Proof. Tt suffices to prove the result for polynomial functions ¢ with

—1.
D[%a}XIsOI

Equip the space of polynomial functions with degree < m with the norm
@ — max[ ] |¢|, so that, in particular, the unit sphere S is compact.

For a > 0 and ¢ € S, set F,(¢) = [{0 <t <1||p(t)] < a}|. We claim
that the function F}, is upper semicontinuous: indeed, for any ¢ in S, one

has
F.(p)= inf / O(p
0ec([0,1])

6>10 o
so that F, is the infimum of a family of continuous functions.
Now, for any ¢ in S, we have F,(y) — 0, since ¢ has but a finite

numbers of 0 in [0, 1]. In particular, we have ﬂa>0 Y([e,0[) = 0. Since S
is compact, there exists o > 0 such that F!([e, [) = (), which should be
proved. O
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3.3 Besicovitch covering Theorem

In the course of the proof of Theorem 3.0.11, one splits the interval [0, 7] into
smaller intervals where the systole functions are polynomial. One then needs
to build these intervals together and to control their overlapings. This will
be done by using the one-dimensional case of Besicovitch covering Theorem:

Lemma 3.3.1 (Besicovitch covering Theorem in dimension 1). Let A be a
bounded subset of R and T' : A — R’ be a bounded function. For x in
A, set I(z) = [t — T(x),x + T(x)]. There exists B C A such that A C
U,ep I(x) and that, for any x,y, z in B that are two by two distinct, one has
I(x)NI(y)NI(z)=0.

In other words, the covering |J, .5 I(x) has multiplicity 2. This result
holds in any dimension, but with a bound on the multiplicity of the covering
that grows with the dimension.

Proof. First, we construct a sequence of elements of A by induction. We start
by chosing xy in A with T'(z¢) > %supA T. Then, if n > 1 and zq, ..., Tp_1
are constructed, we pick z,, in A~ |J;—y I(zx) such that

1
T(x,)>= sup T.
2 ANURZS I(zk)

For any n, set T,, = T'(x,,) and I,, = I(x,). We will construct B as a subset
of the set {x,|n > 0}. First, let us draw some direct consequences of the
construction of the sequence.

We claim that 7;,, —— 0. Indeed, for any n < p, one has z, ¢ I,,, hence

n—oo
|z, —x,] > T,. As A is bounded, (x,) admits a converging subsequence,

hence (7,,) admits a subsequence converging to 0. Since, for any n < p, one
has T, < 2T, (T,,) goes to 0. In particular, this implies that A C (>, In-
Indeed, for every x in A, there exists n such that, for p > n, one has one has

T(x) > 2T, > sup T,
AU 1)

n—1
hence x € | J,— I(xx).
For z in A, we let N(z) be the set of n in N such that I,, contains z and
we claim that N(x) is finite. Write N(z) = Ni(x) U N_(x) where N (x)
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(resp. N_(z)) is the set of n in N(z) such that z,, > z (resp. z, < z).
Assume N, (x) is not empty, and let us prove it is finite. Fix n in N, (x).
Then, there exists p > n + 1 such that, for any ¢ > p, one has T, < T,,. For
such a ¢, as x, does not belong to I,,, one has ¢ ¢ N, (z). In the same way,
N_(x) is finite.

We are now ready to construct the set B. This will again need an in-
duction procedure, that relies on the following observation. Assume n,p are
integers. We claim that, if z,, < x,, one has z,, — T,, < z, —T,,. Indeed,
if n > p, one has z,, < z, — T, and, if n < p, one has x, > z, + T,, and
T, < 2T,,. In the same way, if z,, > x,, one has z,, + T,, > x, +T,. Now,
assume n, p,q are integers with =, < z, < x, and I, N I, # 0. Then, on
one hand, I,, U I, = [z, — T,,,z, + T}] is an interval and, on the other hand,
xp—1T, > x, =T, and z,+ T, < x,+T,. We get I, C I,,Ul,. In other words,
as soon as such a configuration of three points arises, we can erase the one
in the middle. Let us do this precisely.

We define inductively a decreasing sequence of subsets of N. We set
Ey = N. Assume the construction was achieved for 0,1, ...,n. If there exists
p,q in E, such that x, < z,, <z, and I, N I, # 0, we set E,,1 = E, ~ {n}.
If not, we set E,.1 = E,. In any case, we have UpeEn+1 I, = UpeEn+1 I, > A
Finally, we set £ = ()~ Bn, B = {x,|n € E} and we claim that B has the
required properties.

First, let n,p,q be two by two distincts elements of £ and assume, for
example z,, < z, < x,. Then, since n and ¢ belong to £, and p belongs to
E, 1, we have I, NI, NI, = 0.

Now, recall that, for any x in A, the set N(z) of n in N such that x € I,
is finite. Hence the family (N(z) N E,),>0 is a decreasing sequence of finite
subsets. Since it is never empty, it has non-empty intersection, hence, there
exists n in E such that x belongs to I,,, which should be proved. O

To give an idea of how powerful this covering theorem is, we give an
application that is a strong extension of Lebesgue derivation Theorem.

Corollary 3.3.2. Let p and v be Radon measures on R. Then, for v-almost
any x in R, one has
plle—cote)  dp
vz —e,x+¢]) =0 dv

().

Proof. We can of course assume p and v are concentrated in a bounded
subset of R.
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First, let us assume that p is absolutely continuous with respect to v,
that is, u = v, for some ¢ in L*(R,v). In this case, we will prove that
the result follows from the fact that it holds when ¢ is continuous and from
the denseness of continuous functions in L'(R, v). To make this possible, we
must prove that the quantities we want to converge do not change very much
when one changes the function. This is where Besicovitch Theorem comes
into play.

For any v in L'(R, v), we introduce the associated maximal function *
defined for r-almost every = by

f[:c—s,x—i—a] wdy)
vi(z) = 0‘221 vz —e,x+¢])

We claim that, for any A > 0, this function satisfies the maximal inequality

W(fr € Rl (@) 2 A) < 5 9],

Indeed, let I be a bouded interval of R which contains the support of v and
set Ay = {z € I|¢Y*(z) > A\}. For any z in A, we choose some ¢, > 0 such

that
’ / Ydy
[x—ez,24e0]

By Lemma 3.3.1, there exists a set By C Ay such that Ay C U,ep, [@
€z, T + &;] and the covering (J,cp [* — €2,z + &, has multiplicity < 2. We
have

1
V(A <) v —epe+e]) <5 / pdv
A [x—ez,x4e]
IEB)\ IEB,\ T T

2
SO A

xEB), 517x+51

> M([r —ep,x+e4]).

where the last inequality follows from the fact that the covering has multi-
plicity 2.
Let us deduce from this inequality the almost sure convergence of the

: f[acfs z+e] pdv
ratios m

a > 0, one has

towards . More precisely, we will prove that, for any

f[m ez+s gpdy .
vz —e,x+¢€l)

lim sup
e—0
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on a set whose complement has measure < 3a, which implies the result.
Indeed, pick a continuous compactly supported function ¢ on R such that
l¢ — ¥]l; < @® On one hand, one has

v({z € Rl|p(z) —¢(z)] 2 a}) <a

and, on the other hand, form the maximal inequality,

p(fz € Rl(p —¢)"(z) = a}) < 2a,

which implies the claim, hence the lemma in the case where p is absolutely
continuous with respect to v.

Now, to get the general case, we just have to deal with the case where p
is orthogonal to v, that is, there exists a Borel set A which has measure 0 for
v and full measure for p. In this sitation, since both p and v are absolutely
continuous with respect to u + v, we get from the previous case that, for
v-almost any x in A, one has

pllz —e x+¢])
p(lr —e,z+¢]) +v(fx —e,x +¢]) =0

which amounts to saying

plle — e,z +¢f)
v(lt —e,x+¢€]) em0

which should be proved. O

0,

3.4 Dani-Margulis induction

We now come back to the proof of the recurrence theorem.

Let us introduce some terminology about subgroups of lattices. We let
P(A) denote the set of proper non trivial subgroups of A which are direct
factors in A. For any A in P(A), we have A = ANV, where V' is the subspace
of R? that is spanned by A. We let d(A) be the covolume of A in V, that is
d(A) = ||y A -+ Awvgl|, where vy, ..., vy is a basis of A. Finally, we define a
primitive flag of A as a (finite) subset F of P(A) that is totally ordered by
inclusion. For such a flag F, we let C(F) denote the set of primitve subgroups
in P(A) \ F which are comparable with all the elements of F.

The core of the proof of Dani-Margulis theorem is the following lemma,
which relies on successive applications of Lemma 3.2.7:
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Lemma 3.4.1. Let A be a unimodular lattice in R? and (u;) be a unipotent
one-parameter subgroup in SLy(R). Fiz e > 0. Then, there exists 0 < o <
p with the following property: for any T > 0, there exists a Borel subset
Er C [0, T) with |Ep| > (1 — )T, such that, for any t in Er, there exists a
primitive flag F of A with

d(uA) > o for any A in FUC(F)
and d(uA) < p  for any A in F.

This conclusion might seem a bit strange, but let us show that it permits
to conclude:

Proof of Theorem 3.0.11 in the general case. Keep the notations of Lemma
3.4.1 and let us prove that, for any ¢ in Er, one has s (u;A) > m, which,
by Corollary 1.3.11, implies the result.

Indeed, for such a t, let F be as in the statement and v be a primitive
vector of A. If v belongs to all the elements of F, then Zv belongs to FUC(F),
hence ||v|| > o. Else, let A be the largest element of F that does not contain
v. Then Zv & A belongs to F UC(F), hence

0 < d(u(Zv & A)) < [lugol| d(wA) < [lugvl| p
(where the second inequality follows from Lemma 3.2.3) and we are done. [J

It remains to prove Lemma 3.4.1. To build the flags F, we will proceed by
induction. More precisely, we will assume that a small flag G has already been
constructed at most points of Ep and that it is constant on some intervals.
Then, we will prove that, at most points, we can select a nice element of
C(G). Once written precisely, the induction statement is the following:

Lemma 3.4.2. Fiz p,e > 0. Then, there exists 0 < o < p with the following
property: for any unimodular lattice A in R? and any primitive flag G in A
and any compact interval I C R such that

min max d(u;A) > p,
AeC(G) tel

there exists a Borel subset Ey C I with |Er| > (1 —¢€)|I|, such that, for any
t in Ey, there exists a primitive flag F of A with F C GUC(G) and

d(uA) > o forany A in FUC(F) NG
and d(wA) < p  for any A in F N G.



44 CHAPTER 3. RECURRENCE OF UNIPOTENT FLOWS

In this statement, one has to think to G as the part of the flag F that
has already been constructed.
This allows to recover Lemma 3.4.1:

Proof of Lemma 3.4.1. This is the particular case where G is the empty flag,
p is the minimum of the d(A), where A belongs to P(A), and I = [0,7]. O

It only remains to give the

Proof of Lemma 3.4.2. We will prove this statement when one fixes the car-
dinality r of the flags G. This, we will do by reverse induction on r, that is
an element in 0,...,d—1. If r =d— 1, we can take £y = [ and F = G,
since C(G) = 0.

Hence, assume r belongs to 0, ..., d — 2 and the statement holds for »+1.
Let o’ the constant that is given by this induction assumption for flags of
cardinality r + 1 and when ¢ is replaced with 5. From Lemmas 3.2.4 and
3.2.7, we know that there exists a > 0 such that, for any compact interval I
of R, for any A in P(A), if maxse; d(usA) = p, then |{t € I|d(u;A) < a}] <
5 [I]. Weset 0 = min(o’, o) and we will prove that it satisfies the conclusions
of the Lemma.

Let G be a primitive flag in A with cardinality » and [ be a compact
interval in R such that

Ay e A ) = p
We will split I into smaller intervals such that, on each of these, there is
a good choice of an element of C(G). Then, we will apply the induction
statement to the small intervals and to the flag one obtains by adding the
marked element of C(G) to G.

Let us be more precise. We let A C I be the set of those t in I such that
there exists A in C(G) with d(u;A) < p. For t in I \ A, we note that F = G
satisfies the conclusions of the lemma.

Now, for any ¢ in A, there exists only finitely many A in C(G) with
d(usA) < p: indeed, these correspond to vectors with bounded norm in the
lattices A*A, 1 < k < d—1. We let T, > 0 be the smallest real number such
that

min ~ max  d(usA) > p
A€EC(G) s€[t—Ty t+T1]

and we pick some A; € C(G) such that, for any s in (¢t — T3, t + T;), one has
d(usA¢) < p. Note that, by assumption, we have T; < |I|. We apply the
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induction assumption to the interval [t — T}, ¢ + T;] and the flag G U {A,}.
This gives us a Borel subset E; C [t — T},t 4+ T3] with |E| > (1 — 5)2T;
such that, for any s in F;, there exists a primitive flag F, of A with F, C
GU{A}UC(GU{A;}) and

d(usA) > o' for any A in F, UC(Fs) ~ (GUA)
and d(usA) < p for any A in Fs ~ (G U {A}).

To conclude, we need to take out the points s where d(usA;) is too small.
We set
Ft = {S S [t - E, t+ EHd(USAt) Z O[}.

By definition of a, we have |F;| > (1 — 55)27;. For s in F; N Ey, the flag F,
associated to s satisfies the conclusions of the lemma.

Now, we need to go back to the full interval I. To do this we apply
Lemma 3.3.1 to the set A and the intervals [t — T}, t 4+ T;], t € A. This gives
us a subset B of A such that A C J,.g[t — T3, t+ T3] and, for any two by two
distinct ¢, ¢, t” in B, the three associated intervals do not intersect. We set

Er=(I~AulJEnF.

teK

To conclude, we only need to prove that the Lebesgue measure of the com-
plement of this set is small. Indeed, we have

3

g
u\Eﬂngme+ﬂpqﬂmmnggéﬂg3

teB teB

U[t_Ttat‘l—Tt]

teB

(where the latter inequality follows from the multiplicity bound on the cov-
ering). Now, since, for any ¢ in B, we have T; < |I|, we get

Uit -7t +T)| <311

teB

and we are done. O]



