STATIONARY MEASURES AND INVARIANT
SUBSETS OF HOMOGENEOUS SPACES (III)

YVES BENOIST AND JEAN-FRANCOIS QUINT

ABSTRACT. Let G be areal Lie group, A be a lattice in G and I' be
a compactly generated closed subgroup of G. If the Zariski closure
of the group Ad(T") is semisimple with no compact factor, we prove
that every I'-orbit closure in G/A is a finite volume homogeneous
space. We also establish related equidistribution properties.
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1. INTRODUCTION

1.1. Orbits closures, the real case. Let GG be a real Lie group with
Lie algebra g. We let Ad : G — GL(g) denote the adjoint representa-
tion of G. In this article, by using the results of [4], we shall prove the
following

Theorem 1.1. Let G be a real Lie group, A be a lattice in G and T’
be a compactly generated closed sub-semigroup of G. We assume that
the Zariski closure of the semigroup Ad(I") C GL(g) is semisimple with
no compact factor. Then, for every x in G/A, there ezists a closed
subgroup H of G with T' C H such that Tx = Hx and Hx carries a
H -invariant probability measure v,.

In all this article, by a semisimple algebraic group, we mean a Zarisk:
connected semisimple algebraic group.

This result on orbits closures answers a question by Shah [26] and
Margulis [17]. In case AdI" itself is a semisimple subgroup of GL(g)
with no compact factor, it follows from Ratner’s Theorem [24]. Under
the stronger assumption that G is simple and I' is Zariski dense in G,
Theorem 1.1 is the main result of [2].

Theorem 1.1 is already new in the following “concrete” cases:

— when G = SL(2,R) x SL(2,R) and I' is Zariski dense in G.
— when G = SL(3,R) and I' is Zariski dense in the subgroup SO(2,1).

Let G, A and I" be as above and set X = G/A. For any z in X, we let
v, be, as in Theorem 1.1, the unique probability measure on I'z which
is invariant under the stabilizer of this set in G. We shall say that a
sequence of Borel probability measures (v,) on X converges toward a
Borel probability measure v if, for any continuous compactly supported
function p on X, [ ¢ dv, converges toward [ ¢ dv. Theorem 1.1 will
follow from the following equidistribution result

Theorem 1.2. Let G, A and I" be as above and let u be a compactly
supported Borel probability measure on I' whose support spans a dense
sub-semigroup of I'. Then, for every x in G/A, one has

n—1

l * s, —— v,
b

n—00
k=0

Theorems 1.1 and 1.2 have been announced in [3].

Equidistribution in law as in Theorem 1.2 suffices to prove Theorem
1.1. However, we shall prove the following almost sure equidistribution
property which implies it and is also of independent interest:
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Theorem 1.3. Let G, A, I and u be as above. Let g1,...,Gn,... be
a sequence of independent identically distributed random elements of I’
with law . Then, for every x in G/A, almost surely,

n—1
: 25 0o
— — V.
n & gk T z

In Theorem 1.3, “almost surely” means for u®Y -almost every choice
of the sequence ¢1,...,gn, .-
This result may be seen as a random analogue of the equidistribution

properties of unipotent flows on homogeneous spaces, due to Ratner
[24] and Dani-Margulis [10].

1.2. Orbits closures, the S-adic case. Let p be a prime number.
As in [25], a p-adic Lie group G is said to be weakly regular if any two
of its one-parameter subgroups @i, s : Q, — G are equal as soon as
their derivatives at e are equal. Any real Lie group is said to be weakly
regular.

Fix a finite set S whose elements are prime numbers and co. In this
paper, as in [4], by a weakly regular S-adic Lie group, we shall mean a
topological group that is isomorphic to a closed subgroup of a product
of weakly regular p-adic Lie groups, p € S.

Let G be a weakly regular S-adic Lie group with Lie algebra g =

@pes g, and I' be a sub-semigroup of G. We let AdT” denote the
Zariski closure of the image of I' under the adjoint representation of

G, that is the product Hpe S AdgpFZ of the Zariski closures of the im-
ages of I' in GL(g,), p € S. We also let AdT”"™ denote the smallest

normal Zariski closed subgroup of AdT” such that the image of I' in

AdT? JAdT”™ s bounded.
We get the following S-adic extension of Theorems 1.1, 1.2 and 1.3:

Theorem 1.4. Let G be a weakly reqular S-adic Lie group, A be a
lattice in G and I be a closed compactly generated sub-semigroup of G
such that AT is semisimple and equal to AdT"

a) For every x in G /A, there exists a closed subgroup H D T' of G such
that Tx = Hx and Hx carries a H-invariant probability measure v,.
b) If p is a compactly supported Borel probability measure on T' whose
support spans a dense sub-semigroup of I', then

n—1

1
YT A———
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c) More precisely, if gi,...,Gn,--. 1S a sequence of independent identi-
cally distributed random elements of I' with law p, then, almost surely,
E Gk g1 E} Vyg.

k=0

Note that Theorem 1.4 is already new in the following “concrete”
cases:
— when G = SL(2,Q,) and I' is Zariski dense and unbounded in G.
—when G = SL(2,R) x SL(2,Q,) and the projection of I' on each factor
is Zariski dense and unbounded.

1.3. Equidistribution of invariant subsets. Our methods also al-
low us to get some properties of the set of invariant homogeneous sub-
sets.

Let GG be a locally compact topological group, A be a discrete sub-
group of G and X = G/A. We shall say that a closed subset Y of X
is a finite volume homogeneous subspace if the stabilizer Gy of Y in G
acts transitively on Y and preserves a Borel probability measure vy on
Y. If I' is a sub-semigroup of Gy, we shall say that Y is I'-ergodic if I"
acts ergodically on (Y, vy).

Let I" be a sub-semigroup of G. We set

Sy (T) = [-invariant and I'-ergodic finite volume
X | homogeneous subspaces Y of X '

When G, A, X, T" are as in Theorem 1.4, this set plays a key role in
the proofs, since, according to the main result of [4], every I'-invariant
[-ergodic probability measure on X is equal to vy for some Y in Sx(I).

We may identify Sx(I") with a set of Borel probability measures on
X through the map Y — vy. In particular, we endow Sx(T') with
the topology of weak convergence, so that a sequence (V) in Sx(I")
converges toward Y, € Sx(I') if and only if vy, converges toward vy__.

For every compact subset K C X, we set

Sk(T) = {Y € Sx(I) | Y N K # 0}.

As we will see in the Corollaries, the following Theorem 1.5 is very
efficient to compute the limit of a sequence in Sx(I).

Theorem 1.5. Let G, A, T be as in Theorem 1.4 and let L be the
centralizer of I in G.

a) For every compact subset K of X, the set Sk(I') is compact.

b) If (Y,) C Sx(I') converges to Yoo € Sx(I'), then there exists a
sequence (£,) C L converging to e such that, for n large, Y, C £,Yso.
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In particular, when A is cocompact, the set Sx(I") itself is compact.

We denote by X := X U {oc} the one point compactification of X
and by 0 the Dirac mass at co. The set Sx(I') U {0} can be seen as
a set of Borel probability measures on X.

Corollary 1.6. Let G, A and T" be as in Theorem 1.4. Then the set
Sx(I') U {0} is compact.

Corollary 1.6 is an analogue of the main theorem of Mozes and Shah
in [20] (see also [12]) which asserts, in case G is a real Lie group, if £ is
the space of finite volume homogeneous subsets of X which are invari-
ant and ergodic under some Ad-unipotent one-parameter subgroup of
G, then the set € U {0} is compact.

When I' has discrete centralizer, the statement of Theorem 1.5 be-
comes simpler. A subset F' of X = G/A is said to be I'-invariant if
gF C Fforall ginT.

Theorem 1.7. Let G, A and T" be as in Theorem 1.4. Assume the
centralizer L of " in G 1is discrete.

a) The set Sx(I') is compact.

b) If (Y,) C Sx(I') converges to Yo, € Sx(I'), then, for n large, one
has Y, C Y.

¢) Every closed T'-invariant subset of X is a finite union of elements

OfSX(F)

In particular, if (Y},) is a sequence in Sx(I') such that, for any YV €
Sx(I') with Y # X, for all but finitely many n, one has Y,, ¢ Y, then
vy, — Vx, that is the orbits Y,, become equidistributed in X when

n—oo
n is large.

Let us state a particular case of this result. We will say that I" is
Ad-Zariski dense in G if AdT” = AdG .

Corollary 1.8. Let G be a connected semisimple real Lie group with no
compact factor, A be an irreducible lattice in G and I be a Ad-Zariski
dense subgroup of G.

Every infinite I'-invariant subset of X 1s dense in X; any sequence
(Y,) of distinct finite I'-orbits in X satisfies vy, —Vx.

Under the stronger assumption that G is simple, Corollary 1.8 is the
main result of [2]. It also extends previous results by Clozel, Oh and
Ullmo in [9] about equidistribution of Hecke orbits (see also [13]).

1.4. Actions on tori and nilmanifolds. We now specialize our re-
sults to automorphisms of tori and other nilmanifolds.
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Let N be a connected simply connected nilpotent real Lie group, A
be a lattice in N and X be the compact nilmanifold X = N/A. As in
[4, Sect. 1.2], we say a closed subset of X is an affine submanifold if it
is a translate of the image in X of some closed connected subgroup of
N. By Mal’cev’s rigidity Theorem (see [23, I11.2.11]), we may consider
the group Aut(A) of automorphisms of A as a subgroup of the group
Aut(N) of automorphisms of N. In particular, we may see X as a
quotient of the group Aut(A) x N by its lattice Aut(A) x A. Then, the
action of Aut(A) on X reads as its natural action by automorphisms.
Any homogeneous subspace of X, viewed as a homogeneous space of
Aut(A) x N, is a finite union of affine submanifolds.

Example 1.9. If N = R? and A = Z¢, we retrieve the standard action of
GL(d, Z) on the torus T¢. Any homogeneous subspace is a finite union
of (parallel) subtori.

Theorems 1.4 and 1.5 and their corollaries now give the following
partial answers to [17, Prob. 3:

Corollary 1.10. Let X = N/A be a compact nilmanifold and T' C
Aut(A) be a finitely generated sub-semigroup whose Zariski closure in
Aut(N) is a Zariski connected semisimple subgroup with no compact
factor. Let L C N be the subgroup of I'-invariant elements in N.

a) Every I'-orbit closure is a finite homogeneous union of affine sub-
manifolds.

b) Let pu be a finitely supported Borel probability measure on I' whose
support spans I' and g1, ..., gn, ... be a sequence of random independent
identically distributed elements of Aut(A) with law p. Then, almost
surely, as n goes to oo, %Zz;é Ogpq1 T converges to the homogeneous
probability measure of T'x.

c) The set Sx(I') is compact. If (Y,) C Sx(I') converges to Y, €
Sx(I'), then there exists a sequence (£,) C L converging to e such that,
for n large, Y, C (Y.

Corollary 1.11. Assume moreover the centralizer L of I' in N is triv-
tal. Then every closed I'-invariant subset F' in X is a finite union of
affine submanifolds.

Corollary 1.12. Assume X is a torus T¢ and T' acts strongly irre-
ducibly on Q. Then every infinite I'-invariant subset of X is dense in
X. Any sequence of distinct finite I'-orbits in X equidistributes toward
the Haar probability of T?.

The statement about invariant closed subsets in Corollary 1.12 is
due to Guivarc’h and Starkov [14] and Muchnik [21]. In case I is
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proximal and acts strongly irreducibly on R¢, the one about equidis-
tribution of finite orbits follows from the results of Bourgain, Furman,
Lindenstrauss and Mozes [7].

To conclude, we point out that even the following special case of
Corollary 1.10.b) seems to be new:

Corollary 1.13. Let g1,...,gn, ... be a sequence of independent iden-
tically distributed random elements of SL(2,7Z) whose law p has finite
support and generates a non-solvable group. Then, starting from any ir-
rational point x in the 2-torus T?, almost surely, the trajectory g, - - - gi1x
equidistributes toward the Haar probability on T?.

1.5. Structure of the article. The remainder of this paper is de-
voted to the proof of Theorems 1.4, 1.5 and 1.7. After replacing G
by a compactly generated open subgroup which contains I' and acts
transitively on X, we may assume G is second countable.

In Chapter 2, we prove homogeneity of the orbits closures and con-
vergence in law in Theorem 1.4. Knowing the recurrence results from
[11] and [5] and the classification of stationary probability measures
from [4], the main problem is to check the centralizer L of I" has only
countably many orbits in Sx(I'). We give the proof of this property
for real Lie groups and postpone the general case to the appendix.

In Chapter 3, we establish preliminary results on Markov chains,
mainly in order to prove the almost sure equidistribution statement in
Theorem 1.4. Our starting point is Breiman’s law of large numbers
for Markov chains with a unique invariant measure [8]. In our case,
as there may be several stationary measures, we have to prove that
almost surely, starting from a point which does not belong to a given
Y in Sx(I'), the trajectory will spend most of the time far away from
Y. This is done by exhibiting an exponentially recurrent subset in the
complement of Y and by establishing large deviation properties for the
return times in this subset. These techniques strenghten certain ideas
from [18] and [4, Sect. 6].

In Chapter 4, we apply the results of Chapter 3 to the proofs of the
almost sure equidistribution statement in Theorem 1.4 and of Theorem
1.5. We then deduce Theorem 1.7 from these.

In the appendix, we establish the countability of L-orbits in Sx (")
in the S-adic case. In Appendix A, we develop some tools to overcome
the difficulty due to the fact that lattices in semiconnected S-adic Lie
groups are not necessarily finitely generated, whereas Appendix B is
devoted to the proof itself, whose structure mimics the real case.
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2. EQUIDISTRIBUTION IN LAW

In this section, we establish the homogeneity of the orbit closures
and the convergence in law in Theorem 1.4. We will first prove a
countability statement for the set Sx(I") (Proposition 2.1). The claims
will then follow from the recurrence result from [5] and the classification
of stationary probability measures from [4].

2.1. Countability of ergodic invariant homogeneous subsets.
Note that, if I'* denotes the closed subgroup spanned by I', we have
Sx(T') = Sx(I'*), so that we will assume in the next two sections I is
a subgroup of G.

Proposition 2.1. Let G be a second countable weakly regular S-adic
Lie group, A be a discrete subgroup of G, X = G/A, T be a compactly

generated subgroup of G such that AT s semisimple and equal to

AdFZ’nC, and L be the centralizer of I' in G. Then, there exists a
countable set Y C Sx(I') such that

Sx()y={Y |telL,Y e}

In particular, when the centralizer of ' in g is null, the set Sx(I) is
countable.

As the proof of Proposition 2.1 in the general S-adic case is highly
technical, we will first give it in the real case. The general case is dealt
with in the appendix. First, let us prove two elementary facts whose
proofs are the same both in the real and S-adic cases and which will
be of use below.

One is the following Lemma, which, in case H is discrete, follows
from [4, Lem. 5.16].

Lemma 2.2. Let G be a second countable S-adic Lie group, H be a

closed subgroup of G, I' be a closed subgroup of G such that AdT” s
semisimple and L be the centralizer of I' in G. When S # {oo}, we
assume that the group I' is compactly generated. Then the set of fized
points of I in G/H is a countable union of L-orbits.

Note that the semisimplicity assumption is crucial for this countabil-
ity statement to hold. Indeed, when G = SL(2,R) and H = I is the
subgroup of upper triangular unipotent matrices, the group L is equal
to I" and I" has uncountably many fixed points in G/H.

Proof of Lemma 2.2. Set X = G/H and let X" be the set of fixed
points of I' in X. We shall prove that the orbits of L in X' are open,
that is for any z in X', Lx contains a neighborhood of z in X*'. We may
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assume z is the base point of X = G/H. In particular I' is contained
in H.

Let [ be the Lie algebra of L. If S = {oo}, [ is necessarily the
centralizer of I' in g. If not, this is still the case by [4, Lem. 5.2], since
we then assumed I' to be compactly generated. As the linear span of
AdI' in the space of endomorphisms of g is finite dimensional, there
exists g1, ..., g, in I" such that

[={veg|Vl<i<r, gv=uv}

Let b be the Lie algebra of H. As AdT” s semisimple, h admits
a ['-invariant complementary subspace v. Now, there exists a stan-
dard open subset Q of G (see [4, Sect. 5] or Section A.2 below),
with exponential map expg : O — €2, such that the map (O Nv) —
X;v — expg(v)x is a diffecomorphism onto its image. We can assume
expg (O NI) C L and, by [4, Lem. 5.2], for any v in O and 1 <i < r,
if g;v € O, then expg(g;v) = gi expo(v)g; '

Set U = 0N, 9; ' ONv. Then expy(U)z is a neighborhood of
r and we shall prove that exp,(U)x N XY C Lx, which finishes the
proof. Indeed, for y = expg(v)z in XT with v in U, we have, for any
1<t <r,

expq(g:v)r = g; epr(v)gi_la: = g, expq(v)x = g;y = y = expq(v)z,

hence, as both v and g;v belong to O Nv, g;v = v. This gives v € [ and
y = expq(v)x € Lz, what should be proved. O

We let Qg denote the locally compact algebra Hpes Q,. By def-
inition, a finite dimensional Qg-module is a product V = Hpes Vo,
where, for any p in S, V, is a finite dimensional Q,-vector space.
We then let GL(V) = [[,c4 GL(V,) be the linear group of V' and
Gr(V) = [I,c5 Gr(V;) be its Grassmann variety.

One ingredient of the proof of Proposition 2.1 is the following more
or less classical

Lemma 2.3. Let V be a finitely generated Qg-module and I' be a sub-
group of GL(V'). Assume that the Zariski closure 7 is semisimple and

equal to 7" Then every I'-invariant probability measure n on Gr(V)
is concentrated on the set of fized points of T in Gr(V).

Proof. By taking projections and replacing subspaces by exterior pow-
ers, it suffices to prove Lemma 2.3 when V' =V, for some pin S, I" acts
irreducibly on V' and 7 is a I'-invariant probability measure on P (V).
We will prove that the action of I on V' is then trivial.
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We first check that for any subspace W C V| one has n(P(W)) = 0.
Indeed, let W be the set of subspaces W of V' such that n(P (W)) > 0
and the dimension of W is minimal among the subspaces satisfying this
property. For any W # W' in W, we have

n@W)UP W) =n@W))+nW)).
Hence, W contains only finitely many elements Wy, ..., W, such that

N (W) = =n(®W,)) = maxn(l (W)).
Now, as 7 is [-invariant, the set {W7, ..., W,} is T-invariant. As I is
Zariski connected and acts irreducibly on V', we get W =-.. =W, =

V and W = {V'} as required.

Assume I' acts non trivially on V. By assumption, I' is a non rela-
tively compact subgroup of SL(V'), hence the closure of Q,I" in the
space of endomorphisms of V' contains a non-zero singular map f.
We have just shown n(P(ker f)) = n(P(im f)) = 0. We claim that
n(P(im f)) = 1. Indeed write f = lim A,7v, with A, in Q, and ~,, in I'

n—oo
and note that, for all z in P(V)\P(ker f), the sequence 7,z accumulates

towards P(im f). Then, as 7 is [-invariant and as n(P(ker f)) = 0, for
every continuous function ¢ with compact support on P(V') \ P(im f),
one has

[ e(z)dn(z) = Tim [ o(y,a)dn(z) =0.

This proves that n(P(V) ~ P(im f)) = 0, hence n(P(im f)) = 1. This
contradiction proves that I' acts trivially on V. U

2.2. Proof of countability in the real case. Let G be a real Lie
group and let A C X be discrete subgroups of G.

Definition 2.4. We let T (G, A, ¥) denote the set of closed subgroups
H of G such that

(7) ¥ is contained in H and X is a lattice in H.

(77) one has A = ¥ N H°, where H° is the connected component of H.

(47i) there exists a subgroup I' of H such that AdT” is semisimple with

no compact factor and I' acts ergodically on the H-invariant measure
of H/Y.

The core of the proof of Proposition 2.1 in the real case is the fol-
lowing

Lemma 2.5. Let G be a second countable real Lie group and A C X
be finitely generated discrete subgroups of G. The set T(G,A,X) is
countable.
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Note that this countability statement would not be true without the
ergodicity condition (7). Indeed, when G = SL(2,R), A = X = {e},
G countains uncountably many compact subgroups H.

We shall need several preparatory lemmas. The semisimplicity as-
sumption plays an essential role in the following

Lemma 2.6. Let G be a real Lie group and A C X be discrete subgroups
of G. Let Hy and Hy belong to T(G,A,X). Then Hy normalizes Hy.

A similar phenomenom appears in the proof of [25, Prop. 1.7].

Proof. 1t suffices to prove that H; normalizes the Lie algebra h, of H,.
Now, as X is contained in Hs, the map

Hl — Gr(g), hl — Adhl(b2)

factors as a map H; /¥ — Gr(g). Let n be the image of the H;-invariant
measure of H; /Y under this map. Let T" be a subgroup of H; such that

AT s semisimple with no compact factor and that I" acts ergodically
on Hy/%. Asnis I'-ergodic, by Lemma 2.3, v is a Dirac mass on a fixed
point of I', that is b, is normalized by H;, what should be proved. [

We shall also need the two following elementary facts.

Lemma 2.7. Let G be a second countable real Lie group. Then the set
of normal compact subgroups of G is countable.

Proof. Let K be a normal compact subgroup of G. The Lie algebra &
of K may be decomposed in a unique way as a direct sum € = s @ a
where s is semisimple and a is abelian. As £ is a G-invariant ideal of g,
so are § and a. As the Lie algebra g of G contains only finitely many
semisimple ideals, we may assume that s is fixed. As the connected
analytic subgroup S of G with Lie algebra s is compact and normal in
G, after replacing G by G/S, we may assume s = {0}.

In other terms, we have to prove that G contains countably many
compact normal subgroups K whose Lie algebra € is abelian. Since
such a K is compact, ¥ admits a K-invariant complementary subspace
v in g. As v is K-invariant and € is an ideal of g, € is central in g,
hence, K° is a central subgroup of G°. Now, the connected component
of the center of G° is isomorphic to a product RP x T¢ and T? admits
countably many closed subgroups. Hence we may assume that K° is
fixed. Thus, after replacing G by the group G/K°, we may assume
that K is finite. Since K is normal, it then centralizes G° and Lemma
2.7 follows from Lemma 2.8 below. U

Lemma 2.8. Let G be a second countable real Lie group. Then the set
of compact subgroups of G which centralize G° is countable.
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Proof. By replacing G by the centralizer of G°, we may assume G° is
central in G and we have to prove that G contains countably many
compact subgroups. Now, as above, G° being an abelian connected
group, it admits countably many compact subgroups, hence we may fix
the intersection of our compact subgroups with G°. As this intersection
is central, up to replacing G by a quotient, we may assume it is trivial,
and we therefore only have to prove that G contains countably many
finite subgroups F' such that FNG° = {e}. For such a subgroup F, the
group F'G° is isomorphic to the product ' x G° and contains therefore
only finitely many finite subgroups F’ such that F' N G° = {e} and
F'G° = FG°. As G/G"° is countable, the result follows. O

We can now give the

Proof of Lemma 2.5. We can assume the set UHeT(GAz) H spans a
dense subgroup of G. Set L = ﬂHeT(GAE) H°. By Lemma 2.6, L is a
normal subgroup of G. Since L NY = A is a lattice in L, the image of
Y in G/L is still discrete, so that, after replacing G by G/L, we may
assume L = {e}. In particular, this gives A = {e} and thus, for any H
in T(G,A,Y), H° is compact. As, still by Lemma 2.6, H° is normal
in G, and, by Lemma 2.7, the set of normal compact subgroups of G is
countable, we can suppose H° is fixed, thus after replacing G by G/H?°,
we can assume H is discrete.

In other terms, we only have to prove that, setting V(G,X) to be
the set of discrete subgroups H of G which contain ¥ as a finite index

subgroup and which admit a subgroup I' such that AdT” is semisimple
with no compact factor and H = I'YS; then V(G, X) is countable. Now,
if H belongs to V(G, %), H normalizes a finite index subgroup © of
Y. As ¥ is finitely generated, the set of finite index subgroups of ¥ is
countable, and we can assume O is fixed. We set G’ to be the closure of
the subgroup of G spanned by all the H’s in V(G, ) which normalize
O and replace G by G'/©. Now, we just have to prove that, if 3 is
finite, V(G, X)) is countable. In this case, if H belongs to V(G, X)), then
H is finite and, if I" is a subgroup of H such that AdT” is semisimple
with no compact factor and H = I'Y; then I is finite. Therefore AdI’
is finite, hence trivial. In other terms, I' is a finite subgroup of G which
centralizes G°. By Lemma 2.8, the set of such subgroups is countable
and we are done. O

We can now conclude the

Proof of Proposition 2.1 in the real case. Let Y be in Sx(I") and recall
that Gy denotes the stabilizer of Y in G. We pick g in G such that gA
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belongs to Y and we set H = ¢~ '(I'G5)g. As H and H° are open in
¢ 'Gyg and gAg ' NGy is a lattice in Gy, AN H is a lattice in H and
AN He is lattice in H°. In particular, by [23, 6.18], A N H* is finitely
generated. Since I is compactly generated, the real Lie group H is also
compactly generated and its lattice AN H is also finitely generated. In
particular, as A admits countably many finitely generated subgroups,
we can assume the groups

A=ANH® and X:=ANH

are fixed. Now, the group H belongs to 7 (G, A, X)) so that, by Lemma
2.5, we can also assume it to be fixed. The point gH € G/H is I'-
invariant, hence, by Lemma 2.2, we can assume that the L-orbit LgH
is fixed.

Now, if ¢g; is an element of G such that Lg; H = LgH, one can write
g1 = Lgh with £ in L and h in H. Hence one gets gt HA = ¢Y and the
result follows. ([l

2.3. Proof of equidistribution in law. We will need the following
elementary Lemma which asserts that any two distinct elements in
Sx(I') which are open in X are disjoint.

Lemma 2.9. Let G be a second countable locally compact topological
group, A be a discrete subgroup of G, X = G/A and T" be a closed sub-
semigroup of G. Any two distinct elements Y #Y" of Sx(I') which are
open in X are disjoint.

In particular the set S,,(I') :== {Y € Sx(I') , Y open in X} is count-
able.

Proof. Assume the intersection Y” = Y NY’ is not empty. Then, as
Y" is open in Y, one has vy (Y"”) > 0 and, as Y is [-invariant and Y
is ['-ergodic, one has vy (Y"”) = 1. Since Y is closed, we get Y = Y.
In the same way, Y’ =Y. O

Using Proposition 2.1 and the results of [4] and [5], we get the

Proof of Theorem 1.4.a) and 1.4.b). We proceed by induction on the
dimension of G. If this dimension equals 0, then the space G/A is
finite and the result is evident.

Assume G has positive dimension and fix x in X. If there exists
a non-open Y in Sx(I') such that x belongs to Y, we get the result
by induction. Thus, we can assume this is not the case, and we will
prove that there exists a unique Y, in S,,(I") containing = and that the

1. —1
sequence of probability measures v,, = % Yo ¥ x 6, on X converges
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toward vy,. Now, let v be a limit point of v, as n goes to co, so that
v is p-stationary. By [5, Th. 7.2], v is a probability measure.

By [4, Th. 2.5], v being p-stationary, it is I'-invariant and every
p-ergodic component of v is equal to some vy for YV in Sx(I'). Let
L be the centralizer of I in G. By [4, Prop. 6.24 and Cor 6.25], for
every non-open Y in Sx(I') and every compact subset K of L, one
has v(KY) = 0, hence v(LY') = 0. Since, by Proposition 2.1, Sx(I)
is a countable union of L-orbits, almost every ergodic component of v
is equal to some vy with Y in S,,(T').

Since by Lemma 2.9, S,,(I') is countable, there exists Y, in S,,(I")
such that v(Y,) > 0. But then, the point x belongs to Y, so that,
by Lemma 2.9, Y, is the unique element of S,,(I") containing z. By
construction, v does not give mass to any other element of S,,(I").
Therefore, v = vy, and we are done. O

x

3. MARKOV OPERATORS

We will now develop abstract probabilistic tools for proving the al-
most sure statement in Theorem 1.4. An important ingredient in our
method comes from the proof of Breiman’s law of large numbers for
Markov chains [8], which, in the context of group actions, states as
follows:

Let G be a locally compact group, X a compact metrizable G-space,
and i a Borel probability measure on G such that there exists a unique
w-stationary Borel probability measure v on X. Let g1,...,gn,... be a
sequence of random elements of G which are independent and identi-
cally distributed with law p. Then, for any x in X, almost surely, one

has .
1 —
— )
n

ggrw ——> V.
k=0

n—oo

In our situation, we have to update the strategy of [8] since X is not
compact and there may be several u-stationary probability measures on
X. To do this, we shall need abstract general informations on Markov
chains.

3.1. Markov measures and the law of large numbers. Let (X, X)
be a standard Borel space. By a Markov operator on X, we mean a
Borel map x — P, from X to the space of Borel probability measures
on X. Given such an operator, for any bounded Borel function ¢ on
X and any x in X, we set

Po(z) = /X pdP,.
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Let us recall the construction of the Markov measures associated to
P on the space of trajectories. We set W = X~ and we equip it with
the product o-algebra X®N. An element w in W will be written as a
sequence w = (wp, wy, ws,...). For any x in X, there exists a unique
Borel probability measure w, on W such that, for any bounded Borel
functions g, ..., @, on X, one has

/W co(tt) -~ () dewn(w) = (@oP(. .- (PnsP(gn)) . )) ().

In other terms, w, is implicitely defined by w, = 8, @ ([ Wy dP:(y)).
We say w, is the Markov measure associated to P and =x.

Ezxample 3.1. Let a locally compact topological group GG act measurably
on X. Fix a Borel probability measure pz on G and set, for any = in X,
P, = % 6,. This defines a Markov operator P on X which represents
formally the notion of a random walk on X with law p. For any x in X,
the associated Markov measure w, on W is the image of the measure
p® on GN under the map (gi)ken — (gr—1- - - JoT)ken-

Lemma 3.2. (Breiman [8]) Let (X, X) be a standard Borel space, P
be a Markov operator and ¢ be a bounded Borel function on X. For
every x in X, for w,-almost every w in W, one has

n—1 n—1
1 1
) — = 3" Pip(uwy) — 0.
"2 o(wy) "2 p(wy) —— 0

Proof. We first recall the following version of the classical law of large
numbers:

Let (Y,Y,n) be a probability space and ((,) be a bounded sequence
of elements of L2(Y, Y, n) with, for any n, E(¢,|Caz1,y ..., C1) =0, then
%22:1 Cr — 0 almost everywhere.

For any integer n > 1 set, for w in W,

Cu(w) = p(wn) — Pyp(w,-1).

This sequence of functions on W is bounded by 2supy |¢| and, as ¢,
only depends on w,, ..., wy, one has, for any n > 1,

sz(Cnanla cey Cl) = ]sz(]sz(Cn‘wnfla s :wo)‘Cnfh ER Cl)
By construction, one has
sz(gn‘wnfla S 7w0) = Oa

hence

wa (CnKn—la cee 7C1) =0.
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Therefore, we have, w,-almost everywhere, %Zzzl (. —— 0. The
n—oo

result follows, since ¢ is bounded. 0

We say a Borel measure v on X is P-invariant if, for any nonnegative
Borel function ¢ on X, one has [, Podv = [, ¢dv.

Recall, if X is a compact space, a Markov-Feller operator on X is a
nonnegative operator P on the space of continuous functions on X such
that P1 = 1. In other terms, a Markov-Feller operator is a Markov
operator on X such that the map x + P, is continuous, when the
space of Borel probability measures of X is equipped with the weak-*
topology.

From Lemma 3.2, we get

Corollary 3.3. Let X be a compact metrizable topological space and P
be a Markov-Feller operator on X. Then, for any x in X, for w,-almost
any w i W, any weak-+ limit vy of v, := %ZZ;& Ow,, 15 P-invariant.

In particular, using the weak-*-compactness of the space of proba-
bility measures on X, we retrieve Breiman’s law of large numbers in
[3]:

If moreover there exists a unique P-invariant probability measure
v on X, then for any x in X, for w,-almost any w in W, one has
1 n—1
n Zk:o 6wk n_mO} v.

Proof of Corollary 3.3. Let v,, be a subsequence converging to v,. For
any continuous function ¢ on X, one has

/ pdv, = lim @ dvy,.

Since P is Feller, the function Py is also continuous and one has also

/ Ppdv,, = lim Pyduy,,.
X

k—o00 b'e

Hence by Lemma 3.2, one has [, ¢ dve = [ Podvs, and vy is P-
invariant. U

3.2. Recurrent subsets. We need to understand weak limits as in
Corollary 3.3 when the space X is not compact and in particular to get
a handleable criterion for them to have total mass 1. To this aim, we
study recurrent subsets.

If Y € X is a Borel subset, we say Y is P-recurrent if, for any x
in Y, one has w,({w € W | 3k > 1 wy, € Y}) = 1, that is if, almost
surely, the trajectories issued from Y turn back to Y. For any w in W,
we let

Ty (w) =min{k > 1 |w, € Y} € [1, 0]
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denote the first return time in Y. In the same way, for any w in W
with f{k € N | wy € Y} = o0, we set -(w) = 7v(w) and, for any
p=2

P (w) = min{k > 72" (w) | wy € Y}.
If wy € Y, we also write 7(w) = 0. These are the successive return
times of w in Y.

Assume Y is P-recurrent and let, for any z in Y, @, denote the
probability measure on Y that is the image of w, under the map w —
Wry (w), Which is defined w,-almost everywhere on W. We say @ is the
Markov operator induced by P on Y. One easily checks that, for any
x in Y, the Markov measure associated to ) and x is the image of w,
under the map

W — YN7w = (wT}g(w))pEN-

We say a P-invariant Borel measure v on X is ergodic if, for any Borel
function ¢ on X with Py = ¢, ¢ is constant v-almost everywhere.

Lemma 3.4. Let (X, X) be a standard Borel space, P be a Markov
operator on X, Y be a P-recurrent Borel subset of X and () be the
Markov operator induced by P on Y. Let v be a P-invariant Borel
measure on X. Then vy is Q-invariant. Moreover, if v is P-ergodic,
then vy is Q-ergodic.

Proof. Let ¢ be a nonnegative Borel function on X and let us prove
Jy Qedr = [, ¢ dv. We introduce the function ¢ : X — [0, 00) given
by ¢($) = QP(:L‘) if z €Y and w(f) = fW 1{'ry(w)<oo}90(w7'y(w))dwm(w)
else. By construction, one has

VY =ly + Y1y
(3.1) Pip = (Qp)ly + ¢lye

hence

fxwdy:fywdv+fycwdl/
Jx PYdv = [, Qpdv + [, dv.

Since v is P-invariant, this gives [, Qpdv = [, ¢ dv. Now, assume v
is P-ergodic and Qp = ¢ and let still ¢ be as above. From (3.1), we
get Py = 1, hence v is constant v-almost everywhere and so is ¢. [

3.3. Exponentially recurrent subsets. Assuming the return times
enjoy strong uniform moment properties, we will now get almost sure
estimates on the asymptotic behaviour as p goes to co of the p-th return
time of a given trajectory.
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Let still Y be P-recurrent. As in [4, Sect. 6], we say Y is ezponen-
tially P-recurrent if there exists 0 < a < 1 with

sup/ a” Y dw, < oo.
zeY JW

The following Lemma asserts that return times in exponentially recur-
rent subsets satisfy a large deviation principle.

Lemma 3.5. Let (X, X) be a standard Borel space, P be a Markov
operator on X and Y be an exponentially recurrent subset of X. We
set

0 := sup/ Ty dw, < o0.
w

€Y
Then, for any € > 0, there exists a > 0 such that, for any x in'Y and
p i N, we have
w{w € W | 7 (w) = p(0+)}) < e
In particular, for w,-almost any w in W, one has

1
limsup —73-(w) < 6.
p—r00

Proof. Let 5y > 0 be such that

sup/ "™ dw, < co.
zcY JW

For any 0 < 8 < By, for any = in Y, we get

we({w e W | (w) > p(@+e)}) < e‘pﬁ(eJrE)/ Py (W) dw,(w).
W

Now, by the Markov property for the operator induced by P on Y, we

have »
/ P dw, < <sup / e’ dwy) .
w yeYy Jw

Since for every t > 0 one has e’ < 1+t + t2¢!, there exists C' > 0 such
that, for 0 < 8 < 3y, one has

sup/ e’ dw, <1+ B0+ CB%.
yey JWw
Thus, if £ is small enough, we get
e = ¢ Al0+e) sup/ e’ dw, <1
yey JW

and the first part of the Lemma is proved. The second follows, by
Borel-Cantelli Lemma. O
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Lemma 3.5 yields the following Corollary, which we shall not use but
which is of independent interest:

Corollary 3.6. Let (X, X) be a standard Borel space, Y D Z be Borel
subsets of X and P be a Markov operator on X. Assume Y is P-
recurrent and let () be the Markov operator induced by P onY. If Y
is exponentially P-recurrent and Z is exponentially QQ-recurrent, then
Z is exponentially P-recurrent.

Proof. By Lemma 3.5, there exists v > 1 and « > 0 such that, for any
x in Y and p in N, one has

we({w € W[ (w) > yp}) < e,
As Z is exponentially Q-recurrent, there exists § > 0 such that, for p
large enough, for any x in Z, one has
w({w € W | 72(w) > L (w)}) < e P
We get
wa({fw € W | 72(w) > yp}) < e P 4 ¢7PP
and the result follows. U

We now aim at proving that, on a given trajectory which starts from
an exponentially recurrent subset Y, most of the time is spent at a
close temporal distance from Y.

To be more precise, we introduce some notations. Let still Y € X
be a Borel subset. If w € W is such that wy € Y and §{k € N | wy, €
Y} = oo, we set, for any natural integers p, T,

+1
oy (w) == 13" (w) — 75 (w),
which are the successive excursion times of w out of Y, and
b () = 0% (W) (e wy>ry and Tp(w) = Y of p(w),
0<g<p
which is the total duration among the p first excursions outside Y of

those of length > T

Lemma 3.7. Let (X, X) be a standard Borel space, P be a Markov
operator on X andY be an exponentially P-recurrent subset of X. For
any € > 0, there exists T' in N such that, for any x in'Y, for w,-almost
any w in W, one has

1
limsup -7 (w) < ¢
poo P
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Proof. Since Y is exponentially P-recurrent, there exists ag > 0 such
that sup,cy fW €7 dw, < oco. Hence, for T large enough, we have

Sup/ Ty dw, < e
zeY Jw
We can now conclude as in the proof of Lemma 3.5, using the fact that

1
QT
SUP,ey Jy €70V dw, < 0. O

3.4. Excursions of trajectories. Let u : X — [0,00] be a Borel
function such that there exist 0 < a < 1 and C' > 0 with Pu < au+C.
In [4, Prop. 6.3], we proved, if M > 0 is large enough, the set X, =
u ([0, M]) is exponentially recurrent. In Proposition 3.9 below, we
will see that, on the set {u < oo}, almost surely, the trajectories spend
most of the time in subsets of the form X,; with M large. This is a
key step for proving Theorem 1.4.c).

We start with a much weaker result, whose conclusion serves as a
motivation for the exact formulation of Proposition 3.9 and which will
also be of use in the proof of Theorem 1.5.

Lemma 3.8. Let (X, X) be a standard Borel space, P be a Markov
operator on X and u : X — [0, 00| be a Borel function such that there
exist 0 <a <1 and C > 0 with Pu < au+ C. Let v be a P-invariant
P-ergodic Borel probability measure on X such that v({u < oo}) > 0.
Then one has qudV < &

Proof. According to Chacon-Ornstein ergodic Theorem, for v-almost
every x in X, one has

n—1
1
— Z Pru(z) —— [ wdv.

Since v({u < o0o}) > 0, we can choose such a z with u(z) < co. Now,
by assumption, for every k > 0, one has

C
Pk < k
u(z) < au(x) + T
hence
n—1
1 u(z) C
-y Pk < :
nz u(@) < (1—a)n+ l—a
k=0
Letting n go to infinity, we get [, udy < ;<. O

The main result of this chapter now states
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Proposition 3.9. Let (X, X) be a standard Borel space, P be a Markov
operator on X and u : X — [0,00] be a Borel function such that there
erist 0 < a <1 and C > 0 with Pu < au+ C. Then, for any v in X
with u(x) < 0o, for wy-almost any w in W, for any M > 0, one has

C
h;nﬁsolip ﬁ{O <k<n|u(wg) >M} < Aol
Note, if v is a P-invariant Borel probability measure, by Birkhoff
Theorem and Lemma 3.8 above, the conclusion of Proposition 3.9 holds
for v-almost any = with u(z) < oo.
As a first step toward the proof, we establish a weaker result that
would be sufficient for our purpose.

Lemma 3.10. Let (X, X) be a standard Borel space, P be a Markov
operator on X and u : X — [0, 00| be a Borel function such that there
erist 0 < a <1 and C >0 with Pu < au+ C. Then, for any x in X
with u(z) < oo and € > 0, there exists M > 0 such that, for w,-almost
any w in W, one has

lim sup — ﬁ{0< E<n|u(wg) >M}<e.

n—00

Proof. Choose My > 0 and set Y = u~!([0, My]). By [4, Prop. 6.3],
if My is large enough, the set Y is exponentially P-recurrent. More
precisely, pick ag in (a, 1] and assume ag — a — C'/My > 0. Reusing
ideas of the proof of [4, Prop. 6.3], let us prove the following uniform
bound for weighted Birkhoff sums of v up to the return time in Y: for
any x in X,

Ty (W)
au(z) +C
3.2 E ag uw ) dw, < )
(3:2) /Wkl o ulwg) dewy (w) ag —a— C/M,

In order to prove this bound, we set, for x in X and n > 1:

min(7y (w),n)

0= [ Do oqtulun) desw)

which can be rewritten as
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In particular, one has U,(z) < Y.r_, ag"P*u(z) < oo. Besides, the
function 14, >y being a function of wy, ..., wy_1, by the Markov prop-
erty, one gets

Ule) = 305 /{ o PO )

aak au(w,_1 C) dw, (w
< /{ (au(wi-s) + C) du, (w)

Ty (w)>k}

n

—au(:p)+C ak a+ C/My)u(wy_1) dw, (w
it [ e M) )

Ty (w)>k}
au(z) +C L9 + C'/ My
Qo Qg

IN

<

Un(x),
that is, since ag —a — C/My > 0,

au(z) +C
< .
Un(x) - ag — a — O/M()

Letting n go to oo, we get (3.2).
For any z in Y and p in N, we set, for w,-almost any w in W,

vy(w) = max log ., u(wy).
p(w) P S + u(w)

According to (3.2) with ay = 1, one has

sup/ e du, < co.
zeY JWwW

Set p = sup,ey [y o(w)dw,. Reasoning again as in the proof of
Lemma 3.5 yields, for any x in Y, for w,-almost any w in W,

n—o0

n—1
1
li — E < p.
imsup 2 vp(w) < p

Now, by Lemma 3.7, there exists T" in N such that, for any x in Y,
for w,-almost any w in W, one has

1
lim sup — 7y - (w) <
n—oo T 7

DO | ™
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Since, for any n in N, 794 > n, we get, for any M > 1,

n—1
ﬁm§k<nwww>kﬂé§:§ ) Liu,(w)>log At
=0

< 7y r(w) + TH{0 Sp n | vy(w) > log M}

T n—1
< n
— TYT(w) + IOgM pz;vp(w)7
thus, for wx—almost any w in W,
limsup 40 < k< n | u(wg) > M) < 5+
im su n | u(w =
n—>oop ¥ o 10g M
The result follows, since M is arbitrarily large. U

Proof of Proposition 3.9. For any M > 0, set X, = u~ ([0, M]).
Fix ¢ > 0 and M > 0. By Lemma 3.10, there exists M’ > 0 such
that, for w,-almost any w in W, for n large enough, one has

1 «—
E Z lxjcw(wk) S E.
k=0

Pick m > 1 such that am%’ < e. By Lemma 3.2, for w,-almost any w
in W, for n large enough, we have

1 n—1 1 -1
2 g, (w) 52 g, (W)
k=0

-1
< ]‘XM’ (U)k) PlefV[ (wk) + 2 < + 36,
=0

3|

. (1—a)M

since, for any y in X/, one has

1 1 C C

The Proposition follows. O

4. EQUIDISTRIBUTION THROUGH MARKOV CHAINS

In this chapter, we apply the results on Markov chains established
in Chapter 3 to the proof of Theorems 1.4.c), 1.5 and 1.7.
The key geometric input we will need from [4] and [5] is the following
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Lemma 4.1. Let G, A, X, T' and i be as in Theorem 1.4 and L be
the centralizer of I' in G. We denote by P the Markov operator on X
with transition probabilities P, = pu* d,, v € X.

Let K be a compact subset of X. There exist a lower semicontinuous
function v : X — [0,00] which is bounded on K and 0 < a < 1
and C > 0 with Pu < au + C, such that, for any M > 0, the set
X =u ([0, M]) is compact.

If Xy is P-recurrent, we let Py denote the Markov operator induced
by P on Xyy.

LetY be a closed I'-invariant homogeneous subspace of X and K, be
a compact subset of L. If M is large enough, the set X s is P-recurrent
and there exist a lower semicontinuous function vy @ Xy — [0, 00], a
compact neighborhood K; of K, in L and 0 < apr < 1 and Cpy > 0
with

PMUM < GMUM+CM
vy < 00 on (K1Y)* N Xy
Uy = 00 on KrY N Xy

Proof. The existence of u follows from [5, Prop. 7.4]; the one of vy,
from the proof of [4, Prop. 6.24]. Note that, by Proposition 3.9, the

: c
set X s is P-recurrent as soon as it < 1. O

4.1. Almost sure equidistribution of trajectories.

Proof of Theorem 1.4.c). We set X = G/A and P for the Markov op-
erator on X with transition probabilities P, = p* 6., v € X. Fix z in
X. As in the first part of the proof of Theorem 1.4, we can assume x
does not belong to any non-open Y in Sx(I').

By Lemma 4.1, there exist a lower semicontinuous function u : X —
[0,00] and 0 < a < 1 and C > 0 with Pu < au+C, u(z) < oo and such
that, for any M > 0, the set X3, = u=1([0, M]) is compact. Therefore,
by Proposition 3.9, for w,-almost any w in W, any weak limit point v
of % Z;(l) 0w, is a probability measure. By Lemma 3.2, such a limit
point is p-stationary. By [4, Th. 2.5], v is an average of probability
measures vy with Y in Sy(I"). By Proposition 2.1 and Lemma 2.9, it
suffices to prove that, for any non-open Y in Sx(I') and any compact
subset K, of L, one has v(K Y) = 0 (where L is the centralizer of I’
in G).

Fix 0 < e <1 and M > 0 large enough, so that ﬁ < e. By
Proposition 3.9, the set Xy = u=([0, M]) is P-recurrent. We let Py,
be the Markov operator induced by P on X and 77, p € N, be the
successive return times in X,;. By Lemma 4.1, if M is large enough,
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there exist a lower semicontinuous function vy, : X — [0, 00] and
0 <ay < 1and Cy > 0 with Pyvy < apyon + Cur, vy(x) < 00
and such that vy; = oo on K Y N X),. Therefore, by Proposition 3.9,
applied to the Markov operator P, for w,-almost any w in W, any
weak limit point of the sequence of probability measures % 5 ;é W )
gives mass 0 to K Y N X,;. Hence, applying Proposition 3.9 to]v‘[che
operator P, we get v(K1Y N X)) < e. The result follows, since ¢ is
arbitrarily small and M arbitrarily large. U

4.2. Equidistribution of invariant homogeneous subsets. The
proof of Theorem 1.5 essentially relies on the following

Lemma 4.2. Let G, A, X and I be as in Theorem 1.4 and L be the
centralizer of I in G. Fix a compact subset K of X and let (Y,) C
Sk(I') and vy be a cluster point of vy, as n — oco.

a) The measure Vs, has total mass 1.

b) If Y € Sx(T') is such that, for any compact subset Ky, of L, for all
but finitely many n, one has Y, ¢ K1Y, then one has vs(LY) = 0.

Proof. The proof follows the same lines as the one of Theorem 1.4.c).
For any n, we set v, = vy,. By replacing K by a compact neighbor-
hood, we may assume one has v, (K) > 0.

Let p be a compactly supported Borel probability measure on I'
whose supports spans I and let P be the Markov operator on X with
transition probabilities P, = pu*9d,, x € X. By Lemma 4.1, there exist
a lower semicontinuous function u : X — [0, co] which is bounded on
Kand 0 <a < 1and C > 0 with Pu < au + C, such that, for any
M > 0, the set X3y = u='([0, M]) is compact. Since for any n, v, is
[-invariant, it is P-invariant. Hence, as v, (K) > 0, by Lemma 3.8, one
has [ udy, <7< and therefore

C
4.1 (XS) < ——
( ) v ( M) — (1 . a)]\/[
We get v (X§,) < (172) 57 and vy is a probability measure, that is a)
is proved.
Let Y be as in b) and let us prove voo(LY) = 0. Fix 0 < e < 1

and M > 0 large enough, so that ﬁ < e. By Proposition 3.9, the
set X is P-recurrent. We let Py, be the induced Markov operator
on Xp;. Now, if M is large enough, the second part of Lemma 4.1
holds: there exist a lower semicontinuous function vy, : Xy — [0, 0o,
a compact neighborhood K of Ky in L and 0 < ap <1 and Cp >0
with Pyvpy < aprvpr + Cyy, such that vy, < oo on (K7Y)°N Xy, and

vy = o0 on KpY N Xy,
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For any M’ > 0, we set Xy = vy ([0, M']). Let us dominate
Un (X N Xarar). By Lemma 3.4, for all n, the restriction of v, to Xy,
is Py-invariant and P,s-ergodic. By assumption, for all but finitely
many n, we have v,(K7Y) = 0. Hence, by Lemma 3.8, we get

C C
/ UMan Syn<XM)(1 _M S 1_M 5
Xu ay) — (1 —anm)
and Vn<XM AN XM,M’) S %.

Since Xy is compact, using (4.1) and letting n go to oo, this gives

Voo(Xp) > 1—e— (1—3—3)1\4” thus, since M’ is arbitrary, v. (KL Y N
Xy) < e. Since ¢ is arbitrarily small and M arbitrarily large, this
proves Vs (LY') = 0 as required. O

Proof of Theorem 1.5. Since b) directly follows from Lemma 4.2, we
only have to prove a). Note b) implies Sk (I") is closed.

Let (Y,,) be a sequence in Sk(I') and let us construct a converging
subsequence. First, we can assume the sequence (vy,) converges to a
measure Vs,. By Lemma 4.2.a), v, is a probability measure. Since
Vs is [-invariant, by [4, Th. 2.5], every I'-ergodic component of v, is
equal to vy for some Y in Sx(I'), hence, as by Proposition 2.1 Sx(I")
is a countable union of L-orbits, there exists Y., in Sx(I') such that
Voo(LYs) > 0. By Lemma 4.2.5), there exists a compact subset K, of
L such that, for large n, one has Y,, C K Y. Assume the dimension
of Y, is minimal and let us prove v, = vy, for some ¢ in K.

Indeed, for n large, since Y,, is I'-ergodic, there exists ¢,, in K, such
that Y,, C ¢,Y,. After again extracting and replacing Y., by a trans-

late, we can assume ¢, —— e. Since vy, — V-1, —— 0, we can
n—00 noo" n—oo

assume, for all n, one has ¢, = e, that is Y,, C Y. Now, still by [4,
Th. 2.5], every I'-ergodic component of v, is equal to vy for some
Y in Sx(I'), Y C Y. But, by assumption and by Lemma 4.2.5), if
Y ¢ Y, one has v (LY) = 0. Hence, again by Proposition 2.1, we
have v, = vy_, what should be proved. U

4.3. Closed invariant subsets.

Proof of Theorem 1.7.a) and b). Note b) follows directly from Theo-
rem 1.5.0) and the fact that L is now assumed to be discrete.

Let us prove a), that is the set Sx (I") is compact. By Theorem 1.5.a),
it suffices to construct a compact subset K of X such that, for every
xz in X, one has 'z N K # (). Now, fix a compactly supported Borel
probability measure p on I' whose support spans I'. By [5, Th. 7.2.5)]
(see also [11] and [5, Th. 1.4] in the real case), there exists a compact
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subset K of X such that, for any = in X, for n large enough, one has
W 0,(K) > 1/2 and we are done. O

To prove Theorem 1.7.¢), we will need the following complement to
Lemma 2.9:

Lemma 4.3. Let G, A, X and T’ be as in Theorem 1.4. If the central-
izer of I in G is discrete, then the set S,,(I') is a cover of X by finitely
many disjoint open sets.

Proof. We only have to check that the set S,,(I') is finite and that one
has X' =Uyes,m Y-

Assume there exists a sequence (Y;,) of distinct elements of S,,(I").
Since, by Theorem 1.7.a), Sx(I') is compact, we can assume (Y,,) con-
verges to some Y in Sx(I'). Now, by Theorem 1.7.b), we get, for large
n, Y, C Y, hence, since Y,, is open and Y is [-ergodic, Y,, =Y, which
is a contradiction. Therefore, S,,(I") is finite.

In particular, the set X ~ UYesop(r) Y is open in X. By Theorem
1.4, we have X = UYESX(F) Y. Since, by Proposition 2.1, the set Sx (I")
is countable, we have

vx (Uygs,,m Y) =0
Thus, the set X \ Uy Sop(r) ¥ IS empty. O

Proof of Theorem 1.7.c). Let F be a closed I'-invariant subset of X,
and let us prove F is a finite union of elements of Sx(I'). Using Lemma
4.3, we can assume X is ['-ergodic. We proceed by induction on the
dimension of X. If it is zero, there is nothing to prove. Assume it is
positive.

If there exists Y7,...,Y, in Sx(I') ~ {X} such that FF C Y U---UY,,
then we are done by induction, since, for 1 <7 < r, FNY; is a closed
[-invariant subset of Y.

Assume this is not the case and let us prove F' = X. Let (Y},),>1 be
the elements of Sx(I') \ {X}, which is countable by Proposition 2.1.
For any n > 1, pick z, € F N (Y U---UY,) and set Z, =Tz,. By
Theorem 1.4, we have Z,, € Sx(I'). Since, by a), Sx(I') is compact,
(Z,) admits a limit point Z, in Sx(I'). Now, by construction, for any
Y # X in Sx(I'), for all but finitely many n, one has Z,, ¢ Y, hence,
by b), Zoo ¢ Y. We get Z, = X, hence ' = X, what should be
proved. 0

Example 4.4. If L is not discrete, there may exist closed I'-invariant
subsets in X which are not finite unions of sets of the form K.Y,
where K is a compact subset of L and Y is in Sx(I'). Here are two
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examples. We set G = SL(3,R), A = SL(3,Z) and I' ~ GL(2,Z) to
be the stabilizer of the decomposition Z® = Z? x Z. Let zy = Z3
be the base point of X, H ~ SL(2,R) be the semisimple part of the
stabilizer of R? x {0} in G, L = {{; = diag(t,t,t72) | t # 0}. We set
Yoo = Hzg, (Y,) to be the sequence of all finite I-orbits in Y, and
(tn) C (1,00) a sequence converging toward to, = 1. Then F} = LY,
and F, = YU, 0., Y, are closed I'-invariant subsets.

APPENDIX A. LATTICES IN S-ADIC LIE GROUPS

We now aim at proving Proposition 2.1 for general weakly regular
S-adic Lie groups. In order to adapt the strategy we followed in the
real case, we will use the notions introduced in [25] and [4, Sect. 5.

We will first study lattices in S-adic Lie groups and in particular
give conditions for them to be finitely generated. The main results of
this appendix are Proposition A.1 and Lemma A.9.

A.1. Finite generation of lattices. One of the main difficulties for
extending the proof of Proposition 2.1 is the fact that some of the
lattices we may encounter are not finitely generated: for example, if p
is a prime number, the group Z[%] is not finitely generated, although
it embeds as a lattice in R x Q,.

In this section, we precisely describe which S-adic Lie groups have
finitely generated lattices:

Proposition A.1. Let G be a compactly generated S-adic Lie group.
Any lattice in G is finitely generated.

In case G is S-algebraic and the lattice is arithmetic, this result is
due to Kneser [15]. We follow the same strategy.

Note that, if a locally compact group admits a finitely generated
lattice, it is compactly generated. Conversely, any cocompact lattice
in a compactly generated locally compact group is finitely generated
(see [16, IX.3] or [4, Prop. 5.22]), but this is not true for non co-
compact lattices: indeed, for any prime number power ¢, the group
A = SL(2,F,[T7']) embeds as a lattice in the compactly generated
locally compact group G = SL(2,F,((T"))), but A is not finitely gener-
ated.

Proof. We will show how to deduce this statement from the well-known
case where G is a real Lie group. Let G° be the connected component of
G. The closure Q2 of the image of A in G/G° has finite covolume. Since
G/G° is a compactly generated non-archimedean S-adic Lie group, by
(6, Lem. 5.2], Q is cocompact in G/G°, hence it is compactly generated
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(see for instance [4, Prop. 5.22]). We may thus assume that the group
AG” is dense in (. We conclude thanks to Lemma A.2 below. O

Lemma A.2. Let G be a compactly generated locally compact group,
G° its connected component and A be a lattice in G such that the group
AG® is dense in G. Then the group A is finitely generated.

Proof. By Montgommery-Zippin theorem in [19], there exists an open
subgroup H of G and a compact normal subgroup K of H such that
H/K is a connected real Lie group (note that if G' is an S-adic Lie
group, the existence of H and K does not rely on [19]). The group
ANH/ANK is alattice in H/K. Hence, by [16, IX.3], AN H is finitely
generated.

Recall, if G' is a topological group, U’ an open subset of G’ which
spans G’ and A" a dense subgroup of G’, then A’ is spanned by A'NU":
indeed, the group spanned by A’ N U’ is dense in A’ for the induced
topology.

Now, since the group G’ := G/G° is compactly generated and since
the image H' of H in G’ is open, there exists a finite set F’ in G’ such
that F'H' generates G’. Since the image A’ of A in the group G’ is
a dense subgroup, we may assume F” is contained in A’. Then, A’ is
generated by F’ and A’ H'. Therefore, A’ is finitely generated and so
is A, since A N G° is contained in AN H. O

A.2. Structure results, after Ratner. We recall a few definitions
and results from [25].

Let G be a weakly regular S-adic Lie group and g = @pES g, be
the Lie algebra of G. We let GG denote the connected component
of GG, which is also the analytic Lie subgroup of G whose Lie algebra
is the archimedean part of g. We also let G, denote the closure of
the subgroup of G spanned by Ad-unipotent one-parameter subgroups
of G and G, ; denote the closure of the subgroup of G spanned by
Ad-unipotent one-parameter subgroups of G with derivative in g, =
@Wgoo g,- The groups G, G, and G,y are normal in G.

A difficulty in the study of S-adic Lie groups is that there is in gen-
eral no normal open subgroup which plays the role of the connected
component of real Lie groups. We may however define a weak analogue
notion. A standard open subset () is a product of a small open neigh-
borhood 2, of e in G, and of a standard compact subgroup Qs of G
with Lie algebra g, (see [4, Sect. 5.1] and note that the archimedean
factor Q.. will play no role in the sequel). For any closed subgroup H of

G, we define the Q2-semiconnected component of H as its open subgroup
Hqo = (HNQ)H, sHs. The group H is said to be 2-semiconnected
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if H= Hg. The group H is said to be semiconnected if there exists
a standard open subset €2 such that H is {2-semiconnected. Note that
semiconnected components are not necessarily normal subgroups as,
for instance, if G = Z, x (®,>1Z*/?"%), where p is a prime number and
the group Z, of p-adic integers acts by translations on each Z/p"Z.

Let us now focus on a particular class of S-adic Lie groups. For
pin S, a p-adic Lie group N is said to be algebraic unipotent if it is
isomorphic to the group of Q,-points of a unipotent Q,-group. These
groups are extensively studied in [25, Sect.2] (where they are called
quasiconnected).

If p = oo, N is algebraic unipotent if and only if it is connected,
simply connected and nilpotent. Then, the exponential map is a dif-
feomorphism n — N, whose inverse is denoted by log.

If p < oo, by [25, Prop. 2.1], N is algebraic unipotent if and only if it
is weakly regular, spanned by Ad-unipotent one-parameter subgroups
and has nilpotent Lie algebra. Then, for any g in N, the morphism
Z — N;n — g" extends as a continuous morphism Z, — N, whose
derivative is denoted by log(g). The map log : N — n is an analytic
homeomorphism whose inverse is denoted by exp.

In any case, exp and log are Aut(/N)-equivariant and the map nxn —
n; (X,Y) — log(exp X expY) is polynomial (and is therefore given by
the Baker-Campbell-Hausdorff formula). In particular, if N’ is a closed
normal subgroup of N which is spanned by one-parameter subgroups,
then N/N’ is also an algebraic unipotent group.

An S-adic Lie group is said to be algebraic unipotent if it is a product
of algebraic unipotent p-adic Lie groups, p € S.

Let G be any weakly regular S-adic Lie group. Then, the group G, ¢
admits a Levi decomposition. Indeed this group G, s is also Ad-regular,
i.e. its center is equal to the Kernel of the adjoint representation, and
Ratner has proven in [25, Cor. 2.1] that such a group always has a Levi
decomposition. More precisely, let the solvable radical R, ; of G, ; be
the closure of the subgroup of G, s spanned by the Ad-unipotent one-
parameter subgroups tangent to the solvable radical v, of g, ;. We
define a Levi subgroup S,  of G, ¢ as being the closure of the subgroup
of G,y spanned by the Ad-unipotent one-parameter subgroups tangent
to a given Levi subalgebra (i.e. a maximal semisimple Lie subalgebra)
sy,y of g, . By [22] and [25, Cor. 2.1], the group S, ; has Lie algebra
S,,t, the center of S, ¢ is finite, the group R, ; has Lie algebra v, , is
algebraic unipotent, and one has

Gu = Su Ry ;.
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In particular, one has S, N R, = {e} and the product map S, 5 x
R,y — G, is a homeomorphism. It follows that every ad-nilpotent
element in g, ; is tangent to an Ad-unipotent one-parameter subgroup
in Gu7 f-

A.3. Unstable subgroups. We will now give conditions for some
weakly regular S-adic Lie groups to be compactly generated.

Let still G be a weakly regular S-adic Lie group with Lie algebra
g and let " be a closed subgroup of G. An element v of g is said
to be I'-unstable if 0 belongs to the closure of the orbit AdI'(v). A
one-parameter subgroup of G is said to be I'-unstable if its derivative
is a I-unstable vector (such a one-parameter subgroup is necessarily
Ad-unipotent). Let H be a closed subgroup of G with Lie algebra b
that is normalized by I'. We will make repeated use of the following
fact from [4, Lem. 5.12]:

(A.1) if AdT” is semisimple, any I'-unstable vector in b is tan-
gent to a I'-unstable one-parameter subgroup of H.

Lemma A.3. Let G be a weakly reqular S-adic Lie group, I" be a closed

subgroup of G' such that AdT” is semisimple and H be a closed subgroup
of G that s normalized by I". The following are equivalent.

(i) The group H, s is topologically spanned by I'-unstable one-parameter
subgroups.

(ii) The Lie algebra b, ; of Hyy is spanned by I'-unstable vectors.

Definition A.4. If either of the two properties of Lemma A.3 holds,
we shall say H is ['-unstable.

—_—

Note, if G is a quotient of the real Lie group SL(2,R) x T by a
discrete central subgroup whose projection on T is dense, then G is
spanned topologically by G-unstable one-parameter subgroups, but its
Lie algebra is not spanned by G-unstable vectors.

Proof of Lemma A.3. (ii)= (i) If b, ; is spanned by I'-unstable vectors,
by (A.1), the closure H' of the subgroup of H, ; spanned by I'-unstable
one-parameter subgroups has Lie algebra b, (. By [25, Cor. 2.1] (note
that the S-adic group H' is also Ad-regular), every ad-nilpotent vector
in b, ; is tangent to some Ad-unipotent one-parameter subgroup in H’,
that is H' = H, ;.

(i)=(ii) Conversely, assume H, s is topologically spanned by I'-
unstable one-parameter subgroups. Let t, s be the radical of h, , and
set j =D, ¢ /tur. We will first prove that the Lie algebra j is spanned
by I'-unstable vectors. Let [ be the subalgebra of those v in j such that
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Tw is a bounded subset of j and j; be the subalgebra of j spanned by I'-

unstable vectors, so that, since AdT'" is semisimple, we get j = [+j;. As
[[,j1] C j1, the subalgebra j; is an ideal of j. By construction, I' has no
unstable vector in j/j;, hence, H, ; being topologically spanned by I'-
unstable one-parameter subgroups, the adjoint map H, ; — Aut(j/j;)
is trivial. Since j/j; is semisimple, we get j; = j, that is j is spanned as
a Lie algebra by [-unstable vectors.

Now, as AdT” s semisimple, the Lie algebra b, ; admits a Levi
factor s, s which is I'-invariant and, since s, ; is I'-isomorphic to j,
it is spanned by I'-unstable vectors. Let ' be the subalgebra of D,
spanned by T-unstable vectors and v/ = h’ N, ;. Since s, ; C b, we get
5u.7,v'] C . Let Hy, s = Sy rRu s be the Levi decomposition of H,
associated to the Levi decomposition b, ; = 5, s @ty and R = exp(t')
be the unique algebraic unipotent subgroup of R, ; with Lie algebra
t/. Then S, ; normalizes R’ and hence S, ;R is a closed subgroup in
H, s. Now, by construction, every I'-unstable one-parameter subgroup
in H,y is contained in S, R, that is H,; = S, R, hence b, , = b,
what should be proved. 0

We now get a criterion to ensure some of the groups we will encounter
have finitely generated lattices:

Lemma A.5. Let G be a weakly reqular S-adic Lie group and I" be a

closed compactly generated subgroup of G such that AT is semisim-
ple. Assume G admits a normal I'-unstable semiconnected subgroup H
such that G = T'H. Then G is compactly generated. In particular, any
lattice in G s finitely generated.

Proof. Let v;, 1 < ¢ < £, be I'-unstable vectors which span the Lie
algebra b, ;. By (A.1), the lines they generate are tangent to one-
parameters subgroups V; of H,, ;. The group H' spanned by V1U- - -UV,.
is open hence closed in H, ;. By [25, Cor. 2.1] (note that the S-
adic group H' is also Ad-regular), every ad-nilpotent vector in b, ; is
tangent to some Ad-unipotent one-parameter subgroup in H’, that is
H' = H, ;. By construction, the group generated by I' and Vi,...,V,
is compactly generated. Since this group is equal to I'H,, ¢, since H is
a compact extension of H,, sH, and since H, is compactly generated,
the group G = I'H is compactly generated. The property on lattices
follows by Proposition A.1. O

A.4. Cosolvable radicals. We will construct large compactly gener-
ated subgroups in weakly regular semiconnected S-adic Lie groups.
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Let g be a Lie algebra. We shall say an ideal b of g is cosolvable if the
algebra g/b is solvable. As the intersection of any family of cosolvable
ideals of g still is a cosolvable ideal, g admits a smallest cosolvable ideal
¢. We say ¢ is the cosolvable radical of g.

Lemma A.6. Let g be a Lie algebra and s be a Levi subalgebra of g.
Then the cosolvable radical of g is the subalgebra of g spanned by [s, g].

Proof. Let ¢ be the cosolvable radical of g, ¢’ be the subalgebra spanned
by [s, g] and [ be the centralizer of s. Since s C ¢, we have ¢ C ¢. Now,
as § is semisimple, we have g = [ @ [s,g]. As [ normalizes [s, g|, it
normalizes ¢/, so that ¢’ is an ideal. As s C ¢/, ¢ is cosolvable, that is
¢ C ¢/ and we are done. O

For a weakly regular S-adic Lie group G, we define the cosolvable
radical C, of G, as the closure of the subgroup of G, spanned by
the Ad-unipotent one-parameter subgroups tangent to the cosolvable
radical ¢, of g,.

Lemma A.7. Let G be a weakly reqular S-adic Lie group with Lie
algebra g, 2 be a standard open subset of G, ¢, be the cosolvable radical
of g,, and Cy be the cosolvable radical of G,,.

a) The group C, s has Lie algebra ¢, ¢ and the group Ny = G, 5/Cy s
15 algebraic unipotent.

b) The group C,G+ is compactly generated; it is the largest compactly
generated closed subgroup H of G with H = H, H .

c) The group QC,G« is the largest compactly generated C)-semicon-
nected subgroup of G.

Proof. a) Let v, be the solvable radical of g, ;, R, s be the solvable
radical of Gy, s,y be a Levi subalgebra of g, , and S, ; be the as-
sociated Levi subgroup of G, ;. By construction, the Lie algebra s, s
has no anisotropic factor and the group Ad(S, ) has finite index in
the connected algebraic subgroup of GL(g, ;) with Lie algebra s, ¢, so
that [s,,f, g, f] is exactly the subspace spanned by S, ;-unstable vec-
tors in g, ; and, by Lemma A.6, ¢, is the subalgebra spanned by
Su,p-unstable vectors in g, ;.

By (A.1), every such vector is tangent to a S, s-unstable one-pa-
rameter subgroup. Hence, by Lemma A.3, the group C, s has Lie
algebra ¢, ;. In other terms, if v; = ¢, s N, s, we have Cy, y = S, Ry,
where Ry = expt; is the unique algebraic unipotent subgroup of R, s
with Lie algebra v;. In particular, N, is algebraic unipotent since it is
isomorphic to R, s/R; and a)is proved.

b) There exists vy, ..., v, in ¢, s which span ¢, s as a Lie algebra and
are eigenvectors associated to eigenvalues with modulus < 1 of some
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M-,V in Sy r. Therefore, if I' denotes the closure of the subgroup of
Su,r spanned by 71, ..., 7, the group C, s is I'-unstable. By enlarging
I', we can assume Ad(I") to be Zariski dense in Ad(S,, ;). Thus, by
Lemma A.5, C, ;G = C,G is compactly generated.

Conversely, let H be a compactly generated closed subgroup of G
with H = H,H.,, so that H is contained in G,G,. Since the closure
of HC\,G is still compactly generated, we may assume C,G, C H.

We recall that in a non-archimedean algebraic unipotent group, every
compactly generated subgroup is compact and every one-parameter
subgroup has closed non compact image (see [25, Prop. 2.1]). Now,
since the quotient group G, Gy, /C,G is isomorphic to N,, the image
of H in N, is trivial as required. We have proved b).

c) follows easily from b). O

We can now characterize the compactly generated weakly regular
semiconnected S-adic Lie groups.

Corollary A.8. Let G be weakly regular semiconnected S-adic Lie
group and g, ; be the Lie algebra of the group G.y. The group G
is compactly generated if and only if g, ; = [, s, Gus)-

Proof. By Lemma A.7, one has the equivalences: G is compactly gen-
erated <= G, s equals its cosolvable radical <= the Lie algebra g, ,
has no non-zero solvable quotient <= g, ; = [, ;, 8. s]- O

A.5. Finitely generated subgroups of lattices. The proof of Pro-
position 2.1 for an S-adic Lie group G will rely on studying sets of
subgroups of G which play the same role as the sets 7(G,A,Y) in
the real case. Thanks to Lemma A.5, we will know that the relevant
subgroups > will be finitely generated, hence will vary in a countable
set. But the groups A will be lattices in semiconnected groups and
might not be finitely generated.

In this section we develop tools for overcoming this difficulty: indeed,
given A, we will exhibit a subgroup A’ of A which is finitely generated
and such that the group A is spanned by all the conjugates of A’
under the elements of ¥. This subgroup A’ will be constructed as the
intersection of A with some large semiconnected compactly generated
open subgroup as in Lemma A.7.

Lemma A.9. Let H be a weakly reqular S-adic Lie group, §2 be a
standard open subset of H and I' be a compactly generated subgroup of
H such that AT is semisimple and equal to AdT7". Let S be a lattice
in H such that T acts ergodically on H/Y%.. Assume the Q2-semiconnected
component Ho of H is a normal I'-unstable subgroup and H = I'Hy,.
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Set H' to be the largest compactly generated Q-semiconnected subgroup
of HL A=YXNHgq and A" = ANH'. Then A’ is finitely generated and
A is the smallest normal subgroup of X containing A’.

The reader can keep in mind the example where H = T" x Hy and
¥ =TI x A with I' = SL(d, Z[%D acting diagonally on the group Hg =
Q¢ x R? and on its lattice A = Z[%]d (for a prime number p). In this
case, one can set H' = Zg x R% and A’ = Z2.

A key step for the proof is the following

Lemma A.10. Let G be a weakly reqular S-adic Lie group and C, be
the cosolvable radical of G,,. Then, if A is a finite covolume subgroup
of G, the group C,Gs A contains G,,.

Proof. By [4, Lem. 5.27] and [6, Lem. 5.2], this statement is true when
the group G, is nilpotent. We will reduce the general case to this one.

Indeed, after replacing G by a semiconnected component, we may
assume G is semiconnected. By Lemma A.7, the group N, := G, s/Cy 5
is algebraic unipotent. Since the quotient N := G/C,G+ is a compact
extension of N,, by [25, Prop. 1.2] every one-parameter subgroup of
N is contained in N,, hence N is weakly regular. After replacing G
by N, we may assume G, is algebraic unipotent and apply [4, Lem.
5.27]. O

Lemma A.10 yields the following extension of [4, Lem. 5.28]:

Corollary A.11. Let G be a weakly reqular S-adic Lie group and 2
be a standard open subset of G. Assume G is 2-semiconnected and let

G’ be the largest compactly generated Q-semiconnected subgroup of G.
Then, if A is a lattice in G, one has G = G'A.

Proof. Let C, be the cosolvable radical of G,,. By Lemma A.7, one has
G = QC,Gs. As G’ is open, the set G'A is closed. As it contains
C.GsA, by Lemma A.10, it contains G,,. The result follows, since
G =GaG,. O

We will also need the following

Lemma A.12. Let M be a closed subgroup of an algebraic unipotent
p-adic Lie group N with p < oo. Then the group M /M, is compact.

Proof. Replacing N with the quotient of the normalizer of M, by M,,
we can assume that M, = {e}, i.e. that M contains no one-parameter
subgroup. We want to prove then that M is compact. Now, since
by [25, Prop. 2.1], the exponential map is an analytic isomorphism
between n and N, the set exp™ (M) is a closed subset of the Q,-vector
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space n that is stable under multiplication by Z and that does not
contain any Q,-line. Hence it is compact. U

We can now give the

Proof of Lemma A.9. Let C, be the cosolvable radical of H,. By Lem-
ma A.7, one has H' = QC,H,,. Since H' is compactly generated, by
Proposition A.1, its lattice A’ is finitely generated.

Let A” be a subgroup of A that contains A’ and is normal in X:
we have to prove A” = A. To do this, we will prove one has H, C
C,H, A", as in Lemma A.10, and infer, as in Corollary A.11, this gives
Hqo = H'A”, which in turn yields A” = A.

Let us therefore study the group C,H, A”. By Lemma A.7, the
quotient group N, := H,H.,/C,H, is algebraic unipotent. We denote
by M the image of C, H. ., A"NH,H, in N,. We want to prove M = N,,.

First note that, by Lemma A.10, the group C,H, A contains H,.
Thus, since H' is open in H and contains C, H,, the group C, H A’
contains H' N H, and the group M is open in N,. Let respectively m,
and n, be the Lie algebras of M, and N,. As M is normalized by 3,
the map

H — Gr(ny); h — Adh(m,)

factors as a H-equivariant continuous map H/¥ — Gr(n,). As H/X
is I'-ergodic, by Lemma 2.3, this map is constant, that is m, is a H-
invariant ideal of n, and M, is a H-invariant subgroup of N,,.

Since the S-adic Lie group N, is algebraic unipotent and non-archi-
medean, by Lemma A.12, its closed subgroup M is a compact extension
of M,. Hence P = log(M/M,) is a X H-invariant compact open
subset of n,/m,. Now, E/HOO is a finite covolume subgroup in the
non-archimedean S-adic Lie group H/H, hence by [6, Prop. 5.1], the
space H/YH,, is compact and the set Q = Unen hP is a compact open
H-invariant subset of n,/m,. As @ is I-invariant, n,/m, contains no
[-unstable vector. On the other hand, since Hg, is I'-unstable, the Lie
algebra n, is spanned by I'-unstable vectors and so is n,/m,. This
proves m, = n,, hence M = N, as required.

Since H' is open in H, this gives H, C H'A” hence Ho = H'A".
As A C Aand (AN H') C A", we get A =A". O

APPENDIX B. COUNTABILITY OF INVARIANT SUBSPACES IN THE
S-ADIC CASE

We now start the proof of Proposition 2.1. We will first prove an
analogue of Lemma 2.5.
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B.1. Well-shaped compact open subgroups. One of the difficul-
ties we encounter is to extend Lemma 2.6: indeed, if G is a weakly reg-
ular S-adic Lie group and H; and H, are subgroups of G, if H; normal-
izes the Lie algebra of H,, there is no reason for H; to normalize a semi-
connected component of Hs, as, for instance, when G = H; = SL(d, Q,)
and Hy = SL(d, Z,). In this section, we explain how to chose semicon-
nected components carefully in order to ensure properties of this kind
to hold. .,

Let I be a subgroup of G such that Adl" is semisimple and equal
to AdT”" and let [ be the centralizer of T in g. Let € be a standard
open subset of G with exponential map expg : O — €.

As in [4, Sect. 5], we will say Q is I'-good if, for every v in O and ~
in I' with Ady(v) in O, one has

1

expg(Ady(v)) = yexpg(v)y™ -

We will say €2 is I"-well shaped if it is I'-good and if, for every Lie

subalgebra b in g which is normalized by I', setting Hr, to be the

closure of the subgroup of G spanned by I'-unstable one-parameter
subgroups in b, one has

expa(h N O) C expg(h NN O)Hr , Hoo.

Ezrample B.1. There may exist ['-good standard open subsets which
are not I'-well-shaped. For instance, fix a prime number p and set

G=T=17,xSL(2,Q,),

1 ¢
0= {(t9) €2, xSLE.Z,) [ = (o ) mods?)

One easily checks 2 is not contained in expo(I N O)Gr., = (pZ,) X
SL(2,Q,).
Lemma B.2. Let G be a weakly reqular S-adic Lie group and T' be

a compactly generated subgroup of G such that AdT” s semasimple

and equal to AAT7™. Then G admits arbitrarily small T'-well shaped
standard open subsets.

Proof. 1t suffices to deal with the case where S = {p} for some p < occ.
By [4, Prop. 5.11], there exists a I'-good standard open subset 2. Let
[ be the centralizer of I in g and v be the I'-invariant complement of
[. As the set of ['-invariant subspaces of v is compact, as each of these
subspaces is spanned by I'-unstable vectors and as two nearby such v’s
are I'-isomorphic, there exists an open subset O’ C O such that, for
every I'-invariant subspace tv of v, the sub-Z,-module spanned by the
[-unstable vectors in to N O contains v N O’. By shrinking O', we can
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assume it is arbitrarily small, it is a Lie sub-Z,-algebra and one has
O =(IN0)@ (bNO). We set Q = expg(0'). Let us prove that €
is a I'-well shaped standard open subset of G.

Let b be a I'-invariant subalgebra of g and set to = h N v. We have
hNO =(HNINO') @ (N O'), hence, if O is small enough,

expo(hNO’) = expg(h NN O) expg(to N O),
so that we just have to prove
expq (o N O') C Hr,

where Hry,, is defined as above. Indeed, let P = exp,'(Hr,N2). Then
P is a sub-Z,-module of O and, since € is I'-good, by (A.1), P contains
every ['-unstable element in to N O. Hence, P contains o N O’, what
should be proved. 0

B.2. Subgroups with a given lattice. Let us now introduce the set
of subgroups of G that will play in the general case the same role as
the one played by the set 7(G, A, X) in the real case.

Let A C X be discrete subgroups of G and {2 be a standard open
subset of G with exponential map expg : O — €.

Definition B.3. We let To(G, A, X) denote the set of closed subgroups
H of G satisfying the following properties:

(i) ¥ is contained in H and ¥ is a lattice in H.

(7i) the group expq(h N O) is equal to H N Q, the -semiconnected
component Hg is a normal subgroup of H and one has A = ¥ N Hg.
(i) there exists a compactly generated subgroup I' of H which acts er-

godically on H/3, such that AdT” is semisimple and equal to AdFZ’m,
Q) is I'-well-shaped, Hgq is ['-unstable and H = I'Hg,.

Lemma 2.5 admits the following weak analogue in the S-adic case:

Lemma B.4. Let G be a second countable weakly reqular S-adic Lie
group, €2 be a standard open subset of G and A C X be discrete sub-
groups of G. Then, there exists a countable set Uq(G, A, Y) of closed
subgroups of G such that, for any H in To(G,A,Y), there exists J
in Ua(G, A, X)) with Hy, C J C H such that H/J is compact and H
wirtually normalizes J.

We say H virtually normalizes J if some finite index subgroup of H
normalizes J.

The set To(G, A, ¥) might not be countable, as, for instance when
G=0Q-= Zf) and A = ¥ = {e}, since, in this case, H can be any
subgroup of the form G'N D, where D is a line in Q2.
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We shall again need several preparatory lemmas. Thanks to our
intricate definition, we have the following analogue of Lemma 2.6:

Lemma B.5. Let G be a weakly reqular S-adic Lie group, €1 be a
standard open subset of G and A C X be discrete subgroups of G.
Then, if Hy and Hy are in To(G, A, X), the group Hy normalizes Hy .

Proof. We will first prove that H; o normalizes Hs . As ¥ normalizes
by, we get a Hi-equivariant continuous map

By Lemma 2.3, this map is constant, that is H; normalizes b,, hence
Hy normalizes Hj . In the same way, H; normalizes b, ,, hence it
normalizes Hs,. Set O =log (). The normalizer Hj of the group

H2,Q = eXPQ(bz N O)HZUHZOO

in H, contains the groups expg(h; N O), Hy  and X. In particular,
Hj is open in H; and, since X is a lattice in Hy, H] is a finite index
subgroup of H;. Therefore, since for any p in S, Q, does not admit
any proper finite index open subgroup, Hj contains H; , and the group

Hy o = expg(by NO)Hy Hi o

normalizes Hj q.

To conclude, let I' be, as in the definition, a compactly generated
subgroup of H; such that AdT” s semisimple and equal to Wz’”c,
that € is I'-well-shaped and that H; = H; ol", so that we only have
to prove that I' normalizes Hyq. Since Hj has finite index in Hj,
the group Hs g is normalized by a finite index subgroup of I'. Hence,
setting [ to be the centralizer of I' in g and v to be the I'-invariant
complementary subspace of [N b, in by, by (A.1), we have v C by,
Thus, since €2 is I'-well-shaped, we have

expq(hy N O) C expg(hy NINO)Hy  Ho oo

But then, since I' commutes with expg(hy, N [N O) and normalizes
Hy  Hs «, it also normalizes Hj ¢, what should be proved. O

The proof of Lemma B.4 also uses an analogue of Lemma 2.7. Note
that a second countable S-adic Lie group G may have uncountably
many compact normal subgroups, as for instance G' = Zi.

Lemma B.6. Let G be a second countable S-adic Lie group. Then the
set of connected normal compact subgroups of G is countable.
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Proof. The proof mimics the real case. Let K be a connected normal
compact subgroup of G, £ be the Lie algebra of K and K, be the
immersed real Lie subgroup of G with Lie algebra £,,. Since the group
Adg_(K) has compact closure (equal to Adg (X)), the Lie algebra
t.. may be decomposed in a unique way as a direct sum of ideals
t.. = s ® a where s is compact semisimple and a is abelian. As £ is a
G-invariant ideal of g, so are s and a. As the Lie algebra g, contains
only finitely many semisimple ideals, we may assume s is fixed. As the
connected real Lie subgroup S of G with Lie algebra s is compact and
normal in G, after replacing G by G/S, we may assume s = {0}.
Now, we have to prove GG contains countably many abelian connected
compact normal subgroups K. Since such a K is compact, £, admits
a K-invariant complementary subspace v in g.. As v is K-invariant
and £ is an ideal of g, £ is contained in the center 3, of g.,. Note
that if a and o' are vector subspaces of 3., and expa and expa’ have
compact closures in G, so has exp(a+ a’). Hence, if t,, is the subspace
of 3., spanned by all such subspaces, then exp t., has compact closure
T in G. Hence we may assume that G = T is a solenoid, i.e. G is
isomorphic to a quotient of R% x Q; by a cocompact lattice whose

projection on {2 is dense, where Qf =[] pes ng. Such a group admits
p<oo
only countably many closed subgroups. The result follows. O

We will need the following information on the normalizer of a totally
discontinuous compact group.

Lemma B.7. Let G be an S-adic Lie group, H be a compact subgroup
of G with Hy, = {e} and T be a subgroup of G normalizing H such

that AdT” is semisimple and equal to AdT?™. Then T centralizes the
Lie algebra by of H.

Note that the analogue of this Lemma is not true for real Lie groups,
as, for instance, when G = I' x H with I' = SL(2, Z) acting on H = T?.

Proof. Assume by contradiction the action of I" on b is not trivial.
In this case, by assumption, b contains non-zero I'-unstable vectors.
Hence by (A.1), there exists a non trivial one-parameter subgroup ¢ :
Q, — H. Since Hy, = {e}, by [25, Prop. 1.2], ¢ is proper, which
contradicts the fact that H is compact. The result follows. O

Finally, we shall also need

Lemma B.8. Let G be an S-adic Lie group and let K be a set of
normal compact subgroups of G.
(i) Assume Go = {e} and the set |y K spans a dense subgroup of
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G. Then, the Lie algebra of G is the linear span of the Lie algebras of
the elements of K.
(i1) Assume, for any K in IC, one has AdK = AdG and the intersection
of the Lie algebras of the elements of K is zero. Then the Lie algebra
g of G is abelian.

Proof. (i) Let K be a compact normal subgroup of G which is generated
by finitely many elements of K and whose Lie algebra is maximal. After
having replaced G by G/ K, we can assume the elements of IC are finite,
and we have to show that G is discrete.

Since G, = {e}, there exists an open neighborhood U of e in G
such that U does not contain any non trivial torsion element. Then G
contains a dense subgroup which meets U only at e, hence G is discrete.

(71) Let 3 be the center of g. By assumption, for any K in K with
Lie algebra €, one has g = £+ 3, so that g/¢ is abelian. Pick K7,..., K,
in K whose Lie algebras have zero intersection. Then, the natural map
g — D;_, g/t is injective. Hence g is abelian. O

Another difficulty in the S-adic case is that the quotient G/H of a
weakly regular p-adic Lie group G by a closed normal subgroup might
not be weakly regular, as for instance when G' = Qf) and H = Z, x {0}.
This difficulty will weigh the following

Proof of Lemma B.4. We can assume the set UHeTQ(G’AE) H spans a
dense subgroup of G. Then, in particular, by Lemma B.5, the group

Hy = n Hgq

HeTa(G,A)Y)

is normal in G. We set

G/ - G/HO
By [6, Lem. 3.1 and 3.2], for any H in 7o(G,A,X), A is a lattice
in both Hg and Hy. Hence the image H¢, of Hg in G’ is a compact
normal subgroup. Now, since, by Lemma B.6, the set of connected
normal compact subgroups of G’ is countable, we can fix such a compact
subgroup K and restrict our attention to the set 7 (G, A, ¥) of those

H in To(G, A, Y) such that (H{). = K. We set
K= (] H,
HeTE(G,A%Y)
and
GII — G//K/
and, for any H in TX(G, A,Y), we let H” be the image of H in G”,
and H{ and X" be the ones of Hy and X. As X is a lattice in H and
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A is a lattice in Hy, X" is a lattice in H”. Let M be the closure of the
subgroup of G” spanned by the normal compact totally discontinuous
subgroups H{ as H varies in T (G, A, Y).

We claim the Lie algebra m of M is abelian. Indeed, first note that,
since M is non-archimedean, by Lemma B.8.7, m is the linear span of the
Lie algebras of the normal compact subgroups Hfy, H € TX (G, A, X).
Moreover, if O = log(Q, since, for any H € TE(G,A,Y), one has
expq(hNO) C Hg, the Lie algebras of the HY, H € TX(G, A, X), have
trivial intersection. Fix H in TX(G,A,Y) and let T’ be a compactly

generated subgroup of H such that AT is semisimple and equal to

AdFZ’nC, the action of T" on H/Y is ergodic and H = I'Hg. By Lemmas
B.5 and B.7 applied to all the H{’s, one has

Ade = {6},

and therefore AdmH = AdmHq. Besides, since the action of I' on
H/Y is ergodic, there exists h in H such that H = hI'h=1%, so that
AdmH = AdmX and hence Adm H{, = Adm M. By Lemma B.8.ii, the
Lie algebra m is thus abelian.

Now, let us prove, for any H in T&(G,A,X), H" virtually normal-
izes a finite index subgroup of ¥". Indeed, let I' be as above. Since the
adjoint action of I' on the Lie algebra of H” is trivial, there exists an
open subgroup U of H{, such that I' centralizes U. As the Lie algebra
of H"” is abelian, we can assume U to be abelian. Since H” = I"H{
and H{, is compact, I'"U has finite index in H”. Hence, the centralizer
of U in H" has finite index in H” and the centralizer ¥}, of U in ¥”
has finite index in ¥”. The group X7, being a lattice in H”, the group
H{; == ¥};U has finite index in H” and normalizes ¥}, as required.

Since, by Lemma A.5, ¥ is finitely generated, the set of finite index
subgroups of ¥ is countable, hence we can fix a finite index subgroup
O of ¥ and restrict our attention to the set of those H in T4 (G, A, %)
such that some finite index open subgroup of H normalizes the image
©" of ©® in G” and we set J to be the inverse image of ©” in G.

For such a H, this group J is included in H and contains ©. Hence
by [6, Lem. 3.1], the group J has finite covolume in H. Moreover J
contains H.,, hence by [6, Lem 5.2], the group J is cocompact in H.
By construction, the group J is normalized by an open finite index
subgroup in H. The result follows. O

B.3. Proof of countability in the S-adic case.

Proof of Proposition 2.1 in the general case. We fix once for all a stan-
dard open subset 2y in GG, we set Oy = log 2y and we let [ denote the
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Lie algebra of L. Let Y be in Sx(I'), fix g in G such that x = gA
belongs to Y and I'z = Y, and let h denote the Lie algebra of ¢~'Gyg.
By Lemma B.2, the group ¢ 'T'g admits a well-shaped standard open
set © = expg, (O) C Qp such that expo(hNO) C gGyg'. As the com-
pact group Op ¢ admits only countably many open subgroups, we can
suppose {2 to be fixed.

We first construct an open compactly generated subgroup H of
g~ 'Gy g which contains ¢ 'T'g: we let H,, denote the analytic subgroup
of G with Lie algebra b, H, denote the closed group spanned by the
g~ 'T'g-unstable one-parameter subgroups in g 'Gyyg, I, := Adg~'l and

H := g 'Tgexpqg(l, N NO)H, Hy,.

This subgroup H of g7 'Gy g is open hence closed and, since Q is g~ 'I'g-
well-shaped, the 2-semiconnected component Hq of H satisfies

Hqo =expo(lyNhNO)H, He = expo(hNO)H, Hy.

By construction, the subgroup Hg is normal in H and is ¢~ 'I'g-un-
stable. By Lemma A.5, H is compactly generated, hence the lattice
Y := AN H is finitely generated. Since the countable group A admits
countably many finitely generated subgroups, we can assume X to be
fixed.

The subgroup A := ANHg is a lattice in Hg that might not be finitely
generated. Therefore, let us introduce the largest (2-semiconnected
compactly generated subgroup H’ of H, as in Lemma A.7. By Lemma
A.9, the group A’ := AN H' is finitely generated and the group A is the
smallest normal subgroup of ¥ containing A’. Hence we can assume A
is fixed.

By construction, H belongs to To(G, A, ). Let Ug(G, A, X) be as
in Lemma B.4. Then, there exists some J in Ug(G,A,X) such that
H contains J, H virtually normalizes J and, H/J is compact. As
Uo(G, A, Y) is countable, we can assume J to be fixed. Now, let Y] be
another element of Sx(I'), proceed to the same construction, so that
we get 1 = g1\ € Y] with Tz; =Y, and a subgroup H; D J, virtually
normalizing J, with H,/J compact and I' C ¢g1Hig;' C Gy,. By
Lemma B.9 below, we can assume there exists ¢ in L with ¢;J = lgJ.
Thus, we have fz € Y7, hence /Y = I'lz C Y;. In the same way, since
¢~'x; belongs to Y, we get /=Y, C Y, hence Y; = ¢Y. The result
follows. 0

As the conclusion of Lemma B.4 is weaker than the one of Lemma
2.5, we needed in the S-adic case the following result that is stronger
than Lemma 2.2.
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Lemma B.9. Let G be a second countable S-adic Lie group, J be a
closed subgroup of G, T" be a closed compactly generated subgroup of
G such that AT is semisimple and equal to A_dFZ’nC, and L be the
centralizer of I' in G. Then the set

Y = {y=gJ €G/J | T virtually normalizes gJg ' and Ty is compact}
is a countable union of L-orbits.

Proof. Let N be the normalizer of J in G and, for y = ¢J in G/J, set
Jy, = ¢gJg~t and N, = gNg~'. By assumption, for y in Y, the group
I'y = I'M N, is an open finite index subgroup of I'. Since I' is compactly
generated, the set of such subgroups is countable and since I" and I,
have the same centralizer [ in g, the centralizer of I' in G is open in the
centralizer of I'y in G. Thus, after having replaced I' by Iy, it suffices
to prove that the set of y in G/J such that I' C N, and Ty is compact
is a countable union of L-orbits.

For such a y, as the image of I' in the group N,/J, is relatively

compact and AdT? = Aar"™

algebra n,/j, of N,/J, is trivial. As Adr” is semisimple, the action of
' on n, is semisimple and one has

n, = (n, NI)+j,.

, the adjoint action of I' on the Lie

In other terms, since I' is compactly generated, (L N N,)J, is an open
subgroup of IV, hence N,y is contained in a countable union of L-orbits
in G/J. The result follows since, by Lemma 2.2, the set of fixed points
of I"in G/N is a countable union of L-orbits. 0
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