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ABSTRACT. In this article, we continue the systematic study of
algebraic structures associated to spaces of representations of tree
lattices started in [5]. We answer natural questions that were un-
solved in that paper.
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1. INTRODUCTION

1.1. Motivations and objectives. Let X be a tree and I' be a cofi-
nite lattice of X, that is, I' is a discrete group of automorphisms of X
and the quotient I'\ X is finite. In [5], we have introduced constructions
of unitary representations of I' that rely on geometric properties of the
action of I' on X. These constructions lead us to define several families
of finite-dimensional vector spaces which parametrize objects relied to
these representations. These vector spaces may be seen as analogues
of spaces of sections of vector bundles over the quotient space I'\ X7,
where X7 is the set of edges of X.

The original objective of the present article was to solve two problems
that came out naturally in the formalism of [5].

The first question is a problem of convex geometry. In [5], we defined
an injective map from a certain infinite dimensional vector space (the
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space of symmetric cohomology classes of smooth functions over the ge-
odesic time shift of I"\ X'), towards the space of I-invariant symmetric
bilinear forms on a Hilbert space Hy, which is equipped with a natu-
ral action of I'. The above mentioned space of cohomology classes is
written as an increasing union of finite-dimensional subspaces |, <, Wi
and the trace on W, of the set of non-negative bilinear forms on HY is
a convex cone W;" C Wy. For k > 2, there is a natural duality, called
the weight pairing, which induces an identification between the dual
space of Wy, and another space Fy, (the space of I'-invariant k-quadratic
fields). In Theorem 4.1, we give a description of the dual cone of Wt
in Fi. In Theorem 5.1, we use this description to show that every
cohomology class in W, contains a non-negative function.

The second question is a question of Hilbert spaces construction.
There is a projective system structure on the sequence (F)r>2. An
important role was played in [5] by a certain open subset P of F,
which is called the set of admissible I'-invariant k-Euclidean fields. To
the choice of p in P2, we have associated a coherent family of scalar
products on the projective system (F;),>, called the weight metrics. In
Theorem 8.5, we show that the Euclidean projective limit of this system
is actually independent of p, by describing it with objects coming from
the theory of Von Neumann algebras.

While trying to solve these problems, we exhibited new related al-
gebraic structures, which will later turn out to play a role in the de-
scription of the spectral theory of Euclidean fields in [6]. The present
article also contains a study of these new structures, that goes beyond
the scope of proving Theorem 4.1 and Theorem 8.5.

I am very thankful to Rémi Boutonnet for clarifying my ideas on
traces on operator algebras and for giving me the reference [3].

1.2. Structure of the article. All over the article, we use the lan-
guage of [5]. References to this article are indicated with I.

In Section 2, we formalize certain algebraic operations on pseudok-
ernels (see Section 1.8) that already played an implicit role in [5], in
particular in Section I.10. We use these operations to give a new inter-
pretation of certain constructions, such as the orthogonal extension of
dual kernels from Section L.5.

In Section 3, we define by duality the adjoint operations on quadratic
pseudofields (see Section 1.10). We then use this language to define the
notion of a radical quadratic pseudofield: this is the main new object
of this aticle. We describe how radical pseudofields can be used to
construct quadratic fields, thanks to a linear map called the shoot map.
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These algebraic operations and the notion of a radical pseudofield
(and its generalizations) will play a key role in [6].

In Section 4, we prove Theorem 4.1: we show that, for £ > 2, the
dual cone of the cone W, in Fj is the image by the shoot map of
the cone of non-negative radical quadratic k-pseudofields. We call this
cone the cone of tight k-quadratic fields.

In Section 5, we use Theorem 4.1 to prove that, for £ > 2, all func-
tions in W, are cohomologous to functions with non-negative values.
This also uses a Livsic type characterization of cohomology classes of
non-negative functions inspired by [4]. The proof of the latter result
requires us to show that I' contains sufficiently many hyperbolic ele-
ments, which we prove by an equidistribution argument.

In Section 6, we study the null space of the shoot map introduced
in Section 3. It turns out that this null space enjoys properties which
can be considered as skew symmetric analogues of the properties of
quadratic fields. We describe carefully these properties. The elements
of the null space of the shoot map are called skew quadratic fields.

In Section 7, we pursue this analogy by defining skew dual kernels
which are related to skew quadratic fields as dual kernels are related
to quadratic fields. In particular, we introduce a skew weight pairing
and a skew weight metric in the spirit of Section I.11.

The results of these last two sections are not used in the proof of
neither of our main results. Later, in [6], a version of the skew weight
metric will appear in the Plancherel formula for Euclidean fields.

Finally, in Section 8, we begin by describing the projective limit of
the projective system of skew quadratic fields, equipped with the skew
weight metric. By analogy, this computation will help us to identify the
Euclidean projective limit of the projective system of quadratic fields
in Theorem 8.5. To proceed to this identification, we relate the weight
pairing to traces on group algebras.

Appendix A contains classical results on traces that we formulated
in our language in order to use them in the proof of Theorem 8.5.
Although the statement of this result relies on an analogy with the case
of skew quadratic fields, his proof formally only requires the material
of this Appendix and not the rest of the paper.

We use the general notation introduced in Subsection I.1.8 and Sub-
section [.2.1.

2. THE CANONICAL MAP

We introduce new notation for certain natural operations on pseu-
dokernels. For k > 2, we use these operations to define and study
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a new linear map that embeds k-dual kernels inside k-pseudokernels.
This will give us a new interpretation of the weight map and of the
notion of non-negativity for dual kernels.

2.1. Operations on pseudokernels. We start by introducing natu-
ral algebraic operations on pseudokernels which will shed a new light
on previously introduced constructions. See Subsection 1.8.2 for the
language of pseudokernels.

For x ~ y, the operators If;y, ¢ >0, and Jﬁy, ¢ > 1, are defined in
Subsection 1.4.2.

Definition 2.1. Let £ > 1 and L be a k-pseudokernel.
If £ is even, for any x ~ y in X, we set L), = Zz;z L,.. We call LY

the reversal of L. The map L ~ LY is a linear automorphisms on the
space of k-pseudokernels.

If k is odd, for any x ~ y in X, we set L), = L,,. We call LY
the inversion of L. The map L — LV is an involution of the space of
k-pseudokernels.

Definition 2.2. We define the direct extension of pseudokernels as
follows. Let & > 1 and L be a k-pseudokernel. We let L~ be the

(k + 1)-pseudokernel with L7, = Ly, v ~y in X. In other words, the
symmetric bilinear forms (r},)z~yex and (r£y> )
following way.

If kisodd, kK = 20+ 1, £ > 0, for any x ~ y in X, we have
rkl = (I4)rk,. I kis even, k = 2¢, £ > 1, for any x ~ y in X, we
have r£y> = (J&r )k,

Direct extension is a linear embedding from the space of k-pseudok-

ernels into the space of (k + 1)-pseudokernels.

s~yex are related in the

Recall that in Definition 1.8.14 and Definition 1.8.15, we have in-
troduced orthogonal extension of pseudokernels, which was proved in
Proposition 1.8.17 to be the restriction to pseudokernels of orthogonal
extension of dual kernels. Orthogonal extension may be equivalenltly
defined by using reversal, inversion and direct extension: a straightfor-
ward use of the definitions gives

Lemma 2.3. Let k > 1 and L be a k-pseudokernel. We have LT =
LY.

Here comes a fundamental commutation property of those maps.

Lemma 2.4. Let k > 1 and L be a k-pseudokernel. We have LYV~ =
L>>\/'
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Proof. Assume that k is odd, k = 2¢+1, ¢ > 0. From Lemma [.4.4, we

get, for x ~ y in X, JEMIL = M where M, = M/, is the natural

embedding Ve(xy) — V“l(xy). Therefore, if %, is the symmetric bi-
linear form associated to L,, on Vi (zy), the symmetric bilinear form
associated with L>> on V{ ™ (zy) is (MLx)*rL, and the conclusion fol-
lows.

In the same way, if k is even, k = 2¢, ¢ > 1, for any z ~ y in
X, the symmetric bilinear form associated with L>> on V™ (z) is
(M=) ry, O

Conversely, we have

Lemma 2.5. Let k > 1 and L, M be k-pseudokernels. Assume that we
have L” = M~V

If k=1, then L= M = 0.

If k > 2, then there exists a (k — 1)-pseudokernel N with L = NV~
and M = N~.

The proof is a translation of Lemma 1.8.12.

Proof. As usual, we denote by %, and )},

bilinear forms associated with L and M.
Assume k& = 1. Then there exists functions u and v on X; such that,

for  ~yin X and f in V(zy), one has %, (f, f) = u(x,y) f(y)* and

ran(f, f) =v(z,y) f(y)*. The equation L= = M>" reads as
u(z,y)f(y) =Y vl 2)f(2) fe V(@)

zZ~T

2#yY
By taking f =1, —1, for z # y, we get u(x,y) = v(z,2). As d(z) > 3,
this implies that u(x,.) and v(z,.) are constant on S*(z) with the same
value. Would this value be non-zero, we would get
f)P =) f@? feVi().

zZ~x

z#y
The quadratic form on the right hand-side is positive definite on Vg (),
whereas the one on the left hand-side has rank 1. Both can not be equal
since dim Vi (z) = d(z) — 1 > 2. We get u = v = 0 as required.
Assume k is odd, k =2¢+ 1, ¢ > 1. Then, for x ~ y in X, we have
(et = S
Proposition 1.4.5 and Lemma 1.8.12 imply that there exists families

x ~ y in X, the symmetric

(82y)z~yex and (tzy)zmyex
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where, for  ~ y in X, s,, and ?,, are symmetric bilinear forms on

Vi(x) and
Tay = (T ) Say
7”:% = (Jﬁg)*try

Spy = Z [

zZT

2F£Y

The conclusion directly follows, by taking N to be the (k — 1)-pseu-
dokernel associated with (¢,y)zyex-
The proof in the even case is analogous. O

2.2. The canonical pseudokernel. We now introduce a natural em-
bedding of the space of k-dual kernels into the one of k-pseudokernels.

Definition 2.6. (k even) Let k > 2 be an even integer and (K, K ) be
a k-dual kernel. The canonical k-pseudokernel L of (K, K ™) is defined
by

Lyy=K,—-K,, z~yelX

Definition 2.7. (k odd) Let & > 3 be an odd integer and (K, K~) be
a k-dual kernel. The canonical k-pseudokernel L of (K, K~) is defined
by

Lyy=Kzy— K, z~yeX.

xT

Dual kernels are defined in Subsection 1.5.1.

Remark 2.8. Let us state this definition in an other way. For k > 1, any
k-dual prekernel K may be considered as a k-pseudokernel. Indeed, if k&
is odd, K may be seen as the k-pseudokernel L with L,, = K, = Ly,
x~ye X. If kiseven, K may be seen as the k-pseudokernel L with
L,, =K, x~yeX. Now, if £k > 2 and (K,K") is a k-dual kernel,
the definitions say that the canonical k-pseudokernel L of (K, K™) is
L=K-—-K~.

We let C}, : K — L, denote the linear map that sends a I'-invariant
k-dual kernel to its canonical k-pseudokernel. We call C, the canonical
map. We can relate the canonical map to the previously introduced
operations.

Lemma 2.9. Let k > 2 and (K, K~) be a k-dual kernel with canonical
k-pseudokernel L and orthogonal extension (K*,K). The canonical
(k + 1)-pseudokernel of (K™, K) is the orthogonal extension L™ of L.

Recall from Lemma 2.3 that the orthogonal extension L™ may be
defined by Lt = L~V
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Proof. Let M be the canonical (k + 1)-pseudokernel of (K, K). Fix
x ~yin X. If k is even, we have

Mmy:K;ry—KI:(Kx—l—Ky—K;y)—Kw:Ky—K;y:Lyx.
If k is odd, we have

My = Kf = Ky =Y Ky — (d(z) = 1)K, — K

zy
(l

In case (K, K7) is the k-dual kernel associated to a (k — 1)-pseudok-
ernel, the canonical k-pseudokernel may be described.

Lemma 2.10. Let k > 2, M be a (k — 1)-pseudokernel and (K, K™)
be the k-dual kernel associated to M. Let L be the canonical k-
pseudokernel of (K, K~). We have L = MY>Y — M~.

See Definition 1.8.9 and Definition 1.8.10 for the construction of the
k-dual kernel associated to a (k — 1)-pseudokernel.

Proof. Fix x ~ y in X. If k is even, we have

Liy =K, — K; =Y My~ (My+ My) =Y M., — M,

2T zZT

7y
If k is odd, we have
1
_ - _ v v v
ny _ny_Ka: _Macy+Myac_ W;sz
1
= Mv MV - 5/ N 4 Mac
ot Mo = Gy o1 2 Mae
pai
VA % AV
= My, + M), =Y My = M), — M,,.
t~x

The canonical map is injective.

Lemma 2.11. Let k > 2 and (K,K~) be a k-dual kernel. If the
canonical k-pseudokernel of (K, K™) is 0, then (K, K~) = 0.
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Proof. We use the convention established in Remark 2.8, that is, we
consider dual prekernels as pseudokernels. We set L = K~ if k is
odd and, if k is even, we let L be the (k — 1)-pseudokernel defined by
Ly = (d(z) = 1)K, v ~y € X. In both cases, as by assumption, we
have K = K=, we get K=V = L~.

We prove the result by induction on k£ > 2.

If £k =2, by Lemma 2.5, since K=~ = L”, we have K~ = 0, hence
K =0.

Assume now k > 3 and the result holds for k—1. Still by Lemma 2.5,
as K=~V = L~ there exists a (k — 2)-pseudokernel H with K~ = H~
and L = HY>. If k is odd, we have K~ = L, hence H> = H">
and therefore H = H", which says that H is a (k — 2)-dual prekernel.
Similarly, if & is even, for x ~ y in X, we have L,, = (d(x) — 1)K,
hence Hy> = (d(r) — 1)H,, and H,, = (d(x) — 1)H,,, which also
says that H is a (k — 2)-dual prekernel. In both cases, the (k — 1)-
dual kernel (K~, H) precisely satisfies K~ = H~, that is, it has zero
canonical (k—1)-pseudokernel. By induction, we get (K~, H) = 0 and,
as K = K=, K =0, which should be proved. O

From Lemma 2.10 and Lemma 2.11, we deduce

Corollary 2.12. Let k > 2, (K,K~) be a k-dual kernel, L be its
canonical k-pseudokernel and M be a (k — 1)-pseudokernel. Then L =
MY=Y — M?> if and only if (K, K™) is the k-dual kernel associated to
MY,

2.3. A non-negativity criterion. The canonical map allows to verify
whether a dual kernel is non-negative up to a pseudokernel.

Proposition 2.13. Let k > 2 and (K, K~) be a k-dual kernel with
canonical k-pseudokernel L.

If (K, K™) is non-negative, then L is non-negative.

If (K, K™) is T-invariant and L is non-negative, then there exists
a D-invariant (k — 1)-pseudokernel M, with associated k-dual kernel
(J,J7), such that (J + K, J~ + K~) is non-negative.

See Definition 1.5.12 and Definition 1.5.13 for the notion of a non-
negative dual kernel.

The first statement of the Proposition is obvious. We focus on the
second one. As usual, we denote by K7, j > k — 1, the dual prekernels
obtained from (K, K~) by successive orthogonal extensions. A first
step towards the proof is
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Lemma 2.14. Letk > 2 and (K, K™) be a k-dual kernel with canonical
k-pseudokernel L. If L is non-negative, then, for every h > 0, the
(h + k)-pseudokernel K" — K=>""" s non-negative.

Proof. We prove by induction on h > 0 that the statement is true for
any k > 2.

For h = 0, this is the definition of a non-negative k-dual kernel.

If the statement is true for h > 0, we fix a k-dual kernel (K, K™)
and we consider its orthogonal extension (K*,K). By Lemma 2.9,
the canonical (k + 1)-pseudokernel of (K*, K) is L™, which is non-
negative. By the induction assumption, which we apply to (K, K), the
(h+ k)-pseudokernel K+ — K>""" is non-negative. By assumption,
L = K — K~> is non-negative, hence L>""" = K>""" — K—>"" ig
non-negative. The conclusion follows. 0

By going to the limit as h — oo, this gives

Corollary 2.15. Let k > 2 and (K, K~) be a I'-invariant k-dual kernel
with canonical k-pseudokernel L. Assume that L is non-negative. Let
w be a I'-invariant weight function of (K, K~) and 0 be in HY .

If k is even, k =20, £ > 1, for any x ~ y in X, we have

- £—1,% £—1,%
B, (0,0) > gk (N0, N1+0),

Ty

where qffy* 1s the symmetric bilinear form on Voé’l(my) associated with
K-
Ifkisodd, k=20+1,0>1, for any x in X, we have

®,(6,0) > qf (N.*0,N.*0),
where ¢~ is the symmetric bilinear form on V{(x) associated with K.

In this Corollary, we have used freely the language of Section 1.3 and
Section L.5.

Proof. Assume k is even. By Lemma 2.14, for every h > ¢, we have
gX" (NI, NI+0) > ¢ (N£ 10, NL1#60). The result now follows
from Corollary 1.7.9.

The proof in the odd case is analogous. U

The next lemma will show that the right hand-side of the inequalities
in Corollary 2.15 can be chosen to be close to 0.

Lemma 2.16. Let 0 be in Hy. Then, as v leaves finite subsets of T,
the distribution v0 converges weakly to 0 in the Hilbert space H{ .
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Proof. Indeed, by construction (see Subsection 1.3.1), the space HY
may be seen as a closed subspace of £2(X;) where the statement clearly
holds true. U

We can now conclude.

Proof of Proposition 2.13. By definition, if (K, K~) is non-negative,
then L is non-negative.

Conversely, suppose (K, K~) is I'-invariant and L is non-negative.
Let us assume for example that k is even, k =2, £ > 1. We fix v ~ y
in X and 6 in Hy. As ®,, is I'-invariant, for every v in I', by Corollary
2.15, we have

®,(0,0) > ¢, (N5, 70, No " y0).

As the bounded linear map Nﬁ; L* on HY has finite-dimensional range,
by Lemma 2.16, Nf;l’*’ye goes to 0 as 7y leaves finite subsets of I and
we get @,,(0,0) > 0, that is, ®,, is non-negative. By Theorem 1.7.17,
there exists a non-negative k-dual kernel (H, H~) which admits w as a
weight function. By Theorem 1.8.32, (H — K, H~ — K ) is a associated
to a (k — 1)-pseudokernel, which should be proved. O

2.4. The canonical map and the weight map. Recall from Section
[.8 that, for k > 2, the weight map W}, : K — W, sends a I'-invariant
k-dual kernel to the cohomology class of its weight functions. We will
now use the canonical pseudokernel construction to give an equivalent
definition of this map. The key observation is

Lemma 2.17. Let k > 2, (K,K~) be a k-dual kernel and L be its
canonical k-pseudokernel. Then the bias function of (K, K~) is the
pseudoweight of L.

See Definition 1.6.12 for the introduction of the bias function of a dual
kernel. See Definition 1.8.23 for the introduction of the pseudoweight
of a pseudokernel.

Proof. By Lemma 2.9, the canonical (2k — 1)-pseudokernel of the (2k —
1)-dual kernel (K2*=1 K?*=2) is L?*~1 The result now directly follows
from the definitions. U

For £ > 1 and v a function on Xj, the symmetrization of v is the
function (z,y) — 3(v(z,y) + v(y, x)).

Corollary 2.18. Let k > 2, (K, K~) be a k-dual kernel and L be its
canonical k-pseudokernel. Let v be the bias function of (K, K~) which

15 also the pseudoweight of L. Then the symmetrization of v is a weight
function of (K, K™).
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Proof. Tt follows from Definition 1.6.5 that (K, K~) admits a unique
symmetric compatible function u. Let w be the associated weight func-
tion as in Definition 1.6.7. By Lemma 1.6.14, for (z,y) in X}, we have

v(e,y) = u(r,y) —uwz, ) +wlz,y),

where x; and g, are the neighbours of x and y on [zy]. Summing with
the symmetric equality, we get, v and w being symmetric,

v(z,y) + oy, z) = 2w(z,y)

as required. O

3. RADICAL PSEUDOFIELDS

Recall that quadratic pseudofields were introduced in Subsection
[.10.2. For k > 1, the space M, of I'-invariant k-quadratic pseud-
ofields may be seen as the dual space of the space L; of I'-invariant
k-pseudokernels. We will introduce a new property for quadratic pseud-
ofields that will be dual to the constructions above.

3.1. Operations on quadratic pseudofields. First, we start by de-
fining the dual operations to the natural operations on pseudokernels.

Definition 3.1. Let £ > 1 and s be a k-quadratic pseudofield.

If £ is even, for any x ~ y in X, we set sgy = 22;5 Sg». The k-
quadratic pseudofield sV is called the reversal of s. The map s +— 5" is
a linear automorphisms of the space of k-quadratic pseudofields.

If k is odd, for any = ~ y in X, we set s;, = sy,. The k-quadratic
pseudofield s¥ is called the inversion of s. This map s — sY is an
involution of the space of k-quadratic pseudofields.

Definition 3.2. We define the direct restriction of quadratic pseud-
ofields as follows. Let £ > 1 and s be a (k + 1)-quadratic pseudofield.

If kis odd, k =20+ 1, £ > 0, for any z ~ y in X, we set s, =
(I£y>*8$y'

If kis even, k = 2(, £ > 1, for any x ~ y in X, we set s5, = (J£,)*Szy.

Remark 3.3. If V is a vector space and W is a subspace of V', the natural
restriction map Q(V) — Q(W) is surjective. Hence direct restriction
maps (k + 1)-quadratic pseudofields onto k-quadratic pseudofields.

As in Lemma 2.4, we show

Lemma 3.4. Let k > 1 and s be a (k + 2)-quadratic pseudofield. We
have s<<Y = sV<<,
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If £ > 2 and s is a k-quadratic pseudofield, we have defined its
reduction s~ in Subsection 1.10.2. By Lemma 1.10.3, reduction of I'-
invariant quadratic pseudofields is the adjoint operation of orthogonal
extension of I'-invariant pseudokernels. A direct computation gives

Lemma 3.5. Let k > 2 and s be a k-quadratic pseudofield. Then one
has s~ = s'<.

As announced, these operations are dual to the operations on qua-
dratic pseudofields.

Lemma 3.6. Let k > 1, L be a I'-invariant k-pseudokernel, s be a
[-invariant k-quadratic pseudofield and t be a I'-invariant (k + 1)-
quadratic pseudofield. We have

(LY,s)y = (L,s") and (L~ t) = (L, t).

The proof follows from the definition of the duality in Subsection
[.10.2 and from Lemma [.C.2.

3.2. Radical quadratic pseudofields and the shoot map. We now
use this formalism to define a subclass of quadratic pseudofields.

Definition 3.7. Let £ > 2 and s be a k-quadratic pseudofield. We say
that s is radical if s< = sV<V. If k = 1, by convention, any quadratic
pseudofield is said to be radical.

The space of ['-invariant radical k-quadratic pseudofields is denoted
by M;.
The reduction of a radical quadratic pseudofield is again radical.

Lemma 3.8. Let k > 2 and s be a radical k-quadratic pseudofield.
Then the (k — 1)-quadratic pseudofield s~ = s'< is radical.

Proof. If k = 2, there is nothing to prove. If £ > 3, we get

S_< — SV<< — S<<V — S\/<\/<\/ — S—\/<\/’

where we have used Lemma 3.4. The result follows. O

We will now use radical quadratic pseudofields to define quadratic
fields.

Lemma 3.9. Let k > 1 and s be a radical k-quadratic pseudofield.
If k is even, for x in X, set p, = Zyw Szy-
If k is odd, for x ~ vy, set pyy = Syy + Sya-
In both cases, p is a quadratic field.

See Definition 1.4.7 and Definition 1.4.8 for the precise definition of
a quadratic field.
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Definition 3.10. Let £ > 1, s be a radical k-quadratic pseudofield
and p be as in Lemma 3.9. Then the quadratic field p is called the
shoot of s. The linear map By, : M} — Fj that sends a I-invariant
radical k-quadratic pseudofield to its shoot is called the shoot map.

Proof of Lemma 3.9. If k = 1, there is nothing to prove, p being a
quadratic field only meaning that p,, = py., v ~y € X.
If k£ > 2, first note that, as s is radical, we have

(S+Sv)< — S< +SV< — S\/<\/ +SV< — S—\/ + 5.

If kiseven, k =2¢, £ > 1, for x ~ y in X, we have p, = (5 4+ 5") 4y,
hence,
Loy )P = (L ) (5 + 8 )ay = (s +8V)5, = (57 +5 )y = (L) Py
that is, p is a quadratic field.

Similarly, if £ is odd, k = 20+ 1, £ > 1, for x ~ y in X, we have
Pay = (5 + 5Y)ay, hence

(Jﬁy>*pry = (ny)*(s + SV)ry = (S + Sv):jy = (S_ + S_V)xy = (‘]zﬁz)*pfﬂm
for any z ~ z. Again, this meens that p is a quadratic field. 0
The proof also gives

Corollary 3.11. Let k > 2, s be a radical k-quadratic pseudofield and
p be the shoot of s. Then p~ is the shoot of s~.

3.3. Reduction of radical pseudofields. As an illustration of the
use of the above introduced formalism, we now prove that the reduction
map is surjective over radical quadratic pseudofields.

Proposition 3.12. Let k > 1. Then the reduction map s — s~ maps
the space ./\/l,lﬁLl of T-invariant radical (k + 1)-quadratic pseudofields
onto the space M}, of T'-invariant radical k-quadratic pseudofields.

Proof. We will actually show the dual statement, namely that the ad-
joint map is injective. We prove this by induction on £ > 1.

If £ =1, as every l-quadratic pseudofield is radical, we must show
that, if L and M are in £, that is, if L and M are ['-invariant 1-
pseudokernels, and L”Y = MY>Y — M~, then L = 0. Indeed, by
Lemma 2.5, we have M =0 = M"Y — L, hence L = 0.

If £ > 2 and the result holds for k£ — 1, we must now show that, if L
and M are in L, and L=V = MV>Y — M~ then L = NV>¥ — N~ for
some N in L;_;. Indeed, Lemma 2.5 now says that there exists /N in
Lj._1 with

MY —~L=N"and M =N~

and the conclusion follows. O
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3.4. Crossed duality. We now prove that the shoot map and the
canonical map from Section 2 are dual to each other, through the weight
pairing of Subsection 1.11.2.

Lemma 3.13. Let k > 2. Let s in ./\/l,l€ be a I'-invariant radical k-
quadratic pseudofield and set p = Pys to be the shoot of s. Let (K, K~)
in Kr be a U'-invariant k-dual kernel and set L = Cy(K, K~) to be the
canonical k-pseudokernel of (K, K~). We have

[p, (I, K7)] = (s, L).

Proof. Assume £k is even, k = 2¢, { > 1. As usual, for x ~ y in V,
denote by ¢, ¢, and r;, the symmetric bilinear forms associated with

K., K., and L,,. By Definition 2.6, we have r,, = ¢, — (]f;l’*)*q;y.
By Theorem 1.11.4, we have

1 1 1

K K = S — p g,

[p, (K, K7)] E |M<p ) 5 E ‘me@wy Q)
zel\X (z,y)eT\ X1

By definition of the shoot map and by Lemma 1.9.11, we have

1 1
_<pxaq$> = —<5x :Qx>-
2 Tz 2 De Ny

zel\ X (z,y)eT\ X1

Besides, for x ~ y in X, we have, as q,,, = q,,,

(Do Qo) = (S T S s Q) = (Smy + 50 Qo) = (S Sy Uy
= <5xyv (Iﬁ;ly*)*q;y> + <Syfr7 (Iye;h*>*qu>a
where the latter follows from the definition of the direct restriction map
and Lemma [.C.2. As q,, = q,,, we get

1 1
E —  Ip~ V=9 E — (s, [Efl,* * —
|Pxﬂl—xy|<pxyvqu> ‘mery|<8 y,( xy ) qu>

(zy)elM\ X1 (z,y)€l\ X1

and the conclusion follows.

Assume k is odd, k = 2¢ + 1, ¢ > 1, and write now, for z ~ y in
X, Quy, q; and 714, for the symmetric bilinear forms associated with
K,,, K, and L,,. Definition 2.7 gives r,, = @z — (ny* )*q, , whereas
Theorem 1.11.4 says that

_ 1 1 dlz)—1, = _
[ 7(K7K )]:_ <pa:y>Qxy>_ <px7qa:>
2 2 T, 2 T
(z,y)€M\X1 zel'\ X
As above, we have

1 1 1
5 Z WI—W@;B%%Q— Z m<5:ﬁy7Q:py>.

(z,y)el\X1 (x,y)eT\ X1
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Now, we write, by Corollary 3.11 and the definition of the direct re-
striction map, for z in X,

(d(x) = D{py,q;) = (@) = 1)> (syq;) = > (s¥.q,)

Y~ Y,z~vx
y#z
= Z(S;/;Va ) = § (852007 ) = Z«Jzﬁz)*szz’ Goz)
zZ~T zZ~T zZ~T

= Z <3xz7 (Jﬁj:)*q;rz%

zZ~T

where we have used the fact that the quadratic pseudofield s is radical.
This gives, by Lemma 1.9.11,

dlz)—1, = _ 1 ¢
} = § Ty S ) zy/
|F:Jc| <px7qx> |Fxﬂl“y|<8 Y ( xy) qy>
zelM\ X (zy)eMX1

and we are done. O

Let us translate Lemma 3.13 in terms of our linear maps. Denote
by I, : M}, < M, the natural inclusion. Recall that Wy, : k), — W
is the weight map. By Theorem [.11.4, we can use the weight pairing
to identify Fj with the dual space of W, and we consider the adjoint
operator W} as a linear map from Fj, to the dual space of K.

Corollary 3.14. Let k > 2. We have WP, = C}Ij41.

Proof. Indeed, if s, p, (K, K~) and L are as in Lemma 3.13, by defintion
of the weight pairing (see Definition 1.11.5), we have

[pv (K7 Kﬁ)] = <Pk57 Wk(K7 K7)> = <WI:Pksv (Kv K7)>
Besides, we have
(s,L) = (Ip415, Ce(K, K7)) = (Cplpsas, (K, K7)).

The claim now follows from Lemma 3.13. O

3.5. Fibered surjectivity. From the duality between the shoot map
and the canonical map, we get a strengthening of Proposition 3.12.

Proposition 3.15. Let k > 1. Then B, maps M; onto Fy,. If k > 2,
then the map s — (Pys,s™) sends M}, onto the space

{(p,t) € Fi x My_|p~ = Pe_st}.

Note that the fact that the map of the statement takes values in the
considered space follows from Corollary 3.11.
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Again, we will prove Proposition 3.15 by establishing a dual state-
ment. This will require us to use the following abstract description of
dual spaces of fibered products.

Lemma 3.16. Let V', Vi, Vo and W be finite-dimensional vector spaces.
Assume we are given linear maps

Vv 250,

ml lu—m

Vi —— W
w1

such that TW1T1 — TWaTa.

Suppose 1 and wy are surjective. Then, wy is surjective.

Besides, suppose the following property holds: for any linear func-
tionals 1 on Vi and gy on Vo with mip = m5p9, there exists 6 in W*
with @il = ¢1 and w30 = @y. Then, the linear map ™ = m S Ty Maps
V' onto the fibered product

X = {Ul +v, € VI P V2|w1(U1) = w2(U2)}-

Proof. First, we claim that, if m; and w; are surjective, then wy is
surjective. Indeed, if w is in W, as w; is surjective, we may find v,
in Vi with wyv; = w. As 7 is surjective, we may find v in V with
mv = v1. We get wemv = wimv = w and we are done.

Assume besides the property of the statement holds and let X be
the fibered product of V; and V5 above W. The natural linear map
Vi @ V5 — X is surjective and its null space is the space

Y ={wj0 — w300 c W*} C V@ V5"

As T = womy, the map 7 takes values in X. Therefore, to conclude,
it suffices to show that the null space of 7* is Y. The latter is a direct
consequence of the assumption. O

To deal with the boundary case k = 2 of Proposition 3.15, we shall
need the following computation of a weight function.

Lemma 3.17. Let J be a 1-pseudokernel and K~ be a 1-dual prekernel.
Set K = J” + J>V, so that K is a 2-dual prekernel. Then a function
uw on Xy is (K, K~)-compatible if and only if, for x ~y in X, one has

w(@,y) +uly, ) = K (z,y)
and the associated weight function is then given by, for (x,y) in Xa,

w(r,y) = u(w, 2) +uly, 2) + Jou(r, 2) + Joy(y, 2) — K, (2,2) = K, (y,2)
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where z is the middle point of the segment [xy]. In particular, if J and
K~ are U'-invariant, for any p in Fa, we have

[p, (K,K7)] =
1 1 -
5 2 ToaT, P @ (@9) + T, y) = Koy (@),
(@ger\x; = 7Y

where @, 1s the quadratic type function on X, associated to the reduc-
tion p~ of p.

See Subsection 1.4.2 for the relation between quadratic type functions
and quadratic fields.

Proof. The formulae for v and w directly follow from Definition 1.6.5
and Definition 1.6.7. Now, by Theorem 1.11.4, for p in F5, we have

_ 1 1
[p) (K7K )] =5 QOp(CC,y)U)(I7y),
; 2 on T
(mvy)er\XZ

where ¢, is the quadratic type function on X, associated with p. Recall
from Lemma 1.4.12 that, for (z,y) in X;, we have

op-(.9) =Y _p(z.y) =Dyl 2),

2#yY 2#x

so that the formula for w together with Lemma 1.9.11 give

- 1 1
p, (K, K7)| == § ——0p (@, Y) (Jay (@, y) + Jya(,y))
2 Iz N Ly
(z,y)el\ X1
1 1
- — = o ) — 9K~ .
+3 E TN Fy’sop (z,y)(2u(z,y) (T, Y))
(z,y) €M\ X1

As ¢, is symmetric, we have

S 2, (eyulry)

I',NT,|
(x,y)GF\Xl
1
= Z W%_ (z,y)(u(z,y) + u(y, v))
(z,y)el\ X1 z Y
1
= = ~r P ’(xvy)Ka:_ (‘Tvy)
(z,y)zel;\Xl ’Fw n Fy’ ’ !
and the result follows. O

We will also use the following direct consequence of Lemma 1.5.1.
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Lemma 3.18. Let A be a finite set and Vi be the vector space of func-
tions with zero sum on A. Let q be a symmetric bilinear form on Vj
and set K(a,b) = q(1, — 15,1, — 1), a,b € A. Let u be a function on
A. Then the following are equivalent:

(i) one has K(a,b) = u(a) + u(b), a,b € A.

(i) one has 4(f,9) = ¥yeq ula) f(a)g(a). f.g in Vi.

Proof of Proposition 3.15. For k = 1, we just need to show that the
shoot map is surjective : this is clear since, for p in F;, we have P (s) =
p, where s is the 2-quadratic pseudofield defined by s,, = %pxy, T~
yeX.

For k = 2, we apply Lemma 3.16 to V = ML V, = Ml = M,
Vo = Fo and W = Fj. The assumption hold: indeed, we have P,(s)™ =
Py(s™) for s in M3 by Corollary 3.11; the reduction map M} — M] is
surjective by Proposition 3.12 and we have just shown that the shoot
map P, : M} — F is surjective.

Therefore, by Lemma [.C.5, Lemma 3.13 and Lemma 3.16, it suffices
to show that, if (K, K~) in Ky and L, M in £ are such that, with the
notation of Remark 2.8,

(3.1) CoK,K )=K-K~>=L"+M"”"—-M"~,
then L is a 1-predual kernel, that is, L, = Ly, * ~y € X, and
_ 1
(32) [p7 (K7K )] = 5 Z Pp— (x,y)ny(IE,y), JAS Jt2-
(z,y)eT\ X1

Indeed if (3.1) holds, the function (z,y) — K,(z,y), Xo = R (where 2
is the middle point of the segment [zy]) is split in the sense of Subsec-
tion 1.8.7, that is, we may write

K.(x,y) =v(z,2) +v(y,2), (z,y)€ X,

where z is as above and v is a ['-invariant function on X;. By Lemma
3.18, there exists a 1-pseudokernel J in £; with K = J~ 4+ J~V. From
(3.1), we get

J> + J>V _ K*> — L>\/ —|—MV>V _ M>
hence, by Lemma 2.5,
J-—K =-MandJ=L+M",

which gives in particular L = K~ — M — M"Y and therefore LY = L as
required. Now, we have

J+JV=2K —M—-M"=K +1,
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hence
J+J' —K =1L

and, as (K, K~) = (J> + J7Y,K7), (3.2) follows from Lemma 3.17.

For k > 2, we prove the statement by induction on k. We have just
shown that it holds for £k = 2. Now, we assume that £ > 3 and that
it has been established for k — 1. Again, we will apply Lemma 3.16 to
V=M, Vi =Mi ,, Vo =F, and W = F;_;. The assumption still
hold: we have Py(s)™ = P,_1(s7) for s in M} by Corollary 3.11; the
reduction map Mj — M _, is surjective by Proposition 3.12 and the
induction assumption implies that the shoot map Py_1 : M; | — Fj_1
is surjective.

By Lemma [.C.5, Lemma 3.13 and Lemma 3.16, it now suffices to
show that, if (K, K~) in K and L, M in L;_; are such that, still with
the notation of Remark 2.8,

(3.3) CWK,K-)=K -~ K> =L + MV — M,

then there exists a (k —1)-dual kernel (J, J~) in Ki_1, with orthogonal
extension (JT,J), Ain L;_; and N in L;_» such that

(3.4) Cra(J,J)=L+N""Y - N~

and (K, K7) is the sum of (J*,J) and the k-dual kernel associated
to A. First we note that, with the language of Subsection 1.8.7, (3.3)
implies that the pseudoweight of (K, K~) is split. Thus, Proposition
[.8.28 and Lemma 1.8.30 say that there exists (J,J7) in Ky and A
in L1 such that (K, K~) is the sum of the orthogonal extension of
(J,J7) and the k-dual kernel associated with A. Let now B be the
pseudokernel with BY = A. By Lemma 2.9 and Lemma 2.10, we get

Co(K,K™) = Cy_1(J, 7)Y + B>V — B>,
Together with (3.3), this gives
Cri(J, J7)>v + BV B> =2V 4+ MY - M.
Thus, Lemma 2.5 says that there exists C' in L;_5 with
Cra(J,J )+ BY=C>+L+M"and C¥” — B=—M.
We get CV> = B — M and (3.4) holds with N = —C. O

3.6. The root of a quadratic field. Proposition 3.15 shows in par-
ticular that, for any k& > 1, the shoot map M} — F}, is surjective. We
will now show that it actually admits a natural section.

Recall from Lemma 1.4.14 that, if A is a finite set and V is the
quotient of the space of functions on A by the constant ones, then
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a symmetric bilinear form p on V is completely determined by the
numbers p(1,,1p), a,b € A, a # b.

Definition 3.19. (k even) Let k£ > 2 be an even integer, k = 2¢, £ > 1,
and p be a k-quadratic field and ¢, be the associated quadratic type
function on Xj. Define a k-quadratic pseudofield s as follows. For any
r ~yin X and any z # t in S¥(z), we set
Sey(101) =0 if y ¢ [22] U [a]
1 .

= —§gop(z,t) if [xy] C [2t]

= —p,(z,t) ify e [xz]Nxt].
Then s is called the root of p.
Definition 3.20. (k odd) Let £ > 1 be an odd integer, k = 2¢ + 1,
¢ >0, and p be a k-quadratic field and ¢, be the associated quadratic

type function on Xj. Define a k-quadratic pseudofield s as follows. For
any r ~ y in X and any z # t in S*(zy), we set

Sey(1:, 1) =0 if y € [xz] N [xt]

= —en(at) i [og] C [2A
= —pp(z,t) ify ¢ [x2] U [at].
Then s is called the root of p.
Proposition 3.21. Let k > 1, p be a k-quadratic field and s be the

root of p. Then s is a radical quadratic pseudofield and p is the shoot
of s. If k> 2, s~ 1is the root of p~.

If p is in Fj, we write Rgp for the root of p. Proposition 3.21 says
that Ry sends Fj into Mj, and that PRy is the identity map of F.

Proof. Let x ~ y be in X.
Assume k is even, k = 2¢, ¢ > 1. From the definition of s, we get,
for z # t in S*(z),

Say(Ley 1e) = —pp(2,1) i y ¢ [wz] U [t]

(3.5) = —senlet) i fay] C [

=0 ifye[zz]N[at].

In particular, s;, + sy, = p,. We also get, for z # t in S (zy), if
y € [zz] N [at],
S:;(lz, 1t) = S;y(].z, 1t) == 0,
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whereas, if © € [yz] and y € [xt],

1 1
S\x/y<(]‘27 1) = Z Ssc/y(lua 1) = ) Z epu,t) = TP (2,1)
uez] ugez]
and, if z € [yz] N [yt],

12,1t Z Z Sy (1,,1,) Z Zgopuv op(2,t).

u~z u~z

ug[zz] vgé[xt] ug[zz] UGZ[xt]
In other words, sV< is the root of p~. Finally, still for z # ¢ in S*~(xy),
if y belongs to [xz]| N [xt], we have
Safy(]-za 1t) = —¥p- (’27 t)7
if x € [yz] and y € [xt],
1 1
Sz<y(]-z; 1t) - Z Sry(lu; ]-t) - _5 Z @p(uv t) - _5901)_ <Z7t);
ugfrz] uglez]
and, if x € [yz] N [yt],

o1 1) = > Z Say(Lu, 1,) = 0.

u~z

ugt[zz] v¢[zt}

Comparing the formulae for s, = and s3, shows that s< = sY<", that
is, s is radical.
Assume now k is odd, k = 20+1, £ > 0. We get, for z # t in S*(xy),

Soy(L2, 1) = —@p(2,t) if y € [z2] N [at]

1 .
= —§g0p(z,t) if [xy] C [#t]
=0 ifyé¢[zz]U][xt],
so that in particular sy, + sy, = pay. Also, if £ > 1, for z # ¢ in S*(z),
if y € [xz] N [xt],
(127 ]-t) - S (]—Za ]-t) = —(pp(z,t);
if y € [zt] and y ¢ [xz],
1
3;3/;(12’7 ]'t) = Z Sa\n/y(luv 1t) = _Egpp’ (th)a
uoz)
and, if y ¢ [xz] U [:L"t]

S =)0 Y sl (1,1,) =0.

u~z v~t

ué[rz] v [xt)
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Thus, s¥< is the root of p~. In particular, s¥<V is given by (3.5) applied
to p~. Finally, again for z # t in S*(zy), if y € [22] N [2t], we have
ngy(]-zv ]-t) - sxy(]-za ]-t) = 0)
if y € [xt] and y ¢ [22],
1
127 1t UZN; Sy ]-m 1t = _590p— (th);
uile]
and, if y & [xz] U [xt],

lz,lt Z Zszylu,l Z ngpuv

= —¢,-(u,v).
Comparing the latter three formulae with (3.5) applied to p~, we get
s< = sV<V, that is, s is radical. O

3.7. Roots and pseudoweights. Recall that in Subsection 2.4, we
have drawn a link between the canonical map, the weight map and the
pseudoweight construction for pseudokernels. In particular, there is a
natural linear map that sends a pseudokernel in £ to the cohomology
class of the symmetrization of its pseudoweight, which is an element of
W;. The next Lemma says that the root map Ry may be seen as the
adjoint map of this latter map, when the space W, is identified with
the dual space of Fj, through the weight pairing.

Proposition 3.22. Let k > 1, p be in Fr and s = Rgp be the root of
p. Let L be in Ly and v be the pseudoweight of L. Then we have

(D=3 Y e yly)

I, NIy
(z,y) €M\ Xy

We start with a version of Proposition 3.22 for non-necessarily I'-
invariant objects.

Lemma 3.23. Let k > 1, p be a k-quadratic field and s be the root of p.
Let L be a finitely supported k-pseudokernel and v be the pseudoweight
of L. Then v is finitely supported and we have

1
Z <Sxyany> = 5 Z SDp(%y)U(nyy)-
(z,y)eX1 (z,y)eX

Proof. We will check that the formula holds when L varies in a gener-
ating subset of the vector space of finitely supported k-pseudokernels.
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Assume k is even, k = 20, £ > 1. We fix z ~ y and z # t in S%(x).
Then, we define a (k 4 1)-pseudokernel L by setting
Lab(Q d) = 1a:zlb:y1{c,d}:{z,t}7 a~be X, c 7& d e Se(a).

In other words, the symmetric bilinear form associated with L., on
Vi(a) is 0 if (a,b) # (x,7), and the symmetric bilinear form associated
with L, on V{(z) is

1 1

(9 0) = =50(2)9 (1) — Se(t)v(2).

In particular, by Lemma [.C.5, we have
(36) Z <5ab7 Lab> = _Sa:y(lzy 1t)
(a,b)€X1

To conclude, we now need to compute the pseudoweight v of L. Corol-
lary 1.8.19 and Definition 1.8.19 give

v(a,b) = E Lee_(a,b), (a,b) € X,
ceSt(a)
albe]

where as usual, for ¢ as above, c_ is the neighbour of ¢ on [ac]. By
using the precise definition of L, this gives

(3.7)  w(a,b) = Lo—.yeppagdician) + Lamtlycoy Lo, (a,0) € Xp.
Now we apply (3.6) and (3.7) to the three cases in Definition 3.19.
Ify ¢ [z2] U [2t], we get v = 0 and }_, e v, (Sabs Lav) = 0. If y € [22]
and y ¢ [xt], we get v = 1(z,t), hence
Z wp(a,b)v(a,b) = pp(z,t) = —28,,(1,,1;) =2 Z (Sabs Lab)-
(a,b)GXk (a,b)GXl

If y € [zz] N [2t], set h = k —d(z,t) > 2. As ¢, is a quadratic type
function, we have

Y wlaebuab) = Y b+ D p(th)

(a,b)e Xy, beSh(t) beSh(z)
[tolN[zt]={t} [zb]N[zz]={z}
=20p(2,1) = —2545(1:,1) =2 Y (sa, Lan)-
((l,b)GXl

The case where k is even follows.
Assume k is odd, k =20+ 1, ¢ > 0. We now fix x ~ y and z # t in
S%(xy). We define a k-pseudokernel L by setting

Lab(c, d) = la:xlb:yl{qd}:{z,t}a a~be X, c 7§ de Sg(ab)
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Still by Lemma I.C.5, we have
(38) Z <3ab> Lab> = _Srry(lza 1t)
(a,b)€X1

Again, we compute the pseudoweight v of L. Corollary 1.8.19 and
Definition 1.8.19 give

v(a,b) = Y Le(a,b), (ab)€X;.
ceStt1(a)

aglbe]

This gives
(3.9)  wv(a,b) = Loz Lygpa Licit) + La=tlyganLece, (a,0) € Xj.

We now apply (3.8) and (3.9) to the three cases in Definition 3.20.
If y € [xz] N [zt], we get v = 0 and Z(a,b)eX1<Sab7 Ly =0. If y ¢ [z2]
and y € [zt], we get v = 1(z,t), hence

Z @p(aa b)v(a, b) = (pp(za t) = _23$y<1z7 ]—t) =2 Z <3ab; Lab>-

(avb)eXk (a,b)€X1

If y & [zz] U [xt], set h = k —d(z,t) > 1. As ¢, is a quadratic type
function, we have

Z (Pp(aa b)v(av b) = Z (,Op(Z, b) + Z @p(ta b)

(a,b)€Xk besh(t) beSh(z)
[tb]N[zt]={t} [zb]N[z2]={z}
= pr(za t) = _QSxy(]-za ]-t) =2 Z <Sab7 Lab>
(a,b)€X1
and the case where k is odd follows. O

We will deduce Proposition 3.22 from Lemma 3.23. To this aim, we
need to show that every I'-invariant pseudokernel can be obtained from
a finitely supported one.

Lemma 3.24. Let k > 1 and L be a finitely supported k-pseudokernel.
Set L = Z'yeI‘ ~vL. Then the map L — L maps the space of finitely
supported k-pseudokernels onto L.

Proof. Indeed, fix S C X; a section of the quotient map X; — I'\ X7,
that is, X; = 'S and I'sN S = {s} for any s in S. If M is in Ly, for
(z,y) € Xy, set Ly, = \Fx—rlwrﬂMﬂﬁy if (z,y) is in S and L,, = 0 else.

Then L is a finitely supported k-pseudokernel and L = M. U

To relate summation formulae on X and on I'\ X, we shall use the
standard
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Lemma 3.25. Let A be a set and G be a group acting on A such that,
for every a in A, its stabilizer G, in G s finite. If ¢ is a finitely
supported function on A, set

Bla) =) ¢lga), a€A.

geG

Se@= Y G%@(a).

acA a€G\A Ga

Then, we have

Proof of Proposition 3.22. By Lemma 3.24, it suffices to prove the re-
sult for I'-invariant k-pseudokernels which are of the form L where
L is a finitely supported k-pseudokernel. For such a L, let v be its
pseudoweight. If p is in F; and s is the root of p, Lemma 3.23 gives

1
Z (Say, Lay) = B Z ep(, y)v(z, y).
(z,y)eX1 (z,y)EX
Now, the pseudoweight of L is 7 = Zwer ~vu, and Lemma 3.25 gives

Z (Says Lay) = Z m@wyv Lyy) = (s, L)

({L‘,y)GXl (Ivy)GF\Xl
and
1 _
Z @p(iC,y)U(fL',y) = Z —Sﬁp(%?/)v(%y)-
TNy
(xvy)exk (xvy)EF\Xk
The result follows. O

4. TIGHT QUADRATIC FIELDS

For k > 2, recall that W stands for the vector space of cohomology
classes of I'-invariant symmetric functions on Xj. We say that the
cohomology class of such a function w is non-negative if the associated
bilinear form ®,, on Hg is non-negative and we let W, be the closed
convex cone of non-negative cohomology classes. By Theorem 1.7.17,
the convex cone W, is the image of the convex cone K} of non-negative
[-invariant k-dual kernels by the weight map Wy : K — W.

Now Propositions 1.4.11 and 1.11.2 say that the space Fj of T-
invariant k-quadratic fields may be considered as the dual space of
W, through the weight pairing. We say that a p in Fy is tight if, for
any non-negative (K, K~) in Ky, one has [p, (K, K~)] > 0. We denote
by ]_-th C Fj the convex cone of tight I'-invariant k-quadratic fields.
It can be seen as the dual cone of W, (see Subsection 4.2 below).
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We say that a k-quadratic pseudofield s is non-negative if all the
symmetric bilinear forms s,,, * ~ y € X, are non-negative. We
denote by M} C M, the closed convex cone of T-invariant non-
negative k-quadratic pseudofields and we set (M}.)" = M;NM; to be
the closed convex cone of ['-invariant non-negative radical k-quadratic
pseudofields.

Theorem 4.1. Let k > 2. Then a U'-invariant k-quadratic field is
tight if and only if it is the shoot of a I'-invariant non-negative radical
k-quadratic pseudofield. In other words, we have F®' = Po((M})T).

The proof of this result is the objective of this section.

4.1. Non-negative extensions. In this subsection, we prove a tech-
nical result that will allow us to show that certain pseudokernels are
non-negative by knowing that some extensions of them are.

Proposition 4.2. Let k > 2 and L, M be in L. The (k + 1)-pseu-
dokernel L~ + M=V is non-negative if and only if there exists A, B in
Ly1 and C, D in L} with L = A>+C, M = B>+ D and A+ BY
non-negative.

The proof relies on an adaptation of the argument in Lemma 1.8.12.

Lemma 4.3. Let Wy, W1, ..., Wy (d > 2) be finite-dimensional real
vector spaces and, for 1 < i < d, let w; : W; — Wy be a surjective
linear map. We set W to be the fibered product

{U) = (’LUl, cee ,U}d) S W1 X oo X Wd\V1 < Z,j < d wl(wz) = wj(wj)}
and m; - W — W,;, 0 <1 < d, to be the natural surjective linear map.
Assume qq, . .. qq to be symmetric bilinear forms on W1, ..., Wy and set

q=Tmiq+- - +mqq. Assume q is positive definite. Then the following
holds.

For 1 < i < d, the restriction r; of q; to U; = kerw; is positive
definite and we have W; = U; ®V; where V; is the q;-orthogonal subspace
to U;, that 1is,

Vi={veWVueU; q¢uv)=0}
Let a; : W; — U, be the projection in this decomposition. Then, there
exists a unique symmetric bilinear form p; on Wy with ¢; = ofr;+w;p;.

The symmetric bilinear form p = p1 + --- + pa on Wy is positive
definite.

Proof. Fix 1 <i < d and pick v; # 0 in V; with w;(v;) = 0. For j # i,
we set v; = 0, so that the vector v = (v;)1<j<q belongs to W and we
have m;(v) = v;. By definition, we have r;(v;, v;) = ¢;(v;, v;) = q(v,v) >
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0 and r; is positive definite. In particular, it is non-degenerate, so that
U;NV; = {0}. Now, the natural map w; — ¢;(w;,.) from W; to the
dual space W/ induces an injective linear map W;/U; — V;*, so that
we have dim W; — dim U; < dim V;, that is, dim W; < dim(U; @ V;) and
we get W, = U, & V.

Let oy : W; — U; and f; : W; — V; be the projections in this
decomposition. As U; and V; are ¢;-orthogonal, we have ¢; = afr;+/3;s;,
where s; is the restriction of ¢; to V;. Now, w; induces an isomorphism
from U; onto Wy, so that there exists a unique symmetric bilinear form
p; on Wy with Bfs; = w]p;.

Finally, we set V' C W to be the subspace defined by

V={weWVvli<i<d mw)eV}.

By construction, the restriction of g to V' is equal to 7§(p1 + - -+ + pa),
hence p; + - - - + pg is positive definite on Wj. O

The proof of Proposition 4.2 also uses an elementary geometric prop-
erty of convex cones. Recall that a closed convex cone in a finite-
dimensional vector space is said to be proper if it contains no vector
line.

Lemma 4.4. Let V be a finite-dimensional vector space and C C 'V be
a proper closed convex cone. Then, for every u in' V', the set CN(u—C)
15 compact i V.

Proof. We prove the contraposition. Assume that there exists u in V'
such that CN(u—C) is not compact and let us show that C is not proper.
Equip V' with a norm ||.||. Let (v,) be a sequence of elements of C with
u— v, € C for any n and ||v,]| — . Then, after extracting, we

can assume that there exists w in V with ||v,|| ™" v, —— w. As v, is
n—oo
in C, we have w € C. As u— v, isin C and ||v,|| —— oo, we also have
n—o0
—w € C. The Lemma follows. O

Proof of Proposition 4.2. Note that one direction of the equivalence is
obvious. We prove the other one. Let L, M be in £, with L~ + M~V
non-negative.

We will first establish the case where L=+ M~ belongs to the interior
of the cone £}, and then use an approximation argument to deal with
the general case. Thus, we first assume that, for any x ~ y in X, the
symmetric bilinear form associated to (L + M"),, by Lemma 1.5.1 is
positive definite. In that case, Proposition 1.4.5, Proposition 1.4.6 and
Lemma 4.3 tell us that we may write L = A~ + C and M = B~ + D



ADDITIVE REPRESENTATIONS 29

where C' and D are in E,j and A and B are in £;_; and that the
(k — 1)-pseudokernel A + BY is non-negative, which should be proved.

Now, we will use an approximation argument to conclude. We pick a
[-invariant exact k-dual kernel (K, K~) (see Definition 1.5.12 and Def-
inition 1.5.13 for this notion). For example, (K, K~) can be the k-dual
kernel obtained by orthogonal extension from the harmonic kernel (see
Subsection 1.5.5, Subsection 1.9.6 and Subsection 1.10.5). We consider
the k-dual prekernel K as a k-pseudokernel and the (k—1)-dual preker-
nel K~ as a (k — 1)-pseudokernel. We note that the orthogonal exten-
sion (K1, K) of (K, K~) may be defined by K™ = K-+ (K —K~~)~".
For0<e<1 weset L. = L+cecK and M. = M +¢(K — K~~), so
that L2 + MY = L” + M~Y + e K" and the symmetric bilinear forms
associated to this (k+ 1)-pseudokernel are positive definite. Therefore,
there exists C. and D, in £} and A, and B. in £;_; such that A.+ BY
is non-negative and L. = AZ + C. and M. = BZ + D.. In particular,
we have

L>—|-M>V—{—€K+ :L?+M;V:A?>+B;>V+C;+D;v
=(A.+B))>””+C2+ D2
(where we have used Lemma 2.4). We get, for 0 < e <1,
CZeliN(L>+M"Y+K"-L[,).

As 5:“ clearly is a proper closed convex cone in the finite-dimensional
vector space Ly 41, by Lemma 4.4, the set £ ,N(L"+M>V+K*—L/,)
is compact. As the extension map L — L~ is injective, the set {C.]|0 <
e < 1} is bounded in L. In the same way, for any 0 < & < 1, we have

DV el n(L>+MY+K"—Li ),

hence the set {D.|0 < ¢ < 1} is bounded in L. Therefore, we can
find a sequence ¢, —— 0 and C,D in E; with C., —— C and

n—oQ n—oo

D., —— D. For any n, we have L., = AZ + C;,. Hence, A., has a

n—oo

limit A in £;_; and L = A~ 4+ C. In the same way, B, has a limit B
in Ly and M = B~ + D. As for any n, A., + B is non-negative, so
is A+ BY and we are done. O

Let us draw a first consequence of this Lemma that will be useful
shortly.

Corollary 4.5. Let k > 1 and L be in L. If LYY — L~ is non-
negative, then L = 0.

Proof. We prove this result by induction on k > 1.
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If k=1, forz ~yin X, we set u(x,y) = L,y(z,y). By the assump-
tion, for any x in X and f in V{'(x), we have

(4.1) > ulz ) f(2)* > ulz,y)f(y)*

z#y

For y ~ x, applying this property to the function

1
ley—mzlz,

T

27y

we get

1
(4.2) ) =172 ; u(z, ) > u(z,y).
27y
Define a linear operator 1" on the space F} of I'-invariant functions on
X, by setting

1
m E U(Z,IE), UEFl, iL’NyEX

Tu(z,y) =

As in the proof of Proposition 1.10.13, since d(x) > 3 for any z in
X, the operator T' has operator norm < % when Fj is equipped with

the supremum norm. In particular, 7" —— 0. Now, (4.2) reads as
n—o0

Tu > u. As T maps non-negative functions to non-negative functions,
we get T"u > wu for any integer n > 0, which gives u < 0. Fix
in X and choose y, z and t to be three pairwise different neighbours
of z: this is possible as d(z) > 3. By applying (4.1) to the function
f=1,—1,, we obtain

u(z,x) +u(t,x) > 0.

As u <0, we get u = 0 as required.

Assume k > 2 and the result holds for £ — 1. By Proposition 4.2,
we can find A, B in £ and C,D in £; with —L = A> + C and
LY = B~ + D and A + BV is non-negative. We get

BV —-B>>-A"Y—-B>=(L+C)"+(-LY+D)=C"+D >0.

By the induction assumption, we get B = 0. In particular A is non-
negative. As —L = A~ + C, L is non-positive, hence so is LY. As
LY = D, LY is non-negative. We get L = 0 as required. O
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4.2. Convex cones. We recall some notions of convex geometry and
we show that there exists a duality between the notion of a non-negative
quadratic pseudofield and the one of a non-negative pseudokernel.

Let V be a finite dimensional vector space with dual space V*. As-
sume C C V is a closed convex cone. The dual cone of C is the set of ¢
in V* with (p,x) > 0 for any x in C. This is a closed convex cone and
an application of the geometric form of Hahn-Banach theorem gives
c* =C.

We know how to transport these objects under linear maps.

Lemma 4.6. Let V,W be finite dimensional vector spaces and T

V. — W be a linear map. Let C be a closed convex cone in V with
CnkerT ={0}. Then TC is closed in W.

Proof. As every linear map is the composition of an injective linear
map with a surjective one, and as the result is obvious in the injective
case, we can assume that T is surjective. Note also that it suffices to
prove the result when the null space of 7" has dimension 1, the general
case following from a direct induction argument.

In other words, we are reduced to prove that, for any v in V'~ (CU
(—C)), the set Rv 4 C is closed in V. Let (¢,) be a sequence in R and
(un) be a sequence in C with u,, — t,v —— w for w in V. If (¢,) is

n—o0
bounded, we may assume that (t,) is convergent and the conclusion

follows. If not, after extracting a subsequence, and up to replacing

v by —v, we may assume that ¢, —— +o00. In particular, we have
n—oo

t-tu,, — v, hence v belongs to C, a contradiction. 0
n—oo

Remark 4.7. The assumption in Lemma 4.6 is necessary. Let C C R?
be the cone

C={(r,y,2) € R?2* > y* + 2* and > 0}

and T be the linear map from R? to R?, (z,y,2) — (z —v, 2). A direct
computation shows that we have

TC = {(u,v) € R*|lu > 0} U {(0,0)}.
Thus, the convex cone C is closed, but 7'C is not.

Corollary 4.8. Let V. W be finite dimensional vector spaces and T :
V. — W be a linear map. Let C be a closed convex cone in V with
CNkerT = {0}, then we have (TC)* = (T*)~*(C*).

Here comes a first case where we can determine a dual cone.
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Lemma 4.9. Let V' be a finite-dimensional vector space. Then, with
respect to the quadratic duality, the dual cone of the convex cone Q. (V')
of non-negative symmetric bilinear forms on V is the cone Q,(V*).

See Appendix I.C for the definition of the quadratic duality.

Proof. Let ¢ in Q(V*). If ¢ belongs to the dual convex cone of Q(V),
then for every o in V*, as ¢? belongs to Q,(V), we have q(y,p) =
(q,©*) > 0. Conversely, every non-negative symmetric bilinear form p
on V may be written as p = ¢? + -+ + 2 for some ¢y, ..., p, in V*.
Thus, if ¢ is in Q, (V*), we have

(0,p) = (@, %) + -+ (@ ¢7) = aler, 1) + -+ aler, 0) 20,
hence ¢ belongs to the dual cone of 9, (V). O

From this and the definition of the duality between quadratic pseud-
ofields and pseudokernels in Subsection 1.10.2, we get

Corollary 4.10. Let k > 1. Then the convex cone M of non-negative
[-invariant k-quadratic pseudofields is the dual cone of the convex cone
L of non-negative T'-invariant k-pseudokernels.

4.3. Non-negative quadratic pseudofields, non-negative pseu-
dokernels. We will now finish the proof of Theorem 4.1. This relies
on the notions introduced above and on Proposition 4.2.

To check the assumption of Lemma 4.6, we will use the easy

Lemma 4.11. Let k > 2 and s be in (M}.)" a non-negative I'-invariant
radical (k + 1)-quadratic pseudofield. If Pys =0, then s = 0.

Proof. Indeed, if a sum of a non-negative symmetric bilinear forms is
zero, each of them is zero. O

Proof of Theorem 4.1. Let us denote by I : M} < M, the inclusion
map. Then the null space of the adjoint map I} : Ly — (M})* is the
space {MV>Y — M~Z|M € Li_1}. Corollary 4.5 and Lemma 4.6 imply
that [; £} is closed in (M;})* and Corollary 4.8 implies that the dual
cone of [} L} is (M})".

Now, Theorem I.8.32 and Corollary 2.12 say that the map I;C}, gives
rise to a linear embedding C}, : Wy, — (M})*. Corollary 3.14 says that,
when Fj is identified with the dual space of W, through the weight
pairing, the adjoint operator of C} is the shoot map P : ML — Fy.
By Lemma 4.6 and Lemma 4.11, the convex cone Py((M})") is closed
in Fr. By Corollary 4.8, its dual cone in W, is 6,;1[ FL;. The result

follows since Proposition 2.13 implies that 6;11 L =W O
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4.4. Reduction of nonnegative radical quadratic pseudofields.
To conclude this Section, we will now prove a refinement of Proposi-
tion 3.12, namely that reduction is surjective over non-negative radical
quadratic pseudofields.

Proposition 4.12. Let £k > 2. Then the reduction map s +—> s~
maps the convex cone (M ;)" of non-negative I'-invariant radical
(k + 1)-quadratic pseudofields onto the convexr cone space (ML) of
non-negative I'-invariant radical k-quadratic pseudofields.

Again, the proof will follow from a duality argument. To check the
assumption in Lemma 4.6, we will need

Lemma 4.13. Let k > 1 and s be a nonnegative radical (k + 1)-
quadratic pseudofield. If s~ =0, we have s = 0.

Proof. Note that, if V' is a real vector space and V1, . .., V; are subspaces
which span V', then a nonnegative symmetric bilinear form on V' is zero
if and only if its restriction to Vj is zero for any 1 <1 < d.

Now, assume k is odd, k = 2¢+1, ¢ > 0. In that case, by Proposition
[.4.5, for z in X, the space V“l(x) is spanned by the spaces Iﬁyve(xy),
y~x Fixy~x Ass'< =5~ =0, we have

Z(Iﬁy)*sm =0,

T

2#Y

hence, as all these symmetric bilinear forms on Ve(xy) are non-neg-
ative, for all z ~ x, z # v, (Iﬁy)*sm = 0. As s is radical, we have
§< = sV<V =0, that is (I},)*ssy, = 0. We have proved that, for all z in
X, for any vy, z ~ z, (Iﬁy)*sxz = 0. By the remark above, we get s =0
as required. The proof in the odd case is analoguous. U

Here comes the main argument of the proof.

Lemma 4.14. Let k > 2 and L be in L;,. Assume that there exists M
in Ly, such that L~V + MYV — M~ is non-negative. Then, there exists
N in Lj_y such that L + NY>Y — N>V is non-negative.

Proof. Indeed, Proposition 4.2 implies that there exists A, B in L;_;
and C, D in £ such that A+ BY is non-negative and —M = A~ + C
and L+ MY = B>+ D. We get

L=B>+D-M">B>—-M"=B>+A"Y+C">B> —-B""Y
and the result follows. O
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Example 4.15. In general, the statement of Lemma 4.14 is false for
k = 1. Indeed, let A be a finite set with at least three elements.
There exists a function u : A — R which takes a negative value but
which is such that ) _,u ( )f(a)? > 0 for any function f on A with
Y aca f(@) = 0. Let I" be the group of Example 1.2.1 associated with
A. Then, the data of u determines the data of L in £; \ £] such that
LY = L and K = L~ + L~V is nonnegative. Let w be a weight function
for (K, L) and ®,, be the associated quadratic form on Hy. For (z,y)
in X3, denote by v(z,y) = v(y,x) the value of u on the element of A
associated with the edge (x,y). From Lemma 1.5.9 and Corollary 1.7.9,
a direct computation gives, for any 6 in Hg’ ,

(I)w(Q,G):% Z v(x,y)d = ZZ v(x,y)0

(z,y)€X1 xeX Yy~

In particular, ®,, is non-negative, so that, by Theorem 1.7.17 and The-
orem 1.8.32, there exists a 2-pseudokernel M such that (K, L)+ M is
a non-negative 2-dual kernel, and hence, the canonical 2-pseudokernel
N of (K, L)+ M is non-negative. By Lemma 2.10, since LY = L, we
have

N:L>+M>V—Mv> :L>V+L> —LV>V+M>V—MV>.

In other words, setting A = MY — L, we get that L~ + AV>Y — A~ is
non-negative although L is not.

Proof of Proposition 4.12. Note that we have (M} ,)")V< c (M)t
by definition and we only need to prove the reverse inclusion. By
Lemma 4.6 and Lemma 4.13, (M} ,;)")Y< is closed in M, so that we
can prove the result by looking at the dual cones. By Corollary 4.5,
Corollary 4.8 and Corollary 4.10, the dual cone of (M})" is I} (M]).
Again by Corollary 4.8, the dual cone of ((M;_;)")¥< is the set

(M) ")) = BAL € Lal i1 (L7Y) € iy (M)}
Thus, Lemma 4.14 says that we have (((Mj,)")"<)* = (Mp)*)* and
the Proposition follows. O

5. NON-NEGATIVE BILINEAR FORMS AND NON-NEGATIVE
FUNCTIONS

In this Section, as an application of Theorem 4.1, we show that, for w
a symmetric [-invariant function on Xy, k > 2, if the bilinear form &,
is non-negative, then w can be assumed to have non-negative values.

Theorem 5.1. Let k > 2 and w be a symmetric I'-invariant func-
tion on Xy. Assume the symmetric bilinear form ®,, associated to w
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on HY 1is non-negative. Then, w is cohomologous to a function with
non-negative values, that is, there exists a skew-symmetric I'-invariant
function v on Xy_1 such that, for any (x,y) in X, one has

U}(l’,y) > U(‘Thyl) + U(Iby)'

See Section 1.3 for the definition of Hy and ®,,.

The proof of this result will rely on a duality argument. Theorem 4.1
gives a dual characterization of the functions w such that ®,, is non-
negative. We will establish a dual characterization of the functions
w such that w is cohomologous to a function with non-negative values
and compare the two characterizations in order to conclude. The latter
one will be formulated in analogy with Livsic Theorem in hyperbolic
dynamics (see [1, Theorem 19.2.1]), as in [4]. In particular, its proof
will require us to give a more powerful version of the closing Lemma
than Lemma [.2.6. To show this enhanced closing Lemma, we will
begin by establishing an equidistribution result in I"'\ X; to ensure that
I' contains sufficiently many hyperbolic elements.

5.1. Patterson-Sullivan functions. In this Subsection, we adapt
Patterson-Sullivan theory (see for example [7]) to our language. The
following results will be no surprise for the experts of this domain. In
the context of the proof of Theorem 5.1, we will use them to get a proof
of the strong closing Lemma 5.8 below.

Proposition 5.2. There exists a positive I'-invariant function u on X;
and a number p > 2 such that, for every x ~y in X, one has

> uly,2) = pu(z,y).

zF#T

The number p is unique and the function u is unique up to multiplica-
tion by a positive number.

Let F} be the space of functions on X; that are I'-invariant. We
define a linear endomorphism R of F} by setting

(5.1) Ro(z,y) =Y v(y.2), vEFR, z~yeX.
ota
The number p is the spectral radius of R.

Remark 5.3. This number only depends on X, not on I'. Indeed, as
u is positive by Proposition 5.2, there exists C' > 1 such that, for any
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r Y gr  gry 9y
g€ e o ® ® ® *— g1

F1GURE 1. The first case in the proof of Lemma 5.4

n >1and z ~ y in X, one has

%pnu(l«y) - lR”u(a:y) < {z € Xl|d(z,z) =n+ 1,y € [z2]}]

C
< CR"u(zy) = Cp"u(xy).
For this reason, we call p the growth rate of X.

The function u is said to be a Patterson-Sullivan function of I'. If
X is homogeneous, the function u is constant and p is d — 1 where d is
the degree of X.

We will need to state new results in the language of Subsection 1.2.2.

Lemma 5.4. Let x # y be in X. There exists a hyperbolic element of
[' whose axis contains the segment [xy]. Equivalently, the set of pairs
of fized points of hyperbolic elements of T' is dense in 9°X.

Proof. Recall that Uy, is the set of  in 0.X such that y belongs to [z£).
By Proposition 1.2.3, there exists £ in Uy, and 7 in U,, such that the
orbit T'(¢,n) is dense in 9*X. Set k = d(z,y) and

Iy ={g € T|d(x, gx) > k and d(y, gy) > k}.

By assumption, I' \ T’y is finite. As every element in X has at least
three neighbours, 0.X has no isolated points and I'x (&, n) is still dense in
02X . Therefore, we can find ¢ in I such that d(z, gx) > k, d(y, gy) > k,
g€ € Uy, and gn € U,,. Let us show that g is hyperbolic and that [zy]
is contained in the axis of g.

Indeed, note that the assumption imply the inclusion

[zy] C ((9€)(gm))-

Now, let x1 and y; be the neighbours of x and y on [zy]. Consider the
points gx and gy on the geodesic line ((¢g€)(gn)).

If gy belongs to the geodesic ray [y(gn)), as gz belongs to the geodesic
ray [(gy)(g€)) and d(gz, gy) = d(z,y), gx belongs to the geodesic ray
[z(gn)) (see Figure 1). As d(xz, gx) > k, we have [zy] C [z(gx)] and in
particular, z; is the neighbour of x on [z(gx)]. Since gx and gy both
belong to [y(gn)), we have gzy ¢ [x(gx)]. Therefore, by Lemma 1.2.5,
g is hyperbolic and [z(gx)] is contained in the axis of g. All the more
so is [zy].
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F1GURE 2. The second case in the proof of Lemma 5.5

If gy does not belong to the geodesic ray [y(gn)), as d(gy,y) > k, we
must have gy € [z(g€)). Since gz belongs to [(gy)(g€)), we get that gx
belongs to [z(g€)) and, as above, we conclude that g is hyperbolic and
that [zy] is contained in the axis of g. O

Given two edges (a,b) and (x,y) in X;, say that the edge (x,y) is
visible from the edge (a,b) if b and x belong to the segment [ay].

Corollary 5.5. Leta ~ b and x ~ y be in X. There exists v in I such
(v, vy) is visible from (a,b).

Proof. By Lemma 1.2.4, there exists g in I" such that a does not belong
to the segments [b(gx)] and [b(gy)]. If (gz, gy) is visible from (a,b), we
can set v = g and we are done.

If no, that is, if gy belongs to the segment [b(gx)], the situation is
as in Figure 2. Then, we chose a neighbour z # gz of gy that does not
belong to [b(gy)] (which exists as d(gy) > 3). By Lemma 5.4, we can
find a hyperbolic element h of I" whose axis contains [z(gz)]. As h acts
as a non trivial translation on its axis, up to replacing A by its inverse,
hgz is the neighbour of hgy on the segment [(hgy)z]|. Thus, (hgx, hgy)
is visible from (a, b) and we can set v = hg. O

After these geometric preliminaries, we can prove the Proposition.
This relies on classical arguments from the theory of Markov chains.

Proof of Proposition 5.2. Let Rbe asin (5.1). Let p > 0 be the spectral
radius of R. As any z in X admits at least 3 neighbours, we have
R"1 >2"1, n >0, hence p > 2. As R maps non-negative functions to
non-negative functions, by Perron-Frobenius Theorem (see for example
Lemma 1.10.18), there exists a non zero non-negative element u in F}
which is an eigenvector of R with eigenvalue p, that is, Ru = pu.
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Let v be any non-zero non-negative function on X; and \ be a real
number with Rv = Av. In particular, we have A > 0. We claim that A
is positive and that v only takes positive values. Indeed, let x ~ y be
such that v(z,y) > 0. Fix a ~ b in X and let y be as in Corollary 5.5.
Set n = d(a,~yz). We have

A'v(a,b) = R"v(a,b) = v(yz,vy) = v(z,y) >0,

hence A # 0 and v is positive. In particular, u is positive.
Besides, as v is positive, we can find € > 0 with v > eu. Fix x ~ y
in X. For any n > 0, we get

N'v(z,y) = R™(x,y) > eR"u(x,y) = p"eu(z,y),

hence A = p. Let us show that v is a multiple of u, which finishes
the proof. This is an application of the maximum principle. Set o =
supy, = and let Y C X; be the set of (z,y) in X; with v(z,y) =
au(x,y). This is a [-invariant subset of X;.

Fix (z,y) in Y. We claim that we have (y,z) € Y for all z ~ y,
z # x. Indeed, we have

_ v(@y) 5 v(y, 2) :Zv(y,Z) u(y, 2)

z#T z#w
and Zz;y % = 1. As, for all z as above v(y, z) < au(y, z), we get
u(y, z) = au(y, 2).
Since Y is ['-invariant, Corollary 5.5 shows that Y = X; and we are
done. 0

For z,y in X, say that z and y are evenly related if the distance
d(x,y) is an even integer. This relation is an equivalence relation with
two equivalence classes. Denote by Y this set of equivalence classes, so
that Y has two elements. We shall say that the action of I' on X is
bipartite if the induced action on Y is trivial. Equivalently, the action
of I" on X is bipartite if, for any x in X and € T, the distance d(z, yz)
is even.

For w in Fy, let u" be the function (z,y) — u(y, x) on X;. We equip
I} with the usual scalar product

652 W) e wr = Y ———u(e, (s y).

T, AT,
(z,y)eT\ X1

The proof of Proposition 5.2 yields a description of the other eigenval-
ues of R with modulus p. We split the statement according to whether
the action of I' on X is bipartite or not.
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Corollary 5.6. Let p be the growth rate of X and u be a Patterson-
Sullivan function on Xj.

Assume that the action of I' on X is not bipartite. Then, p is the
unique complex eigenvalue of R with modulus p. In particular, for any
v in I, we have

(5.3) p "R'v ——

Assume that the action of I' on X is bipartite. Then, the complex
eigenvalues of R with modulus p are p and —p. Let x be a function
on X that is constant with value 1 on one of the classes of the even
distance equivalence relation, and —1 on the other. Then, the function

xu: (z,y) = x(@)u(z,y), X3 - R

18, up to a scalar multiple, the unique eigenvector of R with eigenvalue
—p. In particular, for any v in Fy, we have

1
54) B = (o (<17, () ) 0.
Proof. We start by studying the complex eigenvectors of R associated
with eigenvalues of modulus p. Let v be a I-invariant complex valued
function on X; such that Rv = pe®v for some real number 0. For x ~ 3
in X, we have

(5.5) iU Z/ ﬂoz _ ﬂaz )

 pu(x y c pu x y)
zF#T ZF#x

As Ru = pu, by convexity, we have

vay Z|v

zZ~Y

z#x

By using the maximum principle as in the proof of Proposition 5.2, we
get that |v] is a multiple of u, and we can assume |v| = u. Set ¢ = 2, so
that ¢ has constant modulus 1. From (5.5) and the fact that Ru = pu
we get that, for any x,y, 2z in X with z ~ y, y ~ z and x # 2z, we have

(5.6) o(z,y) =e “oly,2).

In particular, if ¢ is a neighbour of y with ¢ # x and ¢ # z (which exists
as d(y) > 3), we have

- oy, ).

p(t,y) =e “ply,z) =e
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Therefore, we have shown that ¢(y,2) = ¢(y,x) for any y in X and
any two neighbours z, z of y. We write ¢(y) for this value. Then, (5.6)
implies that, for any z ~ y in X, we have

U(x) = e P(y).

By reversing the roles of x and y, we also have ¥(y) = e~%(z), which
gives €2 = 1, that is, e € {—1,1}. If ¥ = 1, then v is constant. If
e’ = —1, then 1 is a multiple of the function y of the statement.
Assume the action of I' is not bipartite. Equivalently, the function y
is not [-invariant. In this case, we have just proved that any complex
eigenvalue of R other than p has modulus < p and that the eigenspace
associated to p is Ru. Set L to be the endomorphism of F} defined by

(5.7) Lov(z,y) = Zv(z,x) = (Rv")Y(z,y), veF, z~yeX.
Then, the eigenspace of L associated to p is RuY. By using Lemma
[.9.11, one can show that L and R are adjoint to each other with respect
to the scalar product (.,.). Therefore, the orthogonal subspace of u" is
the unique R-invariant complementary subspace to Ru. We have just
shown that the restriction of R to that space has spectral radius < p.
Thus (5.3) follows by elementary linear algebra.

Assume the action of I' is bipartite. Then, the function x is I'-
invariant and R admits two eigenvalues with modulus p, which are p
itself, with eigenspace Ru, and —p, with eigenspace Ryu. Let still L be
as in (5.7). Then Ru" is the eigenline of L associated to the eigenvalue
p and R(yu)" is the eigenline of L associated to the eigenvalue —p.
Therefore, R has spectral radius < p in the invariant subspace

{v e Fil(v,u) = (v, (xu)") = 0}.

Again, (5.4) follows by elementary linear algebra and by noticing that
<XU7 <Xu)v> = _<U’7 u\/>‘ O

5.2. Cohomology classes with non-negative values. In order to
prove Theorem 5.1, we give a characterization of functions that are
cohomologous to functions with non-negative values in the spirit of
Livsic Theorem in hyperbolic dynamics (see [1, Theorem 19.2.1]).

Let us use the language of Subsection 1.2.2. Let v be a hyperbolic
element in I and (£,n) be the invariant geodesic line of 7. Choose a
parametrization (xp)nez of (§n) and denote by ¢ > 1 the translation
length of v, so that vz, = xp4¢, h € Z. For k > 1 and w a I'-invariant
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function on X, we set
w = w(Th, Thak)-

Indeed, this number only depends on w and the conjugacy class [y] of
~vin I'.

Recall that .# stands for the space of parametrized geodesic lines
of X and T : .¥ — % for the time shift. In Subsection 1.2.5, we
have identified the space of I'-invariant functions on Xy, k£ > 1, with a
subspace of the space of smooth functions on I'\.. If w is a I'-invariant
function on X, we associate to w the function

(zh)hez — w(xo, 1), — R.

As in Subsection 1.2.3; two smooth functions f and g on I'\.¥ are
said to be cohomologous if f — g = h — hoT for some smooth function
h on T'\.. The following statement is a direct analogue of the main
result of [4]. The proof will follow the same lines.

Proposition 5.7. Let k > 2 and w be a I'-invariant function on Xj.
The following are equivalent:
(i) For any T-invariant Borel probability measure pn on I'\.¥, one has

fdu >0,
I\

where [ is a smooth function on T'\. that is cohomologous to the
function associated to w.
(ii) For any hyperbolic element v of T', one has

Zw > 0.
[7]

(iii) The function w is cohomologous to a non-negative function, that
18, there exists a I'-invariant function v on Xy_1 such that, for any
(x,y) in Xy, one has

w(ac,y) > U(xayl) - U(x17y>‘

If w is symmetric on Xy, the function v can be assumed to be skew
symmetric.

The proof will use the following version of the closing Lemma, which
is a reinforcement of Lemma 1.2.6:
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Lemma 5.8. There exists ¢ > 0 with the following property: for any
x # y in X, there exists a hyperbolic element ~v in I' with invariant
geodesic line (§n) such that

[zy] C [z(yz)] C (§n) and d(y,yx) < c.

Proof. We will deduce this fact from the equidistribution statements
in Corollary 5.6. We keep the notation of this result: F} is the space
of I'-invariant functions on X5, equipped with the usual scalar product
from (5.2), R is the operator defined in (5.1), p is the growth rate of
X and w is a Patterson-Sullivan function as in Proposition 5.2. By
Corollary 5.6, for v in Fy with (v,u") = 1, we have

2
(58) prnRZn,U + p72n71R2n+1,U
n—00 <u7 u\/>

u.

As u" takes only positive values, the set
K ={ve Fv>0and (v,u’) =1}

is compact. Therefore, the convergene of linear operators in (5.8) is
uniform on K. Thus, as u is positive, there exists n > 1 such that,
for any non zero v > 0 in F}, the function p=?"R*'v + p=2"~ 1Ry
is positive everywhere. Let z # y be in X and z; and y; be the
neighbours of x and y on [zy]. Applying the previous property to the
function v = 37 1,4, tells us that there exists v in I' such that
d(vx1,y) < 2n+1 and (yz,vyx;) is visible from (yy,y) (that is, we have
[y(yz)] C [y1(y21)]). In particular, we have [xy] C [z(yx)], 21 € [x(yz)]
and yz1 ¢ [z(vyx)], so that, by Lemma 1.2.5, 7 is hyperbolic and its axis
contains [z(vyx)], hence [zy]. The Lemma follows by taking ¢ = 2n. O

Now that we have an adapted closing Lemma, we can borrow the
main idea of the proof of Proposition 5.7 from [4].

Proof of Proposition 5.7. (iii)=(i). Assume v is as in the statement.
Let f and h be the smooth functions on . associated to w and v. For
s = (Tp)nez in ., we have f(s) = w(zg, xx) and h(s) = v(zg, xx_1) SO
that, by assumption, f > h — h oT". The conclusion follows.

(i)=(ii). Let v be a hyperbolic element with translation length ¢ > 1
and s = (x)nez be a parametrization of the invariant geodesic line of
7. We have T*s = ~ys, hence the probability measure on I'\.7,

1
H= 7 Onrs
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is T-invariant. By construction, we have

1
fd:u:_ w,
b s

where f is the smooth function associated with w. The conclusion
follows.

(it)=(iii). As in Subsection 1.8.1, for j > k and (z,y) in Xj, we
write

j—k
Z w= Z W(Ths Thik),
[xy] h=0

where xg = x, 21, ...,x;_1,x; = y is the geodesic path from z to y. Let

¢ be as in Lemma 5.8. By this Lemma, for z,y in X with d(z,y) > k,

we have
Zw > Zw — csup |w|,

[zy] [v]
where 7 is a certain hyperbolic element. By assumption, we get

inf w > —00.
z,yeX
d(z,y)>k [zy]

We use this property to define the function v. For (z,y) in X;_1, we
set

y€lrz]  [z2]
d(z,z)>k
We claim that v satifies the required property. Indeed, let (z,y) be
in X} and z; and ; be the neighbours of z and y on [zy]|. Note that
we have
{z € X|y € [x12] and d(xy, z) > k}
C{z€ Xy, € [zz] and d(z,2) > k+ 1}
and that, for such a z, we have

w(x,y)—i—Zw:Zw.

[212] [z2]
We get
w(z,y) +o(z1,y) = vz, p)
as required. If w is symmetric, we also have
w(@,y) +v(yr, z) > v(y, 1),
hence

QUJ(QT,y) + U([El,y) - U(yvxl) Z U(x7y1) - v(yl,x),
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that is, we may replace v by a skew-symmetric function. O

5.3. Bilinear forms and invariant distributions. The proof of
Theorem 5.1 will use a duality property. Thus, we will now study
distributions on I'\.7.

We start by describing general phenomena. Let U be a locally com-
pact totally discontinuous topological space, endowed with a proper
action of a discrete group G. If ¢ is a smooth function with compact
support on U, the function p defined by

Pu) =Y ¢lgu), uel,

geG

is smooth with compact support on G\U. The map ¢ +— % sends
the space D(U) of compactly supported smooth functions on U onto
D(G\U). The adjoint map D*(G\U) — D*(U) is injective and its
range is exactly the space D*(U)¢ of G-invariant distributions on U.

In our concrete situation, the space . of parametrized geodesic lines
is equipped with two commuting group actions. Omne is the natural
action of I'. The other is the action of Z x Z/27Z defined by the time
shift 7" and the time reversal ¢ : (z)pez — (€_p)nez. The quotient of
. by the Z-action generated by 7' may be identified with 9*X by the
map that forgets the parametrization of a geodesic line.

Say that a distribution on 9?X is symmetric if it is invariant under
the map (£,n) — (n,€). We have just defined a natural identification
of the space of (¢, T')-invariant distributions in D*(I'\.#) with the space
of I-invariant symmetric distributions in D*(9*X). We claim that the
latter space can be identified with the space Q(D(9X)) of symmet-
ric bilinear forms on D(9X). Indeed, this comes from the following
extension of Lemma 4.14:

Lemma 5.9. Assume U is a compact totally discontinuous topological
space. Set Uy = {(x,y) € U?|x # y} and ¢ : Uy — Uy to be the natural
involution (x,y) — (y,x). Write D(U) for the quotient of the space
D(U) by the constant functions. For o, in D(U) and (x,y) in Us, set

(1]

(p:1) = 5(0(@) — ) () — V().

Then Z(p, 1) is a smooth compactly supported function on Us, that is,
it belongs to D(UQ_). If 0 is a distribution on Us, let gy be the symmetric
bilinear form on D(U) defined by

a(p, ) = 0(E(p,v)), ¢, v € D).



ADDITIVE REPRESENTATIONS 45

Then, the map 0 — qy s a linear isomorphism from the space D*(Us)*
of t-invariant distributions on Uy onto the space Q(D(U)) of symmetric
bilinear forms on D(U).

Proof. Note that, as ¢ and ¢ are smooth, that is, locally constant, the
function Z(y, ¥) has compact support in Us and the bilinear form gy is
well-defined.

Let U = | |,c4 Ua be a partition of U into finitely many closed open
subsets. Then, the space V' C D(U) of functions that are constant on
each of the U, may be identified with the space of functions on the
finite set A. The space D(U) is the union of all such subspaces V. The
Lemma follows by applying Lemma 4.14 to each of them. U

Thus, in view of Proposition 1.4.1, we can identify the space of sym-
metric distributions in D*(9%X) with the space of quadratic type func-
tions on X,. This identification is given by the following formula.

Corollary 5.10. Let 0 be a symmetric distribution on 0*°X and ¢ be
the associated quadratic type function on X,. For (z,y) in X, we have

1
where

(5.9) Vey = {(&n) € *X|[zy] C (En)}.

Remark 5.11. With the notation of the Corollary, one easily checks
that the function (z,y) — 36(1y,,) is of quadratic type.

Proof. Let q be the symmetric bilinear form on D(9X) defined in
Lemma 5.9. Recall from Subsection 1.4.1, that we have set

Uy = {§ € 0Xly € [26)}
and

p(,y) = —q(1u,,, 1u,.)-
For £ # n in 0X, we have

(v, (&) = Lu,, (1) (10, (&) — 1u,.(n) = —1v,, (&, n).
The conclusion follows by Lemma 5.9. U

We conclude this discussion by giving a formula for computing the
value of a distribution on a given function thanks to these identifica-
tions.
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Lemma 5.12. Let 0 be a (¢, T)-invariant distribution on . with as-
sociated quadratic type function ¢ on X,. Let w be a finitely supported
function on Xy and f be the smooth compactly supported function on
S

f : (xh)hez — w(xo, SL’k), S — R.

Then we have

1
(z.y)€X)

Let 6 be a (v, T)-invariant distribution on I'\.# with associated qua-
dratic type function ¢ on X.. Fix k > 1 and let w be a T'-invariant
function on Xy and f be a smooth function on '\ that belongs to the
cohomology class associated to w. We have

<9,f>=% > mw(ﬂc,y)s&(w,y)-

(xry)EF\Xk

Proof. We establish the first formula. It suffices to prove the claim
when w is the indicator function 1) (b,a)y = 1(ap) + L, for some
(a,b) in X;. As in the statement, let f be the associated function on
% and identify the quotient of . by T% with 9?X. Then the function
f =3, [oT™ is the indicator function of the set V,; defined in (5.9)
and the formula follows by Corollary 5.10.

As in the proof of Proposition 3.22, the second formula follows from
the first by using Lemma 3.25. U

Let us describe the behaviour of Radon measures under our chain of
identifications. Recall that, if U is a second countable totally disconti-
nous locally compact space, a distribution § on U is a Radon measure if
and only if, for any non-negative function ¢ in D(U), one has 6(¢) > 0.
If V is a collection of compact open subsets of U which form a basis
of the topology of U, then 6 is a Radon measure if and only if one has
O(1y) > 0 for any V in V. If GG is a discrete group acting properly on
U, the natural identification between D*(G\U) and D*(U)“ induces an
identification of the space of Radon measures on G\U with the space
of G-invariant Radon measures on U.

In our case, the sets (Vyy)(z)ex, of (5.9) form a basis of the topology
of 0X. Thus, by using Corollary 5.10, we get

Lemma 5.13. Let ¢ be a quadratic type function on X,.. Then the
associated symmetric distribution on 0*°X is a Radon measure if and
only if @ takes non-negative values. If o is I'-invariant, the associated
(¢, T)-invariant distribution on I'\. is a Radon measure if and only ¢
takes non-negative values.
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Note that, as I'\.¥ is compact, a Radon measure on this space is the
same as a finite Borel measure.

5.4. Radon measures and tight quadratic fields. Theorem 5.1
will be a consequence of the following dual statement which uses the
vocabulary that we have just introduced.

Proposition 5.14. Let p be a (¢, T)-invariant Borel probability mea-
sure on I'\. and ¢ be the associated quadratic type function on X..
Fix k > 2 and let p be the k-quadratic field that is the natural image of
@ in Fi. Then p is tight.

See Section 1.4 for the relations between quadratic type functions
and quadratic fields. See Section 4 for the definition of tight quadratic
fields.

The proof relies on the construction of the root map in Subsection
3.6 and the following elementary remark.

Lemma 5.15. Let A be a finite set. Let V' be the space of real-valued
functions on A and V = V/R be its quotient by the space of constant
functions. Let p be a symmetric bilinear form on V. For a # b in A,
set

QO(G, b) - _p(laa ]-b)
Assume that ¢ takes non-negative values on Ay = {(a,b) € A%la # b}.
Then, p is non-negative as a bilinear form.

Bmof. Indeed, by a direct computation (or by Lemma I.C.5), for f in
V', one has

PN =5 O elab)f@ - f6)7

(a,b)eAs

U

Proof of Proposition 5.14. By Lemma 5.13, as u is a positive measure,
the function ¢ has non-negative values. Let s be the root of p. By
Definition 3.19, Definition 3.20 and Lemma 5.15, the quadratic pseud-
ofield s is non-negative. By Proposition 3.21, s is radical and the shoot
of s is p. Therefore p is tight by Theorem 4.1. 0

As announced, Theorem 5.1 directly follows from Proposition 5.14.

Proof of Theorem 5.1. As in the statement, let £ > 2 and w be a sym-
metric I'-invariant function on Xj such that the associated bilinear
form ®,, is non-negative on Hy. We will show that w is cohomolo-
gous to a non-negative function by applying Proposition 5.7. Thus, we
take a T-invariant Borel probability measure p on I'\. and we will
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prove that fr\y fdp > 0, where f is the smooth function on I'\.?
associated with w. As w is symmetric and p is T-invariant, we have
fr\y’ fdp = fr\y f o udp, so that we may replace p by 3(p + ) and
assume that p is (¢, T')-invariant. Let ¢ be the quadratic type function
associated to p as in Subsection 5.3. By Proposition 5.14, the restric-
tion of ¢ to Xj is the quadratic type function associated to a tight
k-quadratic field p in F;. By the definition of the weight pairing in
Theorem [.11.4 and by Lemma 5.12, if (K, K~) is a k-dual kernel with
w as a weight function, we have

/F = (5]

As p is tight and &, is non-negative, we get fr\y fdu > 0. As this
is true for any T-invariant measure u, w is cohomologous to a non-
negative function by Proposition 5.7. U

6. SKEW QUADRATIC FIELDS

We have shown in Proposition 3.21 that the root map is a section of
the shoot map. Thus, the space of radical quadratic pseudofields splits
in a natural way as the direct sum of the image of the root map and
of the null space of the shoot map. We will now develop a study of
the elements of this null space, which we will call skew quadratic fields.
This theory will play the role of a skew-symmetric counterpart to the
theory of quadratic fields.

6.1. Skew quadratic fields and the shoot map. We begin by defin-
ing formally skew quadratic fields.

Definition 6.1. Let £ > 1. If k = 1, a 1-skew quadratic field is a
1-quadratic pseudofield s with sV = —s. If £ > 2, a k-skew quadratic

field is a k-quadratic pseudofield s with s¥ = —s and s<V = —s~.

We can relate skew quadratic fields with the null space of the shoot
map.

Lemma 6.2. Let k > 1 and s be a k-quadratic pseudofield. Then s is
a k-skew quadratic field if and only if s is radical and the shoot of s is
0.

The proof is immediate.

Remark 6.3. From now on, we adopt the following notational con-
vention. If u is a function on X, for £k > 1, L a k-pseudokernel
and s a k-quadratic pseudofield, we let v and us be the pseudoker-
nel and the quadratic pseudofield defined by (x,y) — u(z,y)L,, and
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(z,y) = u(x,y)Sy. We get (ul)” = ul” and (us)< = us< as well as
(us, Ly = (s,ul) when u, L and s are I-invariant. As in Subsection
5.1, we also write u" for the function (z,y) — u(y,z) on X, so that,
if k is odd, we have (uL)¥ = uYL" and (us) = u"'s". Finally, if v
is a function on X, we use the same letter v to denote the function
(x,y) — v(z) on Xi. Then, v" stands for the function (z,y) — v(y).

Remark 6.4. For k£ > 2, in Remark 2.8, we have identified the space
of k-dual prekernels with a subspace of the space of k-pseudokernels.
In the same way, we can identify the space of k-quadratic fields with a
subspace of the space of k-quadratic pseudofields. Indeed, if p is a k-
quadratic field, we can define a k-quadratic pseudofield s by setting, for
x~yin X, sz = p, if k is even and s, = p,, if £ is odd. Then, with
this identification, if k is even (resp. odd), a k-quadratic pseudofield s
is the one associated with a k-quadratic field if and only if s¥ = (d—1)s
and sV = s< (resp. s¥ = s and s<¥ = (d — 1)s~). Thus, the notion of
a skew quadratic field may be seen as the skew-symmetric counterpart
of the notion of a quadratic field. We will develop the study of skew
quadratic fields by keeping this idea in mind.

For k > 1, we let G, denote the space of I'-invariant k-skew quadratic
fields. By Proposition 3.21 and Lemma 6.17, we have /\/l,ﬁ = G ® Ry Fy.

The notion of a skew quadratic field behaves well under direct re-
striction. Lemma 3.4 gives

Lemma 6.5. Let k > 2 and s be a k-skew quadratic field. Then s< is
a (k —1)-skew quadratic field.

The orthogonal subspace of the space of k-skew quadratic fields in
the space of k-pseudokernels is the image of the canonical map.

Lemma 6.6. Let k > 1 and s be k-quadratic pseudofield.

If k=1, then s is a 1-skew quadratic field if and only if, for every
L in Ly, one has (s, L+ LY) = 0.

If k > 2, then s is a k-skew quadratic field if and only if, for every
(K, K™) in K, one has (s, Cr,(K, K~)) = 0.

Proof. It k = 1, this directly follows from Definition 6.1, the inversion
map L +— LY being an involution of the space of 1-pseudokernels.

If £ > 2, this is a direct consequence of Lemma 3.13 and Lemma
6.2. O

We get an analogue for skew quadratic fields of Lemma I.11.1 for
quadratic fields.

Corollary 6.7. Let k > 2. Then direct restriction maps G onto Gi._1.



50 JEAN-FRANCOIS QUINT

Proof of Corollary 6.7. As usual, this follows from the dual injectivity
statement.

If k¥ = 2, we must show that, if L is a l-pseudokernel and L~ is
the canoncial 2-pseudokernel of a 2-dual kernel (K, K ), then LY = L.
Indeed, with the convention of Remark 2.8, we have L” = K — K7,
hence

(L+ K )Y =K'=(d— 1)K = (d - 1)(L + K").

Lemma 2.5 gives L = —K~ and we are done.

If & > 3, we must show that, if L is a (k — 1)-pseudokernel and L~ is
a canonical pseudokernel, then L already is a canonical pseudokernel.
Indeed, assume (K, K~) is a k-dual kernel and L7 = K — K.

If k is even, we again have

(L+E )Y =K' =(d—1)K = (d—1)(L+ K~)

and Lemma 2.5 now says that there exists a (k — 2)-pseudokernel J
with
L+K =Jand (d—1)(L+ K )=J"".
In particular, we have JY = (d — 1)J, that is, J is a (k — 2)-dual
prekernel. We get L + K~ = J~, hence L is the canonical (k — 1)-
pseudokernel of —(K ™, J).
If £ is odd, we have

(L+K )Y =K'=K=L+K"
and Lemma 2.5 says that there exists a (k — 2)-pseudokernel J with
L+K =J"=J".

Thus J is a (k — 2)-dual prekernel and L is the canonical (k — 1)-
pseudokernel of —(K~, J). O

6.2. Orthogonal extension of skew quadratic fields. Still in anal-
ogy with the case of quadratic fields, we now show how the choice of
a Euclidean field allows to define a section of direct restriction of skew
quadratic fields.

We first introduce a new notation. Let £ > 2 and p be a k-Euclidean
field. If s is a (k — 1)-quadratic pseudofield, we let s”» denote the
k-quadratic pseudofield defined by, for x ~ y in X,

sor = (L") sy, k=20,0>1.

= (5" spy k=20+1,0>1.

We can relate this notation with previously studied operations. First,
by the very definition of the objects, we have
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Lemma 6.8. Let k > 2, p be a k-Fuclidean field and s be a (k — 1)-
quadratic pseudofield. Then we have s7r< = s.

As in Lemma 3.4, we have

Lemma 6.9. Let k > 3, p be a k-Euclidean field and s be a (k — 2)-
quadratic pseudofield. Then we have

s e e

We also have a direct consequence of Lemma 1.10.8:

Lemma 6.10. Let £ > 2, p be a k-Euclidean field and s be a k-
quadratic pseudofield. We have s7rt"< = s<V>»,

Let p be a ['-invariant k-Euclidean field. Recall from Definition 1.10.4
and Definition 1.10.5 that we may associate to p its transfer operator
Tp : Mk—l — Mk—l'

Corollary 6.11. Let k > 2, p be a I'-invariant k-Fuclidean field and s
be a I'-invariant (k — 1)-quadratic pseudofield. We have T,s = s"=7V<.

Remark 6.12. Let k > 2. As in Remark 6.4, let us identify k-quadratic
fields with a subspace of k-quadratic pseudofields. The computation
of the derivative of the orthogonal extension map 7y : P — Pryq in
Proposition 1.11.9 can be stated as, for x ~ y in X, p in P, and ¢ in
]:kn
dyne(q) = ¢t + ¢ vt —q 777t if ks even.
=gt ¢ —(d—1)g 77 if ks odd.

We will define orthogonal extension of skew quadratic fields in analogy
with this formula.

Definition 6.13. Let £ > 2, p be a k-Euclidean field and s be a k-skew
quadratic field. If k is even, we set
(6.1) sTP = —s7pt 4 57t 4 <7770t
If k is odd, we set
1 1
9 +p — >p+ >p+\/ <>p>p+'
(6.2) s s +—d_1s +—d_1s

We call s™» the p-orthogonal extension of s.

Proposition 6.14. Let k > 2, p be a k-Fuclidean field and s be a
k-skew quadratic field. Then st is a (k + 1)-skew quadratic field and
sTr< = —gs, that is, st~ = sTPV< = 3.

To prove this, we will need to compute the square of the reversal
map.
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Lemma 6.15. Let k > 2 be even and s be a k-quadratic pseudofield
and L be a k-pseudokernel. We have sV = (d — 1)s + (d — 2)s¥ and
LYW =(d—-1)L+(d—2)L".

In case the tree X is not homogeneous, this Lemma uses the notation
introduced in Remark 6.3.

Proof. Indeed, for x ~ y in X, we have

S =3 =SS s = Sz € Sz ¢ . thHs

z~T ZNT trog t~x

27y Y 1tz

The proof for pseudokernels is the same. O
Proof of Proposition 6.14. If k is even, we have

v v v v
stV = gtV L Pt gt = >tV Pt o oSV

= 7Y g7t st = PV

where we have used Corollary 6.9 and the fact that s<V = —s=. Besides,

we have
S+p< —_ _S>p+< _'_ S>p+V< _'_ 8<>p>p+<

Lemma 6.8 gives s77*< = s and s 5<>» and Corollary 6.10

gives s7rt"S = sV2r = —s<>». We get s7P< = —s as required. In

particular, sT7<Y = —s*»< and s*» is a (k + 1)-skew quadratic field.
If £ is odd, we have

<>p> <

1

1
stV — TV 4 — 1S>p+\/v i — 1S<>p>p+v
d—2 1
—_ _8>p+\/ + S>p+ + T 1$>p+\/ + . 18<\/>p>p+
1
— >p+ - >p+V o <>p>p+
i d—1" d—1" ’
where we have used Corollary 6.9, Lemma 6.15 and the fact that s<V =
—s<. Now, we have

1 1
+p< > +< > 1 V< <>p> +<
§PT = —87PT T f ——g57r + s 7P,
d—1 d—1
Lemma 6.8 still gives s7»t< = s and s~777r*< = 5<>» and Corollary
6.10 gives s77"VS = s<V2r = —s<>r. We get st*< = —s as required
and again, sT*<V = —sT7< 50 that st is a (k + 1)-skew quadratic

field. U
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6.3. Skew quadratic fields and harmonic maps. For any k > 2,
Lemma I.11.1 shows that reduction of quadratic fields maps F; onto
Fr_1 and the constructions in Section 1.4.1 show that the projective
limit of the projective system (Fj)r>1 may be identified with the space
of I-invariant symmetric bilinear forms on D(9X). We now develop an
analogue interpretation of the projective limit of the projective system
(Gr)r>1-

If V is a vector space, say that a skew-symmetric map ¢ : X; — V
is harmonic if, for any = in X, one has }_ _ ¢(x,y) = 0. Recall that
Q(V) stands for the space of symmetric bilinear forms on V.

Proposition 6.16. Let ¢ : X; — Q(D(0X)) be a harmonic skew-
symmetric map. For any k > 1 and x ~ y in X, define

Skay = (NO*@(x,y) k=20,0>1.
Skay = (NE)o(z,y) k=20+1,0>0.

Then sy, is a k-skew quadratic field and s, = sp. One has p = 0 if
and only if sy, = 0 for any k > 1. Conversely, if, for any k > 1, s,
is a k-skew quadratic field and s, = sj, then (si)r>1 can be obtained
in this way. In particular, the projective limit of the projective sys-
tem (Gx)g>1 may be identified with the space of I'-equivariant harmonic
skew-symmetric maps X, — Q(D(0X)).

The natural linear map N¢ : Vé(x) — D(OX), x € X, L > 1, is
defined in Subsection 1.4.4. The analogue linear map N, : Vg(xy) —
D(0X), z~y € X, {>0,is defined in Subsection 1.7.3.

Proof. The proof is a direct consequence of the relation (1.7.7). O

6.4. (d—1)-radical quadratic pseudofields. We are still developing
the theory of skew quadratic fields in analogy with the theory of qua-
dratic fields. It turns out that, in this context, we can define a skew
analogue of radical quadratic pseudofields and the shoot map. This is
the purpose of the following two subsections.

Definition 6.17. Let £ > 1 and s be a k-pseudofield. If k£ > 3 is odd,
we say that s is (d — 1)-radical if one has sV<Y = (d —1)s<. If k > 2 is
even, we say that s is (d — 1)-radical if one has sV<¥ = (d¥ — 1)s=. If
k =1, by convention, every 1-pseudofield is said to be (d — 1)-radical.

For k > 1, the space of T-invariant (d — 1)-radical k-pseudofields is

denoted by ./\/l,(cd_l). We get an analogue of Lemma 3.8 and Proposition
3.12.
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Proposition 6.18. Let k > 2 and s be a (d — 1)-radical k-pseudofield.

If k is odd, then s¥= is (d — 1)-radical. If k is even, then £5s"< is
)

(d — 1)-radical. In both cases, the associated linear map ./\/l,(cdf1
MY s onto
k—1 :

—

Proof. Assume k is odd. By assumption, we have s'<¥ = (d — 1)s~.
We get

VvV ((d . 1)s<><v = ((d— 1)S<<>v _ (d\/ _ 1)Sv<<’

where we have used Lemma 3.4. This tells us exactly that s< is
(d — 1)-radical.

Assume k is even (and k > 4, else there is nothing to prove). We
now have sV<¥ = (d¥ — 1)s<, hence, as k — 1 is odd,

V<V <V
1 S _ 1 SV<V g<<V _ gv<<
d—1 av—1

=(d-1) (di15v<)<’

the latter again following from Lemma 3.4. Thus, the (k—1)-pseudofield
—=sV<is (d — 1)-radical.

Now, we must prove the surjectivity property. As usual, this will
follow from a dual injectivity property.

First, assume k£ = 1. In that case, we must show that, if L and M

are in £; and

1
L>V — d\/ -1 M> - M\/>\/
d o 1 ( ) Y
then L = 0. Indeed, in this case, Lemma 2.5 says that M = 0 and
ﬁL = —MV, hence L = 0.
Assume k > 2 is even. In that case, let L and M be in £, and
L>\/ — (d o ].)M> _ M\/>\/'
Lemma 2.5 says that there exists N in £, 1 with
L+ MY =N~ and (d—1)M = N">.
As k is even, we have (d — 1)MY = NY>Y hence
1 1 > 1 V<V
L=N>"—-——-N"Y=(d"-1 N| — N
V= () - ()
and the injectivity property follows.
Assume k > 3 is odd and let now L and M be in £; with
1

y 1L>V:(dv—1)M>—Mv>v,
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so that, still by Lemma 2.5, there exists N in L£;_; with

1
— L+MY=N"and (d'—1)M = N">.

d—1
As k is odd, we get (d —1)MY = NV>V hence L = (d—1)N~ — NV>V,
which should be proved. O

6.5. The skew shoot map. The shoot map was defined in Definition
3.10. It maps radical pseudofields to quadratic fields. Skew quadratic
fields appeared naturally as radical pseudofields in the null space of
the shoot map. Thus, thanks to Proposition 3.15, we have an exact
sequence

0= G, — M5 7 0.
We now introduce the skew shoot map which sends (d — 1)-radical
pseudofields to skew quadratic fields. The null space of the skew shoot

map will be the space of quadratic fields and, with the convention of
Remark 6.4, we will have an exact sequence

0— F —>M§€d*1) O G 0.

Lemma 6.19. Let k> 1 and t be a (d — 1)-radical k-pseudofield.
If k is odd, set s =t —t.
If k is even, set s = <tV —t.
Then, s is a k-skew quadratic field.

Definition 6.20. Let £ > 1, ¢ be a (d — 1)-radical k-pseudofield and s
be as in Lemma 6.19. Then the skew quadratic field s is called the skew
shoot of . The linear map Q. : /\/l,(gd_l) — Gy, that sends a I'-invariant
(d — 1)-radical k-pseudofield to its skew shoot is called the skew shoot
map.

Proof of Lemma 6.19. By construction, we have s¥ = —s. If k = 1, we
are done.
If k> 2 and k is even, as t is (d — 1)-radical, we have

1 1 1 v
< _ t\/< - t< — t\/< - t\/<
T T a1 d—1 <d—1 ) ’
hence s<V = —s< and s is a k-skew quadratic field.

If K> 3 and k is odd, we have
< _ t\/< _ t< — t\/< _ 1 t\/<\/

d—1 ’
and s is a k-skew quadratic field. O

S

hence again s<V = —s~

The proof also yields
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Corollary 6.21. Let k > 2, t be a (d — 1)-radical k-pseudofield and s
be the skew shoot of t.

If k is even, the skew shoot of ﬁtw is —s<.

If k is odd, the skew shoot of tV< is —s<.

Finally, we show that the null space of the skew shoot map is the
space of quadratic fields, with the convention of Remark 6.4 for em-
bedding quadratic fields inside pseudofields. We have the following
counterpart to Lemma 6.2.

Lemma 6.22. Let £k > 1 and s be a k-pseudofield. Then s is a k-
quadratic field if and only if s is (d — 1)-radical and the skew shoot of
515 0.

The proof is straightforward.

7. SKEW DUAL KERNELS

We continue to develop the analogy between the theory of skew qua-
dratic fields and the theory of quadratic fields by introducing skew dual
kernels which are related to skew quadratic fields as dual kernels are
related to quadratic fields. We then define a pairing between skew dual
kernels and skew quadratic fields. When given in addition a Euclidean
field, this allows us to introduce a natural scalar product on the space
of skew quadratic fields, which we call the skew weight metric.

7.1. Skew dual kernels and their orthogonal extensions. We
define skew dual kernels in analogy with dual kernels. Their orthogo-
nal extensions are defined by copying the formula for the orthogonal
extension of skew quadratic fields.

Definition 7.1. Let £ > 2. A k-skew dual kernel is a pair (H, H")
where H is a k-pseudokernel, H~ is a (k — 1)-pseudokernel and HY =
“Hand (H")Y = —H.

The space of I'-invariant k-skew dual kernels is denoted by ;.
By mimicking (6.1) and (6.2), we define the orthogonal extension of
skew dual kernels.

Definition 7.2. (k even) Let £ > 2 be an even integer and (H, H™)
be a k-skew dual kernel. We set

HY=-H +HY —H ",

Then the (k + 1)-skew dual kernel (H", H) is called the orthogonal
extension of (H, H™).
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Definition 7.3. (k odd) Let k > 2 be an odd integer and (H, H™) be
a k-skew dual kernel. We set
1 1
H+:_H> —H>V——H_>>.
T i1
Then the (k 4 1)-skew dual kernel (H", H) is called the orthogonal
extension of (H, H™).

As for dual kernels, there is a natural way for associating a skew dual
kernel to a pseudokernel.

Definition 7.4. (k even) Let k > 2 be an even integer and L be
(k — 1)-pseudokernel. We set
1
H:L>—mL>V and H- =LY — L.
We call (H, H™) the k-skew dual kernel associated to L.

Definition 7.5. (k odd) Let £ > 2 be an odd integer and L be (k—1)-
pseudokernel. We set

H=0" -1 and H = L' — (d—1)L.
We call (H, H™) the k-skew dual kernel associated to L.
This defines an injective map from L, 1 to Ji.

Lemma 7.6. Let k > 1 and L be a k-pseudokernel. If the (k+1)-skew
dual kernel associated to L is zero, then L is zero.

Proof. We prove this by induction on k.

If k =1, we have L” = 12 LY and Lemma 2.5 gives L = 0.

Assume k£ > 2 and the result holds for £ — 1. If k is even, we
have L” = L~V so that Lemma 2.5 says that there exists a (k — 1)-
pseudokernel M with L = M~ = MV>, hence M = MY. As we have
LY = (d—=1)L, we get MY = (d — 1)M~, that is, the (k — 1)-skew
dual kernel associated to M is 0. By induction, we have M = 0, hence
L = 0. The proof in the odd case is analogous. 0

We get a compatibility relation with orthogonal extension.

Lemma 7.7. Let k > 2 and L be a (k —1)-pseudokernel. Let (H, H™)
be the k-skew dual kernel associated to L and (HY, H) be its orthogonal
extension.

If k is even, (H*, H) is the (k + 1)-skew dual kernel associated to
LY.
d—1

If k is odd, (H*,H) is the (k + 1)-skew dual kernel associated to
LY.
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Proof. Assume k is even. Let (J,J7) be the (k + 1)-skew dual kernel
associated with d%lL> V. By Lemma 6.15, we get

1 d—2 1
- — L>\/V_L>\/ — L> L>\/_L>\/ — L>— L>\/ = H.
= a1 i1
Besides, by definition of the orthogonal extension, we have
1 > 1 >V o
H+:_ L>__L>V L>__L>\/ _ L\/_L
(o) s (o) s
1

— —L>> + y 1 1L>\/> + L>>\/ . Y 1L>\/>\/ - L\/>> + L>>

1 >\/> 1 >V .
(=) - (=) =+

where we have used Lemma 2.4.
Assume now k is odd and let (J, J~) be the (k + 1)-skew dual kernel
associated with LY. We have J~ = L~ — L”Y = H and

1
Ht = —(L> — 7YY L> — >V
( )+ )
1

- (LY —(d—1)L)"" .

L 1
By again using Lemma 2.4, we get H™ = L7V> — = LY>> = J and we
are done. 0

7.2. The skew weight pairing. We now introduce a pairing between
[-invariant skew quadratic fields and I'-invariant skew dual kernels
which is an analogue of the weight pairing introduced in Definition
[.11.5.

Definition 7.8. Let £ > 2, s be a ['-invariant k-skew quadratic field
and (H, H™) be a I'-invariant k-skew dual kernel.
If k£ is even, we set

[s,(H,H™)] = <d; 13,H> + <%s<,H‘> .

If k£ is odd, we set

s, (H, H-Y| = <%S,H> + <$s<, H—> |

We call the pairing [.,.] the skew weight pairing.

Remark 7.9. Note that there is no analogue of the weight map in the
theory of skew quadratic fields and skew dual kernels.
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The skew weight pairing is degenerated on k-skew dual kernels asso-
ciated to (k — 1)-pseudokernels.

Lemma 7.10. Let k > 2, s be a I'-invariant k-skew quadratic field, L
be a T'-invariant (k — 1)-pseudokernel and (H, H™) be the k-skew dual
kernel associated to L. We have [s,(H,H™)] = 0.

We shall see later that the converse is true: if a k-skew dual kernel
has zero weight pairing with every k-skew quadratic field, then it is the
skew dual kernel associated to a (k — 1)-pseudokernel.

Proof. Assume k is even. Definition 7.4 and Definition 7.8 give
d—1 1 1
H H)| = L — ——L —s<, LY —L).
[37( ) )] < d S, d_1 >+<23, >
We have

d—1 oo\ /1 o\ 1 .
< g S’d—lL >—<d5,L = ds,L ,

since s¥ = —s. As s<V = —5<, we get

s, (H, H-Y| = <d; Lot ls<,L> (5, L) =0,

d
Assume £k is odd. Definition 7.4 and Definition 7.8 now give

1 1
[s,(H,H™)] = <§s, L~ — L>V> + <as<, LY —(d— 1)L> :
As above, we have

1
<§S,L> — L>v> = (s%, L)

and

I _ 1 d—1
- IV _(d—1L ) = { Zs<V _ <IN = _(s< T
<l87 (d )> <l8 / Sa> <S7>

and the result follows. O

We have an analogue of Corollary 1.11.6.

Proposition 7.11. Let k > 2, s be in Gy 1 and (H, H™) be in Jy. Set
(H*, H) to be the orthogonal extension of (H, H™). We have

[37 <H+7H)] = _[S<7 (Hv H_)]
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Proof. Assume k is even. Definition 7.2 and Definition 7.8 give

1 1
[s,(H",H)] = <§3,—H> +HY — H_>>> + <35<,H>

= —% (sS,H) + % (sV< H) — % (s<<,H")+ <c_118<7H>
=— (s, H) — E (s<<,H™)+ <13<,H>
2 d
=—ls,(H,H7)],
where we have used that s¥ = —s.

Assume k is odd. Definition 7.3 and Definition 7.8 now give

1 1
s,(H" H)|={ =s,—~(d—1)H> +H>Y —H >" )+ ( =s<,H
d 2
_ d—1 < 1 V< 1 << — 1 <
= < y s ,H>+<ds ,H> <d8 JH™ ) + 23 JH
:_[Sv(HvHi)]v
where we have used that sV = —s andd%dl—i-é—%:%. O

7.3. The skew canonical pseudokernel. We now introduce the ana-
logue of the canonical map of dual kernels. This will allow us in par-
ticular to determine the null space of the weight pairing.

Definition 7.12. Let k > 2 and (H, H™) be a k-skew dual kernel. The
skew canonical k-pseudokernel L of (H, H™) is defined by

L=H+H".

We write Dy, : J, — L for the linear map that sends a I'-invariant
k-skew dual kernel to its skew canonical k-pseudokernel. We call this
map the skew canonical map. As in the case of dual kernels, we have
a compatibility property with orthogonal extension.

Lemma 7.13. Let k > 2 and (H,H™) be a k-skew dual kernel with
skew canonical k-pseudokernel L and orthogonal extension (H', H).
If k is even, the skew canonical (k + 1)-pseudokernel of (H*, H) is
LY.
If k is odd, the skew canonical (k + 1)-pseudokernel of (H, H) is
LL>v.

d—1

Proof. Let M be the skew canonical (k + 1)-pseudokernel of (H™, H).
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Assume k is even. In that case, Definition 7.2 gives

M = (_H>+H>v —H_>>) +H> — H>V+H_V>> — (H+H_>)>v

— L>\/
where we have used that H~Y = —H~ and Lemma 2.4.
Assume k£ is odd. Now, Definition 7.3 gives
1 1 1
M = _H> H>V_ H*>> H> — H>V H*\/>>
CH T g T = g )
1
=——LV.
d—1

O

As for dual kernels (see Lemma 2.10), the skew canonical k-pseu-
dokernel of the k-skew dual kernel associated to a (k — 1)-pseudokernel
may be computed directly.

Lemma 7.14. Let k > 2, M be a (k—1)-pseudokernel and (H, H™) be
the k-skew dual kernel associated to M. Let L be the skew canonical
k-pseudokernel of (H, H™).

If k is even, we have L = M> — Z=MV>V.

If k is odd, we have L = (d — 1)M~ — M=V

Proof. Assume k is even. Then Definition 7.4 and Definition 7.12 give
I = MY> _ ﬁM\Dv—i— (M—MV)> — M — ﬁM\DV.
Assume k is odd. Definition 7.5 and Definition 7.12 now give
L=M">_ M"Y+ (MVV —(d— 1)MV)> _ (d— 1)M> — MYV,
where we have used Lemma 6.15. U
Again as for dual kernels, the skew canonical map is injective.

Lemma 7.15. Let k > 2 and (H, H™) be a k-skew dual kernel. If the
skew canonical k-pseudokernel of (H, H™) is 0, then (H,H) = 0.

Proof. We will prove this by induction on k.

Assume k = 2. Then, wehave H~> = —H = HY = —H V. Lemma
2.5 gives H~ = 0, and hence H = 0.

Assume k > 3 and the results holds for £ — 1. Again, we have
H~> =—-H = HY = —H V. Lemma 2.5 now says that there exists
a (k — 1)-pseudokernel J with H~ = —J> = JY>, so that JY = —J
and (H~,J) is a (k — 1)-skew dual kernel with zero skew canonical

k-pseudokernel. The induction assumption says that H~ = 0, hence
also H = 0, which should be proved. O
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Lemma 7.13 and Lemma 7.15 give directly

Corollary 7.16. Let k > 2, (H,H™) be a k-skew dual kernel, L be its
skew canonical k-pseudokernel and M be a (k — 1)-pseudokernel.

If k is even, we have L = M> — Z=M">" if and only if (H, H™) is
the k-skew dual kernel associated to MV .

If k is odd, we have L = (d — 1)M~ — M=V if and only if (H, H")
is the k-skew dual kernel associated to M.
7.4. Crossed duality. We will show that the skew canonical map may
be seen as the adjoint of the skew shoot map with respect to the skew

weight pairing. This will allow us to describe the null space of this
pairing in the space of skew dual kernels.

Lemma 7.17. Let k > 2. Let t in M,(Cd_l) be a T'-invariant (d —
1)-radical k-pseudofield and set s = Qyt to be the skew shoot of t.
Let (H,H™) in Ji be a I'-invariant k-skew dual kernel and set L =
Dy(K,K™) to be the skew canonical k-pseudokernel of (K, K~). We

have
[s,(H,H™)] = —(t,L).

Proof. Again, this is a straightforward computation. If £ is even, Def-
inition 6.20 and Definition 7.8 give

1 d—1 1 1
HH)=(-t'——tH —( ——t"S —t<,H ).
s = (e = Ty g (e - )

As HY = —H, we have (3tV — =1t H) = —(t, H). As HY = —H~
and ¢ is (d — 1)-radical, we have

1 V< -\ _ 1 V<V < -
<J?ﬁ f{>——<yt7t -
=—(~,H )=—(t,H ).

We get [s,(H,H™)| = —(t,H) — (t, H~) = —(t, L), as required.
If k is odd, still by Definition 6.20 and Definition 7.8, we have

1 1 1 1
H H )] =(=t'—=t,H —tVS —Zt<,H™ ).
As HY = —H, we have <%tv — %t,H> =—(t,H). As H-Y = —H~ and
t is (d — 1)-radical, we have

1\/< - 1\/<\/ — d_1< —
StV H Y =— (= H Y=—(—<H
(g ) == (5= e,
d—1
=—(—t,H ).
(o)



ADDITIVE REPRESENTATIONS 63
Again, we get [s, (H,H™)| = —(t, H+ H ~) = —(t, L), as required. [

This allows us to determine the null space of the skew weight pairing
in skew dual kernels.

Corollary 7.18. Let k > 2 and (H,H™) be in J. Then one has
(s, (H,H™)] =0 for every s in Gy if and only if (H, H™) is the k-skew
dual kernel associated to a (k — 1)-pseudokernel.

Proof. The if part was established in Lemma 7.10. Conversely, by
Lemma 7.17, if [s, (H, H™)] = 0 for any s in Gy, then Dy(H, H™) be-
longs to the orthogonal subspace to Mlgd_l) in L;. The conclusion
follows from Definition 7.1 and Corollary 7.16. U

By reasoning as for Proposition 3.15, from Proposition 6.18 and
Lemma 7.17, one can show

Proposition 7.19. Let k > 1. Then Q) maps M,gd_l) onto Gy. If
k > 2 and k is even (resp. odd), then the map t — (Q4t, ﬁtvﬂ (resp.

t— (Qt,tV<)) sends /\/l,(gd_l) onto the space

{(s.u) € G x M| — 5% = Qyyu}.

7.5. The skew weight metric. We conclude this Section by using
the above constructed objects to equip the space G, of I'-invariant k-
skew fields with a scalar product that is constructed in analogy with
the weight metric of Section I1.11.

Let kK > 2 and p be a k-Euclidiean field. Let us introduce the ana-
logue operation to that of Subsection 6.2 for pseudokernels. We use
the notation of Subsection 1.10.6 for the adjoint operators Iﬁ;l’*“’ and
Jf;f”’,xwaX,EZl.

Let L be a k-pseudokernel and, for any = ~ v, let rﬁy be the sym-
metric bilinear form associated with L,,. If kis even, k = 2(, ¢ > 1,
we set Ly to be the function on S~!(zy)? associated with the bilinear
form (I, '*1)*rL by Lemma L5.1. If k is odd, k = 20+ 1, £ > 1, we
set Ly to be the function on S%(z)? associated with the bilinear form
(J5P)*rk, by Lemma 1.5.1. Then L=» is a (k — 1)-pseudokernel.

zy
We directly get:

Lemma 7.20. Let k > 2 and p be a k-Euclidiean field. If L is a
(k — 1)-pseudokernel, then L=<r = L.

Lemma 7.21. Let k > 2 and p be a I'-invariant k-FEuclidiean field.
For L in Ly, and s in My_1, we have (s77, M) = (s, M<»).
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Let still p be in Py. If s is a I'-invariant k-skew quadratic field, we
let H be the k-pseudokernel obtained in the following way.

If kis even, k =2¢, ¢ > 1, for x ~ y in X, then H,, is the function
on S*(z)? associated by Lemma 1.5.1 to the bilinear form on V() ob-

tained from s, by the identification between V{(z) and Vg(x) through
the scalar product p,.

If kisodd, kK =20+ 1,¢ > 1, for x ~ y in X, then H,, is the
function on S*(zy)? associated by Lemma 1.5.1 to the bilinear form
on V{(zy) obtained from s,, by the identification between V{(zy) and

V" (zy) through the scalar product p,,,.

In both cases, we have HY = —H. We set H- = —H<r. As
s<V = —s<, one easily checks that H<rV = —H<r. Therefore, the
pair (H, H™) is a k-skew dual kernel. If r is an other element of G, we
set

hy(r,s) = [r,(H,H)].

Proposition 7.22. Let k > 2 and p be a I'-invariant k-FEuclidiean
field. The bilinear form h, on Gy is symmetric and positive definite. If
r s i Gri1 and s is in G, we have

hp+ (7"7 5+p) = _hp(r<a 5)-
We will call h, the skew weight metric on G.

Proof. This is a consequence of the previous constructions of the or-
thogonal extension and the skew weight pairing.

Indeed, let 7, s be in G.

If kiseven, Kk =20, { > 1, for x ~ y in X, let A, and B,, be
the endomorphisms that represent the bilinear forms s,, and r,, with
respect to the scalar product p, on Vg(a:) and let A and B, be
the endomorphisms that represent the bilinear forms s3, and ry, with

respect to the scalar product p, on Ve_l(asy). Then the Definition 7.8
of the weight pairing and that of h, give

(7.1)
1 d(z) —1 1 o
h = tr(AgyByy) — = tr(A,, B .
p(r’ S) Z |F33 N Fy‘ ( d(l’) r( Y y) 9 r( zyY J?y))
(z,y)eT\ X1
Symmetry follows. Besides, as d(z) > 3 for any x in X, we get d(dz(gl >

% and therefore, if r = s # 0, the latter is positive.
In the same way, if kis odd, k =20+ 1, ¢ > 1, for z ~ y in X, let
A,y and By, be the endomorphisms that represent the bilinear forms

Szy and 74, with respect to the scalar product p,, on Vz(xy) and let
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A, and B be the endomorphisms that represent the bilinear forms

sy, and r5 with respect to the scalar product p; on Ve(m) Still by
Definition 7.8, we may write
(7.2)
hrs)= S (L tr(AyBay) — (A7, B
e TenTyf\2 " d(z) ™)

(z,y)eT\ X1

Symmetry and positivity follow.

It remains to prove the adjointness property of orthogonal extension.
We take r in Gi1; and s is in G and, as in the construction of h,, we
let H be the k-pseudokernel with HY = —H that is associated with s
by the duality coming from p. By this construction, we have

hp(r<73> = [T<’ (Ha H_ﬂv

where H~ = —H<?. By comparing the Definition 6.13 of the orthogo-
nal extension of s and Definitions 7.2 and 7.3 of the orthogonal exten-
sion (H*, H) of (H, H™), we get

hy(r,s) = [r,(H*, H)].

The conclusion now follows from Proposition 6.14 and Proposition 7.11.
O

Recall from Corollary 6.7 that direct restriction is a surjective linear
map Gy1 — Gi.

Corollary 7.23. Let k > 2 and p be a I'-invariant k-FEuclidiean field.
The scalar product hy, on Gy, is the Euclidean image of hy+ on Gy by
direct restriction.

Euclidean images of nonnegative symmetric bilinear forms under sur-
jective maps were defined in Appendix [.A.

Proof. We need to show that, with respect to the Euclidean structures
h,+ and hy, the adjoint map of direct restriction Gy11 — Gy is an
isometric embedding G — Gi.1. Now, Proposition 7.22 precisely says
that this adjoint map is the map s — —s™, G, — Gr,1 and Proposition
6.14 ensures that, for s in G, one has —s™< = s. The conclusion
follows. U

8. PROJECTIVE LIMITS OF THE WEIGHT METRIC AND THE SKEW
WEIGHT METRIC

Let still £ > 2 and p be a I'-invariant k-Euclidean field. With the
language of Appendix 1.B, it follows from Corollary 7.23 above that
the skew weight metrics associated to p and its orthogonal extensions
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allow to equip the projective system (G;);>, with the structure of a
straight nonnegative projective system. In the same way, if p is admis-
sible, Proposition 1.11.12 and Theorem [.11.16 ensure that the weight
metrics associated to p and its orthogonal extensions allow to equip
the projective system (F;);>; with the structure of a straight nonneg-
ative projective system. The purpose of this final Section is to give
a concrete description of the Euclidean projective limits of both these
systems.

8.1. The projective system of skew quadratic fields. We start
with the case of skew quadratic fields. This case is easier and will
motivate the formulation of the case of quadratic fields.

We recall some facts about Hilbert-Schmidt quadratic forms which
can be deduced from the analagous properties of Hilbert-Schmidt op-
erators (see for example [8]). Let H be a real Hilbert space with scalar
product p and (v;) be a Hilbert basis of H. A symmetric bilinear form
g on H is said to be a Hilbert-Schmidt form if one has

Zq(vi,vjf < 00.

0,3
This property is independent on the choice of the Hilbert basis. It im-
plies ¢ to be bounded with respect to the Hilbert norm on H. The space
of Hilbert-Schmidt symmetric bilinear forms ¢ is denoted by Q*(H).
The bilinear form pj : (q,7) = >, ; q(vi, v;)r(vi, v;) is positive definite
on Q*(H) and it also does not depend of the basis. The space Q*(H)
is complete with respect to the associated Euclidean norm. If H has
finite dimension, this scalar product may be written as (g, 7) +— tr(AB)
where A and B are the endomorphisms which represent ¢ and r with
respect to p.

Now, let £ > 2 and p be a I'-invariant k-Euclidean field. As in Sub-
section 1.4.6 and 1.4.5, the successive orthogonal extensions of p define
a scalar product on the space D(9X) of classes of smooth functions
on OX modulo the constant functions. The completion of D(GX) with
respect to this scalar product is denoted by HP. By abuse of notation,
we still denote by p the scalar product of H?. As D(9X) is dense in HP,
we may consider the space Q*(HP?) of Hilbert-Schmidt symmetric bi-
linear forms on H? as a subspace of the space Q(D(0X)) of symmetric
bilinear forms on D(9X).

Recall from Proposition 6.16 that we may identify the projective
limit of the system (Gi)g>1 with the space of I'-invariant harmonic
skew symmetric maps X; — Q(D(9X)).
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Proposition 8.1. Let k > 2 and p be a I'-invariant k-FEuclidean field.
Then the Euclidean projective limit of the projective system (G;) >k,
equipped with the skew weight metric, is the space of I'-invariant har-
monic skew symmetric maps X, — Q*(HP), equipped with the scalar
product

1 dzx)—2 ,
— Yy OxY )"
(T’, S) Z |Fx N F | 2d($> pQ(T Y S y)
(z,y)eT\ X1 4

See Appendix I.B for the language of Euclidean projective limits.
The proof uses the following direct consequence of the definition of
the Hilbert-Schmidt norm:

Lemma 8.2. Let H be a Hilbert space and (Hy)p>o be an increasing se-
quence of finite-dimensional subspaces of H such that | J,-, Hy is dense
in H. Then, the Fuclidean projective limit of the system (Q*(Hy))r>o
is the space Q*(H).

Proof of Proposition 8.1. Set C'= 6sup(, yex, [Tz NT,|.
If k is even, for r, s in Gi, we can write (7.1) as

(81) hp(87 S) =
1 d(z)—1 . 1, .
Z T, AT, ( d(z) (P2)5(Tay, Say) — §(p$y)2(r§y,s§y)) ,
(z,y) e\ X1
As d(z) > 3 for any z in X, this gives

(8:2) ho(s,8) < Y (Pe)a(ray, suy) < Chy(s, s).

(z,y)eM\ Xy

In the same way, if k is odd, for r, s in Gy, (7.2) gives

(8.3) hy(s,s) =
1 1 1
e (i sa) = 02305 55)).
(m’y)EZF\Xl |Fw N Fy| (2 Y2 Y Y d(ZE) 2 Y Y
As above, we get
(8.4) hy(s, s) < Z (P2y)2(Tay; Szy) < Chy(s, s).
(z,y) €T\ Xy

Together with Lemma 8.2, (8.2) and (8.4) imply that a I'-invariant
harmonic skew symmetric map s : X; — Q(D(9X)) belongs to the
Euclidean projective limit of (G;) ;> if and only if, for any (z,y) in X7,
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Sy belongs to Q*(HP). For such an s and j > k, let s’ be the image
of s in G;. Still by Lemma 8.2, we get, for (z,y) in Xj,

(p]) (ijy7 my) .—>p2(3ary’sxy)

7 even
and (p7 )2(3;3,: a;y) —,—_> P5(Szys Say),s
j Odd
where p’ is the (j — ) th orthogonal extension of p. By using the
relation d(;&gl —-i= 2d(x) =1- d(x) we get from (8.1) and (8.3),
1 d(z)—2
hyi(s?, s —> 5 (Szys Szy)-
(S 8) Z | xmry| 2d(l’) p2(3y3y)
(z,y)eT\X1

The conclusion follows in view of Lemma I.B.3 and Definition I.B.4. [

8.2. The weight pairing and the standard pairing. Our objective
will now be to give a description of the Euclidean projective limit of the
projective system (F;),>x, equipped with the weight metric associated
to an admissible I'-invariant k-Euclidean field, as in Section I.11. To
do this, we will use the abstract formalism of Appendix A to relate the
weight pairing and the weight metric to the language of traces on Von
Neumann algebras.

Indeed, by definition, the Hilbert space H{ of Subsection 1.3.1 is
[-isomorphic to a closed T-invariant subspace of the space £2(X;). By
assumption, I' has finitely many orbits in X; and the stabilizers of the
elements of X; in I' are finite. Thus, with the language of Appendix
A, the action of I' on X; is standard. Therefore, we can apply to
the representation of I' in the Hilbert space Hy the results of this
Appendix. In particular, in the present Subsection, we relate the weight
pairing of Definition 1.11.5 with the standard quadratic pairing (., .)r
of Subsection A.3.

Recall that by construction, we have a dense embedding of D(9X) in
the topological dual space (Hy)" of Hy. This gives a natural injection
of Q%((HY)") inside Q(D(0X))Y, where Q> ((HE))' is the space of
continuous I'-invariant symmetric bilnear forms on (HY)'. Besides, in
view of the results of Section 1.4, the latter may be identified with
the projective limit of the projective system (Fy)r>1 of I'-invariant
quadratic fields.

Proposition 8.3. Let k > 2, (K, K~) be a I'-invariant k-dual kernel,
w : X — R be a T-invariant weight function for (K, K~) and ®,
be the associated symmetric bilinear form on Hg. Let also 11 be in
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O=((HE))' and p be the image of 11 by the natural map Q°°((HY)' )" —
Fi. Then we have
<H?(I)w>r = [ ) <K7 Kﬁ)]

The bilinear form ®,, is defined in Subsection 1.3.2 and the notion of
a k-dual kernel is introduced in Subsection 1.5.1. The weight functions
associated to a k-dual kernel are constructed in Subsection 1.6.2. The
weight pairing is defined in Subsection I.11.2.

Proof. Define a bilinear form ¥, on £2(X;) by setting, for p, 6 in £2(X),

55 Vulp ) =—5 Y wleyele )0y,

where, as usual, for (z,y) in X, x; and y; are the neighbours of x
and y in the segment [ry]. By Lemma A.11, ¥, is a well-defined
bounded bilinear form on £*(X;). As w is a symmetric function, ¥,, is
symmetric. Let I : HY — ¢*(X;) be the natural injection. Then (1.3.3)
implies I*V,, = ®,,,.

On the other hand, identify ¢?(X;) with its topological dual space
by the usual scalar product and let I* : (*(X;) — (Hg) denote the
adjoint map of I. Recall that, for (z,y) in X;, Uy, denotes the closed
open subset of 0.X,

Uy = {€ € 0X|y € [26)}.

By the construction of the embedding I in Subsection 1.3.1, for 8 in
Hg, when 6 is viewed as a distribution on 0.X, we have

10(x,y) = 0(1y,, ).
This gives
I*(l(m,y)> = 1Uzy7

where we have identified D(0X) with a subspace of (H¢)'. Therefore,
by (8.5), (A.3) and the definition of the standard pairing in Subsection
A3, we get

(8.6) ((I")IL, Wy)r =
1 H(]-Uaa/a ]-U /)
- 5 Z 2 Z w@,y) 1x:a,x1:a’,

((a,a"), b))\ X2 FaNTa AL AT o y=byr =Y

1 1
=—= ) ——M(y,,.1
2 |1—\x m Fy| ( U‘L;Ll ) Uyy1 )w(x’ y)7

(z,y) €M\ Xk
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where we also have used Lemma [.9.11. By the weight formula, that
is, Theorem 1.11.4, we have

1 3 1
2 el 1 = K K.
D, N, (1v,,,, 1o, )w(z,y) = [p, (K, K7)]

(mvy)GF\Xk
The conclusion follows since, by Lemma A.9, we have
<<I*)*H7 ‘I’w>r = <H7 [*\pw>F = <H7 (I)'w>l"~
O

Proposition 8.3 yields the following corollary which we were not able
to prove by a more direct method.

Corollary 8.4. For k > 2, any admissible I'-invariant k-FEuclidean
field is tight.

Admissible Euclidean fields are defined in Section 1.10; tight qua-
dratic fields are defined in Section 4.

Proof. Let p be an admissible k-Euclidean field. Then the successive
orthogonal extensions of p define a scalar product p> on the dual space
of Hy. Let w be a I'-invariant function on X such that &, is non-
negative and (K, K~ ) be a non-negative k-dual kernel such that w is a
weight function of (K, K~). By Proposition 8.3, we have

[pv (Kv K_)] = <poo’ q)w>F'

By Proposition A.10, we get [p, (), K~)] > 0. The conclusion follows.
U

8.3. The projective system of quadratic fields. To conclude, for
k > 2 and p an admissible I'-invariant k-Euclidean field, we will use
the previous constructions to describe the Euclidean projective limit
of the projective system (F;),>k, equipped with the weight metric, by
means of the standard scalar products of Subsection A .4.

As above, we identify the projective limit of the system (Fg)p>1
with the space Q(D(0X))' of I-invariant symmetric bilinear forms on
D(0X). Let k > 2 and p be a [-invariant admissible k-Euclidean field.
We still set HP to be the completion of D(0X) with respect to the
scalar product obtained from p by its successive orthogonal extensions
as in Section I.4. Then we have a natural embedding of Q> (HP)"
inside Q(D(0X))L.

Assume now that p is admissible as in Definition 1.10.1, so that, by
Theorem 1.7.6 and Theorem 1.7.17, the space H? may be considered as
the topological dual space of the Hilbert space Hy'. As the representa-
tion of I' in Hy is standard, so is its representation on H” and we may
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define the standard scalar product associated to p on Q> (HP)"', which
we still write as p}- as in Definition A.13.

Theorem 8.5. Let k > 2 and p be an admissible T'-invariant k-
Fuclidean field. Then the FEuclidean projective limit of the projective
system (F;);j>k, equipped with the weight metric g,, is the completion
of Q¥ (HP)' with respect to the standard scalar product pi.. More pre-
cisely, when both of them are seen as subspaces of Q(D(0X))', the
Euclidean projective limit contains Q®(HP)" as a dense subspace and
the restriction of the scalar product of the Euclidean projective limit to
QO (HP)T is .
We first prove a density result.
Lemma 8.6. The space

U{wa|w : Xy, — R, w is T-invariant}

k>1

is dense in Q™ (HE )T with respect to the topology induced by a standard
scalar product.

The fact that the statement does not depend on the choice of the
standard scalar product is a consequence of Corollary A.16.

Proof. As in the proof of Proposition 8.3, we identify ¢*(X;) and its
dual space by the usual scalar product and we let I : HY — (*(X;)
denote the natural inclusion. We equip Hy with the induced scalar
product of the usual one on ¢*(X;). Therefore, by Lemma A.14, the
natural map (I*)* : QF((Hg))" — Q>(*(X;))'. is an isometric
embedding for the standard scalar products. Let II be in Q*((Hg)")T.
In view of the proof of Proposition 8.3, for x # y in X, if x1 and y; are
the neighbours of x and y in [xy], we have

(8'7) ([*)*H(l(:r,m)v 1(y,y1)) - (I*)*H(l(m,x)a 1(y1,y))
= —(I") "M@ Lggn) = =) ML w1)s L)
= H(]'Uzlz7 ]‘Uyly) = —w(%y%

where, as in Subsection 1.4.1, ¢ is the quadratic type function associ-
ated to I, when II is viewed as a symmetric bilinear form on D(9X).

We apply Lemma A.18 to the I'-action on X; which is standard by
assumption. This tells us that we may identify Q>(¢*(X;))" with a
space of [-invariant symmetric functions on X?%; then, every element ¢
in the completion of Q®((Hg) )" with respect to the standard scalar
product may be seen as a [-invariant function on X? that is square-
summable in I'\X?. Due to (8.7), this function satisfies, for z # y in
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X,

(8.8) w((w,21), (y,41)) = o((z1,2), (y1,9))
= o((z1,2), (y,11)) = ¢((x, 21), (Y1,9))-

Let ¢ be such a function and assume moreover that, for any £ > 1 and
any symmetric ['-invariant function w on Xy, ¢ is orthogonal to ¥,
with respect to the standard quadratic pairing, where ¥,, is defined as
in the proof of Proposition 8.3. Then, by reasoning as in (8.6), we get

> ). ) =

(m,y) EF\Xk

As this is true for any k£ > 1 and any function w, for any x # y in X,
we get o((x, 1), (y,1y1)) = 0. By (8.8), we get ¢ = 0.

By construction, for £ > 1 and w a I'-invariant function on Xj, we
have I*V,, = ®,,. Therefore, by Lemma A.9, we have just shown that,
with respect to the standard pairing, in the completion of Q> ((Hg)")T,
the orthogonal subspace of

U{wa\w : Xy — R, w is I'-invariant}

k>1
is reduced to {0}. By Corollary A.17, the Lemma follows. O

We will need the infinite dimensional version of Lemma 1.C.3, whose
proof is obtained in the same way. Recall that, if H is a Hilbert space,

. (H) is the set of coercive symmetric bilinear forms on H, that is,
the set of scalar products which define the topology of H.

Lemma 8.7. Let H be a Hilbert space with scalar product p and topo-
logical dual space H'. Write 6y : QF, (H) — QF, (H') for the natural
bijection and 6, : H — H',v — p(v,.). Then 0y is smooth and the
differential of 0y at p is the linear map

d()p : Q°(H) = Q*(H'),q = —(6,")"q.

p

The proof of Theorem 8.5 will use an elementary argument of Hilbert
spaces geometry that we formulate in the language of Appendix 1.B.

Lemma 8.8. Let (X, qo, m)e>0 be a straight Euclidean projective sys-
tem and H C hm&) Xy be its Euclidean projective limit, equipped with
its natural scalar product q. Let L be another Hilbert space and ¢ :
L — H be a continuous linear map. For { >0, set o, = mpp : L — X,
and assume that the adjoint map of @, is an isometry onto its image
in L. Then, the adjoint of ¢ is also an isometry onto its image.
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Proof. Let £ > 0. As (m7)«q = qo, the adjoint 7TZ : Xy, — H of 7y is an
isometry onto its image in H. As gOTT('Z = gp}, ¢! induces an isometry
from WzX ¢ onto its image in L. The conclusion follows as J, W;[Xg is
dense in H.

Proof of Theorem 8.5. The strategy of the proof is to aim at applying
Lemma 8.8 to the projective system (F;);>k, equipped with the weight
metric, and to the Hilbert space L which is the completion of Q> (HP)"
with respect to the standard metric. Therefore, we will construct lin-
ear maps J; — Q>(HP)" which will be adjoint to the natural maps
O>(HP)"" — F;. We now begin this construction.

Write § : QF, (Hy) — Q2 ((HY)') for the natural bijection. Recall
that P, stands for the set of I'-invariant k-Euclidean fields and IC; for
the vector space of I'-invariant k-dual kernels. By Proposition 1.10.14
the natural map ¢ : Pr — K} is a smooth immersion.

Let first p be any element of P, and p> be the scalar product on
D(0X) obtained from p by successive orthogonal extenions. The con-
struction of the k-dual kernel (K, K~) = (p) in Subsection 5.1 and
the definition of the Hilbert space H*¥" in Subsection 5.4 ensure that
HXK™ s the space of distributions which are bounded with respect to
p and that the natural bilinear form ¢®*~ on H®X" is dual to p>. If

p is admissible, then by definition, H¥X~ = H% and the previous can
be written as
(8.9) p™ =0(¢""7) = 8(g*).

Recall that W, is the space of cohomology classes of I'-invariant
symmetric functions on X, and that Wy : K — W; is the weight
map. As in the proof of Theorem 1.10.17, let F}, : W, — O, (H)
denote the map that sends the cohomology class of a function w to ®,,.
Let still p be admissible and (K, K~) = u(p). By Theorem 7.6, we
have ¢%~ = ®,, where w is a ['-invariant weight function of (K, K)~.
Thus, by using (8.9), we get

P> = 6 F Wi (p).
Finally, denote by 7, : Q(D(0X))" — Fi the natural surjective linear

map. Since by construction m(p°>) = p, we have established that, for
p in P,

(8.10) p = T FWitr(p).

In the above relations, the linear maps 7, Fy and W} are linear and
continuous. Indeed, W} and F}, are defined on finite-dimensional vector
spaces, whereas 7, is defined on Q> ((HY)")' by evaluating bilinear
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forms on elements of Hy. Besides, the map ¢, is smooth by Proposition
[.10.14 and the map ¢ is smooth by Lemma 8.7. Write U, : H? =
(Hy) — Hy for the isomorphism associated to p. By Lemma 8.7, we
get, after differentiating in (8.10), for p in P2 and ¢ in Fy,

(8.11) q = —mp Uy FiWid,ti(q).

In view of this, we define a linear map 6y : F, — Q>(HP)' by
setting, for ¢ in Fy,

(8.12) Opq = —U) F.Widyti(q),

so that (8.11) reads as

(8.13) g = q.

We claim that, for IT in Q°(HP)', we have the adjointness property
(8.14) pr(IL 0kq) = gp(mellL, q),

where g, is the weight metric. Indeed, in view of the definition of the
standard scalar product p} in Subsection A.4 and by (8.12), we have,

pr(IL, O0rq) = —(IL, FxWidyee(q))r = —[meIl, dper(q)],
where the second equality follows from Proposition 8.3. By the defini-
tion of g, in Subsection 1.11.3, (8.14) follows.

Let us use these constructions to show that, when viewed as a sub-
space of Q(D(0X))T, the space Q®(HP)' is contained in the Euclidean
projective limit of the projective system (F;);>k, equipped with the
weight metric. Indeed, for IT in Q> (HP”)", we have, by (8.14),

gp(mIL, mpIl) = pr(OpmiIL, IT).
By Cauchy Schwartz inequality, we get
Gp (ML, mpI1)? < pr(Qpmi L, Oy IT) i (T1, T1).
Still by (8.14), we have
Ppr(OrmilL, O, Il) = g, (mbpmill, mll) = g, (mp I, mi IT),

where we have used (8.13). Thus, g,(m I, mII) < pi(IL, II). By apply-
ing this property to the successive orthogonal extensions of p, we get
that Q> (HP?)! is contained in the Euclidean projective limit H of the
projective system (F;);>k, and that this inclusion has norm < 1.
Therefore, this inclusion induces a bounded linear map ¢ : L — H,
where L is the completion of Q> (HP)l' with respect to the standard
scalar product. By (8.14), for j > k, the adjoint map of ;¢ is 6; and
by (8.13), 6, is an isometry onto its image. By Lemma 8.8, to conclude
it suffices to prove that the null space of ¢ is reduced to {0}. This
will follow from Lemma 8.6. Indeed, recall that by Theorem 8.32, the
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weight map Wy, : K — W, is surjective. Hence, by Proposition 8.3,
for Il in L, if pII = 0, then, for any 7 > 1 and any w in W;, we have
(I1, ®,,)r = 0. By Lemma 8.6, this implies Il = 0 as required. O

Theorem 8.5 yields the following corollary which we were not able
to prove in a more direct way.

Corollary 8.9. Let k > 2 and p, q be admissible I' invariant Fuclidean
fields. There exists C' > 1 such that, for any j > k, one has

1
59;0]‘ < gy < Cgy

where g, and g, are the weight metrics associated with the (j — k)-th
orthogonal extensions of p and q on Fj.

Proof. This follows directly from Corollary A.16 and Theorem 8.5. [J

APPENDIX A. ALGEBRAIC PROPERTIES OF STANDARD
REPRESENTATIONS

In this appendix, we achieve certain abstract constructions that were
used in the proof of Proposition 8.3 and Theorem 8.5.

Let G be a discrete group. If A is a set, we shall say that an action
of G on A is standard if G has finitely many orbits in A and the stabi-
lizers in G of the elements of A are finite. If H is a (real) Hilbert space,
equipped with a unitary action of GG, we shall say that the representa-
tion of G on H is standard if there exists a standard action of G on a
set A and a closed non necessarily unitary G-equivariant embedding of
H inside the space ¢*(A) of square-summable functions on A.

It is a widely used fact in the theory of Von Neumann algebras
(see [3, Chapter 8]) that the algebra B(H)® of bounded G-equivariant
endomorphisms of H can then be equipped with a natural trace. This
functional allows to introduce algebraic structures on spaces related to
H that are analogues of the algebraic structures studied in Appendix
[.C. These constructions are classical, but we will give a presentation
of them that is adapted to our purpose.

A.1. Standard trace. We begin by defining the above mentioned
trace functional. If A is a set, we write (.,.) for the usual scalar product
on (*(A). If H is a Hilbert space, we denote by B(H) the algebra of
bounded endomorphisms of H. The following is a classical result from
the theory of Von Neumann algebras:

Proposition A.1. Let G be a discrete group and H be a Hilbert space
equipped with a standard unitary representation of G. Then there exists
a unique linear functional trg on B(H)Y with the following property:
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let A be a set with a standard G-action and I : H — (*(A) be a
closed G-equivariant embedding. Then, for every T in B(H)Y and S
in B((?(A))¢ with ST = IT and S?*(A) C IH, we have

tr(;T: Z |GL

aeG\A al

(14,51,).

The functional trg is a trace, meaning that, if H, L are Hilbert spaces
equipped with standard unitary representations of G, for every bounded
G-equivariant linear maps U : H — L and V : L — H, we have

(Al) trg(UV) = trg(VU).

Remark A.2. The assumption on S and T in the statement means
that, for a direct decompostion of ¢?(A) as H & L, the operator S has

a matrix of the form
T x
0 0/°

Definition A.3. Let G be a discrete group and H be a standard
unitary representation of G. Then the functional trg is called the
standard trace on B(H)C.

Assume the set A is equipped with a standard G-action. We start
building the standard trace in case H = (?(A). Let T be in B({?(A))C.
We set

(A.2) tra(T) = ) G (1,,T1,).
aEG\A| ‘

Lemma A.4. Let G be a discrete group, A be a set equipped with a
standard action of G and S, T be in B((*(A))Y. For a,b in A, set
v(a,b) = (1,,51,) and ¥(a,b) = (1,,T1,). Then we have

1
A. t T) = E _— b)y(b, a).
( 3) rG(S ) |Game|90(a’v )¢( 7a)
(a,b)eG\ A2

In particular, we have trg(ST) = trg(T'S), that is, the functional trg
is a trace on B((*(A))C.
Proof. Indeed, for a,b in A, we have

(1,,5T1,) ngab

beA
meaning that the series is absolutely convergent. By the definition of
the trace in (A.2), we get
ng a,b)(b, a)

trg(ST Z

a€G\A a| beA
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By using Lemma 1.9.11, (A.3) follows. O

Let H C (*(A) be a closed G-invariant subspace I : H — (*(A) be
the natural injection and P : £2(A) — H be the orthogonal projection.
For T in B(H)“, set

(A.4) tra(T) = trg(ITP).

Lemma A.5. Let G be a group and A be a set equipped with a standard
G-action. Let H be a closed G-invariant subspace of (*(A). Then, for
any S in B(H)¢ with IT = SI and S¢*(A) C IH, we have

trg(T) = trg(S) .

In particular, if Q : (>(A) — H is a non necessarily orthogonal projec-
tion, we have

tI‘G (T) = trg<]TQ> .

Proof. As the range of S is contained in I H, we have S = [ PS. There-
fore, by Lemma A 4,

tr(;(S) = tr(;(IPS) = trg<SIP) = trg(ITP) = trg(T).

If @ is as in the statement, we can set S = IT'Q) and the conclusion
follows. O

Proof of Proposition A.1. Let us prove the uniqueness property of the
trace. We will show that the trace trg defined on B(H)% in (A.4)
does not depend on the embedding of H as a subspace of the space of
square-integrable functions on some standard action of G.

Let A and B be two sets, both equipped with standard G-actions.
Assume that we are given two G-equivariant closed embeddings I :
H — (*(A) and J : H — (*(B). Set C = AU B and equip it with
the natural action. Identify ¢2(C') with (*(A) & ¢?(B). Then, a direct
computation shows that the traces on B(¢2(A))“ and B(¢*(B))® are the
same as the ones induced by the closed embeddings of ¢*(A) and ¢*(B)
inside ¢%(C'). Denote by P : (*(C) — (*(A) and Q : (*(C) — (*(B) the
orthogonal projections which we consider as endomorphisms of ¢2(C).
Write K = I @ J for the diagonal embedding of H in ¢*(C'). We get

(A.5) PK =1 and QK = J.

Temporarily write trd, tr5 and tr§ for the traces on B(H)% associated
with the embeddings I, J and K. Let P’ : (*(A) — H and Q' :
(*(B) — H be the orthogonal projections. Note that P’P and Q'Q are
projections ¢*(C') — H. Therefore, for T in B(H)“, by Lemma A.5,
we have

(A.6) tr5(T) = tra(KTP'P) = trg(KTQ'Q).
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By using (A.5), we get

t1¢(KTP'P) = tra( KTP'P?) = trg(PKTP'P) = tra(ITP) = trA(T)

and in the same way, trqg(KTQ'Q) = tr2(T). By (A.6), we get
tra(T) = trS(T) = tr5(T)

as required. By Lemma A.5, we have built a functional on B(H)% with
the required properties.

To conclude, it remains to prove (A.1). Thus, we let H and L be
Hilbert spaces with standard representations of G, and U : H — L
and V : L - H be bounded G-equivariant linear maps. We set M to
be the Hilbert space H @& L, and S and T to be the endomorphisms
defined by the matrices

0 0 0V
S:(U 0) andT:(O 0).

By the uniqueness of the trace and by Lemma A.4, we have
tl”Gf(UV) = tr(;(ST) = trg(TS) = trg(VU).
O

A.2. Trace inequalities. We will use the standard trace to write in-
equalities in B(H)“ which are analogues of inequalities for endomor-
phisms of finite dimensional vector spaces.

We first state a consequence of (A.3).

Corollary A.6. Let G be a group and H be a Hilbert space with scalar
product p. Assume H is equipped with a standard unitary representa-
tion of G. Then the bilinear form

(S,T) > trg(S™T)
is a scalar product on B(H)C.

Proof. Let A be a standard G-set. If H = (*(A), the result is clear
from (A.3).

In general, let I : H — ¢*(A) be a closed embedding and assume first
that H is equipped with the restriction of the usual scalar product of
(%(A). Then, the adjoint of I is the orthogonal projection P : £2(A) —
H. Therefore, for S, T in B(H)Y, we have

tra(S'T) = trg(IS'TP) = trg(ISTPITP) = trg((ISP) (ITP)),

and the result follows from the previous case.

Finally, suppose p is any scalar product on H, which defines the
topology of H. We let V' be the endomorphism of H which represents p
with respect to the scalar product induced by the usual scalar product
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(.,.) of £2(A). As p is positive and defines the topology of H, V is
invertible and positive. For 7" in B(H) and x,y in H, we have
p(Tz,y) = (VTz,y) = (&, T'Vy) = p(z, V'TVy),

hence T = V=TTV, Let W be the square-root of V, that is, the
unique self-adjoint endomorphism with respect to the usual scalar prod-
uct which is non-negative and such that W2 = V. As V commutes with
G, so does W by uniqueness. For S, T in B(H)%, we have

trg(SPT) = trg(VSTVT) = trg (W 2STW?T)
= trg(WLSTW2TW ) = trg(WSW DI WTW ).
The result follows by the previous case. 0

Corollary A.7. Let G be a group and H be a Hilbert space with a
standard unitary representation of G. Let T be a non-negative self-
adjoint element of B(H)®. Then we have

tI‘G (T) Z 0.

Proof. Let S be the square-root of T'. Then S is self-adjoint and belongs
to B(H)®. By Corollary A.6, we have

trg(T) = tra(S?) > 0.
O

If H is a standard unitary representation of G, the trace of the
identity endomorphism of H is called the Von Neumann dimension of
H and denoted by dimg H. We get a bound of the norm of the trace
functional on B(H)¢.

Corollary A.8. Let G be a group and H be a Hilbert space with a
standard unitary representation of G. For any T in B(H)Y, we have

tra(T) < ||| dimg(H),

where ||T|| is the operator norm of T.

Proof. By Corollary A.6 we get, thanks to Cauchy-Schwarz inequality,
trg(T)? < trg(T7T) dimg H.

Besides, T1T is self-adjoint and has norm ||T||>. Therefore, the en-
domorphism ||T||> — T'T is self-adjoint and non-negative. Thus, by
Corollary A.7, we get

tre(TTT) < ||T||° dime H.

The conclusion follows. O
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A.3. Standard quadratic pairing. Now that we have introduced the
trace, we can use it to define an analogue of the quadratic duality of
Appendix I.C, that is, the natural duality between Q(V) and Q(V*)
where V' is a finite dimensional vector space.

Let G be a group and H be a Hilbert space, equipped with a standard
unitary representation of G. We write Q> (H) for the space of bounded
symmetric bilinear forms on H and Q> (H)“ for the set of G-invariant
such forms. Let H' be the topological dual space of H. Let ¢ be in
B(H)% and let r be in B(H')®. There exists G-equivariant bounded
linear operators S : H — H' and T : H' — H such that, for any v, w
in H and ¢, in H’', one has

q(v, w) = (Sv)(w) and r(p, 1) = o(T).
We set
(q,m)c = trg(ST) = trg(TS).
We call (.,.)¢ the standard quadratic pairing between Q>(H)% and
Q> (H"¢.
This pairing behaves well under linear maps.
Lemma A.9. Let G be a group and H and L be standard unitary

representations of G. Let S : H — L be a G-equivariant bounded
linear map, q be in Q*(L)Y and r be in Q®(H')%. We have

("¢ 1)e = (¢, (5"))a
where S : L' — H' is the adjoint linear map of S.

Proof. Let T : L — L' and U : H — H be the bounded linear maps
associated to ¢ and r. We have

(S*q, Vg = tra((S'TS)U) = trg(S'TSU) = trg(TSUS’)
= trg(T(SUS)) = (¢, (5))c-
O
The standard pairing allows to state an analogue of Lemma 4.9

Proposition A.10. Let G be a group, H be a Hilbert space with a
standard unitary representation of G and p be in Q°(H)®. Then p is
non-negative if and only if, for every non-negative q in Q>*(H')%, one
has (p,q)c > 0.

The proof uses a construction of bounded G-invariant bilinear forms.

Lemma A.11. Let A be a standard G-set and o be a finitely supported
function on T\ A%. Then, the bilinear form defined on finitely supported
functions by (p,0) — >, peaz p(a,b)p(a)d(b) is bounded on 2(A).
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Proof. We first note that, for p, 0 in £*(A) and (a, b) in A%, we have, by
Cauchy-Schwarz inequality,

> " lp(ga)b(gh)| < (Z p(ga)2> <Z 9(96)2)

geG geG geG

1 1
< |Gal* |Go|* Il 161, -

Therefore, if S C T'\ A2 is the support of ¢, by Lemma 3.25, we have

Y lela,0)p(a)8(b)| =

(a,b)€A?

> ey eI Y Inga)d(ab)

(a,b)EG\A2 gEG
< 8] lllo sup [Gal lIoll 101l -
a€A

The conclusion follows. O

Proof of Proposition A.10. First assume that p is non-negative. Let ¢
be a G-invariant coercive bilinear form on H’, that is, a scalar product
which defines the topology of H'. We write (., .) for the duality between
H and H and S : H — H and T : H — H for the linear maps
associated to p and ¢. By definition, we have (p,q)¢ = tre(ST). For
x,y in H', we have ¢(z,y) = (z,Ty) and

p(Tz,Ty) = (STx, Ty) = q(STz,y).

Therefore, the G-equivariant endomorphism ST is self-adjoint and non-
negative with respect to ¢ on H'. By Corollary A.7, we get (p,q)q =
trg(ST) > 0. Besides, by Corollary A.8, the quadratic pairing is con-
tinuous on Q> (H)Y x Q>(H')“ for the norm topology. As the set of
coercive symmetric bilinear forms is dense in the set of non-negative bi-
linear forms, we still get (p, ¢)¢ > 0 for any non-negative ¢ in Q> (H’).

Conversely, suppose now that, for any non-negative ¢ in Q*(H')%,
we have (p,¢)¢ > 0, and let us show that p is non-negative.

Assume first that H is £2(A), equipped with the usual scalar product,
where A is a standard G-set. Let 6 be a finitely supported function on
A and let us show that p(6,60) > 0. For (a,b) in A% set

(A.7) p(a,b) =Y 0(ga)0(gb).

geG
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By construction, the support of ¢ has finite image in G\ A%2. Hence, by
Lemma A.11, there exists ¢ in Q*(H)“ with

o(a,b) = q(1,,1p) a,be A.

We claim that ¢ is non-negative. Indeed, if p is another finitely sup-
ported function, we have

ap.p) = D elab)p( => > 0 )p(a)p(b)

(a,b)EA? 9€G (a,b)c A2
2
=> (Z 9(9@)/)(@)) > 0.
geG \a€A

Let U : (*(A) — (*(A) be the isomorphism associated to the usual
scalar product. By assumption, we have (p,U*q)g > 0. Now, by (A.3),
we get

1
(P, Uq)c = Z mp(lmlb)@(a,b),

(a,b)eG\ A2
hence, thanks to Lemma 3.25 and the definition of ¢ in (A.7),

.U ) = Y p(1a,15)0(a)0(b) = p(6,6).
(a,b)e A2
We get p(0,0) > 0 as required.

In general, if I : H — (*(A) is a closed embedding, we let P :
(*(A) — H be the orthogonal projection. Then, the adjoint P’ of P
is a closed embedding H' — (%(A)’. If ¢ is a non-negative element of
Q>(2(A))Y, then (P')*q is non-negative on H' and, by Lemma A.9,
we have

(P*p,q)c = (p, (P)*q)c > 0.

By the previous case, P*p is non-negative. As P is surjective, p is
non-negative. U

A.4. Standard scalar product. We finally define an analogue of the
GL(V)-invariant Riemannian metric on the space Q. (V') of positive
definite symmetric bilinear forms on V', where V' is a finite dimensional
real vector space (see [2, Chapter VI]).

Let H be a standard unitary representation of G' and p be a G-
invariant scalar product on H which defines the topology of H. Then
p induces a G-equivariant isomorphism from H onto H'. For ¢ in
Q>®(H)%, let ¢ be the element of Q>(H')¢ defined through this iso-
morphism. For ¢,r in Q®(H)%, we set

pala,r) =(d e
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We have formulated the definition in this way in order to emphasize the
relation with the standard quadratic pairing. Here comes an equivalent
definition.

Lemma A.12. Let G be a group and H be a standard unitary rep-
resentation of G with scalar product p. Let q and v in Q®(H)Y be
respectively represented by the self-adjoint endomorphisms S and T'.
Then we have

pelq,r) = tra(ST).
In particular, the bilinear form pf is symmetric and positive definite
on Q% (H)%.
Definition A.13. Given a group G and a standard unitary represen-
tation H with scalar product p as above, the associated scalar product
pi on Q%(H)Y is called the standard scalar product.

Proof of Lemma A.12. For v,w in H, we have
(v, w) = p(Sv,w) and r(v,w) = p(Tv,w).

Let U : H — H' be the G-equivariant isomorphism associated to p.
The linear map H' — H associated to ¢/ is SU™! and the linear map
H — H' associated to r is UT. By definition, we get

(A.8) pe(a,r) = (dsr)e = trg(SUTTUT) = trg(ST).
The remainder of the proof follows from Corollary A.6. U

The construction of the standard scalar product is natural in the
following sense:

Lemma A.14. Let G be a group and H and L be standard unitary
representations of G, with scalar products p and q. Let T : H — L be
a surjective G-equivariant continuous linear map with T,p = q. Then,
for every r,s in Q(L), we have

pe (T r, T*S) = g5 (r, s).
As in Appendix LA, the notation Tip = ¢ means that the adjoint
operator T of T is an isometric embedding L — H.

Proof. Let A and B be the continuous bounded endomorphisms of L
which represent r and s with respect to q. Then, T*r and T™s are
respectively represented by TTAT and TTBT with respect to p. By
Lemma A.12, we have ¢5(r,s) = trg(AB) and, as by assumption 7T
is the identity operator of L,

pe(T*r, T*S) = trq(TTATTTBT) = trq(TTABT) = trq(ABTTY)
= tI‘G (AB) .
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O

Bounded G-equivariant endomorphisms act as bounded endomor-
phisms on Q°(H )¢ with respect to the standard scalar product.

Lemma A.15. Let G be a group, H be a standard unitary represen-
tation of G with scalar product p and T be in B(H)“. Write ||T|| for
the operator norm of T with respect to p. Then, for q in Q®(H)%, we
have

pe(T*q, T*q) < |T||" p(q, ).

Proof. Let S be the element of B(H)“ that represents ¢ with respect
to p. For x,y in H, we have

T*q(x,y) = ¢(Tx, Ty) = p(STx,Ty) = p(T'STx,y),
hence, by Lemma A.12,
pe(T*q, T*q) = trg(T'STTTST).
For z,y in H, we have
p(TYSTTISTx, y) = p(TT STz, TYSTy) < | T||° p(STz, STy)
= T p(T"S* Tz, ),
that is, the symmetric endomorphism || T||* TTS2T —T1STTTST is non-
negative. Therefore, by Lemma A.7 and the trace property, we get
tr (TTSTTIST) < |T|? tre(T7S2T) = || 7| tre(STTTS).
Again, for z,y in H,
p(STT'Sz,y) = p(T'Sz,T'Sy) < |T|* p(Sx, Sy) = |TI|* p(S*x, ),
hence, still by Lemma A.7,
tre(STTTS) < ||T|? tre(S?).
The result follows from this chain of inequalities. U

Corollary A.16. Let G be a group and H be a standard unitary rep-
resentation of G with scalar product p. If q is another G-invariant
scalar product on H which defines the topology of H, then the norms
associated to the standard scalar products pg and qf on Q©(H)® are
equivalent.

Proof. As usual, let V be the positive invertible element of B(H)“
which represents ¢ with respect to p, and let W be the square-root
of V. For r in Q*(H)%, we have qc(W*r,W*r) = p&(r,r). The
conclusion follows from Lemma A.15. 0



ADDITIVE REPRESENTATIONS 85

In particular, the completion of Q*(H)% does not depend on the
choice of a G-invariant scalar product. The following is a direct conse-
quence of the definition of the standard scalar product.

Corollary A.17. Let G be a group and H be a standard unitary rep-
resentation of G with scalar product p. Then the standard quadratic
pairing is continuous with respect to the topologies on Q®(H)% and
Q>®(H")Y associated to a standard scalar product. This pairing defines
an identification of the completion of Q> (H')Y with the topological dual
space of the completion of Q(H)C.

We will need the following description of the completion of Q(¢2(A))¢
with respect to the standard scalar product.

Lemma A.18. Let G be a group and A be a standard G-set. We equip
(2(A) with the usual scalar product. For any q in Q®((*(A))Y, let ¢,
be the function on A2

Vg A? S5 R, (a,b) — q(1,4,13).

We use the map ® : q — @, to identify Q> ((*(A))¢ with a subspace of
the space of symmetric G-invariant functions on A?. Then, ® may be
extended as an isometry from the completion of Q> (¢*(A))¢ with re-
spect to the standard scalar product onto the space of square-summable
symmetric functions p on G\A?, equipped with the scalar product

1
(A.9) (e¥) = D, aag @),
(ap)er\az |~ @b

Proof. Equation (A.3) implies directly that ® induces an isometric em-
bedding of the completion of @ (¢2(A))¢ with respect to the standard
scalar product inside the space of square-summable symmetric func-
tions ¢ on G\ A% equipped with the scalar product (A.9). By Lemma
A.11, the range of this embedding contains all symmetric functions
with finite support in G\ A%2. The conclusion follows. U
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